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Abstract
In this paper, we prove the H2 regularity of the solution to the time-harmonic Maxwell equa-
tions with impedance boundary conditions on domains with a C2 boundary under minimum
regularity assumptions on the source and boundary functions.
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1 Introduction

Let � ⊂ R
3 be a bounded domain with a C2 boundary �. We consider in this paper the

following time-harmonic Maxwell equations with impedance boundary conditions:

∇ × (μ−1∇ × E) − k2εE = J, div (εE) = 0 in �, (1)

(μ−1∇ × E) × n − ikλimpET = g × n on �, (2)

where the relative permeability μ and permittivity ε are assumed to be positive constants,
k = ω

√
ε0μ0 is thewave number of the vacuumwithω > 0 the angular frequency, andμ0, ε0

the permeability andpermittivity of the vacuum, respectivley.With this notation, J = ikμ0 Ja
with Ja being the applied current density. We assume J ∈ L2(�) with div J = 0 in �, the
impedance λimp ∈ C0,1(�) satisfies λimp � λ0 for some constant λ0 > 0, and g ∈ L2(�).
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Here n is the unit outer normal to � on � and ET = n× E×n is the tangential components
of E on �. Throughout the paper, for any Banach space X , we denote X = X3 and ‖ · ‖X
both the norms of X and X .

The existence and uniqueness of the weak solution to the problem (1), (2) are studied
in [14]. Wave number explicit stability estimates are considered in [10, 15] under some
additional conditions on the domains. In [6, §4.5.d], the H2 regularity of the solution to (1),
(2) is studied when g = 0, in which (1), (2) is reformulated as

∇ × E − ikμH = 0, ∇ × H + ikεE = 1

ik
J in �, (3)

H × n − λimpET = 0 on �. (4)

Then (4) is treated as essential boundary conditions for the coupled regularized Maxwell
equations for (E, H). The H2 regularity is proved for both (E, H) under the assumption
that J ∈ H(curl;�), div J ∈ H1(�), and J × n ∈ H1/2(�). Notice that the assumption
that J ∈ H(curl;�), div J ∈ H1(�), and J × n ∈ H1/2(�) implies J ∈ H1(�) by a
well-known embedding inequality (see the proof of Lemma 3 below).

In this paper, we prove the H2 regularity of the solution to (1), (2) based on the H(curl)-
coercive Maxwell equations under the minimum assumption that J ∈ L2(�), g × n ∈
H1/2(�), and J · n − div �(g × n) ∈ H1/2(�) (see Remark 4 below). This regularity
result is expected to be useful when studying finite element methods for (1), (2) on smooth
domains based on the Schatz argument in dealing with the indefiniteness of time-harmonic
Maxwell equations with impedance boundary conditions. We refer to [5] for the recent
work on unfitted finite element methods for time-harmonic Maxwell interface problems
with Dirichlet boundary conditions, in which the H2 regularity and the associated regularity
estimates play an important role. Finally, we remark that we have not considered the wave
number explicit estimates in this paper. Interested readers may find results in this respect in
[10, 12, 15].

The layout of the paper is as follows. In Sect. 2, we introduce some notation and the main
result of the H2 regularity of the solution to the problem (1), (2). In Sect. 3, we prove the
main result.

2 The Time-Harmonic Maxwell Equations

We first recall some notation. For any Lipschitz domain D in R
3 with the boundary ∂D

whose unit normal is denoted by n, the space

H(curl; D) = {v ∈ L2(D) : ∇ × v ∈ L2(D)}
is a Hilbert space under the graph norm. For any v ∈ H(curl; D), its tangential trace is
defined as γτ (v) = v × n on ∂D. It is shown in Buffa et al. [4] that γτ : H(curl; D) →
H−1/2(div ∂D; ∂D) is bounded and surjective, where

H−1/2(div ∂D; ∂D) = {λ ∈ Vπ (∂D)′ : div ∂D(λ) ∈ H−1/2(∂D)}.
Here Vπ (∂D)′ is the dual space of Vπ (∂D) = {vT = n × v × n: v ∈ H1/2(∂D)}
and div ∂D : Vπ (∂D)′ → H−3/2(∂D) is the dual operator of the surface gradient ∇T :
H3/2(∂D) → Vπ (∂D). It is known that div ∂D(v × n) = (∇ × v) · n ∈ H−1/2(∂D) for any
v ∈ H(curl; D).
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In the following, we always denote (·, ·)D the inner product in L2(D) or the duality
pairing between H1(D)′ and H1(D), 〈·, ·〉∂D the inner product in L2(∂D) or the duality
pairing between H−1/2(∂D) and H1/2(∂D).

We call a symmetric matrix A ∈ R
3×3 with elements in L∞(D) strongly positive definite

if it satisfies

∃ a−, a+ > 0, ∀ y ∈ R
3, a−| y|2 � A y · y � a+| y|2 a.e. in D. (5)

Similarly, a symmetric matrixL ∈ R
3×3 with elements in L∞(∂D) is called strongly positive

definite if it satisfies

∃ λ−, λ+ > 0, ∀ y ∈ R
3, λ−| y|2 � L y · y � λ+| y|2 a.e. in ∂D. (6)

Lemma 1 Let D be a bounded Lipschitz domain in R
3. Assume that A,B ∈ R

3×3 are
symmetric and strongly positive definite matrices with elements in L∞(D) and Limp ∈ R

3×3

is a symmetric and strongly positive definite matrix with elements in L∞(∂D).
Assume that u ∈ H(curl; D) satisfies

∇ × (A∇ × u) + Bu = F in D, (7)

(A∇ × u) × n − ik(Limp(n × u)) × n = g1 × n on ∂D. (8)

Then for any F ∈ L2(D) such that div F ∈ H1(D)′, g1 × n ∈ H−1/2(∂D), and F · n −
div�(g1 × n) ∈ H−1/2(∂D), we have

‖u‖H(curl;D) � C(‖F‖H1(D)′ + ‖div F‖H1(D)′ + ‖g1 × n‖H−1/2(∂D))

+C‖F · n − div ∂D(g1 × n)‖H−1/2(∂D),

where the constant C depends only on the domain D, the coefficients A,B,Limp, and the
wave number k.

Proof By testing (7) by u ∈ H(curl; D), by the symmetric and strongly positive definite
conditions on A,B,Limp ∈ R

3×3, we obtain by the standard argument that

‖u‖2H(curl;D) � C |(F, u)D + 〈g1 × n, u〉∂D|. (9)

By the Birman-Solomyak regular decomposition theorem [2], Hiptmair [9, Lemma 2.4],
u ∈ H(curl; D) can be split as u = us + ∇ψ for some us ∈ H1(D), ψ ∈ H1(D) such that
‖us‖H1(D) + ‖ψ‖H1(D) � C‖v‖H(curl;D).

By integration by parts, (F,∇ψ)D = −(div F, ψ)D + 〈F · n, ψ〉∂D . Thus,
(F, u)D + 〈g1 × n, u〉∂D

= (F, us)D − (div F, ψ)D + 〈g1 × n, us〉∂D + 〈F · n − div ∂D(g1 × n), ψ〉∂D
� C(‖F‖H1(D)′ + ‖div F‖H1(D)′ + ‖g1 × n‖H−1/2(∂D))‖u‖H(curl;D)

+C‖F · n − div ∂D(g1 × n)‖H−1/2(∂D)‖u‖H(curl;D).

This completes the proof by (9).

The following lemma, which shows the H1 regularity for the H(curl)-coercive Maxwell
equations with impedance boundary conditions, was essentially proved in Costabel et al. [6,
§4.5.d].

Lemma 2 Let D be a boundedC2 domain inR3. Assume thatA,B ∈ R
3×3 are symmetric and

strongly positive definite matrices with elements in C0,1(D̄) andLimp ∈ R
3×3 is a symmetric
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and strongly positive definite matrix with elements in C0,1(∂D). Let u ∈ H(curl; D) be the
solution of (7), (8). Then for any F ∈ H(div; D), g1 × n ∈ H−1/2(div ∂D; ∂D), we have
u ∈ H1(D) and

‖u‖H1(D) � C(‖u‖H(curl;D) + ‖div F‖L2(D) + ‖F · n − div ∂D(g1 × n)‖H−1/2(∂D)),

where the constant C depends only on the domain D, the coefficients A,B,Limp, and the
wave number k.

Proof We give a proof by following the argument in [6, §4.5.d] in order to trace the stability
estimate in the lemma. By the regular decomposition theorem, u = us + ∇ψ for some
us ∈ H1(D), ψ ∈ H1(D) such that

‖us‖H1(D) + ‖ψ‖H1(D) � C‖u‖H(curl;D). (10)

It is clear from (7), (8) that ψ ∈ H1(D) satisfies

div (B∇ψ) = div F − div (Bus) in D, (11)

(A∇ × us) × n − ik(Limp(n × us)) × n − ik(Limp(n × ∇ψ)) × n

= g1 × n on ∂D. (12)

By taking the surface gradient in (12), since div ∂D((A∇ × us)× n) = ∇ × (A∇ × us) · n =
(F − Bu) · n on ∂D by (7), we obtain

−div ∂D((Limp(n × ∇ψ)) × n) = (ik)−1 (
div ∂D(g1 × n) − (F − Bu) · n)

+ div ∂D((Limp(n × us)) × n).

Denote by L2
t (∂D) = {v ∈ L2(∂D) : v · n = 0} and r : L2

t (∂D) → L2
t (∂D) the linear

mapping defined by r(v) = n × v. Then r(v) = Gv, where for n = (n1, n2, n3)T,

G =
⎛

⎝
0 −n3 n2
n3 0 −n1

−n2 n1 0

⎞

⎠ ∈ R
3×3.

Obviously, GT = −G and G(∇∂Dψ) = n × ∇ψ on ∂D, where ∇∂Dψ = n × ∇ψ × n on
∂D. It follows that

div ∂D((Limp(n × ∇ψ)) × n) = div ∂D((GT
LimpG)(∇∂Dψ)).

Notice thatGT
LimpG is symmetric and strongly positive definite with elements in C0,1(∂D)

since Limp is symmetric and strongly positive definite which satisfies (6). Now from the
regularity theory of elliptic equations on smooth surfaces we know that ψ ∈ H3/2(∂D) and
it satisfies

‖ψ‖H3/2(∂D) � C(‖div ∂D(g1 × n) − (F − Bu) · n‖H−1/2(∂D) + ‖us‖H1/2(∂D)).

Then using the regularity theorem for the Dirichlet problem of elliptic equations (see, e.g.,
McLean [13, Theorem 4.18]), we have from (11) that ψ ∈ H2(D) and

‖ψ‖H2(D)

� C(‖div F − div (Bus)‖L2(D) + ‖ψ‖H3/2(∂D))

� C(‖u‖H(curl;D) + ‖div F‖L2(D) + ‖div ∂D(g1 × n) − (F − Bu) · n‖H−1/2(∂D)),

where we have used (10) in the last inequality. The lemma now follows since

‖Bu · n‖H−1/2(∂D) � C‖Bu‖H(div ;D) � C(‖u‖L2(D) + ‖div F‖L2(D)).

This completes the proof.
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Remark 1 We briefly consider the regularity result of elliptic equations on C2 surfaces used
in the proof of Lemma 2. We follow the development in Dziuk and Elliott [7], Bonito et al.
[3] for the Laplace-Beltrami equation. A general regularity theory for elliptic systems on
compact manifold without boundary can be found in [6, §1.3.b].

Denote � = ∂D. Let A(x) ∈ R
3×3 be a symmetric and strongly positive definite matrix

with elements in C0,1(�) that maps the tangent space Tx� to itself. By the Lax-Milgram
lemma and the Poincaré-Friedrichs inequality, for any f ∈ H−1(�) with 〈 f , 1〉� = 0,
the elliptic equation −div �(A∇� ũ) = f on � has a unique solution ũ ∈ H1(�)/R and
‖ũ‖H1(�) � C‖ f ‖H−1(�). To show the H2 regularity, by the partition of unity, one can
consider only one single chart (V ,U ,χ), where V ⊂ R

2 is an open connected set, U ⊂ R
3

is an open set, and χ: V → U∩� is aC2 isomorphism. For x ∈ U∩�, set y = χ−1(x) ∈ V .
It is known (e.g., [3]) that the surface gradient of a function ṽ: � → R is

∇�ṽ(x) = Dχ( y)g( y)−1∇v( y), ∀ y ∈ V , v( y) = ṽ(χ( y)),

where Dχ ∈ R
3×2 is a matrix whose column vectors are ∂1χ( y), ∂2χ( y), and g( y) =

DχT( y)χ( y) ∈ R
2×2 is the first fundamental form.On the local chart (V ,U ,χ), the equation

can be written for u = ũ ◦ χ as

−div [q( y)g( y)−1Dχ( y)TA(χ( y))Dχ( y)g( y)−1∇u] = q( y) f (χ( y)), ∀ y ∈ V ,

where q( y) = √
det g( y). Then by the H2 interior regularity estimate for elliptic equa-

tions (see, e.g., Gilbarg and Trudinger [8, Theorem 8.8]), one can deduce ũ ∈ H2(�)

and ‖ũ‖H2(�) � C‖ f ‖L2(�). Now the interpolation theory of interpolation spaces (e.g.,
[13, Theorem 3.2]) implies that if f ∈ H−1/2(�), then ũ ∈ H3/2(�) and it satisfies
‖ũ‖H3/2(�) � C‖ f ‖H−1/2(�). This is the regularity result used in Lemma 2.

We will use the impedance space

H imp(curl;�) = {v ∈ H(curl;�) : vT ∈ L2(�) on �},
which is a Hilbert space under the norm

‖v‖2H imp(curl;�) = ‖∇ × v‖2L2(�)
+ ‖v‖2L2(�)

+ ‖k1/2v‖2L2(�)
.

It is known (Monk [14, Theorem 4.17]) that there exists a unique weak solution E ∈
H imp(curl;�) to (1), (2) such that for any v ∈ H imp(curl;�),

(μ−1∇ × E,∇ × v) − k2(εE, v) − 〈ikλimpET , vT 〉� = (J, v) + 〈g × n, vT 〉�, (13)

where (·, ·) = (·, ·)� is the L2 inner product in L2(�) or the duality pairing between H1(�)

and H1(�)′. Moreover, there is a constant Cstab > 0 which depends on the domain �, the
coefficients μ, ε, the wave number k, and the impedance λimp such that

‖E‖H imp(curl;�) � Cstab(‖J‖L2(�) + ‖g × n‖L2(�)). (14)

Denote H1(curl;�) := {v ∈ H1(�): ∇ × v ∈ H1(�)}. The following lemma has been
essentially proved in [6, Section 4.5.d], Hiptmair et al. [10, Lemma 3.2].

Lemma 3 Let J ∈ L2(�), g × n ∈ H1/2(�) satisfy div J = 0 in �. Then the solution of
the problem (13) satisfies E ∈ H1(curl;�) and

‖E‖H1(curl;�) � C(‖J‖L2(�) + ‖g × n‖H1/2(�)), (15)

where the constant C depends on the domain �, the coefficients k, μ, ε, and the impedance
λimp.
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Proof We sketch a proof to trace the stability estimate in the lemma. Let F = J+(1+k2)εE.
Then div F = 0 in � and ‖F · n‖H−1/2(�) � C‖F‖L2(�) � C(‖J‖L2(�) + ‖E‖L2(�)). By
Lemma 2 and (14), we obtain

‖E‖H1(�) � C(‖E‖H(curl;�) + ‖div�(g × n) − F · n‖H−1/2(�))

� C(‖J‖L2(�) + ‖g × n‖H1/2(�)). (16)

To show the estimate for ‖∇ × E‖H1(�), we use the argument in Lu et al. [12, Theorem 3.2].
Denote W = μ−1∇ × E and notice that

∇ × W − k2εE = J in �, W × n − ikλimpET = g × n on �. (17)

By the well-known embedding inequality (see, e.g., Amrouche et al. [1, Corollary 2.15])

‖W‖H1(�)

� C(‖W‖L2(�) + ‖∇ × W‖L2(�) + ‖divW‖L2(�) + ‖W × n‖H1/2(�))

� C(‖W‖H(curl;�) + ‖ikλimpET + g × n‖H1/2(�))

� C(‖E‖H1(�) + ‖g × n‖H1/2(�))

� C(‖J‖L2(�) + ‖g × n‖H1/2(�)),

where we have used (17) in the third inequality and (16) in the last inequality. This completes
the proof.

The following theorem is the main result of this paper whose proof will be given in the
next section.

Theorem 1 Let � be a bounded domain with a C2 boundary �, J ∈ L2(�) with div J = 0
in �, g × n ∈ H1/2(�), and J · n − div �(g × n) ∈ H1/2(�). Then the solution of (13)
has the regularity E ∈ H2(�) and

‖E‖H2(�) � Creg(‖J‖L2(�) + ‖J · n − div �(g × n)‖H1/2(�) + ‖g × n‖H1/2(�)),

where the constant Creg > 0 depends on the domain �, the coefficients k, ε, μ, and the
impedance λimp.

We remark that under the additional assumption that � is a C3 domain and star-shaped
with respect to a ball, the H2 regularity of E is proved in [12] using the stabilities estimates
in [10] and the argument of regular decomposition of vector fields which is also used in
Lemma 2.

3 The Proof of Theorem 1

In this section, we prove Theorem 1 on the H2 regularity of the solution to (1), (2) by
extending the ideas of proving the H2 regularity for elliptic equations in e.g., [8, Chapter 8]
or [13, Chaper 4]. We denote by B(x, d) the ball centered at x with the radius d > 0.

We start with the following lemma on the estimates of difference quotients in the negative
Sobolev norms.
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Lemma 4 Let B̂ = B(0, 1) be the unit ball in R
3, B̂2 = {x̂ ∈ B̂ : x̂3 > 0}, �̂ = {x̂ ∈ B̂ :

x̂3 = 0}, and n̂ = (0, 0, 1)T. For any δ > 0, let (�δ
l v)(x̂) = (v(x̂+ δel)−v(x̂))/δ, l = 1, 2,

be the difference quotients of v ∈ L2(B̂) or v ∈ L2(�̂). Then for any fixed δ0 ∈ (0, 1), there
exists a constant C depending only on δ0 such that

(i) if W ∈ L2(B̂2) is supported in B(0, 1−δ0), then for any δ ∈ (0, δ0/2), ‖�δ
l W‖H1(B̂2)′ �

C‖W‖L2(B̂2)
;

(ii) if w ∈ H1/2(�̂) is supported in B(0, 1 − δ0) ∩ �̂, then for any δ ∈ (0, δ0/2), ‖�δ
l (w ×

n̂)‖H−1/2(∂ B̂2)
� C‖w × n̂‖H1/2(�̂)

.

Proof Let φ ∈ C∞
0 (B̂) be the cut-off function such that 0 � φ � 1 in B̂, φ = 1 in

B(0, 1− δ0/2), φ = 0 in B̂\B(0, 1 − δ0/4), and |∇φ| � Cδ−1
0 . IfW ∈ L2(B̂2) is supported

in B(0, 1 − δ0), then for δ ∈ (0, δ0/2), �δ
l W is supported in B(0, 1 − δ0/2). Thus, for any

v ∈ H1(B̂2), by [13, Lemma 4.13],

(�δ
l W , v)B̂2

= (φ�δ
l W , v)B̂2

= −(W ,�−δ
l (φv))B̂2

� ‖W‖L2(B̂2)
‖∂(φv)/∂ x̂l‖L2(B̂2)

� C‖W‖L2(B̂2)
‖v‖H1(B̂2)

.

This shows (i). Next, since w ∈ H1/2(�̂) is supported in B(0, 1− δ0) ∩ �̂, by the definition
of Sobolev spaces on the boundary (see, e.g., [13, (3.29)]),

‖�δ
l (w × n̂)‖Hs (∂ B̂2)

= ‖φ�δ
l (w × n̂)‖Hs (R2), ∀s ∈ R. (18)

By [13, Lemma 4.13] and the argument above, we have ‖φ�δ
l (w × n̂)‖L2(R2) � ‖w ×

n̂‖H1(�̂)
= ‖w× n̂‖H1(∂ B̂2)

, ‖φ�δ
l (w × n̂)‖H−1(R2) � C‖w× n̂‖L2(∂ B̂2)

. On the other hand,

by the interpolation of Sobolev spaces (e.g., [13, Theorem B.7]), (L2(∂ B̂2), H1(∂̂B2)) 1
2 ,2 =

H1/2(B̂2), (H−1(R2), L2(R2)) 1
2 ,2 = H−1/2(R2). Thus, by the interpolation property of

interpolation spaces [13, Theorem B.2],

‖φ�δ
l (w × n̂)‖H−1/2(R2) � C‖w × n̂‖H1/2(∂ B̂2)

= C‖w × n̂‖H1/2(�̂)
.

This completes the proof by (18).

The proof of Theorem 1. Let {B( yi , di )}mi=1 be a set of balls with yi ∈ � such that
O� = ∪m

i=1B( yi , di/2) covers �. Moreover, we assume that there exists a C2, one-to-one

mapping�i: B̂ → B( yi , di ) such that�∩B( yi , di ) = �i (B̂2) and�∩B( yi , di ) = �i (�̂),
where B̂ is the unit ball in R

3, B̂2 = {x̂ ∈ B̂: x̂3 > 0} and �̂ = {x̂ ∈ B̂: x̂3 = 0}. Denote
O = �\Ō� . The proof is divided into two steps.
(i) Interior regularity.We first note that by (1) and Lemma 3, E ∈ H1(�) satisfies

−�E = μJ + k2μεE in �.

By the interior regularity of elliptic equations (see, e.g., [13, Theorem 4.16]), we know that
E ∈ H2(O), and

‖E‖H2(O) � C(‖E‖H1(�) + ‖μJ + k2μεE‖L2(�))

� C(‖J‖L2(�) + ‖g × n‖H1/2(�)), (19)

where we have used Lemma 3.
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(ii) Boundary regularity. Let B = B( yi , di ) for some i = 1, 2, · · · ,m, and �: B̂ → B
be the C2, one-to-one mapping such that B2 = � ∩ B = �(B̂2) and � ∩ B = �(�̂). By the
Piola transform [14, §3.9], we have

∇ = D�−T∇̂, ∇· = J−1∇̂ · (J D�−1), ∇× = J−1D�∇̂ × D�T, (20)

where D� is the gradient matrix and J = det(D�) is the Jacobi determinant. Moreover, the
unit normal n to � and the surface area ds of � satisfy (see, e.g., Hofmann et al. [11])

n ◦ � = D�−Tn̂

|D�−Tn̂| , ds = |J | |D�−Tn̂| dŝ, (21)

where n̂ = (0, 0, 1)T and dŝ is the surface area of �̂.
Let χ ∈ C∞

0 (B) be the cut-off function such that 0 � χ � 1 in B, χ = 1 in B( yi , di/2),
and χ = 0 in B\B( yi , 3di/4). Denote u = χE. Then we obtain

∇ × (μ−1∇ × u) + εu = F, div (εu) = ∇χ · (εE) in B2, (22)

(μ−1∇ × u) × n − ikλimpuT = g1 × n on �, (23)

where g1 × n = χ g × n + (μ−1∇χ × E) × n on �, and
{
F = F1 + ∇ × (μ−1∇χ × E),

F1 = χ J + (1 + k2)εχE + ∇χ × (μ−1∇ × E) in �.
(24)

Obviously, div F1 = div F in �. Thus, F1 ∈ H(div;�) and

div F1 = ∇χ · (εE) in �. (25)

Let v̂ = D�T(v ◦ �) for any function v: B → C
3. By (20), (21), and the following vector

identity [11], for any invertible matrix D ∈ C
3×3 and a, b ∈ C

3,

Da × Db = det(D)D−T(a × b), (26)

we deduce from (22), (23) that

∇̂ × (μ−1
A∇̂ × û) + εA−1û = A

−1 F̂, ∇̂ · (εA−1û) = ∇̂χ̂ · (εA−1 Ê) in B̂2, (27)

(μ−1
A∇̂ × û) × n̂ − ikλ̂imp(A(n̂ × û)) × n̂ = ĝ1 × n̂ on �̂, (28)

where A = J−1D�TD�, χ̂ = χ ◦�, and λ̂imp = |D�−Tn̂|−1(λimp ◦�). By (24) we have

A
−1 F̂ = A

−1 F̂1 + ∇̂ × (μ−1
A(∇̂χ̂ × Ê)) in B̂2. (29)

From (25), we deduce by (20) that

∇̂ · (A−1 F̂1) = ∇̂χ̂ · (εA−1 Ê) in B̂2. (30)

By (20), (21) we have

ĝ1 × n̂ = χ̂ ĝ × n̂ + μ−1(A(∇̂χ̂ × Ê)) × n̂. (31)

Now we extend the well-known Nirenberg argument developed for second order elliptic
equations to show the H2 regularity. For any δ > 0 sufficiently small, we consider the
difference quotients �δ

l , l = 1, 2, defined as

�δ
l û(x̂) = (û(x̂ + δel) − û(x̂))/δ.
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By (27), (28), the difference quotients �δ
l û, l = 1, 2, satisfy

∇̂ × (μ−1
Aδ∇̂ × (�δ

l û)) + εA−1
δ (�δ

l û) = F̂
′
in B̂2, (32)

(μ−1
Aδ∇̂ × (�δ

l û)) × n̂ − ik((λ̂impA)δ(n̂ × (�δ
l û))) × n̂ = ĝ′

1 × n̂ on �̂, (33)

where Aδ = A(x̂ + δel), (λ̂impA)δ = (λ̂impA)(x̂ + δel), and

F̂
′ = �δ

l (A
−1 F̂) − ∇̂ × (μ−1(�δ

lA)∇̂ × û) − ε(�δ
lA

−1)û, (34)

ĝ′
1 × n̂ = �δ

l ( ĝ1 × n̂) − (μ−1(�δ
lA)∇̂ × û) × n̂ + ik(�δ

l (λ̂impA)(n̂ × û)) × n̂. (35)

Since χ = 0 in B\B( yi , 3di/4), there exists a δ0 > 0 depending on di and � such that χ̂ is

supported in B(0, 1 − δ0). Thus F̂
′
is supported in B(0, 1 − δ0) and ĝ′

1 × n̂ is supported in
�̂ ∩ B(0, 1 − δ0). Now since �−1(B( yi , di/2) ∩ �) ⊂ B̂2, by Lemmas 2 and 1 we have

‖�δ
l û‖H1(�−1(B( yi ,di /2)∩�)) � C(‖F̂′‖H1(B̂2)′ + ‖∇̂ · F̂′‖L2(B̂2)

+ ‖ ĝ′
1 × n̂‖H−1/2(�̂)

)

+C(‖F̂′ · n̂ − div
�̂

( ĝ′
1 × n̂)‖H−1/2(�̂)

). (36)

By Lemma 4, (34), (29), and (24) we have

‖F̂′‖H1(B̂2)′ � C(‖A−1 F̂‖L2(B̂2)
+ ‖û‖H1(B̂2)

)

� C(‖A−1 F̂1‖L2(B̂2)
+ ‖Ê‖H1(B̂2)

)

� C(‖F1‖L2(B2) + ‖E‖H1(B2))

� C(‖J‖L2(B2) + ‖E‖H1(B2)). (37)

By (34), (29), and (30), we obtain

‖∇̂ · F̂′‖L2(B̂2)
� ‖∇̂ · (�δ

l (A
−1 F̂1))‖L2(B̂2)

+ ‖∇̂ · (ε(�δ
lA

−1)û)‖L2(B̂2)

= ‖�δ
l (∇̂χ̂ · (εA−1 Ê))‖L2(B̂2)

+ ‖∇̂ · (ε(�δ
lA

−1)û)‖L2(B̂2)

� C‖Ê‖H1(B̂2)
.

This implies

‖∇̂ · F̂′‖L2(B̂2)
� C‖E‖H1(B2). (38)

By Lemma 4, (35), and the definition g1 ×n = χ g×n+ (μ−1∇χ × E)×n on �, we have

‖ ĝ′
1 × n̂‖H−1/2(�̂)

� C(‖ ĝ1 × n̂‖H1/2(�̂)
+ ‖∇̂ × û‖L2(�̂)

+ ‖û‖L2(�̂)
)

� C(‖g1 × n‖H1/2(B∩�) + ‖E‖H1(curl;B2))
� C(‖g × n‖H1/2(B∩�) + ‖E‖H1(curl;B2)). (39)

Moreover, using (34), (35), and (29)

F̂
′ · n̂ − div

�̂
( ĝ′

1 × n̂)

= �δ
l (A

−1 F̂ · n̂ − div
�̂

( ĝ1 × n̂)) − ε(�δ
lA

−1)û · n̂
− ikdiv

�̂
((�δ

l (λ̂impA)(n̂ × û)) × n̂)

= �δ
l (A

−1 F̂1 · n̂ − div
�̂

(χ̂ ĝ×n̂)) − ε(�δ
lA

−1)û · n̂
− ikdiv

�̂
((�δ

l (λ̂impA)(n̂ × û)) × n̂).

123



Communications on Applied Mathematics and Computation

Thus,

‖F̂′ · n̂ − div
�̂

( ĝ′
1 × n̂)‖H−1/2(�̂)

� C(‖A−1 F̂1 · n̂ − div
�̂

(χ̂ ĝ × n̂)‖H1/2(�̂)
+ ‖û‖H1/2(�̂)

).

For any φ̂ ∈ H1/2(�̂), by (20), (21), and (26), we have

〈A−1 F̂1 · n̂ − div
�̂

(χ̂ ĝ × n̂), φ̂〉
�̂

= 〈A−1 F̂1 · n̂, φ̂〉
�̂

+ 〈χ̂ ĝ × n̂, ∇̂φ̂〉
�̂

= 〈F1 · n, φ〉�∩B + 〈χ g × n,∇φ〉�∩B

= 〈F1 · n − div �(χ g × n), φ〉�∩B .

Thus, by (24)

‖A−1 F̂1 · n̂ − div
�̂

(χ̂ ĝ × n̂)‖H1/2(�̂)

� ‖F1 · n − div �(χ g × n)‖H1/2(�∩B)

� C(‖J · n − div �(g × n)‖H1/2(�∩B) + ‖E‖H1(curl;B2) + ‖g × n‖H1/2(�∩B)).

This yields

‖F̂′ · n̂ − div
�̂

( ĝ′
1 × n̂)‖H−1/2(�̂)

� C(‖J · n − div �(g × n)‖H1/2(�∩B) + ‖E‖H1(curl;B2) + ‖g × n‖H1/2(�∩B)).

Combining (36), (38), (39), and the above estimate, we obtain

‖�δ
l û‖H1(�−1(B( yi ,di /2)∩�))

� C(‖J‖L2(B2) + ‖J · n − div �(g × n)‖H1/2(B∩�) + ‖g × n‖H1/2(B∩�)

+‖E‖H1(curl;B2)).

This implies, by letting δ → 0,

2∑

l=1

3∑

i, j=1

∥∥∥∥
∂2ûi

∂ x̂l∂ x̂ j

∥∥∥∥
L2(�−1(B( yi ,di /2)∩�))

� C(‖J‖L2(B2) + ‖J · n − div �(g × n)‖H1/2(B∩�) + ‖g × n‖H1/2(B∩�)

+‖E‖H1(curl;B2)). (40)

Finally, it follows from (27) that

−∇̂ · (εA−1û) = −∇̂χ̂ × (εA−1 Ê) in B̂2.

Notice that A−1 = J D�−1D�−T whose elements (A−1)i j = J aTi a j , i, j = 1, 2, 3, where
a1, a2, a3 ∈ R

3 are column vectors of D�−T. Obviously, (A−1)33 = J |a3|2 � a0 for some
constant a0 > 0. Thus, by differentiating the equation in x̂3 we obtain
∥∥∥∥∥
∂ û23
∂ x̂23

∥∥∥∥∥
L2(�−1(B( yi ,di /2)∩�))

� C(‖Ê‖H1(B̂2)
+ ‖û‖H1(B̂2)

) + C
2∑

l=1

3∑

i, j=1

∥∥∥∥
∂2ûi

∂ x̂l∂ x̂ j

∥∥∥∥
L2(B̂2)

.

Therefore, it follows from (40) that

‖û‖H2(�−1(B( yi ,di /2)∩�)) � C(‖J‖L2(B2) + ‖J · n − div�(g × n)‖H1/2(B∩�))

+C(‖g × n‖H1/2(B∩�) + ‖E‖H1(curl;B2)).
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Since B = B( yi , di ), i = 1, 2, · · · ,m, we deduce by Lemma 3 that

‖u‖H2(O�∩�)

� C(‖J‖L2(�) + ‖J · n − div �(g × n)‖H1/2(�) + ‖g × n‖H1/2(�) + ‖E‖H1(curl;�))

� C(‖J‖L2(�) + ‖J · n − div �(g × n)‖H1/2(�) + ‖g × n‖H1/2(�)). (41)

This completes the proof of the theorem by combining (19) and (41).

Remark 2 It is crucial to use Lemma 1 in (36). In fact, by Lemma 2,

‖�δ
l û‖H1(�−1(B( yi ,di /2)∩�))

� C(‖�δ
l û‖H(curl;B̂2) + ‖∇̂·F̂′‖L2(B̂2)

+ ‖F̂′ · n̂ − div
�̂

( ĝ′
1 × n̂)‖H−1/2(�̂)

).

If one uses the standard argument instead of Lemma 1, one obtains from (32), (33) that

‖�δ
l û‖H(curl;B̂2) � C(‖F̂′‖L2(B̂2)

+ ‖ ĝ′
1 × n̂‖L2(�̂)

).

This will require the stronger assumption J ∈ H1(�) to show the H2 regularity of the
solution E.

Remark 3 If � is a bounded domain with a Cm+2 boundary �, m � 0, the impedance
λimp ∈ Cm,1(�)withλimp � λ0 > 0, J ∈ Hm(�)with div J = 0 in�, g×n ∈ Hm+1/2(�),
and J · n − div �(g × n) ∈ Hm+1/2(�), then similar to the argument for elliptic equations
in [8, Theorem 8.10], one can deduce from the proof of Theorem 1 that E ∈ Hm+2(�) and

‖E‖Hm+2(�) � C(‖J‖Hm (�) + ‖J · n − div�(g × n)‖Hm+1/2(�) + ‖g × n‖Hm+1/2(�)).

Remark 4 The assumption that J ∈ L2(�), g × n ∈ H1/2(�), J · n − div�(g × n) ∈
H1/2(�) in Theorem 1 is minimum. Indeed, if E ∈ H2(�), it is obvious that (1), (2) implies
J ∈ L2(�), g × n ∈ H1/2(�). By taking the surface divergence of (2) and using (1), we
obtain

(J + k2εE) · n − ikdiv �(λimpET ) = div �(g × n) on �.

Thus, E ∈ H2(�) also implies J · n − div�(g × n) ∈ H1/2(�).
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