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Sources of Error in Simulation

Approximation: U(ZL') — Uh (ZL’) + gdis + 8alg + 8fp

More refined mesh

Discretization Error Algebraic Error Floating-Point Error

Better discretizations

=

Better solvers

Discretization Finite-Precision

Algebraic Solvers

Methods Arithmetic

Better computers

Lecture 2

||
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Introduction

Solution methods for sparse linear systems



Explicit vs Implicit Methods

o O---mmmmmmm - :r——tﬂ’+1
SO S— o PR— O
Lj—1 L j Lj+1

Explicit Discretizations
® Conditionally stable, small time stepsize
® Easy to implement

® Easy to parallelize Strong Scalability?

® No need to solve large linear systems

Implicit Discretizations
Unconditionally stable, larger time stepsize
More difficult to implement

More difficult to parallelize  BUEELSSIEIELIIIA

Need sparse numerical linear algebra

Question: Should we use explicit or implicit methods? It depends.

C.-S. Zhang, AMSS
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Linear Solution Methods

[ Given a large sparse matrix A € RY*" and f e RY, find 7 € RY such that Al = JF’ ]

L BRI ST LRSI N A It is relatively easy if you don’t care about performance!

® Large number of unknowns
Sometimes ill-conditioned
PDE-system with multiple physical variables =» different algebraic properties

Review complexity
Linear solution methods are difficult to scale (optimality and parallel scalability) and HPC paradox in

Lecture 1

Linear solution methods are usually the bottleneck in implicit simulation
® Design goals of linear solvers:
accuracy, convergence, applicability, efficiency, optimality, user-friendliness, robustness,

scalability, reliability, resilience, cost-effectiveness, ...

C.-S. Zhang, AMSS 5



Sparse Linear Systems NS¢M1§

strongly conne cted components of the graph

... most of the coefficients in our matrices

are zero; i.e., the nonzeros are sparse in

the matrix ... (1950’s)

https://sparse.tamu.edu/Goodwin/Goodwin_010

i Sparse matrix: number of nonzeros (nnz’s) ~ O(N)

| ‘.' P ® Typical in numerical PDE, graph, page rank, economy, ...
O .
w/ ® How to store sparse matrices?

CSR, CSRx, CSC, DIA, ELL, COO, HYB, CSR5, ...

/

Harry Markowitz, 1989 von Neumann
® How to perform operations on sparse matrices?

Theory Prize winner, 1990 Nobel
Prize in ECOnomics winner ® SpMV, SpGEMM, SoMM (Sparse*Dense)?

C.-S. Zhang, AMSS
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NCMIS

@DDDDDDD+__ tilePtr [0[3][5]7]10] tileColldx [0]1[3]1[3]2[3]0[1]3] tileNnz [0]7]9[1510[27[34/38/42]58]64] format|0[1[2[3[1[1]4[5]6]1]
se D@ CSR: HYB:
HESHERZEN
el 1el 10000 csrPir [0[1]2]3]4] ellPtr cooRowldx [T]2]
%%%%_I csrRowPtr [0]1]3[5]0[2]4|5]/0]1]2]5]0]1]|2]4] ellldx [@]o]@]e] cooColldx[0]2]
BRERN csrColldx [0[o[1[2[2[1[3]0]z[0[3[1]0]1]3[0[1][0]1[2[0]3[0l1[0[2[1[3] ellval OSSO cooval @@
EREEE vl e e -
LI ES==c=====c=====c=====" S
] I --I@I%ii COOQ: ELL: DnsCol: DnsRow:
I SEEIN cooPtr ellPtr dnscolPtr dnsrowPtr [0]1]
I SHRE cooRowldx ellldx [0]1]2]3] dnscolPtr dnsrowPtr [0]Z]
el 000D — cooColldx & dnscolldx [2] dnsrowldx [2]
RO ellVal &
LS O000OL cooVal & dnscolval @SSO dnsrowVal QOO0
e O000L Dns:  dnsPro]i]  dnsval QOOODOOODODOODO0

Fig. 3. An example matrix A of size 16-by-16 stored in 10 sparse tiles of size 4-by-4. The tile structure includes three arrays tilePtr, tileColldx and tileNnz
representing the memory offsets of tiles, tile column indices and the offsets for the number of nonzeros in sparse tiles. According to the format selection
method, four of the 10 tiles keep the CSR format unchanged and use three arrays to store their information. The remaining six tiles are transformed to different
formats, including COO, ELL, HYB, Dns, DnsRow and DnsCol. Each format has several corresponding arrays to store the nonzeros and their indices.

Source: Y. Niu, Z. Lu, M. Dong, Z. Jin, W. Liu and G. Tan, "TileSpMV: A Tiled Algorithm for Sparse Matrix-Vector
Multiplication on GPUs," 2021 IEEE International Parallel and Distributed Processing Symposium (IPDPS), 2021, pp.

68-78, doi: 10.1109/IPDPS49936.2021.00016

C.-S. Zhang, AMSS



Method of Choice

ok AF
w1/
(5

lain Duff: “Real men use direct methods.”

Use the direct method whenever possible (moderate-size problems)

Standard iterative methods work just fine, but don’t count on them

Achi Brandt: “The optimal method might not be the fastest!”

The Method of Choice

Award Matrix-free implementation is preferred whenever applicable

Take-home: Think about the solution method as early as possible

C.-S. Zhang, AMSS 8
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Direct Solvers vs Iterative Solvers NCMIS
Direct solvers < Iterative solvers | Direct solvers > Iterative solvers
|
® Optimality: optimal complexity is possible, | o Speed: optimal algorithm might not be the
O(N) operations I fastest algorithm
® Effectiveness: adjustable accuracy with good : ® Problem-dependence: require different
initial guess in practice | methods for different problems
® Efficiency: matrix-free operations can be | ® Implementation: difficult if not impossible to
used in some applications I make a general-purpose package
® Applicability: singular or nearly-singular | ® Multiple RHS: same coefficient matrix (or
problems can be solved efficiently [ local updates) and many right-hand sides
I @ Robustness: biggest disadvantage in practice

C.-S. Zhang, AMSS 9



Solver-Friendly Methods
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NCMIS
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Eulerian-Lagrangian Method

Advection-Diffusion Equation: MMOC: Douglas and Russell 1982; Pironneau 1982.

pAu =0 ELLAM: Celia et al. 1990; Russell 1990.

Adaptivity: Chen and Ji 2006; Jia, Hu, Xu, Z. 2010.

@ o+ 50 @
%y(x, s;t) = b(y(x,s;t),t), ylx,s;s)=uw.
P P P P Material derivative =» Characteristics
Gain: Only need to solve a
(o) nmit v g ey —

solvers available!

Cost: Implementation cost, accuracy, numerical diffusion, stability, 3D unstructured grid, ...

C.-S. Zhang, AMSS 1 1



Projection Method

Navier-Stokes Equation: Ref: Chorin 1967; Tamam 1968

us + (u - V)u — pAu+ Vp =0 Step 2 is the Hodge decomposition
e solenoidal u**1 (FGiE7)
* irrotational Vp**t1 (FTCchEein)

@® Step 2.1: BVP for pressure

1 *

on _,
on |0

@® Step 2.2 Velocity correction

V-u=0, u(z,0) =u(x), ulsga=yg

Step 1. Compute intermediate velocity

1
A_t(u* —uF) — pAu* = —(uF - V)uF

uon =g

Step 2. Projection to divergence-free space

w* = uFtt o+ At VpquL

k+1 — q -
V-ukH:O, uk+1-n|39:g-n U njpgo =g-n

C.-S. Zhang, AMSS 12



User-Friendly Solvers NCMIS
SR AFIRMT B EhHE
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Thomas Method, A Special Solver

25

NCMIS

® Thomas method for tri-diagonal systems (IB#fi%)
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FFT-based Method, Another Special Solver

® FFT-based fast Poisson solver ® Nearly optimal: O(log n)

—Au(x,y) — f(x,y) FET — (ki —I—ki,)ﬁ(kx, ky) _ f(kx;ky) per grid point with n be
fer the number of grid in

Apply 2D inverse FFT to i (ky, k,) to obtain u(x,y)

each direction

Table: Kernel time (seconds) in 2D case L — .z @ Limited applicability:

DOF | FFTW | FMG(1,2) | CUFFT | FMG(1,2)
IM | 0.260 0.108 0.0110 0.0088
4M | 2.020 0.452 0.0408 0.0257
16M | 6.650 1.830 0.1364 0.0917

equation, boundary

condition, grid

Source: Feng, C., Shu, S., Xu, J., & Zhang, C. (2014). Numerical Study of Geometric Multigrid Methods
on CPU-GPU Heterogeneous Computers. Advances in Applied Mathematics and Mechanics, 6(1), 1-23.
doi:10.1017/52070073300002411

C.-S. Zhang, AMSS 15



Sparse Direct Solvers

Direct methods for sparse linear systems



Direct Solvers

General LU factorizations: Available in LINPACK =» LAPACK =» ScalLAPACK =» PLASMA

Az =b == PAQ=LU == Ly=Pb UQTzr=y

Setup Solve )
Accurate (in some sense), robust, multiple RHS, ... -
Memory cost: Require explicit matrices, need a lot of RAM for decomposition Vti" f
-z > T % -

High computational cost:

General O(N3), banded O(N?), nested dissection O(N!~) for 2D 5-point stencil
Sparse direct solvers: The key ingredient is to preserve sparsity and maintain stability
The permutations determine the ordering of eliminations

Modern variants: frontal methods, super-nodal methods, multifrontal methods, ...

Ref: Duff, Erisman, Reid 1986; Demmel 1997; Davis 2006

C.-S. Zhang, AMSS
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Ordering and Complexity NCMIS
® Simple Example ® OO0 OO0 " HONONON® O O
of Ordering O @ O 00O0 O O
O O OO0 000 O O
0000 O O
Reolaliniink Yhadiesiuliin Find a separator, and do it recursively
® Nested : 0 Grid dimensions | Matrix order Work to factorize Factor storage
Dissection : : kx k k2 k3 k2log k
: . -
: : kxkxk k3 kS Kt
: :
. :

Source: https://www.cs.cornell.edu/~bindel/class/cs5220-s10/

Ref: George 1973; Amestoy, Davis, Duff 2004; Bindel, Sparse Direct Solvers, 2010

C.-S. Zhang, AMSS 18



Ordering and Stability

® Standard LU factorization

A=_1 1| et 1o _

® Consider fix-precision arithmetic and if 0 < € < 1 is very small

Uppo=1—LoyUpp=1+e¢ ' met =Uyp

® Error could be large even for this well-conditioned matrix

. e —1 | 1 0 e —1 0 0
A—LU = — —
1 1 el 1 0 €1 0 1

® Use partial or complete pivoting to improve stability

Ref: Higham, N.J. “Accuracy and stability of numerical algorithms” (2"¢ Edition), 2002

C.-S. Zhang, AMSS 19



lll-Conditioned Problems

It is characteristic of ill-conditioned ® The condition number of linear system
sets of equations that small

percentage errors in the coefficients K,p(A) = ||A||p ||A_1 ||p
given may lead to large percentage
errors in the solution [ Usua”y we use the SpeCtr‘a| norm (Often 0m|t p - 2)

Al = (p(ATA))" = 5(4) = K3(A)

® Other useful condition-like terms:

cond(A) := ||| A7|A]] w0

1A~ Al oo

|00

cond(A,z) < cond(A) < ke (A)

cond(A,x) :=

Alan Turing, Rounding-off errors in
matrix process, 1948

C.-S. Zhang, AMSS 20
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Condition Number NCMIS

® Condition number or sensitivity of a function at x: How sensitive w.r.t. perturbations?

: o 15@I e
0f () := f(z) = f(z) == [ s s @)

® Condition number of a matrix (linear operator)? Consider solving a linear system:

[ T 7 Y o] r—
ob2o b [[AT6[  abs0  [[ab] bE0 [[A=1D] Condition
Number
AL6b A
— max ” ” max ” .GL'” — ”A—l””A”

g0 [ob]] o |le]

m Condition number is crucial to the accuracy of fixed-precision direct solvers

B Moreover, it is critical for the convergence rate of iterative solvers

C.-S. Zhang, AMSS 21



Error Analysis of Direct Solvers NCMIS

® Fixed-precision computation results in inaccurate solutions = Pivoting is crucial!

® Machine epsilon: the smallest possible real number such that 1.0+ > 1.0
Edouble 1= 27°% &0 2.2204 X 107%  ggingle := 277 & 1.1921 x 1077
Question: How big is the unit round-off in these cases? (precisionu = £/2)

® Perturbation analysis (backward error) for the LU decomposition
nu

(A+6A)2 =b, |6A| < 3n|L||U| Yo 1= ~ne

11— nu

® Accuracy of direct solution methods (forward error) can be expected as, roughly speaking:
LT
Ao

S < Crhkoo(A)e < Y30 Koo (4)

Ref: N. J. Higham, “Accuracy and stability of numerical algorithms” (2"9 Edition), 2002

C.-S. Zhang, AMSS 22



Sparse Numerical Methods
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MUMPS

Sparse Days 2017 at CERFA %S, Toulouse.
Celebrating the 70th birthday of lain Duff.

1972%F, lain DuffSeak 7 B T1E X (Analysis of Sparse Systems) , MAEKFEE); 1986&3:@ZA
fEHarwell Laboratory3i&Harwell Subroutine Library (from 1963, now HSL)FF— 232 AT A,
NN ™ T e S I AN B WNE o A,
19904, lainfYZE— B T-4Patrick AmestoyiiﬂTMUMPSro ohk 1183 (Factorization of
Large Sparse Matrices Based on a Multifrontal Approach in a Multiprocessor Environment) , MEE

CERFACSEEN) }:I_ —E;IVIUMPSEM’—T—@,E’]FE

r e "
N

.. Zhang, AMISS Source: EPIE/EEﬁ—?— (At=R) 3<Uﬁ—3|11$202leSolverZHEtt




UMPFPACK/SuiteSparse

Sparse Days 2017 at CERFACS, Toulouse. |
Celebrating the 70th birthday of lain Duff. ;}
- ’ }/

19894, Timothy A. Daws;-cEJZTTﬁlilb-I (A Parallel Alg:)rlthm for Sparse vUnsymmetrlc LU
Factorization) , NFERIEFRARZEEFIESIREEN, EFKEICERFACSIRMELinfE /5, BlEHA

TUMFPACKEK#F@, [B=EEFFR 7 EiEKLUE Pf]E’JSunteS‘parsexz%ﬁU_EMﬁF@o

C.-S. Zhang, AMSS Source: FEAHAZE (t&=) XI{FHIE20215FSolver21izs




SuperlLU

Sparse Days 2017 at CERFACS, Toulouse. -

1996F, Sherry Xiaoye LiSThk 7 1B T163 (Sparse Gaussian Elimination on High Performance
Computers) , MIMMNKZHZAoREEN, FEHAFZCEERNEZRELIGZEF A 1 SuperlUE7|

e,

C.-S. Zhang, AMSS Source: FEAHAZE (t&=) XI{FHIE20215FSolver21izs

——
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PARDISO 5
qPARDIS()

PARDISO 7.2 Solver Project (January 2022)

The package PARDISO is a thread-safe, high-
performance, robust, memory efficient and easy to
use software for solving large sparse symmetric
and unsymmetric linear systems of equations on
shared-memory and distributed-memory
multiprocessors.

A

20005, Olaf Schenk3Tak S 1163 (Scalable Parallel Sparse LU Factorization Methods on Shared
Memory Multiprocessors) , MIAZRHELFSIE T F e, BEEZE/RAFFAANNE KFAETF
A T PARDISOZ S4B,

C.-S. Zhang, AMSS Source: FEAHAZE (t&=) XI{FHIE20215FSolver21izs
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AR R AT REEARES (DS
EERETE, SRS, KU,
HRUERE) |, RRERSRIGESHS, VP
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e e e e e
Function GETRF Functi GESSM
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Direct Solver Packages

MUMPS: http://mumps.enseeiht.fr/

SuiteSparse (CHOLMOD/UMFPACK/KLU): https://people.engr.tamu.edu/davis/suitesparse.html
SuperlLU: https://portal.nersc.gov/project/sparse/superlu/

PARDISO: https://www.pardiso-project.org/

SPOOLES: http://www.netlib.org/linalg/spooles/spooles.2.2.html

WSMP: https://researcher.watson.ibm.com/researcher/view_group.php?id=1426

H2Lib: https://github.com/H2Lib/H2Lib

PangulU: https://gitee.com/ssslab/pangulu

List of Software for Linear Algebra by J. Dongarra and D. Sukkari

http://www.netlib.org/utk/people/JackDongarra/la-sw.html =2 Redirected to Google Doc now

C.-S. Zhang, AMSS 29
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Direct Solver Papers

Amestoy, 2003

Amestoy, 2001
-
T~ Amestoy,; 2000

I
Li; 1998 - Amestoy,

Gueri’nouche, 2003 — i

Vomel, 20037

| ARG RN Cheshmi, 2017
Guermouche,2003 I\ . 7 ‘ Z / -

Ame“amco}mer’sp
Kim, 2012
Héno\n, 2002 /
Amestoy, 20
/2 Suzuki, 2014

T ULi1999

||/ gaad, 200
Davis, 2004 /

ChenIZOH

| =
Schenklg 2000~

Li 6
Li, 1996

Solving unsymmetric sparse systems of linear
equations with PARDISO
0. Schenk, K. Gartner

2004, Future Gener. Comput. Syst. ves

1044 Citations [ save

Open in: ..' ‘\i? @ g"

Supernode partitioning for unsymmetric matrices together
with complete block diagonal supernode pivoting and
asynchronous computation can achieve high gigaflop rates
for parallel sparse LU factorization on shared memory parallel
computers. The progress in weighted graph matching
algorithms helps to extend these concepts further and
unsymmetric prepermutation of rows is used to place large
matrix entries on the diagonal. Complete block diagonal
supernode pivoting allows dynamical interchanges of
columns and rows during the factorization process. The level-
3 BLAS efficiency is retained and an advanced two-level left-
right looking scheduling scheme results in good speedup on
SMP machines. These algorithms have been integrated into
the recent unsymmetric version of the PARDISO solver.
Experiments demonstrate that a wide set of unsymmetric
linear systems can be solved and high performance is
consistently achieved for large sparse unsymmetric matrices
from real world applications.

Source: https://www.connectedpapers.com/

C.-S. Zhang, AMSS
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Iterative Solvers and Preconditioners

Iterative and preconditioning methods for linear systems



Classical Iterative Methods

® A very long history: Newton, Euler, Guass, ...
® Gauss-Seidel, SOR, Krylov subspace methods, domain decomposition, multigrid, ...
® Steepest descent method, Newton’s method, power method, ...

® Available for a large class of problems, cheap ( in terms of computation and memory) to apply

. 1
min f(x) := i(Azr:,a:) — (b, x) # "V = z° 1 ad Steepest
Descent
SPD Method

_ Optimal stepsize
Richardson

method

. (b— Amdd:d) . (TOldad) . old . old L oldy __ _old
Qtopt = (Ad. d) = (Ad.d)’ with r”¢ :=b — Ax dsteep := —V (%) =7

C.-S. Zhang, AMSS 32




General Iterative Linear Solvers

Algorithm 1: Iterative solver

1 |%$% Given a nonsingular matrix AeR™ ™, beR", and an initial guess zp € R";
2 |for ¢ = 0 : MaxIter or converged

3 Compute 7; «— b — Ax;;

4 Solve the error equation Ae; =r; approximately;

5 Update x;4+1 «— x; +€;;

6 | end

® How to perform Line 47 Still the same problem!

® Simple approximations: Jacobi iteration, Gauss-Seidel, SOR, ...
® Linear stationary methods

® |[terative refinement (IR) methods (Lecture 5)

® Line 4 alone = Preconditioner

C.-S. Zhang, AMSS 33



Conjugate Gradient Method

5

NCMIS

Algorithm 2: Conjugate gradient method

1 |%% Given an initial guess u and a tolerance ¢;
2 |r—f—Au, p—r;
3 |while |r|>e€
4 o« (r,r)/(Ap,p);
5 U <—u-+ ap; \
6 A — i / Lucky breakdown
7 B — (7,7)/(r,r);
8 p<« T+ [Bp;
9 Update: u <« U, r <« T, p <« p;
10 | end

Applicable to sparse
systems that are too
large for direct
methods

The Krylov subspace

methods: “Top Ten
Algorithms of the
Century”, Dongarra
and Sullivan,
Computing in
Science and
Engineering, 2000

Ref: Hestenes and Stiefel. "Methods of Conjugate Gradients for Solving Linear Systems". Journal of Research of the

National Bureau of Standards 49, 1952

C.-S. Zhang, AMSS
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Preconditioning NCMIS
® Convergence of the Richardson method e dbediesl] Esulhe

K(A) — 1 " 0 are only upper bounds.

fu-u™< (Sa) Tu-vOle
And they are usually
® Convergence of the conjugate gradient method pessimistic!
m
vE(A) —1
||u — u(m)”A <2 (A ||u - u(O)HA.
k(A) +1

® (Q: How accurate are these estimates (upper bounds)? Distribution of eigenvalues!
® Reduce condition number: Meijerink, van der Vorst 1977 (IC preconditioner) ...

® How to precondition? Diagonal, SGS, SSOR, ILU, Sparse Approximate Inverse, ...

® Domain decomposition, multigrid, nonlinear preconditioning, ...

® Problem dependent, usually requires at least the coefficient matrix

C.-S. Zhang, AMSS 35



Popular Preconditioning Techniques

NCMIS

Eﬂzﬁﬁﬁlﬁﬁfi /£

0
100 L =7y - 5 100 p _"‘. ~
=N, g EN g SN q
oo i ,‘.-‘ \ 560 Lf P - - itds
..{'A.v ~ el z Bkl
= e : E i
300 = - B 300 i = H
= Ty ! SR ]
— - S
e -z 1w
ool FN aoo | < 3w —
3 D Sy =
101 200 30 0 10 300
=18 n 918
i

nz = 12216

01.

LU, ILU, SA|, ...
fHa, BREE, iR
=, BPRIF, E—BT
B, T RIEE,

=T XD ERTDIE

02.

DDM, RAS, FETI-DP, ...

A LA T MIZRTT, MES,
ERMERE, A RIERE,
YELIGRPUE Bt SEIU1E,

= TERNGE

03.

Block Preconditioners

BERE, ETHAE X
R, MES, o EIEE,
BHMSS, ARRTFEZE,

Chensong Zhang, AMSS

36






Domain Decomposition Methods

25,

NCMIS

TS lba)
FIED &
HiE2
GhOSt'X 5 7 N
EEHT ISE =]
KRG &
Skl
B RS
IIAMIIE LT — 2SS I—p &

A=A
DT
SHBHIRN,

FREEFAN,
RIEFIFUEATE

Divide-and-Conquer

F ISR

C.-S. Zhang, AMSS
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Geometric Multigrid Methods NECMI; |

Q: How to handle global low-frequency error components (small eigen components)?

“ WERT

121
2 4 2
12 1|,

Finest . . Relaxation
Source: Zifl4L, SKi=AN, EELE, 1IBFE, 1HiihE J \ N \ Reitn
T EUEIEIL PRV ECETEKAR %, 2020 Conrs A —
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Multigrid V-Cycle Method

NCMIS
Algorithm 3: V (multigrid V-cycle) /ﬁ\
1 |%% For any level £, give a nonsingular matrix Ay and prolongation FPy;
2 | %% Compute the residual r, of the current iteration;
3 |xg— Mry; %% pre—-smoothing ’/7
4 |if £>0 %% not the coarsest level yet
5 re «— 7Ty — Axp; %% form residual
6 To_1 (—Pgrg; %% restriction
7 er—1 «— V(Ae—1,70-1,Pi—1,£—1); %% recursive call
8 e¢ — Pey_1; %% prolongation
9 Ty — Ty +ey; %% correction
10 reg «— 1y + Aeg; %% update residual (optional)
11 Ty < Xy +MTfrg; %% post—-smoothing (optional)
12 |end
13 | return xy

C.-S. Zhang, AMSS

40



Efficiency vs User-Friendliness

. NCMIS

IR E 64x64x64 128x128x128 | 256x256x256 | 512x512x512
O AR
N 274,625 2,146,689 16,974,593 135,005,697
el = e Y [ TTEZEL 8x1 16x1 32x1 16x8 16x64 16x512
Intel MKL Pardiso
=IBN IS < .
ATERZES | sppznadig 5.38s | 3.86s | 3.26s 59.78s 999.465s RERE
JUAIZEMNESE | 1TEZE 1x1 1x1 1x1 1x1
FASPSKRAZSSER (4
N\ & . .
PABICARRER | skezadig 0.030s 0.303s 2.815s 23.54s

=#EPoisson 5 TE (i’]’UITFQ‘l:ﬁ% DIET) BOKMHRELESXILL, MBI APardiso (ItRBR=HEE) F1JUAIZE M

7FASP (%5

E1CZANEEAN)

57

L, 20208, dtmEBKkAITE

IHAZD X UALinpackilliz[48E3.74PFlops,

TOP100FEEBEEE =L N i@ ﬁﬁcpu%“jj —2. BTISACAIERAMD EPYC74521t644Z)256GBN1E,

SRAEHPC
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Importance of Preconditioning

hE A HENRTF AT MECHRIS TSR RIS S N anford

® &EJHTIEE K= MIndustrial Consortium3k S AR S EEMR D E A RT H
® 18/517{TAE, B CABLL A RINE “ -
N L it — Ve A=PA=F = 2 '
o —LUES(TAEE — L E AL T RIS ﬁg"‘“ & ENVIRONNENERL 2 -
AMGKfERTE] \ v \ \ " \
AT () ERIRE JIIESnd AT () A FIREL NIES ¢

1705.188 192 o 2034.765 107

TR AR 2 (HFR—17) Bt EEEXLL

42

Chensong Zhang, AMSS



Preconditioning Papers

NCMIS

Gatsis, 2005 Chen, 2001

‘ Vorst;, 1995

7
i

Vorst, 1994
|

Gatsis, 2013

Bu, 2018

Wildeman, 2009 . ~ Wang, 2003
Carpentlen 2002 ‘ \

\ Ferronato, 20124 ¢

Jia, 2009

»
/.\

Scot"201 4

Benzii, 2003

/// Benzi1096 |
998 >\/ ~

_—— Benzi;1998

Freund, 1991

Preconditioning techniques for large linear systems: a

survey

M. Benzi

2002
1155 Citations [q save

Open in: ..° \\V @ fF

This article surveys preconditioning techniques for the
iterative solution of large linear systems, with a focus on
algebraic methods suitable for general sparse matrices.
Covered topics include progress in incomplete factorization
methods, sparse approximate inverses, reorderings,
parallelization issues, and block and multilevel extensions.
Some of the challenges ahead are also discussed. An
extensive bibliography completes the paper.

Source: https://www.connectedpapers.com/
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Solver is Crucial to Scalability

¢ R, SHRENRNFELRIENEEIE

® MRS FHTERF BB E IR
e @ SRS IE B R A B S L AR RS RAR

® ISR T RASHEIEFT ZFME. LB
, EOR R EYELTIN

4. &£ o HPCIE(FEETE

® PLRZLMEKMEFERNMNELT
ZEF'E’JEKJ{‘EZ R B3
BRA. I BRIZGMEKESS
R = — X
RIREZE KR es B R NIRE
ERUNEZAHE, T
N R E) Y BB R I &5 A
7 80% LA _EAYATE]
XS B E AR s THER
BRALMEKRBEFFEITE
Bzt (2OHPL, HPCGEE)
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Combining Direct and lterative Methods oM

® Multigrid methods: Using direct method as coarse grid solver

® Domain decomposition methods: Using direct method on local subdomains and “direct”
preconditioner on interfaces

® Partial factorization: Incomplete factorizations as preconditioners (like ILU methods)

® Direct method used in part of a preconditioner (like MSP for the well part)

® Block iterative methods: Using direct method on sub-blocks (like Schwarz preconditioners)

® Low-precision direct method as a preconditioner (like GMRES-IR)

® |terative refinement: improve precision of direct solvers (like LU-IR)

® Factorization of nearby problem as a preconditioner

lain Duff. The SIAM Conference on Applied Linear Algebra. October 26-29, 2009. Monterey, California.
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Reading and Thinking

Acta Numerica (2016), pp. 383-566 (€©) Cambridge University Press, 2016
doi:10.1017/S0962492916000076 Printed in the United Kingdom

® \What's your most-used solver?

A survey of direct methods for ® What algorithm(s) does it use?

sparse linear systems

Timothy A. Davis
Department of Computer Science & Engineering,
Texas AEM University,
College Station, TX 77843-3112, USA
E-mail: davis@tamu.edu

Sivasankaran Rajamanickam
Center for Computing Research,
Sandia National Laboratories,
Albuquerque, NM 87185-1320, USA
E-mail: srajama@sandia.gov

Wissam M. Sid-Lakhdar
Department of Computer Science & Engineering,
Texas AEM University,

College Station, TX 77843-3112, USA
FE-mail: wissam®@tamu.edu

Do you like direct solvers or iterative
solvers better? Why?

Have you used some of the sparse
direct solvers in your application?

If yes, what’s your experience with

them?

If not, try one of them for your

application.

C.-S. Zhang, AMSS

46



Contact Me

® Office hours: Mon 14:00—15:00
® Walk-in or online with appointment

® zhangcs@Isec.cc.ac.cn

® http://Isec.cc.ac.cn/~zhangcs

My sincere gratitude to:

Weifeng Liu, Shihua Gong, Bin Dai, Shizhe Li, Jindong Wang

C.-S. Zhang, AMSS
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Numerical Linear Algebraic

Ordering
Moderate Direct

Size methods

SpBLAS3

C.-S. Zhang, AMSS

\Y[€

Precond
LU methods

Special
methods

Performance

Ilterative
methods

SPBLAS2

Problem-oriented




Various Reordering Schemes

NCMIS

Sparsity structure of B
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Various Reordering Schemes

Sé)arsity structure of SYMRCM ordered B
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Sparsity structure of
gholesky factor of DISSECT ordered B
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Source: Tested by Bin Dai
using Matlab with gallery test
problems (poisson and

neumann on 32 X 32 grid)
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IC Preconditioning with Reordering

% 5: mesh size = 32x32; preconditioner: IC with droptol = 0.1

method Order size | Iteration | relative residual | number: Fill-ins
cg original 1024 84 8.2e-07 \
pcg original 1024 27 7.6e-07 4096
pcg amd-ordered 1024 34 7.1e-06 0692
pcg symamd-ordered | 1024 34 7.3e-07 o676
pcg colamd-ordered | 1024 34 5.2e-07 4320
pcg symrcm-ordered | 1024 27 9.3e-07 4096
pcg dissect-ordered | 1024 37 8.1e-07 0434
pcg colperm-ordered | 1024 26 9.5e-07 4096

® Reordering might (or not) reduce number of fill-ins, but sometimes results in more iterations

® Q: Can reordering improve overall performance? It is not clear at all ...

C.-S. Zhang, AMSS
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