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Abstract

In this paper, we prove the H 2 regularity of the solution to the time-harmonic Maxwell equa-
tions with impedance boundary conditions on domains with a C? boundary under minimum
regularity assumptions on the source and boundary functions.
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1 Introduction

Let @ C R3 be a bounded domain with a C? boundary ¥. We consider in this paper the
following time-harmonic Maxwell equations with impedance boundary conditions:

Vx (uW'VxE)—k’¢E=J, div(eE)=0 inQ, (€))]
(M_]VXE)Xn—ikAimpET=gxn on X%, 2)

where the relative permeability 1 and permittivity ¢ are assumed to be positive constants,
k = w./eo o is the wave number of the vacuum with @ > 0 the angular frequency, and o, €0
the permeability and permittivity of the vacuum, respectivley. With this notation, J = ikpoJ 4
with J, being the applied current density. We assume J € L?(2) with div J = 0 in €, the
impedance Aimp € CO*I(E) satisfies Aimp = Ao for some constant 1o > 0, and g € Lz(E).
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Here n is the unit outer normal to Q2 on ¥ and E7 = n X E X n is the tangential components
of E on X. Throughout the paper, for any Banach space X, we denote X = X and || - || x
both the norms of X and X.

The existence and uniqueness of the weak solution to the problem (1), (2) are studied
in [14]. Wave number explicit stability estimates are considered in [10, 15] under some
additional conditions on the domains. In [6, §4.5.d], the H 2 regularity of the solution to (1),
(2) is studied when g = 0, in which (1), (2) is reformulated as

1

Vx E —ikuH =0, VXH—I—ikSE:%J in 2, 3)
i

H xn—AimpEr =0 onX. “4)

Then (4) is treated as essential boundary conditions for the coupled regularized Maxwell
equations for (E, H). The H? regularity is proved for both (E, H) under the assumption
that J € H(curl; ), divJ € HY(Q), and J x n € H'/>(). Notice that the assumption
that J € H(curl; Q), divJ € H'(Q),and J x n € H'/>(X) implies J € H'(Q) by a
well-known embedding inequality (see the proof of Lemma 3 below).

In this paper, we prove the H 2 regularity of the solution to (1), (2) based on the H (curl)-
coercive Maxwell equations under the minimum assumption that J € L*(Q), g x n €
H'?>(%),and J - n — divs(g x n) € H'/2(X) (see Remark 4 below). This regularity
result is expected to be useful when studying finite element methods for (1), (2) on smooth
domains based on the Schatz argument in dealing with the indefiniteness of time-harmonic
Maxwell equations with impedance boundary conditions. We refer to [5] for the recent
work on unfitted finite element methods for time-harmonic Maxwell interface problems
with Dirichlet boundary conditions, in which the H? regularity and the associated regularity
estimates play an important role. Finally, we remark that we have not considered the wave
number explicit estimates in this paper. Interested readers may find results in this respect in
[10, 12, 15].

The layout of the paper is as follows. In Sect. 2, we introduce some notation and the main
result of the H? regularity of the solution to the problem (1), (2). In Sect. 3, we prove the
main result.

2 The Time-Harmonic Maxwell Equations

We first recall some notation. For any Lipschitz domain D in R3 with the boundary 9D
whose unit normal is denoted by n, the space

H(curl; D) = {v € L*(D): V x v € L*(D)}

is a Hilbert space under the graph norm. For any v € H(curl; D), its tangential trace is
defined as y; (v) = v x n on dD. It is shown in Buffa et al. [4] that y;: H(curl; D) —
H~Y2(div 3p; 3D) is bounded and surjective, where

H™'2(divyp; 3D) = {A € V,(0D) : divap(h) € H™'/>(9D)}.

Here V,(3D) is the dual space of V,(dD) = {v;y = n x v x n: v € HY*@3D)}
and divyp: V(D) — H73/2(3D) is the dual operator of the surface gradient Vy:
H32(D) — V(D). Itis known that div 5 p (v x n) = (V x v) -n € H~'/>(3 D) for any
v € H(curl; D).
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In the following, we always denote (-, -)p the inner product in L%(D) or the duality
pairing between H'(D) and H' (D), (-, )sp the inner product in L*(3D) or the duality
pairing between H~'/2(d D) and H'/>(3 D).

We call a symmetric matrix A € R3*3 with elements in L>° (D) strongly positive definite
if it satisfies

da_,a; >0, Vye R, cl_|y|2 <Ay-y< a_|_|y|2 a.e.in D. 5)

Similarly, a symmetric matrix L. € R3*3 with elements in L>° (9 D) is called strongly positive
definite if it satisfies

Ir_, iy >0, VyeR? A_|yP <Ly-y<iily? ae. indD. (6)

Lemma 1 Let D be a bounded Lipschitz domain in R3. Assume that A,B € R¥>3 are
symmetric and strongly positive definite matrices with elements in L*°(D) and Linp € R3x3
is a symmetric and strongly positive definite matrix with elements in L°° (0 D).
Assume that u € H (curl; D) satisfies

Vx(AVxu)+Bu=F inD, 7

(AV x u) x n —ik(ILimp(n x u)) xn =g, xn ondD. (8)
Then for any F € L*(D) such that diivF € H' (D), g, xn € H '/?(dD),and F - n —
divs (g, xn) € H~Y2(3D), we have

lull b o0y < CUF g1 py + 1AV Fllgipy + 181 X 2l g-112¢3p))
+C||F -n —div ap(gy x ")”H*I/Z(QD),

where the constant C depends only on the domain D, the coefficients A, B, Linp, and the
wave number k.

Proof By testing (7) by u € H(curl; D), by the symmetric and strongly positive definite
conditions on A, B, Limp € R3*3, we obtain by the standard argument that

1203 urt: py < CI(F, w)p + (g x m,u)ypl. ©)

By the Birman-Solomyak regular decomposition theorem [2], Hiptmair [9, Lemma 2.4],
u € H(curl; D) can be split as u = ug; + Vi for some ug € H' (D), Y € H'(D) such that
lusl gy + 1Vl g1py < CllvllECur; D)-
By integration by parts, (F, V{)p = —(div F, ¥)p + (F - n, ¥)yp. Thus,
(F,u)p + (g; xn,u)yp
=(F,us)p — divF,¥)p + (g xn,us)yp +(F -n —divyp(g; x n), ¥)op
S CUIFlgrpy + 1div Fll g1 py + g1 X vllg-12¢3py) 1]l  (curt; D)
+CIF -n—divyp(g) X m)ll g-1/2¢9py |4l B (curl; D) -

This completes the proof by (9).

The following lemma, which shows the H' regularity for the H (curl)-coercive Maxwell
equations with impedance boundary conditions, was essentially proved in Costabel et al. [6,
§4.5.d].

Lemma2 Let D be a bounded C? domain in R3. Assume that A, B € R3*3 are symmetric and
strongly positive definite matrices with elements in C%' (D) and Limp € R3*3 is a symmetric
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and strongly positive definite matrix with elements in CYY(3D). Let u € H(curl; D) be the
solution of (7), (8). Then for any F € H(div; D), g, x n € H_l/z(div ap; 9D), we have
uc H' (D) and

lallgipy < CUlwll Hcurt; p) + [l div Fllp2py +11F-n— divyp(g) X m)|| g-112¢3p))>

where the constant C depends only on the domain D, the coefficients A, B, Linp, and the
wave number k.

Proof We give a proof by following the argument in [6, §4.5.d] in order to trace the stability
estimate in the lemma. By the regular decomposition theorem, u = u; + Vi for some
ug; € H'(D), ¢ € H'(D) such that

lusllgipy + 1Y g (py < Cllwll Heurt; D) - (10)
It is clear from (7), (8) that v € H'(D) satisfies
div(BVy) = div F — div (Buy) in D, an
(AV x ug) x n — ik(Limp(n X u5)) x n — ik(Lipp(m x V) x n
=g xn ondD. (12)

By taking the surface gradient in (12), since div 3p ((AV X us) xn) =V x (AV X uy)-n =
(F —Bu) - n on 0D by (7), we obtain

—div 3p((Limp(r x V) x 1) = (i)' (div op(g, x n) — (F —Bu) - n)
+div BD((Limp(” X Ug)) X n).

Denote by L}(3D) = {v € L>(3D): v-n = 0} and r: L}(3D) — L}(3D) the linear
mapping defined by r(v) = r x v. Then r(v) = Gv, where for n = (ny, ny, n3)7T,

0 —n3 np
G = ny 0 —ni | e R3%3,
—ny n; 0

Obviously, GT = —G and G(Vyp¥) = n x Vi on D, where Vypyy = n x Vi x n on
dD. It follows that

div o p ((Limp(r x V) x 1) = div 35 (G LimpG)(Vap ).

Notice that GTLimpG is symmetric and strongly positive definite with elements in C%1 (3 D)
since Liyp is symmetric and strongly positive definite which satisfies (6). Now from the
regularity theory of elliptic equations on smooth surfaces we know that ¥ € H3/?(3 D) and
it satisfies

11l 32Dy < C(lldivyp(gy x n) — (F — Bu) “n|lg-12¢3py + sl g2 p))-

Then using the regularity theorem for the Dirichlet problem of elliptic equations (see, e.g.,
McLean [13, Theorem 4.18]), we have from (11) that ¢ € H%(D) and

1Y 1l 52Dy
< C(lldiv F — div Bus) | 12 (py + 1V 5323 py)
< Cllullm(curt; py + 1div Fllp2(py + 1divap (g x n) — (F — Bu) - nllg-1233p))-

where we have used (10) in the last inequality. The lemma now follows since
[Bu - 1l g-1203py < ClBullg@iv;p) < Clullz2py + [l div Fllp2py)-

This completes the proof.
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Remark 1 We briefly consider the regularity result of elliptic equations on C? surfaces used
in the proof of Lemma 2. We follow the development in Dziuk and Elliott [7], Bonito et al.
[3] for the Laplace-Beltrami equation. A general regularity theory for elliptic systems on
compact manifold without boundary can be found in [6, §1.3.b].

Denote I' = 3 D. Let A(x) € R¥*? be a symmetric and strongly positive definite matrix
with elements in C%!(I") that maps the tangent space Ty to itself. By the Lax-Milgram
lemma and the Poincaré-Friedrichs inequality, for any f € H~'(I') with (f, I)r = 0,
the elliptic equation —div r(AVri) = f on I" has a unique solution # € H'(I")/R and
lallgrary < Clfllg-1ry- To show the H? regularity, by the partition of unity, one can
consider only one single chart (V, U, x), where V C RZ is an open connected set, U C R3
isanopenset,and x: V — UNT isaC? isomorphism. Forx e UNT, sety = x 'x)ev.
It is known (e.g., [3]) that the surface gradient of a function v: I' — R is

Vri(x) = Dx(»)g() ' Vu(y), Yy eV, v(y) =i(x(y),

where Dy € R3*2 is a matrix whose column vectors are 91 x(y), dx(y), and g(y) =
DxT(»)x(y) € R>*?isthe first fundamental form. On the local chart (V, U, x), the equation
can be written for u = 11 o x as

—divig(» e ' DxWTAXN DX (Mg ' Vul = g0 f(x(»), Yy eV,

where g(y) = +/detg(y). Then by the H? interior regularity estimate for elliptic equa-
tions (see, e.g., Gilbarg and Trudinger [8, Theorem 8.8]), one can deduce & € H ()
and [|lill g2y < Clfllg2(ry- Now the interpolation theory of interpolation spaces (e.g.,
[13, Theorem 3.2]) implies that if f € H~'/>(T'), then i € H>?(I') and it satisfies
il ga2ry < CILf Nl g-1/2¢ry- This is the regularity result used in Lemma 2.

We will use the impedance space
Hiyp(curl; Q) = {v € H(curl; Q): vy € LZ(Z) on X},
which is a Hilbert space under the norm
10y curtiy = IV X 0172 ) + 101720, + 16201725, -
It is known (Monk [14, Theorem 4.17]) that there exists a unique weak solution E €
Hpp(curl; ) to (1), (2) such that for any v € Hjyp(curl; €2),
(1 'V x E,V xv) —k*(eE, v) — (ikhimp ET, vr)x = (J,v) + (g x n,vr)x, (13)

where (-, -) = (-, -)q is the L? inner product in L%(2) or the duality pairing between H'(Q)
and H! (2)". Moreover, there is a constant Cg,p > 0 which depends on the domain €2, the
coefficients u, ¢, the wave number k, and the impedance Ajmp such that

||E||Himp(curl;Q) < Cslab(||J||L2(Q) +llg x n||L2(z;))~ (14)

Denote H'(curl; ) := {v e H'(Q): V x v € H'(Q)}. The following lemma has been
essentially proved in [6, Section 4.5.d], Hiptmair et al. [10, Lemma 3.2].

Lemma3 Ler J € L%(), gxne H'2(%) satisfy div J = 0 in Q. Then the solution of
the problem (13) satisfies E € H'(curl; Q) and

EN g1 cucay < CUT N2 + 118 X 1l 1205, (15)

where the constant C depends on the domain Q, the coefficients k, |1, €, and the impedance

Aimp-
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Proof We sketch a proof to trace the stability estimate in the lemma. Let F = J +(1+k%)¢E.
Then div F = 0in Q and ”F . n||H7|/2(Z) < C”F”LZ(Q) < C(”J”LZ(Q) + ”E”LZ(Q)) By
Lemma 2 and (14), we obtain

IENgi < CUEIHCue) + Idivs(g xn) = F - nllg-125))
S CU N2 + g X vl giz(s))- (16)

To show the estimate for |V x E|| g1 (q), we use the argument in Lu et al. [12, Theorem 3.2].
Denote W = 11~ 'V x E and notice that

VxW—kstzjinQ, W x n —ikAimpET = g X n on X. 17
By the well-known embedding inequality (see, e.g., Amrouche et al. [1, Corollary 2.15])

IWlla (o
S CUWliLzq) + IV X W2y + I1div Wil2q) + W X 1l gi2(x))
S CUIWlHEu:e) + likAimpET + & X rllg1/25))
S CUElN g (@ + g x nllgizs)
S CUJT N2 + IIg x nlig2is)),

where we have used (17) in the third inequality and (16) in the last inequality. This completes
the proof.

The following theorem is the main result of this paper whose proof will be given in the
next section.

Theorem 1 Let 2 be a bounded domain with a C? boundary ¥, J € LZ(Q) withdivJ =0
inQ,gxne HYX(X),and J -n—divs(g x n) € HY2(X). Then the solution of (13)
has the regularity E € H?> () and

IElg2q) < CregUl lp2¢) + 1T -0 —divs(g X m)l|gi2s) + 118 X vllg12ex)),

where the constant Creg > 0 depends on the domain 2, the coefficients k, ¢, u, and the
impedance Aimp.

We remark that under the additional assumption that  is a C domain and star-shaped
with respect to a ball, the H? regularity of E is proved in [12] using the stabilities estimates
in [10] and the argument of regular decomposition of vector fields which is also used in
Lemma 2.

3 The Proof of Theorem 1

In this section, we prove Theorem 1 on the H 2 regularity of the solution to (1), (2) by
extending the ideas of proving the H? regularity for elliptic equations in e.g., [8, Chapter 8]
or [13, Chaper 4]. We denote by B(x, d) the ball centered at x with the radius d > 0.

We start with the following lemma on the estimates of difference quotients in the negative
Sobolev norms.
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Lemma4 Let B = B(0, 1) be the unit ball inR3, By = { € B: %3 > 0}, £ = {& € B:
%3 =0}, andft = (0,0, DT. Forany § > 0,let (Afv)(%) = (v(% +de)) —v(%))/8,] = 1,2,
be the difference quotients of v € Lz(é) orv e Lz(f]). Then for any fixed &g € (0, 1), there
exists a constant C depending only on 8¢y such that

() if W € L%(Ba) is supported in B(0, 1 —3y), then for any § € (0, 89/2), ||A?W||H1(éz)/ <
ClIWI 12,y

(i) ifw e HY*(2) is supported in B(0, 1 — &) N S, then for any § € (0, 80/2), | A (w x
ﬁ)||H—1/2(31§2) < Cllw x ’A1||H1/2(g)-

Proof Let ¢ € C(‘)’O(fs’) be the cut-off function such that 0 < ¢ < 1 in B, ¢ = 1in
B(0,1—50/2),¢ = 0in B\B(0, 1 — 80/4), and |[V¢| < C5; ' If W € L2(B,) is supported
in B(0, 1 — §p), then for § € (0, §p/2), A?W is supported in B(0, 1 — 809/2). Thus, for any
v e H'(By), by [13, Lemma 4.13],
(AW, v)5 = (@AW, )5 = —(W, A (@v)) .
< AWl 20, 10@0) /35112,
< CIWl 20 10015,

This shows (i). Next, since w € H'/2(2) is supported in B(0, 1 — 89) N %, by the definition
of Sobolev spaces on the boundary (see, e.g., [13, (3.29)]),

1870 X @) s a3, = IOA] (W X )| s w2y Vs € R, (18)

By [13, Lemma 4.13] and the argument above, we have ||¢>A?(w X ﬁ)||Lz(Rz) < flw x
ﬁ”H'(f:) = ||lw x fz||H1(a§2), ||¢A§S(w x )| g-1g2) < Cllw x ’A'”LZ(aézz' On thef)therhand,
by the interpolation of Sobolev spaces (e.g., [13, Theorem B.7]), (L%(3B,), Hl(aBz))% 5 =
H'2(By), (H ' (R?), LZ(RZ))% , = H™'2(R?). Thus, by the interpolation property of
interpolation spaces [13, Theorem B.2],

||¢>A§S(w X 'Al)”Hfl/Z(RZ) < Cllw x ﬁ||H1/2(3§2) =Cllw x ﬁ||H1/2(§)~

This completes the proof by (18).

The proof of Theorem 1. Let {B(y;,d;)}7_; be a set of balls with y; € % such that
Oy = U,*”le( ¥;,di/2) covers . Moreover, we assume that there exists a C2, one-to-one
mapping ®;: B — B(y;., d;)suchthat QN B(y;. d;) = ®;(B,) and SN B(y;, d;) = ®;(3),
where B is the unit ball in R3, B, = {£ € B: £3 > 0} and £ = {# € B: £3 = 0}. Denote
O = Q\Ox. The proof is divided into two steps.

(i) INTERIOR REGULARITY. We first note that by (1) and Lemma 3, E € H 1(Q) satisfies

—AE =puJ + kzusE in .

By the interior regularity of elliptic equations (see, e.g., [13, Theorem 4.16]), we know that
E € H*(0), and

CUEN g g + Ind + k2 ueEl 2 )
CUlJ L2 + 18 X rllgi2s)), 19)

IE 120,

NN

where we have used Lemma 3.
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(i) BOUNDARY REGULARITY. Let B = B(y;, d;) forsomei =1,2,---,m, and ®: B— B
be the C2, one-to-one mapping such that B, = QN B = ®(By)and TN B = ®(2). By the
Piola transform [14, §3.9], we have

V=D&V, V.= J'V.(UD® "), Vx =J"'D®V x D®T, (20)

where D ® is the gradient matrix and J = det(D®) is the Jacobi determinant. Moreover, the
unit normal 7 to ¥ and the surface area ds of ¥ satisfy (see, e.g., Hofmann et al. [11])
DO Th

= Do Tl ds = |J]|1D® Talds, Q1)

no®

where 7 = (0, 0, 1)T and d5 is the surface area of 3.
Let x € C§°(B) be the cut-off function such that 0 < x < 1in B, x = lin B(y;, d;/2),
and x = 0in B\B(y,;,3d;/4). Denote u = x E. Then we obtain

VX(M_Iqu)—i—su:F, div(eu) = Vyx - (¢E) in By, (22)
(,uflv X u) X n—ikAjmplty = g X n on X, (23)

where g4 xn=yxgxn+u'Vx x E)xnonX,and

F=F +Vx @ 'Vx xE),

2 1 : (24)
Fi=xJ+(+k)exE+Vyx 'V xE) inQ.
Obviously, div F{ = div F in Q. Thus, 1 € H(div; ) and
divF, = Vy - (¢E) in Q. (25)

Letd = D®T(v o ®) for any function v: B — C3. By (20), (21), and the following vector
identity [11], for any invertible matrix D € C33 anda, b e C3,

Da x Db = det(D)D~ " (a x b), (26)
we deduce from (22), (23) that
Vx(u 'AV x )+ A la=A"TF V. (cA™'a) =V% - (¢A™'E) in By, (27)
(W TAV X @) X it — ikAimp(A(R X @) Xt = §; X it on %, (28)
where A = J'D®TD®, § = x 0 @, and Aimp = |D® 72|~ (Aimp 0 ®). By (24) we have
AT'VF=A"TF 4+ V x (u'A(VE x E)) in Bs. (29)
From (25), we deduce by (20) that
V-(A'"F))=V5%- (¢A™'E) in B,. (30)
By (20), (21) we have
gy xha=3gxn+u "(AVL x E)) x i (31)

Now we extend the well-known Nirenberg argument developed for second order elliptic
equations to show the H? regularity. For any § > 0 sufficiently small, we consider the
difference quotients A?, [ =1, 2, defined as

Ai(R) = (@(E + der) — i(®))/5.
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By (27), (28), the difference quotients A? u,l =1,2, satisfy
Vx (W AsY x (A2a)) + eA (ASa) = B in By, (32)
(1 AV x (A22) X it — ik ((RimpA)s (R X (AJR))) x i = 8 xion &, (33)

where As = AR + 8¢/, impA)s = (himpA) (% + S¢;), and

~/

F =AATF) =V x (u ' (ALAV x i) —e(AJA D, (34)
gl x i =ANg, x i) — (nHATAV x &) X it + k(A RimpA) (A X 1)) x 71.(35)
Since x = 0in B\B(y;, 3d;/4), there exists a §p > 0 depending on d; and ® such that ¥ is
supported in B(0, 1 — 8¢p). Thus Flis supported in B(0, 1 — §p) and g’l x 1t is supported in
N B(0, 1 — 8p). Now since ®~! (B(y;,di/2)NQ) C I§2, by Lemmas 2 and 1 we have
5~ A~/ A A~/ ~ A
||A1"||H1(q>—1(B(y,-,d,-/2)mQ)) < C(”F ”H'(l}z)’ + ”v - F ||L2(§2) + ”g/l X n”H—l/Z(f))
FCUF - —divg (@) x Ml yps)- (36)
By Lemma 4, (34), (29), and (24) we have

LE 1,y < CUAATF L g + Nl 5)
< CUAT Fill o) + 1Bl 5,)
< CUF N2y + IE g1 (8,)
< CU N2y + 1 E N m1(8,))- (37
By (34), (29), and (30), we obtain
IV F gy, < IV AFATFD) g, + IV - ATATY@) 25,
= 1A] (VR - AT ED 25y, + IV - ((ATATHD 25,
< CIE 13,
This implies
IV Fll s, < CIEI g1 y)- (38)
By Lemma 4, (35), and the definition g; xn = xg xn+ (W 'V x E) xnon =, we have

”gll X ﬁ”H—l/Z(f) < C(”gl X ﬁ”Hl/Z()i) + ”% X ﬁHLZ(f) + ”ﬁ”LZ(f:))
< C(llgy x n”Hl/Z(BnE) + ”EHHl(curl;Bg))
< Clg x nllg12ns) + 1EN gt cun: By))- (39)
Moreover, using (34), (35), and (29)
Floh—dive (@) x )
=AJAT'F h —dive (g, x ) — e(AJAT i -
— ikdiv & (A) RimpA) (R x @) X i)
= AJAT'Fy A —divg(R8xR) — e(AJAT i - h
—ikdiv ¢ ((A) (himpA) (R x 1)) X R).
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Thus,
A/ A . ~ A
|F -n— leﬁ(g/l X n)”H—l/z(i)
S CUATFy A —div g (RE x )l ) + 1l 12s)-

For any ¢ € H'/2($), by (20), (21), and (26), we have

A

(AT'Fi-h —div g (R x i), §)g = (A" F1 . §)g + (R& x . V)g
=(F1-n,¢)snp + (xg& XN, VP)snp
=(Fi-n—divs(xg x n),¢)sns.

Thus, by (24)
IAT - A = div g (X8 X Dl g1 s,
<|F1-n—divs(xg x n)llg2snp)
S CUJ -n—divs(g xm)lgi2snp) + ||E||Hl(cur1;32) + g x nllgirsnp))-
This yields
IF = div $ @) X )l i3,
SCUJ -n—divs(g xm)lgrsnp) + IEN g cu; sy + 18 X 2l m12(s0B))-
Combining (36), (38), (39), and the above estimate, we obtain
”A?a“Hl((b’](B(yi,d,-/Z)ﬂQ))
S CU 2y + 1 -n—divs(g x m)llgi2gns) + 18 X Rllg128nz)
HIE g1 curt; 5y))-
This implies, by letting 6 — O,

=1 i 1930955 1 1201 (B(y,.d /22
S CU N2y + I -r —divs(g X )l g12pnsy + 18 X Bl g12(8x)
+”E”H1(curl;Bz))' (40)

Finally, it follows from (27) that
v (A~ 'a) = —@f( X (5A71E) in Bs.

Notice that A™! = JD® ' D®~T whose elements (A‘l)ij = JaiTaj, i,j=1,2,3, where
ay,a,, az € R are column vectors of D®T. Obviously, (A D33 = J|a3|2 > ag for some
constant ap > 0. Thus, by differentiating the equation in X3 we obtain

i3 < C(|E i c Dl Rl
Py < CUEN 1y + Il g 5,) +C Y Y vy I
3Lz @1 (B(y,.d:/2nQ) I=1i,j=I JULA(B2)

Therefore, it follows from (40) that

||f4||1-12(c1>—1(3(y,,d,»/2)mg)) S CUT N2y + 1T - m—divs(g X ")||1-11/2(Bm:))
+C(lg x nllg12Bns) + 1EN g1 cun; 8,))-
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Since B = B(y;,d;),i =1,2,--- ,m, we deduce by Lemma 3 that

lull m2osne)
S CUJ N2 + I -n—divs(g xm)ll gy + 18 X rllgiees) + 1EN g o)
S CU N2 + 1T -n—divs(g x )l gy + 18 X Bl gi2s)). (41)

This completes the proof of the theorem by combining (19) and (41).
Remark 2 Tt is crucial to use Lemma 1 in (36). In fact, by Lemma 2,
S~
IATUN 1 @1 By, i /2202)
A~ 2 A/ ~/ A . ~ A
< C(”A?MHH(curl;l}z) +IV-F “Lz(éz) +IIF -n—div ﬁ(g/l X n)”H—I/Z(f;))-
If one uses the standard argument instead of Lemma 1, one obtains from (32), (33) that
A~ ~/ A~ A
A2 gy eurt: 3,y < CUE Nl o5, + 187 X Rl 5)-

This will require the stronger assumption J € H'() to show the H? regularity of the
solution E.

Remark 3 If Q is a bounded domain with a C™*2 boundary ¥, m > 0, the impedance
Aimp € C™1(Z) with Aimp > A0 > 0,J € H™(Q) withdiv J = 0inQ, gxn € H"T1/2(%),
and J - n —div (g x n) € H"TY/2(X), then similar to the argument for elliptic equations
in [8, Theorem 8.10], one can deduce from the proof of Theorem 1 that E € H erz(Q) and

||E||Hm+2(9) < C(”J”H'"(Q) + ”J -n —div ):(g X n)||Hm+l/2(2) + ||g X n||Hm+1/2(2)).

Remark 4 The assumption that J € L* (), gxne H'Y2(%),J n— divy(g x n) €
H'/2(%) in Theorem 1 is minimum. Indeed, if E € H?(S), it is obvious that (1), (2) implies
J € LX), gXxXne HY2(%). By taking the surface divergence of (2) and using (1), we
obtain

(J +k*¢E)-n— ikdiv s (AimpE7) = divs(g x n) on X.
Thus, E € HZ(Q) also implies J -n — divy (g x n) € H2(:).
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