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HPL(Linpack): KE#HAZEZ MR EFTZH (1993-)

HPCG: Xf#i#nE mfﬂ%Iﬁﬁéﬁzm‘zéﬂ(Ponssonm‘”%ﬁ A4%t) (2014-)

2013-2015 2016-2017  2018-2019  2020-2021  2022-7

HPL: 61.4 PFlop/s (9)  93.0 PFlop/s (6) 148.6 PFlop/s (4)  442.0 PFlop/s (2)  1102.0 PFlop/s (1)
HPCG: 0.58 PFlop/s (13) 0.48 PFlop/s (18) 2.9 PFlop/s (2) 16.9 PFlop/s (1) HPCG: ?

: \ FEIRE (Flop/s): B#MHITRZREEIXE . /
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1. WARWEERE (Dof/Flop): EF—MFEE,

2. MARWZLIRE(Flop/s): EFE—NFHEE; EE—IEFH
FATSEIM G EMEREM AL T A G E AR H#4E, aASpMV);

3. MARWKBRE: EES5MHaMHLEIIT.
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Complexity - HPC Paradoxon «  AdamlZE#(1967) > Gustafson /E1$_(1987)
Algorithm complexity: Execution time £ = O(n?), ¢ > 1 ° J G ustafson Reevaluatl ng Amdahl S LaW
Buying a new computer: On a new i.e. larger and faster
cor‘zl,pugter, .larger pr[‘)ol:lems will be computegd. Assumet the new CAC M ! 1988’ 3 1(5) ' 532 533 ’
e e + J.Gustafson, et al, Development of Parallel
O(o-n%) = a9V o E. methods for a 1024 processors hypercube,
:ilectaggirﬁa:lcei iilisl;e;et!he computer becomes, the longer the S |AM SCI ) Com put ’ 1988’ 9(4) 609_638 ]

Large scale computing needs q=1 i.e. optimal algorilluns}

Sabriel Wittum
u:~<$:0\rgquf.‘ ES - Tl EW—L EW EW a O( ) E(‘)’{V
niversity of Frankfur » o T - o _T ‘ “ q =
a ' p 14 O(a n ) a

Courtesy of G.Wittum

(R Rkt A0 &, 2016) « Brandt's Golden Rule (1984): The

amount of computational work should
be proportional to the amount of real
physical changes in the computed
solution. Stalling numerical processes
must be wrong. (ultimate upshot!)
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Complexity - HPC Paradoxon «  AdamlZE#(1967) > Gustafson E{$(1987)
£ e s e O « J.Gustafson, Reevaluating Amdahl’'s Law,

Buying a new computer: On a new i.e. larger and faster CACM’ 1988, 31(5) : 532 533 .
computer, .larger problems will be computed. Assume the new
e * J.Gustafson, et al, Development of Parallel
O(o-n%) = a9V o E. methods for a 1024 processors hypercube,
eTiLecilatriisrﬁar:cei iilislie;et!he computer becomes, the longer the S |AM SCI . Com put. ’ 1988’ 9(4). 609_638 .
Large scale computing needs q=1 i.e. optimal nlgorilhn.\ji
Gabriel Wittum W w
. ES = Tl EW—L EW E Q- O( ) Ea
niversity of Frankfurt A= \, a p— T . p ‘ a f— T ‘ a O(a n ) aq 1
Horst Simon(LBNL), ISC2005, Heldelberg a o
The Top 10 Major Accomplishments ,
in Supercomputing 1985 — 2005 ° Brandt’s Golden Rule (1 984) The
+ My own personal opinion amount of computational work should
+ Selected by “impact” and “change in perspective” be Droportiona' to the amount of real
10) The TOP500 list . .
3) NAS Parailel Benchmark phvs!cal chan_qes in the_computed
8) The “grid” solution. Stalling numerical processes
7) Hi hical algorithms: Itigrid and fast .
ol mathods T gnd and fas must be wrong. (ultimate upshot!)

6) HPCC initiative and Grand Challenge applications
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Key carly figures N.Trefethen, Numerical Analysis, in Princeton

Year Development
263 Gaussian elimination

1795
1814
1855
1895

1936
1943
1946
1947
1

1952
1954

Least-squares fitting
Gauss quadrature

Adams ODE formulas

Runge-Kutta ODE formulas Runge, Heun, Kutta
1910 Finite differences for PDE

Floating-point arithmetic
Finite elements for PDE
Splines

Monte Carlo simulation

200 loccoaiil
(=]

Hui, Lagrange, G, Jacob Companion to Mathematics, T. Gowers, 2006.

Gauss: Jacobi AX: b

Adams, Bashforth . Wiy —

R‘ichar.ds()n, é()l,lﬂl\»@ll, Courant, von Neumann, Lax I% 'E‘ﬁ ;ﬁ j-E' (G E’ 236)

Zuse .

Courant, Feng, varis C]ouﬂh :H\:?F}E *% }E(CG ; 1952)
IEXRZ 5 ##(SVD, 1958)

T

952 Conjugate gradient iterati

t1 ; solvers
Fortran

Hestenes, Stlcfcl Lanczos
Curtiss, Hirschfeldes

quist, Gear

% EMIZ (MG, 1973)

~T1958 Orthogonal linear algebra

1

1961
1965
1971
1971
1
1976

1977
1982

1987
1991

10118

QR dlgmlthm for el;,eanlueb Rutishauser,

Fast Fourier transform

R
Multigrid iterations

EISPACK, LINPACK, LAPA
1976  Nonsymmetric Krylov iterations
1977  Preconditioned matrix iteratior

MATLAB

Wavelets
1984  LP interior-point methods

Fast multipole method
Automatic differentiation

Spectral methods for PDE

Givens, Householder, Wilkinson, Golub
Davidon, Fletcher, Powell, Br -
Kubk aya, Francis, Wilking

LinpackZF(1976)
Krylov-GMRES(1976)

— MEHEIEA977)
loler, Stewart ‘\W"”“ BerrzarTa, Deinmel, Bai
msome, Saad, van (1.(3.'.1 Vorst, Sorensen > M AT L AB (1977)

van der Vorst Dloidemnise

Moler

Kahan

Morlet, Grossmann, Meyer, Daubechies
Khachiyan, Karmarkar, Megiddo

Gauss

szag, Gottlieb

Rokhlin, Greengard
Bischof, Carle, Griewank
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Speedup of one edge solve (final cycle) for large At
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(b) Speedup

Figure 1: Scalability and Speedup of HX preconditioner SciDAC Review, DOE, USA, March,2009.

Courtesy of Jinchao Xu’s slides

AMS is a perfect example of how
fundamental mathematical research can lﬁfff#fzﬁ AN IZFIN

lead to important software advances in I EBHEER(PSU): BPXTLHE
high-performance computing. 7%(1988) FE[EIMRIEHEZR(1992).
@ B\ HX/AMSTL H1(2007) .

/il el




EREEIER: MRMERSE

AxXx=Db

Given x°; Krylov methods: CG, GMRES, BiCGSTAB,...
Do Until Convergence:

XK1 — G (A, b, x¥);
GERE, —HEXREZERHEE G(SpMV,dot,axpy,...)
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M-IAX = M1b, M1 (A1) AR ST

Given x9; Krylov methods: CG, GMRES, BiCGSTAB,...

Do Until Convergence: Preconditioners: JAC/G-S, ILU, GMG, AMG,DDM,...
XK1 — G (M1, A, b, x¥);

GERBR, —HEKEERESE G(precond,SpMV,dot,axpy,...)

K FFZMHF: 19484, TuringZEfb X THEIEZE MFEHTAR: SVKRZRERIE
& NRE 7R EH 5 X% HPreconditioning
—ial. 19684, EvansEXGHATHIEEKAR.

b

Xk+1 = Xk+ E

g=ek=(x"-xk)
Aek = rk=(b- Ax¥)

xk+l = yk 4 M-Lrk

Turing’s Paper

y \k Rounding-Off Errors in Matrix
Processes, Quart. J. Mech. and
= Applied Math., 1948.
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HPL(Linpack): KEFHRZZ MK EFIEH Ax=b (1993-)
8% SHNEIT(GE) JEFFELUS R
HTHEHRE: O(n3)

fe ¥R

HPCG: Xf#3D-7ptsEaIPoissonz1E (2014-) FLOP/s
Bk ZEMRGEAMG) + HiEEE 5545(CG)
HEE#RE: O(+n/,3) 1,
HPGMG: KEEEMFVMEEIPoissonF 1% (2014-) DOF/s = bOF X FLOP
Bik: FMGH % (EEMIREE N THERSE) FLOP S
'I'_I_%E;J%g O(n) Distrib;rted Fine Grid Operatiops on .'a_rgj arraY7\ gln:;:1l1;gzgg

nearest neighbor communication - 64

S. William (LBNL), et al.
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o] TOP500 “Z&gi”

! 2018.11 HEfTHE
No.1 K Computer
DOF = 5.971 /12, 6635524%(82944*8),

lig] -Performance Geometric Multngrld :

?¢“°rf“?“¢e R 3.37s, 1243 GDOF/s
§ = T & ~ No.2 Sunway TaihuLight, TOP500-3
- DOF = 4.194 71z, 131072%%,
- 4.05s, 1036 GDOF/s
— oo : - - No.7 Edison-Cray XC30(LLNL), TOP500-78
= R G DOF = 1.362 A1z, 1277764%(10648*12)

4.6s, 296 GDOF/s
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(1) TIMRE: BFERERITE
(2) I# zl'ﬁ RKINGENZFE ST
(3) B=1E: BeRTHEEREU

Poissoni®E LL(RP):
EMHEENTEFRH TAEF/MEE/4%3), X8R B HERPoisson
25 ERN AR, WM& /2B Z L.

DOF FLOP JLRT R #lg5: DOF = 2.61Z, 80004
FLOP X < HPGMG: 0.09s, 2.8 GDOF/s
JPSOL+JXPAMG: 69iters, 2.5s, 0.1GDOF/s

DOF/s =

Py [=25] 90 TE R B TR P RK AT TP
“ ) Rz 9IRS i SR SRR gosr:
Institute of Applied Physics Center for High Performance
M./ and Computational Mathematics Numeric ol
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JPSOL: Parallel SOLver based on JASMIN/JAUMIN

:+ x — preKrylov(A, b, X°, tol, maxiter) r ’ S
: |[Krylov iterations: CG. GMRES, BiICGSTAB, ... I\f:tt;/r?g(gzs | lBEmenaticng) :
¢ |Dok=1,.2,..., Until Convergence: 5 .
4 Xk G (Xk—l) . —’ \]ASMIN °
° — k 5 E :
E Gk = { Preconditioning + MatVecOps } JAUMIN :
: IXPAMG | | }
P axpy Open Source | | +
: Preconditioners 5 Solver Libs | | ¢
: [[Physics-based]| [ Geometry-based [ BLAS Libs ]
° SpMM °
« [{(_pcTL-3T ) BJAC/DDM || GMG :
NG| ' :
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« COMSOL (GMG, HiE%)

- HFSS (DDM, HiE%)

« Feko (DDM, BH#E%)

« JEMS-CDS (¥IBeik - ahily)

K R SR A% BMELE@IPSOL

ETEEHMEME | LU, ASM_GMRES

LU, M(LU)_GMRES, M,(ASM) GMRES

AN R
ETSFMSE8EM My(HX)_GMRES , M (HX)_CG

HOFE, BIOTE. RERHELABREMawel FEAME HOREEE: TREHE. HHWE, 3802, 2021
Y A s R T T
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P i DOFs | Effsk| MsHHENRE

1,765,074 | 0.047|  M(LU)0.100
s
i 13,957,912 0.003| M, (HX) 0.023
PP 111,017,824 -0| My (HX) 0.019
211145246, RT#EE0.025-20mm Poisson & /&4

DOFs| EH¥%| MEHENRE
12,502,683 | 0.021 M(LU) 0.098

99,071,137 ~0| My (HX) 0.009

L e 1%']\3‘(% ARG REHEN R PEHEMaxwell FRAMETEAKRBREE: RS/, TEWE, 382, 2021
N o omputaonai Wainomatics N R ] N
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B 55iEim: 4800 sk, R~FEE0.01-10mm

S AR i

21111 5Efk, R~FEE0.025-20mm

Ml 25, i i, HTCCHaTeflon
DOFs| BEixA| MEHF&ENRE
7,134,040 | 0.0015| M,(HX) 0.006
56,939,637 ~0| My(HX) 0.002
Poisson# /&L

DOFs | EHiE; R FIEROE
12,502,683 0.021 M(LU) 0.098
99,071,137 ~0| M, (HX) 0.009
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J1-3R { pu; + YU; — 0455 fi
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pcl + KdoyBpér, — kol

3 Pn(x) <0, g(x) >0, p,(x)g(x)=0
A { w(x) €0, B(x)>0, wx)B(x)=0

g(x) = —n- (x* —x™)
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\ [TRERRXEREREAN: NS5178K, MAFIIENK  EZE. PANDA

-------------------------- HEMIE: 1112Dofs,
KA —5: 16000 CPU#
T ERHE: 37454

Poissoni®E Lt = 0.0022

§§ﬁﬁﬁ@ﬁﬁﬂ$?i
EEDHFES TR &
THBEEYRN RS
AZ ISR & EARBTE
RN EZRRA, S
ITTERAIIAE |

Rong Tian, Mozhen Zhou, Jingtao Wang, et al, A challenging dam structural analysis: large-scale implicit thermo-
mechanical coupled contact simulation on Tianhe-1l, Computational Mechanics, DOI 10.1007/s00466-018-1586-5, 2018.




BI=: KIMGEADFIZ

The numerical algorithms mentioned in Sect. 4 have been
implemented into our in-house software PANDA [86,87].
PANDA is built upon a HPC middleware called JAUMIN

88—91] mnwhich the parallel linear solver package 1s called
JPSOL [81]) The architecture of PANDA is illustrated in
i pffe major goal of PANDA has been set to bridge the

complex engineering mechanics analyses to China’s post-
petaflops supercomputers. PANDA includes four modules:
PANDA _StaVib for static and modal analyses based on the
finite element method, PANDA_Impact for dynamic analy-

We compare the preconditioner proposed in Sect. 5.3 with
the other typical preconditioners available in the well-
known external open source code PETSc [101] by solving
the thermo-mechanical-contact coupled problem of 118,608
dofs. The preconditioners provided by PETSc are tested
using default parameters (this mg [Torale the perfor-
mance of PETSc to some exte ested using
its own BiCGStab solver with the 2 egfiditioner pro-
posed in Sect. 4.2.

Table 1 Converge performance of linear solvers and preconditioners

Preconditioner CG GMRES BiCGStab
PETSc None X @ ®
ILU X X X
GAMG X X X
Jacobi X ® *(1)
SOR X ® *(2)
SOR Eisenstat X ® *(3)
Hypre X *(4) *(5)
@ AMG X *(6) *(7)

onverged at 14,381 iterations within 126.2s
(2) Converged at 4062 iterations within 83.6s
(3) Converged at 3714 iterations within 93.8 s
(4) Converged at 1730 iterations within 254.5 s
(5) Converged at 625 iterations within 185.8 s
(6) Converged at 759 iterations within 56.7 s
(7) Converged at 209 iterations within 35.2s

Rong Tian, Mozhen Zhou, Jingtao Wang, et al, A challenging dam structural analysis: large-scale implicit thermo-
mechanical coupled contact simulation on Tianhe-1l, Computational Mechanics, DOI 10.1007/s00466-018-1586-5, 2018.
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Bl=. KM HE

BN EAMIg146 7 BHE

mzEZE4xR, 10112M4%%, 51 {ZDOF

PANDA@JAUMIN; AMG-CG@JXPAMG-JPSOL
2018/3: 48000 @ KA =5, 6.5/\BF, 982ik1X;
2018/5: 49152%z@7LF#las, 2557%h, 593iA1K;
2019/10: 49152%z@/LFn#l=s, 7.397#, 5931%1K;

3DPoisson: DOF 58.312, 49152#%, 15.1s.
PoissoniZ/&Z£L: 0.034
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> ICFELRNR A @IASMIN/JAUMIN (#%:%28: JPSOL-JXPAMG)

| CPU | K2Rt oisson | \Poisson3K fi#
RHDERE POF | my | EEY) J‘;ﬁhﬁl‘ﬁl (BEE)

2D3T(ALE) | 307 | 10| 039®|| 036 of14m(30.27)

2D (208 ALE) 107 10| 0.14%) 0.29 51.04@(10.273)

2D3T(Euler) |2097/h | 1024 | 0.63% W/o.zow(zmsﬁ)
;—-‘7
3D er) | 17.31z | 16384 | 137.5% | 0.088 | 12.1Fb(17.

<3D(20§¥Eu|er) 214 | 32000 | 604.4% | 0.014 | 8.4%5(21.012)

(64BfALE) | 7040/ | 2100 | 571.2%> | 0.008 | 4.5% (71477)
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* XTEHE

SINCERE INVITATION

Selvenchallenge2ilvs

AR IR E VA KM N F AT & (Solver) e

SINCERE INVITATION

https://lwww.solver-conference.cn/
10752 F B LY
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(SolverChallenge)
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(SolverChallenge21)

»7H308-881H
> FiaE - AR

Solver22: . BN
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SINCERELY INVITE Y Ll i ) |
PN TN RS T JE®5TM (nnz) : 60,769,595
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Algebraic Multigrid (AMG) for Ax=Db

« AMG softwares/libraries

BoomerAMG in Hypre, LLNL (FFiR) BN HITAMGEH(1998-)
MueLu in Trilinos, SNL (FFig)

GAMG in PETSc, LBNL (FFiR)
PyAMG, University of lllinois (FFi&)
LAMG, LANL

FAMG in UG, G-CSC, Frankfurt
JXPAMG in JAS/UMIN, IAPCM & XTU
SAMG, Fraunhofer SCAI (7&5:0k) B MNAMGE LR (1995-)
AGMG, Universite libre de Bruxelles (f&l)

AmgX, NVIDIA (B, ANYSIS/FLUENT)

SMS-AMG, VINAS Ltd (f&7:k)
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Geometric Multigrid (GMG)

Ae =r : Divide and Conquer Rule
e = Low frequency + High frequency
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GMG -> AMG

Ae =r : Divide and Conquer Rule
e = Low frequency + High frequency

A
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GMG -> AMG

Ae =r : Divide and Conquer Rule
e = Low frequency + High frequency
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GMG -> AMG

Ae =r : Divide and Conquer Rule
e = Low frequency + High frequency

Brandt, Ruge, McCormick,1982 -

: Setup Phase: $E{k+HEMIH&EEERE
e Q=0°cU Q" (C/F Splitting)

*HWH*S‘ZIE\ A’éfﬁ"? A,,a; « P: Q° — Q (Interpolation)

i« A°=RAP (Galerkin method)




GMG -> AMG

Ae =r : Divide and Conquer Rule
e = Low frequency + High frequency

Brandt, Ruge, McCormick,1982 -

: Setup Phase: $E{k+HEMIH&EEERE
e Q=0°cU Q" (C/F Splitting)

*HWH&IE\ A’éfﬁ"? __-»is P: Q¢ - Q (Interpolation)

Mt =RA)R-S C-AMG i+ A°=RAP (Galerkin method)
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Algebraic Multigrid (AMG) for Au=Db

Algorithm variants
» Classical AMG (C-AMG), 1980s
SA-AMG / UA-AMG, 1990s
« AMGe / pAMGe, aAMG / aSA-AMG, 2000s
* Bootstrap AMG / Lean AMG / AI-AMG, 2010s
« Parallel Coarsening: RS-type, CLJP, FSB, Relaxed-type, PMIS, .....
Applications
« radiation-hydrodynamics, oil/ground reservoir, structural mechanic, electro-
magnetic environment, semi-conductor device, automotive design, circuit
design, QCD, etc.
» elliptic/parabolic, Navier-Stokes, helmholtz, Maxwell, elasticity, drift-diffusion,
eigenvalue, non-PDE system (Markov chain, image/graph analysis, etc)
Roles
» Preconditioner for the problems close to M-matrices. (Combined with Krylov)
» Component for complicated problems (e.g. HX/AMS for Maxwell, PCTL for RHD)



Algebraic Multigrid (AMG) for Au=Db

. 408 SATERE, RAEIEATE.
| 405 |

GMG basic parallelizing extreme-scale
Fedorenko B—RE E—1
Bakhvalov HITAMGXE  HITAMGH

Brandt 81 AMG CLIP (LLNL)  (BoomerAMG | 0ad to Exascale
Hackbusch (Ruge-Stiiben) FSB(SCAI) LLNL)

1960s-1970s 1982 1987 1995 1998/99 2001 2006 20
I | I
F—BAMGX E F—1 RETEZE (PMIS/HMIS)
Brandt AMG T Ml B 14 (De Sterck, Yang, Heys)
McCormick SAMG (SCAI)
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Algebraic Multigrid (AMG) for Au=Db

. HLTRREE
AMG ZZIA N E:

Ruge & Stiiben (1987), Algebraic multigrid, in Multigrid, McCormick, SIAM, 73-130.
e StiUben (2001), An introduction to AMG, in Multigrid, Trottenberg, Academic Press, 413-532.
« Falgout (2006), An introduction to algebraic multigrid, CiSE, 8: 24-33.
 Xu & Zikatanov(2017), Algebraic multigrid methods, Acta Numerica, 591-721.

o HRINIL(2019), AT ZEMSES: A ETTENAGLSHE, BETESHTENNA §
3R, 40(4): 243-260.

2% B P13k

« W.Briggs, V.Henson, S.McCormick, A multigrid tutorial, 2nd Edition, SIAM, 2000.
« U.Trottenberg, C.Oosterlee, A.Schuller, Multigrid, Academic Press, 2001.

« AR, RINF, BATZMTLERN T F28 “ZEHALEF" , BFELim, 2015.
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AMG efficiency Issues
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AMG efficiency Issues
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AMG efficiency Issues

Ae:r: DIVide and Conquer Rule é --------------------------------- : ----------- e g
e = Low frequency + High frequency i Setup Phase: fL+HMEER !

i+ 0=0°UQ (C/F Spliting)
FA Pt HLIE A’é?ﬁ'? _____ »i+ P: Q° — Q (Interpolation)
M+ = P\(AC) ‘RS C-AMG i« Ac=RAP (Galerkin method)

-
-
——
--——————_—

SEEMREE T .

N | %8 SRR (nits) 5 BT ERE(C,) ZEE.

| 2A

A%

UK. RETEREEAMEHENLERE KHESHEH).

« De Sterck, Yang, Heys, Reducing complexity in parallel AMG preconditioners,

=25t
[ sooo
nz - soszs A

SIMAA, 2006.
—/



AMG efficiency Issues
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—V-(&Vu)= f Ppojsson-like equ., AMG-GMRES(20), PMIS coarsening, tol = 108

K
mesh_size| #cores ) ) , : |
constant anisotropic one-jump three-jump random(1-103)l
643 1 19 20 22 25 21
10243 4096 91 50 416 515 553




AMG efficiency Issues
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AMG efficiency Issues

- Bl REFERESBEZWNSUEE IR
—V-(&Vu)= f Ppojsson-like equ., AMG-GMRES(20), PMIS coarsening, tol = 108
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AMG efficiency Issues

47 kA%
1. EZ0)@(3D): NA]ERHHRIRE F 5 ZE FIRIEUW S ?
2. RKAIEHAT: wnfa]es e/ FERIRAAMIE R I TRNmK?
3. EAREMH(RAP SpMV): MIEEAE S RNZERIER (Zix/714)?
@ Setup(l =1:L) {RAP}
@ Cycle(l =1:L) { SpRr, SpAXx, SpPe }

4. ESEFRNMAIAE: R RIERAMGESRE BN 4 EEKEEN ?

1R/32(2019), FITREZEMBER: AAETER AR Sk,
HEFTESHEIRHE, §5E, 40(4): 243-260. (AC) L
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—M5F: CharonfglFF, AMG+GMRES

Report on the
Workshop on Extreme-Scale Solvers: b
Transition to Future Architectures 90% - s @ , - o b |
o ] : aris time spent in the mul-
- Application igure omparison o p
Merch 8-, 2012, Washington, D.C. &% tiphysics application Charon vs. time spent in

-3
£ 0% the linear solver (algebraic multigrid with GM-
5 60% RES), on 64 to 100,000 cores of a Cray XEG6
o ‘§ 50% (Cielo) using weak scaling. As core count and
:T— ',:,,: 5 40% problem size increase, the fraction of time spent
o [ [ T 30% in the solver also increases. Although we use
= ::: " 2 20% a state-of-the-art multilevel preconditioner, this
Ve l'e e 10% trend is typical for many applications. The

¢ e e

problem setup time is nearly constant from 64 to
64 256 1024 4096 16384 100000  1()0,000 cores, but solver time steadily increases.
Ean. (Data courtesy of Paul Lin)
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