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Abstract. We propose efficient and parallel algorithms for the implementation of the high-order
continuous time Galerkin method for dissipative and wave propagation problems. By using Legendre
polynomials as shape functions, we obtain a special structure of the stiffness matrix that allows
us to extend the diagonal Pad\'e approximation to solve ordinary differential equations with source
terms. The unconditional stability, hp error estimates, and hp superconvergence at the nodes of the
continuous time Galerkin method are proved. Numerical examples confirm our theoretical results.
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1. Introduction. In this paper, we study the following system of ordinary dif-
ferential equations (ODEs)

Y\prime (t) =\BbbD Y(t) +R(t) in (0, T ), Y(0) =Y0,(1.1)

which is obtained from the method-of-lines approach for linear partial differential
equations (PDEs) after space discretization. Here T > 0 is the length of the time
interval, Y,R \in \BbbR M , and \BbbD is an M \times M real constant matrix, where M is the
number of degrees of freedom of the spatial discretization. Without loss of generality,
we assume

\BbbD +\BbbD T \leq 0,(1.2)

that is, \BbbD +\BbbD T is a seminegative definite matrix. This condition is satisfied by a large
class of linear PDEs including dissipative problems such as parabolic equations and
wave propagation problems such as the wave equation and Maxwell equations.

Let 0 = t0 < t1 < \cdot \cdot \cdot < tN = T be a partition of (0, T ). If the source R= 0 in (1.1),
the exact solution in each time interval (tn, tn+1) is Y(t) = e\BbbD (t - tn)Y(tn) for which
Pad\'e approximation to the exponential function can be used to construct and analyze
numerical schemes to solve (1.1). In [12], by using the partial fraction formula for
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A2074 ZHIMING CHEN AND YONG LIU

the Pad\'e approximation, the [r/r], r \geq 1, Pad\'e approximation leads to the following
method:

Y(tn+1)\approx 
Pr(\tau n\BbbD )
Pr( - \tau n\BbbD )

Y(tn) =

\left[ 
 ( - 1)r\BbbI +

r\sum 

j=1

 - Pr( - \zeta j)
P \prime 
r(\zeta j)

(\zeta j\BbbI + \tau n\BbbD ) - 1

\right] 
 Y(tn),(1.3)

where \tau n = tn+1  - tn, \BbbI \in \BbbR M\times M is the identity matrix, Pr(z) is the numerator of the
[r/r] Pad\'e approximation to the exponential function ez, and \{ \zeta 1, . . . , \zeta r\} are zeros
of Pr(z), which are known to be simple and lie in the left half-plane. Formula (1.3)
indicates that one can compute the approximation of the solution Y(tn+1) in each
time step by solving k complex matrix problems and r  - 2k real matrix problems of
the form \zeta \BbbI + \tau n\BbbD in parallel, where k, 0\leq k\leq r/2, is the number of complex zeros of
Pr(z) (see Remark 3.1 below). The purpose of this paper is to construct algorithms
sharing this very desirable property for solving (1.1) with general nonzero sources
R(t).

There exists a large literature on implicit single-step time-stepping methods for
solving (1.1) (see, e.g., [15] and the references therein). The following continuous time
Galerkin method proposed in [16] is probably the simplest:

Y\prime 
r =\BbbD \scrP r - 1Yr +\scrP r - 1R in (tn, tn+1), 0\leq n\leq N  - 1,(1.4)

where Yr is a piecewise polynomial of degree r\geq 1 in each interval (tn, tn+1), continu-
ous at the nodes t= tn, and \scrP r - 1 is the local L

2 projection to the space of polynomials
of degree at most (r  - 1) in each interval. It is shown in [16] that (1.4) is equiva-
lent to the r-stage Gauss collocation method at the nodes when R = 0 and has the
highest classical order 2r among all r-stage Runge--Kutta methods [15, Table 5.12].
The continuous time Galerkin method, together with finite element discretization in
space, is used in [2] for the heat equation and in [11], [14] for the wave equation.
We refer the reader to [1] for a unified framework and the comparison of the most
popular implicit single-step time-stepping methods, including also the discontinuous
time Galerkin method and various Runge--Kutta methods.

The difficulty in using the high-order continuous time Galerkin method or any
fully implicit time Runge--Kutta methods is that a straightforward implementation
requires one to solve a system of linear equations of the size rM \times rM , which is not
feasible in most time for PDE problems. In a recent work [22], efficient iterative
algorithms are developed based on optimal preconditioning of the stage matrix for
finding the stage vectors of the implicit Runge--Kutta methods for solving (1.1). For
an r-stage implicit Runge--Kutta method, the stage matrix is an r \times r block matrix
with each block being anM\times M matrix. One can find further references in [22] for de-
veloping efficient algorithms implementing the high-order implicit time discretization
methods in the literature. We also refer the reader to [21], [18] for the implementation
of the discontinuous time Galerkin method based on the block diagnalization of the
stiffness matrix.

In this paper we propose an efficient realization of the method (1.4) that uses
Legendre polynomials as shape functions to obtain a new stiffness matrix that is
different from the stage matrix in [22] applying to the Gauss collocation method.
By exploiting the special structure of the stiffness matrix, we construct an algorithm
that computes the solution Yr(tn) at each node by solving k complex matrix problems
and r  - 2k real matrix problems in parallel, where k, 0 \leq k \leq r/2, is the number of
complex zeros of the [r/r] Pad\'e numerator Pr(z). Moreover, an algorithm is proposed
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EFFICIENT AND PARALLEL SOLUTION OF CTG METHOD A2075

to compute the other coefficients of the solution Yr in each time interval (tn, tn+1)
that solves in parallel k(r+1) complex matrix problems and (r - 2k)(r+1) real matrix
problems. We remark that our algorithm is different from the other parallel-in-time
algorithms based on domain decomposition or space-time multigrid techniques in the
literature (see, e.g., [13]).

As a by-product of our analysis, we obtain the following formula (Theorem 3.3)
to compute the nodal values Yr(tn+1), 0\leq n\leq N  - 1, of the solution of (1.4):

Yr(tn+1) =
Pr(\tau n\BbbD )
Pr( - \tau n\BbbD )

Yr(tn) +

r\sum 

k=1

( - 1)k+1 \phi k1(\tau n\BbbD )
Pr( - \tau n\BbbD )

bk - 1 + \tau nR0,(1.5)

where for k = 1, . . . , r, \phi k1(\lambda ) is a polynomial of degree r satisfying some recurrence
relations, and bk, R0 are vectors depending on the source R. Formula (1.5) can be
viewed as a generalization of the [r/r] Pad\'e approximation (1.3) for solving the ODE
system without sources.

The layout of the paper is as follows. In section 2 we introduce the continuous
time Galerkin method for (1.1) and prove the strong stability and derive an hp error
estimate. In section 3 we propose our parallel algorithms to implement the continuous
time Galerkin method. In section 4 we prove the optimal stability and error estimates
in terms of r when \BbbD is a symmetric or skew-symmetric matrix. In section 5 we
consider the application of the algorithms in this paper to solve the linear convection-
diffusion equation by using the local discontinuous Galerkin method and the wave
equation with discontinuous coefficients by using the unfitted finite element spatial
discretization.

2. Implicit time discretization. In this section, we introduce the continuous
time Galerkin method for solving (1.1). Let 0 = t0 < t1 < \cdot \cdot \cdot < tN = T be a partition
of the time interval (0, T ) with time steps \tau n = tn+1  - tn, 0 \leq n \leq N  - 1. We set
In = (tn, tn+1) and \tau =max0\leq n\leq N - 1\{ \tau n\} . For any integer m\geq 1, we define the finite
element space

Vm
\tau := \{ v \in [C(0, T )]M : v| In \in [Pm]M ,0\leq n\leq N  - 1\} ,

where Pm is the set of polynomials whose degree is at most m. Define the local
projection \scrP m, m \geq 0, such that in each time interval In, \scrP m : [L2(In)]

M \rightarrow [Pm]M

satisfies
\int 

In

(\scrP mv,w)dt=

\int 

In

(v,w)dt \forall w \in [Pm]M ,

where we denote by (\cdot , \cdot ) the inner product of \BbbR M . It is well known (see, e.g., Sch\"otzau
and Schwab [20]) that for any s\geq 0, m\geq 0,

\| v - \scrP mv\| L2(In) \leq C
\tau 
min(m+1,s)
n

(m+ 1)s
\| v\| Hs(In) \forall v \in [Hs(In)]

M ,(2.1)

where the constant C is independent of m,\tau n but may depend on s. In this paper,
for any integer d \geq 1 and Banach space X, we denote by \| \cdot \| X both the norm of X
and that of [X]d.

For any integer r\geq 1, the continuous time Galerkin method for solving (1.1) is to
find the function Yr \in Vr

\tau such that Yr(0) =Y0 and

Y\prime 
r =\BbbD \scrP r - 1Yr +\scrP r - 1R in In, 0\leq n\leq N  - 1.(2.2)
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A2076 ZHIMING CHEN AND YONG LIU

The following stability lemma extends an idea in Griesmaier and Monk [14] where
the continuous time Galerkin discretization in time and hybridizable discontinuous
Galerkin method in space for the wave equation are considered.

Lemma 2.1. Problem (2.2) has a unique solution Yr \in Vr
\tau that satisfies

max
1\leq n\leq N

\| Yr(tn)\| \BbbR M \leq \| Y0\| \BbbR M +CT 1/2\| R\| L2(0,T ),(2.3)

max
0\leq t\leq T

\| Yr\| \BbbR M \leq Cr2(\| Y0\| \BbbR M + T 1/2\| R\| L2(0,T )),(2.4)

where the constant C is independent of r, \tau ,\BbbD , and R.

Proof. At each time step, (2.2) is equivalent to a linear system of equations whose
existence and uniqueness of the solution follow from the stability estimate (2.4). To
prove the stability estimates (2.3)--(2.4), we denote by \{ Lj\} \infty j=0 the Legendre poly-

nomials on ( - 1,1) and define \widetilde Lj = Lj \circ \psi  - 1, where \psi : ( - 1,1) \rightarrow (tn, tn+1) is the

mapping \psi (\xi ) = tn+tn+1

2 + tn+1 - tn
2 \xi for \xi \in ( - 1,1). Then \{ \widetilde Lj\} \infty j=0 are orthogonal in

L2(In), \widetilde Lr(tn) = ( - 1)r, \widetilde Lr(tn+1) = 1, and

\int 

In

| \widetilde Lr| 2dt=
\tau n

2r+ 1
,

\int 

In

| \widetilde L\prime 
r| 2dt=

2r(r+ 1)

\tau n
.(2.5)

For n= 0, . . . ,N  - 1, let Yn
r =Yr(tn) and \^Yr \in [P r]M satisfy

\^Y\prime 
r =\BbbD \scrP r - 1

\^Yr in In, \^Yr(tn) =Yn
r .(2.6)

By multiplying (2.6) by \^Yr and integrating over In, we easily obtain by (1.2) that

1

2
\| \^Yr(tn+1)\| 2\BbbR M  - 1

2
\| Yn

r \| 2\BbbR M =

\int 

In

(\BbbD \scrP r - 1
\^Yr,\scrP r - 1

\^Yr)dt\leq 0.

This implies

\| \^Yr(tn+1)\| \BbbR M \leq \| Yn
r \| \BbbR M .(2.7)

Since \^Yr \in [P r]M in In, we have the following decomposition introduced in [14]:

\^Yr = ( - 1)rYn
r
\widetilde Lr + (t - tn) \widetilde Yr, \widetilde Yr \in [P r - 1]M .(2.8)

Notice that \scrP r - 1
\^Yr = \scrP r - 1[(t  - tn) \widetilde Yr]; substituting this decomposition into (2.6),

we have

( - 1)rYn
r
\widetilde L\prime 
r +

\widetilde Yr + (t - tn) \widetilde Y\prime 
r =\BbbD \scrP r - 1[(t - tn) \widetilde Yr] in In.

Multiplying the equation by \widetilde Yr \in [P r - 1]M and integrating over In, we have by (2.5)
that

1

2
\| \widetilde Yr\| 2L2(In)

+
1

2
\tau n\| \widetilde Yr(tn+1)\| 2\BbbR M \leq C\tau  - 1/2

n r\| Yn
r \| \BbbR M \| \widetilde Yr\| L2(In),

where we have used the fact that by (1.2)
\int 

In

(\BbbD \scrP r - 1[(t - tn) \widetilde Yr], \widetilde Yr)dt=

\int 

In

(t - tn)(\BbbD \widetilde Yr, \widetilde Yr)dt\leq 0.(2.9)

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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EFFICIENT AND PARALLEL SOLUTION OF CTG METHOD A2077

This yields \| \widetilde Yr\| L2(In) \leq C\tau 
 - 1/2
n r\| Yn

r \| \BbbR M and thus by using (2.5)

\| \^Yr\| L2(In) \leq C\tau 1/2n r\| Yn
r \| \BbbR M .(2.10)

On the other hand, it follows from (2.2) and (2.6) that

(Yr  - \^Yr)
\prime =\BbbD \scrP r - 1(Yr  - \^Yr) +\scrP r - 1R in In, (Yr  - \^Yr)(tn) = 0.(2.11)

Then Yr  - \^Yr = (t - tn)Wr for some Wr \in [P r - 1]M . By substituting this relation
into (2.11) we have

Wr + (t - tn)W
\prime 
r =\BbbD \scrP r - 1[(t - tn)Wr] +\scrP r - 1R in In.

By multiplying the equation by Wr and integrating over In, we obtain by a bound
similar to that in (2.9) that

1

2
\| Wr\| 2L2(In)

+
1

2
\tau n\| Wr(tn+1)\| 2\BbbR M \leq \| R\| L2(In)\| Wr\| L2(In).

This yields \| Wr\| L2(In) \leq 2\| R\| L2(In) and thus

\| Yr  - \^Yr\| L2(In) \leq 2\tau n\| R\| L2(In).(2.12)

Now by multiplying (2.11) by Yr - \^Yr and integrating over In we obtain by (1.2) and
(2.12) that

1

2
\| (Yr  - \^Yr)(tn+1)\| 2\BbbR M \leq 

\int 

In

(\scrP r - 1R,Yr  - \^Yr)dt\leq 2\tau n\| R\| 2L2(In)
,

which implies by the triangle inequality and (2.7) that

\| Yr(tn+1)\| \BbbR M \leq \| Yn
r \| \BbbR M + 2\tau 1/2n \| R\| L2(In).

This yields (2.3). Next by using the triangle inequality, (2.10), and (2.12), we have

\| Yr\| L2(In) \leq C\tau 1/2n r\| Yn
r \| \BbbR M + 2\tau n\| R\| L2(In),(2.13)

which implies by the hp inverse estimate that

max
tn\leq t\leq tn+1

\| Yr\| \BbbR M \leq C\tau  - 1/2
n r\| Yr\| L2(In) \leq Cr2\| Yn

r \| \BbbR M +C\tau 1/2n r\| R\| L2(In).

This shows (2.4) and completes the proof of the lemma.

To derive an hp a priori error estimate for the continuous time Galerkin method
(2.2), we first recall an interpolation operator in the literature (see, e.g., [20, Theorem
3.17]).

Lemma 2.2. There exists an interpolation operator \Pi r : [H
1(0, T )]M \rightarrow Vr

\tau such
that for any v \in [W 1+s,\infty (0, T )]M , s\geq 1, and n= 0,1, . . . ,N  - 1,

(\Pi rv)(tn) = v(tn), (\Pi rv)(tn+1) = v(tn+1), (\Pi rv)
\prime =\scrP r - 1v

\prime in In,(2.14)

\| v - \Pi rv\| L2(In) \leq C
\tau min(r+1,s)

rs
\| v\| Hs(In),(2.15)

where the constant C is independent of \tau , r but may depend on s.

With the interpolation operator \Pi r, one can prove the following theorem on the
hp error estimates by the standard argument. Here we omit the details.
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A2078 ZHIMING CHEN AND YONG LIU

Theorem 2.3. Let s\geq 1. Assuming that R\in [Hs(0, T )]M , Y \in [W 1+s,\infty (0, T )]M

and Yr \in Vr
\tau is the solution of the problem (2.2), we have

max
1\leq n\leq N

\| (Y - Yr)(tn)\| \BbbR M \leq CT 1/2 \tau 
min(r+1,s)

rs
\| \BbbD Y\| Hs(0,T ),

max
0\leq t\leq T

\| Y - Yr\| \BbbR M \leq C(1 + T 1/2)
\tau min(r+1,s)

rs - 2
(T 1/2\| Y\| W s+1,\infty (0,T ) + \| R\| Hs(0,T )),

where the constant C is independent of \tau , r,\BbbD but may depend on s.

We remark that the first estimate in Theorem 2.3 is optimal in \tau and r and the
second estimate in the theorem is optimal in \tau but suboptimal in r, which is due to
the stability estimate (2.4) in Lemma 2.1. In section 4 we will show that the stability
in the L2 norm can be improved to remove the dependence on r in (2.13) when \BbbD is
symmetric or skew-symmetric by using the explicit formulas of Yr(t) in section 3.

The classical order of Runge--Kutta methods is the convergence order at the nodes
t = tn. For the continuous time Galerkin method, it is proved to be 2r when r \geq 2
in Hulme [16] for nonlinear ODEs and in Aziz and Monk [2] for parabolic equations.
The following theorem on the hp superconvergence of the continuous time Galerkin
method at the nodes can be proved by using the idea of quasi-projection in [2, section
4]. Here we omit the details.

Theorem 2.4. Let s\geq 1. Assuming that \BbbD rY \in [Hs(0, T )]M and Yr \in Vr
\tau is the

solution of problem (2.2), we have

max
1\leq n\leq N

\| (Y - Yr)(tn)\| \BbbR M \leq CT 1/2 \tau 
min(2r,s+r - 1)

rs
\| \BbbD rY\| Hs(0,T ),

where the constant C is independent of \tau , r but may depend on s.

To conclude this section, we recall some facts about Pad\'e approximation to the
exponential function, which can be found in Saff and Varga [19] and the references
therein. For any integers m,n \geq 0, the [m/n] Pad\'e approximation to ez is defined

as the polynomials Pm(z) \in Pm, Qn(z) \in Pn, Qn(0) = 1, for which ez  - Pm(z)
Qn(z)

=

O(| z| m+n+1) as | z| \rightarrow 0. It is known that

Pm(z) =

m\sum 

j=0

(m+ n - j)!m!zj

(m+ n)!j!(m - j)!
, Qn(z) =

n\sum 

j=0

(m+ n - j)!n!( - z)j
(m+ n)!j!(n - j)!

.(2.16)

Obviously, Qn(z) = Pn( - z). When m= n, Pm(z),Qm(z) are called the diagonal Pad\'e
numerator and denominator of type [m/m] for ez. The following lemma follows easily
from (2.16).

Lemma 2.5. The diagonal Pad\'e numerator of type [m/m] for ez satisfies P0(z) =
1, P1(z) = 1+ 1

2z, P2(z) = 1+ 1
2z +

1
12z

2, and

Pm(z) = Pm - 1(z) +
z2

4(2m - 1)(2m - 3)
Pm - 2(z), m\geq 2.

The following lemma is proved in Hairer and Wanner [15, Theorem 4.12] and [19,
Theorem 2.4]. It is essential in proving the A-stability of numerical methods for ODEs
based on the Pad\'e approximation of the exponential function.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

06
/2

0/
24

 to
 1

24
.1

6.
14

8.
6 

. R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/te

rm
s-

pr
iv

ac
y



EFFICIENT AND PARALLEL SOLUTION OF CTG METHOD A2079

Lemma 2.6. All zeros of the diagonal Pad\'e numerator of type [m/m], m\geq 1, for
ez are simple and lie in the half-plane \{ z \in \BbbC :Re(z)\leq  - 2\} .

For m \geq 1, denote by \zeta 1, . . . , \zeta m \in \BbbC the zeros of Pm(z), the diagonal Pad\'e
numerator of type [m/m] for ez. Then by (2.16)

Pm(z) =
m!

(2m)!
(z  - \zeta 1) \cdot \cdot \cdot (z  - \zeta m), Qm(z) = ( - 1)m

m!

(2m)!
(z + \zeta 1) \cdot \cdot \cdot (z + \zeta m).

One can compute the zeros of Pm(z) by using the ``roots"" function in MATLAB [17].
Recall that any polynomial F \in Pm - 1 can be expanded as the Lagrange interpolation
function at m distinct zeros of Pm( - z). This yields the following partial fraction
formula (see, e.g., Szeg\"o [23, Theorem 3.3.5]):

F (z)

Pm( - z) =
m\sum 

j=1

 - F ( - \zeta j)
P \prime 
m(\zeta j)

1

z + \zeta j
.(2.17)

Since Pm(z) - ( - 1)mPm( - z) \in Pm - 1, we obtain the partial fraction formula for the
[m/m] Pad\'e approximation of ez (see Gallopoulos and Saad [12]):

Rm,m(z) =
Pm(z)

Pm( - z) = ( - 1)m +

m\sum 

j=1

 - Pm( - \zeta j)
P \prime 
m(\zeta j)

1

z + \zeta j
.(2.18)

Recall that if p(z) =
\sum m

i=0 aiz
i is a polynomial of degreem, then p(\BbbX ) :=

\sum m
i=0 ai\BbbX i for

any matrix \BbbX \in \BbbR d\times d, d\geq 1. Obviously, if p(z) = p1(z) + p2(z) or q(z) = p1(z) \cdot p2(z),
where p1, p2 are polynomials, then p(\BbbX ) = p1(\BbbX ) + p2(\BbbX ), q(\BbbX ) = p1(\BbbX ) \cdot p2(\BbbX ). It
follows now from (2.17)--(2.18) that for any F \in Pm - 1 and any matrix \BbbX \in \BbbR d\times d such
that Pm( - \BbbX ) is invertible,

F (\BbbX )
Pm( - \BbbX )

=

m\sum 

j=1

 - F ( - \zeta j)
P \prime 
m(\zeta j)

(\zeta j\BbbI +\BbbX ) - 1,(2.19)

Pm(\BbbX )
Pm( - \BbbX )

= ( - 1)m\BbbI +
m\sum 

j=1

 - Pm( - \zeta j)
P \prime 
m(\zeta j)

(\zeta j\BbbI +\BbbX ) - 1.(2.20)

The identity (2.20) is the basis of the method (1.3) in the introduction.

3. Parallel implementation. In this section, we propose parallel algorithms to
implement problem (2.2) based on finding analytic formulas of the determinant and
all factors of the stiffness matrix of the continuous time Galerkin method at each time
step. To form the stiffness matrix, we use the Legendre polynomials \{ \widetilde Lj\} rj=0 in In as
the basis functions. We assume

Yr(t) =

r\sum 

j=0

aj \widetilde Lj(t), \scrP r - 1R=

r - 1\sum 

j=0

Rj
\widetilde Lj(t),

where aj ,Rj \in \BbbR M . Since \scrP r - 1
\widetilde Lr = 0 in In, from (2.2), we have

r\sum 

j=0

aj \widetilde L\prime 
j(t) =\BbbD 

r - 1\sum 

j=0

aj \widetilde Lj(t) +

r - 1\sum 

j=0

Rj
\widetilde Lj(t).
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A2080 ZHIMING CHEN AND YONG LIU

For any k \geq 1, multiplying the equation by (t  - tn)(tn+1  - t)\widetilde L\prime 
k(t) and integrating

over In, we obtain

ak
\tau n
2

k(k+ 1)

k+ 1
2

=\BbbD 
r - 1\sum 

j=0

\int tn+1

tn

aj \widetilde Lj(t)(t - tn)(tn+1  - t)\widetilde L\prime 
k(t)dt

+

r - 1\sum 

j=0

\int tn+1

tn

Rj
\widetilde Lj(t)(t - tn)(tn+1  - t)\widetilde L\prime 

k(t)dt,(3.1)

where we have used the fact that\int tn+1

tn

\widetilde L\prime 
j
\widetilde L\prime 
k(t - tn)(tn+1  - t)dt=

\tau n
2

\int 1

 - 1

L\prime 
jL

\prime 
k(1 - t2)dt=

\tau n
2

k(k+ 1)

k+ 1
2

\delta j,k.

Here \delta j,k is the Kronecker delta function. By the recursion relation (2k + 1)\widetilde Lk(t) =
\tau n
2 (\widetilde L\prime 

k+1(t) - \widetilde L\prime 
k - 1(t)),

\int tn+1

tn

\widetilde Lj(t)(t - tn)(tn+1  - t)\widetilde L\prime 
k(t)dt

=
1

2j + 1

\int tn+1

tn

\tau n
2
(\widetilde L\prime 

j+1(t) - \widetilde L\prime 
j - 1(t))\widetilde L\prime 

k(t)(t - tn)(tn+1  - t)dt

=
\tau 2n
4

k(k+ 1)

k+ 1
2

\biggl( 
1

2k - 1
\delta j+1,k  - 

1

2k+ 3
\delta j - 1,k

\biggr) 
.

Substituting the identity into (3.1), we have

ak =
\tau n
2
\BbbD 
\biggl( 

ak - 1

2k - 1
 - ak+1

2k+ 3

\biggr) 
+
\tau n
2

\biggl( 
Rk - 1

2k - 1
 - Rk+1

2k+ 3

\biggr) 
, 1\leq k\leq r - 2,(3.2)

ak =
\tau n
2
\BbbD 

ak - 1

2k - 1
+
\tau n
2

Rk - 1

2k - 1
, k= r - 1, r.(3.3)

By the condition Yr(tn) =Yn
r , we also have

r\sum 

j=0

( - 1)jaj =Yn
r .(3.4)

Equations (3.2)--(3.4) can be written as a system of linear equations

\BbbA X=B,(3.5)

where X= (aT0 ,a
T
1 , . . . ,a

T
r )

T , B= (bT
0 ,b

T
1 , . . . ,b

T
r )

T with

bk - 1 =

\left\{ 
   
   

 - \tau n
2

\Bigl( 
Rk - 1

2k - 1  - Rk+1

2k+3

\Bigr) 
if 1\leq k\leq r - 2,

 - \tau n
2

Rk - 1

2k - 1 if k= r - 1, r,

Yn
r if k= r+ 1,

and

\BbbA =

\left( 
          

\tau n
2 \BbbD  - \BbbI  - \tau n

2 \BbbD 1
5 \cdot \cdot \cdot \cdot \cdot \cdot \cdot \cdot \cdot 0

0 \tau n
2 \BbbD 1

3  - \BbbI  - \tau n
2 \BbbD 1

7 \cdot \cdot \cdot \cdot \cdot \cdot 0
...

...
. . .

. . .
. . .

...
...

0 \cdot \cdot \cdot \cdot \cdot \cdot \tau n
2 \BbbD 1

2r - 5  - \BbbI  - \tau n
2 \BbbD 1

2r - 1 0

0 \cdot \cdot \cdot \cdot \cdot \cdot \cdot \cdot \cdot \tau n
2 \BbbD 1

2r - 3  - \BbbI 0

0 \cdot \cdot \cdot \cdot \cdot \cdot \cdot \cdot \cdot \cdot \cdot \cdot \tau n
2 \BbbD 1

2r - 1  - \BbbI 
\BbbI  - \BbbI \BbbI  - \BbbI \cdot \cdot \cdot \cdot \cdot \cdot ( - 1)r+2\BbbI 

\right) 
          

.
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EFFICIENT AND PARALLEL SOLUTION OF CTG METHOD A2081

Here \BbbI \in \BbbR M\times M is the identity matrix. By Lemma 2.1, (3.5) has a unique solution.
Since \BbbA \in \BbbR M(r+1)\times M(r+1), it is expensive to solve (3.5) directly when M \gg 1. Here
we propose efficient and parallel algorithms to solve (3.5).

Notice that \BbbA is a (r+1)\times (r+1) block matrix. For \lambda \in \BbbR , we define \BbbE r+1(\lambda )\in 
\BbbR (r+1)\times (r+1) by

\BbbE r+1(\lambda ) :=

\left( 
          

a1  - 1 b1 \cdot \cdot \cdot \cdot \cdot \cdot \cdot \cdot \cdot 0
0 a2  - 1 b2 \cdot \cdot \cdot \cdot \cdot \cdot 0
...

...
. . .

. . .
. . .

...
...

0 \cdot \cdot \cdot \cdot \cdot \cdot ar - 2  - 1 br - 2 0
0 \cdot \cdot \cdot \cdot \cdot \cdot \cdot \cdot \cdot ar - 1  - 1 0
0 \cdot \cdot \cdot \cdot \cdot \cdot \cdot \cdot \cdot \cdot \cdot \cdot ar  - 1
c1 c2 \cdot \cdot \cdot \cdot \cdot \cdot \cdot \cdot \cdot cr cr+1

\right) 
          

(3.6)

with

ak =
\lambda 

2

1

2k - 1
, bk = - \lambda 

2

1

2k+ 3
, ck = ( - 1)k+1, k= 1, . . . , r+ 1.(3.7)

Then \BbbA = \BbbE r+1(\tau n\BbbD ) by replacing each element eij(\lambda ) of \BbbE r+1(\lambda ) by the M \times M
matrix eij(\tau n\BbbD )\BbbI , i, j = 1, . . . , r+ 1.

We are going to solve (3.5) by extending the Cramer rule for the block matrices.
We first introduce some notation. For any matrix \BbbX = (Xij)

d
i,j=1, d\geq 1, we denote by

\BbbX i,j the matrix obtained by removing the ith row and jth column, i, j = 1, . . . , d. We
also denote by \BbbX (i1,\cdot \cdot \cdot ,ik),(j1,\cdot \cdot \cdot ,jl) the matrix obtained by removing the i1, . . . , ik-th
rows and the j1, . . . , jl-th columns, where 1 \leq i1 < \cdot \cdot \cdot < ik \leq d,1 \leq j1 < \cdot \cdot \cdot < jl \leq d.
The following property about the adjugate matrix is well known:

(det \BbbX )\delta i,j =
d\sum 

k=1

( - 1)i+k(det \BbbX k,i)Xkj .(3.8)

Denote\BbbH =\BbbE r+1(\lambda )(r - 1,r,r+1),(r - 1,r,r+1) \in \BbbR (r - 2)\times (r - 2). Then the matrix \BbbE r+1(\lambda )
can be partitioned as

(3.9) \BbbE r+1(\lambda ) =

\left(        
\BbbH br - 3 0 0

 - 1 br - 2 0
ar - 1  - 1 0
0 ar  - 1

c1 \cdot \cdot \cdot cr - 2 cr - 1 cr cr+1

\right)        .

Similarly, we have
(3.10)

\BbbE r(\lambda ) =

\left(      
\BbbH br - 3 0

 - 1 0
ar - 1  - 1

c1 \cdot \cdot \cdot cr - 2 cr - 1 cr

\right)      , \BbbE r - 1(\lambda ) =

\left(    \BbbH 0
 - 1

c1 \cdot \cdot \cdot cr - 2 cr - 1

\right)    .
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A2082 ZHIMING CHEN AND YONG LIU

The following simple identities will play an important role in our analysis:

\BbbE r+1(\lambda )r,(r,r+1) =\BbbE r(\lambda )\ast ,r,(3.11)

where for any \BbbX \in \BbbR d\times d, we denote by \BbbX \ast ,j \in \BbbR d\times (d - 1) the matrix by removing the
jth column of \BbbX . Similarly, we denote by \BbbX i,\ast \in \BbbR (d - 1)\times d the matrix by removing the
ith row of \BbbX .

The following elementary lemma is useful in our analysis.

Lemma 3.1. For any r\geq 3, we have

det[\BbbE r+1(\lambda )(r - 2,r,r+1),(j,r,r+1)] = - ar - 1det[\BbbE r - 1(\lambda )r - 1,j ]

= ar - 1cr - 1det[\BbbE r - 1(\lambda )r - 2,j ], 1\leq j \leq r - 2,(3.12)

det[\BbbE r+1(\lambda )(r - 1,r,r+1),(j,r,r+1)] = - det[\BbbE r(\lambda )r,j ]

= crdet[\BbbE r(\lambda )r - 1,j ], 1\leq j \leq r - 1.(3.13)

Proof. We only prove (3.12). The identity (3.13) can be proved similarly. By
(3.11),

det[Er+1(λ)(r−2,r,r+1),(j,r,r+1)] = det[Er(λ)(r−2,r),(j,r)]

= det




Hr−2,j

br−3

ar−1




= ar−1 det[Hr−2,j ].

On the other hand, it is easy to see from (3.10) that

det[\BbbE r - 1(\lambda )r - 1,j ] = - det \BbbH r - 2,j , det[\BbbE r - 1(\lambda )r - 2,j ] = cr - 1det[\BbbH r - 2,j ].

This completes the proof.

To proceed, we note that

\BbbE 2(\lambda ) =

\biggl( 
a1  - 1
1  - 1

\biggr) 
, \BbbE 3(\lambda ) =

\left( 
 

a1  - 1 0
0 a2  - 1
1  - 1 1

\right) 
 .(3.14)

Lemma 3.2. Let \varphi r(\lambda ) = det \BbbE r+1(\lambda ) be the determinant of \BbbE r+1(\lambda ). Then
\varphi 1(\lambda ) = 1 - a1, \varphi 2(\lambda ) = 1 - a1 + a1a2, and

\varphi r(\lambda ) =\varphi r - 1(\lambda ) + arar - 1\varphi r - 2(\lambda ), r\geq 3.(3.15)

Moreover, \varphi r(\lambda ) = Pr( - \lambda ), where Pr(\lambda ) is the numerator of the [r/r] Pad\'e approxi-
mation of e\lambda .

Proof. The determinants of \BbbE r+1(\lambda ) for r = 1,2 follow easily from (3.14). Since
by (3.7), ar = - br - 2, we obtain by adding the rth row to the (r - 2)th row of \BbbE r+1(\lambda )
in (3.9) and then expanding the determinant by the rth row that
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EFFICIENT AND PARALLEL SOLUTION OF CTG METHOD A2083

\varphi r(\lambda ) = det

\left(        
\BbbH br - 3 0 0

 - 1 0  - 1
ar - 1  - 1 0
0 ar  - 1

c1 \cdot \cdot \cdot cr - 2 cr - 1 cr cr+1

\right)        

= det\BbbE r(\lambda ) + ar det

\left(      
\BbbH br - 3 0

 - 1  - 1
ar - 1 0

c1 \cdot \cdot \cdot cr - 2 cr - 1 cr

\right)      
= det\BbbE r(\lambda ) + arar - 1 det\BbbE r - 1(\lambda ),

where in the last equality we have expanded the determinant by the (r  - 1)th row.
Since a1 = \lambda /2, a2 = \lambda /6, we use Lemma 2.5 to conclude \varphi r(\lambda ) = Pr( - \lambda ), where
Pr(\lambda ) is the numerator of the [r/r] Pad\'e approximation of e\lambda .

Theorem 3.1. The matrix \varphi r(\tau n\BbbD ) is invertible. The solution of (3.5) X =
(aT0 , . . . ,a

T
r )

T satisfies that for i= 1, . . . , r+ 1,

ai - 1 = ( - 1)r\delta i,r+1br +

r\sum 

j=1

(\zeta j\BbbI + \tau n\BbbD ) - 1

\Biggl( 
r+1\sum 

k=1

( - 1)i+k+1\phi ki( - \zeta j)
P \prime 
r(\zeta j)

bk - 1

\Biggr) 
,

where \phi ki(\lambda ) = det[\BbbE r+1(\lambda )k,i], k, i= 1, . . . , r+ 1, are the minors of \BbbE r+1(\lambda ).

Proof. By Lemma 3.2, \varphi r(\lambda ) = Pr( - \lambda ) = ( - 1)r r!
(2r)! (\lambda + \zeta 1) \cdot \cdot \cdot (\lambda + \zeta r), where

\zeta 1, . . . , \zeta r \in \BbbC are zeros of the diagonal Pad\'e numerator of type [r/r] for e\lambda . By
Lemma 2.6, Re(\zeta k) \leq  - 2, k = 1, . . . , r. On the other hand, (1.2) implies that the
eigenvalues of \BbbD lie in the left half-plane. Thus the eigenvalues of \zeta k\BbbI +\tau n\BbbD , 1\leq k\leq r,
lie in the half-plane \{ z \in \BbbC : Re(z)\leq  - 2\} . This shows \varphi r(\tau n\BbbD ) is invertible.

Now by (3.8) we have

[det \BbbE r+1(\lambda )]\delta i,j =

r+1\sum 

k=1

( - 1)i+k[det \BbbE r+1(\lambda )k,i]ekj(\lambda ),

where ekj(\lambda ) is the (k, j) element of \BbbE r+1(\lambda ). By replacing \lambda by \tau n\BbbD in the above
equality, we have

\varphi r(\tau n\BbbD )\delta i,j =
r+1\sum 

k=1

( - 1)i+k\phi ki(\tau n\BbbD )ekj(\tau n\BbbD ).(3.16)

From (3.5) we have

r+1\sum 

j=1

eij(\tau n\BbbD )aj - 1 = bi - 1, i= 1, . . . , r+ 1.

Thus multiplying (3.16) by aj - 1 and summing over j from 1 to r+ 1, we obtain

\varphi r(\tau n\BbbD )ai - 1 =

r+1\sum 

k=1

( - 1)i+k\phi ki(\tau n\BbbD ) \cdot 
r+1\sum 

j=1

ekj(\tau n\BbbD )aj - 1

=

r+1\sum 

k=1

( - 1)i+k\phi ki(\tau n\BbbD )bk - 1.(3.17)
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A2084 ZHIMING CHEN AND YONG LIU

Note that for (k, i) \not = (r+ 1, r+ 1), \phi ki(\lambda )\in Pm, m\leq r - 1, by (2.19) we have

\phi ki(\tau n\BbbD )
\varphi r(\tau n\BbbD )

=

r\sum 

j=1

 - \phi ki( - \zeta j)
P \prime 
r(\zeta j)

(\zeta j\BbbI + \tau n\BbbD ) - 1.

For (k, i) = (r + 1, r + 1), we have from (3.6) that det[Er+1(\lambda )r+1,r+1] =
\prod r

j=1 aj =
r!

(2r)!\lambda 
r. Thus \phi r+1,r+1(\lambda ) - ( - 1)r\varphi r(\lambda )\in P r - 1, and by using (2.19) again we obtain

\phi r+1,r+1(\tau n\BbbD )
\varphi r(\tau n\BbbD )

= ( - 1)r\BbbI +
r\sum 

j=1

 - \phi r+1,r+1( - \zeta j)
P \prime 
r(\zeta j)

(\zeta j\BbbI + \tau n\BbbD ) - 1.

This completes the proof of the lemma.

We remark that (3.17) can also be proved by using an abstract result in Brown [4,
Theorem 2.19 and Corollary 2.21], which studies linear algebra when matrix elements
are defined over a space of commuting matrices.

From this theorem we know that the discrete problem (2.2) can be solved by
solving r(r+1) linear systems of equations of orderM\times M in parallel once all minors
of \BbbE r+1(\lambda ) at \lambda = - \zeta j , j = 1, . . . , r, are known. In the following, we will find recursive
formulas to computing these minors.

Let \BbbG r(\lambda ) = \BbbE r+1(\lambda )r,r+1, r \geq 1. The determinants of \BbbG r(\lambda ) for r = 1,2 can be
calculated by (3.14). We have the following lemma for det \BbbG r(\lambda ) for r\geq 3.

Lemma 3.3. For r\geq 3, we have

det \BbbG r(\lambda ) = det \BbbG r - 1(\lambda ) - ar - 1br - 2 det \BbbG r - 2(\lambda ) + cr

r - 1\prod 

k=1

ak.

Proof. By the definition and the partition in (3.9), we know that

\BbbG r(\lambda ) =

\left(      
\BbbH br - 3 0

 - 1 br - 2

ar - 1  - 1
c1 \cdot \cdot \cdot cr - 2 cr - 1 cr

\right)      .

By expanding the determinant by the (r - 1)th row and using (3.11), we obtain
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EFFICIENT AND PARALLEL SOLUTION OF CTG METHOD A2085

where we have used the fact that det \BbbH =\Pi r - 2
k=1ak and expanded the determinant by

the last column in the second equality. This completes the proof.

The minors of \BbbG r(\lambda ) for r= 1,2 can be computed directly by (3.14). The following
lemma gives the recursive formulas for some of the minors of \BbbG r(\lambda ), which will be
used to compute the minors of \BbbE r+1(\lambda ).

Lemma 3.4. For r\geq 3, we have

det[\BbbG r(\lambda )i,r] = ( - 1)r - i - 1 a1 \cdot \cdot \cdot ar - 1

a1 \cdot \cdot \cdot ai
det \BbbG i(\lambda ), 1\leq i\leq r - 1,

det[\BbbG r(\lambda )r - 1,j ] = det[\BbbE r(\lambda )r - 1,j ] - br - 2det[\BbbG r - 1(\lambda )r - 2,j ], 1\leq j \leq r - 1.

Proof. For i= 1, . . . , r - 2, by definition, we have

det[\BbbG r(\lambda )i,r] = det

\left( 
               

a1  - 1 b1
. . .

. . .
. . .

ai - 1  - 1 bi - 1

0 ai+1  - 1 bi+1

. . .
. . .

. . .
. . .

0 ar - 3  - 1 br - 3

0 ar - 2  - 1
0 ar - 1

c1 \cdot \cdot \cdot \cdot \cdot \cdot \cdot \cdot \cdot \cdot \cdot \cdot \cdot \cdot \cdot cr - 3 cr - 2 cr - 1

\right) 
               

= ( - ar - 1) \cdot \cdot \cdot ( - ai+1)det

\left( 
      

a1  - 1 b1
. . .

. . .
. . .

ai - 2  - 1 bi - 2

ai - 1  - 1
c1 \cdot \cdot \cdot \cdot \cdot \cdot ci - 1 ci

\right) 
      

= ( - 1)r - i - 1

\Biggl( 
r - 1\prod 

k=i+1

ak

\Biggr) 
det \BbbG i(\lambda ).

Finally, for \BbbG (\lambda )i,r, i= r - 1, we have by the definition and using the first identity in
(3.11)

\BbbG r(\lambda )r - 1,r =\BbbE r+1(\lambda )(r - 1,r),(r,r+1) =\BbbE r(\lambda )r - 1,r =\BbbG r - 1(\lambda ).

This shows the first equality of the lemma. To show the second equality, for any
1\leq j \leq r - 1, we have by using the partition (3.9) that

\BbbG r(\lambda )r - 1,j =

\left(      
\BbbH \ast ,j br - 3 0

 - 1 br - 2

c1 \cdot \cdot \cdot cj - 1 cj+1 \cdot \cdot \cdot cr - 2 cr - 1 cr

\right)      .

Thus by expanding the determinant by the last column, we have by using (3.11),
(3.13), and the definition of \BbbG r - 1(\lambda ) that
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A2086 ZHIMING CHEN AND YONG LIU

det[\BbbG r(\lambda )r - 1,j ]

= crdet[\BbbE r+1(\lambda )(r - 1,r,r+1),(j,r,r+1)] - br - 2det[\BbbE r+1(\lambda )(r - 2,r - 1,r),(j,r,r+1)]

= det[\BbbE r(\lambda )r - 1,j ] - br - 2det[\BbbE r(\lambda )(r - 2,r - 1),(j,r)]

= det[\BbbE r(\lambda )r - 1,j ] - br - 2det[\BbbG r - 1(\lambda )r - 2,j ].

This completes the proof.

The minors of \BbbE r+1(\lambda ) for r = 1,2 can be easily computed from (3.14). The
following theorem gives the recursive formulas for computing all minors of \BbbE r+1(\lambda )
for r\geq 3.

Theorem 3.2. Letting r\geq 3, we have the following:
1\circ For i= 1, . . . , r - 2,

det[\BbbE r+1(\lambda )i,j ] = det[\BbbE r(\lambda )i,j ] + arar - 1det[\BbbE r - 1(\lambda )i,j ], 1\leq j \leq r - 2,

det[\BbbE r+1(\lambda )i,j ] = ( - 1)j - i - 1 a1 \cdot \cdot \cdot aj - 1

a1 \cdot \cdot \cdot ai
det \BbbG i(\lambda ), j = r - 1, r, r+ 1.

2\circ For i= r - 1, we have

det[\BbbE r+1(\lambda )r - 1,j ] = - cr+1ardet[\BbbE r(\lambda )r,j ] + det[\BbbG r(\lambda )r - 1,j ], 1\leq j \leq r - 1,

det[\BbbE r+1(\lambda )r - 1,j ] = ( - 1)j - i - 1 a1 \cdot \cdot \cdot aj - 1

a1 \cdot \cdot \cdot ai
det \BbbG i(\lambda ), j = r, r+ 1.

3\circ For i= r, we have

det[\BbbE r+1(\lambda )r,j ] = det[\BbbE r(\lambda )r - 1,j ] - ar - 1br - 2det[\BbbE r - 1(\lambda )r - 2,j ], 1\leq j \leq r - 2,

det[\BbbE r+1(\lambda )r,j ] = cr+1( - 1)i - j

j - 1\prod 

k=1

ak, j = r - 1, r,

det[\BbbE r+1(\lambda )r,r+1] = det \BbbG r - 1(\lambda ) - ar - 1br - 2det \BbbG r - 2(\lambda ) + cr

r - 1\prod 

k=1

ak.

4\circ For i= r+ 1, we have

det[\BbbE r+1(\lambda )r+1,j ] = - det[\BbbE r(\lambda )r,j ] - ar - 1br - 2det[\BbbE r - 1(\lambda )r - 1,j ], 1\leq j \leq r - 2,

det[\BbbE r+1(\lambda )r+1,j ] = ( - 1)i - j

j - 1\prod 

k=1

ak, j = r - 1, r, r+ 1.

Proof. The proof is divided into 4 steps.
Step 1. The first equality in 1\circ can be proved by the same argument as that in

Lemma 3.2. Here we omit the details. We only prove the second equality in 1\circ when
j = r+1. The other cases can be proved similarly. By the partition in (3.9), we know
that for 1\leq i\leq r - 2,

\BbbE r+1(\lambda )i,r+1 =

\left(        
\BbbH i,\ast \BbbF i,\ast 

ar - 1  - 1
0 ar

c1 \cdot \cdot \cdot cr - 2 cr - 1 cr

\right)        , \BbbF =

\left(       
0 0 0
...

...
...

0 0 0
br - 3 0 0
 - 1 br - 2 0

\right)       ,
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EFFICIENT AND PARALLEL SOLUTION OF CTG METHOD A2087

where \BbbF \in \BbbR (r - 2)\times 3. By expanding the determinant first by the rth and then by the
(r - 1)th rows, we know by (3.11) that

det[\BbbE r+1(\lambda )i,r+1] = arar - 1det[\BbbE r+1(\lambda )(i,r - 1,r),(r - 1,r,r+1)]

= arar - 1det[\BbbE r(\lambda )(i,r - 1),(r - 1,r)]

= arar - 1det[\BbbG r - 1(\lambda )i,r - 1].

This shows the second equality in 1\circ by the first identity in Lemma 3.4.
Step 2. We only prove the first equality in 2\circ when 1 \leq j \leq r  - 2. The other

cases can be proved similarly. By the partition in (3.9), we have, for 1\leq j \leq r - 2,

Er+1(λ)r−1,j =




H∗,j br−3 0 0
−1 br−2 0
0 ar −1

c1 · · · cr−2 cr−1 cr cr+1




.

Expanding the determinant by the last column, we obtain

det[\BbbE r+1(\lambda )r - 1,j ] = cr+1ardet[\BbbE r+1(\lambda )(r - 1,r,r+1),(j,r,r+1)] + det[\BbbE r+1(\lambda )(r - 1,r),(j,r+1)]

=  - cr+1ardet[\BbbE r(\lambda )r,j ] + det[\BbbG r(\lambda )r - 1,j ].

This shows the first equality in 2\circ for 1\leq j \leq r - 2.
Step 3. The second equality in 3\circ can be easily proved. The last equality is

shown in Lemma 3.3 since \BbbE r+1(\lambda )r,r+1 = \BbbG r(\lambda ) by definition. To show the first
equality in 3\circ , we again use the partition in (3.9) to obtain, for 1\leq j \leq r - 2,

\BbbE r+1(\lambda )r,j =

\left(      
\BbbH \ast ,j br - 3 0 0

 - 1 br - 2 0
ar - 1  - 1 0

c1 \cdot \cdot \cdot cj - 1 cj+1 \cdot \cdot \cdot cr - 2 cr - 1 cr cr+1

\right)      .

By expanding the determinant successively by the last columns, we have

det[\BbbE r+1(\lambda )r,j ]

= - cr+1det[\BbbE r+1(\lambda )(r - 1,r,r+1),(j,r,r+1)] - cr+1br - 2det[\BbbE r+1(\lambda )(r - 2,r,r+1),(j,r,r+1)].

This shows the first equality in 3\circ by Lemma 3.1.
Step 4. The first equality in 4\circ can be proved by the same argument as that in

Step 3. The second equality can be easily proved. Here we omit the details.

This theorem indicates that all minors of \BbbE r+1(\lambda ) can be computed once one
knows all minors of \BbbE m(\lambda ), 1\leq m\leq r, and the minors det[\BbbG r(\lambda )r - 1,j ], 1\leq j \leq r - 1,
which can be computed by Lemma 3.4 recursively based on the information of the
minors Em(\lambda ), 1\leq m\leq r.

The following lemma indicates that the nodal values of the solution to (2.2) de-
pends only on the coefficient a0.

Lemma 3.5. Let Yr(t), r\geq 1, be the solution of problem (2.2). Then

Yr(tn+1) =Yr(tn) + \tau n\BbbD a0 + \tau nR0, n= 0, . . . ,N  - 1.
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A2088 ZHIMING CHEN AND YONG LIU

Proof. We integrate (2.2) over In and use the orthogonality of Legendre polyno-
mials to obtain

Yr(tn+1) =Yr(tn) +

\int 

In

\BbbD 

\left( 
 

r - 1\sum 

j=0

aj \widetilde Lj(t)

\right) 
 dt+

\int 

In

r - 1\sum 

j=0

Rj
\widetilde Lj(t)dt,

=Yr(tn) + \tau n\BbbD a0 + \tau nR0.

This completes the proof.

By Theorem 3.1, we then have

Yr(tn+1) =Yr(tn) +

r\sum 

j=1

(\zeta j\BbbI + \tau n\BbbD ) - 1

\Biggl( 
r+1\sum 

k=1

( - 1)k
\phi k1( - \zeta j)
P \prime 
r(\zeta j)

(\tau n\BbbD )bk - 1

\Biggr) 
+ \tau nR0.

This leads to the following parallel algorithm to compute the nodal values of the
solution Yr to the problem (2.2).

Algorithm 3.1. Given Yr(t0) =Y0. For n= 0, . . . ,N  - 1, do the following:
1\circ Compute vj \in \BbbR M , j = 1, . . . , r, in parallel, where

vj =

r+1\sum 

k=1

( - 1)k
\phi k1( - \zeta j)
P \prime 
r(\zeta j)

(\tau n\BbbD )bk - 1.

2\circ Solve (\tau n\BbbD + \zeta j\BbbI )wj = vj, j = 1, . . . , r, in parallel.
3\circ Compute

Yr(tn+1) =Yr(tn) +

r\sum 

j=0

wj + \tau nR0.

The following algorithm computes the solution of problem (2.2) inside each time
interval.

Algorithm 3.2. Given Yr(t0) =Y0. For n = 0, . . . ,N  - 1, compute the coeffi-
cients a0, . . . ,ar of Yr in each time interval In as follows:
(i) Compute vij \in \BbbR M , i= 1, . . . , r+ 1, j = 1, . . . r, in parallel, where

vij =

r+1\sum 

k=1

( - 1)i+k+1\phi ki( - \zeta j)
P \prime 
r(\zeta j)

bk - 1.

(ii) Solve (\tau n\BbbD + \zeta j\BbbI )wij = vij, i= 1, . . . , r+ 1, j = 1, . . . , r, in parallel.
(iii) Compute ai - 1 = ( - 1)r\delta i,r+1br +

\sum r
j=1wij, i= 1, . . . , r+ 1, in parallel.

Remark 3.1. In [12], it is observed that the zeros of Pr(z) come in complex
conjugate pairs if they are complex. If \zeta j\prime = \=\zeta j , j, j

\prime = 1, . . . , r, then vj = \=vj\prime , and

wj +wj\prime =
vj

\tau n\BbbD + \zeta j\BbbI 
+

\=vj

\tau n\BbbD + \=\zeta j\BbbI 
= 2Re

\biggl[ 
vj

\tau n\BbbD + \zeta j\BbbI 

\biggr] 
.

Thus one need only solve k complex matrix problems instead of 2k in Algorithm 3.1
(2\circ ) and k(r+1) complex matrix problems instead of 2k(r+1) in Algorithm 3.2 (2\circ ),
where 2k, 0\leq k\leq r/2, are the number of complex zeros of Pr(z).

Remark 3.2. If \zeta = a + ib is a complex zero of Pr(z), then a\leq  - 2 by Lemma 2.5.
By Remark 3.1, without loss of generality, we can choose one of the zeros such that
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EFFICIENT AND PARALLEL SOLUTION OF CTG METHOD A2089

b < 0. Let w = w1 + iw2, v = v1 + iv2, where vi,wi \in \BbbR M , i = 1,2, satisfy
(\tau n\BbbD + \zeta \BbbI )w= v. Then

\widetilde \BbbD 
\biggl( 

w1

w2

\biggr) 
:=

\biggl( 
\tau n\BbbD + a\BbbI  - b \BbbI 

 - b \BbbI  - (\tau n\BbbD + a\BbbI )

\biggr) \biggl( 
w1

w2

\biggr) 
=

\biggl( 
v1

 - v2

\biggr) 
.

Let \BbbF = diag(\tau n\BbbD + (a+ b) \BbbI , \tau n\BbbD + (a+ b) \BbbI ) \in \BbbR 2M\times 2M be the diagonal matrix. It
is shown in Chen et al. [5, Lemma 4.1] that the condition number \kappa (\BbbF  - 1\widetilde \BbbD ) \leq 

\surd 
2.

Therefore, the complex system (\tau n\BbbD + \zeta \BbbI )w = v can be efficiently solved if one has
the efficient solver for the real matrix \tau n\BbbD + (a+ b) \BbbI , where a+ b\leq  - 2. Notice that
the eigenvalues of \BbbD lie in the left half-plane due to the assumption \BbbD +\BbbD T \leq 0.

Remark 3.3. The numerator of the [r/r] Pad\'e approximation Pr(z) has 2k complex
zeros and 1 real root if r = 2k + 1, k \geq 1, and has 2k complex zeros if r = 2k, k \geq 1.
Denote by C(2M) the costs of solving the matrix problem \tau n\BbbD + \zeta j\BbbI with \zeta j being
complex, and denote by C(M) the costs of solving the matrix problem \tau n\BbbD +\zeta j\BbbI with
\zeta j real, where \zeta j , j = 1, . . . , r, are zeros of Pr(z). Let A(M) and B(M) stand for the
costs of a vector-vector addition operation and a matrix-vector product operation,
respectively. Then the wall time of Algorithm 3.1 in the serial mode is proportional
to Ts, where

Ts =N

\left[ 
  

Step 1\circ 

r((r+ 1)B(M) + rA(M))+

Step 2\circ 

kC(2M) + (r - 2k)C(M)+

Step 3\circ 

(r+ 2)A(M)

\right] 
  .

On the other hand, the wall time of Algorithm 3.1 in the parallel mode is proportional
to Tp when using r - k cores, where

Tp =N

\left[ 
   

Step 1\circ 

r

r - k
((r+ 1)B(M) + rA(M))+

Step 2\circ 

C(2M) +

Step 3\circ 

(r+ 2)A(M)

\right] 
   + Tcom.

Here Tcom stands for the parallel communication time. Thus the theoretical parallel
speedup ratio of Algorithm 3.1 is Sp = Ts/Tp =O(k) if the computational time of the
matrix problem is dominant.

For Algorithm 3.2, the wall time in the serial mode is proportional to

T total
s =N

\left[ 
   

Step (i)

r2(r+ 1)A(M)+

Step (ii)

(r+ 1)(kC(2M) + (r - 2k)C(M))+

Step (iii)

r(r+ 1)A(M)

\right] 
   .

The wall time of Algorithm 3.2 in the parallel mode when using (r + 1)(r  - k) cores
is proportional to

T total
p =N

\left[ 
    

Step (i)

r2

r - k
A(M)+

Step (ii)

C(2M) +

Step (iii)

rA(M)

\right] 
    + Tcom.

Thus the theoretical parallel speedup ratio of Algorithm 3.2 is Stotal
p = T total

s /T total
p =

O((r+ 1)k) when the computational time of the matrix problem is dominant.
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A2090 ZHIMING CHEN AND YONG LIU

Remark 3.4. For nonstandard ODE systems of the form

\BbbM Y\prime =\BbbD Y+R in (0, T ), Y(0) =Y0,(3.18)

one can use the transformations \widetilde Y = \BbbM 1
2Y, \widetilde \BbbD = \BbbM  - 1

2\BbbD \BbbM  - 1
2 , \widetilde R = \BbbM  - 1

2R to trans-
form problem (3.18) into (1.1) and use the above algorithms to solve the transformed
problem. This leads to the following algorithm, which is similar to Algorithm 3.1,
to find the nodal values of the solution of the continuous time Galerkin method for
solving (3.18).

Algorithm 3.3. Given Yr(t0) =Y0. For n= 0, . . . ,N  - 1, do the following:
1\circ Compute vj \in \BbbR M , j = 1, . . . , r, in parallel, where

vj =

r+1\sum 

k=1

( - 1)k
\phi k1( - \zeta j)
P \prime 
r(\zeta j)

(\tau n\BbbD )\BbbM  - 1bk - 1.

2\circ Solve (\tau n\BbbD + \zeta j\BbbM )wj = vj, j = 1, . . . , r, in parallel.
3\circ Compute

Yr(tn+1) =Yr(tn) +

r\sum 

j=1

wj + \tau n\BbbM  - 1R0.

An algorithm similar to Algorithm 3.2 can also be formulated.
To conclude this section, we prove the following theorem for finding the nodal

values of the solution (2.2) that extends (1.3) for solving the ODE system (1.1) when
R= 0.

Theorem 3.3. Let Yr \in Vr
\tau , r \geq 1, be the solution of problem (2.2). Then for

n= 0, . . . ,N  - 1,

Yr(tn+1) =
Pr(\tau n\BbbD )
Pr( - \tau n\BbbD )

Yr(tn) +

r\sum 

k=1

( - 1)k+1 \phi k1(\tau n\BbbD )
Pr( - \tau n\BbbD )

bk - 1 + \tau nR0,

where \phi k1(\lambda ) = det[\BbbE r+1(\lambda )k,1].

Proof. By Lemma 3.2 and (3.17) we have

Pr( - \tau n\BbbD )a0 =
r+1\sum 

k=1

( - 1)k+1\phi k1(\tau n\BbbD )bk - 1.

Since br =Yr(tn), by Lemma 3.5,

Yr(tn+1) =

\biggl[ 
\BbbI + ( - 1)r

\tau n\BbbD \phi r+1,1(\tau n\BbbD )
Pr( - \tau n\BbbD )

\biggr] 
Yr(tn) +

r\sum 

k=1

( - 1)k+1 \phi k1(\tau n\BbbD )
Pr( - \tau n\BbbD )

bk - 1 + \tau nR0.

Denote by \psi r(\lambda ) = ( - 1)r\lambda \phi r+1,1(\lambda ) = ( - 1)r\lambda det[\BbbE r+1(\lambda )r+1,1]. By Theorem 3.2 (4\circ ),
we know that \psi r(\lambda ) satisfies

\psi r(\lambda ) =\psi r - 1(\lambda ) +
\lambda 2

4

1

(2r - 1)(2r - 3)
\psi r - 2(\lambda ), r\geq 3.

On the other hand, by (3.14), we have \psi 1(\lambda ) = \lambda ,\psi 2(\lambda ) = \lambda . This implies by
Lemma 2.5 that \psi r(\lambda ) = Pr(\lambda ) - Pr( - \lambda ). Thus

\BbbI + ( - 1)r
\tau n\BbbD \phi r+1,1(\tau n\BbbD )
Pr( - \tau n\BbbD )

= \BbbI +
Pr(\tau n\BbbD ) - Pr( - \tau n\BbbD )

Pr( - \tau n\BbbD )
=

Pr(\tau n\BbbD )
Pr( - \tau n\BbbD )

.

This completes the proof.
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EFFICIENT AND PARALLEL SOLUTION OF CTG METHOD A2091

4. Optimal stability and error estimates. In this section, we show optimal
stability and error estimates of the continuous time Galerkin method (2.2) in terms
of r when \BbbD is a symmetric or skew-symmetric matrix. This will be achieved by using
the explicit formulas in Theorem 3.1. We start by studying further properties of the
minors of the stiffness matrix of the continuous time Galerkin method \BbbA =\BbbE r+1(\tau n\BbbD ).

Let \chi r+1,j(\lambda ) = ( - 1)r+1det[\BbbE r+1(\lambda )r+1,j ]. Then by (3.14) we have

\chi 2,1 = - 1, \chi 2,2 = a1, \chi 3,1 = - 1, \chi 3,2 = a1, \chi 3,3 = - a1a2.(4.1)

For r\geq 3, by 4\circ in Theorem 3.2, we have the following recursive formulas:

\chi r+1,j(\lambda ) = \chi r,j(\lambda ) + arar - 1\chi r - 1,j(\lambda ), 1\leq j \leq r - 2,(4.2)

\chi r+1,j(\lambda ) = ( - 1)j
j - 1\prod 

k=1

ak, j = r - 1, r, r+ 1.(4.3)

Let \varphi 0 = 1 and \varphi r(\lambda ) = det \BbbE r+1(\lambda ), r\geq 1. Then by Lemma 3.2, \varphi 1 = 1 - a1,

\varphi r+1 =\varphi r + arar+1\varphi r - 1, r\geq 1.(4.4)

Lemma 4.1. For any r\geq 1 and \lambda \in \BbbR , we have

r - 1\sum 

j=1

[\chi r,j( - \lambda )\chi r+1,j(\lambda ) + \chi r,j(\lambda )\chi r+1,j( - \lambda )]
1

2j  - 1

=\varphi r - 1( - \lambda )\varphi r(\lambda ) +\varphi r - 1(\lambda )\varphi r( - \lambda ) +
( - 1)r2r

2r - 1
(a1 \cdot \cdot \cdot ar - 1)

2,(4.5)

r+1\sum 

j=1

\chi r+1,j( - \lambda )\chi r+1,j(\lambda )
1

2j  - 1
=\varphi r( - \lambda )\varphi r(\lambda ) +

( - 1)r+12r

2r+ 1
(a1 \cdot \cdot \cdot ar)2.(4.6)

Proof. We denote

Ar :=

r - 1\sum 

j=1

[\chi r,j( - \lambda )\chi r+1,j(\lambda ) + \chi r,j(\lambda )\chi r+1,j( - \lambda )]
1

2j  - 1

 - [\varphi r - 1( - \lambda )\varphi r(\lambda ) +\varphi r - 1(\lambda )\varphi r( - \lambda )] ,

Br+1 :=

r+1\sum 

j=1

\chi r+1,j( - \lambda )\chi r+1,j(\lambda )
1

2j  - 1
 - \varphi r( - \lambda )\varphi r(\lambda ).

We will argue by induction. First (4.5)--(4.6) are obvious for r= 1,2 by (4.1). Now we
assume (4.5)--(4.6) are valid for all r\leq n, n\geq 2. Since by (4.3), \chi n+2,n(\lambda ) = \chi n+1,n(\lambda ),
we have by (4.2) and (4.4) that

An+1 = 2Bn+1  - 2\chi n+1,n+1( - \lambda )\chi n+1,n+1(\lambda )
1

2n+ 1
+ anan+1An.

Now by (4.3) and the induction assumption that (4.5)--(4.6) are valid for r = n, we
obtain

An+1 =
( - 1)n+12(n+ 1)

2n+ 1
(a1 \cdot \cdot \cdot an)2.
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A2092 ZHIMING CHEN AND YONG LIU

This shows (4.5) for r= n+ 1. Similarly, we can prove by (4.2)--(4.4) that

Bn+2 =Bn+1 + (anan+1)
2Bn + anan+1An

+ \chi n+2,n+2( - \lambda )\chi n+2,n+2(\lambda )
1

2n+ 3
 - (anan+1)

2\chi n,n( - \lambda )\chi n,n(\lambda )
1

2n - 1
.

Now by the induction assumption (4.6) for r= n,n - 1 and (4.5) for r= n, we obtain
by using (4.3) that

Bn+2 = ( - 1)n+2 2(n+ 1)

2n+ 3
(a1 \cdot \cdot \cdot an+1)

2.

This completes the proof.

Lemma 4.2. Let r\geq 1. For any \lambda \leq 0, we have

r - 1\sum 

j=1

\chi r,j(\lambda )\chi r+1,j(\lambda )
1

2j  - 1
\leq \varphi r - 1(\lambda )\varphi r(\lambda ),

r+1\sum 

j=1

\chi r+1,j(\lambda )
2 1

2j  - 1
\leq \varphi r(\lambda )

2.(4.7)

Proof. For any r\geq 1, we denote

Cr :=

r - 1\sum 

j=1

\chi r,j\chi r+1,j
1

2j  - 1
 - \varphi r - 1\varphi r, Dr+1 :=

r+1\sum 

j=1

\chi 2
r+1,j

1

2j  - 1
 - \varphi 2

r.

We again argue by induction. First (4.7) is obvious for r = 1,2 by (4.1) since \lambda \leq 0.
Now we assume (4.7) is valid for all r\leq n, n\geq 2. By (4.2)--(4.4), it is easy to see that

Cn+1 = - \chi 2
n+1,n+1

1

2n+ 1
+Dn+1 + anan+1Cn,

where we have used \chi n+2,n(\lambda ) = \chi n+1,n(\lambda ). Thus if Cn \leq 0,Dn+1 \leq 0, then Cn+1 \leq 0.
On the other hand, by (4.2)--(4.4), we have

Dn+2 =Dn+1 + anan+1Dn + 2anan+1Cn + (a1 \cdot \cdot \cdot an+1)
2

\biggl( 
1

2n+ 3
 - 1

2n - 1

\biggr) 
.

Thus Dn+2 \leq 0 if Dn \leq 0,Dn+1 \leq 0, and Cn \leq 0. This completes the proof.

The following theorem is the main result of this section.

Theorem 4.1. Let \BbbD be a symmetric or skew-symmetric matrix, and Yr \in Vr
\tau is

the solution of problem (2.2). Then we have

\| Yr\| L2(0,T ) \leq T 1/2\| Y0\| \BbbR M +CT\| R\| L2(0,T ),(4.8)

max
0\leq t\leq T

\| Yr\| \BbbR M \leq Cr(\| Y0\| \BbbR M + T 1/2\| R\| L2(0,T )),(4.9)

where the constant C is independent of \tau , r,\BbbD , and R.

Proof. Letting \^Yr \in [P r]M be defined as in (2.6) of Lemma 2.1, we claim that

\| \^Yr\| L2(In) \leq \tau 1/2n \| Yn
r \| \BbbR M ,(4.10)

which improves the bound (2.10) in the proof of Lemma 2.1. To show (2.6), by
Theorem 3.1, we have

\^Yr(t) =

r+1\sum 

j=1

aj - 1
\~Lj - 1(t) =

r+1\sum 

j=1

( - 1)j
\chi r+1,j(\tau n\BbbD )
\varphi r(\tau n\BbbD )

Yn
r
\~Lj - 1(t) \forall t\in In.
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EFFICIENT AND PARALLEL SOLUTION OF CTG METHOD A2093

Thus by (2.5),

\| \^Yr\| 2L2(In)
=

r+1\sum 

j=1

\| \chi r+1,j(\tau \BbbD )\varphi r(\tau n\BbbD ) - 1Yn
r \| 2\BbbR M

\tau n
2j  - 1

.(4.11)

Denote Zn
r = \varphi r(\tau n\BbbD ) - 1Yn

r . If \BbbD is skew-symmetric \BbbD T =  - \BbbD , by (2.5), (4.6), we
have

\| \^Yr\| 2L2(In)
=

r+1\sum 

j=1

\| \chi r+1,j(\tau n\BbbD )Zn
r \| 2\BbbR M

\tau n
2j  - 1

= \tau n\| \varphi r(\tau n\BbbD )Zn
r \| 2\BbbR M  - \tau n

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 

\sqrt{} 
2r

2r+ 1

r!

(2r)!
(\tau n\BbbD )rZn

r

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 

2

\BbbR M

\leq \tau n\| Yn
r \| 2\BbbR M .

This shows the claim (4.10) when \BbbD is skew-symmetric.
If \BbbD is symmetric, the eigenvalues of \BbbD are nonpositive since \BbbD + \BbbD T \leq 0. By

Lemma 4.2, it is easy to show that

r+1\sum 

j=1

\| \chi r+1,j(\tau n\BbbD )Zn
r \| 2\BbbR M

\tau n
2j  - 1

 - \tau n\| \varphi r(\tau n\BbbD )Zn
r \| 2\BbbR M \leq 0,

which yields

r+1\sum 

j=1

\| \chi r+1,j(\tau n\BbbD )\varphi r(\tau n\BbbD ) - 1Yn
r \| 2\BbbR M

\tau n
2j  - 1

\leq \tau n\| Yn
r \| 2\BbbR M .

Now it follows from (4.11) that \| \^Yr\| L2(In) \leq \tau 
1/2
n \| Yn

r \| \BbbR M . This shows the claim
(4.10) when \BbbD is a symmetric matrix.

It follows from (4.10), (2.12), and (2.3) that

\| Yr\| L2(In) \leq \tau 1/2n \| Yn
r \| \BbbR M + 2\tau n\| R\| L2(In)

\leq \tau 1/2n \| Y0\| \BbbR M +C\tau 1/2n T 1/2\| R\| L2(0,T ).

This implies (4.8) easily. Now by the hp inverse estimate,

max
tn\leq t\leq tn+1

\| Yr\| \BbbR M \leq C\tau  - 1/2
n r\| Yr\| L2(In) \leq Cr(\| Y0\| \BbbR M + T 1/2\| R\| L2(0,T )).

This shows (4.9). This completes the proof.

The following theorem improves the error estimates in Theorem 2.3. It can be
proved by the standard argument by using Theorem 4.1 instead of Lemma 2.1. Here
we omit the details.

Theorem 4.2. Let \BbbD be a symmetric or skew-symmetric matrix. Assuming that
R \in [Hs(0, T )]M , Y \in [W 1+s,\infty (0, T )]M , s \geq 1, and Yr \in Vr

\tau is the solution of the
problem (2.2), we have

\| Y - Yr\| L2(0,T ) \leq C(1 + T )
\tau min(r+1,s)

rs
(\| Y\| Hs(0,T ) + \| \BbbD Y\| Hs(0,T )),

max
0\leq t\leq T

\| Y - Yr\| \BbbR M \leq C(1 + T 1/2)
\tau min(r+1,s)

rs - 1
(T 1/2\| Y\| W s+1,\infty (0,T ) + \| R\| Hs(0,T )),

where the constant C is independent of \tau , r,\BbbD , and R but may depend on s.

We remark that the first estimate in Theorem 4.2 is optimal both in \tau and r.
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A2094 ZHIMING CHEN AND YONG LIU

5. Numerical examples. In this section, we provide some numerical examples
to confirm the theoretical results in this paper. The computations are (partly) done on
the high performance computers of State Key Laboratory of Scientific and Engineering
Computing, Chinese Academy of Sciences.

Example 1 (convection-diffusion problem). Let \Omega = (0,1)\times (0,1) and T = 1. We
consider the following constant coefficient convection-diffusion problem:

\Biggl\{ 
ut +\nabla \cdot (\bfitbeta u - \epsilon \nabla u) = f in \Omega \times (0, T ),

u(x,0) = u0(x) in \Omega .
(5.1)

The boundary condition is set to be periodic. The source term f is chosen such that
the exact solution is u(x, t) = exp( - t) sin(4\pi (x1  - t)) cos(4\pi (x2  - t)).

We choose \bfitbeta = (1,1)T and \epsilon = 1 in (5.1). For spatial discretizations, we apply the
local discontinuous Galerkin (LDG) method in Cockburn and Shu [9] by using purely
upwind fluxes for convection terms and alternating fluxes for diffusion terms. For the
sake of completeness, we recall the method for solving (5.1) here.

Let \scrM denote a uniform Cartesian mesh of \Omega with h the length of the sides
of the elements. \scrE = \scrE side \cup \scrE bdy, where \scrE side := \{ e = \partial K \cap \partial K \prime : K,K \prime \in \scrM \} ,
\scrE bdy := \{ e = \partial K \cap \partial \Omega : K \in \scrM \} . For any subset \widehat \scrM \subset \scrM and \widehat \scrE \subset \scrE , we use the
notation

(u, v)\widehat \scrM =
\sum 

K\in \widehat \scrM 
(u, v)K , \langle u, v\rangle \widehat \scrE =

\sum 

e\in \widehat \scrE 
\langle u, v\rangle e,

where (\cdot , \cdot )K and \langle \cdot , \cdot \rangle e denote the inner products of L2(K) and L2(e), respectively.
For any e\in \scrE , we fix a unit normal vector ne of e with the convention that ne is the

unit outer normal to \partial \Omega if e \in \scrE bdy. For any v \in H1(\scrM ) := \{ v : v \in H1(K),K \in \scrM \} ,
we define the jump operator of v across e:

[[v]]e := v -  - v+ \forall e\in \scrE side, [[v]]e := v - \forall e\in \scrE bdy,

where v\pm (x) := lim\varepsilon \rightarrow 0+ v(x\pm \varepsilon ne) for all x\in e. For any integer p\geq 0, we define the
finite element space

V p
h := \{ v \in L2(\Omega ) : v| K \in Qp(K),K \in \scrM \} ,

where Qp(K) denotes the space of polynomials of degree at most p in each variable
in K.

The semidiscrete problem is to find (uh,qh)\in [V p
h ]

3 such that, for all test functions
(vh,rh)\in [V p

h ]
3,

(\partial tuh, vh)\scrM + \scrG (\bfitbeta uh, vh) =
\surd 
\epsilon 
\bigl[ 
 - (qh,\nabla vh)\scrM + \langle q - 

h \cdot n, [[vh]]\rangle \scrE 
\bigr] 
+ (f, vh)\scrM ,

(qh,rh)\scrM =
\surd 
\epsilon 
\bigl[ 
 - (uh,divrh)\scrM + \langle u+h , [[rh]] \cdot n\rangle \scrE 

\bigr] 
,

uh(x,0) = (\scrP hu0)(x) in \Omega .

Here \scrP h : L2(\Omega ) \rightarrow V p
h is the standard L2 projection operator, and \scrG (\bfitbeta uh, vh) =

 - (\bfitbeta uh,\nabla vh)\scrM + \langle \v uh\bfitbeta \cdot n, [[vh]]\rangle \scrE , where \v uh is chosen as the upwind flux: \v uh = u - h if
\bfitbeta \cdot n> 0, \v u= u+h if \bfitbeta \cdot n< 0. For e\in \scrE bdy, we use the periodic boundary condition to
define u+h .
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EFFICIENT AND PARALLEL SOLUTION OF CTG METHOD A2095

The optimal L2 norm error estimate of order p+1 of the semidiscrete scheme for
quasi-uniform Cartesian meshes can be found in Cheng, Meng, and Zhang [8, Theorem
2.4], where it is shown that max0\leq t\leq T \| u  - uh\| L2(\Omega ) \leq C(1 + T )hp+1. Therefore,
combined with the continuous time Galerkin scheme, we know that the fully discrete
scheme has O(hp+1+ \tau r+1) accuracy in the norm \| \cdot \| L\infty (0,T ;L2(\Omega )) and O(hp+1+ \tau 2r)
in the L2 norm at nodes t= tn, n= 1, . . . ,N .

To test the accuracy at the nodes, we set \tau = h
p+1
2r and thus N = T/\tau = T\beta 

1
r ,

where \beta = h - 
p+1
2 . According to Remark 3.3, the wall time of using Algorithm 3.1

in the sequential computation is proportional to rN = Tr\beta 
1
r that minimizes at r =

ln\beta for r > 0. This implies that the optimal choice of the order for the sequential
computation is r = \lfloor ln\beta \rfloor + 1, where \lfloor a\rfloor is the maximum integer strictly less than
a > 0. Table 5.1 shows the error \| (u  - uh)(\cdot , T )\| L2(\Omega ) at the terminal time when
r = \lfloor ln\beta \rfloor + 1. The optimal (p+ 1)th order is observed that confirms our theoretical
results. We observe that the errors of high-order schemes are significantly smaller
than the low order schemes.

To test the accuracy in the \| \cdot \| L\infty (0,T ;L2(\Omega )) norm, we set \tau = h
p+1
r+1 and thus

N = T/\tau = T\gamma 
1

r+1 , where \gamma = h - (p+1). The wall time of using Algorithm 3.2 in the

sequential computation is proportional to r(r+1)N = Tr(r+1)\gamma 
1

r+1 that is increasing
in r if ln\gamma \leq 6 and minimizes at r\ast = [ - (3 - ln\gamma ) +

\sqrt{} 
(3 - ln\gamma )2  - 8 ]/4 if ln\gamma \geq 6.

Since r\ast \geq 1 is equivalent to ln\gamma \geq 6, the optimal choice of the order for minimizing
the computation wall time is r=max(1, \lfloor r\ast \rfloor + 1). Table 5.2 shows the error

max
0\leq n\leq N - 1,1\leq k\leq 10

\| (u - uh)(\cdot , tn + 0.1k\tau n)\| L2(\Omega )

as the approximation of \| u - uh\| L\infty (0,T ;L2(\Omega )) when r = max(1, \lfloor r\ast \rfloor + 1). We again
observe the optimal (p+1)th order convergence and that high-order methods perform
much better than low order methods.

Example 2 (wave propagation problem). Let \Omega = ( - 2,2)\times ( - 2,2) and T = 1. We
consider the following wave equation with discontinuous coefficients:

Table 5.1
Example 1: numerical errors of \| (u - uh)(\cdot , T )\| L2(\Omega ) and orders.

p= 3 p= 4 p= 5

h r error order r error order r error order

1/4 3 8.06E-03 -- 4 1.29E-03 -- 5 1.71E-04 --
1/8 5 5.64E-04 3.84 6 4.40E-05 4.88 7 2.84E-06 5.91
1/16 6 3.55E-05 3.99 7 1.37E-06 5.01 9 4.33E-08 6.04
1/32 7 2.03E-06 4.13 9 4.26E-08 5.00 11 6.93E-10 5.96

Table 5.2
Example 1: numerical errors in \| \cdot \| L\infty (0,T ;L2(\Omega )) norm and orders.

p= 3 p= 4 p= 5

h r error order r error order r error order

1/4 1 2.77E-02 -- 2 3.99E-03 -- 3 5.81E-04 --
1/8 3 2.00E-03 3.79 4 1.36E-04 4.87 5 1.02E-05 5.83
1/16 4 1.14E-04 4.14 6 4.40E-06 4.95 7 1.69E-07 5.91
1/32 6 7.18E-06 3.98 8 1.33E-07 5.05 9 2.74E-09 5.95
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\left\{ 
      
      

1

\rho c2
\partial tu=divq+ f, \rho \partial tq=\nabla u in \Omega \times (0, T ),

[[u]] = 0, [[q \cdot n]] = 0 on \Gamma \times (0, T ),

u= 0 on \partial \Omega \times (0, T ),

u(x,0) = u0(x), q(x,0) = q0(x) in \Omega .

(5.2)

We assume the interface \Gamma is the union of two closely located ellipses. We take

\Omega 1 = \{ x\in \Omega : (x1 - d1)
2

a2 +
x2
2

b2 < 1 or (x1 - d2)
2

a2 +
x2
2

b2 < 1\} , which is the union of two disks,
and \Omega 2 = \Omega \setminus \=\Omega 1. Here d1 =  - 0.82, d2 = 0.82, a = 0.81, and b = 0.51. The distance
between two ellipses is 0.02. We consider the wave equation (5.2) with \rho 1 = 1/2, \rho 2 = 1,
c1 = c2 = 1, and the source f is chosen such that the exact solution is

u(x, t) =

\left\{ 
 
 

cos(3t) sin(r1  - 1) sin(r2  - 1) sin(3\pi x1) sin(3\pi x2) in \Omega 1,

2cos(3t) sin(r1  - 1) sin(r2  - 1) sin(3\pi x1) sin(3\pi x2) in \Omega 2,

where r1 =
(x1 - d1)

2

a2 +
x2
2

b2 , r2 =
(x1 - d2)

2

a2 +
x2
2

b2 . The exact solution q(x, t) is computed
by (5.2) with the initial condition q0 = 0.

We use the unfitted finite element method in Chen, Liu, and Xiang [7] to discretize
the problem in space. Let \scrM be an induced mesh, which is constructed from a
Cartesian partition \scrT of the domain \Omega with possible local refinements and hanging
nodes so that the elements are large with respect to both domains \Omega 1,\Omega 2. A reliable
algorithm to generate the induced mesh from the Cartesian mesh \scrT is constructed in
Chen, Liu, and Xiang [7] for any C2-smooth interface. Let\scrM \Gamma := \{ K \in \scrM :K\cap \Gamma \not = \emptyset \} 
and \scrE = \scrE side \cup \scrE \Gamma \cup \scrE bdy, where \scrE \Gamma := \{ \Gamma K =\Gamma \cap K :K \in \scrM \} .

For any K \in \scrM \Gamma , i= 1,2, let Ki =K \cap \Omega i and let Kh
i be the polygonal approxi-

mation of Ki bounded by the sides of K and \Gamma h
K , which is the line segment connecting

two intersection points of \Gamma K \cap \partial K. Kh
i is the union of shape regular triangles Kh

ij ,
1 \leq JK

i \leq 3, whose sides are the sides of Kh
i and \Gamma h

K . We always set Kh
i1 to be the

element having \Gamma h
K as one of its sides. From Kh

ij we define the curved element \widetilde Kh
ij by

\widetilde Kh
i1 = (Ki \cap Kh

i1)\cup (Ki\setminus \=Kh
i1), \widetilde Kh

ij =Ki \cap Kh
ij , j = 2, . . . , JK

i .

Then we know that K is the union of curved triangles \widetilde Kh
ij , i= 1,2, j = 1, . . . , JK

i .
For any integers p, q \geq 1, the space P p(K) denotes the space of polynomials of

degree at most p in K and Qp,q(K) denotes the space of polynomials of degree at
most p for the first variable and q for the second variable in K. For any K \in \scrM \Gamma , we
define the interface finite element spaces

Wp(K) = \{ \varphi :\varphi | \widetilde Kh
ij
\in P p( \widetilde Kh

ij), i= 1,2, j = 1, . . . , JK
i \} ,

and Xp(K) = Wp(K) \cap H1(K1 \cup K2). Notice that the functions in Xp(K) are con-
forming in each Ki, i = 1,2. Now we define the following unfitted finite element
spaces:

Xp(\scrM ) := \{ v \in H1(\Omega 1 \cup \Omega 2) : v| K \in Xp(K) \forall K \in \scrM \Gamma ,

v| K \in Qp(K) \forall K \in \scrM \setminus \scrM \Gamma \} ,
Wp(\scrM ) := \{ \bfitpsi :\bfitpsi | K \in [Wp(K)]2 \forall K \in \scrM \Gamma ,

\bfitpsi | K \in Qp - 1,p(K)\times Qp,p - 1(K) \forall K \in \scrM \setminus \scrM \Gamma \} .
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EFFICIENT AND PARALLEL SOLUTION OF CTG METHOD A2097

Let X0
p(\scrM ) = Xp(\scrM ) \cap H1

0 (\Omega 1 \cup \Omega 2), where H
1
0 (\Omega 1 \cup \Omega 2) = \{ v \in H1(\Omega 1 \cup \Omega 2) : v =

0 on \partial \Omega \} .
The semidiscrete unfitted finite element method for solving (5.2) is then to find

(uh,qh)\in X0
p(\scrM )\times Wp(\scrM ) such that for all (\varphi h,\bfitpsi h)\in X0

p(\scrM )\times Wp(\scrM ),
\biggl( 

1

\rho c2
\partial tuh,\varphi h

\biggr) 

\scrM 
= - (qh,\nabla \varphi h)\scrM + \langle q - 

h \cdot n, [[\varphi h]]\rangle \scrE \Gamma + (f,\varphi h)\scrM ,(5.3)

(\rho \partial tqh,\bfitpsi h)\scrM = - (uh,div\bfitpsi h)\scrM + \langle u+h , [[\bfitpsi h]] \cdot n\rangle \scrE ,(5.4)

uh(x,0) = (\scrP hu0)(x), qh(x,0) = (\bfitP hq0)(x) in \Omega ,(5.5)

where \scrP h : L2(\Omega ) \rightarrow X0
p(\scrM ) and \bfitP h : [L2(\Omega )]2 \rightarrow Wp(\scrM ) are the standard L2

projection operators.
It is shown in [7, Theorem 2.2] that the following energy error of the semidiscrete

scheme has pth order convergence:

Een(t) := (\| (u - uh)(\cdot , t)\| 2L2(\Omega ) + \| (q - qh)(\cdot , t)\| 2L2(\Omega ))
1/2.

The semidiscrete problem (5.3)--(5.5) is an ODE system, which is solved by the
continuous time Galerkin method in this paper. By Theorems 2.3 and 2.4, we know
that the energy error has O(hp+\tau r+1) convergence rate in the norm max0\leq t\leq T Een(t)
and O(hp + \tau 2r) in Een(t) at nodes t= tn, n= 1, . . . ,N .

Note that these two ellipses are close but not tangent. To resolve the interface
\Gamma well, we locally refine the mesh near the interface such that the interface deviation
\eta K \leq \eta 0 = 0.05 for all K \in \scrM \Gamma . For the concept of the interface deviation we refer
the reader to [7, Definition 2.2]; see also Chen, Li, and Xiang [6, Definition 2.2]. As
an illustration, we show the computational mesh for h= 1/4 in Figure 5.1.

In this example, we test the accuracy of the error in the \| \cdot \| L\infty (0,T ;L2(\Omega )) norm

and Een(T ). As in Example 1, to test the accuracy at nodes, we set \tau = h
p
2r , and thus

the wall time of using Algorithm 3.1 for the sequential computation is proportional
to Tr\nu 

1
r that minimizes at r = ln\nu for r > 0, where \nu = h - 

p
2 . Table 5.3 shows the

error Een(T ) at the terminal time when r= \lfloor ln\nu \rfloor + 1.
To test the accuracy in the \| \cdot \| L\infty (0,T ;L2(\Omega )) norm, we set \tau = h

p
r+1 and thus

N = T/\tau = T\mu 
1

r+1 , where \mu = h - p. As in Example 1, the wall time of using Algo-

rithm 3.2 for the sequential computation is proportional to r(r+1)N = Tr(r+1)\mu 
1

r+1 .

Fig. 5.1. Illustration of the computational domain and the mesh (left) and the corresponding
zoomed local mesh (right) with h= 1/4 in Example 2.
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Table 5.3
Example 2: numerical errors of Een(T ) and orders.

p= 3 p= 4 p= 5

h r error order r error order r error order

1/4 3 4.22E-01 -- 3 2.21E-01 -- 4 1.25E-01 --
1/8 4 8.97E-02 2.24 5 2.64E-02 3.06 6 6.20E-03 4.33

1/16 5 1.32E-02 2.76 6 1.81E-03 3.87 7 3.82E-05 4.96

1/32 6 1.66E-03 2.99 7 1.13E-04 4.00 9 1.19E-06 5.00

Table 5.4
Example 2: numerical errors of max0\leq t\leq T Een(t) and orders.

p= 3 p= 4 p= 5

h r error order r error order r error order

1/4 1 5.23E-01 -- 1 2.95E-01 -- 2 1.69E-01 --

1/8 2 1.26E-01 2.05 3 3.70E-02 3.00 4 8.87E-03 4.25
1/16 3 1.90E-02 2.72 4 2.58E-03 3.84 6 2.93E-04 4.92

1/32 4 2.45E-03 2.96 6 1.66E-04 3.95 8 9.21E-06 4.99

The optimal choice of the order for minimizing the computation wall time is r =
max(1, \lfloor r\ast \ast \rfloor +1), where r\ast \ast = [ - (3 - ln\mu )+

\sqrt{} 
(3 - ln\mu )2  - 8]/4. Table 5.3 shows the

error

max
0\leq n\leq N - 1,1\leq k\leq 10

Een(tn + 0.1k\tau n)

as the approximation of max0\leq t\leq T Een(t) when r = max(1, \lfloor r\ast \ast \rfloor + 1). We clearly
observe the optimal pth order convergence and the superior performance of high-order
methods from Tables 5.3 and 5.4.

Example 3. We consider the parallel efficiency of Algorithms 3.1 and 3.2 in this
example. We use the same setting as that of Example 1, but the exact solution is
u(x, t) = exp( - t) sin(16\pi (x1)) cos(16\pi (x2)). We set the mesh size h = 1/128 and
p= 3,4,5.

In this example, we use the Fortran language with MPI parallelism and solve the
linear systems of equations by using the Intel direct solver MKL Pardiso function.
We remark that one can also use the parallel mode to solve the linear systems of
equations to reduce the total computational time. Here we only use the serial mode
for solving the linear systems of equations because we want to compare the efficiency
of our algorithms with and without parallelization.

We first consider Algorithm 3.1. We take the time step size as \tau = 1 to treat
the continuous time Galerkin method as the spectral method, that is, we only take
one time step to the final time T = 1 and reduce the errors of numerical solutions
through increasing the order r. Figure 5.2 shows the errors of the numerical solutions
converge exponentially to the error level of the spatial discretization as r increases,
which conforms with the convergence rates of the spectral method. Figure 5.3 shows
the efficiency of the parallel mode compared to the serial mode. We observe clearly
that the computational time is nearly constant in the parallel mode but increases
linearly in the serial mode as r increases. Table 5.5 shows the parallel speedup ratio
Sp that confirms our theoretical prediction in Remark 3.3.
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Fig. 5.2. The errors of numerical solutions versus r.
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Fig. 5.3. The computational time (seconds) in the serial mode and parallel mode for p = 3
(left), 4 (middle), 5 (right).

Table 5.5
Example 3: the parallel speedup ratio Sp for r= 3, . . . ,10.

M r= 3 r= 4 r= 5 r= 6 r= 7 r= 8 r= 9 r= 10

Cores -- 2 2 3 3 4 4 5 5

p= 3 262,144 1.11x 1.98x 2.10x 2.96x 3.06x 3.94x 3.97x 4.87x
p= 4 409,600 1.21x 1.95x 2.07x 2.94x 3.04x 3.92x 3.98x 4.86x

p= 5 589,824 1.20x 1.96x 2.08x 2.95x 3.03x 3.93x 3.98x 4.86x

Table 5.6
Example 3: the wall time (seconds) and total parallel speedup ratio S\mathrm{t}\mathrm{o}\mathrm{t}\mathrm{a}\mathrm{l}

p when the mesh size
h= 1/128, p= 5, the number of unknowns M = 589,824, and the number of time steps N = 10.

r= 3 r= 6 r= 10

T \mathrm{t}\mathrm{o}\mathrm{t}\mathrm{a}\mathrm{l}
s 89,828.94 411,746.82 1,076,034.29

Cores 8 21 55

T \mathrm{t}\mathrm{o}\mathrm{t}\mathrm{a}\mathrm{l}
p 19,943.44 20,226.67 21,581.50

S\mathrm{t}\mathrm{o}\mathrm{t}\mathrm{a}\mathrm{l}
p 4.50x 20.35x 49.85x

Now we consider Algorithm 3.2 using N = 10 time steps. The total parallel
speedup ratio Stotal

p is shown in Table 5.6 for p = 5, h = 1/128, r = 3,6,10, which
again confirms our analysis in Remark 3.3.
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