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Abstract. We propose efficient and parallel algorithms for the implementation of the high-order
continuous time Galerkin method for dissipative and wave propagation problems. By using Legendre
polynomials as shape functions, we obtain a special structure of the stiffness matrix that allows
us to extend the diagonal Padé approximation to solve ordinary differential equations with source
terms. The unconditional stability, hp error estimates, and hp superconvergence at the nodes of the
continuous time Galerkin method are proved. Numerical examples confirm our theoretical results.
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1. Introduction. In this paper, we study the following system of ordinary dif-
ferential equations (ODEs)

(1.1) Y'(t)=DY(¢t) + R(t) in (0,7), Y(0)=Yo,

which is obtained from the method-of-lines approach for linear partial differential
equations (PDEs) after space discretization. Here T > 0 is the length of the time
interval, Y,R € RM and D is an M x M real constant matrix, where M is the
number of degrees of freedom of the spatial discretization. Without loss of generality,
we assume

(1.2) D +D” <o,

that is, D4+ D7 is a seminegative definite matrix. This condition is satisfied by a large
class of linear PDEs including dissipative problems such as parabolic equations and
wave propagation problems such as the wave equation and Maxwell equations.

Let 0=1tg <t; <--- <ty =T be a partition of (0,T). If the source R=01in (1.1),
the exact solution in each time interval (t,,t,,1) is Y (t) = eP¢=t)Y(t,) for which
Padé approximation to the exponential function can be used to construct and analyze
numerical schemes to solve (1.1). In [12], by using the partial fraction formula for

*Submitted to the journal’s Numerical Algorithms for Scientific Computing section May 15, 2023;
accepted for publication (in revised form) March 12, 2024; published electronically June 19, 2024.
https://doi.org/10.1137/23M1572787
Funding: The work of the first author was supported in part by China National Key Technolo-
gies R&D Program grant 2019Y-FA0709600 and by National Natural Science Foundation of China
grants 11831016 and 12288201. The work of the second author was partially supported by National
Natural Science Foundation of China grants 12201621 and 12288201, and by Youth Innovation Pro-
motion Association CAS.

TLSEC, Institute of Computational Mathematics, Academy of Mathematics and Systems Science
and School of Mathematical Science, University of Chinese Academy of Sciences, Chinese Academy
of Sciences, Beijing 100190, People’s Republic of China (zmchen@lsec.cc.ac.cn).

fLSEC, Institute of Computational Mathematics, Academy of Mathematics and Systems Science,
Chinese Academy of Sciences, Beijing 100190, People’s Republic of China (yongliu@lsec.cc.ac.cn).

A2073

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1137/23M1572787
mailto:zmchen@lsec.cc.ac.cn
mailto:yongliu@lsec.cc.ac.cn

Downloaded 06/20/24 to 124.16.148.6 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

A2074 ZHIMING CHEN AND YONG LIU

the Padé approximation, the [r/r], » > 1, Padé approximation leads to the following
method:

P.(1,D)

(13) Y(tari) ™ 57

Y(t,) = |(-1)"T+ Z _Im(gjﬂ +7.D) " Y (t,),

where 7, =t 11 — tn, 1 € RM*M ig the identity matrix, P.(z) is the numerator of the
[r/r] Padé approximation to the exponential function e, and {(1,...,(.} are zeros
of P.(z), which are known to be simple and lie in the left half-plane. Formula (1.3)
indicates that one can compute the approximation of the solution Y (¢,+1) in each
time step by solving k complex matrix problems and r — 2k real matrix problems of
the form {1+ 7, in parallel, where k, 0 < k <r/2, is the number of complex zeros of
P.(z) (see Remark 3.1 below). The purpose of this paper is to construct algorithms
sharing this very desirable property for solving (1.1) with general nonzero sources
R(?).

There exists a large literature on implicit single-step time-stepping methods for
solving (1.1) (see, e.g., [15] and the references therein). The following continuous time
Galerkin method proposed in [16] is probably the simplest:

(1.4) Y. =DP, Y, + PR in (tn,tni1), 0<n<N -1,

where Y, is a piecewise polynomial of degree r > 1 in each interval (¢,,t,1), continu-
ous at the nodes t =t,,, and P,._ is the local L? projection to the space of polynomials
of degree at most (r — 1) in each interval. It is shown in [16] that (1.4) is equiva-
lent to the r-stage Gauss collocation method at the nodes when R = 0 and has the
highest classical order 2r among all r-stage Runge-Kutta methods [15, Table 5.12].
The continuous time Galerkin method, together with finite element discretization in
space, is used in [2] for the heat equation and in [11], [14] for the wave equation.
We refer the reader to [1] for a unified framework and the comparison of the most
popular implicit single-step time-stepping methods, including also the discontinuous
time Galerkin method and various Runge—Kutta methods.

The difficulty in using the high-order continuous time Galerkin method or any
fully implicit time Runge-Kutta methods is that a straightforward implementation
requires one to solve a system of linear equations of the size rM x rM, which is not
feasible in most time for PDE problems. In a recent work [22], efficient iterative
algorithms are developed based on optimal preconditioning of the stage matrix for
finding the stage vectors of the implicit Runge-Kutta methods for solving (1.1). For
an r-stage implicit Runge-Kutta method, the stage matrix is an r x r block matrix
with each block being an M x M matrix. One can find further references in [22] for de-
veloping efficient algorithms implementing the high-order implicit time discretization
methods in the literature. We also refer the reader to [21], [18] for the implementation
of the discontinuous time Galerkin method based on the block diagnalization of the
stiffness matrix.

In this paper we propose an efficient realization of the method (1.4) that uses
Legendre polynomials as shape functions to obtain a new stiffness matrix that is
different from the stage matrix in [22] applying to the Gauss collocation method.
By exploiting the special structure of the stiffness matrix, we construct an algorithm
that computes the solution Y, (¢,) at each node by solving k complex matrix problems
and r — 2k real matrix problems in parallel, where k, 0 < k < /2, is the number of
complex zeros of the [r/r] Padé numerator P,(z). Moreover, an algorithm is proposed
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to compute the other coefficients of the solution Y, in each time interval (¢,,t,+1)
that solves in parallel k(r+1) complex matrix problems and (r—2k)(r+1) real matrix
problems. We remark that our algorithm is different from the other parallel-in-time
algorithms based on domain decomposition or space-time multigrid techniques in the
literature (see, e.g., [13]).

As a by-product of our analysis, we obtain the following formula (Theorem 3.3)
to compute the nodal values Y, (t,+1), 0 <n < N — 1, of the solution of (1.4):

Pr(TnD k+1 ¢k1(TnD)

(1.5) Y, (thy1) = P(—T]D)))Yr(tn) + Z(*l) m bi_1 + 7Ry,
s n k’zl T n

where for k =1,...,7, ¢r1(\) is a polynomial of degree r satisfying some recurrence
relations, and by, Rg are vectors depending on the source R. Formula (1.5) can be
viewed as a generalization of the [r/r] Padé approximation (1.3) for solving the ODE
system without sources.

The layout of the paper is as follows. In section 2 we introduce the continuous
time Galerkin method for (1.1) and prove the strong stability and derive an hp error
estimate. In section 3 we propose our parallel algorithms to implement the continuous
time Galerkin method. In section 4 we prove the optimal stability and error estimates
in terms of » when D is a symmetric or skew-symmetric matrix. In section 5 we
consider the application of the algorithms in this paper to solve the linear convection-
diffusion equation by using the local discontinuous Galerkin method and the wave
equation with discontinuous coefficients by using the unfitted finite element spatial
discretization.

2. Implicit time discretization. In this section, we introduce the continuous
time Galerkin method for solving (1.1). Let 0=ty <t; <--- <ty =T be a partition
of the time interval (0,7) with time steps 7, = tpt1 — tn, 0 < n < N — 1. We set
I, = (tn,tnt+1) and T =maxo<p<n—1{7,}. For any integer m > 1, we define the finite
element space

V= {vel[CO,DM: v|;, e [P"MM,0<n<N -1},

where P™ is the set of polynomials whose degree is at most m. Define the local
projection P,,, m > 0, such that in each time interval I,,, P, : [L?(I,)]™¥ — [P™|M
satisfies

/ (va,w)dt:/ (v,w)dt VYwe[P™M,
I, In

where we denote by (-,-) the inner product of RM. Tt is well known (see, e.g., Schotzau
and Schwab [20]) that for any s >0, m >0,

Tmin(m+1,s)

2.1 —Pm <C->X—— . Vv e [HS(I,)]M,
(2.1) v vllz2(,) < (m+ 1) IVllzer,) Vv eH (In)]
where the constant C' is independent of m, 7, but may depend on s. In this paper,
for any integer d > 1 and Banach space X, we denote by | - [|x both the norm of X
and that of [X]%.

For any integer r > 1, the continuous time Galerkin method for solving (1.1) is to
find the function Y, € VI such that Y, (0) =Y, and

(2.2) Y; =DP,_1Y,+P.—1R inl,, 0<n<N-1.
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The following stability lemma extends an idea in Griesmaier and Monk [14] where
the continuous time Galerkin discretization in time and hybridizable discontinuous
Galerkin method in space for the wave equation are considered.

LEMMA 2.1. Problem (2.2) has a unique solution Y, € VI that satisfies

(23) max 1Y ()l < [Yollaw +CTY2Rllwe o),
(2.4 max [V, < Or2([Yollzae + T2 Rl z20.m):

where the constant C is independent of r,7,D, and R.

Proof. At each time step, (2.2) is equivalent to a linear system of equations whose
existence and uniqueness of the solution follow from the stability estimate (2.4). To
prove the stability estimates (2.3)-(2.4), we denote by {L;}32, the Legendre poly-
nomials on (—1,1) and define Zj = Ljov¢~ 1, where ¢ : (—1,1) = (tn,tnt1) is the
mapping (€)= tlest 4 Intlztng for ¢ € (—1,1). Then {Zj}éx’:o are orthogonal in

L2(1,.), Ly(tp) = (=1)", Ly(tns1) =1, and

_ . - 2 (r + 1
(2.5) /\LT\th: T /\L’T|2dtzw.
I, 1 I, T,

2r + n
For n=0,...,N —1,let Y’ =Y, (t,) and Y, € [P"]M satisfy
(2.6) Y. =DP, 1Y, in I, Y.(t,)=Y"

By multiplying (2.6) by Y, and integrating over I,,, we easily obtain by (1.2) that

1 < 1 . N
SV tas)lB = 512w = [ (OP Y P )t <0
In

This implies

(2.7) ¥ () lse < Y7 g

Since Y, € [P"]M in I,,, we have the following decomposition introduced in [14]:
(2.8) Y, =(-1)"Y"L, + (t—t,)Y,, Y,e[PT1 M.

Notice that Pr_1Y, = P,_1[(t — tn)?,.]; substituting this decomposition into (2.6),
we have

(=) Y L. 4+ Y, + (t—t,)Y. =DPr_1[(t — tn)Y,] in I,.

Multiplying the equation by Y, € [PT=YM and integrating over I,,, we have by (2.5)
that

1. s 1 s - n v
I lZa0) + 57l Yr(tne) B < O 2 Yl Yl 2

where we have used the fact that by (1.2)

(2.9) /(DPT_l[(t—tn)?T],?r)dtz/ (t —t,)(DY,, Y, )dt <0.

I, In
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This yields ||§',.|\Lz([n) < CT{I/QTHYSHRM and thus by using (2.5)

(2.10) ”YAvTHLQ(In) <O Y2 g
On the other hand, it follows from (2.2) and (2.6) that
(2.11) (Y, = Y,) =DP,_ (Y, —Y,)+P,_1R in I, (Y,—Y,)(t,)=0.

Then Y, - Y, = (t —t,)W,. for some W, € [P"~1]M . By substituting this relation
into (2.11) we have

W, + (t —t, )W, =DP,_1[(t — t,)W,] + P,_1R in I,,.

By multiplying the equation by W,. and integrating over I,,, we obtain by a bound
similar to that in (2.9) that

1 1
’HWTH%Z(IH) + *TnHWr(thrl)”ﬂQQM < ”RHLZ(In)HWT”LQ(IW,)'
2 2

This yields [|W[|r2(r,) < 2[|R| z2(s,) and thus

(2.12) 1Y s = Yo llzer,) <27l Rl z2qr,).

Now by multiplying (2.11) by Y, —Y, and integrating over I,, we obtain by (1.2) and
(2.12) that

1 - .
S I0Yr = Y ) (tn1) R S/ (Pr1R, Y, = Y, )dt <27 | R 721, ),

n

which implies by the triangle inequality and (2.7) that
1Y (tns) lras < 1Y 7 lrar + 27, R 21, -
This yields (2.3). Next by using the triangle inequality, (2.10), and (2.12), we have
(2.13) 1Yol p2(r,y < O/ ?rl[Y 7 lmar + 270 IR 221,
which implies by the hp inverse estimate that

Cmax Y, < On Y e, < O Y la + OTY R e, .
n>Ut>Un41

This shows (2.4) and completes the proof of the lemma. 0

To derive an hp a priori error estimate for the continuous time Galerkin method
(2.2), we first recall an interpolation operator in the literature (see, e.g., [20, Theorem
3.17]).

LEMMA 2.2. There exists an interpolation operator 1L, : [H(0,T)|™ — VI such
that for any v € [W1t$>(0,T)|M, s> 1, and n=0,1,...,N — 1,

(2.14) (L) (tn) = v(tn), (IL:v)(tnt1) =v(tnt1), (HTV)/ =PV’ inl,,
7,min(r+1,s)
(2.15) v =Tvllzz,) < €IVl

where the constant C is independent of 7,7 but may depend on s.

With the interpolation operator IL,., one can prove the following theorem on the
hp error estimates by the standard argument. Here we omit the details.
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THEOREM 2.3. Let s > 1. Assuming that R € [H*(0,T)]M, Y € [Wits=(0,T)|M
and Y, € VI is the solution of the problem (2.2), we have

min(r+1,s)
1727
max (Y = Y) (6 e < O 2T B o,

1/ Tmin('r'-f—l,s)
max |[Y =Y, |gn <CO1L+TY2)———

0<t<T rs—2

1

(T1/2||Y||WS+L°°(0,T) + IR 5 (0,7))

where the constant C' is independent of 7,7,D but may depend on s.

We remark that the first estimate in Theorem 2.3 is optimal in 7 and r and the
second estimate in the theorem is optimal in 7 but suboptimal in r, which is due to
the stability estimate (2.4) in Lemma 2.1. In section 4 we will show that the stability
in the L? norm can be improved to remove the dependence on r in (2.13) when D is
symmetric or skew-symmetric by using the explicit formulas of Y ,.(¢) in section 3.

The classical order of Runge—Kutta methods is the convergence order at the nodes
t = t,. For the continuous time Galerkin method, it is proved to be 2r when r > 2
in Hulme [16] for nonlinear ODEs and in Aziz and Monk [2] for parabolic equations.
The following theorem on the hp superconvergence of the continuous time Galerkin
method at the nodes can be proved by using the idea of quasi-projection in [2, section
4]. Here we omit the details.

THEOREM 2.4. Let s > 1. Assuming that D"Y € [H*(0,T)|™ and Y, € V" is the
solution of problem (2.2), we have

min(2r,s+r—1)

1727 r
s [[(Y = Yt < OT2 I DY 0.1,

where the constant C' is independent of 7,7 but may depend on s.

To conclude this section, we recall some facts about Padé approximation to the
exponential function, which can be found in Saff and Varga [19] and the references
therein. For any integers m,n > 0, the [m/n] Padé approximation to e* is defined
as the polynomials P,,(z) € P™, Q.(z) € P", @,(0) = 1, for which e* — g:gz; =

O(|z|™*tn*1)  as |z| — 0. It is known that

n

(m+n—j)lmlzd (m+n—j)nl(—z)

216)  Pule)=> i @)= i

Jj=0 J=0

Obviously, Qn(z) = Pp(—%). When m =n, P,,(%), Q. (2) are called the diagonal Padé
numerator and denominator of type [m/m] for e*. The following lemma follows easily
from (2.16).

LEMMA 2.5. The diagonal Padé numerator of type [m/m] for e* satisfies Py(z) =
LPi(2)=14 3z, Po(2)=1+1z+ 522, and

22

4(2m —1)(2m —3)

Pon(z)=Pp_1(2) + Ph_2(2), m>2.

The following lemma is proved in Hairer and Wanner [15, Theorem 4.12] and [19,
Theorem 2.4]. It is essential in proving the A-stability of numerical methods for ODEs
based on the Padé approximation of the exponential function.

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/20/24 to 124.16.148.6 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

EFFICIENT AND PARALLEL SOLUTION OF CTG METHOD A2079

LEMMA 2.6. All zeros of the diagonal Padé numerator of type [m/m], m > 1, for
e® are simple and lie in the half-plane {z € C: Re(z) < —2}.

For m > 1, denote by (3,...,(n € C the zeros of P,,(z), the diagonal Padé
numerator of type [m/m] for e*. Then by (2.16)

m/! m!

m(z =C) (2= GCm)y Qm(z)= (‘UMW

One can compute the zeros of P, (z) by using the “roots” function in MATLAB [17].
Recall that any polynomial F' € P™~! can be expanded as the Lagrange interpolation
function at m distinct zeros of P,,(—z). This yields the following partial fraction
formula (see, e.g., Szegd [23, Theorem 3.3.5]):

- 1
g ' Z+<J

m

Pm(z): (z+<1)"'(z+<m)'

(2.17)

Since Py, (z) — (—1)™P,,(—2) € P™~1, we obtain the partial fraction formula for the
[m/m] Padé approximation of e* (see Gallopoulos and Saad [12]):

1
CJ Z"‘Cj'

(2.18) Rim(2) = m 4 Z

Recall that if p(z) = >"1" , a;2" is a polynomial of degree m, then p(X) := >  a;X" for
any matrix X € R4*?¢ d > 1. Obviously, if p(z) = p1(2) + p2(2) or q(z) = p1(2) - p2(2),
where py,py are polynomials, then p(X) = p1(X) + pa(X), (X) = p1(X) - po(X). It
follows now from (2.17)—(2.18) that for any F' € P™~! and any matrix X € R4*? such
that P, (—X) is invertible,

( CJ)

(2.20) PZZ(—X%)_ m11+§_: B CJ) CJH-i-X)

The identity (2.20) is the basis of the method (1.3) in the introduction.

3. Parallel implementation. In this section, we propose parallel algorithms to
implement problem (2.2) based on finding analytic formulas of the determinant and
all factors of the stiffness matrix of the continuous time Galerkin method at each time
step. To form the stiffness matrix, we use the Legendre polynomials {L;, };ZO in I, as
the basis functions. We assume

r r—1
)=y a;L;(t), PraR=Y R,L;(#)
=0 =0

where a;,R; € RM . Since Pr,lz,« =01in I,, from (2.2), we have

T r—1 r—1
Yo aLi()=D a;Li(t)+ Y R;L;(t)
§=0 §=0 §=0
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For any k£ > 1, multiplying the equation by (¢ — ¢,,)(tn41 — t)L} () and integrating
over I,,, we obtain

r—1 t
™ k(k+1 b ~
akfi( i ) :DZ/ aij(t)(t—tn)(tn+1 —t)L;C(t) dt
2 k + 5 — Jt,
r—1 tnt1 _ N
(3.1) + Z/ R, L (£)(t — t,)(tny1 — )L} (1) dt,
j:O tn
where we have used the fact that
fnt1 _ T, ! o k(k+1)
n 2 n

Here d; % is the Kronecker delta function. By the recursion relation (2k + DL(t) =
3 (L (1) = Li_1 (1)),

/ T 0 = t) (b — D40 dt

n

tn
aETeel R RO RO ACIE RSP
w2 k(k+1) ( S )
4 k+ i \2k—17T T g3t
Substituting the identity into (3.1), we have
TnD< ag—1 At > Tn (Rk—l Ry

2 2

(32) ar =

2k—1 2k+3

2k—1 2k+3

>, 1<k<r-—2,

Tn ap—1 Tn Rk—l
33 ~Inp Tn
(3:3) ap=oDo T o

k=r—1r.

By the condition Y, (t,) =Y, we also have

r

(3.4) > (-1)a; =Y.

=0
Equations (3.2)—(3.4) can be written as a system of linear equations
(3.5) AX =B,
where X = (a,a?....al)T, B= (bl ,bT ... b])T with

K
o [ Rek—1 _ Rgii : _
_7<2H 2M) if1<k<r—2

bi_1= 7p R .
k=1 — Tl ifk=r—1,r
Y! itk=r+1,
and
=D -1 —%D% 0
0 %”ID)% I —%”]D)% 0
A= 0 %Dﬁ —1 7%1]])27"1—1 0
Tn 1
0 . 3D5 —]I1 0
I —I I —I . (—1)"+21
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Here T € RM*M ig the identity matrix. By Lemma 2.1, (3.5) has a unique solution.
Since A € RM(r+1)xM(r+1) it i expensive to solve (3.5) directly when M > 1. Here
we propose efficient and parallel algorithms to solve (3.5).

Notice that A is a (r +1) x (r 4+ 1) block matrix. For A € R, we define E,.11(\) €
R+1)x(r+1) by

a; —1 by - 0
0 ay —1 by 0

(3.6) E.1(A):=1| o ar—g —1 br_s 0
0 Q1 -1 0
0 |
c1  C2 Cr Cr+1

with

a1 A1 B ka1 B
(37) ak—22k_1, k= 2% 13 Ck—( 1) , k=1,...,r+1.

Then A = E,(7,D) by replacing each element e;;(\) of E,;1(\) by the M x M
matrix e;; (7,D)L, ¢,j=1,...,7+ 1.

We are going to solve (3.5) by extending the Cramer rule for the block matrices.
We first introduce some notation. For any matrix X = (X;;)¢ j=1, d =1, we denote by
X;,; the matrix obtained by removing the ith row and jth column, 7,7 =1,...,d. We
also denote by X(;, ... 5,),(j1,-.5) the matrix obtained by removing the i1,...,ix-th
rows and the ji,...,j;-th columns, where 1 <i; < --- < i <d,1<j1 <---<j <d.
The following property about the adjugate matrix is well known:

SH

(3.8) (det X)3; ;=Y (—1)""*(det Xy, ;) Xx;-
k=1

Denote H = Er+1 ()\) (r=1,r,7+1),(r—1,r,7+1) € R(Tim x(r=2) . Then the matrix Er,r-_i'_l ()\)
can be partitioned as

H b—3 0 0
-1 b_ 0
(3.9) Er1(A) = ar1 112 0
0 ay -1
1 - Cr—2 Cr-1 Cr Cr41
Similarly, we have
(3.10)
H b.—s 0
E,(\) = 10 |, B = H 0
a7_1 _1 DY
€1 -+ Cpr_g Cp_1 Cp C1 Cr—2 Cr—1
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The following simple identities will play an important role in our analysis:

(311) Er-{-l (A)r,(r,rJrl) :E’T(A)*,rv

where for any X € R¥*?  we denote by X, ; € R¥*(@=1) the matrix by removing the
jth column of X. Similarly, we denote by X . € R(4=1)xd the matrix by removing the
ith row of X.

The following elementary lemma is useful in our analysis.

LEMMA 3.1. For any r > 3, we have

det [E’r—i-l (A)(7'72,'r,7'+1),(j,'r,7‘+1)] = _ar—ldet[Er—l ()\)r—l,j}

(3.12) = arflcrfldet[Erfl()\)T727j]7 1 S] <r-— 2,
det [E?”Jrl()‘)(r—l,r,r—l—l),(j,r,r—i—l)] = _det[Er(A)r,j]
(3.13) =cpdet[E,(N)p_1j], 1<j<r—1.

Proof. We only prove (3.12). The identity (3.13) can be proved similarly. By
(3.11),

det[Er+1 ()\)(r72,r,r+l),(j,r,r+l)] = det[ET()‘)(rfzr),(j,r)]

H,—2;

= det

= Qp_—1 det[Hr,QJ].
On the other hand, it is easy to see from (3.10) that
det[Erfl()\)rfl’j] = —det HT,QJ', det[Erfl()\)T72’j] = Crfldet[Hr72,j].

This completes the proof. ]

To proceed, we note that

a1 —1 0
(3.14) Ez(x):(“ll ‘1) Es\N=[ 0 a -1
1 -1 1

LEMMA 3.2. Let or(A) = det E,11(\) be the determinant of Erp1(N). Then
p1(A)=1—a1, p2(A\) =1—a; + araq, and

(315) ©r ()‘) = <Pr—1()\) + ararfl(pr72()\)7 r Z 3.

Moreover, ¢.(\) = P.(—=)), where P.()\) is the numerator of the [r/r] Padé approxi-
mation of e*.

Proof. The determinants of E,1(A) for r = 1,2 follow easily from (3.14). Since
by (3.7), a, = —b,_2, we obtain by adding the rth row to the (r —2)th row of E,11())
in (3.9) and then expanding the determinant by the rth row that
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H br_3 0 0
-1 0 -1
©r(A) = det a1 0
0 a, —1
1 - Cr—2 Cr-1 Cr Cr41
H b.—3 0
= detE,(\) + a, det -1 -1
Ar_1 0
ct  Cr—2 Cr—-1 Cp

= detE,.(\) 4+ arar—1 det E._1(X),

where in the last equality we have expanded the determinant by the (r — 1)th row.
Since a1 = /2, az = A/6, we use Lemma 2.5 to conclude ¢,(\) = P.(—\), where
P,(\) is the numerator of the [r/r] Padé approximation of e*.

THEOREM 3.1. The matriz ¢, (7,D) is invertible. The solution of (3.5) X =

(al,...,al)T satisfies that fori=1,...,r +1,
_ I b . —1 — z+k+1¢/ﬂ( CJ)
a;—1=(-1)"0ir+1 T+Z(CjH+TnD) Z( 1) PG b1 ],
j=1 k=1 J

where ¢ri(A) =det[E,11(N)i], k,i=1,...,r+1, are the minors of E,41(\).

Proof. By Lemma 3.2, ¢.(\) = P.(—)) = (—1)T(2TT' A+ ¢G)---(A+¢), where
Ciy.-+5¢ € C are zeros of the diagonal Padé numerator of type [r/r] for e*. By
Lemma 2.6, Re(¢x) < —2, k = 1,...,7. On the other hand, (1.2) implies that the
eigenvalues of D lie in the left half-plane. Thus the eigenvalues of (xI+7,D, 1 <k <r,
lie in the half-plane {z € C:Re(z) < —2}. This shows ¢, (7,D) is invertible.

Now by (3.8) we have

r+1
[det By 1(M)]6ig = > (1) *[det Epyr (A)g,ilen; (A),
k=1
where ey; () is the (k,j) element of E,1(\). By replacing A by 7,ID in the above
equality, we have
r+1
(3.16) er(TnD)ds 5 = Z(*l)wkﬁbki(TnD)ekj (7).
k=1
From (3.5) we have
r+1
Zeij(TnD)aj,lzbi,l, ’L:].,,T'-l-].

Thus multiplying (3.16) by a;_; and summing over j from 1 to r + 1, we obtain

r+1 r+1
@T(TnD)aifl = Z( Z+k¢k‘ Tn Zek] Tn a] 1
k=1
r+1
(317) _Z Z+k¢kz TnD)bkfk
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Note that for (k,i) # (r + 1,7+ 1), ¢ri(A) € P™, m <r—1, by (2.19) we have

D
¢kz :nD Z (bkz CJH+TTL]:D)) 1

For (k,i) = (r+1,r + 1), we have from (3.6) that det[E,{1(A)rt1,r4+1] = H§:1 a; =
(QT)‘)\’" Thus ¢r41.,+1(A) — (=1)"¢,(A) € P'1, and by using (2.19) again we obtain

¢r+1 r+1(TnD ¢r+1 r+1 C]) —1
—_— = )T+ Gl+ 7, D).
or(TnD) Z P(¢;) S )
This completes the proof of the lemma. ]

We remark that (3.17) can also be proved by using an abstract result in Brown [4,
Theorem 2.19 and Corollary 2.21], which studies linear algebra when matrix elements
are defined over a space of commuting matrices.

From this theorem we know that the discrete problem (2.2) can be solved by
solving r(r+1) linear systems of equations of order M x M in parallel once all minors
of E,j1(A) at A=—(;,j=1,...,r, are known. In the following, we will find recursive
formulas to computing these minors.

Let G, (A) =E;4+1(A)rr41, 7 > 1. The determinants of G,.()\) for r =1,2 can be
calculated by (3.14). We have the following lemma for det G,.(\) for r > 3.

LEMMA 3.3. For r >3, we have

det G, (A\) =det G,—1(\) — ar—1br—2 det G,_2(N) + ¢, 1—[(1;C

Proof. By the definition and the partition in (3.9), we know that

H bs 0
G, (\) = 1 b
Ar_1 -1

c1 Cr—2 Cp_1 Cr

By expanding the determinant by the (r — 1)th row and using (3.11), we obtain

H
det GT(A) = det[Er+1()\)(rfl,r),(r,rJrl)] +ar—1 det b L
&1 Cr—2 Cr
= det[IET()\)T,LT] + ar,l(cr det H — br,Q det[]ETH()\) (T_27T_17T)7(7._1’,0774_‘_1)])
r—1
= detG,_1(\) + ¢, H ar — ar_1bp—_o det[E,. (X )(T,27T,1)7(T,1,T)]
k=1
r—1
= det GT—l()‘) +cr H ak — ar—le—Q det[ET—l(/\)r—Q,r—l]
k=1

= det Gr_1(\) — ay_1by_s det G,_of +CrHak,
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where we have used the fact that det H= H;;?ak and expanded the determinant by

the last column in the second equality. This completes the proof. ]

The minors of G,.(\) for r = 1,2 can be computed directly by (3.14). The following
lemma gives the recursive formulas for some of the minors of G, (\), which will be
used to compute the minors of E,;1(\).

LEMMA 3.4. For r >3, we have

det[G,(N)ip] = (1)~ 10" got Gy(0), 1<i<r—1,
a’l “ e al

det[G,(N),_1j] = det[Er(N)r_1,4] — br_adet[Gr_1(A)r_2,], 1<j<r—1.

Proof. For i=1,...,r — 2, by definition, we have

aiy -1 bl
ai—1 —1 b
0 aiy1 -1 b
det[Gr(A)i,r] = det '
0 Ar—3 -1 br—3
0 Ar—2 -1
0 Ay _1
Cl CT*B CT*Q C,r71
aq -1 bl
= (—ar_l) v (7ai+1)det a;—2 -1 bi_2
a1 —1
c1 N e Ci—1 C;
. r—1
— (1)t ( 11 ak> det G;()).
k=i+1

Finally, for G(A);,», i =7 — 1, we have by the definition and using the first identity in
(3.11)

GT(A)T—].,’I‘ = ET+1 ()\)(rfl,r),(r,'r+1) = Er()\)r—l,r = Gr—l()\)~

This shows the first equality of the lemma. To show the second equality, for any
1<j<r—1, we have by using the partition (3.9) that

H, bes 0
Gr(N)r-1,5 = ~1 byo
¢t o Cj—1 Cjyp1 0 Cp—2 Cp—1 Cr

Thus by expanding the determinant by the last column, we have by using (3.11),
(3.13), and the definition of G,_1(\) that
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det[(Gr()\)T,Lj]

= Crdet[ErJrl()‘)(r—l,r,r+1),(j,r,r+1)] - bT*Qdet[ET+1()‘) (T—Z,r—l,r),(j,r,r—i-l)]
= det[Er(A)r—Lj] — by _adet [Er(/\)(T'—Qﬂ'—l)7(jﬂ')]
= det[ET(A)T._lJ] — br_gdet [G7-—1(/\)7-—2,j]~

This completes the proof. 0

The minors of E,y1(A) for 7 = 1,2 can be easily computed from (3.14). The
following theorem gives the recursive formulas for computing all minors of E,11()\)
for r > 3.

THEOREM 3.2. Letting r > 3, we have the following:
1° Fori=1,...,r—2,
det[E,1(N)i ;] = det[E,(N); ;] + ara,_1det[E,_1(N); 4], 1<i<r—2,
det[E, 41 (N)ij] = (—1) 12N gep Gy(N), j=r— L+ L
a’l .. a

2° Fori=r—1, we have
det[E;41(A)r—1,
det[E,11(A)r—1,5] = (_1)j_i_

j] = —crﬂardet[ET()\)r,j] + det[Gr()\)r,lJ], 1<53<r—-1,

LI oy G:(\), j=rr+1.
alc..ai

3° For i=r, we have

det[ET.H(/\)T.,j] = det[Er(/\)r_l,j] — a,»_lb,._gdet[ET._l()\)T_Q,j}, 1 Sj <r-— 2,

j—1
det[Ey i1 (A)rs] = crpa(=1)"7 H ag, j=r—1r,
k=1
r—1
det[Byy1(A)rrs1] = det Gro1(A) = ar_1by_odet Gr_o(N) + ¢ [ ] aa
k=1

4° Fori=r+1, we have

det[ET+1(>‘)r+1,j] = _det[Er(/\)r,j} - ar—lbr—2det[Er—1()\)r—l,j], 1<j<r—-2,
Jj—1

det[Er i1 (AN)rprg]= (=17 [Jar, j=r—1,rr+1
k=1

Proof. The proof is divided into 4 steps.

STEP 1. The first equality in 1° can be proved by the same argument as that in
Lemma 3.2. Here we omit the details. We only prove the second equality in 1° when
j=r+1. The other cases can be proved similarly. By the partition in (3.9), we know
that for 1 <i<r —2,

0 0 0
H . F; )
Erp1(Nigrt1 = o, -1 | F= 0 0 0 |-
0 a, br_3 0 0
C1 Cr—2 Cr—1 Cy -1 br_2 0
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where F € R("=2)%3_ By expanding the determinant first by the rth and then by the
(r — 1)th rows, we know by (3.11) that

det[E;1(N)iry1] = arar—1det[Erp1(N) i r—1,r),(r—1,rr41))
= ara,—1det [Er()‘)(i,rfl),(rfl,r)]
= ararfldet[Grfl()\)i,rfl]'

This shows the second equality in 1° by the first identity in Lemma 3.4.
STEP 2. We only prove the first equality in 2° when 1 < j <r — 2. The other
cases can be proved similarly. By the partition in (3.9), we have, for 1 <j<r —2,

H, ; be_s 0 0

Er+1()\)rfl,j = -1 b2 0
0 ar -1
C1 Cr—2 Cr_1 Cr Cr41

Expanding the determinant by the last column, we obtain

det[ErJrl()\)rfl,j] = Cr+1ardet[Er+1()‘)(r—l,r,r+1),(j,r,r+1)] + det [Er+1(/\)(r—l,r),(j,r+l)]
= — cr+1a,Tdet[Er(>\)T,j] + det[Gr()\)r_Lj].

This shows the first equality in 2° for 1 <j <r —2.

STEP 3. The second equality in 3° can be easily proved. The last equality is
shown in Lemma 3.3 since E,41(A)rr+1 = G,-(A\) by definition. To show the first
equality in 3°, we again use the partition in (3.9) to obtain, for 1 <j <r —2,

H, bo_s 0 0
Er-}-l()\)r,j = -1 br_g 0
Q1 —1 0

¢t o Ci—1 Cjigp1 0 G2 Cp1 Cr Cr41

By expanding the determinant successively by the last columns, we have

det[E;+1(A)rj]
= _CrJrldet[ETJrl()‘)(rfl,r,rJrl),(j,r,rJrl)] - CT+1bT72det[Er+1(>\)(r72,r,r+1),(j,r,r+l)]'
This shows the first equality in 3° by Lemma 3.1.

STEP 4. The first equality in 4° can be proved by the same argument as that in
Step 3. The second equality can be easily proved. Here we omit the details. 0

This theorem indicates that all minors of E,;1(A) can be computed once one
knows all minors of E,, (), 1 <m <r, and the minors det[G,(\),_1;], 1 <j<r—1,
which can be computed by Lemma 3.4 recursively based on the information of the
minors F,,(A), 1 <m <r.

The following lemma indicates that the nodal values of the solution to (2.2) de-
pends only on the coefficient ag.

LEMMA 3.5. Let Y,.(t), r > 1, be the solution of problem (2.2). Then

Yr(tn+1):Yr(tn)—FTn]D)ao—FTnRo, n=0,...,N —1.
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Proof. We integrate (2.2) over I,, and use the orthogonality of Legendre polyno-
mials to obtain

r—1 r—1
Yr(tnﬂ):YT(tn)—i—/ D (> a;L;(t) dt+/ > R, L) dt,
I, =0 I

n j=0
= Yr(tn) + TnDao + TnRo.
This completes the proof. 0
By Theorem 3.1, we then have

T r4+1 )
Yo (tng1) = Yo (tn) + Y _(GI+7D)~" (Z(—n W(mm bk—l) + 7nRo.
k=1 r\5]

This leads to the following parallel algorithm to compute the nodal values of the
solution Y, to the problem (2.2).

ALGORITHM 3.1. Given Y, (to)=Yo. Forn=0,...,N —1, do the following:
1° Compute v; € RM, j=1,....r, in parallel, where

Jj=1

r4+1
v, — kP (=6) -

2° Solve (1,0 + (I)w; =v;, j=1,...,7, in parallel.
3° Compute

Yr(thrl) :Yr(tn) + ij + 7 Ro.
=0

The following algorithm computes the solution of problem (2.2) inside each time

interval.

ALGORITHM 3.2. Given Y, (tp) =Yo. Forn=0,...,N — 1, compute the coeffi-
cients ag, ...,a, of Y, in each time interval I,, as follows:
(i) Compute v;; € RM i=1,...,r4+1, j=1,...7, in parallel, where

r+1
; Pri(—G5)
= -1 i+k+1 J bi_1.

(if) Solve (1, D+ ¢;D)wy; =v,;, i=1,....,r+1,j=1,...,r, in parallel.
iii) Compute a;_1 = (=1)"8; pp1byr + > - Wi, i=1,...,7+1, in parallel.
’ j=1 J

Remark 3.1. In [12], it is observed that the zeros of P,.(z) come in complex

conjugate pairs if they are complex. If ;s =(j, j,j'=1,...,r, then v; = v/, and
Vi 'z Vi
W+ W= J + I =2Re |—L—|.
TN RD+ G D+ Gl [THDHjH

Thus one need only solve k complex matrix problems instead of 2k in Algorithm 3.1
(2°) and k(r+1) complex matrix problems instead of 2k(r 4 1) in Algorithm 3.2 (2°),
where 2k, 0 <k <r/2, are the number of complex zeros of P.(z).

Remark 3.2. If { = a + ib is a complex zero of P,(z), then a < —2 by Lemma 2.5.
By Remark 3.1, without loss of generality, we can choose one of the zeros such that
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b <0 Letw =w; +iwy, v = v + ivy, where v;,w; € RM i = 1,2, satisfy
(1D 4+ ¢(I)w =v. Then

P )= (72 et ) ()= (50,

Let F = diag(r,0 + (a 4 b) I, 7,0 + (a 4 b)I) € R*M*2M be the diagonal matrix. It
is shown in Chen et al. [5, Lemma 4.1] that the condition number x(F~'D) < /2.
Therefore, the complex system (7,0 + {I)w = v can be efficiently solved if one has
the efficient solver for the real matrix 7,0 + (a + b) I, where a + b < —2. Notice that
the eigenvalues of D lie in the left half-plane due to the assumption D + D7 < 0.

Remark 3.3. The numerator of the [r/r] Padé approximation P,(z) has 2k complex
zeros and 1 real root if r =2k 4 1,k > 1, and has 2k complex zeros if r =2k, k > 1.
Denote by C(2M) the costs of solving the matrix problem 7, + {;I with (; being
complex, and denote by C(M) the costs of solving the matrix problem 7,,D+ ¢;I with
(; real, where (;, j=1,...,r, are zeros of P.(z). Let A(M) and B(M) stand for the
costs of a vector-vector addition operation and a matrix-vector product operation,
respectively. Then the wall time of Algorithm 3.1 in the serial mode is proportional
to T, where

Step 1° Step 2° Step 3°
T, =N |r((r+ 1)B(M) + rA(M)) +kC(2M) + (1 — 2k)C(M) + (r + 2) A(M)

On the other hand, the wall time of Algorithm 3.1 in the parallel mode is proportional
to T}, when using r — k cores, where

Step 1° Step 2° Step 3°

T,=N ﬁ((r—l—l)B(M)—i—rA(M))—i—lC@M) +(r+2)AM) | + Toom.

Here T, stands for the parallel communication time. Thus the theoretical parallel
speedup ratio of Algorithm 3.1 is S, =T, /T, = O(k) if the computational time of the
matrix problem is dominant.

For Algorithm 3.2, the wall time in the serial mode is proportional to

Step (i) Step (i) Step (i)

T — N 12 (r 4 1) A(M) + (r + 1)(kC(2M) + (r — 2k)C(M)) +1(r + 1) A(M)

The wall time of Algorithm 3.2 in the parallel mode when using (r + 1)(r — k) cores
is proportional to
Step (
% Step (i)  Step (iii)

- —A(M)+ C(2M) + rAM) | + Toom.

T]‘;otal - N

Thus the theoretical parallel speedup ratio of Algorithm 3.2 is S’;Otal = Ttotal) Tzﬁoml =
O((r + 1)k) when the computational time of the matrix problem is dominant.
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Remark 3.4. For nonstandard ODE systems of the form
(3.18) MY’'=DY +R in (0,7), Y(0)=Yy,

one can use the transformations Y = M%Y7 D= M_%DM_%, R =M"2R to trans-
form problem (3.18) into (1.1) and use the above algorithms to solve the transformed
problem. This leads to the following algorithm, which is similar to Algorithm 3.1,
to find the nodal values of the solution of the continuous time Galerkin method for
solving (3.18).

ALGORITHM 3.3. Given Y, (t9) =Yo. Forn=0,...,N —1, do the following:
1° Compute v; € RM j=1,....r, in parallel, where

1
V’_i( )k¢k1( CJ)( D)M_lb
- PiG) " o
k=1 J
2° Solve (1,D+ (;M)w,; =v;, j=1,...,r, in parallel.
3° Compute

Yo (tng1) =Yo(tn) + Y wj + .M 'Ry.
j=1
An algorithm similar to Algorithm 3.2 can also be formulated.
To conclude this section, we prove the following theorem for finding the nodal
values of the solution (2.2) that extends (1.3) for solving the ODE system (1.1) when
R=0.

THEOREM 3.3. Let Y, € VI, r > 1, be the solution of problem (2.2). Then for
n=0,...,N —1,

P, (Tn k Pr1 Tn]D))
Y, (t, :* P by 4+ R
(tn+1) P (=D +Z P, (—7.D) k—1 T T Ro,
where ¢p1(N) = det[E,«H()\)k,l]-
Proof. By Lemma 3.2 and (3.17) we have
r+1

Pr(=maD)ag = > (=1)* g1 (7,D)by 1.
k=1
Since b, =Y, (t5), by Lemma 3.5,

¥, () = 1 (-1 2By ) 4 S0 ST R

k=1
Denote by %()\) = (_1)T)‘¢r+1,1<)‘) = (_1)T)‘det[Er+1()‘)r+l,l}- By Theorem 3.2 (40)7
we know that 1), (\) satisfies

T

B =t L), 23
et 4 (2r—1)(2r—3) A TET

On the other hand, by (3.14), we have 11(\) = A,¢p2(A) = A. This implies by
Lemma 2.5 that ¢,.(A) = P.(A) — P.(=\). Thus
T, Ddri1,1(7.D) o4 P.(1,D) — P.(—7,D) _ P.(1,D)
P.(—71,D) P.(—71,D) P.(—1,D)
This completes the proof. 0

I+ (-1)"
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4. Optimal stability and error estimates. In this section, we show optimal
stability and error estimates of the continuous time Galerkin method (2.2) in terms
of r when D is a symmetric or skew-symmetric matrix. This will be achieved by using
the explicit formulas in Theorem 3.1. We start by studying further properties of the
minors of the stiffness matrix of the continuous time Galerkin method A =E, (7, D).

Let Xr41,;(A) = (—=1)""*det[E,41(A)r41,5]. Then by (3.14) we have

(4.1) X2,1=—1,x22=a1,x31=—1,x32=0ai1,x33=—aias.

For r > 3, by 4° in Theorem 3.2, we have the following recursive formulas:

(4.2) Xr+1,;(A) =Xrj(A) + arar—1xr-1,5(A), 1<j<r—2,
j—1

(43) Xr‘Jrl-,j()‘):(_l)] Haka j:T—l,T,T+1.
k=1

Let g =1 and ¢,.(\) =det E,+1(\), » > 1. Then by Lemma 3.2, o1 =1 — a4,

(4.4) Ort1 =@ + ararp10r—1, T>1.

LEMMA 4.1. For any r>1 and A € R, we have

r—1
Sl (A1) + s 14
i—1
J (=1)2r 2
(4.5) =@r—1(=N)er(A) + or—1(N)epr(=A) + ﬁ(al ceap-1)”,
r+1 _1\r+1
(16) ;m}j(—x)xrﬂd(x)%ll =N+ S a2
Proof. We denote
r—1
A= 3 B (N1 + X (s () 57
j=1
= [pr—1(=N)pr(A) + @r_1(N)pr (=],
r+1
By = ; Xr+1,5 (—A)Xr+1,5 ()\)2]%1 —or(=N)er(N).

We will argue by induction. First (4.5)—(4.6) are obvious for r =1,2 by (4.1). Now we
assume (4.5)—(4.6) are valid for all r <n, n > 2. Since by (4.3), Xn+2,n(A) = Xn+1,n(N),
we have by (4.2) and (4.4) that

1

Tl + anni1Ay.

An—i—l = 2Bn+1 - 2Xn+1,n+1(_)\)Xn—i-l,n-i-l()\)

Now by (4.3) and the induction assumption that (4.5)—(4.6) are valid for r = n, we
obtain

(=) 2(n+1)

2
ol an)

An+1 =
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This shows (4.5) for r =n + 1. Similarly, we can prove by (4.2)—(4.4) that

Bn+2 = Bn+1 + (anan+1)2Bn + anan+1An
1
2n + 3 2n—1°

Now by the induction assumption (4.6) for r=n,n —1 and (4.5) for r =n, we obtain
by using (4.3) that

+ Xn+2,n+2 (7)‘)Xn+2,n+2 <>‘) - (anan+1)2Xn,n (7)‘)Xn,n (A)

+1)
By iy = (—1)"+2 (n capi)?.
r2=(=1) 2n+3 ny3 (@)
This completes the proof. ]
LEMMA 4.2. Let r > 1. For any A <0, we have
1 r+1 1 )
ZXr,j()‘)XrJrl,j()‘)ﬁ S Pr— 1 ZXTJrl,j ‘71 S@r()\) .
Proof. For any r > 1, we denote
r—1 1 r+1 1
Cr 3*ZXTJXT+132 —@r—19r, Dri1 *ZXr-H Jﬁf‘ﬂ%'
Jj=1 - Jj=1 J

We again argue by induction. First (4.7) is obvious for r = 1,2 by (4.1) since A < 0.
Now we assume (4.7) is valid for all » <n, n > 2. By (4.2)-(4.4), it is easy to see that

1
Cn+1 = _X%+17n+1m + DnJrl + ananJrlCnv

where we have used Xpn4+2,n(A) = Xn+1,n(A). Thus if C,, <0, D41 <0, then C, 471 <O0.
On the other hand, by (4.2)—(4.4), we have

1 1
Dn+2 = Dn+1 + anan+1Dn + 2anan+10n + (al ce an+1)2 <2’I’L+3 — o 1) .
Thus D42 <0if D, <0,D,41 <0, and C,, <0. This completes the proof. O

The following theorem is the main result of this section.

THEOREM 4.1. Let D be a symmetric or skew-symmetric matriz, and Y, € V7 is
the solution of problem (2.2). Then we have

(4.8) 1Yol 22001y < TY2| Yo |gar + CT|R||z20,1),
oAx 1Y, f[ra < Cr(|[Yollra + TR 2 0.1))s

where the constant C' is independent of 7,7,D, and R.

Proof. Letting Y, € [P"]™ be defined as in (2.6) of Lemma 2.1, we claim that
(4.10) 1Yo llz2r,) < 70/ 21Y 7l
which improves the bound (2.10) in the proof of Lemma 2.1. To show (2.6), by

Theorem 3.1, we have

r+1 r+1

X1, (TnD) o 7
E L; g 1)Y= 2Y"L,_.(t) Vtel,.
a] 15— 1 ( ) QPT(TnD) r 1( ) €

j=1
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Thus by (2.5),

r+1

(4.11) 1Yol 72z, = D 11,3 (TD)pr (TaD) "V Y 2 oar
j=1

Denote Z" = ¢, (7,D)~YY". If D is skew-symmetric DT = —D, by (2.5), (4.6), we
have

Tn
2j—1°

r+1

A n Tn
I i = D I (o D)2 s 5
j=1
2
o (D) Z2 s — 7o |y o L (D) 2
—In r\/n RM — In 5. 1 /a1 \/n r
" 2r+1 (2r)! an

< 7l Y g

This shows the claim (4.10) when D is skew-symmetric.
If D is symmetric, the eigenvalues of I are nonpositive since D + D7 < 0. By
Lemma 4.2, it is easy to show that

r+1
-
Z 1Xr+1,5 (TnD)Z:’LHHQQM 2]%1 - Tn”@r(TnD)Z?H]%M <0,
j=1
which yields

r+1 ’

> ||X7~+1,j(TnD)%(TnD)*lY?H%MQj%l < T Y7 |-
j=1

Now it follows from (4.11) that HYT”LQ(I") < T,1L/2||YZ}H]RM. This shows the claim
(4.10) when D is a symmetric matrix.
It follows from (4.10), (2.12), and (2.3) that

1Y ellz2(,) < 7 210 lmar + 270 | R 21,
<722 Yollmar + CTy2TV2 R 20,7 -

This implies (4.8) easily. Now by the hp inverse estimate,

max ||V [lzar < Cr 20| Yo g, < O7([[Yollzar + T2 R L20.m).
tnStStn+l

This shows (4.9). This completes the proof. d

The following theorem improves the error estimates in Theorem 2.3. It can be
proved by the standard argument by using Theorem 4.1 instead of Lemma 2.1. Here
we omit the details.

THEOREM 4.2. Let D be a symmetric or skew-symmetric matriz. Assuming that
R e [H*(0,T)M, Y € [Wits(0,T)]M, s > 1, and Y, € V7 is the solution of the
problem (2.2), we have
min(r+1,s)

-
1Y =Y. ||z200,m) <C(1+ T)Ti

S

(Y Nl zs 0,y + DY (| 272 0,19 ),

min(r+1,s)

max Y — Y, |lgv < C(1+T2)1

0sier (T2 Y lwes o) + IRl e 0.m)),

where the constant C is independent of 7,7, D, and R but may depend on s.

We remark that the first estimate in Theorem 4.2 is optimal both in 7 and r.
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5. Numerical examples. In this section, we provide some numerical examples
to confirm the theoretical results in this paper. The computations are (partly) done on
the high performance computers of State Key Laboratory of Scientific and Engineering
Computing, Chinese Academy of Sciences.

Ezample 1 (convection-diffusion problem). Let = (0,1) x (0,1) and T'=1. We
consider the following constant coefficient convection-diffusion problem:

u+V-(Bu—eVu)=f in Qx(0,7),
(5.1) {u(x, 0) =up(x) in .

The boundary condition is set to be periodic. The source term f is chosen such that
the exact solution is u(x,t) = exp(—t)sin(4n(x; — t)) cos(dm(x2 — t)).

We choose 8= (1,1)T and e= 1 in (5.1). For spatial discretizations, we apply the
local discontinuous Galerkin (LDG) method in Cockburn and Shu [9] by using purely
upwind fluxes for convection terms and alternating fluxes for diffusion terms. For the
sake of completeness, we recall the method for solving (5.1) here.

Let M denote a uniform Cartesian mesh of Q with h the length of the sides
of the elements. & = &%de U £PY | where &£%1de = {e=0KNOK': K,K' € M},
EPY = {e=0K NN : K € M}. For any subset M C M and € C &, we use the
notation

(u,v) = Z (u,v) K, (u,v>gzz<u,v>e,

KeM ecE

where (-,-)f and (-,-). denote the inner products of L?(K) and L?(e), respectively.

For any e € £, we fix a unit normal vector n. of e with the convention that n, is the
unit outer normal to 9 if e € EPY. For any v € HY(M) :={v:ve€ H(K),K € M},
we define the jump operator of v across e:

[v]e:=v" —vT Vec &S [v].:=v" Vec &P,

where v¥(x) :=lim,_,o+ v(x+¢en,) for all x € e. For any integer p >0, we define the
finite element space

VPi={ve L*(Q):v|x €Q*(K),K € M},

where QP(K) denotes the space of polynomials of degree at most p in each variable
in K.

The semidiscrete problem is to find (up, qy) € [VF]? such that, for all test functions
(vh,rh) € [Vfﬂ?)ﬂ

(Dvun, vn) m + G(Bun,vn) = Ve [—(an, Vo) v + {(a;, -0, [onl)e] + (f,0n)
(anth)m = Ve [—(un,diven) p + (uf, [ren] - )],
up(x,0) = (Prup)(x) in Q.

Here Pj, : L?(2) — V¥ is the standard L? projection operator, and G(Bup,vp,) =
—(Bun, Vop) pm + (UnB - 1, [up])) e, where 1y, is chosen as the upwind flux: @y, = u, if
B-n>0,u= uz if 3-n<0. For e € £PY, we use the periodic boundary condition to

define u;.
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The optimal L? norm error estimate of order p+ 1 of the semidiscrete scheme for
quasi-uniform Cartesian meshes can be found in Cheng, Meng, and Zhang [8, Theorem
2.4], where it is shown that maxo<;<7 |u — up|[2(0) < C(1 + T)hPT!. Therefore,
combined with the continuous time Galerkin scheme, we know that the fully discrete
scheme has O(hP*! +77t1) accuracy in the norm |- || s (0,7;22(0)) and O(RPT! +727)
in the L? norm at nodes t =t,, n=1,...,N.

To test the accuracy at the nodes, we set 7 = h%= and thus N = T/T = Tﬂ%,
where 8 = h— According to Remark 3.3, the wall time of using Algorithm 3.1
in the sequential computation is proportional to rN = Trg  that minimizes at r =
Inpg for » > 0. This implies that the optimal choice of the order for the sequential
computation is r = |InS| + 1, where |a] is the maximum integer strictly less than
a > 0. Table 5.1 shows the error ||(u — up)(-,T)||z2(q) at the terminal time when
r=[InB] + 1. The optimal (p 4 1)th order is observed that confirms our theoretical
results. We observe that the errors of high-order schemes are significantly smaller
than the low order schemes. "

To test the accuracy in the [ - || e (0,7;r2(0)) norm, we set 7 = h*+1 and thus
N=T/r= T’yﬁll, where v = h~ (1D The wall time of using Algorithm 3.2 in the
sequential computation is proportional to r(r+1)N = Tr(r+1)7$ that is increasing
in r if Iny <6 and minimizes at * = [-(3 —Invy) + /(3 —In~y)2 —8]/4 if Iny > 6.
Since r* > 1 is equivalent to In~y > 6, the optimal choice of the order for minimizing
the computation wall time is » = max(1, |#*] + 1). Table 5.2 shows the error

_ . 1
P T [(w—un) (-, tn + 0.1k7) | 2(0)
as the approximation of ||u — || (0,7;12(0)) When 7 = max(1, [r*] +1). We again
observe the optimal (p+ 1)th order convergence and that high-order methods perform
much better than low order methods.

Ezample 2 (wave propagation problem). Let = (—2,2) x (=2,2) and T'=1. We
consider the following wave equation with discontinuous coefficients:

TABLE 5.1
Ezample 1: numerical errors of ||(u —up)(-,T)| 12(q) and orders.

p=3 p= 4 p=>5
h T error order r error order r error order
1/4 3 8.06E-03 — 4 1.29E-03 — 5 1.71E-04 —
1/8 5 5.64E-04 3.84 6 4.40E-05 4.88 7 2.84E-06 5.91
1/16 6 3.55E-05 3.99 7 1.37E-06 5.01 9 4.33E-08 6.04
1/32 7 2.03E-06 4.13 9 4.26E-08 5.00 11 6.93E-10 5.96

TABLE 5.2
Ezample 1: numerical errors in || - || poo (0,1;12(q)) norm and orders.

p=3 p= 4 p=>5
h r error order r error order r error order
1/4 1 2.77TE-02 — 2 3.99E-03 — 3 5.81E-04 —
1/8 3 2.00E-03 3.79 4 1.36E-04 4.87 5 1.02E-05 5.83
1/16 4 1.14E-04 4.14 6 4.40E-06 4.95 7 1.69E-07 5.91
1/32 6 7.18E-06 3.98 8 1.33E-07 5.05 9 2.74E-09 5.95
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1 . .
?@u:dlvq—l—f, poiq=Vu in Qx (0,7),

(5.2) [[u]] =0, [[q : HH =0 on I' x (07T)a
u=0 on 90 x (0,T),
u(x,0) =uo(x), q(x,0)=qp(x) in Q.

We assume the mterface T" is the union of two closely located ellipses. We take
O ={xeQ: (@1=di)” dl) + 3 <lor (“;12)2 + Z—g < 1}, which is the union of two disks,
and 2y = Q\Ql Here d1 = —0.82, do = 0.82, a = 0.81, and b= 0.51. The distance
between two ellipses is 0.02. We consider the wave equation (5.2) with p; =1/2, po =1,

c1 =cg =1, and the source f is chosen such that the exact solution is

cos(3t)sin(ry; — 1) sin(rg — 1) sin(37xy) sin(37zy)  in Q,

U(X, t) =
2cos(3t)sin(ry — 1) sin(ry — 1) sin(37xzq) sin(37xs)  in Qo
(z1— dl) ($1—d2) j : :
where r| = L b2 , rg = 2~ + 2. The exact solution q(x,t) is computed

by (5.2) with the initial condltion qo=0.

We use the unfitted finite element method in Chen, Liu, and Xiang [7] to discretize
the problem in space. Let M be an induced mesh, which is constructed from a
Cartesian partition 7 of the domain Q with possible local refinements and hanging
nodes so that the elements are large with respect to both domains £1,5. A reliable
algorithm to generate the induced mesh from the Cartesian mesh 7 is constructed in
Chen, Liu, and Xiang [7] for any C2-smooth interface. Let M :={K € M : KNI # (}
and £ =&se Yy M U P where EF :={I[x =T'N K : K € M}.

For any K € MY, i=1,2, let K; = K NQ; and let K" be the polygonal approxi-
mation of K; bounded by the sides of K and I'%., which is the line segment connecting
two intersection points of I'y NOK. K[ is the union of shape regular triangles KZ’;,
1 < JK <3, whose sides are the sides of K/ and I'.. We always set K/ to be the
element having I"}( as one of its sides. From thj we define the curved element thj by

Kl =(K;NKh)U(K\KDL), Kh=K,nKl, j=2,... JK.

Then we know that K is the union of curved triangles ”, i=1,2,=1,...,J%.

For any integers p,q > 1, the space PP(K) denotes the space of polynomials of
degree at most p in K and QP%(K) denotes the space of polynomials of degree at
most p for the first variable and ¢ for the second variable in K. For any K € MT, we
define the interface finite element spaces

Wy (K) ={¢: ¢z ePP(K!), i=1,2, j=1,...,J5},

and X,(K) = W,(K) N H'(K; UK>). Notice that the functions in X,(K) are con-
forming in each K;,i = 1,2. Now we define the following unfitted finite element
spaces:
X,(M):={ve H (0 UQ) vk € X,(K) VK € MY,
vlx € QP(K) VK € M\M'},
W,(M):={¢: 9|k € [WP(K)}Q VK e M",
W € QP IP(K) x QPPTHK) VK € M\M'}.
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Let XS(M) = XP(M) N H&(Ql @] QQ), where H&(Ql @] Qg) = {’U S Hl(Ql @] Qg) LU=
0 on 0Q}.

The semidiscrete unfitted finite element method for solving (5.2) is then to find
(un,qn) € XJ(M) x W, (M) such that for all (¢p, 1)) € X9(M) x Wp,(M),

(5.3) (Zatuh,soh) — (an Vet + (a1 [enDer + (Fr o)
pc M

(5'4> (PatQh7¢h)M = _(uhvdivwh)/\/‘ + <u;zr7 [[Q/’h]] : n>57
(5.5) up(x,0) = (Pruo)(x), dn(x,0) = (Prqo)(x) in €,

where Py, : L*(2) — X)(M) and Py, : [L*(Q)]> - W,(M) are the standard L?
projection operators.

It is shown in [7, Theorem 2.2] that the following energy error of the semidiscrete
scheme has pth order convergence:

Een(t):= (1w = un) (1)1 220y + 1@ = an) (- )lI72(0)) /2.

The semidiscrete problem (5.3)—(5.5) is an ODE system, which is solved by the
continuous time Galerkin method in this paper. By Theorems 2.3 and 2.4, we know
that the energy error has O(hP +77+1) convergence rate in the norm maxo<;<7 Fen (t)
and O(h? +72") in E,,(t) at nodes t=t,, n=1,...,N.

Note that these two ellipses are close but not tangent. To resolve the interface
I' well, we locally refine the mesh near the interface such that the interface deviation
nix < no = 0.05 for all K € MY, For the concept of the interface deviation we refer
the reader to [7, Definition 2.2]; see also Chen, Li, and Xiang [6, Definition 2.2]. As
an illustration, we show the computational mesh for h =1/4 in Figure 5.1.

In this example, we test the accuracy of the error in the [ - || (o, 7;12(0)) norm
and E.,(T). As in Example 1, to test the accuracy at nodes, we set 7= h#, and thus
the wall time of using Algorithm 3.1 for the sequential computation is proportional
to Try+ that minimizes at r = Inv for r > 0, where v = h~%. Table 5.3 shows the
error E.,(T) at the terminal time when r = |[lnv] + 1.

To test the accuracy in the || - ||pe(0,7;22(0)) norm, we set 7 = h7+1 and thus
N=T/r= T,urlﬁ, where p = h™P. As in Example 1, the wall time of using Algo-
rithm 3.2 for the sequential computation is proportional to r(r+1)N =Tr(r+ 1),uﬁ.

£2223

N

HH

T T T

Fi1G. 5.1. Illustration of the computational domain and the mesh (left) and the corresponding
zoomed local mesh (right) with h=1/4 in Example 2.
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TABLE 5.3
Ezample 2: numerical errors of Een(T') and orders.

p=3 p=4 p=>5
h r error order r error order r error order
1/4 3 4.22E-01 — 3 2.21E-01 — 4 1.25E-01 —
1/8 4 8.97E-02 2.24 5 2.64E-02 3.06 6 6.20E-03 4.33
1/16 5 1.32E-02 2.76 6 1.81E-03 3.87 7 3.82E-05 4.96
1/32 6 1.66E-03 2.99 7 1.13E-04 4.00 9 1.19E-06 5.00

TABLE 5.4
Ezample 2: numerical errors of maxo<i<T Een(t) and orders.

p=3 p=4 p=5
h T error order T error order T error order
1/4 1 5.23E-01 — 1 2.95E-01 — 2 1.69E-01 —
1/8 2 1.26E-01 2.05 3 3.70E-02 3.00 4 8.87E-03 4.25
1/16 3 1.90E-02 2.72 4 2.58E-03 3.84 6 2.93E-04 4.92
1/32 4 2.45E-03 2.96 6 1.66E-04 3.95 8 9.21E-06 4.99

The optimal choice of the order for minimizing the computation wall time is r =
max(1, |r** ] 4+1), where r** =[—(3—Inp) + /(3 —Inu)? — 8]/4. Table 5.3 shows the
error

max Eepn(tn +0.1k7,)
0<n<N—1,1<k<10
as the approximation of maxo<;<7 Fe,(t) when r = max(1, |r**| +1). We clearly
observe the optimal pth order convergence and the superior performance of high-order
methods from Tables 5.3 and 5.4.

Ezxample 3. We consider the parallel efficiency of Algorithms 3.1 and 3.2 in this
example. We use the same setting as that of Example 1, but the exact solution is
u(x,t) = exp(—t)sin(16m(xy1)) cos(16m(x2)). We set the mesh size h = 1/128 and
p=3,4,5.

In this example, we use the Fortran language with MPI parallelism and solve the
linear systems of equations by using the Intel direct solver MKL_Pardiso function.
We remark that one can also use the parallel mode to solve the linear systems of
equations to reduce the total computational time. Here we only use the serial mode
for solving the linear systems of equations because we want to compare the efficiency
of our algorithms with and without parallelization.

We first consider Algorithm 3.1. We take the time step size as 7 = 1 to treat
the continuous time Galerkin method as the spectral method, that is, we only take
one time step to the final time T = 1 and reduce the errors of numerical solutions
through increasing the order r. Figure 5.2 shows the errors of the numerical solutions
converge exponentially to the error level of the spatial discretization as r increases,
which conforms with the convergence rates of the spectral method. Figure 5.3 shows
the efficiency of the parallel mode compared to the serial mode. We observe clearly
that the computational time is nearly constant in the parallel mode but increases
linearly in the serial mode as r increases. Table 5.5 shows the parallel speedup ratio
S, that confirms our theoretical prediction in Remark 3.3.
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—5— 128X128p=3
—A—— 128X128 p=4

—O— 128X128p=5

F1G. 5.2. The errors of numerical solutions versus r.

900 4000 14000 -

—&— Parallel mode —&— Parallel mode —&— Parallel mode
800F A serialMode 3500 ——A— Serial Mode 12000F  —A— Serial Mode

3000 10000

2500
8000

(s)

ime

6000

Ti

4000

2000F

F1G. 5.3. The computational time (seconds) in the serial mode and parallel mode for p = 3
(left), 4 (middle), 5 (right).

TABLE 5.5
Example 3: the parallel speedup ratio Sp for r=3,...,10.

M r=3 r=4 r=5 r==6 r="7 r=28 r=9 r=10
Cores - 2 2 3 3 4 4 5 5
p=3 262,144 1.11x 1.98x 2.10x 2.96x 3.06x 3.94x 3.97x 4.87x
p=4 409,600 1.21x 1.95x 2.07x 2.94x 3.04x 3.92x 3.98x 4.86x
p=>5 589,824 1.20x 1.96x 2.08x 2.95x 3.03x 3.93x 3.98x 4.86x

TABLE 5.6
Ezample 3: the wall time (seconds) and total parallel speedup ratio S;Otal when the mesh size
h=1/128, p=>5, the number of unknowns M = 589,824, and the number of time steps N = 10.

r=3 r==6 r=10
Ttotal 89,828.94 411,746.82 1,076,034.29
Cores 8 21 55
Thotal 19,943.44 20,226.67 21,581.50
Stotal 4.50x 20.35x 49.85x

Now we consider Algorithm 3.2 using N = 10 time steps. The total parallel
speedup ratio S;Otal is shown in Table 5.6 for p =5, h = 1/128, r = 3,6,10, which
again confirms our analysis in Remark 3.3.
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