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Sources of Error in Simulation NCMIS

Approximation: ’U,(ZIZ) — Uh (SE) + gdis + ga,lg + gfp

More refined mesh

Discretization Error Algebraic Error Floating-Point Error

Better discretizations

=

Better solvers
Discretization e el Finite-Precision
Methods Arithmetic
This
Lecture

Better computers
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Introduction

Some examples of nonlinear differential equations



Origins of Nonlinearity

Nonlinear partial differential equations:
Membrane deflection, minimal surface, hyperelasticity, elastoplasticity, obstacle problem,
contact problem, harmonic mapping, phase transition, plate bending, ...

Nonlinear ordinary differential equations (e.g. Chemical reactions)

Nonlinearly coupled system of PDEs (e.g. Multiphysics problems)

PDE-constrained optimization

Optimal control problem

Optimal design problem

Geometric nonlinearity

Modal analysis (eigenvalue problems) Honey is a type of non-Newtonian
fluid (nonlinear relation b/w shear

...... stress and shear rate)

C.-S. Zhang, AMSS




Example 1: Semilinear Elliptic Problem

® A model semilinear elliptic problem (SEP)
fu <0, fu, fuu are bounded

—
—Au = f(u), in
{ u = 0, on 0}

® Define bilinear forms Linear SPD part

a(u,v) ::/QVU-V'U —

a(w;u,v) = a(u,v) — (f(w), v)

® Solve the weak problem

Find v € H3(Q) : a(u;u,v) =0, Vv € Hy(Q)

C.-S. Zhang, AMSS 5



Two-Level Discretization for SEP

® Standard finite element formulation

Find up € V3, : &(uh;uh,vh) =0, VYo, € Vj,

® C(lassical two-level finite element method / Nonlinear problem

A

stepl. Find ug € Vg : a(ug;ug,vyg) =0, Yog € Vg

step2. Find up g € Vit a(ug;un m,vn) =0, Yo, € Vj

\ Only a linear problem

J. Xu. Two-grid Discretization
Techniques for Linear and
Nonlinear PDEs. SIAM J. Numer.
Anal. 33,5, 1759-1777, 1996

® Error estimate

lun = un, el S H ™ lullr+1

C.-S. Zhang, AMSS 6



Iterative Two-Level Methods

® C(lassical iterative two-level method

Find e¥ € Vi : a(efy,vy) = (f(u',kz + e’}.l),vH) —a(uf,vy), Yvg € Vy

Find uffh} cV,: a(uﬁE,vh) = (f(uﬁ - e’ﬁl),vh), Yoy, € Vy,

® Modified iterative two-level method
Find ef; € Vi : a(ef,ve) — (fulelr),ve) = (F(uf),ve) — a(uf,ve), Yog € Vi
Find u'ff}} eV : a(uﬁ}},vh) = (f(uf) + fu(uf)efr, vs), Yon € V4,

Ref: HeRg DB R HUIERHIRIREEIC

C.-S. Zhang, AMSS 7
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Example 2: Viscous Burgers Equation NCMIS

® 1D nonlinear advection-diffusion equation

Ut T UUgy = [ Ugy Viscous Burgers Equation

/ \ (VBE)
Speed of fluid

Kinematic viscosity

® Traveling wave solution

u(z,t) =w(lx —xg—st) mmp u=-—sw, Uuy=w, Ugy =w"
1
VBE —sw’+ww’=,uw”=>—sw+§'w2:,uw’+C

® Enforce the boundary behavior

w(—00) =urp, w(+o00)=1ugr, w'(+oo)=0

C.-S. Zhang, AMSS 8



Traveling Wave Solution SONE

NCMIS
® Applying the boundary conditions, we get
1 1 ur, + UR Wave
—sur, + —u% =(C = —sugr + —qu — | § = propagation
2 2 2 speed
® Obtain a special solution of VBE
ur +uRr UL — UR (x —xg — st)(ur — ugr)
u(z,t) = - tanh
2 2 4
More difficult to solve if viscosity is small
I 2 iR [—=0=0.25]
0.8+ - . 7::882
Internal layers N Difficult to resolve
% 15 1 05 0 05 = ‘--_1_.|5__ —

Source: Maria Cameron, https://www.math.umd.edu/~mariakc/burgers.pdf

C.-S. Zhang, AMSS



Example 3: Burgers Equation

55

NCMIS

® Hyperbolic conservation law

u + | f(u)] =0, f('u,):%fu,2 ) oy tuu, =0

® Boundary conditions

u(—oo) =ur, u(+o0)=1ug
® Traveling wave solution

ur,, <0
oz,) = wz—a0—s), wlp)={ W V0

® Similar to the previous example, speed of wave propagation

s:uL;uR — S(UL_UR) = f(ur) — f(ur)

Burgers equation

Riemann problem

Rankine-Hugoniot
Condition

C.-S. Zhang, AMSS
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Method of Characteristics 55

NCMIS
T =u(x,t) ) %u(x(t),t):g—?+%%:ut+uum:0
The solution is a constant along the characteristics!
Shock wave solution Rarefaction wave solution Rarefaction shock solution
| ’LLL > ﬂR | | | | urn < UR | ur) < UR

0.8r T 0.8f T 0.87
0.6 1 0.67 0.6]
- | _ - | - |
0.2t 1 0.2} / 0.2

0 0 7 i

04 -0 2 02 04 06 04 02 2 02 04 06 04 02 0 02 04 06

X

® Which one is physical? Check the viscous limit or the entropy conditions (simpler to verify).

C.-S. Zhang, AMSS
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ELLAM Method, Revisited SONE

1D Advection-Diffusion Model Problem:

ur+b-Vu— pAu =0

Replacing the linear convection by u

@ o+ 50 @
d
%y(:ﬁ,s;t) :b(y(aj,s;t),t), y(.fl?,S;S) — €.
@ @ @ @
ykHL ok
( A7 * v) +p (VuFt Vo) = (fv), WweV Nonlinear PDE = Linear discrete problems

ultt — uf

mmmm) Find ;™' €V}, such that ( h A vh) +p (Vul ™t Vo) = (f,on), VYon € W

1
‘ (KtM + ,uA):c = b Non-symmetric/nonlinear PDE =» SPD algebraic systems

C.-S. Zhang, AMSS 12



A Naive FD Discretization ANCM,;

® A simple Riemann problem

1 0
Ut + Uty =0 u(x,O):uo(x):{ 0’ iio
® A first-order upwind scheme
At :
k+1 _ rrk k k k
Ut = UF - SSUF (UF - UR,) €T

UF=0, 20 and Uf—-Uf,=1-1=0, j<O0

k+1 — 77k .
) U’ =Uj, Vj
® Does not propagate at the wave propagation speed =% !

® Need numerical methods that are both conservative and physical!

C.-S. Zhang, AMSS 13



Godunov’s Method <

NCMIS

® Step 1. Define piecewise constant initial guess

/ A given numerical approximation
_ h h
u(z,ty) := UJ’-“, Tji =5 <z <ZTj+ 5

® Step 2. Find numerical solution of the Riemann problems % (x,t), t € (tx,trs1]

1 [%it3 1 [t 1
E/m- . u(z,tkt1) dr = EL _y ﬂ(ﬂb‘,tk)dw—ﬁ(

J— 2 J

/tk# f(a(z; + g,t)) dt — /t’“ﬂ f(u(z; — g,t)) dt)

tr ti

® Step 3. Find numerical solution of the Riemann problems [Godunov 1959]

k+1 1 T3 th/2 - k+1 k At k k k k
10 [ st e 00— (0, ) - L)

ming, <u<up f(%), ur <ugr

F(up,ugr) := { Need a good numerical flux!
maXy, <u<ugp f (%), UL > UR

C.-S. Zhang, AMSS
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Example 4: NS Equations

® Incompressible Navier-Stokes equations
us + (u- V)u — pAu+ Vp =0
V-u=0, u(z,0)=ug(x), ulsga=gyg
® Solving the NS equations

v’ Method of characteristics

v’ Chorin’s projection method
Pro) Source: Zeng, Huilan, Chen-Song

v’ Two-level discretization Zhang, and Shuo Zhang. "A low-
degree strictly conservative finite
v’ Linearize and then discretize element method for

: , _ _ incompressible flows." arXiv
v’ Discretize and solve nonlinear equations

preprint arXiv:2103.00705 (2021).

C.-S. Zhang, AMSS



Example 5: Reservoir Equations

p:

NCMIS

0
En (qbZ:cw@-Sj) +V.F; - ZSJTZJ =65, =1
i=1 i=
=) (fﬂijijuj - SijV(Sj-’L‘z'j)), i=1
j=1
KKy .
u; = ——(VP; —v;Vz), j=1:
Hj
Z?il Sj — 17

diciTig =1,  j=1:
Py —P;=PFPa; J=2:

fij = [fi1, 1=1:n., 53=2:

YIRFIE
ie==Val
DarcyiEE
IRFIERER

B EEHIRER
ZRIEGKSJ
&SR

ZE I RE
EOSIATSTIHE
BrinkmanJ3F&
HERMNTTE
Navier-StokesJ3 &
JFEFERE
JFDarcyt&ES
R Bf e O A B
ahaRRE
aANFhE
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Nonlinear Equation Solvers

Classical nonlinear solvers that are still widely used



Newton-Krylov-Schwarz Methods

Aleksey Kfglov, Russia Her@ann Schwarz, Germany

Newton’s method for Krylov subspace Schwarz methods for
nonlinear equations iterative methods preconditioning & parallelization

C.-S. Zhang, AMSS 18



Another Choice to Make: DO or OD ﬁ

min f(u) * Vfu)=0 * 0€Vf(u)

uey

Discretization-then-optimization (DO)

Optimization-then-discretization (OD)

hang, AMSS 19
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Continuation Method NCMIS
® Solve the nonlinear equation: F(u) =0 »
How to construct such an auxiliary
® Construct aniteration u(0) := uF = k17 problem? Seems quite random ...
du(t
dgf ) — —F(u(t)) ‘ Steady-state solution =» Original solution

=» Fixed-point method = Richardson =2 Steepest descent

dF (u(t
(CZ( ) = —F(u(t)) w—) F’(fu,}'“)(ul“r1 — uk) = —7 F'(u)
I ‘ uk+1 — uk — Ty F/(uk)—lF(uk)
If F(u)is _
differentiable - <
In some sense Newton’s method Damped Newton’s method

C.-S. Zhang, AMSS 20
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Steepest Descent Method, Revisited NCMIS

® The steepest descent method for solving linear systems (review Lecture 2)

old

new + ad
Optimal stepsize Yest descent

min f(x) := 5 (A:c, x) — (b, x)

zeV

(b— Asd,d) _ (o9, d)

Qlopt = =~ 27 with rold .= b — Ag°Md dsteep := —V f(2°9)
opt (Ad, d) (Ad,d)’ teep - fle
® Main ingredients: Finding a search direction and a stepsize
e Step 1. Construct a search direction in a cheap way ‘ Generalization?

 Step 2. Go along the direction and update

C.-S. Zhang, AMSS 2 1



Descent Direction Methods NCMIS

® Suppose there is a descent direction (like the negative gradient direction)
21 — (k) (k) g(R)
® How far we should go along this direction? = Stepsize
o\k) = arg min f(z® + ad®)
acR
® Backtracking linear search methods

Armijo line search (back tracking):
Q Setc; € (0,1),7 € (0,1), g > 0, and j := 0;

Q If f(zF)) — f(2®) + a;d®)) > —ac; Vf(2F)Td*) is satisfied, then

return the stepsize o*) := a;;

Termination of
iteration

© Otherwise, setj :=j + 1, o = T, and goto Step 2.

C.-S. Zhang, AMSS 22



Updating Search Direction NCMIS

® Usually the initial search direction is easy to obtain (residual)
® How to update the direction and continue? (Like in the Krylov subspace methods)
d®) .= —V f(z®) + k) g(k=1)
@ Rules for updating 5(%):
Fletcher—Reeves: %) = V f(z*N IV f(z®) [ V f(a*=NTV f(z(k=1)
Polak—Ribi¢re: (k) = Vf(:c(k))Ty(k)/ Vf(z*k=NTV f(z(F-1)

Hestenes—Stiefel: 3(%) = Vf(x(k))Ty(k)/d(k—l)Ty(k)
oy =VE®) - ViE"Y)
Dai-Yuan: %) = Vf(:p(k))TVf(;p(k))/d(k—l) y (k)

C.-S. Zhang, AMSS 23



Newton’s Method ‘ﬁNCMl;

i 4 =~ () 'V () )
argmin f(z®) + Vf(z®)T (2 + d) + L (2P + d)TV2f(2®)(z*) + d)
dER™
L @ o®) =1 or exact line search = local 2nd-order convergence y

Newton’s Method: Line Equation

| o ENKAIEN , RIFAIST , TRERFIChATEE
e B o WISISY , UrSIIERHR
= E= ) o (RATAKLESIEN , ATSRAEIENLES
' o RIS , WHNEERE (T )
° o EEIEERREINEE (NS )
® HessianfBREHIZHERIHERMNETS
Vohommad Towtte e e Vet o ETFRAR KIS

C.-S. Zhang, AMSS 24



Quasi-Newton Methods

5

NCMIS

Find an approximated Hessian, easier to compute and cheaper to store but do not harm convergence

BFGS (Broyden-Fletcher-Goldfarb-Shanno)

T T
B+ . p(k) n y(k) y(k) B B®) g(k) ()T (k)
BFGS y(k)TS(k) s(k)TB(k)S(k)

DFP (Davidon-Fletcher-Powell)

T T T
Gy ROMEO o ROMEO NOMO
s(6) T gy (k) sTyt) | gLy k)

The Broyden family
B .= (1 - ¢®)BEEY + ¢WBEY,  ¢® 0,1

For ¢(®) ¢ [0, 1), it has the same convergence property as BFGS. DFP is still open.

Sometimes we need
to save memory for
large-scale problems
and limited-memory
versions of quasi-

Newton methods

C.-S. Zhang, AMSS
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Trust Region NEMIE

flan +d) = fi + gfd+ o™V f(zi + Ed)d

~=---.._ Trust region
; Line search direction

~ fr+gid+ §dTV2f(ka)d

Add a trust region l | 7 e :
: N ool m;,
min myg (dk)
ldk || <dk
Trust region step
Reduction prediction contours of f
f(@x) — f(zk + di) |
k= @m 1y (d):=fi +gid+ =d' Byd

C.-S. Zhang, AMSS 26



Trust Region Method

NCMIS

Algorithm 8: Trust region method

1 [%% Given Omax, 0 € (0,0max), M€ [0,3), and an initial guess z;
2 |for Kk = 0 : MaxIter or converged

3 Solve the trust region subproblem (approximately) to obtain d;
4 Compute reduction ratio p;

5 if p<i %% prediction is bad

6 0 «— id;

7 else if p>3 &g ||d| ==J %% prediction is good

8 0 «— min(24, dmax);

9 end

10 if p>n, x<—x+d; %% accept the not-so-good solution
11 |end

® Line 3: The trust region subproblem is still not easy to solve numerically

® How to solve TR subproblem? Moré-Sorensen, dogleg, inexact solvers, ...

C.-S. Zhang, AMSS
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NCMIS

Solving TR Subproblem

® In TR algorithm, Line 3 is the key step (TR subproblem—A constrained optimization problem)

® Find the Cauchy point (scaled steepest descent) in the trust region (TR linear model)
H%l_in mk('rdsteep)a s.t. “Tdsteep” <9 ‘ dCauchy ‘= adsteep

® Construct the dogleg path

TdCauchya 0<7<1

ddogleg (T) = {

dCauchy + (T - 1)(dNewton — dCauChy)a I1<7<2

® Compute the stepsize such that

min mu (d -
“ddogleg(T)”S(s k( dogleg( ))

Ref: RIVHR, FI3 (RMHIEICSTTIE) | RIFHARAL , 1997

C.-S. Zhang, AMSS 28



Dogleg Trust Region Method NEMS
ogleg Trust Region Metho NCMIS
Kk Norm of First-order  Trust-region

DOgleg Trust —Vf(x( )) Iteration Func-count f(x) step optimality radius
: - 0 3 47071.2 2.29%e+04 1
Region Itera 1 6 12003. 4 1 5.75e+03 1
2 9 3147.02 1 1.47e+03 1
3 12 854.452 1 388 1
. 4 15 239.527 1 107 1
Cauchy Point 5 18 67.0412 1 30.8 1
6 21 16.7042 1 9.05 1
7 24 2.42788 1 2.26 1
8 27 0.032658 0.759511 0.206 2.5
9 30 7.03149e-06 0.111927 0.00294 2.5
0 33 3.29525e-13 0.00169132 6.36e-07 2.5

Matlab fsolve function uses a variant of trust

region (FD Newton) method with dogleg

Newton lteration i _ _
subsolvers for solving nonlinear equations, at

Trust Region each iteration mldivide is used

Ref: Powell, M. J. D., “A hybrid method for nonlinear equations”, Numerical Methods for Nonlinear
Algebraic Equations, P. Rabinowitz, et al. edit, 1970.

C.-S. Zhang, AMSS 29
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Summary of Optimization Methods NCMIS

(=M %k /\EEI _A'r.r” ; O =
mETE ol e ISEU e

S PV P RENSH, TEEX,; BE=

g R SIRERRFIS PIFERMERE o) .

paims oo ol EREEUTE Tegen wopmmneme

s g SRS e i

(SRR SRR AU AW asUE, KSAUER B A BECL AR A 12
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Nonlinear Schwarz Methods

Schwarz methods for nonlinear problems



Schwarz Methods, Revisited

Typical examples of Schwarz methods: Jacobi, GS, DDM , MG, BPX, ...

m-g-0-3c

Sequential methods

Parallel methods

Subspace correction methods
Q: How about nonlinear problems?

C.-S. Zhang, AMSS
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® Consider a general set of nonlinear equations
i Fl(xl,...,xn) ] -0-
Fg(xl,...,xn) 0 OF; n
F(z) = | — | | | — VF():= [ax.]
: ; Jdij=1
_Fn(:cl,...,acn)_ _0_

® Apply a Taylor expansion and drop the high order terms (HOT)
Fx+d)=F(x)+ VF(z)d+ HO.T. ) VF(x)d=~ F(zx+d)— F(x)

, — Solve it using the
mmm) Newton’s method 2’ =z — VF(z) 'F(zr) < multigrid method

® DO/OD =» Linear algebraic system =» Multigrid for linear system =» Is there nonlinear MG?

C.-S. Zhang, AMSS 33



Twogrid Method, Revisited

® Step 1. Presmoothing
T+ M (b — Am) N Nonlinear relaxation

® Step 2. Coarse grid correction (CGC)

r + z+ PA !PT (b — Aaf) Ace=r Key: How to do CGC?

® Step 3. Postsmoothing (optional)
< x+M " (b— Az) — Drop it!

® Q: How to form a coarse problem? How to solve it? How to correct the fine solution?

® There is a general framework, called full approximation scheme (FAS)

Ref: Brandt, Achi. "Multi-level adaptive solutions to boundary-value problems." Mathematics of
computation 31.138, 333-390, 1977.

C.-S. Zhang, AMSS 34



Full Approximation Scheme NCMIS

Avcr — ARG ' =—> .=+ P

Linear Case
Nonlinear Case

l Fu(yn) = Fu(Rzn) — RFy(zn) I
T-correction equation \

[Fh(:ch + 6h) — Fh(xh)]: —Fh(ich) =!Th SOlVG[FH(yH) =TH -+ FH(IIJH)]
e | |
FH(CEH-I-GH) —FH(SUH) = Rry, ‘ TH = —RFh(:ch)

C.-S. Zhang, AMSS 35
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Nonlinear Relaxation NCMIS

So we have a multigrid framework. Q: How can we solve / approximate the problem on each level?

Nonlinear Gauss-Seidel
Solve one-by-one

How to solve the subspace problems?

@® Scalar nonlinear equations

® Can be solved using Newton,

Quasi-Newton, TR, ...

Solve all at once

Nonlinear Jacobi

C.-S. Zhang, AMSS 36



Preliminary Numerical Results

NCMIS

No. outer No. inner

Method | iterations iterations Megaflops
Newton B - 1660.6
Newton-MG 3 20 56.4
Newton-MG 4 10 38.5
Newton-MG 5 5 25.1
Newton-MG 10 2 22.3
Newton-MG 19 1 24.6
FAS 11 - 27.1

TABLE 3. Comparison of FAS, Newton, and Newton-multigrid methods for the
problem —Au+~yue* = f on a 127 x 127 grid. In all cases, a zero initial guess

18 used.

Source: Henson, V E. Multigrid Methods for Nonlinear Problems: An Overview, 2002.
doi:10.1117/12.499473.

C.-S. Zhang, AMSS

37



Nonlinear Preconditioning

® Nonlinear preconditioning scheme

[ F U,V |
F(u,v) := FQE’U; v; —

Decouple

0
0

Fl(u_gav)zo :>g(’U,,U)
Fo(u,v—h)=0 = h(u,v)

® Nonlinear Gauss-Seidel iteration

Precondition?

) F(u,v) =

—)

—

Solution

—Fl(u,'v)- 0 |
_Fg(u,v) | B 0 ]
e

h Zero if converged

® Preconditioned system (g, h) = 0 is defined implicitly using the above Schwarz method

® Q: How to compute the Jacobian of the preconditioned system?

Ref: Xiao-Chuan Cai and David E. Keyes, Nonlinearly Preconditioned Inexact Newton Algorithms, SIAM
Journal on Scientific Computing, 2002, 24:1, 183-200

C.-S. Zhang, AMSS
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5

Jacobian of Preconditioned Problem NCMIS
- 09 8
Define VF := g_: Z_Z p:=u—g(u,v), q:=v—h(u,v)
L Ou ov .
OF, 09\ OF; . . dg
8—p (Iu — (’9_u) =0 =) Assume 8—p is nonsingular m—) B I,
OF (_ 99\  OF _ 99 _ (61) O
(o)t =0 == 5, =(%) B
_ 1 _
- 99 9g ] OF, - 9Fy  OF) T
r [ 8 &) o [ %
| o oh | or, ) 1 OF, OF
L Ju v - 0 (an) | du  dq

C.-S. Zhang, AMSS 39



ASPIN Method NCMIS
() 0 e e [T o0
VF ~ | ‘90 (88?)_1 [l 52% 32122 | _ | 30 (38122)_1 | VF

Inexact Newton iteration:

VF(x)d=—-F(x)

OF OF
VF(u,v) mmmmp Solve (6—11,1) Y1 = wq, (6—'02) Yo = Wo

Additive Schwarz Preconditioned Inexact Newton (ASPIN)
‘ Multiplicative Schwarz Preconditioned Inexact Newton (MSPIN)

Ref: Liu, Lulu; Keyes, David E. “Field-Split Preconditioned Inexact Newton Algorithms”, SIAM Journal on
Scientific Computing, 2015, 37 (3):A1388

C.-S. Zhang, AMSS
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Some Comments on ASPIN

NCMIS

® What about the function is actually a linear function

F(r)=Axz —b

All
A21

A=

A12
A22

by

All

VF =

0

® ASPIN =» A nonlinear version of block Jacobi preconditioner

TABLE 6.4

Different subdomain partitions with the same fine mesh 128 x 128. Subdomain linear systems
are solved ezactly. €giobal—linear—rtol = 10 3 is the stopping condition for the global GMRES

iterations. €peal—nonlinear—rtol = 1073 is the stopping condition for the local nonlinear iterations.
Overlap = 1. The finite difference step size is 1075,

Number of PIN iterations

Subdomain partition | Re =10° | Re= 10! | Re =102 | Re = 10% | Re = 104

N=2x2=4 3 3 4 6 7

N=4x4=16 3 2 4 7 6
Number of GMRES iterations per PIN

N=2x2=4 22 21 23 20 15

N=4x4=16 42 37 40 31 26

Source: Liu, Lulu; Keyes,
David E. “Field-Split
Preconditioned Inexact
Newton Algorithms”,
SIAM Journal on Scientific
Computing, 2015, 37
(3):A1388

C.-S. Zhang, AMSS
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Reading and Thinking

SIAM J. Sc1. COMPUT. © 2015 Society for Industrial and Applied Mathematics
Vol. 37, No. 3, pp. A1388-A1409

Is your application a nonlinear
FIELD-SPLIT PRECONDITIONED INEXACT
NEWTON ALGORITHMS* problem?

LULU LIUT AND DAVID E. KEYES' ' ' :
How did you handle nonlinearity?
Abstract. The multiplicative Schwarz preconditioned inexact Newton (MSPIN) algorithm is
presented as a complement to additive Schwarz preconditioned inexact Newton (ASPIN). At an 2 = _ _ -
algebraic level, ASPIN and MSPIN are variants of the same strategy to improve the convergence Do you thlnk dIVIde and Conquer WI”
of systems with unbalanced nonlinearities; however, they have natural complementarity in practice.
MSPIN is naturally based on partitioning of degrees of freedom in a nonlinear PDE system by Work for nonlinear problem 5? Why?
field type rather than by subdomain, where a modest factor of concurrency can be sacrificed for
physically motivated convergence robustness. ASPIN, originally introduced for decompositions into . . c
subdomains, is natural for high concurrency and reduction of global synchronization. We consider DO VOU thlnk mU|t||eve| algorlthms
both types of inexact Newton algorithms in the field-split context, and we augment the classical
convergence theory of ASPIN for the multiplicative case. Numerical experiments show that MSPIN C 2
can be significantly more robust than Newton methods based on global linearizations, and that WI” Work for nonllnear prOblemS?
MSPIN can be more robust than ASPIN and maintain fast convergence even for challenging problems,
such as high Reynolds number Navier—Stokes equations. Why?

Key words. nonlinear equations, nonlinear preconditioning, field splitting, Newton method,
Navier—Stokes equations

What is your first choice to handle

AMS subject classifications. 65H10, 65H20, 65N22, 65N55 nonlinear problems now?

DOI. 10.1137/140970379

C.-S. Zhang, AMSS 42



Contact Me

® Office hours: Mon 14:00—15:00
® Walk-in or online with appointment

® zhangcs@lsec.cc.ac.cn

® http://Isec.cc.ac.cn/~zhangcs

My sincere gratitude to:

Liugiang Zhong, Xin Liu, Liang Chen, Bin Dai
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Review

Underlying physics are more

i Requires high resolution in space
complicated b 5 P

Often comes with nonlinear coupling Requires very small timestep size

Performance

Strong nonlinearity poses troubles

! Requires more simulation rounds
on both theory and practice .

Requires a lot of nonlinear iterations Requires more computing power
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