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Abstract

Over the last few decades, significant progress has been made in developing efficient
iterative solvers for large-scale linear systems generated from partial differential equations
(PDEs). Of particular interest is the class of multilevel iterative solvers/preconditioners,
which has gained widespread attention for its practical and theoretical effectiveness. In this
lecture note, we focus on the analysis and algorithms of multilevel iterative methods, in-
cluding geometric and algebraic multigrid methods for discrete problems arising from PDEs.
While the primary focus is on the simple Poisson’s equation, we also discuss a few more
complicated applications of multilevel iterative methods.

This lecture note was originally developed for one semester-long course at the Academy
of Mathematics and Systems Science, Beijing. It draws on Prof. Jinchao Xu’s short courses at
Peking University in 2013 and at the Academy of Mathematics and Systems Science (AMSS)
in 2016, as well as Prof. Ludmil Zikatanov’s summer school lectures at AMSS in 2015. The
discussion on solving singular and nearly-singular problems are based on Prof. Youngju
Lee’s lectures at AMSS in 2023. Special thanks go to Dr. Xuefeng Xu, Dr. Huilan Zeng,
Dr. Wenjuan Liu, Mr. Bin Dai, ChatGPT, and Claude for proofreading this note.
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General Theory of Multilevel
Iterative Methods



Chapter 1

Introduction

Computer simulations have become an indispensable tool in modern engineering and sci-

ence. Many complex problems in these fields can be formulated as partial differential equa-

tions (PDEs), which require extensive numerical simulations. Solving the discretized systems

underlying these equations can be quite costly, occupying a significant portion of the overall

computational time. Several fast-solution techniques have been developed to address this issue,

such as adaptive mesh refinement (AMR), domain decomposition (DD) methods, and multigrid

(MG) methods — all of which involve multilevel ideas.

A Physical Problem

Mathematical Model

/

Analysis

-~

(&

Existence,
uniqueness,
stability,
regularity,
conservation,

~

)

J

—

\/’

Computation

/ Linearization, \

mesh generation,
discretization,
solution,
parallelization,

t

—

Computer System

Computer Program

™~

Software

-~

(&

User interface,

code optimization,

input/output,

customer service,

~

)

Figure 1.1: Numerical simulation of a physical problem.

The above diagram provides a straightforward representation of how physical problems are

resolved through numerical simulation, necessitating a comprehensive model, mathematical and
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numerical analyses, scientific computing, and software engineering. Successfully simulating com-
plex physical phenomena requires expertise in numerous scientific areas, making it difficult for a
single individual to manage all aspects effectively. Therefore, close collaborations among various
experts from different areas are crucial in today’s era.

Effective linear solvers play a key role in many application areas in scientific computing. Var-
ious algorithms for solving linear systems exist, but this lecture concentrates on understanding
the algorithmic and theoretical aspects of multilevel iterative techniques - specifically, the geo-
metric multigrid (GMG) and algebraic multigrid (AMG) methods. The basic problem setting
for our discussion is: Given an invertible matrix A : RV*Y and a vector f e RV, find @ e RN
such that Ad = f There are many design goals of linear solver that we desire in practice,

including:

e Applicability — The method can be applied to the problem of interest.

e Convergence — The method should converge to the solution for any initial guess.

e Robustness — The method should behave similarly in different scenarios.

e Optimality — The method can give a solution with O(N) computational cost.

e Efficiency — The method can give a solution in “reasonably short” wall time.

e Scalability — The method can scale well on modern parallel architectures.

e Reliability — The method should converge to a solution with limited amount of time.

e User-friendliness — The method can be implemented or used easily.

Here, our intention is not to provide rigorous definitions of these characteristics as they will
be discussed in further detail later on. Sometimes, these features can be conflicting, necessitating
a careful balance in practice. Various solution methods are available, ranging from direct solvers
to iterative solvers. Throughout this lecture, we will examine several popular multilevel iterative
techniques, including overlapping domain decomposition methods with coarse space corrections,
two-grid methods, geometric multigrid methods, and algebraic multigrid methods. Our primary
focus will be on studying the convergence theories of these methods utilizing the subspace

correction framework.
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1.1 The model equation

Let Q = R? be an open and bounded domain with Lipschitz boundary and f € L?(Q). We
consider solving the Poisson’s equation with the Dirichlet boundary condition
—Au=f in Q,
u=20 on 0€).

(1.1)

You will see this equation repeatedly throughout this lecture, as it is the first in a series of model

equations. It will serve as the basis for many of the subsequent model equations in this lecture.

Remark 1.1 (Diffusion equation in various applications). Due to their universal applicabil-
ity, the Poisson’s equation, and its extension the diffusion equation, play a fundamental role
in physics, chemistry, and engineering, governing phenomena such as Fick’s law for chemical
concentration, Fourier’s law for temperature, Ohm’s law for electrostatic potential, and Darcy’s

law for porous media flow. O

1.1.1 Derivation and classical solution x

The concept of diffusion, a fundamental process underlying the movement of particles, is key
to understanding a wide range of phenomena in physics, chemistry, biology, sociology, economics,
and finance. Diffusion occurs as a result of the random movement of particles, which leads to the
net flow of particles from regions of high concentration (or high chemical potential) to regions
of low concentration (or low chemical potential). This is also referred to as the movement of a
substance down a concentration gradient. By understanding diffusion, we can better understand
how particles move and interact with one another, enabling us to predict and control a broad
range of phenomena in numerous fields of study.

Let u(z) be some diffusive quantity, like pressure, temperature, or concentration of a bio-
logical species. We define the operator V := (01,...,04)". So the gradient of a scalar function
u : € — R can be denoted by Vu. The Laplace operator can be written as Au = V- Vu. A

diffusive flux F is usually proportional to the gradient of u, i.e.,
F = —u(z)Vu. (1.2)

where u(z) is referred to as the diffusivity coefficient (e.g., heat conductivity or permeability).
Note that —Vu is the so-called steepest descent direction. If a flow is controlled solely by
diffusion, then the mass conservation in any volume w with unit outer normal vectors 7 can be

written, in the integral form, as

afudxz—f F.i7dS
ot w ow
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or, in the strong form, as

P .
Cw=-v.F 1.
Pl \Y (1.3)

This can be easily seen by applying the Divergence Theorem, i.e.
fvﬁmzfj?ws (1.4)
w ow
Now, by plugging (1.2) into (1.3), we obtain an equation

0
U= V- (uVu). (1.5)

If we assume p = 1 or just a constant and there is a source/sink term f on €2, then we arrive at
the heat equation

%U—Au = f. (1.6)

The steady-state solution of equation (1.6) satisfies the well-known Poisson’s equation
—Au = f. (1.7)

Remark 1.2 (Laplace equation). In case of the body force or source/sink term is zero, the

equation is usually referred to as the Laplace equation
—Au=0. (1.8)
If ue C%(Q) and —Au = 0, u is called a harmonic function. O

We have the fundamental solution of the Laplace equation

— 5= log |, d=2
d(x) = (1.9)
1 —d
q@omle T d=3

where v, is the volume of the unit ball in R?. Tt is well-known that

u(w) = B f = j B — ) f () dy

Rd

satisfies —Au = f in R? and u € C?(R?); see the classical textbook by Evans [88].

Theorem 1.3 (Strong Maximum Principle). If u e C?(Q) () C(Q) is harmonic in (2, then

max u(z) = max u(z).
zeQ el

If the domain 2 is connected, then u = C if there exists g € {2 such that

u(zg) = maxu(z).
e
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The first identity is usually referred to as the maximum principle and, on the other hand,
the second is the so-called strong maximum principle.
Using the maximum principle, we can immediately obtain uniqueness of the solution to the

Poisson’s equation:

Theorem 1.4 (Uniqueness of solution). If f € C(2), then there exists at most one solution

ue C2(Q)NCQ)

1.1.2 Sobolev spaces

The standard L®-norm and L2-norm will be denoted by || - ||, and | - |o, respectively. The
symbol L3(Q) denotes a subspace of L?(f2) consisting of functions that have a zero average.
The bilinear forms (-,-) and {-,-) denote the classical L?-inner product and the duality pair,
respectively.

Given a natural number k € N and 1 < p < o0, we define the Sobolev spaces
W;f(Q) ={v:Q—R: Ve LP(Q), for all |a| <k}, (1.10)

where o = [, ..., aq4] is a multi-index, aq,...,aq € Ny and |of := a1 + -+ + ag.
The notation V@v := 0z} - - - 03w is the weak derivative of order a. The corresponding norm

and semi-norm are then defined as follows: for 1 < p < oo,

1 1
ol = (3 19°0e) " ohwgar o= (3 19°000gy) " (111)

la|<k la|=k

and, for p = oo,

vllws ) = sup [V*llze@)  [vlwg @) == sup [V*|r=q (1.12)
lal<k |a|=k
Definition 1.5 (Sobolev number). Let Q  R? be Lipschitz and bounded, k € N, and 1 < p < co.
The Sobolev number is defined by

sob(WE(Q)) = & - Z. (1.13)

Remark 1.6 (Natural scaling). There is a natural scaling for the semi-norm | - \sz(Q). For

h > 0, we apply the change of variable & = x/h : Q — Q). Then the following scaling result holds

= WP oy ) = B8 ol
p

»(Q) W5 ()

This property is particularly useful in the scaling argument (or sometimes referred to as the

homogeneity argument) for finite element error estimates. O
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If p = 2, the spaces WJ () are Hilbert spaces and we denote them as H*(Q) for convenience.

The inner product is given by

(u, V)0 = (U, V) gr) Z f Ve Ve dx.

la|<k

The induced norm of this scalar product is the WJ(Q)-norm. We denote the completion of
CE(Q) in H*(Q) by HE(Q).
In some occasions, we will also use the fractional Sobolev space H§+"(Q) where 0 < 0 < 1.

It is defined as the completion of C°(£2) in the fraction norm:

(I

Jolreseay = (o3 + 10lnro))

e (5] [ P )

|lal=F

where

(NI

Before we discuss the Poisson’s equation in weak formulation, we introduce a few important
properties of the Sobolev spaces, which will become important in our later analysis for multigrid

methods.

Proposition 1.7 (Sobolev embedding). Let 0 < k < m. If sob(W;"(2)) > sob(Wf(Q)), then
the embedding W,*(€2) — W} (Q) is compact.

Proposition 1.8 (Sobolev embedding to Hoélder continuous spaces). Let 0 < m and 2 is
Lipschitz. If 0 < o < sob(W)™(R)), then W(Q) < C%*(2) < C°(Q).

A function f is in C%#(Q) if and only if there exists a nonnegative constants C, such that
[f(@) = f()| < Cllz —y|*
for all z and y in Q.

Example 1.9 (Embedding to C°(Q2)). An example of particular interests is the relation between
H'(Q) and continuous functions C°(Q) for @ = R From Proposition 1.8, we find that

HY(Q) < C%(Q), ifd = 1; and H(Q) ¢ C°(Q), if d > 1.

For example, if Q is the unit disk on R?, then u(z,y) = (—log(z2 + y?))¥/3 is not continuous but
in H'(Q).

Proposition 1.10 (Poincaré-Wirtinger inequality). For any v € H'(£2), we have

1O

Hv — Q! fﬂvdm”oﬂ < C()|v
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Proposition 1.11 (Poincaré inequality). For any v € HZ(Q), we have
d
”UHO,Q < CalY |v|1,ﬂ'

The above inequality is a special case of the more general Friedrichs’ inequality on Wf(Q) with

zero trace and it is sometimes referred to as the Friedrichs—Poincaré inequality.
Proposition 1.12 (Trace theorem). There exists a unique linear operator
trace : H'(Q) — L?(09),
such that trace(v) = v on 0, if v € C°(Q) (N H'(2), and
| trace(v)“mm <O, Yve HY(Q).
Moreover, if g € H%(éﬁ), there exists ¢ € H'(Q2) such that ¢|sq = g and
[6l1.0 < Clgls s0-

1.1.3 Weak formulation

Now we consider the Poisson’s equation in a weaker sense. A simple motivation is to convert

from a point-wise view to an average view:
u(z) =0, ae < J wdzr =0, YveCy(Q).
Q

Similarly, we can write the Poisson’s equation in the integral form. In the one-dimensional case,

it is easy to see that
—u" = f, ae <= —f (W' + flvdz =0, Yove CP(Q).
Q

Now the question is how we can formulate the integral formulation in a “weaker” sense, namely

the weak form—We apply integration by parts.

Let % be a Hilbert space with an inner product (-,-)4 and its induced norm | - || . Let ¥
y. Denote by ¥’

be a Hilbert space with another inner product (-,-)y and its induced norm | -

the dual space of ¥ equipped with the norm

Viev .

£y = sup {22

ver [vlly’

Definition 1.13 (Continuity). A bilinear form a[-, ] : Z x ¥ — R is called continuous if and

only if there exists a constant C, such that

alu,v] < Cylu

wlvlly, YueX,veV. (1.14)
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Consider a continuous bilinear form a[-, ] : Z x ¥ — R and f € ¥’. We formulate a model

problem: Find u € % such that Au = f in #’. Or in the weak form, find u € % such that
alu,v] = (f,v), Yve¥. (1.15)

Example 1.14 (The Poisson equation). The Poisson problem with homogenous Dirichlet bound-
ary was given in (1.1). In this case, we have Au := —Au and afu,v] := (Vu,Vv). Ap-
parently, the bilinear form a[-,-] is continuous due to the Cauchy-Schwarz inequality and
U =YV = H} Q). O

1.1.4 Well-posedness of the weak problem x

We denote the space of all linear and continuous operators from % to ¥ as £ (%; V). Here

we review a few results on the inf-sup condition due to Necas [148].

Theorem 1.15 (Banach-Necas Theorem). Let a[-,-] : % x ¥ — R be a continuous bilinear
form with a norm defined as
alu, v]

Jal» ][} := sup sup

w|vly

(i) Then there exists a unique linear operator A € £ (% ;¥) such that
(Au,v)y = alu,v], Yue %,veV,

with the operator norm

A Lwr) lal-1]-
(ii) Moreover, the bilinear form al-, -] satisfies the inf-sup condition:
Ja >0, such that afuly < sup alu, U], Vue#, (1.16)
ver o]y
for any 0 # v e ¥, there exists u € %, such that afu,v] # 0, (1.17)
if and only if A: % ~— ¥ is an isomorphism and
A iy < @ (1.18)

Proof. (i) For any fixed u € %, the mapping afu, -] belongs to the dual space ¥’. By the Riesz

representation theorem, there exists Au € ¥ such that
(Au,v)y = alu,v], Yve¥.

Since al-, -] is continuous, we obtain a bounded operator A € £ (% ;¥’). Furthermore,

_ lAuly (Au,v)y alu,v]
IA[ 2@ vy = sup = sup sup ———— = supsup ———— = | a[-,"]|.
UEW Hu 4 uEU vey Hu U UH'V uEU vey ”u“% ”vH”I/
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(ii) = The inf-sup condition (1.16) guarantees that there exists av > 0 such that

aluly < sup LY gy ALY e w (1.19)
vey HUHV vEY HUHV

This implies that A is injective. Let {uk}zozo c % and v := Auy be a sequence such that
vy — v € Y. In order to show the range of A is closed, we need to show v € A(%). From the

inequality (1.19), we have
afur —ujlz < |Alue —uj)ly = Joe —vjll» —0.
Hence, {uy};._, is a Cauchy sequence and uj, — u € % . Moreover,
v = lim vy = lim Auy = Aue A(%).
k—00 k—00
Now we assume that A(%) # ¥. Since A(%) is closed, we can decompose ¥ as

V=AU Aw)*t

and A(% )t is non-trivial. That is to say, there exists 0 # v, € A(%)*, which contradicts the
condition (1.17). Hence the assumption A(%) # ¥ cannot hold, i.e., A is surjective. This, in

turn, shows that A is an isomorphism from % onto ¥". Moreover, (1.19) shows
a|A |y < vy, Yve.

This proves the inequality (1.18).
(ii) <= We have

| dfue] (Auv) . Ay

inf sup————— = inf sup——F-7F7 =

ue? vey ula vl we? vey ||ullz |v]» ue? ||ull%
: |v]l» ( A~ o]l \ 2 —1y-1
inf ———— = supi) = A > a.
ve? A v ver vl Lo =

This is exactly (1.16). Since A is an isomorphism, for any 0 # v € ¥, there exists 0 # u € %,
such that Au = v and
alu,v] = (Au,v) = [v]} # 0,

which is (1.17). O

Theorem 1.16 (Necas Theorem). Let a[-, -] :  x ¥ — R be a continuous bilinear form. Then
the equation (1.15) admits a unique solution u € % for all f € ¥’ if and only if the bilinear

form af-, -] satisfies one of the equivalent inf-sup conditions:
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(1) There exists o« > 0 such that

alw,v]

> o|w|y, Ywe U,
veY HUH7

and for every 0 # v € ¥, there exists w € % such that a[w,v] # 0.

(2) There holds

inf sup M >0 and inf sup M > 0.
we vey W] 0]y ve? we |l |v]ly
(3) There exists a positive constant o > 0 such that
inf supM = inf sup M =«

wet ey |wla vy ver wew wlalvly

Furthermore, the solution u satisfies the stability condition

1
v < —||fly-
(0]

Ju

18

(1.20)

(1.21)

(1.22)

Proof. Let J : ¥ — ¥ be the isometric Reisz isomorphism. According to Theorem 1.15, we

have A€ Z(%;¥), which is the linear operator corresponding to a[-,-]. In this sense, (1.15) is

equivalent to

uEU: Auzjflf in 7.

Assume the condition (1) holds. Then, A is invertible by Theorem 1.15. The other direction is

also easy to see.

Now the interesting part is to show the equivalence of the three conditions, (1), (2), and (3).

From the proof of Theorem 1.15, we have seen that

. alw, v] T
inf sup = |lA4 o
2238 Tl oty ~ M 20
Similarly,
inf sup _alw,v] = inf sup (Aw,v)y = inf sup M
A AT P T P s A P P i A e P T
= HA_TH'—XI(%;?/) _ ”A_lHn_gl(ﬂ//;%)a

where AT denotes the adjoint operator. Furthermore, if the condition

inf sup M >0
ve? we |wla o]y
holds, then for any v € ¥, we have
sup aw, v] > 0.

wew |wlz|lv]y

Hence there exists w € %, such that a[w,v] # 0. This completes the equivalence proof.
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From the proof of the last two theorems, we have the following observations:

Remark 1.17 (Existence and uniqueness). Suppose that a[-,-] : Z x ¥ — R is a continuous

bilinear form. Solution of the equation (1.15) exists (i.e., A is surjective or onto) if and only if

inf sup aw, v]

> 0. existence or surjective
ve? wew |wllalv

v

Solution of (1.15) is unique (i.e., A is injective or one-to-one) if and only if
alw, v]

inf sup —————
we? vey |wla|v]y

> 0. uniqueness or injective
That is to say, A is bijective if and only if the inf-sup conditions (1.21) or any of the above
equivalent conditions hold. In finite dimensional spaces, any linear surjective or injective map is

also bijective. So we only need one of the above inf-sup conditions to show well-posedness. [

Remark 1.18 (Optimal constant). The constant « in (1.22) is the largest possible constant
in (1.20). In general, the first condition in Theorem 1.16 is easier to verify than the third

condition. ]

Corollary 1.19 (Well-posedness and inf-sup condition). If the weak formulation (1.15) has a

unique solution u € % for any f € ¥’ so that
lulz < Clf],
then the bilinear form a[-, -] satisfies the inf-sup condition (1.22) with a > C~1L.

Proof. Since (1.15) has a unique solution for all f € ¥’ the operator A : Z(%; V) is invertible
and A™' . Z(V;%) is bounded. Due to the fact |ully < C|f|yr, we have |A™Y| »(y,2) < C.
From the proof of the Necas theorem, we can immediately see the optimal inf-sup constant

a =AY Gy, = O O

1.1.5 A simple model problem
Now we consider the simplest case where %7 = ¥ and A is coercive.

Definition 1.20 (Coercivity). A bilinear form a[-,-] : ¥ x ¥ +— R is called coercive if there
exists o > 0 such that
afv,v] = alv|?, VYve¥. (1.23)

The coercivity implies that sup, .y % > ‘ﬁg'}';]

in Theorem 1.16. Hence, for any f € ¥”, the coercive variational problem (1.15) has a unique

> vy, which is the first inf-sup condition

solution and the solution w is continuously depends on f, i.e., [u|y < a™!|f|y/. In this case,

Theorem 1.16 is reduced to the well-known Laz—Milgram theorem.
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Corollary 1.21 (Lax—Milgram theorem). Let a[-,-] : ¥ x ¥ +— R be a continuous bilinear form
which satisfies the coercivity condition (1.23). Then (1.15) has a unique solution u € ¥ for any
fe"and July < a7l f]y

Remark 1.22 (Energy norm). If the bilinear form a[-,-] : ¥ x ¥ — R is symmetric, then,

apparently, it defines an inner product on #". Its induced norm is also called the energy norm
1/2
ol := afv, v]">.

Coercivity and continuity of the bilinear form al-, -] imply that

2
2

2 2
aloly, < ol < flal Al ol = [A] opy I

namely, the energy norm ||-|| is equivalent to the || - [y-norm. We will denote the dual energy

norm by |||l -

Remark 1.23 (Condition of Poisson’s equation). We notice that the Poisson’s equation is well-
posed in the sense that —A : ¥ — ¥ is an isomorphism with ¥ = H}(Q) and ¥’ = H~}(Q).

There exist constants « (coercivity constant) and C, (continuity constant), such that

aHvH,ZV < afv,v] = (—Av,v) < CQHUH,QV, Yoe V.
We define the “condition number” of the Laplace operator
. Cq
K(=A) = - AH.,%’(’V;“//’) [[(=4) Hz('y//;“//) S5
which is bounded. O

Despite the observation (Remark 1.23) that —A is “well-conditioned”, our experience in
numerical solution of the Poisson’s equation may result in ill-conditioned problems, contradicting
it. In practice, numerous challenges can arise while utilizing numerical methods to solve the
equation, including the selection of appropriate numerical algorithms. The problem arises due
to the fact that we are working with the mapping from ¥ to #’. In numerical methods, we

usually consider
—A: LX(Q) — L*(Q)

instead, then we lost boundedness and the condition number will blow up. More general theory

has been developed in the seminar work by Babuska [9].
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1.2 Discretization methods

The process of discretization involves transforming continuous functions, models or equations
into their discrete equivalents. Such a conversion is typically carried out as a preliminary step
towards achieving computational efficiency, allowing for numerical assessment, and enabling
implementation on modern computer systems.

Let Q = R? be an open domain and f € L%(Q). We consider the following model problem
—Au=f in €,
u=20 on 0.
Many discretization methods have been developed, such as finite difference (FD) and the finite

element (FE) methods, each with specific approaches to discretization. After discretization, we

usually end up with a linear algebraic system of equations

—

At = . (1.24)

1.2.1 Finite difference method

In one-dimensional case, without loss of generality, we can assume 2 = (0, 1) and the domain
is sub-divided into NV +1 equally spaced pieces. So we get a uniform mesh with meshsize h = 7 5;
see the following figure for illustration.

To T1 X2 Ty Lyt

0 h 1

Figure 1.2: Uniform mesh in 1D.

Using the Taylor’s expansion, we can easily obtain that

u’(z;) = %[u’(aﬁH%) - u’(wz_%)] +O(h?)
1
n2

[u(xi_l) — 2u(m;) + U(xi+1):| + O(h?).

Let u; ~ u(x;) be an approximate solution. Then the FD discretization of the Poisson’s equation

is

2 -1 uy f(x1)
-1 2 -1 U2 f(-%'2>
1 . . . . .
ﬁ . ‘. . : = : . (125)
-1 UN—1 flxn—-1)

1 2 un flzn)
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That is to say,
I > N N
A= ﬁtrldlag(—l,Q,—l) and f= (fi)i:1 = (f(xi)>i=1.

—

We need to solve the linear system Au# = f in order to obtain an approximate solution to the
Poisson’s equation. It is worth noticing that the coefficient matrix A is symmetric positive

definite (SPD), sparse, as well as Toeplitz.

Remark 1.24 (An alternative form of the linear system). Sometimes, it is convenient (for

implementation) to also include the boundary values in @ and write the linear system as

1 UuQ 0
-1 2 -1 uy N
1
5 =
-1 2 -1 UN In
1 UN+1 0
Apparently this form is equivalent to the discrete problem above. O

Remark 1.25 (Eigenvalues of Laplace operator). Let us now consider the eigenvalue problem
for the one-dimensional Laplace operator with homogeneous Dirichlet boundary conditions, i.e.,
—u"(z) = Mu(z) for z € (0,1) and u(0) = u(1) = 0. It is well-known that the eigenvalues and

the corresponding eigenfunctions of the above equation are
e = (k)2 and ug(z) = sin(krz), k=1,2,---
We notice that large eigenvalues (larger k) correspond to eigenfunctions of highe frequency. [

Similar results can be expected for discrete problems. In fact, if A is symmetric, then all

eigenvalues of A are real and there exists an orthonormal basis of R consisting of eigenvectors.

Remark 1.26 (Eigenvalues of 1D FD problem). For simplicity, we now assume h = 1; if it is not
the case, we can scale the original problem. It is well-known (see HW 1.3) that the eigenvalues
of A := tridiag(—1,2,—1) are

km . 9 km
)\k(A)—Q—QCOS<M>—4SIH (2(]\]4—1))’ k—1,2,...,N

and the corresponding eigenvectors are

ik )

. N
fk = <§Zk>l:1 G]RN, with §f := sin (N+ 1
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We note that the set of eigenvectors of A, E k= ({ik)i]il, forms an orthogonal basis of RY.

Therefore, any 5 e RY can be expanded in terms of these eigenvectors:
N
§= > apt”.
k=1

This type of expansion is often called the discrete Fourier expansion. ]

Figure 1.3: Eigenvectors of 1D finite difference system for the Poisson’s equation.

From Figure 1.3, we can easily see that the eigenvectors are “smooth” with small £ and are
“oscillatory” with large k. Hence the smoothness of { has a lot to do with the relative size of

the coefficients o.

In Remark 1.26, we immediately notice that Ay is close to 4 but A; is close to 0. That is to
say, the discrete operator is ill-conditioned for large V.

For two-dimensional problems, we can partition the domain uniformly in both z and y-

directions into n + 1 pieces (N = n?). We denote (z;,y;) = (ﬁ,#) and the Poisson’s

equation is discretize using the five-point stencil

1 .
ﬁ[‘luz,j - (uiq,j + Uil + Ujj—1 + Ui,jJrl)] = f(ziyy;), 4,7=1,...,n.
Then we need to assign an order to the grid points in order to write the unknowns as a vector.

There are many ways to order the unknowns for practical purposes. For simplicity, we use the
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Lexicographic ordering, i.e., p(j_1)n4; := (%i,y;). Then we have

B —I uy bil
-1 B I U2 f2
1 . .
/8 = ;
-1 B -1 UN—1 IN-1
-1 B UN In

where the block diagonal matrices B := tridiag(—1,4, —1) € R™*" (¢ = 1,...,n) are tridiagonal.
Define C' := tridiag(—1,0,—1) € R™*™. Then it is clear that

| 1 !
A= ﬁtndlag(—I,Ab—I) = ﬁI®B+ ﬁ(j@I.

Remark 1.27 (Eigenvalues of the 2D FD problem). Again we assume h = 1. Similar to the

1D problem, we can get the eigenvalues

— 2cos T _ 4 sin® _m + 4 sin? L,
n+1 n+1 2(n+1) 2(n+1)

6—» . kim . ljm
;= | sin sin
I n+1 n+1 N

JA=1,....n

Aij(A) =4 —2cos

with eigenvectors

O]

Remark 1.28 (Discrete Poisson’s equation is ill-conditioned). Remark 1.23 demonstrates that
Poisson’s equation has a bounded condition number. Nonetheless, in the event that the mesh
size h used in the finite difference (FD) discrete problems is small, the coefficient matrices A
turn out to be ill-conditioned; see Remarks 1.26 and 1.27. Consequently, this can lead to issues
with several iterative methods where the convergence rates rely on the spectrum of A. Similar

behavior also happens in the finite element (FE) setting; see Remark 1.31. O

Remark 1.29 (Ordering). The structure of coefficient matrix A depends on how the degrees
of freedom (DOFs) are arranged. The ordering of DOFs not only influences the efficiency
of smoothers and parallelization techniques but also impacts their smoothing properties. In
certain linear solvers, such as LU factorization methods, determining the minimum bandwidth
ordering is imperative. However, this process is NP-hard, making it particularly challenging to

achieve. ]

Remark 1.30 (Finite element method). The weak formulation of the model equation can be

written as (see Example 1.14): Find u € HZ(Q), such that

JVU-VUd:sz fodr, Yve H)(Q).
Q Q
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In 1D, it is easy to explain the main idea of finite element method. Let Pg(7) be the space of

all polynomials of degree less than or equal to k on 7. Let
V=V,={veC(Q) : vePi(xi1,z;), v(0) = v(1) = 0}.
Now we can write the discrete variational problem as: Find uj € V3, such that

alup,vp] = (f,vn), Yoy € V.

Furthermore, we use nodal basis functions ¢; € V,, i.e. ¢;(x;) = 6; ;. In this way, we can express
a given function uy, € V3 as up(z) = Zjvzl uj¢j(z). Hence we arrive at the following equation:

Foranyi=1,..., N,
N
dlaleg, diluy = (f,¢1)  or > Aijuy = fi
Jj=1 J

This is a system of algebraic linear equations

At = f, (1.26)

with (A)z O

N
5 i=1

- N g N
.= Q45 1= a‘[¢ia¢j]7 U= (ui)i:17 and f = (fi)izl = <<f7 ¢z>)
Remark 1.31 (Eigenvalues of finite element system). If we use the uniform mesh in Figure 1.2,
then we have (see HW 1.4) that

A= %tridiag(—l,Q, -1) and f= (hf(%))f\il

This method yields similar algebraic system as in (1.25) but with different scaling. Upon solving
this finite-dimensional problem, we are able to obtain a discrete approximation uy. The finite
element method has several appealing properties and it will be the main underlying discretization

used in this lecture; see §3.1 for more details. O

1.2.2 High-frequency and locality

Eigenvalues and eigenfunctions, which are fundamental concepts in mathematical analysis,
are typically associated with the fundamental modes of vibration or oscillation. As the frequency
increases, the amplitude of the oscillation decreases asymptotically. Additionally, the smoother
the function, the faster the decay rate. Weyl’s law demonstrates that the asymptotic behavior
of the eigenvalues in relation to the domain is highly dependent on it.

An important observation comes from the analysis to the local problem

—u§(z) = f(z), x€ Bs:= (zo— 06,10+ 9) and us(zo — ) = us(xo + 0) = 0.
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Using Remark 1.25, we can obtain the eigenfunctions of this localized problem:

km

25($—x0+5)), k=1,2,---

us () = sin (

Suppose that u is the solution to the corresponding Poisson’s equation on the whole domain (2.
Define the error e := u — ug in By (difference between the solutions to the Poisson problem on
the original domain and the localized ball). Apparently, e is harmonic in Bs.

A commonly-used trick is to construct a cut-off function 6 € Ci°(Bs), such that it satisfies

the following conditions:
(i) 0 <6(z) <1, Vo e Bs; (i) 0(z) = 1, Vo € Bsp;  (ili) |0'(2)] < §-

Then we have

JB(;/Q @) de < JB(; 0%(2) |¢' () do = JBS <(92)’e/ + 926”)€dm

2C , 2C /12 3 9 3
< 5 5 |0¢’e| dz < 5<f35 |0€’| d:c) <JB§ le] da:) .

The first and last inequalities immediately imply that

’e’(m)’zdm : < 92(x){e’(x)‘2dx : < ¢ le|? da % (1.27)
Bsj2 Bs 0 Bs

You may compare the above inequality (1.27) with the Poincaré inequality given in Proposi-
tion 1.11.
Now we plug in the eigenfunctions us; (K = 1,2,...) to the above inequality. We observe

that only some of the error components with

k—ﬂ<§ or k<§
25 6 o

can be allowed. This suggests that the error function e primarily consists of low-frequency

elements, with the oscillating components in the distance ¢ captured precisely.

Remark 1.32 (Geometric high-frequencies). This simple observation suggests that the local
solution ug for the model problems provides an accurate approximation of the high-frequency
part of u. Inspired by this idea and building on (1.27), we can define geometric high-frequency

functions uy as those with a high ratio of |Vuy

lo.0 to |ugllo,. It is important to note that
singularities, which are a special form of high-frequency behavior, can also be resolved using
local mesh refinement techniques. This method is effective precisely because high-frequency
behavior is typically localized, and can be approximated accurately using finer meshes in the
relevant areas. In subsequent chapters, we will delve into this issue in more detail, exploring its

geometric and algebraic implications. O
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1.2.3 Adaptive approximation

We explain the idea of adaptivity with a simple 1D example. Let u : [0,1] — R be a
continuous function. Assume that 0 =29 <21 <---<any =1land h; := x; —x;_1. Let uny be a
piecewise constant function defined on this partition, i.e., uy(x) = u(xz;—1) for all ;1 < = < 5.

Then we have, for x € (z;_1,;), that

u x| = fu(@) ~ u@i) = | [ O] < [ WOld < bl (129
Ti—1

z;
Ti—1
If the partition is quasi-uniform, then we have the approximation estimate

Ju—unlzen < I leo
if w is in W1 (0,1).

The question now is what happens if the function w is less regular (rough, nonsmooth, or
singular)? We now assume that u is in Wi(0,1). In view of the first inequality in (1.28), we notice
that we actually need to bound [u/[11(4, , 4,)- This motivates to give a special (non-uniform)
partition such that

j |u/(t)] dt = NHUIHL1(0,1)7 fori=1,2,..., N.

Ti—1
On this partition, we can still obtain a desirable approximation estimate

fu — w0y < 31 lx0)
Remark 1.33 (Equidistribution of error). When solving differential equations, evenly dis-
tributed mesh spacing across the computational domain may not be the most effective method
if the solution is not smooth. In such cases, it’s better to pursue a mesh that distributes error
evenly. This adaptive mesh approach is dependent on the solution itself and can dynamically
adjust based on its changes to optimize the accuracy. This idea is called equidistribution of
error, where mesh points are concentrated in areas with large errors and spread out in regions
of lesser error. Developing an equidistributed error mesh is challenging and requires a nonlinear
approximation procedure, which involves solving the differential equation numerically and then
using the solution output to improve the mesh. This process of refinement continues until the

error is uniformly distributed across the mesh. O

For more comprehensive information on this subject, refer to the work of DeVore [76], which
explores equidistributed error meshes within the context of finite element methods. The paper
provides a broader framework for establishing equidistributed error meshes and suggests multiple

examples that demonstrate their potential effectiveness. In conclusion, equidistribution of error
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presents a favorable alternative to the typical mesh spacing approach when dealing with problems
where the solution is not smooth. Though obtaining this mesh requires greater computational
efforts, its benefits are substantial enough to warrant further investigation by researchers and

analysts seeking to improve differential equation solving.

1.3 Simple iterative solvers

Numerous methods exist for tackling the linear algebraic equations derived from finite dif-
ference, finite element, and other discretizations applied to Poisson’s equation, including sparse
direct solvers, fast Fourier transform techniques, and iterative solutions. However, for the pur-

poses of this lecture, we will solely focus on discussing iterative solvers.

1.3.1 Some examples

Now we give a few well-known examples of simple iterative methods. Consider the linear

RNXN

system Au = f Assume the coefficient matrix A € can be partitioned as A = L +

D + U, where the three matrices L, D,U € RV*¥ are the lower triangular, diagonal, and upper

triangular parts of A, respectively (the rest is set to be zero).

Example 1.34 (Richardson method). The simplest iterative method for solving A@ = f might
be the Richardson method
@ = g 4w (f - Aae). (1.29)

We can choose an optimal weight w to improve performance of this method. O

Example 1.35 (Weighted Jacobi method). The weighted or damped Jacobi method can be
written as
@™ = @ 4 wDT(f — Ag°'Y). (1.30)

This method solves one equation for one variable at a time, simultaneously. Apparently, it is a
generalization of the above Richardson method. If w = 1, then we arrive at the standard Jacobi
method. O

Example 1.36 (Gauss—Seidel method). The Gauss—Seidel (G-S) method can be written as
arev — a»old + (D + L)_l(f— Az_[Old).
We rewrite this method as

(D _|_L),Jnew _ (D +L)ﬁ°ld + (JE’_ Aﬁ(’ld) _ f_'_ Uﬁ(’ld'
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Thus we have
@ = @ 4 D7V (- L™ — (D + U)a). (1.31)

Compared with the Jacobi method (1.30) (w = 1), the G-S method uses the most updated

solution in each iteration instead of the previous iteration. O

Example 1.37 (Successive over-relaxation method). The successive over-relaxation (SOR)

method can be written as

(D + wL)a™" = wf — (wU + (w— 1)D)6°ld. (1.32)

new

The weight w is usually in (1,2). This is in fact the extrapolation of #°'4 and #™*" obtained in

the G-S method. If w = 1, then it reduces to the G-S method. [

These fundamental iterative methods have been addressed in common textbooks on numer-
ical analysis and can be formulated via the classical splitting approach. In the following, we
utilize a modified version to achieve a better perspective.

Let a = 0 be a real parameter and
A=A+ Ay = (A1 +OJ) + (A2 —a[).
This way we can split the original equation Au = f as
(A1 +al)i = f— (A2 — al).
This immediately motivates the standard splitting iterative method
" = (A1 +al) (= (A2 - an)a®?). (1.33)
The method is equivalent to an alternative form, which is the notation we use in this note, as
qnew — gold 4 B(f"_ A[[Old),

with B := (A1 + ol )71. Apparently, we can choose the splitting to obtain the above simple
iterative methods. For example, by setting A; = 0, (1.33) yields the Richardson method (1.29);
by setting a = 0 and A; = %D, (1.33) yields the weighted Jacobi method (1.30).

In this setting, the matrix
E:=—(Ai+al) (A3 —al) =1 — BA (1.34)

is oftentimes called an iteration matriz for the iterative method (1.33). It is well-known that

the iterative method converges for any initial guess if and only the spectral radius p(F) < 1.
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1.3.2 An observation on smoothing effect

Numerous basic iterative methods display diverse convergence rates for short and long wave-
length error components, which suggests that these distinct scales require varying treatment. To
delve deeper into this phenomena, we consider Apax and Apin, which stand for the largest and
smallest eigenvalues of A, and { max and E min - their corresponding eigenvectors. One intriguing
observation made by several experts is that when we employ the weighted Jacobi method (1.30)
with a weight w of 2/3 to solve the equation Au = 0, initialized with E max " the convergence
occurs rapidly. Conversely, if the same equation is solved using the weighted Jacobi iteration,
but with a distinct initial guess of é’ min_the convergence rate is much slower. See Figure 1.4 for
a demonstration.

1
0.9
0.8
0.7
0.6
0.5
0.4
0.3

0.2

0.1

0 1 1 1 1 1 1
0 20 40 60 80 100 120

Figure 1.4: Error decay in | - [ oo-norm for weighted Jacobi method with initial guess £*.

It’s worth noting that the difference in results between the first problem (with 5 maxy and the
second problem (with E min) is mainly due to the nature of the errors involved. Specifically, the
error in the first problem is oscillatory and high-frequency, while that in the second problem is
smooth and low-frequency. This observation leads one to speculate that the weighted Jacobi
method might be effective at quickly dampening the high-frequency component of the error but

more slowly addressing the low-frequency component. For more details, see Remark 1.32.

In Remark 1.26, we have seen that the eigenvalues of the simple finite difference matrix in
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1D are

km
)\k(A)=2—2COS<N+1>.

Then it is easy to obtain the eigenvalues of the iteration matrix for the weighted Jacobi method

k 1 2 km
B)=1- - 4= .
A (E) w+wcos<N+1> 3+3COS<N+1>

By examining the above equation, it becomes apparent that the eigenvalues |A\;(E)| are less than

or equal to 5 for larger values of k ( < k < N), implying that the weighted Jacobi method is
likely to converge quickly for these larger values of k.

Now we can make this simple observation more formal by considering the simple iterative
method (1.29), i.e. the Richardson method (it is equivalent to the weighted Jacobi for simple

finite difference equations with a constant diagonal), and assume that
AR = 2\EF k=1,...,N,

where 0 < A1 < -+ < Ay and we choose w = ﬁ for example. Since {fk}ff:l forms a basis of

RN we can write
< (m)
_ m) £k
=2 %
k=1

as an expansion. In the Richardson method, we have

£

—a™ = (I —wA)(@—a™ V) =... = (T —wA)™(@—a).

Hence it is easy to see that

Zak (I —wA)" Zao)fk 2040) — whp)™ER

That is to say, we have
A m
o = (L —wh)"el” = (1-25) ", k=1....N. (1.35)
N
We can observe from (1.35) that the rate of convergence is fast for high-frequency error compo-
nents, indicated by larger values of k, and sluggish for low-frequency components, represented

by smaller values of k.

1.3.3 Smoothing effect of Jacobi method x

In view of Remark 1.26, based on the understanding of the relation between the smoothness
and the size of Fourier coefficients, we can analyze the smoothing property using the discrete

Fourier expansion. Let @ be the exact solution of the 1D FD problem on uniform grids and @ (™)
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the result of m-th iteration from the weighted Jacobi method (or equivalently in this case, the

Richardson method). Then

<y

— i = (I —wA) (i — @) = = (I —wA)" (i — a@).
It is straightforward to see that

Me(I —wA) =1 — whi(A) = 1 — 4w sin® (2(]\1;7;1)) .

Notice that A\ (I —wA) can be viewed as the damping factor for error components corresponding

to Fourier mode k; see Remark 1.26. We would like to choose w such that Ag’s are small.

Consider the Fourier expansion of the initial error:

Then

we obtain that

where

The above equation implies

2m
(m) _ com (N—-k+1m - N—-k+1m
RO ( N+l 2) S " N+1 2) >

which approaches to 0 very rapidly as m — oo, if k is close to N (high-frequencies). This
means that high frequency error can be damped very quickly. This simple analysis justifies the
smoothing property we observed in the beginning of this section.

We can also apply the same analysis to the Jacobi method as well and the Fourier coefficient

in front of the highest frequency becomes:

o) _ (1 gsin? - T ) oy = cosm (DT (-n™(1 ~ )"
o= oy n) TN A\Ne)W a(N+1)2) N

This suggests that the regular Jacobi method might not have a smoothing property and should

not be used as a smoother in general.
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1.4 Multigrid method in 1D

In this section, we present a straightforward motive and a preview of the widely used multi-
grid method, an example of multilevel iterative methods. The insights obtained herein will be
advantageous for our subsequent discussions. For a brief introduction to the multigrid methods,
the tutorial by Briggs et al. [65] is a well-known resource.

Consider solving the linear system arising from the finite difference scheme (1.25) for the
Poisson’s equation in 1D, namely

. 1
A= f with A = ﬁtridiag(—l,Z, =1), fi = f(xy).

1.4.1 Nested grids

Multigrid (MG) methods are a group of algorithms for solving partial differential equations
using a hierarchy of discretizations. They are very useful in problems exhibiting multiple scales
of behavior. In this section, we introduce the simplest multigrid method in 1D.

Suppose there are a hierarchy of L + 1 grids with mesh sizes h; = (%)“r1 (l=0,1,...,L);
see Figure 1.5. Tt is clear that

h0>h1>h2>--->hL::h

and N = 2511 — 1. We call level L the finest level and level 0 the coarsest level.

=29 1 L1 1 1 1 1 1 1 hzz(%)S
1=1 1 1 1 1 1 hlz(%)2
1=0 —t ' — ho=(3)!

Figure 1.5: Hierarchical grids for 1D multigrid method.

1.4.2 Smoothers

We consider how to approximate the solution on each level using some local relaxation
method. Assume the 1D Poisson’s equation is discretized using the finite difference scheme

discussed in the previous section. Then, on each level, we have a linear system of equations

Ay = f;  with A; = b2 tridiag(—1,2, —1).
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For each of these equations, we can apply the weighted Jacobi method (with the damping factor
equals to 1/2)
1 .
"ty —a™ 4 oo (fi- Ad™) (1.36)

to obtain an approximate solution. This method is usually referred as a local relaxation or

smoother, which will be discussed later in this lecture note.

1.4.3 Prolongation and restriction

Another important component of a multigrid method is to define the transfer operators
between different levels. In the 1D case, the transfer operators can be easily given; see Figure 1.6.

In another word, we can also write the transfer operators in the matrix form, i.e.,

=0 % > O =0 % % O
A n A A
I\ /A I\ I\
/N o I\ I\
LA A N | Ao hood
R 33 3 5/3 1\ [ Py 1 5 51 4 H1
/ v \
/ v \ / vy \
/ v/ \ / vy \
4 W \ / A/ \
=0 O =0 Om

Figure 1.6: Transfer operators between two consecutive levels (Left: restriction operator; right:
prolongation operator).

R 1 1 21 1P 1
Li-1:= 7 an -1 = 5
4 1 21 2

—_— N =

(1.37)

— N

We notice that R = %PT. It is straight-forward to check that the coefficient matrices of two

consecutive levels satisfy
A1 =Ry 1 APy
1.4.4 Multigrid algorithm

Let ﬁ be the right-hand side vector and #; be an initial guess or previous iteration on level

. Now we are ready to give one iteration step of the multigrid algorithm (V-cycle).
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Algorithm 1.1 (One iteration of multigrid method). @ = MG(L, f;, @)

(i) Pre-smoothing: @ <« u; + %D;l (ﬁ — Alﬂ’l)

(ii) Restriction: 7_; « Ry (ﬁ — Alﬂ’l)

(iii) Coarse-grid correction: Ifl =1, ¢} < A;_llﬁ_l; otherwise, €;_1 «— MG(l—1,7]_1, 61_1)
(iv) Prolongation: w; « u; + P_1€;_

(v) Post-smoothing: ) « u; + %D;l (ﬁ — Alﬁl)

Remark 1.38 (Coarse-grid correction). Suppose that there is an approximate solution @ (m),
Then we have
A(@—a™) =7 .= f— Ag(™

and the error equation can be written

Aem) = g(m), (1.38)

If we get €™ or its approximation, we can just update the iterative solution by @("+1) =

@™ + &™) to obtain a better approximation of #. This explains the steps (iii) and (iv) in the

above algorithm. O

Remark 1.39 (Coarsest-grid solver). It is clear that, in our setting, the solution on level [ = 0
is trivial to obtain. In general, we can apply a direct or iterative solver to solve the coarsest-level
problem, which is relatively cheap. Sometimes, we have singular problems on the coarsest level,
which need to be handled carefully. ]

#Levels #DOF #lter Contract factor

) 31 4 0.0257
6 63 4 0.0259
7 127 4 0.0260
8 255 4 0.0260
9 511 4 0.0261
10 1023 4 0.0262

Table 1.1: Convergence behavior of 1D geometric multigrid method.

Algorithm 1.1 represents one iteration of the multigrid method, and we can use it to iterate
until our approximation is deemed ”satisfactory”. We often use the relative residual |7o/|f]o as
a stopping criterion, typically set to be less than 1076, This algorithm can be easily implemented
(see HW 1.6). Table 1.1 shows the numerical results of Algorithm 1.1 applied to the 1D Poisson’s
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equation with three G-S iterations as smoother. Unlike classical Jacobi and G-S methods, this
multigrid method converges uniformly with respect to h. This is a highly desirable feature of
multilevel iterative methods, which we will explore further in this lecture.

Now it is natural to ask a few questions on such multilevel methods:

e How fast the method converges?

e When does the multigrid method converge?

e How to generalize the method to other problems?

e How to find a good smoother when solving more complicate problems?

e Why the matrices R and P are given as (1.37)7 Are there other choices?

And we will mainly focus on these questions in this lecture.

1.5 Tutorial of FASP «

All the numerical examples presented in this lecture were computed using the Fast Auxiliary
Space Preconditioning (FASP) package. This package offers C source files that can be used
to build a library of efficient iterative solvers and preconditioners for solving large-scale linear
systems of equations. The FASP basic library (i.e. faspsolver) consists of various modern
and effective iterative solvers that are commonly used in a wide range of applications, from
simple examples of discretized scalar partial differential equations (PDEs) to complex numerical
simulations of multicomponent physical systems. The FASP package provides C99 (ISO/IEC
9899:1999)-compatible code, making it highly versatile and accessible to users across multiple
platforms.

The main components of the FASP basic library are:

e Basic linear iterative methods;
e Standard Krylov subspace methods;
e Geometric and algebraic multigrid methods;

e Incomplete factorization methods.

The FASP distribution also includes several examples for solving simple benchmark problems.
The fundamental (kernel) distribution of FASP is open-source and is licensed under the GNU

Lesser General Public License or LGPL. However, other distributions of the software may have

different licensing arrangements (for more information, you can reach out to the development

team). The latest version of FASP can be directly downloaded from:
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https://github.com/FaspDevTean/faspsolver

To compile, you need a C99 compiler (and a F90 compiler if you need to compile Fortran
examples). By default, we use GNU gcc/gfortan, respectively. Configuring and building the
FASP library and test suite requires CMake 2.8.12 or higher http://www.cmake.org/.

The command to configure is:

> mkdir Build; cd Build; cmake ..

After successfully configing the environment, just run:

> make # to compile the FASP 1ib only; do not install

To install the FASP library and executables, run:

> make install # to compile and install the FASP 1lib

Note: The default prefix is the FASP source directory.

For further details on the usage and implementation of FASP, we recommend consulting
the user’s guide and reference manual of the package'. However, keep in mind that FASP is
undergoing heavy development, and the code may have changed since the guide’s last update.

As such, we advise users to exercise caution when employing this guide.

1.6 Homework problems

HW 1.1. Prove the uniqueness of the Poisson’s equation. Hint: You can argue by the maximum

principle or the energy method.

HW 1.2. Let zg and § > 0 are fixed scales. Find eigenvalues and eigenfunctions of the following

local problem
—uj§(z) = Asus, € (w9 — 5,70+ ) and us(zo — 6) = us(zo +0) = 0.

HW 1.3. Prove the eigenvalues and eigenvectors of tridiag(b, a,b) € RV* are

km Nkr ))T’

k ~
)\kza—2bcos<77r) and £F = (sin(N+1),...,sin(N+1

N +1
respectively. Apply this result to give eigenvalues of the 1D FD matrix A. What are the

eigenvalues of tridiag(b, a, c) € RV*N?

HW 1.4. Derive the finite element stiffness matrix for 1D Poisson’s equation with homogenous

Dirichlet boundary condition using a uniform mesh.

!The guide is available online at http://www.multigrid.org/fasp and can also be found in the ”faspsolver /-
doc/” directory.


https://github.com/FaspDevTeam/faspsolver
http://www.cmake.org/
http://www.multigrid.org/fasp
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HW 1.5. Derive 1D FD and FE discretizations for the heat equation (1.6) using the backward

Euler method for time discretization.

HW 1.6. Implement the geometric multigrid method for the Poisson’s equation in 1D using

Matlab, C, Fortran, or Python. Try to study the efficiency of your implementation.

HW 1.7. Suppose we need to solve the finite difference equation with coefficient matrix A :=

tridiag(—1,2, —1) € RV*N_ Plot the eigenvalues of the weighted Jacobi iteration matrix E for

2

w=1,35,and % You can use different problem size N’s to get a better view.



Chapter 2
Iterative Solvers and Preconditioners

The term iterative method encompasses various numerical techniques that involve successive
approximations, denoted by {u(m)}, to find the exact solution u to a given problem. This chapter
examines two types of iterative methods: (1) stationary, which involves the same operations for

each iteration, and (2) nonstationary, which includes iteration-dependent operations. Stationary

Local Approximation

Adaptive Mesh
Refinement

High Frequencies

Relaxation Methods
— Gauss-Seidel
\ 4
Multigrid
Multilevel lterative
Methods ;
—_— Block Jacobi
Domain
Decomposition
-
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@itioning Kryl:;;::::sp o
GMRES
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Figure 2.1: Iterative and preconditioning methods discussed in this note.

methods are generally easy to understand and implement, but they tend to be less effective than

39
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nonstationary methods. Conversely, nonstationary methods are a more recent development and
tend to have more complex analyses associated with them. In Figure 2.1, we give a bird’s eye

view of the methods that will be discussed.

2.1 Stationary linear iterative methods

This section focuses on stationary iterative methods, two typical examples being the Ja-
cobi and Gauss-Seidel methods. We will explore why these methods are generally considered
inefficient, despite still being widely used. Let V be a finite-dimensional linear vector space,
A :V — V be a non-singular linear operator, and f € V. We would like to find a u € V, such
that

Au = f. (2.1)

For example, in the finite difference context discussed in §1.2, V = R and the linear operator
A becomes a matrix A. We just need to solve a system of linear equations: Find @ € RY, such

that

—

Ad = f. (2.2)
We will discuss the linear systems in both operator and matrix representations.

Remark 2.1 (More general setting). In fact, iterative methods can be approached in a broader
setting. For instance, consider a finite-dimensional Hilbert space, V, its dual, V', and a linear
operator A : V — V' as well as f € V'. It’s worth noting that a significant portion of this

lecture can be easily extended to such a context. O

A linear stationary iterative method (one iteration) to solve (2.1) can be expressed in the

following general form:
Algorithm 2.1 (Stationary iterative method). u™®% = ITER(u°)

(i) Form the residual: r = f — Au°d

(ii) Solve or approximate the error equation: Ae =r by é = Br
(iii) Correct the previous iterative solution: 1"V = ¢4 4 ¢

That is to say, the new iteration is obtained by computing
u" = w4 B(f — Aul), (2.3)

where B is called an iterator. Apparently, B = A~! for nonsingular operator A also defines an

iterator, which yields a direct method.
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2.1.1 Preliminaries and notation

The most-used inner product in this lecture is the Euclidian inner product (u,v) := SQ uv dx;
and (u,v) := sz\i L uv; if V= RY. Once we have the inner product, we can define the concept
of transpose and symmetry on the Hilbert space V. Define the adjoint operator (transpose) of

the linear operator A as AT : V — V, such that
(ATu,v) := (u, Av), Yu,veV.
A linear operator A on V is symmetric if and only if
(Au,v) = (u, Av), Yu,v € domain(A) < V.
If A is densely defined and AT = A, then A is called self-adjoint.

Remark 2.2 (Symmetric and self-adjoint operators). A symmetric operator A is self-adjoint
if domain(A) = V. The difference between symmetric and self-adjoint operators is technical;
see [212] for details. O

We denote the null space and the range of A as

N(A) = {veV : Av =0} = null(A), (2.4)
R(A) = {u=Av :veV}=range(A). (2.5)

Very often, the null space is also called the kernel space and the range is called the image space.
The subspaces N'(A) and R(AT) are fundamental subspaces of V. We have

NUADE =R(A) and N(AT) = R(A)*..

Remark 2.3 (Non-singularity). If N'(A) = {0}, then A is injective or one-to-one. Apparently,
AV > R(A) is surjective or onto. If we consider a symmetric operator A : N'(A)* — R(A),

then A is always non-singular. O

The set of eigenvalues of A is called the spectrum, denoted as o(A). The spectrum of any
bounded symmetric linear operator is real, i.e., all eigenvalues are real, although a symmetric
operator may have no eigenvalues'. We define the spectral radius p(A) := sup {|A| : A € o(A)}.
Furthermore,

(Av,v)

min ——%
veV\{o} v

(Av,v)

Amin = d >\max = TR
A and AmalA) = B8 TP

! A bounded linear operator on an infinite-dimensional Hilbert space might not have any eigenvalues.
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An important class of operators for this lecture is symmetric positive definite (SPD) oper-
ators. An operator A is called SPD if and only if A is symmetric and (Av,v) > 0, for any
v e V\{0}. Since A is SPD, all of its eigenvalues are positive. We define the spectral condition
number or, simply, condition number k(A) := %, which is more convenient, compared with
spectrum, to characterize convergence rate of iterative methods. For the indefinite case, we can

use
SUPAea(4) [A]

infyeo(a) Al
More generally, for an isomorphic mapping A € Z(V;V), we can define (have been used in
Chapter 1):

k(A) =

K(A) = Al 2w A 2wy
And all these definitions are consistent for symmetric positive definite problems, where the
condition number does not depend on the choice of norm.
If A is an SPD operator, it induces a new inner product, which will be used heavily in our

later discussions
(u,v) 4 := (Au,v) Yu,v e V. (2.6)

It is easy to check (+,-) 4 is an inner product on V. For any bounded linear operator B : V — V,
we can define two transposes with respect to the inner products (-,-) and (-,-).4, respectively;

namely,
(BTu,v) = (u, Bv),
(B*u,v) 4 = (u, Bv) 4.
By the above definitions, it is easy to show (see HW 2.1) that
B* = A 'BTA. (2.7)

Symmetry is a concept that is relative to the inner product that underlies it. In this chapter,
we consistently refer to the (-,-)-inner product when discussing symmetry. It is worth noting
that, by definition, (BA)* = BT A; see HW 2.2 for verification of this equation.

If BT = B, it does not necessarily follow that (B.A)7 = B.A. However, there is a key identity
that holds:

(BA)* = BT A = BA. (2.8)
Remark 2.4 (Induced norms). The inner products defined above also induce norms on V' by
1
|v| := (v,v)% and |v|4 := (v,v)%. These, in turn, define the operator norms for B : V — V,
ie.,
|Bv] |84
18] = and B4 .
verfop |1l vevvior )4
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It is well-known that, for any consistent norm || - |, we have p(B) < |B|. Furthermore, we

have the following results:

Proposition 2.5 (Spectral radius and norm). Suppose V is a Hilbert space with an inner

product (-,-) and induced norm | - |. If A:V +— V is a bounded linear operator, then
: L
pA) = Tim A"
Moreover, if A is self-adjoint, then p(A) = |A]|.

From this general functional analysis result, we can immediately obtain the following rela-

tions:

Lemma 2.6 (Spectral radius of self-adjoint operators). If BT = B, then p(B) = |B|. Similarly,
if B* = B, then p(B) = |B| 4.

2.1.2 Convergence of stationary iterative methods

Next, we examine the convergence analysis of the stationary iterative method (2.3). A
method is only considered to be convergent if u(™) converges to u for every initial guess u(%).
It is worth emphasizing that each iteration (2.3) depends only on the previous approximation
uM, without utilizing any data from previous iterations. Essentially, each iteration performs
the same operations repeatedly.

It is easy to see that
u—u™ = (T —BA) (u— u(m_l)) = =(T-BA™(u— u(o)) =& (u— u(o)),

where Z : V +— V is the identity operator and the operator £ := Z — BA is called the error
propagation operator (or, sometimes, error reduction operator)?. Hence we can get the following

simple convergence theorem.

Theorem 2.7 (Convergence of Algorithm 2.1). The Algorithm 2.1 converges for any initial
guess if the spectral radius p(Z — B.A) < 1, which is equivalent to lim, 4+ (Z — BA)™ = 0. The

converse direction is also true.

Lemma 2.6 and (2.8) imply the following fact: If A is SPD and B is symmetric, then

p(I —BA) = |T - BA|a. (2.9)

2Tt coincides with the iteration matrix (1.34) or the iterative reduction matrix appeared in the literature on
iterative linear solvers.
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If both A and B are SPD, the eigenvalues of BA are real and the spectral radius satisfies that
p(T — BA) = max (AmaX(BA) 11— )\min(BA)>. (2.10)

So we can expect that the speed of the stationary linear iterative method is related to the span

of spectrum of BA.

Although the convergence result is straightforward, applying it can be challenging. Furthermore,
it doesn’t provide any direct insight into how quickly the algorithm converges, assuming it does

at all. The subsequent example will further elaborate on this point.

Remark 2.8 (Asymptotic convergence behavior). An iterative method converges for any initial
guess if and only if the spectral radius of the iteration matrix p(E) is less than one. However, it is
crucial to understand that the spectral radius of £ only determines the asymptotic convergence
behavior of the iterative method. That is to say, we have

e+
~ p(E
ey~ )

only for very large k. However, it is not clear how quickly the error diminishes during the initial
stages of iteration. For instance, consider the following example where it takes all iterations

up to the last one for the error to finally decrease, highlighting the uncertainty regarding how

swiftly the error diminishes in the early stages of the iteration process. O

Example 2.9 (Spectral radius and convergence speed). Suppose we have an iterative method

with an error propagation matrix

0 1 0
B | eryy
. .
0 -« .. 0

and the initial error is €(©) := 7 —7(©) = (0,...,0,1)” € RN. Notice that p(E) = 0 in this exam-
ple. However, if applying this error propagation matrix to form a sequence of approximations,

we will find the convergence is actually very slow for a large N. In fact,
e = [eWfp = = 6™ Djp =1 and ™y =0,

Hence, analyzing the spectral radius of the iterative matrix alone will not provide much useful

information about the speed of an iterative method. O
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An alternative measure for convergence speed is to find out whether there is a constant
6 € [0,1) and a convenient norm | - | on RY, such that [¢("*+D| < §|¢™)| for any € e RV,
However, this approach has its own problems because it usually yields pessimistic convergence

bound for iterative methods.

Remark 2.10 (Convergence rate of the Richardson method). The simplest iterative method for
solving Au = f might be B = wl, which is the well-known Richardson method in Example 1.34.
In this case, the iteration converges if and only if p(/ —wA) < 1, i.e., all eigenvalues of matrix A
are in (0, 2). Since A is SPD, the iteration converges if w < 2A;L, (4). If we take w = AL (A),

max max
then

_ Amin(A4) 1
T—XA L (A)A)=1—- 22 — 1 —
p( max( ) ) )\maX(A) /‘i(A)
. . . _ 2
In fact, the optimal weight is wepy = pY 07 e w7y and
2Amin(A) /ﬁ;(A) -1

I —woptA) = I —wopt Al =1 — B .
10( Wopt ) H Wopt “ Amax(A)—i_/\min(A) /1<A)+1

We can see that the convergence could be very slow if A is ill-conditioned. O

2.1.3 Symmetrization

In general, the iterator B might not be symmetric and it is more convenient to work with

symmetric problems. We can apply a simple symmetrization algorithm:

Algorithm 2.2 (Symmetrized iterative method). u™®V = SITER(u°'d)
wmta) = m) B(f - Au(m)), (2.11)
wm D = g mt3) BT<f - Au<m+%>). (2.12)
In turn, we obtain a new iterative method
uw—u™) = (T — BT A)(Z — BA)(u — u™) = (T — BA)*(T — BA)(u —u'™).
If this new method satisfies the relation
uw—u™H) = (T = BA)(u — u™),
then it has a symmetric iteration operator

B:=B+B"—B'AB=B"(B" + B — A)B = B'KB. (213)
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Lemma 2.11 (Error decay property). We have, for any v € V, that
ol = I(Z = BAY[, = (BAv,v) .

or equivalently,

—= 2
(- B.A)U,U)A = |(Z- BA)UHA.
Proof. Notice that, by the definition of symmetrization,
BA=BT"(BT+B' - ABA.
This immediately gives

(BAv,v)4 = (BT +B ' —A)BAv,BAv) = (BAv, Av) + (Av, BAv) — (ABAv, BAv)
= ((27 - B.A)U,BAU)A

and the first equality follows immediately. The second equality is trivial. O

Remark 2.12 (Effects of symmetrization). We notice that B" =B and (Z —BA)* =7 —BA.
Furthermore, Lemma 2.11 shows that ((Z — BA)v, ’U)A = |(Z — BA)v|?, Yve V. Since T — BA
is self-adjoint w.r.t. (-,-)4, we have |Z — BA|4 = p(Z — BA). And as a consequence,

|7 — BAJa = Sup (Z-BA)v,v), = Sup |(Z - BAYW|% = |T - BAI (2.14)
v|a=1 v|a=1

Furthermore, we have obtained the following identity:

_ _ T - BA)w,
T —BA) = |T—BAla = sup EZBA),

5 (2.15)
veV\{0} HUHA

The above two equations immediately give
p(T —BA) = |T— BAl4 = |T— BAJ, > p(T — BA).

Hence, if the symmetrized method (2.11)—(2.12) converges, then the original method (2.3) also
converges; the opposite direction might not be true though (see Example 2.14). O

We can also easily obtain a contraction property of the symmetrized iteration. In Lemma 2.11,

we have already seen that
I - BAYL = [off, — (Bbo. ).
Hence, HZ — BAH 4 < 1if and only if B is SPD. Hence we have the following theorem.

Theorem 2.13 (Convergence of Symmetrized Algorithm). The symmetrized iteration in Algo-

rithm 2.2 is convergent if and only if B is SPD.
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Proof. First of all, we notice that
T—-BA=(T-BTA)(T-BA) =A2(T— A2BTA2)(T — A2BA2) Az,

which has the same spectrum as the operator (Z —A%BTA%)(I —.A%B.A%). Hence, all eigenvalues
of T — BA are non-negative, i.e., A < 1 for all A € 0(BA).

The convergence of Algorithm 2.2 is equivalent to p(Z —B.A) < 1. Since 0(Z—BA) = {1—\ :
A € 0(BA)}, it follows that Algorithm 2.2 converges if and only if o(BA) < (0,2). Therefore,
the convergence of (2.11)—(2.12) is equivalent to o(BA) < (0,1], i.e., BA is SPD w.r.t. ().
Hence the result. O

Example 2.14 (Convergence of B and B iterators). Note that even if B is not SPD, i.e., B does

not give a convergent method, the method defined by B could still converge. For example, if

10 1 -2 0 2
A= , B= , and I — BA= ,
01 0 1 0 0
then we have
— 1 0 — 0 0
B = and [ — BA= .
0 -3 0 4
Hence p(I — BA) = 0 < 4 = p(I — BA). Apparently, the iterator B converges but B does
not. O

‘We notice that
(BAv,v)4 = ((B+ B" — BT AB)Av,v) , = 2(BAv,v) 4 — (BAv, BAv) 4, YveV.

In fact, it is easy to check that the above convergence condition is equivalent to that there exists

a positive constant « such that
2(BAv,v) 4 — (BAv, BAv) 4 = a(v,v)a, veV. (2.16)
Corollary 2.15 (Convergence conditions). Suppose the following two assumptions hold:
(A1) There exists w € (0,2) such that (BAv, BAv) 4 < w(BAv,v)4, YveV,
(A2) There exists 8 > 0 such that (BAv, BAv)4 = B(v,v)4, YveV.
Then the iterative method defined by B converges.

Proof. From assumptions (Al) and (A2), we have
B2 —w)

v V.
» (v,v)4, Yve

2BAv, v) 4 — (BAv, BAv) 4 > (% - 1)(BAU,BAU)A >
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Then (2.16) holds with a = (2 — w)/w.
On the other hand, assume that (2.16) hold. For any v € V, using boundedness of the

operators, we have
2(BAv,v) A — (BAv, BAV) A > a(v,v) 4 > %(B.A’U,B.AU)A,
which gives (A1) with w = ﬁ Furthezrmore, since A is positive semidefinite,

(B.Av,B./ﬁlv)i‘ﬂ(v,1})}4(2 > (BAv,v) 4 = —(v,v) 4,

|9

which give (A2) with 8 = a?/4. O

2.1.4 Convergence rate of stationary iterative methods

The stationary iterative method defined by B is a contraction if |Z — BA|4 < dp < 1.
Apparently, it is equivalent to say

e’y = |(Z = BAYe|’, = 1 = 8})[e’y >0, Vero.

Lemma 2.11 indicates that § := ||Z — BA| 4 < 1 if and only if B is SPD. The constant § is known

as the contraction factor of the iterative method.

From now on, we will consider only symmetric positive definite (SPD) iterates . Nevertheless,

even for non-symmetric iterates, one could examine their symmetrized counterpart.

Based on the identity (2.15), we can prove the convergence rate estimate:

Theorem 2.16 (Convergence rate of linear stationary method). If B is SPD, the convergence
rate of the stationary iterative method (or its symmetrization) is
_ 1 —
IZ-BA|% =|T—-BA|s4=1-—, with ¢;:= sup (B 11},1}).
1 Jv]la=1
Proof. The first equality is directly from (2.14). Since ((Z — BA)v,v)4 = [v|%} — (BAv,v) 4, the
identity (2.15) yields

IT—BA% =1~ inf (BAv,v)a =1 — Amim(BA) = 1 — —,
fola=1 o

where

¢1 = Amax((BA)™") = sup ((BA)'v,v) , = sup (E_lv,v).

lvfa=1 lvf.a=1

Consequently, the second equality of the theorem is proved. ]
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Example 2.17 (Convergence of weighted Jacobi methods). If A € RV*¥ is SPD and it can be
partitioned as A = L + D + U, where L,D,U € RV*¥ are lower triangular, diagonal, upper
triangular parts of A, respectively. We can immediately see that B = D~! yields the Jacobi

method. In this case, we have
B=B"BT1T+B'-AB=DTD-L-UD"

If Kjacobi := D — L —U = 2D — A is SPD, the Jacobi method converges. In general, it
might not converge, but we can apply an appropriate scaling (i.e., the weighted Jacobi method)
B, = wD™!'. We then derive

BT+Bl'—-A=20u"1D- A.

w w

The damping factor should satisfy that w < ﬁ in order to guarantee convergence. For the
1D finite difference problem arising from discretizing the Poisson’s equation, we should use a

damping factor 0 < w < 1. O

2.1.5 Generalized GS method *

Similar to the weighted Jacobi method (see Example 2.17), we define the weighted GS method
B, = (w™ D+ L)7!. We have

BT +B'—A=(w'D+L)T +(w'D+L)—(D+L+U)= (2w ' =1)D.

w w

The weighted GS method converges if 0 < w < 2. In fact, w = 1 yields the standard GS method;
0 < w < 1 yields the SUR method; 1 < w < 2 yields the SOR method. One can select optimal
weights for different problems to achieve good convergence result, which is beyond the scope of
this lecture.

Motived by the weighted GS methods, we assume that there is an invertible smoother or a
local relaxation method S for the equation Au = f, like the weighted Jacobi smoother S = wD™!
(0 <w < 1). We can define a generalized or modified GS method:

B:=(s'+L)"" (2.17)

This method seems abstract and not very interesting for the moment; but we will employ this
idea on block matrices for multilevel iterative methods later on.

We can analyze the convergence rate of this generalized GS method. Since K = B~ +
B~! — A is a symmetric matrix and we can write (2.13) as B = BT KB. If B is the iteration

matrix defined by (2.17), we have

K=ST+0)+ (S +L)-D+L+U)=5ST+5'-D.



CHAPTER 2. ITERATIVE SOLVERS AND PRECONDITIONERS 50

Furthermore, from the definition of K, we find that B~! = K + A — B~T. Hence we get an

explicit form of B! by simple calculations:

B'=(K+A-B K K+A-BY)=A+(A-B 1)K '(A-B™).
This identity and the definition of B yield:

(E‘la, U) — (45,7) + (K—l(D YU -S Y, (D+U - s—l)a), Ve RV,
Now we apply Theorem 2.16 and get the following identity for the convergence rate:

Corollary 2.18 (Convergence rate of generalized GS). If K = S~ + S~ — D is SPD, then
the generalized GS method converges and
2 — 1 . _1 —1\ — 2
|l — BA|% =|I — BA|a=1—-——, with ¢y:= sup HK 2(D+U-S )UH .
T+ J#a=1
This fundamental result will serve as the foundation for our subsequent analysis of subspace

correction methods.

Example 2.19 (Solving 1D Poisson’s equation using GS). We apply the GS method to the 1D
FD/FE system (1.25) for the Poisson’s equation. For simplicity, we first rescale both sides of
the equation such that A := tridiag(—1,2,—1) and f := (h2f(xi))£i1. In this case, S = D!
and K = D in the above generalized GS method. Corollary 2.18 shows that the convergence
rate of the GS iteration satisfies that
II — BA|%4 =1— ;, with ¢g = sup (LD__:,l—Uﬁ’ﬁ)
1+co derNoy  191%

The positive constant can be further written

(DU, UD) U, Uv) B 2o V7
cp= Ssup ———=—> = sup “———— = sup 55—

FeRN\{0} (A177 17) FeRN\{0} (Aﬁ, ?7) FeRN\ {0} (A?77 1_),) .

N[ =
—

Because the eigenvalues of this discrete coefficient matrix A of FD are known (see Remark 1.26),
we can estimate the denominator by
S - . ™ .
(AT,) = Amin (A)[7]? = 4sin® (m)nvn?
Hence, asymptotically, we have the following estimate

3 171?

cp < sup ~(N+1)*=h2

#eRN\{0} 4 sin? (%) H77H2
Hence

Il — BA|a ~V1—Ch?~1—Ch2

Similarly, for the FE equation, the condition number also likes O(h~2) and convergence rate will

deteriorate as the meshsize decreases. O
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2.1.6 Solving semidefinite problems

In this section, we analyze the linear stationary iterative method for the symmetric and
positive semidefinite problems; for details, we refer to [195]. Let A : V +— V be a symmetric and
positive semidefinite operator and V be a finite dimensional Hilbert space with inner product
(,-). Let @ : V +— R(A) be the orthogonal projection under the inner product (-,-). Let

v|la = (v,v Y2 for any v € V. Consider the general iterative method
A
uP = w4 B(f — Aul), (2.18)

where B is a linear operator from V to V and it might be singular. The Moore—Penros inverse is
denoted by Bf. In case N'(B) = N(A) and R(B) = R(A), then BT : V — V is a zero extension
of B71: R(A) — R(A), i.e

Bie=0, Vce N(A),
B'v = B~u, VYveR(A).
Similar to Lemma 2.11, we have

|v|?4 - (T - B.A)v\i‘ = (BAv,v)4 = ((B + BT — BT.AB)AU,U)A
= 2(BAv,v) 4 — (BAv, BAv) 4,

for any v € V. Following the same lines as Theorem 2.13 and Corollary 2.15, we have the

following convergence results.

Theorem 2.20 (Convergence for SPSD problems). The iteration (2.18) is convergent if and
only if @B Q is SPD on R(A).

Corollary 2.21 (Convergence conditions for SPSD problems). Suppose the following two as-

sumptions hold:

(A1) There exists w € (0,2) such that (BAv, BAv) 4 < w(BAv,v)4, YveV,
(A2) There exists 5 > 0 such that (BAv, BAv)4 = B(v,v)4, YveV.

Then the iterative method (2.18) converges.

Under the assumptions (Al) and (A2), we find that

[v|% — (T — BA)v[} = 2(BAv,v) 4 — (BAv, BAv) 4

(7 B 1) (BAv, BAv) 4 > ﬁ(zw_w)

[l
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This immediately implies that
B2 —w)

T-BA4<1-—
| 4 -

< 1.

In fact, we can obtain the following general characterization of the convergence rate for the

semidefinite problems.

Theorem 2.22 (Convergence rate for Semidefinite Problems). Under the assumptions (A1) and

(A2), the iteration method (2.18) satisfies that

1
|I—B«4|?4= 1——, with ¢ = sup inf (v+c¢,v+¢)0B0y-
1 v ER(A), 0] 4=1 ¢EN (A) (QBQ)

Proof. We have

(T = BAY% = sup (T~ BA, (T~ BA) ,

veR(A) (v,v)4
BAv, B
=1— inf wzl_ inf M
vER(A) (U, U)A vER(A) (.ATU, U)

Both QBQ and A are symmetric and positive definite on R(A). So (QBQ)'v € R(A) and we

have

((QBQ)fv,v) . (9B (vt o) vte)
cp= sup —————= = sup inf .
ver(4)  (V,0)a veR(A) N (A) (v,v) 4

Hence the result. O

Example 2.23 (GS for semidefinite problems). Consider the SPSD problem A# = f Suppose
the GS method can be applied, i.e.

i = @+ (D + L)' (f — A,
then B = (D + L)™', In this case, B = B+ BT — BT AB and it is easy to check that
B'=(D+LD Y D+LT) =S, onR(A).

From Theorem 2.22, we have

((QBQ)tw,v) ((2571Q)1v,v)
Cl:= Sup —————— = 8up .
ver(4)  (V;v)a veR(A) (v,v) A

Let w:= (QS71Q)Tv. Then w € R(A) and

w =S+ cv)), with c():= 5 w—wv.



CHAPTER 2. ITERATIVE SOLVERS AND PRECONDITIONERS 93

By the definition, we can find c¢(v) € N(A) and

B (S(v+ c(v),v + c(v))
c1 = sup .
veR(A) (v,v)a

Let & := arginf.cpr(a) (S(v + ¢),v + ¢). Then £ uniquely satisfies that (S(v+ €),c) = 0, for all
ce N(A). Apparently, £ = c(v) also satisfies this equation. So £ = ¢(v) and

¢l = sup (S(v + ¢(v)),v + ¢(v)) — sup  inf (S(v+c),v+c)

veR(A) (v,v)a veR(A) CEN(A) (v,v)a

This gives the convergence estimate for the GS method for the semidefinite problems. O

Remark 2.24 (GS for a nearly-singular system). Consider a non-singular linear system with

the coefficient matrix

1 -1 0 1 00
A=A +el =] —1 2 —1 |+€l 0 1 0
0 -1 1 0 0 1

and solve A U = f using the GS method. We notice that As is singular. In fact, it is symmetric
positive semi-definite (from the Poisson problem with Neumann boundary condition). On the

other hand, A, is non-singular for € > 0. In fact, with the convergence results in Theorem 4.10

€ |1 107t 1072 107 100 107 0
Number of iterations ‘ 14 94 823 7,427 66,556 588,770 2

Table 2.1: Number of iterations until the energy norm |@ — @] 4, < 1075.

and some simple calculations, we can derive that the convergence rate of the GS method is

determined by

1 -1,,2 2 -1,,2
o= —1=sup LTIt 2H) v
TeR3 (Aev, V)
Choosing a vector @ = (v1,v2,v3)7 = (1,1,1)7 from the null space of A, and plugging into the
above equality, we find that

3+ 2¢ 1

o =1+ 3e(1+¢€)(2+¢) ~ e1+6)(2+e€)

— o0, ase—0.

So we can expect the convergence of GS will deteriorate as € becomes small and the linear system

becomes close to singular. The numerical results are listed in Table 2.1 for various € = 0. O
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2.1.7 An example: gradient descent method

Let A:V — V be an SPD operator. Consider the following convex minimization problem:

. 1
Igél‘I/lf(’uJ = i(Au,u) — (f,u). (2.19)

Suppose we have an initial approximation u°9 and construct a new approximation

whev — uold +ap
with a fixed search direction p € V and a stepsize . In order to find the “best possible” stepsize,

we can solve an one-dimensional problem (i.e., the exact line-search method):

1
min F(a) := = (u” + ap, v

_ old
min 5 —i—ap)A (f,u”" + ap).

By simple calculation (HW 2.3), we obtain

1 o 1 O. O. O.
Fla) = §a2(Ap,p) —a(f — Au ld,p) + §(Au 4 ld) —(f,u 1d),
and the optimal stepsize is
_ old old
opt = (f — AuS, p) _ (r", p) with 794 = £ — Ay, (2.20)

(Ap,p) (Ap,p)’

In the previous chapter, we have discussed the Richardson method. A nonstationary version

of the Richardson method can be given as:
wmH) = (M o, (f - .Au(m)),

which can be viewed as the gradient descent or steepest descent (SD) method with exact line-

search for the above convex minimization problem.

Remark 2.25 (Richardson and steepest descent method). If A is a SPD matrix, then Aud = f

is equivalent to the unconstrained quadratic minimization problem

We immediately notice that the search direction in the Richardson method is exactly the same

as the steepest decent method for the above minimization problem. O

The SD method is both straightforward to implement and computationally inexpensive, with
each step only necessitating one matrix-vector multiplication and two inner products. Unfortu-
nately, this method typically converges rather slowly. The subsequent algorithm description of

the SD method illustrates this point:



CHAPTER 2. ITERATIVE SOLVERS AND PRECONDITIONERS 95

Listing 2.1: Steepest descent method

1|%% Given an initial guess uw and a tolerance ¢;
r— f— Au;
while |r|>¢€

a«— (r,r)/(Ar,T);

U<—u-+ar;

=W N

ot

6 r—r—aAr;

7 |end

Example 2.26 (Line-search and the GS method). Let V = RY, A = (a;;) € RV*N. Suppose
we choose the natural basis as the search directions, i.e., p = & := (0,...,0,1,0,...,0)T e V.

Let 79 = 7(© be an initial guess. Then the above method yields the iteration:

(i—1) S(—1) 2
L) =G-1) = (1), VTP o ey (FUTE)
u’ =u +ap=u + - =u + Q€.
(Ap, p) (Aej,e)
So we get
N (i—1)
@ = (-1 4 fi Zj=1 @ij U &
Qi i
This means that only one entry is updated in each step:
(i-1)
. fi = SN a;ju 1
uPev = ul(z Dy 2, al. 'Z] I = P (fi - Z i juy ™ — Z CLiJ'UJ]QId). (2.21)
bt X j<i j>i

After N steps (i = 1,2,...,N), we obtain a new iteration @™V, which is exactly the GS

iteration. O]

Remark 2.27 (The GS method and Schwarz method). Based on (2.21), we can write the GS

error propagation matrix in a different form
I—-BA=(I-Iyay'yINA) (I —Ta1I{ A) = (I —Tly)--- (I —1Iy), (2.22)

where I; is the natural embedding from span{é;} to RY and II; = IiAflfiT A. This form of
GS will be further discussed later in the framework of Schwarz method and subspace correction
method. O

Theorem 2.28 (Convergence rate of steepest descent method). If we apply the exact line-search

with the stepsize
(r(m) ,r(m) )

Qmp 1= )

(7’(771)7 r(m))A

then the convergence rate of the SD method satisfies that

k(A) —1\™
s (i) e 22
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Proof. The exact line-search stepsize is easy to obtain by 1D quadratic programming. At the

m-th iteration, the energy functional satisfies that
Fum™Dy = Fu™ + ap,r™) = Fu™) — ay, (r™ (M) 4 %afn(flr(m), ),

By plugging the expression of «,, into the right-hand side of the above equality, we obtain that

1 (7«(m),r(m))2

Fumt) = Fu™) - 2 (Ar0m) my’

This implies that
(T(m), T(m))2

(myy _ \r %)
Fulm)y — Flu) F™) 2(Ar™ (M) 7w
Fum) — Flu) F(um) — F(u
_ o1 (r(m) | ()2 o 1
(_Ar(m)’r(m))(‘Aflr(m)’r(m)) ' I}

. )2
By the Kantorovich inequality [150], we know [ < %. So it follows

A I M 1)2
Fulm) — Fu) g (Amax + Amin)? Omax + Amin)2 \&(A) +1/)
Hence the result. O

The Kantorovich inequality is a fundamental tool that is used in the study of the convergence
properties of descent methods. It provides an upper bound on the difference between two
functions that are close to each other, in terms of their derivatives. This inequality is often
used in the analysis of gradient descent methods, which are commonly used in optimization to
find the minimum of a function. By providing a bound on the difference between the objective
function and its approximation, the Kantorovich inequality helps to establish the rate at which

the algorithm converges to the optimum.

2.2 Krylov subspace methods

Nonstationary iterative methods are generally favored as standalone solvers in practical
applications. Omne prominent class of nonstationary methods is the Krylov subspace method
(KSM) [103]. This section mainly follows the discussions in [204]. Suppose A : V — V is an
invertible operator. According to the Cayley—Hamilton theorem (HW 2.4), there exists a Py_1
polynomial q,_,(A) of degree not exceeding N — 1 such that A~! = ¢,,_,(A). As a result, the
solution u of the linear system can be expressed as u = ¢, _,(A)f.

Krylov subspace methods formulate iterative approximations to u in

K = Km(A, f) := span{f, Af, A2f, ..., A" f}, m=1,2...
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The Krylov subspace methods are powerful techniques for solving large linear systems, especially
when the coefficient matrix is too large to be explicitly stored. They work by constructing a
sequence of increasingly accurate approximations to the solution using the subspaces spanned by
the successive matrix-vector products. The Conjugate Gradient (CG) method, a specific Krylov
subspace method, is particularly suitable for symmetric positive definite matrices. It efficiently
converges to the solution using only matrix-vector multiplications, avoiding the need to store
the entire matrix. Other Krylov methods, like GMRES (Generalized Minimal Residual) and

BiCGstab (Biconjugate Gradient Stabilized), are suitable for nonsymmetric matrices.

Finding a suitable approximation for u in KC,,(A, f) efficiently is essential for practical appli-
cations. However, the definition of a “good” approximation varies depending on the specific
problem and desired properties of the solution. Therefore, various approaches have been pro-
posed to define the optimal approximation. The selection of criterion and method involves a

trade-off between accuracy, efficiency, stability, and so on.

2.2.1 Arnoldi method

We now assume that the linear operator A is repeatedly applied to a vector v € V:

0@ =y, oM = A = Ay, .. o™ = 4D = Ay,

m

and the sequence {v(o),v(l), RGO .} is the so-called Krylov sequence. As we mentioned

earlier, the Krylov subspace is defined
Km(A,v) := span{v, Av, A%v,..., A" 1y} = span{v(o), oM @ v(mfl)}.

Apparently, we have K,,,(A,v) = {p(A)v : p € Pi_1}; see HW 2.5. The corresponding matrix
form

K (Av) = [v, Av, A%, ... ,Am_lv] = [v(o),v(l),v(2), .. ,’U(m_l)] .
is referred to as the Krylov matrix.

Remark 2.29 (Instability of the Krylov matrix). It is clear that if we normalize each vector v(™),
the Krylov sequence above corresponds to the Power iteration, which converges to the eigenvector
associated with the largest eigenvalue of A. However, this may cause linear dependence among
the vectors in the Krylov sequence, resulting in numerical instability during the iteration process.

We also note that, if (A, v) is an eigen-pair of A, then
Km(Av) =Ki(Awv), m=2,3,...

This implies that the Krylov subspace will not expand any longer. O
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Special care must be taken to mitigate numerical instabilities when constructing the Krylov

subspace to ensure the reliability and accuracy of the results.

Remark 2.30 (Characteristic polynomial). The characteristic polynomial of A can be written
as
N — Al =2 +an AV 4 a) + .

From the Cayley—Hamilton theorem, we can obtain that
.AN-FOszl.AN_l +--+aA+ag=0

and, hence,

N-1)

o™ + a0l + 4 a® 4+ ae® = 0.

O

Suppose that the Krylov matrix has full column-rank. We apply the QR factorization to the
Krylov matrix such that

Km(Aa U) = QmRma

where Q,, € RV*™ and QL Q,,, = I, R,, € R™*™ is a nonsingular upper triangular matrix. We

notice that
]Cm(A7 U) = R(Qm) = Span{(IL qa, ... an}a

i.e., the columns of @, form an orthonormal basis of IC,,(A,v).

Theorem 2.31 (Arnoldi decomposition). Given A € RV*N and 0 # v € RY. If K,,,,1(4,v) has
full column rank and Q41 is the Q-factor of the QR-factorization of K,,+1(A,v), then there

exists an irreducible upper Hessenberg matrix H,, € R™*TD*™ gych that
AQm = Qi1 Hpm. (2.24)
Proof. Since K, (A,v) = QmRy,, we have
[Av, A, ... ,Amv] = AK, (A v) = AQm R,

On the other hand,
[’U,AKm(A,U)] = Km—i—l(Aa ’U) = Qm+1Rm41-

By comparing the last m columns of the above two matrices, we obtain that

AQmRm = QerlFIma

where H,, := Rms1(:,2 : m + 1) € RMHDXm g the last m columns of R,,41. Apparently, H,,
is irreducible and upper Hessenberg since R, 1 is nonsingular and upper triangular. Hence we

can obtain (2.24) with H,, := ﬁmR;ll which is also irreducible and upper Hessenberg. O
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Remark 2.32 (Practical form of the Arnoldi decomposition). The irreducible upper Hessenberg

matrix H,, € RMTDX™ can he rewritten as

_ H,,
H,, = .
[ Bmer, ]

This gives us a more useful form of the Arnoldi decomposition (2.24), i.e.,

AQm = QumHp + BmGmerel, (2.25)

which provides an iterative scheme to construct Q,,+1. By multiplying Q% on both sides, we

can obtain that
Hp = QL AQm. (2.26)

O
Using the Arnoldi decomposition (2.25), we find that the last columns on both sides are
Agm = Qmbin + Brndm+1-

And by looking at the right-hand side of (2.26), we get h,, = QL Ag,,. With the help of this

relation, we can obtain the next iteration

Bmm+1 = Agm — Qmhm,

where
Bm = HAQm - thmHO
and
q L AQm B thm
m+1 - ﬁm .

This is actually the Gram-Schmidt (GS) orthogonalization. To improve stability, people usually
employ a modified procedure (MGS, which uses updated vectors w in Line 4), which gives the

well-known Arnoldi method?.

Listing 2.2: Arnoldi method with MGS

1 (%% Given a normalized vector ¢ with |lqifo =1 and the iteration number m;

2 |for j=1,2,...,m

3 w «— Ag;;

4 hij — (w,q:), w—w—hijq, =1,2,...,75;
5 hjv1; = [wlo;

6 if hj41; =0

3 Another approach is to use the Householder transformation to enhance stability, although it typically involves
a higher computational cost.
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7 m <« j, break;
8 end

9 gi+1 — w/hjt1j;

10 | end

2.2.2 Lanczos method

The Lanczos method is an iterative numerical method for solving large symmetric matrices.
The Lanczos method works by finding an orthonormal basis for the Krylov subspace generated
by successive multiplication of a starting vector with the given matrix. To do this, the method
repeatedly computes the matrix-vector product of the matrix and the current Krylov basis
vector, and then orthogonalizes the resulting vector with respect to the previous vectors in the
Krylov subspace using the Gram-Schmidt process.

If AeRV*N is symmetric, the left-hand side of (2.26) simplifies to a tridiagonal matrix

ar B

Hpy, = Q%—:LAQ’H’L =Ty = P e

/Bm—l

ﬁm—l Qm

Correspondingly, we have the so-called Lanczos decomposition:

AQm = QmTm + /6QO+16?;1' (2.27)

Hence we have

Aq = a1q1 + Bige

Aqj = Bj—19j-1 + a5q; + Bigi+1, J=2,3,...,m
According to the orthogonality of the columns of @),,, this procedure can be written as the
following Lanczos method.

Listing 2.3: Lanczos method

1 (%% Given a normalized vector ¢ with |lgifo =1 and max iteration number m;
2 o0, qo<0;

3 |for 5=1,2,....m

4 w — Agj;

5 aj — (w,q5);

6 w—w—a;q; — Bi-1¢j-1;

7 Bi = llwlo;

8 if B8;=0

9 m < j, break;
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10 end
11 gj+1 < w/Bj;
12 | end

Remark 2.33 (Lanczos procedure for non-symmetric problems). For non-symmetric matrices,

the Lanczos method can provide a pair of biorthogonal bases for two subspaces:
Km(A,v) := span{v, Av,..., A" v}

and
Ko (AT w) := span{w, Aw, ..., A™ 1w},

In this case,

ar B
01 an

Bm—l

Om—1 Qm

In this procedure, we need to store two sets of basis vectors, unlike in Arnoldi’s algorithm,
which requires only one. A more significant issue with the Lanczos algorithm for non-symmetric
matrices is the potential risk of breakdown. This occurs when (v;, w;) ~ 0, causing the algorithm
to halt without identifying an appropriate affine space that contains the true solution. Therefore,

it requires a different approach for non-symmetric problems. ]

2.2.3 Conjugate gradient method

We consider an SPD linear operator A. Now we apply a descent direction method with

search direction p(™, i.e.

In this case, the “optimal” stepsize from the exact line-search is

(m)_p(m)
U 1= W. (2.29)
(P P )A

We notice that the residual after one iteration is

D) ) o gm).

In order to keep the iteration going, we wish to construct a new search direction which is
orthogonal to the previous search directions. This motives us to define the new search direction

to be A-conjugate to the previous direction:

pmHD = () g p(m) - such that (p(m),p(m+1)) = 0.

A
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By simple calculations, we obtian the weight

(Ar(m+1) R p(m))

(Ap(m), plm)) (2.30)

Bm::_

This gives the so-called conjugate gradient (CG) method.

Lemma 2.34 (Properties of conjugate directions). For any conjugate gradient step ¢, we have

following identities:

1.

4, =0, j#i

This lemma is very simple but important. It guarantees that we can apply a short recurrence

iteration procedure while keep all directions are orthogonal to each other; see HW 2.7.

Lemma 2.35 (Stepsizes for CG). For the conjugate gradient method, we have the following

identities:
(r(m) 7 r(m) )

(A p(m)

The previous lemma may look like trivial transformations, but it is essential for implemen-

(m+1) ,.(m+1)
(rtm )

and Bm = (T(m)’ ’]“(m)>

Ay =

tation, which is described as follows:

Listing 2.4: Conjugate gradient method

1 [%% Given an initial guess u and a tolerance g;
2 (r—f—Au, p—r;

3 |while |r|>e

4 o« (r,r)/(Ap,p);

5 U<«—u+ap;

6 7 —1r—aAp;

7 B« (7,7)/(r,r);

8 p—7T+pBp;

9 Update: u <« u, r< 7, p< p;

10 | end
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We can summarize the above CG iterative procedure as the following equations:
O = f — 4@ pO) = 7O py = (7O O,

om = (P, Ap™), = pi)Om;

(2.31)
r(m+1) = r(m) — amAp(m)’ > m = 0, 1, 2, e

p(mt1) | p(mt 1)y

Pt = ( rl s Bt = pms1/pm;

pmH) = pm+) 4 gy p(m);

Remark 2.36 (Computational complexity of CG). We find that, in each iteration of the CG
method, the complexity is only 1 matrix-vector multiplication and 2 inner products, with a few

vector additions. O

Remark 2.37 (From Lanczos to CG). If we want to find the best approximation of u in the
Krylov subspace K, (A, f) with respect to the A-norm (assuming initial guess u(?) = 0), it is
equivalent to find u(™ € K, (A, f) such that

oT(f — Au™) =0, VYoe Kn(A,f);

see HW 2.6. The Lanczos method starting from ¢ := f/|f]o is associated with the Q-factor
Q@ whose columns is an orthonormal basis of Iy, (A, f). That is equivalent to find y,, € R™

and u(™ = QmYm such that

Q%(f - ’Au(m)) = an(f - Amem) = 0.

Notice that T},, = QT AQ,,. It is then equivalent to solve a symmetric tridiagonal linear system

T Yym = HfHOel'

Since T}, is SPD, there exists a LU decomposition, which can be computed without pivoting.

Then we can write the approximate solution
u™ = QU Ly | floer,

in which L,, has unit diagonal entries. In turn, we need to solve, using substitution, the
equations:
Ly ym = ”f”Oeh P Up = Qm, u™ = P ym.-

This will give rise to the conjugate gradient method as well [172]. O
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Remark 2.38 (Polynomial form of CG). It is straightforward to check that, for the CG method,
K1 (A, 7)) = span {T(O),T(l), e ,r(m)} = span {p(o),p(l), e ,p(m)}

and p®) = 7. By examining the CG method (2.31), we find that there exist two polynomials
Gms ¥m € P, such that

,,,(m) = ¢m(-’4) T(O)a p(m) = wm(-A) p(O) = wm(A) T(O)'

From the above equation, we can see that, to get a convergent method, ¢,,(A) must be a

contraction in some sense. By setting ¢g = 1 and ¢_; = 0, we have the iterations

Om+1 = Om — OmtUm,  Um = Om + Bm Um—1.

Define a bilinear form [¢ - ] = (gb(,A)r(O)’ P(A) T(O)) — 0f

notation, we have a polynomial form of the CG method:

H(A)P(A)r®). Using these

po=1, v-1=0, p1=1

Pm = [¢m : Qbm]a Bm = Pm/pm—1§
Ym = Gm + BmWVm—1; (2'32)
» m=0,1,2,...

Om = [wm : t%bm], Am = pm/o'm;
Om+1 = Om — QnlPm;

Based on Lemma 2.34, we notice that [¢; - ¢;] = pid;; and [¢; - ty;] = 040;5. d

The CG method has been proven to converge significantly faster than the steepest descent

method in practice, as demonstrated by the following theorem.

Theorem 2.39 (Convergence rate of CG). The convergence rate of the CG iteration satisfies

the following estimate:

e VaA) —1 0
uU—u <2 U—u . 2.33
o] <2 (VA o 30
Proof. We only give a sketch of proof here. From Lemma 2.34, the residual (™ is orthogonal
to

Km = span{r(o),Ar(O), .. ,Am_lr(o)},
namely

(A(w —u™) v) = (r™ 0) =0, Voe Ky,

This implies

((u— u®) — (um™ — u(o)),v)A =0, Yvelk,.
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The above A-orthogonality gives

Hu — (™ H = min Hu —u© - wH = min |u—u© — qul(A)r(O) H
A welklm A Gm-—1 A
- U A, = i fant )]

The desired estimate can then be obtained by choosing appropriate Chebyshev polynomials; see

HW 2.8 as a guideline to complete the proof. ]

If the eigenvalues of A are distributed uniformly in the range [Amin, Amax], the upper bound
stated in (2.33) is proven to be optimal. Notably, a few isolated poor eigenvalues barely affect
the asymptotic convergence of the CG method. However, in such cases, the bound (2.33) is
no longer sharp, and the rate of asymptotic convergence can instead be approximated by the

effective condition number [7, §].

Remark 2.40 (Effective condition number). If the spectrum of A can be decomposed into two
parts, 0(A) = oe(A) | giso(A), with myg isolated eigenvalues in ois(.A). In this case, the above

convergence estimate for CG can be modified as

_um -1\
[l <2C ( ~4) ) , m = myg (2.34)

Ju—u®a4 VE(A) +1
where the effective condition number is defined as

max oem(A)
min oeg(A)

Kefi(A) 1=

We can use (2.34) to estimate the rate of convergence of the CG subspace methods instead. In

this estimate, the constant

A m
C := max H ‘1—‘<(/€(A)—1) ‘.
)‘eaeff(A) LETiso (.A) 2
In particular, C' < 1 if gy, contains only isolated large eigenvalues. O

Remark 2.41 (Nonlinear conjugate gradient). By considering minimization of a more general
functional F(-) over a quadratic functional, steepest descent directions based search directions
can still be used. The Flecther-Reeves formula [95] and related methods can be utilized for

parameter [, while a line search algorithm can be applied for stepsize a. O

2.2.4 Some variants of CG method *

In large-scale parallel computation, we often need to reduce or hide communication costs

associated with the inner products needed in the CG method. Here we introduce two variants
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of the CG method, namely the pipelined CG method (toward communication-hiding methods)
and the s-step CG method (communication-avoiding). The general idea is to reduce cost of com-
munications and synchronisations by avoiding communications or overlapping communications
with computation. These kinds of techniques are very important for communication-bounded

algorithms.

Listing 2.5: Pipelined conjugate gradient method

1 [%% Given an initial guess w and a tolerance g;
2 |r—f—Au, p—r;

3|s— Ap, w— Ar, z— Aw;

o< (r,7)/(p,s);

while |r|>e

S

ot

U<—u+ap;
T «— 1 —as;

W — W — QZ;

© 0 N o

zZ— Aw; %% SpMV, asymc

10 B (7,7)/(r,7);

11 O T

12 p—7+Bp;

13 S§—w+fBs;

14 Z<—Z2+4+Bz; %% Results of SpMV needed here!
15 Update: u<« U, 1«7, p«—D, W W, S« 5, 2« Z;
16 | end

Listing 2.6: s-Step conjugate gradient method

1[%% Given an initial guess u; and a tolerance ¢;

2| — f—Au;

3 |for k = 0:MaxIter

4 for j = 1:s

5 Wsktj < ATskyj; %% P2P communication

6 Wsk+j < (Tsktj,Tsk+j); %% Test for convergence; All_reduce
7 Vshtj < (WsktjsTsk+j) i

8 Ysktj < Msk+j/Vstji

9 if sk+j==

10 Psk+j < 1;

11 else

12 &1 < Ysktj/Vskti—17

13 §2 — Uskti/Wsk+i—17

14 psk+j — (1 —&1&2/psktj—1)"";

15 end

16 Tsktjt1 < Psktj(Tsktj + VsksiTsk+s) T (1 — Psk+s)Toktj—17
17 Tsktj+1 < Pskts(Tok+s = Vok+jWsk+j) + (1 = Psktj)Tskrj—1;
18 end

19 | end
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2.2.5 Minimal residual methods

We first examine the scenario where A : V +— V is an indefinite and symmetric isomorphism.
In this case, a technique akin to the previously discussed Lanczos method can be employed. For
simplicity, we assume a zero initial guess (%) = 0, but note that it is not a necessary condition.
This Krylov subspace method is characterized by

u™ = argmin |f — Avl2.
vellm (A, f)

In this case, the Lanczos decomposition (2.27) reads
AQm = Qm+1va

where @, € RV*™ is the Q-factor of the Krylov matrix (i.e. Qmer = f/|f]lo) and

[ o1 B

fr as B2

Ty, i= e R(m+1)xm

Bme Am—1 ﬁmfl
Bm—1 Om

Brm

Assume that Sy := ||f]o * and (™ = Q,,ym with y,,, € R™. We have
£ = Au™ o = | f = AQuymlo = |Bo@m+1€1 = QuarTmyimllo = |Boer — Tuymlo-
We need to find y,, € R™ such that
|Boer — Tinymllo = min [|oer — Tnyllo-

We can apply the Givens transforms on the upper Hessenberg matrix 7}, to obtain an upper

triangular matrix

[ & e |
i R, Y2 02
Gme_l ce GQGle = 0 ] , and Rm = Em—2 e R™*™,
Ym—1  Om—1
i Tmo

“Note that we are using the zero initial guess.
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Here the Givens transforms have the following form

(., 0 o0 |
0 ¢ s 0
Gi=| _CS' z . e RIm+Dx(m+1) (2.35)
0 0 Iy

and G := G,,G—1 - - - GoG1. In the Lanczos method, 5; # 0; this implies ; # 0 and hence R,
is nonsingular.

By the above definition, we have

21
€
BoGer = G(Boer) =: |~ |, Gmi=
Pm
Zm
It is easy to check that
21 = Poci,
Zi = (—1)1‘_1608182"'81;162‘, 1= 2,3,...,m (2.36)

pm = (—=1)"Bos152 - Sm-

Tl

u(m) = QmYm = QmR;qlgm

We then have
2

= HRmy - CmHé + p%n'

[Tontim — Bocs|2 = |[GTmy — oGer |2 = ‘
0

This means that y,, = R;,'(, and

gives the so-called minimum residual (MINRES) method. Apparently, this form of the MINRES
method is not efficient because it is expensive to store Q,,,. The practical implement of MINRES
is based on the following observations.

Suppose that Q,, is known. Let P, := Q,R,,' and hence P,,R,, = Q,. Then it is easy to
check that

Y1P1 = 41,
01p1 + Y2 p2 = qo,
5j72pj72+5j71pj71 +’y_7pj:qja j:3747"'am
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and it can be solved as

p1=q1/M,
p2 = (g2 — 61p1) /72,

pj = (¢ — 6j—1pj—1 — €j—2pj—2)/Vj, J=3,4,...,m
We can also easily see that
0
_ Tm 1, _
Tm+1 = m mtl € R(m+2)x(m+l) with tm+1 = 0
0 ﬁm+1
Brm
i Am+1
And using the Givens transformation, we wish to obtain
0
R Tt (m+1)x (m+1) .
Ry = eR with 7,41 1= 0
0 Tm+1
Em—1
Om

By some calculations, we get
Em—1 = Sm—1Pm,
Bm = cm—1Bm,
Om = CmfBm + SmOm+1,
Qmt1 = —SmBm + CmQm1,
Ym+1 | Cm+1  Sm+1 Qm1
0 —Sm+1 Cm+1 ﬁerl
Furthermore, from (2.36), we have
Zm+1 = PmCm+1,  Pm+1 = —PmSm+1-
And we have already showed that
Pm+1 = (Qm+1 — 0m Pm — Em—1 pm—l)/’}/m-&-l

and, in turn,

Cm

u(m+1) = Pm+1<m+1 = [ Py pm+1 ] [
Zm+1

69

c Rerl

e R™.

] = u™ 4+ 21 Pt



CHAPTER 2. ITERATIVE SOLVERS AND PRECONDITIONERS 70

This is the practical MINRES method which only requires to store five vectors u(™), py, pm—1,

Gma+1, and ¢, in order to compute the new iteration u(™+1).

Remark 2.42 (Convergence of minimum residual method). We can derive analytically that
(see, for example, [103])

(m) i (0)
[ < min - max lgn (Al

In this case, the following crude convergence estimate holds

k(A —1\™ k(A) —1\™
Il = A=)y <2 (S0 1) -, =2 (S 1) 1Ol 237

If all the eigenvalues are positive, we can get sharp convergence estimate using Chebyshev
polynomials. It is more challenging to get a general yet sharp estimate for indefinite problems;

see [171] for more details. O

On the other hand, if the linear operator A : V — V is not symmetric, then we need to

apply the Arnoldi method (2.24) instead:

AQm = QmHm + BQO+1e777; = Qm+1Hm-

Here Qi1 := [QmsGms1] € RVX"HD gatisfies QF .1Qm+1 = Im+1. The upper Hessenberg
matrix
Hm _ HmT c R(m+1)><m‘
Bmem

Like before, we assume that Sy := | f]o and ™ = Qpym with y,, € R™. We have

If— Au™ o = | f — AQmumo = [BoQm+1€1 — Q1 Hmymlo = |Boer — Humym|o-

Then we apply the Givens transformation to H,, to solve this least squares problem. This gives
rise to the well-known GMRES method.

The residual norms in the GMRES method are guaranteed to be monotonically non-increasing,
and the method terminates with the exact solution in at most IV iterations, assuming exact arith-
metic. However, unlike the MINRES method, GMRES does not offer an efficient way to avoid
saving O(mN) vectors, making it impractical to allow very large m. In practice, the iterative
process is restarted with a relatively small m, leading to the restarted GMRES(m) method.
The computational complexity of GMRES is approximately O(m?N), meaning both memory
and computational costs rise significantly as m increases. To prevent these costs from becoming
prohibitively high, it is necessary to periodically terminate and restart the iterations, which is

the basis of the restarted GMRES approach.
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Remark 2.43 (Generalized minimum residual method). For general linear system, we can apply
the Krylov subspace method: Find u(™ € v + ICm(r(O)), such that f —Au(™ 1 £,,, where the
m-dimension subspace £, < V is given. In GMRES method [172], for example, L, = AK,,, in
which IC,, is the m-th Krylov subspace. In each iteration of GMRES, we minimize the residual

norm over all vectors in u(® + iC,),. O

Listing 2.7: Generalized minimum residual method

1 %% Given an initial guess u and the maximal iteration number m;
2 |ref—Au, B|r|, vi<1/B;
3 |for 3=1,2,....m

4 Wj < .A’Uj,'

5 hije(wj,vi), wj ijfhijvi, t=1,2,...,7;
6 hjv1; = |wjlo;

7 if hjy1,;, =0

8 m < j, break;

9 end

10 Vi1 < wihjia5i

11 | end

12 | Hm < {hijhi<ism+1,1<i<m i
13 | ym < argmin, |Ber — Hmylo;
14 |Update: u«— u+v™y,,;

2.2.6 Biconjugate gradient methods

We have expressed the CG method in the form of a polynomial iteration in Remark 2.38. If

A is not symmetric, we can revise the bilinear form as

[6- 9] = (AT, (A) @),

where 7(©) and 7 are two initial vectors. Similar to the CG method, we can employ an iterative

scheme (the BiConjugate Gradient or BCG method):

¢0 = ]-7 1[)71 = 07 pP-1 = 1a
pm = [Om - dmls  Bm = pm/Pm-1;

Ym = dm + Bm¥Pm—1; (238)
> m=0,1,2,...

N\

Om = [Ym - tm],  m = pm/om;

Om+1 = Om — Unlthm; ),

This will then give
(i - 5] = pidiy, [Wi - ty)5] = 0ibij.
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Furthermore, the BCG method results in

— ¢m(¢4)7«(0)’ Flm) — ¢m(AT)7?(O)’ q(m) _ ¢m(A)T(0)7 g(m) — ¢m(AT)f(O)

and

™) = 4™ 4™ m=0,1,2,...
We notice that
™) 1K (AT 7O,
We also notice that (see HW 2.9):
s = Sm(A)r® L IC, (AT 70) gl = 1 (A)r© L ATIC,, (AT, 7). (2.39)

In the BCG method, we must compute the adjoint operator A”. To avoid this, the Conjugate
Gradient Square (CGS) method was proposed. It is based on the following observations on the

iterative procedure (2.38):

pm = [dm - dm] = [d0 - D),
Om = [Ym - tm] = [to - t7,].
So we can define
= o (A) @, g™ =42 (A)r©), (2.40)
In order to compute these vectors, we can utilize (2.38) to obtain that
Vi = ($m + Brtm—1) = &5 + 2BmOmPm—1 + Bt 1,
Gt = (Pm — Omtom)® = by = 20mtdmthm + amt* i,

and

Gt 1Um = (S — WmtPm)bm = Gmthm — b,
Omtm = Sm(Pm + Bm¥m—1) = dpy + BmbmPm—1-
By defining
= (A1 (A) O, w™ = ¢ (A (A) ),

we arrive at the following iterative scheme

W) = ) g )
20 = ) 428, p0m) 4 G2 gm=1) — ) g () 4 B g(m=D)Y
P plm) o Ag(m), = 0.1,
rm) = M) 20, Aw(™ + a2, A2¢™) = (M) — q, A (W™ + pm+D)
W) = ) 4 () 4 ()

(2.41)
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Remark 2.44 (CGS and BCG). In the above method, we do not need to compute A? any

more. Theoretically speaking, we should have

rhee = bm(A)rQ, 1l = 62,(r 0 = g (A)ries,

which means CGS should converge twice as fast as BCG. However, CGS usually generates

oscillating residual |7(™) |y in practice. O

Next we will introduce the BiCGstab method, which is much more popular in practice.

Consider a method who generates residuals in the following form:
= Fu(Ariict = Sn(Aom(Ar®,

with a polynomial ¢,, # ¢,. Usually, it can be given as

G0 =1, Gms1(t) = (1 = wms1t) o (t).
In this iterative procedure, we need to determine the coefficients {wm, }m=1,2,...

G161 = (1= wos1)m (S = Qunttom) = (1= winsrt) (G — ntdtom)
Omtm = Om (9m + Brtbm-1) = Gmm + B (1 — wint)dm-10m-1.
Motivated by (2.40), we define
= Gm(A)bm(A) D, p™ = G (A (A) O, (2.42)

In this setting, we can immediately derive that

p(m) = T(m) + 5m(I - WmA) p(m—1)7
r ) = (T — w1 A) (r(m) - ozmAp(m)) — (T — w1 A)s™,

with s(™) = r(m) — o, Ap(™). We retain the freedom to choose a suitable coefficient wy, 1, also

known as the stabilization parameter, by minimizing
[+ Do = min |(Z — wA)s"™ o.
w

This immediately gives
S(m))T A M)
(s0m)" AT A 5(m)

Now, in order to make the iteration work, we only need to compute a,,, and 3,,. We have

Wm+1 =

Qm = pﬂ; /Bm = pm y  Pm = [¢m : Qbm]; Om = [wm twm]

Om Pm—1
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We have the orthogonality property (2.39). For any ¢ € P,,,—_1, the bilinear form

[ ] = (W(AT) (604 @) =0, (2.43)
[ - 1] = (W(ATFO) " A (4 (A1) =0 (2.44)

Suppose that the leading term coefficients of ¢,,, and q@m are &, and 1, respectively. &y =y = 1.

Using the iteration procedure, we get

£m+1 = _amgma Im+1 = —WmTm,

and v, has the same leading term coefficient as ¢,,. Hence, ¥, — %(im and ¢, — g—:qu are

both (m — 1)-polynomial in Pp,—1. From (2.43) and (2.44), we can easily see that
Em Em

S UL >m
Im m

Pm = [¢m ) ¢m] = [d) (Z)m]a Om = [wm : twm] = [ Cz)m : twm]

We summarize the above calculations in the following lemma:

Lemma 2.45 (Stepsizes for BiCGstab). For the BiCGstab method, we have the following

identities:
(f(o) ’ r(m) )

(f(O)’Ap(m))
The BiCGstab algorithm is given in the following listing. Compared to the BCG and CGS

Qn—1 (7:(0)77n(m))

Win (,:(0)’ 7n(m—l)) '

and Bm =

Oy =

methods, BiCGstab is known for its superior stability. It avoids computing the transpose op-
erator AT, is based on short recurrence, and only requires two matrix-vector inner products in

each iteration.

Listing 2.8: BiCGstab method

1 [%% Given an initial guess u and a tolerance g;

[\v]

r— f—Au, p<—r;

Choose a fixed vector 7o such that p <« (fo,r) #0

B~ W

while |r|>¢€

ot

wHAp7 0 (fﬂaw)v Oé(*p/o-;

6 s—r—aw, v—As, w < (s,v)/(v,v);
7 U<—ut+ap+ws;

8 T §—wu;

o|  pe (o) B (ap)/wp);

0|  per+Bp-ww);

11 Update: p <« p;

12 [end
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2.2.7 Generalizing KSM to Hilbert spaces

The Krylov subspace methods (KSMs) can also be extended to linear operators A : ¥ +— ¥,
where 7 is a separable Hilbert space®. It is important to note that the convergence estimates
(2.33) and (2.37) do not depend on the finite dimensionality N. Whereas the KSM framework
is deeply understood for finite-dimensional problems, it is instead less explored and lacks a
systematic study in the infinite-dimensional case.

In view of Remark 1.23, we assume

(Av,v) alv,v]
| A2y = sup =—5—= = 7 SCa
VeV H’UH‘// ey HUH//
and the inf-sup condition (1.16) holds
A Av, : )
A1y = im0 g o A g L]
PV e oy ve ey [ollyluly ver uey ol luly

Hence the condition number k(A) < Cy/a is bounded. This discussion follows the work by
Mardal and Winther [136] closely.

Theorem 2.46 (Convergence of KSM in Hilbert spaces). Let A : ¥ +— ¥ be a symmetric

isomorphism. The minimum residual method satisfies the following estimate:
| A — w™)| < 26™ | A(u — u®)], (2.45)

where 0 < § < 1 only depends on k(A). Moreover, if A is positive-definite, then the conjugate

gradient method satisfies that
=] < 20—, (2.46

where § = (/k(A) —1)/(\/k(A) + 1).

However, in order to employ KSMs for the continuous equations that we are interested in, like
the Poisson’s equation, we have to consider A : ¥ — #', where ¥ and # are both separable
Hilbert spaces. Typically, # > ¥ and most likely # = ¥’. Since ¥’ & ¥, KSMs are not

well-defined in this case. The question is how we can apply a KSM method in such a setting.

We need to construct an isomorphism B mapping ¥’ back to ¥. We assume that the map B is
symmetric and positive definite, namely (-, B-) defines an inner product in #”. We immediately

notice that B could be a Riesz operator®:

For any given f € ¥/, (Bf,v)y ={f,v), YveV¥.

5Note that ¥ here might not be finite dimensional.
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A symmetric isomorphism A € Z(¥;¥") satisfies that
(Au,v) = {Av,u), wu,veY,

where (-, -) is the duality pair for #” and #. As a consequence, (87!, - is an inner product on

¥, with associated norm equivalent to | - |. This leads to a preconditioned system
BAu = Bf

and BA is an isomorphism from ¥ to itself. The Krylov subspace methods can be applied to
this preconditioned system and B is called a preconditioner. From the convergence estimate

(2.45), we have
(A(u — u™), BA(u — u™)H? < 26™(A(u — u ), BA(u — u9))/?,

with § depends on k(B.A) only.
Note that BA: ¥ — ¥ is symmetric with respect to (-, -)y, i.e.,

(BAu,v)y = (Au,v) = alu,v] = (u, BAv)y, u,veV.

The last equality follows from the symmetry of the bilinear form a[-, -]. Furthermore, due to the

continuity of a[-,-] (1.14), we obtain

(BAv,v)y alv,v
B A5 = sup B2 07 @00 g,
veY HUH"// veY ”UHV
and the inf-sup condition (1.16) gives
BA BAw, : ;
||(BA)_1||}1W,,7/) = inf IBAvly inf su (BAv,u)y inf sup _afv.u] > a.
Ty ol e ey [ulylully vt ey [vlyfully

Hence, the condition number is bounded, i.e., k(BA) < Cy/a.

Example 2.47 (Poisson solver as a preconditioner). As an example, we consider a second-order
elliptic operator A : Hi(Q) — H~1(Q) defined by

(Au,v) = alu,v] := f (u(x)Vu) - Vodez.
Q
Assume that u(z) € R¥™? is a symmetric and uniformly positive definite
clel? < € p(a)s < ClEPP, weQ, EeRY

We need to define
(Bf,v)HS(Q) = (V(Bf), V’U)QQ = {f,v).



CHAPTER 2. ITERATIVE SOLVERS AND PRECONDITIONERS 7

In this sense, we can choose B = (—A)~!

BA : H}(Q) — H}(Q) is bounded, i.e.

as a preconditioner and the condition number of

s 1Q

K(BA) = |BA| 2 ;s on | BA ™ s sy <

We note that other inner products can be used, which will yield different preconditioners. As
long as the continuity condition and the inf-sup condition hold, the preconditioned system is

well-conditioned. O
Now we summarize the above discussions on how to construct a “natural” preconditioner:

1. Define an appropriate inner product (-, -)y;

alu, v]
ol

2. Establish the inf-sup condition sup,cy > alully for any u e ¥

3. Define B as the Reisz operator, i.e., (Bf,v)y = {f,v) for any v € ¥;
4. The preconditioned system B.A is symmetric with respect to (-, )y and well-conditioned;
5. Construct a discretization which satisfies the corresponding discrete inf-sup condition;

6. Define a spectrally equivalent B}, as a preconditioner.

2.3 Preconditioning techniques

The convergence rate of an iterative method depends greatly on the spectrum of the coef-
ficient matrix. Hence, iterative methods usually involve a second matrix that transforms the
coefficient matrix into one with a more favorable spectrum. The transformation matrix is called
a preconditioner. A good preconditioner I3 improves the convergence of the iterative method
sufficiently and is relatively cheap to compute, in order to overcome the overhead (extra cost)
of constructing and applying the preconditioner. There are a few different ways to apply pre-

conditioners, for example:

BAu = Bf Left preconditioning
ABv = f u = Bv Right preconditioning
BrABrv = Br f u = Brv Split preconditioning

Although convergence behavior of iterative methods is not governed by the condition number
alone, it provides useful information for a variety of methods. For example, we would hope that

k(BA) « k(A), if we apply a Krylov subspace method to solve a preconditioned linear system.
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2.3.1 Construction of preconditioners

We first introduce a few simple facts that could be helpful when we need to estimate the

condition number k(BA).

Lemma 2.48 (Estimation of condition number). If po and p; are positive constants satisfying

po (Au,u) < (B u,u) < pn (Au,u), YueV, (2.47)
then the condition number
k(BA) < H
Mo

Proof. By change of variable u = Afév, we have 0’(./47%8_1./47%) c [uo,,ul] and, hence,
o((BA)™) < [0, pa]- m

Using equivalent conditions found in (2.47) can often provide more convenient ways to analyze
the condition number, as demonstrated in the following lemma and remark. The proof of this

lemma has been left as an exercise for the reader and can be found in HW 2.10.

Lemma 2.49 (Some equivalent conditions). If A and B are symmetric positive definite operators

on a finite-dimensional space V', then we have the inequalities (2.47) are equivalent to

po(Bu,u) < (A u,u) < py(Bu,u), YueV, (2.48)

or
py (A, u) < (ABAu,u) < pgt(Au,u), YueV, (2.49)

or
pyt (Bu,u) < (BABu,u) < pigt(Bu,u), YueV. (2.50)

Remark 2.50 (Another equivalent condition). If A and B are symmetric positive definite
operators on a finite-dimensional space V, @ > 0 and 0 < é < 1, then it is easy to verify the

following two conditions are equivalent:
—a(Au,u) < (AL — BA)u,u) < §(Au,u), YueV (2.51)

and
(1+a) HAu,u) < (B 'u,u) < (1—6)" (Au,u), YueV. (2.52)

Apparently, (2.51) can also be written as

—a(u,u)4 < ((Z - BAw,u) , <d(u,u)a, YueV. (2.53)

A

This equivalent relation will be useful later on. O
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2.3.2 Preconditioned conjugate gradient method

Before we talk about preconditioned KSMs, the first question to answer is why and how CG
can be applied to the preconditioned system BAu = Bf. We have mentioned B.A is usually not
symmetric w.r.t. (+,-) but symmetric w.r.t. (-,-) 4 in §2.2.7. Similarly, we can define a new inner
product (-,-)g-1 := (B71:,+). Then

(BA-,)g-1 = (A-,-) == BAis SPD w.r.t. (-,-)5-1,
which means CG can be applied to BAu = Bf with this new inner product.

Lemma 2.51 (Stepsizes of PCG). For the preconditioned conjugate gradient method, we have
the following identities:

(Br(m), r(m))
(Ap(m),p(m))

We notice that B! is cancelled out in the above inner products. With the help of this

(m+1) ,.(m+1)
(Br ,T )

and 6m = (Br(m)7r(m))

QA =

lemma, we can write the pseudo-code of PCG with left preconditioner (compared with regular

CG, it just requires one more matrix-vector multiplication):

Listing 2.9: Preconditioned conjugate gradient method

1 (%% Given an initial guess uw and a tolerance g;
2 |r— f—Au, p < Br;

3 |while |r|>e

4 a « (Br,r)/(Ap,p);

5 U <—u+ap;

6 7 —1r—aAdp;

T| B (BRA/(Brr);

8 p < BF + Bp;

9 Update: u <« u, r« 7, p<p;

10 | end

2.3.3 Precondition v.s. iteration

Let B be a symmetric iterator of the SPD operator .A. We have seen that a sufficient

condition for the iterative method to be convergent is that
p(Z —BA) < 1.

In this case, let po := p(Z — BA) = |Z — BA|| 4. The method is not only converging but also
a contraction, i.e., |u —u™|4 < pftfu — u®|4 — 0 as m — +oo. Similar argument as

Theorem 2.13 shows that B must be SPD. Furthermore, by definition of | - || 4, we have

((A-2A4BA+ ABABAYu, u) < ph(u,u)a.
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Changing variable v = A2y, we obtain
((I— A1/2B,41/2)2U,v> <PRvv) = ’((I— ,41/28,41/2)1),@)’ < polv, v)
— ]((A — ABAu, u)‘ < po(Au,u), YueV.

Hence Remark 2.50 shows (see HW 2.12) that the condition number is uniformly bounded, i.e.,

1+ po
1—po

k(BA) <

In fact, the above estimate can also be easily obtained from p(Z — BA) = py < 1.
We use the same notation B for the preconditioner and the iterator, apparently for a reason.
Indeed, the convergence rate of the preconditioned CG method (2.33) is equal to

1+po
:«//@(BA)—1<\/ﬁ—1 1—+/1— 2 (254)

= < po-

VE(BA) +1 /it%+1 Po

The last inequality holds true when 0 < pg < 1.

The discussion above suggests that a preconditioner can be found for any convergent sta-
tionary linear iterative method, and its convergence can be accelerated by PCG. However, this
comes at an additional cost of applying the preconditioners. Preconditioning is crucial for prac-
tical problems, and KSMs are sometimes referred to as accelerators. It is desirable to have an

effective preconditioner which satisfy most, if not all, of the following properties:

e The preconditioned linear systems have improved “condition” of the linear system.

e The spectral condition number of B.A should be better bounded independently of the size
of the problem.

e The preconditioner is relatively easy to setup and cheap to apply; the computational cost

of Br should be proportional to the size of the problem.

e The preconditioner should be robust on different domain shapes, mesh types, jumps in

coefficients, etc.

e The preconditioner can be implemented easily and efficiently.

To summarize, we present numerical results (Figure 2.2 and Figure 2.3) comparing standard
and preconditioned Krylov subspace methods for solving the finite difference system that arises
from the 2D Poisson’s equation on a unit square domain with homogeneous Dirichlet boundary
conditions. The problem size for this study is 16384 x 16384.
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Figure 2.2: Solving FD equation using Krylov subspace methods without preconditioning.
5 ‘ Perfomance t‘Jf iterative methcrds with precon(fitioner ILU(0) ‘
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Figure 2.3: Solving FD equation using Krylov subspace methods with ILU(0) preconditioning.

2.3.4 Stopping criteria

When an iterative method is employed, sometimes it is hard to determine when to stop the

iteration process. Ultimately we would like to have the error e(™ := 4 — (™) in certain norm

(e.g. the energy norm) to be small enough, i.e., (e(m),e(m)) < €.

1
2
A

However, the error is not
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usually computable. Norms of the residual (™ := f — Au(™ which is not only computable
but also naturally available in the iterative process, are used instead. According to the standard
perturbation analysis, we have

e — ™)

(m)H

r

< k(A) H )
171

In fact, A(u —u(™) = f — Au™ = r(™) Hence |u—u(™]|| < |A~Y|r™|. On the other hand,

it is easy to see that | f|| < |All|u/|. By combining the last two inequalities, we can obtain the

desired estimate (2.55).

(2.55)

We notice that the right-hand side of (2.55) is the relative residual (with initial guess equals
zero) and the left-hand side is just the relative error. Hence this inequality shows that, even
if the relative residual is small, the relative error could be still very large, especially for the

ill-conditioned problems.

is a better quantity to

[V NI

Although L2-norm of ("™ is usually used in practice, (r(m),r(m))

monitor for convergence. We notice that
(), 15 = (Ae™), Ae™) o = (ABAe™ (™).

, if B is a good precondi-

pNISIE

is equivalent to (e(m), e(m))

[ NI

According to Lemma 2.49, (r(m),r(m))
tioner.

Another comment is that we have been using the residual of the original equation instead
of the preconditioned equation in PCG. In practice, there might be situations that the left
preconditioner changes the residual of the equation a lot, which will cause trouble for users to
design stopping criteria. The preconditioned equation has a residual rg = Br = B(f — Au) and
|rg|| might be a lot different than |r|. Sometimes it might not be a good idea to use 3 instead

of r.

2.4 Domain decomposition methods

Domain decomposition methods (DDMs) are commonly used in numerical methods for par-
tial differential equations (PDEs) as they employ efficient “divide and conquer” techniques to
iteratively solve sub-problems defined on smaller subdomains. DDMs provide a convenient
framework for solving and preconditioning heterogeneous or multiphysics problems, regardless
of the discretization method used (e.g., FD and FE). These methods offer significant benefits
for solving problems on parallel computers, particularly when it comes to their algebraic solu-
tion. Although there are two ways of subdividing the computational domain, overlapping and

non-overlapping, overlapping domain decomposition methods are the focus of our discussion.
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2.4.1 Divide and conquer

We consider the model boundary value problem

Au = [ inQ
u = 0 on 0f2

Overlapping domain decomposition algorithms are based on a decomposition of the domain 2
into a number of overlapping subdomains. To introduce the main ideas of DDMs, we consider
the case of two overlapping subdomains §2; and €, which form a covering of Q and ; [ Qg # ©;
see Figure 1. We let T'; (i = 1,2) denote the part of the boundary of €2;, which is in the interior
of Q.

Figure 2.4: Overlapping domain partition with two sub-domains.

If we already have an approximate solution (™, we can construct a new approximation by

solving the following two equations:

Augmﬂ) = f in Qq,
4 §m+1) = (™ onI'y,
ugmﬂ) = 0 on 0\I'y,
and )
.Augmﬂ) = f in Q,
ugmﬂ) = g(m) on I'y,
ugm+1) = 0 on 6QQ\F2

\

Here we have not specified how to choose the right boundary condition ¢(™. There are two
approaches to apply these two subdomain corrections—the additive approach and the multi-

plicative approach.

e In the additive approach, we take ¢(™ = u(™ and carry out the two corrections simulta-

neously.

e In the multiplicative approach, we take g(m) = ugmﬂ) and use the most up-to-date iterative

solution.
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We then define the new iteration as

(m+1) .
Uy, , if x € Qo
u () = (m+1)
Uy ) if z € Q\Qo.

2.4.2 Overlapping DD methods

With the above motivation in mind, we are ready to introduce the standard overlapping

domain decomposition method in matrix form:

—

At = f, V =RV,

Suppose we have an one-dimensional domain partitioning of €2; see Figure 2.5. Of course, we

can use more general partitioning strategies as well.

A

2

0 Q2 Q3 Q4 Q

BH
Figure 2.5: Overlapping domain partition with four sub-domains.
Denote the set of grid point indices as G := {1,2,..., N} and it is partitioned into n subdo-

mains. Let GZ be the index set of the interior points of Qi, and N; = ]@Z\ be the cardinality of
G;. Apparently, we have

(;:::(ilt_J(?Ql_J."L_J(?” and N <N +Ny+---+ N,.
Let @; € RYi. The injection matrix (natural embedding) I; € RY*Yi is defined as
7)., if ke Gy
(%), v (2.56)
0, if ke G\G;.

It is natural to define sub-problems as A; := IiT Al (i=1,...,n). If we solve each sub-problem
exactly, then we have B; := IiAi_lliT.
We can define an additive Schwarz method (ASM) as

n n
Bas:= Y. B; = > LA7'I], (2.57)
i=1 i=1
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which generalizes the block Jacobi method. Similarly, a multiplicative Schwarz method (MSM)

is then defined by the following error propagation operator

1
I — BusA = (I = ByA)--- (I - B1A) = | [(I - BiA). (2.58)
i=n
This is a generalization of the block GS method (with overlapping blocks). In practice, the
sub-problem solver A;l could be replaced by an approximation, like the ILU method.

2.4.3 Convergence of overlapping DDMs *

Domain decomposition methods, particularly the ASM version, are typically employed as
preconditioners for parallel computing. Convergence has been analyzed in [82, 83], and we will

showcase results for the additive version.

Theorem 2.52 (Effect of DD preconditioner). The condition number of AS domain decompo-

sition method is independent of the mesh size h and satisfies
K(BasA) < CH2(1+ B72),

where H is size of domain partitions, SH characterizes size of the overlaps, and C is a constant

independent of mesh sizes.

The DD preconditioner (2.57) performs very well in practice. But the convergence rate still
depends on H and the condition number could be large if H is very small. A simple approach
to get rid of this dependence on H is to introduce a coarse space Vy < V and a corresponding
coarse-level solver, i.e. .

Bas2 = IAy I + ) LA,
i=1
where Iy : Vy — V is the injection matrix and Ay is the coarse space problem. We then have

the following estimate on the condition number:

Theorem 2.53 (Effect of two-level DD preconditioner). The condition number of AS domain

decomposition method is independent of the mesh size h and satisfies
’Q(Bas,QA) <1+ ﬁ_lv
where the constant is independent of mesh sizes.

The theorem above demonstrates that a suitable coarse-level correction can eliminate mesh
size dependence. In the subsequent chapters, we will create and evaluate two-level and multilevel

iterative methods.
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2.5 Homework problems

HW 2.1. Show the identity (2.7).
HW 2.2. If BT = B, show that (BA)* = BT A = BA.
HW 2.3. Show the optimal stepsize (2.20) for general descent direction method.

HW 2.4. Let A€ R¥*N and ¢()) := |A] — A] be the characteristic polynomial of A. Show the
Cayley—Hamilton theorem, i.e., every square matrix A satisfies its own characteristic polynomial
q(A) = 0.

HW 2.5. Given A € RV*V and 0 # v € RV, Then the Krylov subspace satisfies the following

properties:
1. Kn(A,v) € Kpg1 (A, v);
2. AK (A, v) € Kint1(A,v);
3. Kim(A,v) = K (aA,v) = K (A, av), for any 0 # a € R;
4. Kn(A,v) = K (A — al,v), for any a € R;
5. Km(Q7'AQ, Q') = Q 'K, (A, v), for any nonsingular matrix Q € RV*V;
6. Kn(A,v) = {p(A)v: p € Pp_1}, where P,,_1 is the real polynomial of degree less than m.

HW 2.6. Suppose that A is SPD and Au = f. Show that the following conditions are equivalent

to each other:
1. Vector u, € Kn(A, f) satisfies that |u,, — ul|4 = min {|v —ul|4 : ve Kn(A, f)};
2. Vector uy, € K, (A, f) satisfies that ||f — Aup | 4-1 = min{||f — Av|| 41 : ve Kn(A, f)};
3. Vector u,, € Kmn(A, f) satisfies that v (f — Au,,) = 0, for any v e K., (A, f).

HW 2.7. Prove Lemmas 2.34 and 2.35.

HW 2.8. The Chebyshev (or Tchebycheff) polynomial of first kind on [—1,1] can be defined
recursively as

To(z) =1, Ti(z)==z, Thpii1(z)=22T,(x)—Th_1(x).

Show that

To(z) = %((m a2 —1)" + (z— \/ﬁ)n>
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and ’Tn(x)’ <1 for any z € [-1,1]. Let 0 < Apin < Amax. Define

Su(N) 1= [TH<M>}1TR<AW + Ain — 2)\>

)\max - )\min )\max - )\min

and we have

Tn (Amax + Amin)

/\max - Amin HS H

mit [
tnln)>\m1x] pe’]) p Inln 7>\m1x

where P, is the set of polynomials of degree less than or equal to n.
HW 2.9. In the BCG method, we have the following properties:

1. (f(i),’l“(j)) = Pi5ij;

N

(§9, AgW)) = 785
3. Km(A, 7)) = span{q®,¢®, ... ¢ = span{r©® 1) pm=11.
4. K (AT, 70y = span{g®, ¢, ... "D} = span{F O, #B) #m=-1y
HW 2.10. Prove Lemma 2.49.
HW 2.11. Show that (2.51) and (2.52) are equivalent to each other.

HW 2.12. Let A be SPD and B be a symmetric iterator. If p = |Z — BA| 4 < 1, then B is also

SPD and

1+p



Chapter 3

Two-grid Methods

In the preceding chapter, we explored a variety of iterative solvers and preconditioners for
solving the linear algebraic system presented in equation (2.1). However, as the meshsize h
approaches zero, the convergence rate of these methods tends to deteriorate, with the exception
of the two-level overlapping domain decomposition method that incorporates coarse-grid cor-
rection. This observation serves as the foundation for our subsequent discussions on multilevel
iterative methods. In this chapter, we will delve into the two-grid (or more generally, two-level)

method for solving the discrete Poisson’s equation:

—Au=f inQ, .
v=0 on 0. '

3.1 Finite element methods

In Chapter 1, we briefly explored the finite element approximation for this model prob-
lem. The Finite Element Method (FEM) is a type of Galerkin method that leverages piecewise
polynomial spaces for the approximate test and trial function spaces. For more information on
the standard FEM, readers are encouraged to refer to [70, 116, 37, 59]. These sources provide
a detailed discussion of FEM construction and error analysis. From this point forward, our
discussions will primarily focus on finite element discretizations.

Throughout this chapter, we will utilize the standard notations for Sobolev spaces. That is,
HF(Q) represents the classical Sobolev space of scalar functions on a bounded domain = R¢,
with derivatives up to order k that are square integrable. The full norm of this space is denoted
by | - ||z, which is accompanied by the corresponding semi-norm | - |i. Additionally, the symbol
HZ () denotes the subspace of H!(2) whose trace vanishes on the boundary Q. We will also

discuss the corresponding spaces as they relate to the subdomain of €.

88
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We now take a little detour and say a few more words about the finite element discretizations;

see [59] for more details. The linear operator A : ¥ — ¥ is defined by
(Au,v) := alu,v] = JQ VuVvdz, YveV
and f € ¥ is a function or distribution. Suppose that A is bounded (1.14), i.e.,
alu,v] < Cyluly|vlly, Yu,ve?
and coercive (1.23), i.e.,
alv,v] = alv|%, Yve¥.

We would like to find v € ¥ such that Au = f or in the weak form
alu,v] = (f,v)y, Yve¥ (3.1)

which is well-posed. And we have seen that this problem is well-conditioned in Remark 1.23.

3.1.1 Galerkin approximation

The Galerkin method exploits the weak formulation (3.1) and replaces the underlying func-
tion space by appropriate finite dimensional subspaces. We choose a finite dimensional space
Vv (trial/test space), which is an approximation to the space ¥ with dim(Vy) = N. When no
confusion arises, we shall just drop the subscript and denote the space as V = V. Then we

arrive at the Galerkin discretization:
Finduy eV : alun,vn] = (f,on), VonyeW (3.2)

Equation (3.2) yields the so-called Galerkin discretization. If the bilinear form al-, -] is symmetric
and coercive, it is called the Ritz—Galerkin discretization. In the finite-dimensional setting, we
can identify the dual space V' and V; this way, the duality pair (-,-) becomes the [*>-inner
product (-, ).

For conforming discretizations, the bilinear form al-,-] is well-defined on V x V. If the

bilinear form af[-, -] is coercive, then we have
alun,vn] = ayllon|?, YuneV.

Since coercivity is inherited from ¥ to its subspace V', we can see that the constant ay is
bounded from below, i.e.,

ay =za, VN

As a consequence, the discrete inf-sup condition holds'. It is easy to show the following simple

optimality approximation properties.

'In general, the continuous inf-sup condition does not imply the discrete one.
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Remark 3.1 (Galerkin Orthogonality). Assume V < 7. The weak formulations of the exact

and discrete solutions satisfy
CL[U,’U]=<f,U>, VUEﬂf/;
(I[UN,’UN]:<f,UN>, VUNEV
Taking v = vy in the first equation and simply subtracting the two equations gives the Galerkin

orthogonality, i.e.,
a[u — UN,UN] = 0, V’UN eV. (33)

If a[-, -] is symmetric and coercive, then (3.3) means the error u — uy is orthogonal to V' in the
induced inner product by the bilinear form a[-,-]. Apparently, IIyu := uy is a projection from

¥ to V with respect to (-, ) 4-inner product. It is oftentimes called the Ritz projection. ]

Lemma 3.2 (Céa’s Lemma). If the bilinear form a[-,-] is continuous and coercive, then the

Galerkin approximation uy satisfies
Cq
lu —unly < —lu—wvnly, VoneV.

More generally, we have the following quasi-optimality or quasi-best-approximation of the

finite-dimensional Galerkin approximation.

Proposition 3.3 (Quasi-Optimality). Suppose al-,] : ¥ x ¥ — R is continuous. The fi-
nite dimensional subspace V in the Galerkin approximation satisfies the discrete inf-sup condi-
tion (1.22) with any > 0. Let u and uy be the exact solution of (3.1) and the Galerkin solution

of (3.2), respectively. Then the error
Al .
lu —un|y < u min ||u —wy|y.
N

Proof. For all wy € V, applying (1.20) and (3.3), we have

aluy — wy, vN] _ alu —wn,vN]
aylluy —wn|y < sup = sup ———————
uneV lon |y ovev  only

< Al u = wx

Y.

Then simply applying the triangular inequality gives the estimate.

Al + oy
< I TN
H”V\ o

N

lu —un min |u —wy|y.
eV

Note that this constant in the upper bound is still not sharp. The desired constant in this

Proposition was obtained by Xu and Zikatanov [201]. O

Remark 3.4 (Stability). In view of Theorem 1.16, we can see that the Galerkin solution depends

on the data continuously, i.e.,

1
lunlly < =[fll-
a
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3.1.2 Finite element *

The Finite Element Method (FEM) has a rich history of practical use and is widely applied
to various problems in physics and engineering. It has proven to be successful in numerous
fields, including structural mechanics. After decades of extensive development, the classical
(conforming) finite element method has become a well-understood and flourishing area in scien-
tific computation. One of the most attractive features of FEM is its ability to handle complex

geometries, boundaries, and operators with relative ease.
Definition 3.5 (Finite element). A triple (K, P, ) is called a finite element if and only if
(i) K < R? be a bounded closed set with nonempty interior and piecewise smooth boundary;
(ii) P be a finite-dimensional space of functions on K;
(i) N = {MN1,...,Ni} be a basis of P’.

We usually call K the element domain, P the space of shape functions, and N the set of

nodal variables.

Definition 3.6 (Nodal basis). Let (K,P,N) be a finite element. The basis {¢;};—1,. of P
dual to NV, i.e., Nj(¢;) = d;; is called the nodal basis of P.

Example 3.7 (1D Lagrange element). Let K = [0,1], P be the set of linear polynomials, and
N = {Ni,Na} where N1 (v) = v(0) and Na(v) = v(1). Then (K,P,N) is a finite element and it
is the well-known P;-Lagrange finite element discussed in Chapter 1. The nodal basis functions

are ¢1(x) =1 —z and ¢a(z) = =. O

Remark 3.8 (Set of nodal variables). If P is a k-dimensional space and {Ni,...,Ni} < P

Then condition (#7i) in Definition 3.5 is equivalent to the unisolvence: For any v € P,
Ni(v)=0, i=1,....k = ov=0. O

Remark 3.9 (d-dimensional simplex). Let (1), ... z(?*1) are d 4+ 1 points in R?. Suppose that

these points do not lie in one hyper-plane. That is to say, the matrix

xgl) ng) xgd+1)

:Cél) xgz) o xéd+1)
T:= : : : :

x((;) xf) o x&dJrl)
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is non-singular. The convex hull of the d + 1 points

d+1 ' d+1
Ti={z=> Az 0K N <l i=1:d+1, ) N =1}
i=1 i=1
is called a geometric d-simplex generated (spanned) by the vertices (1), ... z(@+1)  Given any
point = € R%, we have
d+1 ' d+1
xr = Z Ai(z)z®,  with Z Ai(z) = 1.
i=1 i=1
Here the numbers Ay, ..., A\g11 are called the barycentric coordinates of x with respect to the
simplex 7. O

Now we describe the main steps of discretization using the (K, P, N)-finite element:
Step 1. Domain partitioning: Choose K to be a simplex in R%. So we first partition the
physical domain into simplexes. We discretize a polygonal domain ) into small triangles or
tetrahedrons 7. Let h; := \Tﬁ be the diameter of 7 € M and h(x) be the local meshsize, that
is the piecewise constant function with k|, := h, for all 7 € M. The collection M of elements
is called a mesh or triangulation. We call My, := M quasi-uniform if there exists a constant h
independent of 7 such that
h<h: <h, VYT1eM.

We will only consider conforming meshes, i.e., the intersection of any two elements in M is
either an edge (d = 2) / a face (d = 3), vertex, or empty (see Figure 3.1 for an example). We
denote by G(M) the set of all grid points (vertices) in the mesh M. And G(M) = G(M)
is the set of vertices except those on the Dirichlet boundary. Here we use the subscript h to
describe the discrete nature and this does not imply the underlying meshes are quasi-uniform

with meshsize h. In the future discussions, we will focus on uniform conforming meshes only.

Figure 3.1: A polygonal domain €2 with conforming partition.
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Remark 3.10 (Number of geometric entities). Let us now briefly discuss the relationships
among the numbers of vertices, edges, faces, and elements in a triangular or tetrahedral partition.
We denote these numbers as #V, #E, #F, and #r7, respectively. As a convention, #F = #r
in 2D. In 2D, we can consider the term half-edge, which is defined as a pair consisting of an
edge and a face that it borders. We can easily see that the number of half-edges is 2 #E or
3 #F. Therefore, we have 2 #E = 3 #F. Furthermore, according to the famous Euler—Poincaré
formula, in any polyhedron, we have #V — #E + #F = 2. Hence, we can obtain that #F ~ 2 #V
and #E ~ 3#V. In 3D, we have the following asymptotic relations: #F ~ 12#V, #E ~ 7T#V,
and #7 ~ 6 #V. 0

Step 2. Finite-dimensional approximation: Let V, < ¥ be the space of continuous
piecewise polynomials over a quasi-uniform conforming mesh Myp, which satisfies appropriate

conditions on the boundary I' := Q\Q, i.e.,
Vi :i={veC(Q) : v|; € Py, for allTth}ﬂ”f/. (3.4)

We notice that there are many ways to approximate the continuous test function space. Different
choices will then result in different numerical methods. In this section, we shall focus on the
simplest case—linear finite element method on triangles or tetrahedrons, i.e., v|; is a linear
polynomial on each 7 € Mpy. The weak form of the finite element approximation reads: Find
uy, € V3, such that

alup,vp] = {fyvp), Y op €V, (3.5)

or, equivalently denoted in an operator form,
Apup, = fr, in V. (3.6)

Step 3. Assembling the finite-dimensional problem: Using the finite element definition
(K,P,N), we can give a basis of the finite dimensional approximation space V},. Suppose {¢;},
be a basis of the N-dimensional space V;,. Then (3.6) can be written as an linear algebraic
equation

Apup = fn. (3.7)
We are going to discuss this notation in §3.2.

Remark 3.11 (A very useful notation). In our discussion, we adopt the notations introduced
by Xu [196]. The symbol a < b signifies that there exists a constant C' that is independent
of the mesh size h, satisfying a < Cb. Similarly, the notations “2” and “x~” can be defined.
These notations are significant since, in our future discourse, we aim to devise solvers and

preconditioners that result in convergence rates that are independent of the mesh size h. O
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3.1.3 Properties of finite element methods

There are a few important properties of finite element space and method that will become

crucial for our later analysis for multilevel iterative methods.

Proposition 3.12 (Interpolation error). Let M be a uniform mesh and V}, be a C (a = 0)

finite element space on My,. The interpolant Jj, : Wi (2) — V}, satisfies
m—k m .
v — jhv”wg(ﬁ) <h HUHW;,I(Q), Voe W' (), 0 <k <min{m,a + 1}.

Proposition 3.13 (Inverse estimate). Let My, be a uniform mesh and P < W} (K) (\W,(K)
and 0 < m < k. If V}, is a finite element space for (K, P, N) on M, then we have

> i 1
(Te;/lh HUH;/TI)C(T)> p < hm7k+mm{07%’§} (TE;V" HUH?/V,;"(T)) q’ Vel

Using Proposition 3.13, we can easily see that, for any v € V3,

_d
o] Lo) S B 7], p € [1,00);
0]l s ) < 2] 220 s € [0,1];
[vl ey € 0l mi),  a€(0,5).

Moreover, there is a discrete Sobolev inequality at the bottom-line case (when d = 2) which is

worthy for special attention.

Proposition 3.14 (Discrete Sobolev inequality [50]). The following inequality holds
oo < CalM)vlE1 (@), VYve Vi,
where Cy(h) = 1, Co(h) = |log h|/2, and Cy(h) = h™=.

Proposition 3.15 (Weighted estimate for L? projection [50]). Define Qj : L*(Q) +— V}, by, for
any v € L?(Q), it holds that
(Qpv,w) = (v,w), YweV,.

Then we have the following weighted L? estimate
[v = Quvlly + lQnol, < ko], Vve Hy(Q).

Remark 3.16 (Simultaneous estimate). From the above weighted L?-estimate, we can easily

show the so-called simultaneous estimate

inf ([Jo—wl, + Ao —w],) S hlvls, Yove H®).

wth
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Remark 3.17 (Spectral radius and condition number of A;). Suppose that we have a uniform
partition with meshsize h. It is clear, from the Poincaré inequality and the inverse inequality,
that

[olg < IVol§ = (Anv,v) < Jolf < A2, Vv e Vi

In fact, we have p(Ap) = h=2 and k(Ap) = h™2. O

3.1.4 Error analysis *

We now briefly introduce standard error estimates for the continuous linear finite element;
see [70, 59] for details. For standard finite element approximation of elliptic equations, the most

important property is the following Galerkin orthogonality property (see Remark 3.1)
alu —up,vp] =0, Yo,eV.

Using the definition of the energy norm ||-|| := a[-,-]"/?, the Galerkin orthogonality (3.3),

and the Cauchy-Schwarz inequality, we have
lu = unll® = alu — up, u — up] = alu — un,u —va] < flu = upf| flu = opll, Vo € V.
Hence, we obtain the optimality of the finite element approximation, i.e.,
fu = wnll < int = wnl. (38)

This means wy, is the best approximation of u in the subspace V. In general, it is not true for

finite element approximations.

Theorem 3.18 (H!-error estimate). If u e HJ*(Q) (1 < m < 2), its P;-Lagrange finite element

approximation uy, € Vj, © ¥ = H}(Q) satisfies
= unlly o = B Hul,, o
If m = 2, then we have |u —up|1,0 < h“f”o’g.

By applying the well-known duality argument, we have the L? error estimate; see [59, The-

orem 5.4.8] for example.

Theorem 3.19 (L2-error estimate). If u € HZ(Q), its Pi-Lagrange finite element approximation
up €V, € ¥ = HJ(Q) satisfies

Ju— “hHo,Q < hlu— uh’l,Q S h2’“}2,9 S hZHfHO,Q‘
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Remark 3.20 (A posteriori error analysis). A posteriori error estimation relies on the following

error equation (or residual equation):
alu — up,v] = alu,v] — afup, v] = (f,v) — alup,v] = (f — Aup,v), Yve¥.
Hence, by the Cauchy-Schwarz inequality, we obtain (see HW 3.1)
If = Aunll < llu = unll < I1f = Aur]l, - (3.9)

Here |||, is the dual norm of |-||. Notice that, on the right-hand side, we only have the data
f and the discrete solution uy. This upper bound does not depend on the unknown solution w.
Of course, to make the upper bound useful in adaptive algorithms, we need it to be local and

computable. O

3.2 Algebraic representations

In the previous chapters, we have written the discrete problem simply as

—

A = f.

We will see that, in some sense, it is an abuse-of-notation. Now we would like to clarify (especially
for finite element methods) the relation between the general operator form Apuy, = fj, and its
often-used matrix form (3.7), i.e., Ah% = ﬁ Sometimes we can drop the subscript h for

simplicity.

3.2.1 Vector and matrix representations

Assume that {¢;};—1,. ~ is a basis of the finite-dimensional space V. Any function v € V

can be represented as
N

V=) v0

i=1
and the vector representation (coefficient vector) of v is defined as

vi=|  |eRM (3.10)

It is not hard to notice that there is another natural and easier-to-compute vector representation

(Ua ¢1)
7 ('l), ¢2>

<y
I
=

\'@

and (3.11)

(v7 ¢N)
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where M € RV*N with M; ; := (¢}, ¢i) = (¢4, ¢;) is the mass matriz. v and ¥ can be referred
to as the primal and dual vector representations of v, respectively. Apparently, we have
(uw,7) = (u,7) = (u,7) = u" Mv = (u,v)y.

Suppose W is another finite-dimensional linear space with a basis {1);};—1,. n. In general,
W could be of different dimension than V, namely, N’ # N. For a linear operator A : V — W,
we give a matrix representation (the so-called primal representation), A € RY XN such that it
satisfies that ZZNIII (A)mwi =A¢; (j=1,...,N), ie,

(1, vN)A = A1, ..., dN). (3.12)

On the other hand, the dual representation (the stiffness matriz) corresponding to A : V —
V is denoted by A € RN*N with entries (fl)” = (Agj, ¢i).
It is not difficult to check the statements in the following identities; see HW 3.2.

Lemma 3.21 (Algebraic representations). If 4,5 :V +— V and v,u € V, we have the following

results:
1. AB= AB;
2. Av = Av;

5. A= MA,;
6. (u,v) = (Mu,v).

Example 3.22 (Identity operator). Let Z : V — V be the identity operator. Its stiffness and
mass matrices are equal to each other, i.e., Z = M. Hence Z = M7 = I. Note that this

relation is independent of the choice of basis functions. As a consequence, we have

I=Z=AA"'=AA4"",

which gives the useful equality

At=A"1 (3.13)

That is to say, the inverse matrix of the primal form of A is the primal form of the inverse of

operator A. O

Example 3.23 (Finite difference matrices). For the finite difference methods, we can simply
let A:RY — RY be a matrix and the canonical basis ¢; = & := (0,...,1,...,0)7 € RV, then
we have A = A. Generally speaking, if A:V — V and {¢i}£\i1 is an orthonormal basis of V,
then we have M = I and A = A. O
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3.2.2 Finite element matrices

We now use a few simple examples to demonstrate how to apply these notations. Suppose
that V' =V}, is the piecewise linear finite element space and {¢;};—1,.. n are the basis functions.
Let A be the resulting coefficient matrix of (3.2) with (A);; = a;; := a[¢s, ¢;]. By definition,
A = A e RNV i the stiffness matrix corresponding to A. Since we are going to focus on the
finite element discretization from now on, we will not distinguish A and A, when no ambiguity

arises.

Let u = (ui)Nl e RY be the vector of coefficients of uy, namely up. Let f = (fi)fil

=
{< 7, ¢1>}f\i1 Then u satisfies the linear system of equations:

—

/lng or Au=f.

Upon solving this finite-dimensional linear system, we are able to obtain a discrete approximation

N
up = > wii.
-1

The main algebraic properties for the stiffness matrix includes: A is sparse with O(N)
nonzeros, symmetric positive definite (for Dirichlet or mixed boundary condition problems) or
symmetric positive semi-definite (for Neumann boundary condition problems). We now summa-
rize this brief introduction of finite element matrices with a few comments. The following results
are valid for a large class of finite elements for second-order elliptic boundary value problems in

general domains.

Remark 3.24 (Spectrum of mass matrix). Suppose that we have a uniform partition with
meshsize h. An often-used matrix is the mass matrix M € RV*N in which M;; = (¢, ¢;). In

fact, we know that
(Mv,v) = > v;v; (¢i 65) = (v,0) = J v () do = h ) o} =~ b (v, v). (3.14)
i Q i

It is consistent with the well-known facts that the mass matrix is SPD and well-conditioned,
ie.,

rEd s et ME < hY¢d, vEeRN.
Il

Remark 3.25 (Spectrum of stiffness matrix). Suppose that we have a uniform partition with

meshsize h. It is also well-known that the stiffness matrix A is SPD and, from Remark 3.17,
el < €TAE < hel5, vEeRY.

Hence the spectral radius p(A) = h% 2 and the condition number x(A) = h~2. And it has been

observed that the CG method becomes slower when h decreases. O



CHAPTER 3. TWO-GRID METHODS 99

3.2.3 Algebraic forms of simple iterative methods

Now we consider the solution of the standard finite element (say the P;-Lagrange element)
for the Poisson’s equation, i.e., Au = f The simplest iterative solver for this finite element

equation is probably the well-known Richardson method:
WPy — 0 w(f_ Agold)' (3.15)
It is equivalent to
WPV — 40 +W<Mf_ MAgold) — ol _i_wM(i_Agold)'
That is to say, the Richardson method, can be written in the operator form as

ure — 0 4 B ( = Auold)

with an iterator B,,, whose matrix representation is B, = wM. Therefore, it is easy to check

(HW 3.3) that the operator form of the Richardson method is

N
Bov:i=w Z(v,@-)qﬁi, YVveV <«— B, =wM. (3.16)
i=1

In general, a smoother (or local relaxation) is just a linear stationary iterative method
WPV — 0 4 S(f — Auc)
and its matrix representation is
W — 00 L S(MF — ML A = w0 £ SMY(F — Aud), (3.17)
The above equality indicates that, we shall define a smoother in the matrix form as

S:=8SM~' ie, S=SM. (3.18)

Example 3.26 (Matrix form of the Richardson iteration). If we consider the above Richardson

method (3.16) as an example, i.e. Sg := B, then
Sp=SpM ™' =B,M ! =uwl.
This coincides with the algebraic form of the Richardson method (3.15). O

We will now discuss another important concept in our future analysis: the matrix form of

symmetrization. Let w := STu. Then we have

((sTu i ) ) (Zu (ST, & ) ) (Zu @,S@)) =) w
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This immediately gives

STu=8"

I

!
IS

!
S
&

I
S
©

In turn, it shows

ST = MY (MS)" = M8 M = 5T M. (3.19)

By definition of the primal matrix representation of an operator, we have

S(p1,...,0n) = (61,...,0n)S  and S He¢u,...,én8) = (¢1,...,0N)S" L.

Using (3.13) in Example 3.22, it is easy to see that

1

S1=(8) "' =(sM) =Mls, (3.20)

Using the definition of symmetrized operator (2.13) and (3.18)—(3.20), we can define the

matrix form of the symmetrization
S = SMt = ST T+st-AHSM™!
= STM(MSTT+ MTST - M A) SMM !
ST(s™+ 871 - A)s, (3.21)

which is formally consistent with the definition of symmetrization (2.13).

3.3 Smoothers and smoothing effect

The stationary linear iterative methods discussed so far, including the weighted Jacobi and
Gauss-Seidel methods, are commonly referred to as “local relaxation” techniques. This term
reflects the fact that these methods address the residual vector locally, typically correcting one
variable at a time, as shown in Example 2.26. Although not particularly efficient as standalone
solvers, they are highly effective at reducing high-frequency error components (see §1.3) and
remain essential in modern multilevel iterative techniques. Other methods, such as SOR and
incomplete factorizations, yield similar results. In this section, we will explore the smoothing

effects of these methods through various analytical approaches.

3.3.1 A numerical example

The weighted Jacobi and Gauss-Seidel methods are frequently referred to as “local relax-
ations,” as they are particularly useful for addressing error components that are localized in

nature. Consequently, it is not unexpected that both of these methods can effectively damp out
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non-smooth components. However, given that relatively smoother error components tend to be
more globally related, both methods are comparatively inefficient at addressing them.

It has been observed that basic stationary linear iterative schemes tend to converge quickly
in the initial stages, followed by a slowdown after a few steps (see Figure 1.4 for the convergence
behavior of the weighted Jacobi method). It is noteworthy that these methods not only converge
rapidly in the first few steps, but also exhibit the ability to smooth out the error function rather
swiftly. In other words, the error function becomes a much smoother function after only a few
iterations. This property of an iterative scheme is known as the “smoothing property,” and any

iterative scheme possessing this trait is referred to as a “smoother.”

INITIAL GUESS FIRST SUBD. SOLVE

g |G 4.-._ i
ot |

(a) Initial Guess (b) A quarter of the domain relaxed
FIRST HALF SOLVED AFTER SMOOTHING
| % | ] o015
o A R & 4|
o2
o.ly H o
# AR gL “ Ny
AN ; . i e g
e -3 a8 = 1
05 ~ i D e “oe 06 " ~ Srett _/7-""’\0.5
gt e w2 B 0.6 PP s e 1|
e Pty R e
o o o o
(c) First half relaxed (d) After smoothing

Figure 3.2: Iterative method in the viewpoint of subdomain relaxation.

In Figure 3.2, we see a visual representation of the multiplicative overlapping domain de-
composition method using four subdomains. After a single iteration, this method is capable
of smoothing out the high frequency portion and retaining the lower frequency portion. Basic
linear relaxation schemes, such as the Richardson, Jacobi, and Gauss-Seidel iterations, are in-
herently limited in their scope as local methods. As a result, they are only able to capture the
high frequency (local) portion of the error, and do not perform well on low frequency (global)

components.
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3.3.2 Local Fourier analysis

Local Fourier analysis (LFA), also known as local mode analysis, is a powerful technique for
comprehending and forecasting the convergence rate of geometric multigrid (GMG) methods.
Classical LFA uses error expansion in terms of the eigenvectors of a discrete differential operator
without considering boundary conditions, followed by study of the behavior of the multigrid
error propagation operator when acting on these components. LFA has been proven to yield an
accurate convergence rate for GMG on model problems with periodic boundary conditions on
rectangular domains. Further discussions can be found in [54, 185, 193]. More recently, LFA has
been demonstrated to be applicable to more practical scenarios, such as those involving Dirichlet
boundary conditions. Specifically, if a problem is compatible to a periodic boundary problem,
LFA can provide an accurate convergence rate for multigrid schemes, as was proven in [167].

LFA has been developed for geometric multigrid algorithms for a wide range of problems,
including those with non-constant or non-linear coefficients. The technique can be applied to
various discretization methods, such as finite difference or finite volume methods, provided that
the resulting discrete problems can be represented in a stencil form. However, its applicability
to finite element methods is limited, owing to the fact that their grids are typically unstructured.
In this context, we will use LFA to analyze simple smoothers, with the aim of providing readers
with a glimpse of this powerful tool. For more comprehensive discussions, readers may refer to
the practical guide on LFA written by Wienands and Joppich [193].

In order to analyze the local behavior of iterative methods, we consider the 2D Poisson’s
equation; see §1.2. We begin with the weighted (damped) Jacobi method as an example. Using

the local Fourier analysis, we have the following observations:
1. The standard five-point FD stencil can be written as
Qi — (Uim1j + Uigry + Uijo1 + 1) = B2 fiy, @,5=1,....n

and the weighted Jacobi (or Richardson) method for the above equation reads

new _ old , %W/ old old old old W2 .
ups” = (1 —wuyj + Z(uz’—l,j Fud T ug sy ufsg) + Zh figo Hi=1...,n.
2. Define the discrete error function €% := w;; — ;5" and e?}lj‘-i = U — u?}lj‘-i, for i,5 =
1,...,n. It is clear that the error function satisfies the local error equation
new old ; W¢ old old old old -
eiyj = (1 — W)eiJ + Z(eiilvj + €i+1,j + ei,jfl + 6i,j+1)7 1,] = ]., ceeyn.

3. Define a grid function (essential in the LFA):

Z aoe\/*l(ieﬁrj@z)
0eO©,,

€ij =
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and
2km 2l }

O i= {(01,02) + 01 = =5, 0y = =%, kL€ [~mi,m)]
n n
where m; = n/2—1,mg = n/2,if n is even and m; = my = (n—1)/2, if n is odd. Plugging

new
1 7]

amplification factor of the local mode eV~1#1%362) with g := (6, 6,):

the discrete Fourier transforms of e and efljd to the above error equation, we get the

new

L A _cos(01) + cos(6h)
A(0) = T 1 w(l . ) <1,

when 0 < w < 1. Furthermore, A\(f) — 1 when || — 0 (low-frequency components).

4. Asymptoticly, m; ~ ma ~ §. So we can define a smoothing factor (i.e. maximal amplifi-

cation factor corresponding to high-frequency local modes) by
p = sup {|)\(0)| : Qe [—7T,7T)2\[—7[‘/2,7T/2)2}.
0

By plugging in the end points, we get the the smoothing factor for the weighted Jacobi

- g}
2w.

Remark 3.27 (Optimal damping factor for smoothing). We notice that, if w = 1 (the Jacobi

method is

pWJ 9

= max{‘l — 2w

method), then p,,, = 1. Apparently, the “best” weight that minimizes the smoothing factor is
w = 4/5, which leads to p,, = 3/5. O

Remark 3.28 (What is high-frequency error). In the preceding local Fourier analysis, we de-
fined the high-frequency component to correspond to 7 < [f;| < m. However, as noted in
Remark 1.32, high-frequency components can be accurately approximated by looking at local
behavior, while low-frequency components should be well represented on coarser grids; this will
be further discussed in Remark 3.33. As such, this definition is not universal and must be
adjusted to correspond with the coarsening algorithm under consideration. Semi-coarsening or
red-black coarsening, for instance, will lead to distinct definitions of high-frequency, as detailed

in [185]. Later, we will explore how to define this concept from an algebraic perspective. O

It is natural for us to imagine that the G-S method should be better than the Jacobi method
in terms of smoothing property. Using the same steps as above, we have the following LFA

analysis:

1. The G-S method in lexicographical order reads

new _

ul?]

1
new old new old 2 .
(ui—Lj + ui—i—l,j + ui,j—l + Ui7j+1) + Zh f@j, 1,] = 1, cea, N

=
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2. The discrete error function satisfies

1
new __ new old new old ..
ei,j = Z(eifl’j +ei+1,j +6’i,j71 +6i,j+1)7 1,] = 1,...,n.

3. Apply the discrete Fourier transform and compute the amplification factor

agew 6\/7191 _1_6\/7192
o agld o 4 — e—\/—lel _ e—'\/—leg '

4. One can show the smoothing factor for the G-S method is

_ m 1

Pos 1= ‘A(i,arccos(4/5))‘ =3
Remark 3.29 (Anisotropic problems and smoothing effect). It should be observed that the
aforementioned analysis only applies to problems that feature uniform partition and isotropic
coefficients. For anisotropic problems, it is important to note that the G-S method (as well
as other point relaxation methods) does not provide as effective a smoothing factor as in the
isotropic case. In fact, the smoothing factor will converge to 1 as the ratio between small and

large coefficients approaches 0 (refer to Chapter 6 for more detailed discussion). O

Remark 3.30 (Ordering and G-S smoother). For the G-S method, ordering is important.
When using the red-black ordering instead of the lexicographical ordering above, one can show
the smoothing factor py, is i [179, 185]. This means the smoothing effect of the red-black
ordering for G-S is better. O

3.3.3 Smoothing effect

Considering the Richardson method (3.16), then we have B,v = w Zf\; 1 (v, ¢i) ;. This implies

N N
(Buv,v) = w Z(v, $i)? = w Z(MQ)ZQ = w(Muv, Mv) = w(M?v,v).
i=1 i=1

Since M is SPD, we get
(Mv,0) = (MM?v, M7v) = (M2, M7v) = b (Mo, v).

The estimate (3.14) implies that
(Bov,v) = whi(v,v). (3.22)
For the finite element discretization of the Poisson’s equation, we choose the weight of the

Richardson iteration to be w = h>7%, i.e.,

N
Sgv := Byv = 274 Z(v, i) i, YveV. (3.23)

=1
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In view of (3.22) and using the fact that the spectral radius of the FE operator is p(A) =~ h~2
(see Remark 3.17), we find

1
(Sgrv,v) = h?(v,v) =~ m(v,v).

Roughly speaking, Sg behaves like A~! in the high-frequency regime. This is a natural property

we will ask for from a smoother later on:

(Sv,v) = (v,v). (3.24)

In fact, such conditions are only needed in the range of S.
Apparently, the weighted Jacobi method also satisfies this condition. In fact, using the

standard scaling argument on each element, we can see that

K72 (6,€) < (DE.€) £ hT2(£,9).
Hence, using (3.18), we have the Jacobi smoother

(Syv,v) = (MS8yv,v) = (MD™ "My, v) = h*?(v,v) = h*(v,v) = (v, 0).

1
p(A)
Next, we shall show an interesting fact that the G-S method behaves in a similar way as in

the Jacobi method.

Lemma 3.31 (Smoothing property of G-S in matrix form). Let A be the stiffness matrix and
A=A=D+L+U. Then the G-S method satisfies

(D + L)¢|, = | D€, = h* 2o, VEeRN.
Proof. Locality of the nodal basis functions leads to sparse matrix L; in turn, this gives
[(D+ L)g]y < |Dely < p2 el
The other direction follows from

h2els < (Dg,€) < (D + 4)€,€) = 2((D + L), €) < (D + L)E]o [€]o-
We then get the desired estimates with simple manipulations. O

Similar results for Sgg follows directly as in the Jacobi method. Now we consider the

symmetrized G-S method.

Lemma 3.32 (Smoothing property of SGS). Let S : V +— V be the symmetrized G-S (SGS)
iterator. Then we have

(Sv,v) = h?*(v,v) = (v,v). (3.25)

L
p(A)
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Proof. The matrix form of SGS can be written as

S=SM=(D+U)"'D(D+ L)' M.
Let v be the primal vector representation of v € V. Then we have

(Sv,v) = (MSuv,v) = (MSw,v) = |[D?(D + L)™' Mu|?.
Hence to show the lemma is equivalent to prove that
| D3 (D + L)' M| = n*(Mu,v).
By changing of variable ¢ := (D + L)"'Muv € RY and the fact M =~ h¢, we can obtain the above
equality using
h2(De,€) = W9 D|¢2 = |(D + D)E[Y = (Mu, Mv), VEeRY,

which can be seen from Lemma 3.31. O

3.3.4 Smoother as preconditioner

From the property (3.24), which is satisfied by the aforementioned popular smoothers, we
can easily see that
pgl(v,v) < (Sv,v) < p}l(v,v), (3.26)

where p, := p(A). In this note, we refer to the smoothing property as the phenomenon whereby
the smoother S behaves similarly to A~! in the high frequency regime. While other conditions
or assumptions for smoothers have been explored and discussed in the literature, readers who
are interested in learning more about general smoothers that are defined as additive and mul-
tiplicative Schwarz methods are encouraged to refer to the paper by Bramble and Pasciak [44],
as well as the references cited within it.

Based on this property, we can establish a lower bound for the minimal eigenvalue, namely
p;l < Amin(S). When the smoother is symmetric, this property also suggests that the smoother
satisfies the Symmetric Positive Definite (SPD) criteria, making its symmetrized form, S, a viable
preconditioner candidate. With regards to Remark 3.17, which asserts that |v|3 < (v,v)4 <

p|v]|3, a simple manipulation of the terms leads us to the following conclusion:
P (0,0)4 < p ) (Av, Av) < (SAv,v) 4 < p ' (Av, Av) < (0,0) 4. (3.27)
Thanks to Lemmas 2.48 and 2.49, we can deduce from (3.27) that

K(SA) < p(A) = k(A).
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This suggests that while these smoothers can be useful as preconditioners, they may not nec-
essarily improve the condition number of the linear system. Therefore, it becomes clear that
designing an effective preconditioner requires more than just a good smoother—a topic we will

explore further in the following sections of this note.

3.4 Two-grid methods

From the analysis in §3.3, we have found that local relaxation methods (smoothers) can damp
the oscillatory components of the error rather quickly. To address the less efficient treatment
of the smooth components by local relaxation methods, coarser levels can be introduced, as
motivated by the two-level DD method in §2.4. After a few smoothing steps, the resulting
problem can be approximated on a coarser grid and continued with a ”coarse version” of the
problem. This approach allows high frequency parts of the error to be resolved with relaxation
schemes, while the low frequency part is addressed by the coarse levels. To begin, we investigate
a much simpler case: the two-grid method, before delving into multilevel methods.

Firstly, we make an observation that heuristically explains why a coarse-grid solution can
provide a good approximation for smooth functions. Specifically, smooth functions can be
accurately represented on the coarse-grid, which is the final piece of the puzzle that motivates
multilevel iterative methods. We provide only a brief outline of the proof here and leave the

complete proof to the readers (see HW 3.5).

Remark 3.33 (Low frequency error). Let uj, and ug be the finite element solutions on V}, and

Vir € Vy, respectively. Then we immediately have
a[uh—uH,vH] :0, V’UHEVH.
Using the Aubin-Nitsche’s argument, we consider a boundary value problem

—Aw = wup—ug in Q,

w = 0 on of).

Assume that we have full elliptic regularity. Then [|w]2 < C|up, — uglo is bounded. For any

wy € Vi, we get

[up, — uHug = afw,up —ug] = afw —wg,up —ug)

< lw —walllun —vall s Hlwla flun —ual -
Hence the following inequality holds

lun —uwlo s H [lun —unll < H [Junl - (3.28)



CHAPTER 3. TWO-GRID METHODS 108
That is to say, if uy is relatively smooth (small first derivatives), then u; can be well approxi-
mated by ug. ]

We summarize the motivations of multilevel iterative methods discussed so far:

e Solution of local problems can be used to approximate high frequency components of the

global solution; see Remark 1.32.
e A high resolution mesh can be effective in capturing local features; see Remark 1.33.

e Local relaxation methods are effective in reducing high frequency errors but not for low

frequency errors; smoother alone is not good enough; see Figures 1.4 and 3.2.

e Coarse-space problems can provide good approximations to the fine-space problems if the

solution is smooth; see Remark 3.33.

e Multilevel iterative methods can be used as preconditioners for Krylov subspace methods;

see the inequalities in (2.54).

3.4.1 General two-grid methods

Let V}, be fine-grid finite element space and Vg be the coarse-grid space (usually it is a

subspace of V},.) The two-grid method for equation (3.2) can be described as
Algorithm 3.1 (General two-grid method). Given an initial guess u(%) € Vj,.

(i) Pre-smoothing: Apply a few smoothing steps to smooth 19 in the fine space to obtain

a new approximation u e %%

(ii) Coarse-grid Correction: Find ey € V by solving (exactly or approximately) the error
equation
(.AEH,UH) = (f — Au(l),UH), VUH € VH

in the coarse space, and then set u® = o) + ey;

(iii) Post-smoothing: Apply a few more smoothing steps to smooth 1@ in the fine space to

obtain u® € V.

A more concrete algorithm based on the above abstract algorithm can be introduced. Let
V be the fine space associated with meshsize h and V., < V be the coarse space associated with

meshsize H. Let Z. : V. — V be the natural embedding (injection), i.e., Z.v. = ve, Yv. € V.
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Remark 3.34 (Embedding and projection). By the definition of embedding Z. : V. — V and
the fact

(ZXv,we) = (v, Towe) = (v,we), YveV,wee Vg,

it is easy to see that
ICT = Qc

is the (-, -)-projection from V to V.. And the coarse-level operator
A =TI AL, = Q. AT,
is defined by the Galerkin relation. O

Suppose that S is a smoother and B, is a solver or approximate solver for the coarse-grid

problem.
Algorithm 3.2 (Two-grid method). Given an initial guess u(®) € V.
(i) Pre-smoothing: v = u(9) + S(f — Au();
(ii) Coarse-grid Correction: w®@ =@ 4 (Z.B.ID)(f — Au(l));
(iii) Post-smoothing: u(® = u® + ST(f — Au®).

If B. = A_!, the algorithm is called an exact two-grid (TG) method. On the contrary, if
B. ~ A-!, the algorithm is an inexact two-grid (ITG) method.

An interesting observation about this algorithm is its striking similarity to the multigrid
algorithm discussed in Chapter 1. In particular, it consists of two core processes: smoothing
steps and coarse-grid correction (CGC). When implemented in a complimentary fashion, these
processes can lead to highly effective algorithms with superior performance. Specifically, choos-
ing appropriate S, V., and B, can enhance the efficiency of the algorithm in solving the given
equation. The two-grid method was developed with the intention of capturing high-frequency
components of error on the fine-grid and delegating the low-frequency components to the coarser
grid. The effect of coarse-grid correction is illustrated in Figure 3.3; it’s worth noting that the

two images depicted there are in different scales.

3.4.2 Convergence analysis of two-grid method

In this section, we will estimate the convergence rate of two-grid methods. To begin, we
present a few simple lemmas. The first lemma concerns the norm of oblique projections, also
known as Kato’s lemma, which has been proven and reproduced in several different fields. For

further details, please refer to the paper by Szyld [181].
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Figure 3.3: After coarse-grid correction, global low frequency is replaced by local high frequency.

Lemma 3.35 (Norm of oblique projections). If IT is a continuous projection on a Hilbert space
¥ and II is neither Z nor 0 , then
| 1] = |Z — 11}

Proof. Let u € ¥ be arbitrary and ||u| = 1. From the assumption on IT, we can take z := ITu €

range(Il) and y := (Z — II)u € null(I7). Then we have
1= Jul® = [z]* + |yl + 2 (z,3).

If x =0 or y = 0, then we have ITu = 0 or | I[{u]| = 1, respectively. If both z and y are nonzero,

we define w := Z + ¢ € ¥, where

G Mq; erange(lI) and g:= My € null(1]).

B yl

Then |w[? = || + y|* + 2 (z,y) = 1 and
M| = | = 9] = |(Z - Mw| < |Z-1I| — || <|Z-1].
The other direction can be shown in a similar way and the lemma can be proved. O
Proof of the next two lemmas are straightforward and left to the readers; see HW 3.4.

Lemma 3.36 (Iterator of two-grid method). The two-grid method has a corresponding iterator
Brg : V! — V defined as

Brg =S+ (I - STA) L.B.I! (I - AS), (3.29)

where S = ST + S — ST AS is the symmetrization of the smoother S.
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Lemma 3.37 (Error propagation of two-grid method). The error propagation operator Epg =
I — BrgA for the two-grid method is

Erq = (T —STAT — B.AIL)(T — SA), (3.30)

where II. is the (-, ) 4-orthogonal projection onto V.. If the coarse-level solver is exact, namely,
B. = A;!, then we have
Erq = (T —-STA(T - I)(T — SA). (3.31)

The explicit formula for the projection operator I1. in (3.31) can be written as
. =T.A "I A

Upon examining equation (3.31), we recognize the crucial role played by reducing the norms of
both the coarse-level correction operator Z — II. and the error reduction operator Z — SA in
achieving optimal performance. Furthermore, by taking into account Lemma 3.35, it is evident
that analyzing the behavior of |II.| 4 is equivalent to assessing the exact coarse-level correction

operator ||Z — II.| 4.

Notice that II. is the A-projection from V to V.. So there is an implicit natural embedding
operator Z, in front of II. in the above equality (3.31).

We now present a theorem which gives the convergence rate of a simplified two-grid method

(Algorithm 3.3) in terms of approximability of the coarser space V.
Algorithm 3.3 (Simplified two-grid method). Given an initial guess u® eV,
(i) Coarse-grid Correction: u(!) = v + (Z.B.ZT)(f — Au®));
(ii) Post-smoothing: u(® =« + S(f — Au).

For simplicity, we assume that S = S is SPD. In the two-grid method analysis below, we

need the following notation

T=Ts:=8SA: V>V (3.32)
With the above notation, we can define the inner product
(U,’U)g—l = (Tﬁlu, U)A,

the accompanying norm | - |5-1, and (-, -)g-1-orthogonal projection Qz-1:V > VL.
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The convergence rate of the two-grid method is given by the following theorem. One can
compare this result with the convergence rate of the smoother or iterator, S, given by Theo-
rem 2.16:

_ 1
|IT-SAja=1-—, with ¢;:= sup [v]3_..
. b IVl
1 [v].a=1

The following theorem can be derived from the X7 identity, as stated in Theorem 4.15. Here,

for the sake of completeness, we present a direct proof originally given in [202].

Theorem 3.38 (Convergence rate of the two-grid method). The convergence rate of the two-

grid method, Algorithm 3.3, with the exact coarse-level solver is given by

1
Eralfh=1- ——, 3.33
lexlh =1~ 7 (3.33)
where ) )
T — Qz—1)v|e1 V — Vel|ls-1
c1(Ve) := sup I 32 ) HS = sup inf 7H 02H3 (3.34)
veV HUH_A eV VeEVe HUHA

Sketch of the proof. (1) It follows from (3.30) that the simplified TG method (Algorithm 3.3)

has the following error propagation operator
éra = (I —SA)(I - IL).

Hence, we can immediately see that

Erall = sup WEZSAT = Hepolly 0 IE = SAWIG
veV H’UHi( VA HUH?L\

Using the definition of (-, -) 4-projection II., we can show that

17— T ) T ) 17— UC T ’
|Erc|4 = sup (@=T)v.v), >2U Va _ 1— inf To ) _ 1— inf ( JTv U)A.
vEVCLA HUHA UEVCJ'A (’va)A UEVCJ'A (U?U)A
(2) Define
X:=(Z—-I)T : V4 s via (3.35)

and it is easy to check that X is self-adjoint with respect to (-,)4. A key observation is that

the inverse of X' can be explicitly written as
Z=T T-Q5)

Since (UC’T*l(Z — ngl)u,v)A = (7'*1(1' — ngl)u,v)A = ((I — ng)u, 0)371 = 0 for any
u e V4 and v € V,, we have II.Z = 0, which implies that Z : V;*4 > V24, Furthermore, by

the definition of projections, we get

XZ=(T-1)T—-Qg1)=T—1I.=T onV5A
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(3) Consequently Apin (X) = Amax (Z)fl. Finally,

T YT — Qe1)v,v Z— Qc1)v,0) 4
Amax (Z) = Sup ( ( g 1) )A = sSup (( s 1) )S :
vev A (v,v) 4 vevia (v,v) 4
(T — Qgmr)ol- T-0 ofin
= sup S s sup I 821) H‘S =: (Vo).
T o e A 53

The last identity holds because 7 — Q<1 = (Z — Qz-1)(Z — II.) and we can then take the

supremum back over all v € V' (using the same argument in the very beginning of this proof). [

Theorem 3.38 estimates the convergence rate of a two-grid method in terms of ¢;(V;). A
smaller bound on ¢ (V,) indicates a faster convergence rate for a given method. Specifically, the
two-grid method achieves uniform convergence if ¢1(V.) is uniformly bounded with respect to
mesh size. However, one potential issue when applying Theorem 3.38 is that it can be challenging
to work with S .

A natural approach to overcome such a difficulty is to introduce a simpler but spectrally

equivalent SPD operator D, such that

YvelV.

Crfolp < Jols < Culel,

Similar to the definition of ¢1(V,), we can introduce the quantity

7 — 2 B 2
Cl(‘/CaD) = sup % = sup inf w
veV HU”A vel/ VeEVe HUHA

where Qp : V — V, is the (-, -)p-orthogonal projection. Hence
Crei1(Ve,D) < e1(Ve) < Cy er(Ve, D).
It is straight-forward to derive the following estimates:

Theorem 3.39 (An estimate of convergence rate of TG). The convergence rate of the two-grid
method (3.29) with exact coarse-level solver is given by

1 1

l—— <)y <1 - ————— <1 — ——, 3.36
A Cv e1(Ve, D) CuC (3.36)
where C' is an upper bound of ¢;(V,, D), i.e.,

. 2 2

virel\f/c v — UCHD < Clv|%, VYveV. (3.37)

It is important to note that we have only presented the simplest case where the coarse
problem is solved exactly. In practice, the coarse problem is rarely solved exactly. We can also
obtain convergence estimates for the inexact two-grid method by using the convergence factor

of the exact two-grid method, as outlined in [152, 205].
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3.4.3 Optimal coarse space

Next, we will discuss how to choose the coarse space to optimize the convergence rate, which
is a helpful concept when developing algebraic multigrid methods (AMGs). The space that
spans the eigenvectors of SA corresponding to small eigenvalues is the “best” coarse space as
it minimizes the convergence rate. The following theorem characterizes the optimal choice of

coarse space V. with a fixed smoother S:

Theorem 3.40 (Optimal coarse space). Given a smoother S, the best coarse space of dimension
N, is given by

o . N.
Ve = argmin [Er6(Vo)la = span {6, (3.38)

where {{k}kNil are the eigenfunctions corresponding to the N, smallest eigenvalues \;, of SA.

Proof. Recall that &g = (Z — STA)(Z — I1.)(T — SA). Since Erg depends on V. we write

Erc (V) and using the same argument as in the proof of Theorem 3.38, we have

. (SAv,v)4
Era(Vala = 1- min SARUA
vevia vl
Thus,
SA
“min_ [Era(Vo)|la=1— max min %
dim V=N, dimVe=Ne yepta ]

By the well-known Courant minimax principle [71], we have

SAv, v
max min %
am VN eya ol

Ne+1

and the equality holds if V, = V" as given in (3.38). O

Remark 3.41 (Lower bound of contraction factor). Since the coarse space which minimizes
the convergence rate is the coarse space which minimizes also ¢1(V.), we have the following

inequalities
1 1

c1(Ve) = >
Vo) = T erea © s

or [€ralla =1— AN, 41,

which is a lower bound of the contraction factor in terms of size of the small eigenvalues (low
frequencies) of SA. O

Since the eigenpairs of SA are expensive to compute, the practical value of Theorem 3.40 is

limited. But it will provide useful guidance in the design algebraic multilevel methods in §7.1.
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3.5 Algebraic representation of two-grid methods

Prior to implementation, it is essential to comprehend the matrix representation of an al-
gorithm in order to tackle inquiries arising from it, such as those noted in Section 1.4. In this
regard, we will outline the matrix representation of the two-grid method within the finite element

domain.

3.5.1 Grid transfer operators in matrix form

Let {¢;} be the basis of a finite element space V on the fine-grid. Then the stiffness matrix
A reads

(A)i,j = a[$i, ¢5]-
Let {¢f} be the basis functions of the coarse-grid subspace V. © V and the stiffness matrix on

the coarser space is denote by A, with (/lc) a[¢f, #7]. Then ¢f can be expressed as

k1T

N

o = Z (P)i,l¢i

i=1
or

(gb({a,@ﬁ\fc) = (¢17"'7¢N)P7

which defines a prolongation matrix P € RNV*Ne By definition, this implies that P = I..

Remark 3.42 (Cannonical prolongation operator). Let 1y := (1,1,...,1)T. Since the basis

functions form the partition of unity, it follows that

N Ne
<¢17"' 7¢N) 1N = Z¢’L =1= Z(blc = ((ﬁi:? 7¢§VC)1NC = (¢17"' 7¢]\7)P1]VL
i=1 =1
Hence we have that the prolongation matrix preserves constant away from the boundary, i.e.,
Ply, =1yn.

The prolongation preserves the smooth vectors (actually, 1y is in the null space of A in this

case). O

It is important to note that LZ = Q. # &T, i.e., the matrix representation of adjoint
operator is not equal to the transpose of the matrix representation. If we take any v € V, then

we have

Ve 1= QC’U and Ve = (¢ij7 . 7¢?VC)&
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On the other hand, with straightforward calculations, we obtain that
N, N N N,
- c ° _ ) T C _ T
Ve = ((Uc?d)k:))kzl (( ) (; ¢]7¢k >k 1 <;U] (& M)k,j)k:l & M.

In turn, we can obtain the matrix representation of the L?-projection

Qv =v. = M0, = M'Z" My — Il =Q.=M;'Z"M=M'"P"M.  (3.39)

3.5.2 Coarse problem in matrix form

Since the coarse-level operator is defined as A, = I AZ., we obtain its matrix representation
A= Q. AL, — A.=M.A. =M. Q. AL, = PTMAP = PTAP. (3.40)

Then the coarse stiffness matrix satisfies
A. = PTAP. (3.41)

Therefore, the algebraic form (3.41) of the coarse level problem is equivalent to the matrix

representation of the operator form.

In the above equality, we observe that, the L?-projection Q. is not needed for implementation.

Instead, we only need to use a restriction matrix R := PT.

Remark 3.43 (Finite difference case). Notice that, here, for the finite element stiffness matrices,
the restriction matrix is just R = PT. However, we have already noticed that R # P for the
finite difference method in (1.37). In fact, many books (see [65] for example) states R = aP”.
This difference comes from the scaling effect caused by different meshsizes. In the 1D FD
example, the coefficient matrices on fine and coarse levels are A = hlA and A, = H _lftc,

respectively. Hence we get
i T ; h or
A =P' AP — A.= ﬁP AP =: RAP.
This remark explains how we can obtain such the constant « in general. O

3.5.3 Two-grid iterator in matrix form

From (3.29), we have that the two-grid method with exact coarse solver is

Brc =S+ (I-STA) AT (T - AS).
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We can then write the above equation in matrix form
Brc =S + (Z - STA) LA 'T! (Z - AS).
So we define
Brg i=BrgM ™' =SM™' + (Z - STA)TA'TI (I - AS)M .

Using the matrix form the symmetrization, inversion, and transpose derived earlier, we can

easily get
Bra =S5+ (I —STA)PA'PT(I— AS) =S+ (I — STA)P(PTAP) ' PT(I — AS).

Now we are ready to introduce the matrix representation of the two-grid method for solving
the linear system Au = f We describe the two-grid method as a preconditioner action Brg(+).
For the sake of simplicity and consistency, here we abuse the notation and still use the general
vector notation ¥ to denote the primal form of v. For any given vector (usually it is the residual

vector) 7€ RY, we can compute Brg(7) in the following steps:

Listing 3.1: A two-grid method

1|%% Given any vector 7;
2 |Pre-smoothing: ¥ « S7;
3 | Coarse-grid correction: w0 « ¥+ P(PTAP)™'PT (¥ — Av);

4 |Post-smoothing: BreF «— @ + ST (F — AwW);

Similarly, from (3.31), we have matrix form of the iteration matrix

Erg =E&rg = (I —STA)(I - PA'PTA)(I - SA)
= (I - STA(I -1L.)(I — SA), (3.42)
where II, := II. = PA;' PT A is the matrix form of the coarse-level correction; see HW 3.8.

In [91], an algebraic analysis of the two-grid method has been given and the convergence

rate of the TG method can be written as

p(Erg) =1 —inf v

where II,. := A%HCA_% = A%PAc_lPTA%. This algebraic form is explicit and might be easier

to understand compared with Theorem 3.38.

3.6 Homework problems

HW 3.1. Show the a posteriori error bounds (3.9).
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HW 3.2. Prove the statements in Lemma 3.21.

HW 3.3. Show the operator form and matrix form (3.16) of the Richardson method.
HW 3.4. Prove Lemma 3.36 and Lemma 3.37.

HW 3.5. Give a complete proof of Remark 3.33.

HW 3.6. Write the 1D multigrid method in §1.4 as a two-grid method (Algorithm 3.2) called

recursively and modify your implementation in this way.

HW 3.7. Give the detailed proof of Theorem 3.38. Hint: First show that

I~ SAZ Il _ (T~ SAT — ol _
oo oI, s T P R 7 i SRR

I(Z - SAw|% .

?

Then prove that X defined in (3.35) is self-adjoint with respect to (-,-) 4-inner product.

HW 3.8. Derive the primal matrix representation of II, and £t respectively.



Chapter 4
Subspace Correction Methods

In the previous chapters, we have introduced several iterative solvers for the linear equation
Au = f, (4.1)

where A : V — V is SPD. A linear stationary iterative method can be written as
uP = w4 B(f — Aucld). (4.2)

In Chapter 2, we have seen that: If B is an SPD operator, the above iterative method (4.2)
converges. Additionally, B can be effectively used as a preconditioner for Krylov subspace
methods, such as the Preconditioned Conjugate Gradient (PCG) method.

In this chapter, we introduce a theoretical framework for analyzing linear iterative methods
and preconditioners through the lens of space decomposition and subspace corrections. This
unified framework serves as a foundation for establishing convergence theory for a range of
methods, including the multigrid method, domain decomposition method, and the two-grid

method discussed in earlier chapters.

4.1 Successive and parallel subspace corrections

Suppose we have a subspace decomposition of the solution space, where the overall solution

can be represented as a sum of components from these subspaces:

J
V:ZV} and VicV (j=1,...,J).
j=1

For any v € V| we can write it as v = 23-]:1 v; with v; € V. Notice that this representation is not
unique as there could be redundancy in the subspace decomposition. Later on, it will become

clear that such redundancy is crucial for constructing optimal multilevel methods. This type of

119
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decomposition is often utilized in iterative methods, allowing for the solution to be computed
or approximated by solving smaller problems within each subspace. The interactions between
these subspaces, and how corrections are made across them, form the basis for understanding
the efficiency and convergence of methods such as multigrid or domain decomposition.

4.1.1 Abstract framework for subspace corrections

We begin by defining a few linear operators that have been introduced in various contexts
throughout the previous chapters. These operators play a central role in the analysis and
formulation of the iterative methods discussed, and understanding their properties will be crucial

for the development of the theoretical framework presented in this chapter.

Definition 4.1. Let V be a finite-dimensional Hilbert space with inner product (-,-) and V; ¢ V
be a subspace. We define

subspace problem A; : V; — Vj, (Ajvj,wj) = (Avj,wj), Yuj,w; e Vi
(+,)-projection Q;: VeV (Qjv,w;) = (v,w;), Vwj;eVj;
(+,)a-projection  II; : V — Vj, (ILv,wj)a = (v,wj)a, Yw;eVj.

Using Definition 4.1, we have the following elementary results:
Lemma 4.2 (Relation between projections). The following equalities hold:

1 I7 = 9, T = IIj;

2. Q;A = Al
Proof. (i) By definition, for any u € V,v; € V;, we have

(Qju,v5) = (u,v5) = (u, Zjvg) = (T u,v5),
(Iju,vi)a = (u,v;) 4 = (v, Tjvj) 4 = (Lju,v5) A
(ii) For any u € V,v; € V;, we have
(AjTju,vj) = (Iju,vj)a = (u,vj) 4 = (u,Zjvj) 4 = (Au,Zjv;) = (QjAu, vj),

which gives the second identity. O

Remark 4.3 (Matrix representation of the A-projection). Let u,. := [T.u. Since I, : V — V., C

V' is the A-orthogonal projection operator, for any u € V', we have

alue, ve] = a[Ill.u,ve] = alu,ve], Ywv.€e V..
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Using the matrix representation notations introduced in §3.2, we have, for any v, € V,, that
afte, ve] = (Ate,ve) = vl Acug,  Vue €V (4.3)
alu,ve] = (Au,v.) = (Zwe) " Au = v PTAu,  YueV. (4.4)

From (4.3) and (4.4), we can derive the matrix representation of the Galerkin projection on the

coarse grid

Ac c = PT.,Zlg = U = Ac_lPTflg.

Hence, we obtain

Hou=Mu=u.=A;'PT Au

and the matrix representation of the A-projection operator
I, = A1 PTA. (4.5)
One can compare the above equation with the matrix form of the L2-projection in (3.39), i.e.
Q=M PTM,
which has been derived in the previous chapter. O
Remark 4.4 (Subspace problems). From the definition of A;, we get
A = I]TAI]' = Q;AZ; = Qj.AQ]T.

With the help of Lemma 4.2 and simple calculations, we can immediately obtain the error

equation on each subspace Vj:
Ae=r = Qjle=Qjr — Ajllie=Qir = Ajej=rj,
where r; := Q;r and e; := Ilje. O

The main idea of method of subspace corrections (MSC), namely divide and conquer, has
already been discussed in the domain decomposition method; see §2.4. We first describe the
idea of subspace correction in the following abstract “algorithm”!

of Algorithm 2.1:

, which is just a generalization

Algorithm 4.1 (Method of subspace corrections). u™*"V = M SC(u°d)

(i) Form residual: r = f — Au°

!Note that this procedure is not a real algorithm due to the fact that it does not specify how to combine the
corrections €;’s from different subspaces.
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(ii) Solve error equation on Vj: Aje; =r; by e; ~ €; = Sjr;j

(iii) Apply correction: u™®" = u°d + ¢;

Notice that, instead of constructing an iterator for the whole system, Algorithm 4.1 only con-

siders one subproblem (on the subspace V;) at a time.

Remark 4.5 (Subspace solvers). It is well-known that
1
uj = argmin F (v) := = (Av,v) — (f,v)
veVj 2
is equivalent to find

u; = ar;geniin Hu — ’UHA.

We notice that the solution of the subspace problem Aje; = r; = Qj'r‘ﬂd satisfies that

F (' + e;) = min ]-"(u‘)ld + e).

eeVj
In order to provide an effective yet practical subspace solver, we should pay attention to the

dimension of the subspace and choose an appropriate problem size. O

4.1.2 SSC and PSC methods

Algorithm 4.1 did not specify how to combine the corrections €;’s from different subspaces.
There are two basic approaches: the successive subspace correction (SSC) and the parallel
subspace correction (PSC). SSC can be viewed as the multiplicative Schwarz method (2.58) and
PSC can be viewed as the additive Schwarz method (2.57). We now give descriptions of the SSC
and PSC algorithms.

Algorithm 4.2 (Successive subspace corrections). u"*V = SSC(u°')
(i) v=u
(i) v=v4+8;9;(f —Av), j=1,...,J

(iii) u™v =wv

Remark 4.6 (Relaxation for subspace solvers). In the above algorithm, we can introduce a

relaxation parameter in each subspace correction step
v=v+wiS;Q;(f—Av), j=1,...,J

Good relaxation parameters are difficult to obtain in general, but they can improve convergence
if optimal values can be found. We will not discuss this modified subspace correction though

because w; can always be absorbed in ;. O
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Algorithm 4.3 (Parallel subspace corrections). u™*V = PSC(u°'4)
(i) rold — f— Auold
(11) uPeV — UOld + Zj:l S] QjT’Old

From the above algorithms (Algorithm 4.2 and 4.3), it is immediately clear why they are
named as SSC and PSC, respectively.
Define operators
T = 7:5‘j =8;Q;A=SA411 -V — V.

Apparently, as in (3.32), if we restrict the domain to Vj, then we have
Tj=Ts; = SjAj : Vi = Vj.

We assume that all the subspace solvers §; are SPD operators. As SjT = §;, the operator
T; = SjA; : Vj — Vj is symmetric and positive definite with respect to (-,-)4. If §; = A;l, ie.,
the subspace solvers are exact on each subspace, then we have 7; = I; : V +— V}.

e For the SSC method, the iterative error satisfy:
u—u"" = (T — BsscA)(u—u'Y) = (Z—T3) - (T —T)(T — T1)(u — u?). (4.6)

If J = N, V; = span{¢;} and S; = A;l (j = 1,...,N), then the corresponding SSC

method (4.6) is exactly the GS method; see (2.22).

e For the PSC method, the iterator (or, more often, the preconditioner) satisfies

J J J J
Brsc = ».8;Q; = >.1;5;Q; and  BpscA= ) SQA=)T,. (4.7)

j=1 j=1 j=1 j=1
If all S;’s (j = 1,...,J) are SPD, then the preconditioner Bpgc is also SPD; see HW 4.2.
If each subspace V; = span{¢;} (j = 1,...,N), then the resulting PSC methods with
S; = w(-,¢j)¢; and S; = A;l correspond to the Richardson method and the Jacobi

method, respectively.

So far, we have not discussed any multilevel structures within the above methods. To
incorporate multilevel iterative methods into the subspace correction framework, we will need
to introduce multilevel subspace decompositions. Before we do that, we first consider the general

convergence analysis of MSC.
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4.2 Expanded systems and block solvers

In this section, we discuss an expanded system of Au = f (namely the equation (4.1)) and
its block iterative solvers. Moreover, we will show how these block solvers are related to the
subspace correction methods for the original linear system (4.1). This relation will become
important in the next section for deriving the XZ identity, which gives the convergence rate of

SSC.

4.2.1 Expansion of the original problem

Suppose that the finite dimensional vector space V' can be decomposed as the summation of
linear vector subspaces (might not be linearly independent), Vi, Vs, ..., Vs, ie, V = Z;-]:I V.
We define a new vector space

V::ViXVQX---XVJ.

Define an operator IT : V — V such that ITu := 37/

j—1Uj, where u = (u1,...,us)T € V with

each component u; = u; € V;. From the definition, it is easy to see that II is surjective. This

operator can be formally interpreted as
II:= (7, ...,Zy),

where Z; is the natural embedding from V; to V. Hence, we have

1 J J
Mu=(Zy,....Z;) | : |=) Zuj=> u
j=1 j=1
Uy
So we have
r 1
n’ = = :
7 Q

It should be noted that IITI” # Z, in general.
Define an operator matrix A : V +— V such that A;; = A;; := IZ»TAIj : V; — Vi, And we

denote Aj := A;; (j =1,...,J). Hence we can write the operator A in a matrix form

Air - Ay

A= TITATI = ;7 SO =<Ai,j)JXJ.
A - Agyg

) )
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Given any right-hand side function f € V, we define
L' f o f
f.=T"f= : = : evV.
7Tf Qif
In this setting, we can consider the following problem: Find u € V, such that

Au=f. (4.8)

This system is called the expanded equation of the original linear equation (4.1).

We will see how the solutions of these two problems are related. If A is SPD, then A is
a symmetric positive semidefinite (SPSD) operator. Note that A is usually singular due to its
nontrivial null space, null(IT). However, its diagonal entries A; (j = 1,2,...,J) are non-singular.

We can define a semi-norm for B: V — V

B
|IB|a := sup | v’A.
[v|a#0 |V|A

4.2.2 Block solvers for expanded systems

As before, we denote the lower, upper, and diagonal part of A as L, U, and D, respectively.
We can immediately see that the stationary iterative methods discussed in §1.3 can be easily
adapted to solve (4.8). The linear stationary iterative methods for (4.8) can be written in the
following abstract form

u™" = w4 B(f — Au®), (4.9)

where the iterator B: V — V. If B = D!, then we have the block Jacobi method for (4.8); if
B = (D + L)%, then we have the block Gauss—Seidel method.
Motivated by (2.17), we can generalize the block Jacobi and GS methods. Suppose that

there is a non-singular block diagonal smoother (or relaxation operator) S:V — V| i.e.,
S = diag(&1, S, ..., Sy), with Sj V=V, g=1,2,...,J.

We define generalized block Jacobi method by B = S and the generalized block Gauss—Seidel
method by B = (S7! + L)~L.

Theorem 4.7 (Expanded and original systems). The linear stationary iteration (4.9) for the

equation (4.8) reduces to an equivalent stationary iteration (4.2) with the iterator
B=TIBII"

for the original equation (4.1). Moreover, these two methods have the same convergence behav-
ior, namely,
|Z = BAJa =T -BA|a.
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Proof. The linear stationary iterative method
uev — uold + B(f _ Auold)
is equivalent to
W = s Y8 (2 - Y Avau)
k i
= u?ld + Z ijkl}zﬂ (f — Z .AI,'u?ld>
k i
= u?ld + Z Bj,k:I]z (f - .Audd) .
k
Therefore, we have

utew — Zl—ju?ew _ uold + ZI]'B]'JCII? (f _ Auold) _ uold + B(f o Au‘)ld).
J Jk

This proves the equivalence of (4.9) and (4.2).
A key observation is that

(BAv,v)a = (ABAv,v) = (T ATIBIIT ATlv,v) = (ABATIv, IIv) = (BATIv, IIv) 4.

The contraction factor can be written

I —BAw| v,0)4 — (BT + B — BLAB) Av, v
1T BAPR, = sup =BG _ (v,0)a = (( JAv,v)
S PR 0y
(v, IIv) 4 — (BT + B — BT AB) AIlv, IIv) ,
= su
Hv£0 (ITv, IIv) 4
(v,v)a — (BT + B-BTAB)Av,v),
= sup .
[v]a#0 ‘V‘A
= |[I-BAJ.
Hence we get the desired result. 0

Example 4.8 (Block Jacobi method and PSC). We now apply the block Jacobi method for the
expanded system (4.8), i.e.,

uev — uold + Dfl(f . AuOId).
We notice that D™'A = D~'IIT AII, which is spectrally equivalent to TID™'TI” A because
a(BA)\{0} = o(AB)\{0}. In fact, from Theorem 4.7, we can see that the above iterative method

is equivalent to

J
urev — uold + HDfll—IT(f - Auold) _ uold + Z IJA]—IIJT (f o AUOld).
j=1
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We immediately recognize that this is the PSC method (or the additive Schwarz method) with

exact subspace solvers. O

Example 4.9 (Block GS method and SSC). Similar to the above example, we find that the
block GS method is just the SSC method (or the multiplicative Schwarz method) for the original
problem. We now apply the block GS method for the expanded system (4.8), i.e.,

u™" = w4+ (D + L)~ (f — Au®).
We can rewrite this method as
(D + L)u™" = (D + L)u® + (f — Au®).

Hence we have
Du"" = Du’ + f — Lu™" — (D + U)u®?;

in turn, we get
utew — uold + D—l (f — Lu"ev — (D + U)uold) )

For j =1,...,J, the block GS method can be written as

W = a4 A (T f = Y TTAT ™ — Y T AT,

J
i<j i>j

We define iteration

ud = Zu?ew + Eu?ld = EIiu?eW + ELufld, j=1,...,J.

i<j ] i<j i>j
By this definition, we can see that
- . . .
T = b + Zjui™ — Iju;?ld —u7 —I—I]-.Aj_leT(f — Au7).
Here the term f — Au§ is sometimes called the dynamic residual, which is the residual at
an inner iteration of the GS method. From the above equation, we notice that the block GS
method is just the SSC method with exact subspace solvers S; = Aj_l for the original linear

equation (4.1). O

4.2.3 Convergence analysis of block solvers

Motived by the weighted Jacobi and GS methods, we assume that there is an invertible
diagonal smoother or local relaxation method S for solving Au = f. Similar to the generalized

GS method presented in §2.1, we define a generalized or modified block GS method:

1

B:=(S'+L) . (4.10)
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We analyze the convergence rate of this method. Let K := B™7 + B~! — A be a symmetric

operator and the symmetrization operator as B = BTKB. Then we get
(B7'v.v) = (BT'K B Tv,v) = (S + LK {(ST+ U)v,v), WeV  (411)

From the definition of K, it is clear that K is diagonal and

K=S7T+U)+(S'+L)-(D+L+1U)
ST+8'-D=s"(s"+s-8"Ds)s™ .

Hence, its inverse matrix is also diagonal and
K ' =8(8" +s-8"Ds)"!s”. (4.12)

Using the definition of K, we can obtain that B! = K + A — B~ Hence we have a represen-

tation of B by simple manipulations:
B'=K+A-B K (K+A-B H)=A+(A-B K A-B™).
The last equality and (4.10) immediately yield another important identity:
<§_1v, v) — (Av,v) + (K’l(D +U-S Yy, D+U- S’l)v>, WweV.  (4.13)

Now we apply the estimates discussed in §2.1 (i.e., the general convergence rate estimate for

SPSD problems?) and get the following convergence result:

Theorem 4.10 (Convergence rate of generalized block GS). If K :=S~7 + S~! — D is SPD,
then the generalized block GS method converges and

I-BA|3 =1-—

2
,  with ¢g:= sup K*%(D—FU—S*I)V‘.

L+ [via=1

4.3 Convergence analysis of SSC

In the previous section, we have found that the SSC method for the original equation is
equivalent to the block GS method for the expanded equation using the subspaces {V]}j:l
Now we try to analyze the convergence rate of the block GS method for the expanded system.
In this way, we can give a convergence analysis for the successive subspace correction method.

The proof here follows the discussion in [68].

2In order to estimate the convergence rate of stationary iterative methods for a symmetric positive semi-
definite problem, we can restrict the domain of operator A inside the subspace, range(A). This way the operator
A is non-singular.
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4.3.1 A technical lemma

Suppose V = Z}']:1 Vj. It is clear that IT : V — V is surjective and ITu = Z}]:l Zju;. We

have the following simple but useful lemma:

Lemma 4.11. If the iterator B in (4.9) is SPD, then B = IIBII? is also SPD and

(B, v) = in\ff (B7'v,v), YveV.
ve
IIv=v

Proof. Tt is clear that (Bv,v) = 0 for any v € V' due to positive definiteness of B. Furthermore,

we have
0=(Bv,v) = (B o, lI"v) — MTv=0 =— venul(II”) = range(Il)*,

Since IT is surjective (onto), we have v = 0. This proves the iterator B is SPD.

Define v, := BIITB~1v. It is easy to see that
v, =OBI'B v =BB"lv=v, YveV,

and

(B lv,,w) = (7B v, w) = (B7'v,lIw), YweV.

If w € null(IT), then (B~!v,,w) = 0. This ensures that, for any vector v € V, there exists a

B~ !-orthogonal decomposition v = v, + w with w € null(II). Hence, we get

B 'v,v) = (B ' (vi + W), vi + W) = (B vy, vi) + (B 'w, w).

Thus
. -1 o -1 : -1
ﬁ%l‘i’v(B v,v) = (B Vi, V*) + werlnrlllf(l'[) (B w, w)
= (B_lv*,v*) = (HTB_lv,BHTB_lv) = (B_lv,v).
Hence the result. O

We can then derive the following expression for the inverse of the PSC preconditioner (see
Example 4.8), which can be found in [192, 197, 106, 202].

Lemma 4.12. Assume that all S;’s are SPD. Then

J
(B}_)Slcv,v) = inf E(Sj_lvj,vj), YvelV.

V=V

j j=1
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Apparently, if S; = A;l, the above identity in Lemma 4.12 reads

<Bf_>slcv7v): inf Z(Uj,’vj),z\j, YveV.

Remark 4.13 (Minimizer for the expanded system). From the above proof, we observe that
v, = BII'B
is the minimizer of inf yeyv (B~ lv,v). d
IIv=v
Remark 4.14 (Auxiliary space method). The above lemma on relation between the expanded
problem and the original problem can also be extended to the following Awuziliary Space Lemma:
For two vector spaces V and V and a surjective II : V — V, if the iterator B : V' — V is SPD,
then B = BI7T is also SPD and
(B~ v, v) = inf (B719,0), YveV.
veV
IIo=v

See more on the auxiliary space method in §4.5. O

4.3.2 The XZ identity

We now present the XZ identity originally proved by Xu and Zikatanov [200] which gives

the exact convergence rate of the SSC method.

Theorem 4.15 (XZ Identity). Assume that B is defined by Algorithm 4.2 and, for j = 1,...,J,
wj = A;1l; Zizj Vi — Sj_lvj. If SJ-_T +Sj_1 — Aj are SPD’s for j = 1,...,J, then

1 1

T-BAP =1~ =1-= 4.14
T BAR =1 - =1 (4.14)
where
J
cop:= sup _ inf 1S w2 (4.15)
ozt 8, vi=v TS
and
oy 1 T |?
Cc1 := sup inf HSJSJ_ v+ Sj WjH*‘l . (4.16)
Jola=12;¥5=v ;=) S

Proof. (1) From (4.13), we have, for any v € V| that

(B7'v.v) = (Av.v) + (K'(D+U-ST)v, (D+U-57")v).
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By simple calculations, we get

(D + U) v = (Z QlAQJTVj7 Z Q2AQjTVjv )T
=1 §>2
= (ZAIHIIjVj7 ZAQHQIjVj, )T
j=1 =2
= (A1U1 Z v, Al Z Vi, )T
j>1 j>2

Hence we can denote
(D +U- Sfl) v = (Wi, Wg,... ,WJ)T, with w; := A, II; Z v; — S{lvj.
i>j

Due to (4.12) and the fact that K is diagonal, we have
J J 9
(K'D+U-8")v, (D+U-87)v) = 3 (88" STwjow;) = Y] |8Twi| .
j=1 j=1 I

where S := SjT + S5 — S]-TAij is the symmetrization of §;. We then obtain, for any v € V,
that

J
2
. ——1 .
sup inf (B "v,v) =14+ sup _inf STwil__,.
Iv= ’ Iv= A e
lv]la=11V=Y [vlla=1"2V=Y 25 Sj

By applying Theorem 2.16 and Lemma 4.11, we know
-1 -1
IT —BA|% =1- ( sup (B_lv,v)> =1- < sup _inf (B_lv,v)) : (4.17)
oa=1 Jol.a=1TIv=r

This gives the desired estimate for the constant c¢y.

(2) On the other hand, from (4.11), we have

(E_lv, v) = (K_1 (ST +U)v, (ST + U)V)

2

! _1
— Z:l H(SJ_I + S]_T _ A]) 2 (SJ._TV]' + Z Q]AIsz) (4.18)
J= i>]
We notice that
SITVJ + Z QJ-AIiVi = S{TV]' + Ajﬂj Z V; = (8;T + S;l — Aj)Vj + W,
>j i>j

=S818;8 i+ w; =87 (@Sj—lvj * waj)'

Plugging this into the previous identity, we get
J

(E_lv,v) = Z

7j=1

2
T o1 T
Sij \ Sj W

Hence the estimate for the constant c;. O
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Remark 4.16 (An equivalent form). We have introduced operators 7; := S;A; : V; — V.
Hence ng =8;A; =T, + T —T;T; : Vj = Vj and we can rewrite the above estimate (4.16)
in a slightly different form. Notice that, in (4.18),

J
1>] 1>] 1>]

87TV + Y QAT = Aj (ST A) Vs + ATl Y vi = A (T7) 7' + 11 Y v

and

(Sj_l + Sj_T — Aj)_lAj

I
=
+I—\
=

7 -L) =TT

J

Thus we have
2

7o (vi+ T Y ve)

>

c1 = sup _ inf Z

loa=125Vi=v i

(4.19)

A;
OJ

Example 4.17 (Linear stationary iterative method). One-level linear stationary iterative method
utev — uold + g(f _ Audd),

can be viewed as a special subspace correction method with only one subspace V. Hence,

using (4.19), we immediately have

c1 = sup H’Tgéqui‘: sup ((S.A)*lfu,v)A: sup (S 1v,v),
[v]a=1 [v]a=1 v a=1

which is exactly the convergence rate given in Theorem 2.16. O

Example 4.18 (Two-grid method). Theorem 3.38 can be viewed as a special case of the XZ
identity in the case of space decomposition with two subspaces, i.e., V = V. + V. Suppose we

use A1 and S as subspace solvers, respectively. According to (4.19), we get

: = 1
ci= sup inf [u. + Il + [(SA) 2 0|4
lwla=1 W5,

We can prove that
c1 = sup H’]g
[v].a=1

[NIES

(I - Qg*l)vHip

which coincides with (3.34) in Theorem 3.38. For a complete proof of this result, we refer to
Zikatanov [219]. O

When we solve each subspace problem exactly, the XZ identity is substantially simpler since
T; = 1I; : V — Vj in this case. This special case of the XZ identity is given in the following

corollary.
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Corollary 4.19 (SSC with exact subspace solvers). If an exact subspace solver S; = A;l is

used for each subspace, then we have, in (4.14), that

cp = sup _ inf Z HH (4.20)
o] .a=12; Vi=v i~
and
cp = sup _ inf Z HH Zvl (4.21)

lola=13vi=v 31 " S

Remark 4.20 (Alternating projection method). Provided that II; : V — V; (j = 1,2,...,J),
define ©; :=7 —II; : V VL : Uj. Now we can define a projection

©:Visls,  Upi=()Uj

o
= =
ey A @ =) =
We immediately see that
2
a0z on = 12 e ol
j=7,..195( 0)v 1+Co 0)v "
Hence,
2
M_y.10;—© H
|10 = 00) o], < 7ol
Besides, (Hj:J,...,l(_)j - @o)k = (Hj:J,...,l@j)k_@O- We obtain that limk_,oo (Hj:‘]’m,l@j)k = @0,
which proves convergence of the method of alternating projections by von Neumann. O

4.4 Convergence analysis of PSC

In this section, we estimate the condition number of the PSC method. In general, PSC
might not converge as an iterative method, but we can show that it is uniform convergent as a

preconditioner under certain conditions.

4.4.1 Relating PSC to SSC
The following theorem shows the relation between the PSC and SSC methods.

Theorem 4.21 (PSC and SSC). If §; = .Aj_1 for all j and V; are subspaces of V, then there
exists a constant ¢, depends only on topology of the overlaps between the subspaces such that

1 (Brdov.v) < (Bdov,v) < o (Bpdow,v), VoeV.
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Proof. Given v = Y)7_, v; with v; € Vj. Tt follows that

j=1
J J J
[olZi= 3 ev)a = Y (O va+2 ) ok vp)a)
k,j=1 k=1 i~k
J J J
:222%,% ka,uk
k=1j>k 1
Hence, since IIj is an A-projection, it follows that
J J J J
Z okl < 22 (Ukvz j)A:2Z (Uk,HkaJ>A
k=1 k=1 - k=1 =k
J 1 J J 9 1
2 2
<2( Y lel2)* (X [ X vl )
k=1 k=1 i=k

In turn, it gives
J J J 9
O loel <4 Y |1 ) vl
k=1 k=1 j=k

Together with Lemma 4.12, Corollary 4.19, and (4.17), it gives the first inequality. The second
one is also easy; see HW 4.5. 0

Remark 4.22 (From sequential method to parallel method). This theorem shows that, if the
SSC method works well as an iterative method, then the PSC method based on the same space

decomposition should also work, as a preconditioner. O

4.4.2 Condition number of PSC

Next, we give a direct analysis of the condition number of the PSC method. In order
to obtain estimates on the condition number of the preconditioned systems, we first give the

following assumptions:
Assumption 4.23 (Convergence assumptions for MSC). We assume that

1. For any v € V, there exists a decomposition v = Z}']:1 v; with v; € Vj such that

J
D (S5 1), 05) < Ki(Av,v); (4.22)

j=1

2. For any u,veV,

N|=
N

(T;v,v) A) : (4.23)

1

(

J
7=

Z (’Eu, (Z:ZJ; Tiu, u) )
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Theorem 4.24 (Condition number of PSC). If the above Assumption 4.23 holds true, the PSC
method (4.7) satisfies
H(B.A) < K1 K.

Proof. (1) For any v € V, suppose that v = ijl

condition of Assumption 4.23. It is easy to see that

v; is a decomposition that satisfies the first

J J J
(v,v) 4 2 vj, IIv) 4 Z vj, AjIljv) = Z (Sjévj,Sj%Aj]Yjv)

I
Ing

J

j=1 j=1
1 1
J 2 /J 3 f
< (2 (Sj_lvj,vj)> (Z (7}v,v)A> < VK ”UHA (BAv,v)5.
Jj=1 j=1
Consequently, we have the lower bound
1
E(U,U)A < (BAv,v)a, VvelV.
(2) From the second assumption, we have
J
|BAv|Z = > (Tov, Tyv) 4 < Ka(BAv, v)4 < Ko BAv| 4lv] .
ij=1
So we obtain the upper bound
(BAv,v) 4 < Ko(v,v)4, YveV.
Thus Lemmas 2.48 and 2.49 yield the desired estimate. O

According to Theorem 4.24, if we can find a space decomposition and corresponding smoothers
with uniform constants K; and K5, then we are able to construct a uniformly convergent pre-

conditioner using the PSC framework. Similar results can be obtained for SSC as well.

Remark 4.25 (Similar estimate for SSC). In fact, with the same assumptions (Assump-
tion 4.23), we can also show that the SSC method also converges with

2 —wq

T-BAP<1— ———

and wp := max p(SjA;) = max p(7;). (4.24)
j j

Because a sharp result has been given in §4.3, we will just leave the proof to the readers (cf., for
example, [196]). O
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4.4.3 Estimates of K; and K5 *

Assumption 4.23 is not easy to verify directly. So we now give a few useful estimates for
the constants in these conditions. We first give a straight-forward estimate of K, which clearly

separates the condition on space decomposition part and smoother part.

Lemma 4.26 (Estimates of Kj). Assume that, for any v € V, there exists a decomposition

v = Zj;l vj with v; € Vj:
(i) If the decomposition satisfies that

J
Z Ujavj (U’U)/h

7j=1
then we have
K, < Ci/wy, where wp := HllIl {)\mm (S;A;j )}

]_

(ii) If pj := p(A;) and

J
> 0i(v5,v5) < Ci(v,0) 4,
j=1

then we have

K < C‘l/wo, where @ 1= ‘I?inJ{pj)\min(Sj)}.
J=450

Proof. (i) By the definition of wy and the fact that A(S 1/2A 51/2) A(S;A;), we have

( 1/2A 81/2 1/2Uj;S;1/2Uj) = wo(S; Vj, Uj), ] = ]_, ceey J.

Note that
J S2 1/26-1/2, 1/2 J
2 Aj; S ] vj,S = 2 (Ajvj,v5) = Z vj,v)4 < C1(v,v) 4.
7j=1 7j=1 7j=1
We then have
J J
Z S vj, V) 1(Av,v) Z S vj,v5) (Av v),

which implies that K7 < Cy/wp.

(ii) Similar to the previous part, from the definition of @y, we have

pj(vj,v;) = p;i(S;S; V2, S;l/ij) > o&o(S]flvj,vj), j=1,...,J

Hence, we have

U]vvj Cl(vuv)Av

HMK‘

J

. —1

@o E (S; vj,v5)
j=1

which implies that K7 < o) J@o. O
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We introduce a nonnegative symmetric matrix
S = (04;) e R7*, (4.25)
where each entry o; ; is the smallest constant such that
(’ﬁu, 7}U)A < w10; (’ﬁu,u)%4 (7}1},1})%4, Vu,veV. (4.26)
It is clear that 0 < 0; ; < 1. wy has been defined in (4.24).
Lemma 4.27 (Estimate of K»3). The constant Ky < wip(X). Furthermore, if 0; ; < fy'i*j‘ holds

for some parameter 0 < v < 1, then p(X) < (1 — )~} in this case, the inequality (4.23) is the

well-known strengthened Cauchy—Schwarz inequality.

Proof. From the definition of ¥ as in (4.25), it is immediately clear that Ky < wip(X). Fur-
thermore, because the matrix ¥ is a real symmetric matrix and p(X) < max;j—1_ s ZiJ=1 Tij, We

have

J J
- 1
YY) < max 0 < e~

1<

Hence the result. O

4.5 Auxiliary space preconditioning x

Sometimes, we cannot apply subspace correction methods directly due to difficulties in ob-
taining an appropriate space decomposition. In this case, we can introduce an auxiliary or
fictitious space V for assistance. Suppose IT : V — V is surjective and satisfies the following two

assumptions:

e Firstly, II is stable
Mo|a < Clol;  VoeV.

e Secondly, for any v € V, there exists v € V such that II7 = v and
clv] g < vl

Under the above assumptions, if B is a SPD preconditioner for A, then B = IIBIIT is SPD and

K(BA) < (C>2m(6,4).

Cc

This suggests that we can construct a subspace correction method on V instead of the original
space V. This result is also known as the Fictitious Space Lemma or the Fictitious Domain
Lemma; see [149, 198].
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The fictitious domain method is a large class of methods which is usually employed for
problems in geometrically complex, and most likely moving, domains. By embedding the original
physical domain in a larger artificial domain, we can discretize the partial differential equations
on a more structured grid and, hence, solve the resulting linear algebraic systems more quickly.

Of course, the boundary conditions have to be handled with great care; see [102] for details.

4.6 Homework problems

HW 4.1. Prove the statements in Remark 4.5.
HW 4.2. If S; (j = 1,...,J) are all SPD, then the preconditioner B = 23'1:1 §;Q; is also SPD.

HW 4.3. Show that the block GS method for the expanded system is just the SSC method for

the original problem.
HW 4.4. Prove Theorem 4.10.

HW 4.5. Prove Theorem 4.21. What is the constant c.?
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Examples of Multilevel Iterative
Methods
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Chapter 5
Subspace Correction Preconditioning

In Chapter 4, we discussed linear stationary iterative methods in the method of subspace
corrections (MSC) framework. In this chapter, we provide examples of multilevel methods and

analyze their convergence within the subspace corrections framework.

5.1 Two-level overlapping DDM

In this section, we will investigate the two-level overlapping domain decomposition method
(DDM) presented in §2.4 using the MSC framework.

5.1.1 Two-level space decomposition

Based on the previous discussions, it is now easy to understand that the additive and mul-
tiplicative Schwarz domain decomposition methods can be considered as PSC and SSC, respec-
tively. For proof-of-concept, we use the Poisson’s equation on 2 as an example. In this case,
Y = H}Q), Q = U}]=1 Q;, and ¥ := {ve ¥ : suppv C QJ} c ¥ see Figure 2.5. Sup-
pose we have a finite-dimensional coarse space V; < ¥ on a quasi-uniform mesh of meshsize
H = diam(€2;). We notice that Qj contains and is slightly bigger than €;. This results in an
overlapping domain decomposition. We shall the maximal number of overlaps is independent of
the meshsize H.

Apparently, this yields a space decomposition:
V=W+N+ -+

The SSC method based on this space decomposition with exact subspace solvers on each sub-
domain as well as on the coarse space gives an abstract multiplicative Schwarz method!.

We first define a partition of unity function §; € C'(Q) (j =1,...,J) such that

Tt is an abstract algorithm because we did not discretize each sub-domain problems.

140
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(1) 0<6;<land 3/ 0; =1
(2) suppb; < Qj;
(3) max |V0;| < Cg/H, where Cg depends on the relative overlap size £.
This way, for any function v € ¥, we can define a decomposition
v=v9+v1+---+0y,
where

voeVo and wj:=0;j(v—wv)eY, j=1,...,J

5.1.2 Convergence analysis of DDM

Based on the above decomposition, we have 2}']:1 v; = v —vp and

J J J 2 J 2
Sl 3 =2l 3 aw-wf =[mo-wf+ 2| 3 ao-w]
j=0 i=j+1 Jj=0 =7+ Jj=1 i=j+1

Since Il;’s : ¥ — ¥; (j = 1,...,J) are A-projections, it is easy to see that |ILjw|; < |w|;.

Furthermore,
J 2 J 2 J 2
2 s, = | 3 oto—w)f < | 3 e —w)
i=j+1 i=j+1 i=j+1
2
< [(Zave-w],, +[v(Xa)e-w],
1>j 1>

< Jo—wlig, + CEH o — vl g,

By summing up all the terms, we have

S 35l

J J
o —wofy + Yo —woly o + CEH > Y] Jo—wolgg,
i=1 =

< Jo—wli + CGH 2w — wlg,

where the constant in the last inequality depends on the maximal number of overlaps in domain
decomposition. Because vy could be any function in V{, in view of Proposition 3.15 or the

so-called simultaneous estimate in Remark 3.16, we can obtain

J J
> |m 2 | < it
Jj=0 t=j+

Using the XZ identity (Corollary 4.19), we get the following uniform convergence result.
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Proposition 5.1 (Uniform convergence of two-level DDM). The abstract domain decomposition

method with coarse space corrections converges uniformly.
We leave the full proof to the interested readers; see HW 5.16.

Remark 5.2 (DDM without coarse space). This analysis demonstrates the importance of the
coarse space Vy. In fact, a similar proof shows the convergence rate depends on H~2 if we do

not apply the coarse space corrections. O

5.2 HB preconditioner

In the previous section, we have seen a two-level domain decomposition method in the setting

of subspace corrections. Now we investigate an example with multiple levels.

5.2.1 Nested space decomposition

We consider the Poisson’s equation on a sequence of nested meshes M; (I =0,...,L) gen-
erated from an initial mesh Mg by uniform regular refinements. Hence meshsize h; of M; is
proportional to 4! with v € (0,1). For example, in Figure 1.5, there is a hierarchy of grids with
hy = (1/2)*1 (1=0,1,...,L). Clearly,

ho > h1 > ho>--->hp =:h.
Define continuous piecewise linear finite element spaces on the mesh M; as
Vii={ve? : v, ePi(r), VT e M}. (5.1)
This way, we build a nested subspaces
VocVic---cVp=Vc¥=H)).

The set of interior grid points on the [-th level is denoted as z;; € G(Ml) (t=1,...,n;). The
subspace V] is assigned with a nodal basis {¢;;};,, where n; := |G(Ml)| The space V; can be
further decomposed as the sum of the one-dimensional subspaces spanned with the nodal basis
Vii:=span{¢y;} (i =1,...,n).
We then define
Wy={veV, :v(z)=0,Vze é’(./\/ll,l)} (5.2)

and obtain a multilevel space decomposition

V=We@W,® - dWy. (5.3)
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Let J; : V — V} be the canonical interpolation operator and define J_; := 0. It is easy to see
that
Wi=(T-J)Vi= (G- F)V. 1=0,...L (5.4)

For level | = 0,..., L, we define a nodal basis function
i) = dri(x), for a; € GMNGMi_1) and i =1,...,m; :=n; —n_y.
Apparently, ZZL=0 my; = ng, = N. This basis
{i(x) +i=1,...,my, 1=0,...,L} (5.5)

is the so-called hierarchical basis.

@o,1 = Vo1
=0
1
d11 = Y11 D12 = P12
=1
¢2,1 =21 @22 =22 P23 =23 $24 = P24
=2

Figure 5.1: Regular and hierarchical basis functions in 1D.
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Notice that the decomposition (5.3) is a direct sum and there is no redundancy in this decom-

position at all.

5.2.2 Telescope expansions

According to (5.4), we can decompose a function v € V' as

L
Z ~Ji-1) (5.6)
which is in the telescope sum form. Apparently, there are other ways for similar decomposition.
Using notations in Definition 4.1, we have
A V=V, (A, i) = alu,vi], YVu,v €V
Ql : L2 — ‘/2 (Qlu,'l)l) = (U,’Ul), V’Ul € ‘/lv (57)
I - v — V, (Iu,v;) = alu,v], VYuveV.

We introduce a new notation i A j := min(i, j). It is trivial to see that
QiQj = Qinj, LI = I 15, (5.8)

and
(Qi — Qi )(Qj — Qj1) = (I — I, 1)(Il; — II; 1) =0, VYi#j. (5.9)

If we define Q_1 = II_; = 0, we have the following possible decompositions

L L
=Y Q = Qi) =) (Il — I 4) (5.10)
=0

1=0
5.2.3 Hierarchical basis preconditioner

We now use the Richardson iteration discussed in §3.3 as the subspace solver for each one-

dimensional subspace, i.e.,

NIV RUES h%_d(Ql,an Vi) i = h?_d(v, Vi) Y-

The PSC method based on the space decomposition (5.3) can then be written

N
Bupr = ). 8;Qr, (5.11)

j=1

which results in

L
BHBT = Z <h2 dZ ¢ll ¢l z) . (512)
=0
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And this is the explicit form of the well-known hierarchical basis (HB) preconditioner proposed
by Yserentant [213].
We now analyze this preconditioner in the framework of PSC in §4.4. In order to do that,

we need a few important estimates.
Lemma 5.3 (H!-stability of interpolation). We have
(7 = Tivyels + B3 Tiof; < caDBFef, Voe,
where c1(1) =1, ca(1) = L — 1, and c3(1) = v/,
Proof. Using the interpolation error estimate in Proposition 3.12, we have
(T — Ti-1)vlo = |Tv = Ti-1Twllo < il Tivls-

Let 7 € M; and v, := |7| 7} ST vdz be the average of v on 7. Using the standard scaling argument
for | - |17 as in Remark 1.6, the discrete Sobolev inequality Proposition 3.14, and the Poincaré

inequality Proposition 1.10, we can obtain, for any v € V, that

d_
|u7lv|1,7' = |\7[’U - 'U‘r|1,‘r < h2 1“;7['0 - UTHOO,T

d
< h§_1HU - UT”@,T < CdHU — Ur

1,7 < Cd’Uh,T'
Hence the desired result follows by summing up terms on all elements in M;. O

Remark 5.4 (Condition number in hierarchical basis). The above lemma suggests that, if

w e W for any 0 < < L, we have
e, (D2 (w,w) < afw,w].

Compare this with the general Poincaré inequality in Proposition 1.11. Furthermore, from the

inverse inequality Proposition 3.13, we always have
2 —2), 12 -2
alw,w] = |w|i $ b " |wlg = hy " (w, w).

Hence the operator AMB is “well-conditioned” up to a constant c4(l); compare this property

with the standard Lagrange finite element basis case in Remark 3.17. O

5.2.4 Strengthened Cauchy—Schwarz inequality

Lemma 5.5 (Inner product between two levels). If i < j, we have

alu,v] < 7%h51|u|1HvHo, VueVi,veV;.
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Proof. We first restrict our attention to an element 7, € M;. For v € Vj, there is a unique
function vy € Vj, such that v; vanishes on 07; and equals to v at all other grid points. Let
vy := v — v1. Because u € V; is a linear function on 7;, we have ST_ VuVuv, = 0.

Define T' := UrjeMj,?jﬂamé@ 7j. Then |T| = ( ) hd hdh; and supp(vg) = T. We

have

) O S et 1CO R SR ek el CO R (e 1 o

meé(Mj) N o xeé(Mj)ﬂan-

Since Vu is a constant on 7;, we have

1/2
11/2 d—1p -
Ot o (B <
P h]
Combining the above two inequalities, we have
j—i.
J Vu-Vu = J Vu- Vg L2 hj 1|u|1m UHO,n’ V1, € M;.
T T
By the Cauchy—Schwarz inequality, we obtain the estimate:
alu,v] = Z f Vu-Vo < ’y%hj_l Z ‘u’lT_ v
TZEM TiEMi w
i 1/2 1/2 -
J 1 2 J -1
< AT (N )T D PRA) T = A TR el
T,L‘EM»L' TiGMi
Hence the result. O

Lemma 5.6 (Strengthened Cauchy—Schwarz inequality for interpolations). If u,v € V, let
i = (T — Jiz1)u, and vj := (J; — Jj—1)v, then we have

li—3l
alui, v5] €777 |uif 4flvs] 4
Proof. If j > i, we have v; = (J; — Jj—1)v = v; — Jj—1vj. So |vjllo = |v; — Tj—1vj]o < hj|vi|a
follows from Proposition 3.12. If ¢ > j, we can argue in a similar way. Hence the result follows

directly from Lemma 5.5. ]

If veV, Lemma 5.6 yields

Wi = DV = T1)v, V(T = Tm1))

Im

1—m]|
Y= (T = T [T = T)v], € (T = Tima)olf-
Ilym

l

A

On the right-hand side, we have the summation of components from all levels.
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Lemma 5.7 (Estimating K»). Assume that 7; = S;A;Il; and the subspace smoother S; : V; —
V; satisfies
2 _
HS]‘AJ‘UHO < P; 1(Ajv, 1)), VovelV,

where p; := p(A;). Then, if i < j, we have
(ui, Tio)a S 77 Juillavla, VuieViveV. (5.13)
For 0 < 4,j < L, we have the strengthened Cauchy—Schwarz inequality

il

(Tiw, Tjv)a < 7“2 (ﬁu,u)i (7}1},1})?4, Yu,veV. (5.14)

Proof. By applying Lemma 5.5, we get
(i, Tyv)a = alus, Tyv] < 5% by sl 4l Tolo.
Furthermore, we have
[ Tvllo = 1854 Tvllo < byl A} Hivlo < bl Hivla < hyllv]a.

This proves the first inequality (5.13).
Consider the case when j > i. By the Cauchy—Schwarz inequality and the inequality (5.13),

we get

N
[NIES

(Tow, T0) 4 < (T5Tou, Tew) 3 (Tjv, )4 < 77 [ Toula (Tjo,0)

1
Also observe that, a special case of the above inequality is (Tiu, Tiu)a < || Tiu|a(Tiu, u)? and
the second inequality (5.14) follows immediately. O

5.2.5 Convergence analysis of HB preconditioner

Theorem 5.8 (Convergence of HB preconditioner). The multilevel PSC preconditioner Byp
defined in (5.11) satisfies
k(BupA) < Cq(h),

where Cy(h) =1, Cy(h) = |log h|?, and C3(h) = h~L.

Proof. We choose a decomposition v = Zleo v = ZzL:o(jl — Ji—1)v, where (J; — Ji—1)v e W,
and J_1 = 0. With careful calculations, the inverse estimate Proposition 3.13 and stability
Lemma 5.3 (J; = II; in 1D) yield

L L
Doz < D) b2 uilg < Cah)]v]4 (5.15)
=0 =0
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On the other hand, we know
o = min prAwmin(87) = 1

Therefore K1 < Cy(h) due to Lemma 4.26. The strengthened Cauchy—Schwarz inequality (5.14)
and Lemma 4.27 give that Ko < 1. The convergence result then follows directly from Theo-

rem 4.24. O

This theorem shows the HB preconditioner converges rapidly when combined with some
Krylov subspace method. However, the condition number still depends on the mesh size h,
especially in 3D. We now briefly discuss how such dependence can be eliminated.

Define an operator ‘H : V — V such that
L
(Hv,w) := 2 Z hd_2 <(.7lv — .Tl,lfu) (), (jlw - jl,lw) (:cz))
1=0 2, G(M)\G(M—1)
Hence we get

2
, YveV.

L
(o) =3 W2 (G = i) @2)
1=0 2,6 G(M)\G(M;-1)

In fact, this operator is the inverse of the HB preconditioner, i.e., H = BHB7 see [214]. In fact,

in the proof of Theorem 5.8, we have shown the following norm equivalence:

L
[olZ < (Ho,0) = 3 0 20T = Tia)oll§ < Ca(h) o)y (5.16)
=0

5.3 BPX preconditioner
Since [T} is the (-, ) 4-projection from V to Vj, it is easy to check that
a[(Il; = Mi—1)v, (IT; — I;—1)v] = 0, Vi#j.

We can then obtain that

2
v = H —I_4)v HA = Z al(IL; — Ii—1)v, (II; — II;—1)v]
<ij<L
L L 9
= Z — I 1), (I, — ) 2‘ —II_4) ‘ (5.17)

Notice that this is corresponding to the telescope sum of the Ritz projections in (5.10). Motivated
by the above norm equivalence (5.17) and relations (5.16), one can easily construct a “better”

multilevel PSC method B = Z;-le S;11;. However, II; is not “friendly” for computation in general
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except for d = 1 in which II; = Jj is just the interpolation®. Now we explore the idea of telescope
expansion using the L2-projection (5.9) instead of the interpolation or the Ritz projection. And
it turns out to give rise to the well-known BPX preconditioner.

In the previous section, along with the hierarchical basis decomposition, we have also ob-
tained a natural multilevel space decomposition

ny

L L
V=>Vi=> >V, (5.18)
=0 =0 i=1

which contains a lot of “redundancy”. Heuristically, one might want to avoid such redundancy in
their algorithms. However, it turns out these extra subspaces are critical for optimal convergence
rate.

Based on the multilevel space decomposition (5.18), we can construct multilevel subspace
correction methods. Among them, the most prominent (multilevel) example of PSC methods is

the BPX preconditioner [49], i.e.,

J L
BBPX = 2 Sij, with J = Z ng, (5.19)
j=1 =0

which is computationally more appealing and converges uniformly. We notice that the HB and
BPX preconditioners are in the same form except on different space decompositions. They both

belong to the class of so-called multilevel nodal basis preconditioners.

5.3.1 Norm equivalence

We will now show why the BPX preconditioner works better than the HB preconditioner. We
note the HB preconditioner is not optimal for dimensions higher than one due to the worsened
H'-stability property of the interpolations. We would expect improved stability properties for

L?-projections.
Lemma 5.9 (Terms in L2-projection telescope sum). For any v € V, we have
(Q1 = Q—1)v|, = b [(Q = Qi1)v|,,-
Proof. Using the inverse inequality, namely Proposition 3.13, we get
(Q1 = Qua)vl, < A7 (Q = Qin)v,
Applying the weighted L?-estimate in Proposition 3.15 to the following trivial relation
(Q—Q1)v=(T—Q-1)(Q — Q-1)v,

we can obtain the lower bound. O

2Note that this is equivalent to the HB preconditioner in 1D.
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Lemma 5.10 (Strengthened Cauchy—Schwarz inequality). If u,v € V, let u; := (Q; — Q;i—1)u,

and v; := (Q; — Qj_1)v, then we have
li=jl
alug, vi] £ % [luilalvsa-

Proof. If j > i, Lemma 5.9 shows that |vj]o < hj|vjll4a. Hence the desirable result follows

directly from Lemma 5.5. If 7 > j, we can argue in a similar way. O

Lemma 5.11 (Norm equivalence). For any v € V, we have

L
Q- Qo = ol
=0

Proof. (i) Since Q; is the L2-projection from V to Vj, we have |Qu|o < |[v]lo, Vv € L3(Q).

Furthermore, using Proposition 3.15, we obtain
Q1 < v, VveV.
By space interpolation, we have, for any o € (0, %), that
Qo < [vls, VveV.
Let a € (%, 1). If I : V + Vj is the standard H'-projection, the finite element theory gives

|v— o), < h|v],, YveV (5.20)

s

Let v; := (I; — Ili_1)v. Note that p, = p(A;) = h; 2. Tt is easy to show, with help from the
inverse inequality (Proposition 3.13) and (5.20), that

(@ = Quvyuill; = 2 l(Q = Qryoili_ 2wl 5 e ol = phEe ol

Using this inequality and the Cauchy—Schwarz inequality, we can derive that

IA]
DIV = Q)i V(Q = Qumn)y) = D (V(Qr = Qu1)vi, V(Q1 — Q1))
R i =1
IN]
< Dy athihuilillosl < Y e ke RS loilhlviln s D vl vy -
i =1 i i

Note that [, 7, and j are all level indices and we can apply summation by parts.

We can show that >, ; =il q Joj 1 < X [vil? < o]}, which, in turn, gives

Yl - Ql—l)UH? < [vl7.
1
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(ii) On the other hand, using Lemma 5.10, we obtain

ol = > (V(Q = Q1)v, V(Qm — Q1))
Im
< ZV'FWH(QZ — Q)| [(Qm — Qm-1)v|, < Z (i — qu)qu.
Im 1
Hence we get the norm equivalence using Proposition 1.11. O

Remark 5.12 (Fractional norm). We have shown the norm equivalence in H'-norm. In fact,
similar results also hold for H*(Q) with § < o < 3. O

5.3.2 Convergence analysis for BPX preconditioner

All subspaces in (5.18) are one-dimensional and, thus, the subspace problems are very easy
to solve. We can write the subspace solver (exact solver on each one-dimensional subspace) as

follows:
ny ny

SPv =Y (A, ¢13) " (v, b1) bri = Y (Vori, Vor) ™ (v, 1) b

i=1 i=1
Since we are now considering the uniform refinement for the linear finite element discretization,

we can use an approximation of SZO , for example a local relaxation method:

ny
Swi= Y 0w b)) dii (~ Sfv). (5.21)
=1

This simplification helps us to reduce the cost of computation as well as implementation. Ap-
parently, we have

(S, v) = b~ (7,7) = hi (v,v). (5.22)
We have seen that the Richardson method, the weighted Jacobi method, and the G-S method

all satisfy similar conditions; see (3.24).

Remark 5.13 (Behavior of the smoother). Note that the method (5.21) is just the Richardson

method with a weight w = h?~% on level [. O

Using the above space decomposition and subspace solvers S;, the corresponding PSC method

yields the well-known BPX preconditioner

L L L
Bppx = Z §Q = ZIISZQZ = ZIZSZIZT (5.23)
1=0 =0 1=0

in operator form [49].

Theorem 5.14 (Uniform convergence of BPX). The BPX preconditioner (5.23) is uniformly

convergent, i.e., k(Bppx.A) < 1.



CHAPTER 5. SUBSPACE CORRECTION PRECONDITIONING 152

Proof. We take a decomposition v = ZZL:O vy = ZlL:o(Ql — Q;_1)v, where Q_; = 0. Then we

can obtain, from Lemmas 5.11 and 5.9, that

L L L
(Av,v) = Z Ql—l)vﬁ =~ 3 0P (Q = Qiea)v]§ = (Z — Q1-1)v, U)~
=0 =0 1=0

Define A := Zleo h;?(Q;— Qi—1). Apparently, (Av,v) = (Av,v), Yv € V. Using (5.8) and (5.9),
we can easily verify that (see HW 5.17)

L
Z hi(Qr— Q1)

Hence
L L—1
(A~ v, v) Z Qv,v) Z h2(Qi_1v,v) = h3(Qrv,v) + 2(1 — )R (Qv, ).
=0 1=0 =0

On the other hand, we have
L

L
(BBpx’U 1) (Z SlQl'U U) = Z(SZQZU,U) = Z h%(QlU,U).
=0

1=0
Namely, (A~'v,v) = (Bgpxv,v). That is to say, (Av,v) = (Av,v) = (Bg%,xv v). Hence it gives

the uniform convergence result by Lemma 2.48. 0

Remark 5.15 (Multilevel decomposition according to frequencies). From the above analysis,

we find that, for any v e V,
(Q— Qi1)v|, = ho Q- Q1)vfy = [Vulo = |h oo

This fact draws close comparison with the Fourier expansion. That is to say v = ZzL:o v is a
multilevel decomposition to different frequencies. Hence A can be viewed as a multi-resolution
expansion of A and xk(A~1A) < 1. O

5.3.3 Matrix representation of BPX

Using the matrix representation notations introduced in §3.2 and §3.5, the equations (3.16)

and (3.39) in particular, we immediately obtain the matrix representation of the BPX method:
L L L
Bu=Bu=) 08 Qu= Y F(h M) (M P M)u=) hi PP Mu,
= =0
where P, is the primal form of the natural embedding from V; to V. In view of (3.17), we get

the matrix form of the BPX preconditioner

L
B:=BM~' =) h‘P P (5.24)
=0
This is the matrix form of the BPX preconditioner when we implement it. To improve efficiency,

we can use prolongation between two consecutive levels to obtain P;.
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5.4 Homework problems

Problem 5.16. Give the complete proof of the uniform convergence of the two-level domain
decomposition method (Proposition 5.1). What will happen if we do not include the coarse-level

correction (Remark 5.2)7?
Problem 5.17. Let A:= 3 7 2(Q; — Q;_1). Show that A~ = 327 [ h?(Q; — Q1_1).

Problem 5.18. Implement the BPX preconditioner for the Poisson’s equation on a uniform

grid. You can choose your favorite discretization method.



Chapter 6

Geometric Multigrid Methods

Multigrid methods are a group of algorithms for solving differential equations using a hierar-
chy of discretizations. The idea of multigrid was proposed initially by Fedorenko [93] in 1962 for
2D finite difference systems arising from the Poisson’s equation. It accelerates the convergence of
a basic iterative method (known as a relaxation or smoother) by global corrections from time to
time, accomplished by solving a coarse problem approximately. The coarse problem is “similar”
to the fine grid problem, but much cheaper to solve. This recursive process is repeated until a
coarse-grid where the cost of direct solution is negligible compared to the cost of one relaxation
sweep on the finest grid. In 1970’s, Widlund, Hackbusch, Brandt et al. [108, 51] noticed that
this iterative procedure was considerably faster than standard relaxation methods and brought

it to the attention of the western scientific community.

6.1 Geometric multigrid method

The geometric multigrid (GMG) method is an optimal iterative solver for the linear algebraic
systems (2.1) arising from some discretizations of partial differential equations. It is based on

two important observations we have pointed out earlier in Chapter 3:

e A local relaxation method damps out the non-smooth (high-frequency) error components

and the residual becomes relatively smooth after a few relaxation sweeps;
e A smooth (low-frequency) vector can be approximated well on coarse spaces.

GMG establishes and exploits hierarchical structures. It exemplifies the divide and conquer
approach, which has been applied in two-grid methods, as discussed in §3.4. Unfortunately, for
large-scale problems, the coarse-grid problem might remain too large to be solved efficiently.

This naturally leads to introducing more than two nested meshes.

154
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e Smoothing: Reduce high-frequency error using a few smoothing steps based on a simple
iterative method;
e Restriction: Restrict the residual on a finer grid to a coarser grid;
e Coarse grid correction: Solve approximate problems on coarse grids;

e Prolongation: Represent the correction computed on a coarser grid to a finer grid.

Fine Grid

~ =

2 3

: 5

) e
—_ (=]

o

—

A

Coarse Grid

Figure 6.1: Pictorial illustration of a multigrid method with three grid levels.

6.1.1 V-cycle multigrid method

Now we will explain the multigrid algorithms using the P; finite element method for the
Poisson’s equation on < R?% as an example. Suppose we have a sequence of meshes M;
(Il =0,...,L) generated from an initial mesh My by (uniform) regular refinements. Hence

meshsize h; of M, is proportional to 4/ with v € (0,1). Clearly,
h0>h1>h2>"‘>hL=:h.

It is easy to see that a multigrid method can be viewed as a recursive two-grid method.
So we only need to introduce how to do the iteration on two consecutive levels. We denote
ILi1y:Viei—=V (I=1,---,L) as the natural embedding and Q;;—; = IIT7U :V; — Vj_; as the
(+,-)-projection. Define A; (I =1,---, L) as the operator form of A on the subspace V; in (5.1).

Then a V-cycle multigrid method is given as follows:

Algorithm 6.1 (One iteration of MG V-cycle). Assume that B;_1 : Vi_1 — Vj_; is defined and

the coarsest level solver By = Ay lis exact. We shall define B; : V; — Vj, which is an iterator for
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the equation A;v; = ;. Let v; be the initial guess on each level, i.e., vy = u© and v; = 0 for

0 <! < L. Do the following steps:
(1) Pre-smoothing: For k = 1,2,...,my, compute

v — v+ S (r — Awr);

(2) Coarse grid correction: Find an approximate solution e;_; € V;_ of the residual equation

onlevel | — 1, ie., Aj_1e_1 = Qu_l(rl — Alvl), by an iterative method:

el—1 — Bi1Qu—1(r — Awr), v — v+ e-1;

(3) Post-smoothing: For k = 1,2,...,mg, compute

v — U+ SZT (7“; — Alvl).

This algorithm is the so-called V(mq,ms)-cycle. The notation like V(1,2) means the V-cycle

multigrid with 1 pre-smoothing and 2 post-smoothing steps.

Remark 6.1 (Setup and solve phases). Algorithm 6.1 gives a typical solve phase of multigrid
methods. It relies on the hierarchical information (for example A;, [ = 0,1, ..., L—1) constructed
by a procedure called the setup phase. Apparently, the setup phase only need to be called once
and shared by the iterations in the solve phase. O

From the above algorithm, we can see this V-cycle multigrid method is just a generalization
of Algorithm 3.2 (the abstract two-grid method). Clearly, the geometric multigrid method
V(1,1)-cycle (using one G-S iteration as pre-smoothing and one backward G-S iteration as post-
smoothing) is actually a special successive subspace correction (SSC) method based on the

following multilevel space decomposition
J ~
V=>2Vi= > 2 VutVo+ > > Vi
j=1 l=L:—1:1 i=1:m I=1:L i=n;:—1:1

which is a modification of (5.18). Furthermore, on each one-dimensional subspace f/j, the
subspace problem is solved exactly.
According to Lemma 3.37, the error propagation operator of V-cycle on the [-th level can be

written as
& :=I—-BA = (IS A)Z-B_1 A1) -SA),

where II; 4 is the Ritz projection from V to V;_;. By applying this operator recursively, we

obtain the error propagation operator for the MG V-cycle:

EL=TI—-BL A, =(I—-S[AL) - (T—STA)(T—1IL)(T—-81A) - (T—-SLAL).
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6.1.2 Matrix representation of GMG

Similar to the matrix representation of two-grid method discussed in §3.4, we can write the

matrix representation of multigrid method. By definition, we have
(A, v) = (Aug,vp), Vg, v € V.

Hence,

(A Quu, Q) = (I ATiQuu, Qv) = (AT Qu, T;Qv), Yu,ve V.
It is easy to see that
A =IAT, = A=IAT =1 AL,
This and (3.39), in turn, give the inter-grid transformations:
Al=MA = MIM AL = MTf M7 AL, =1," AT, 0<i<L.
Hence we get the matrix form of the coarse-level operator

A =P'AP, or A =P'AR, 0<I<L. (6.1)

6.1.3 Anisotropic problems x

For GMG, error smoothness is in the usual geometric sense. However, this is not trivial for
problems on unstructured meshes or with complex coefficients. A representative example is the

second-order elliptic problem

—€Uzy — Uyy = f(x,y), V(z,y)€Q, (6.2)

where € > 0 is usually small.
If we just naively apply the standard finite difference discretization in §1.2 on the uniform
n x n tensor-product grid for this problem, or equivalently the P; finite element discretization

on uniform triangular grid from regular refinements, then the coefficient matrix for (6.2) is
A =1®A+C®I, with A; . = tridiag(—e, 2 + 2¢, —¢), C = tridiag(—1,0, —1).

The eigenvalues of A are given

— 2cos T _ 4e sin? + 4sin? JT

i i
Aj(A) =2(1+¢)—2 T T
i(Ad) = 2(1+¢) ST n+1 2(n+1) 2(n+1)’

with eigenvectors

- . kim . ljm
&ij= (sm sin ) .
’ n+1 n+1/ki=1,..n
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If e «1,then M1 < X1 < -+ < A1 < A2 < A2 < ---. We notice that, unlike the
Poisson’s equation, these eigenvalues are ordered in a different pattern. The geometric low-
frequencies can be highly oscillatory in the x-direction. It is natural to expect such a behavior
from the PDE itself as the z-direction is much less diffusive than the y-direction. We call the
a-direction (with smaller coefficient) the weak direction and the y-direction the strong direction.

We can also view this problem from a different perspective. Using the LFA analysis, we

obtain that the error of the G-S method satisfies

new new old new old ©
(2 +26)e7F" = ee;Y j teei Sy teisty +ef iy, hi=1,...,m

According to the local Fourier analysis, we can obtain that

new Vv—160 v—10
Qg €e t+e 2

>\(91792) = agld = 2+ 2% — 66_\/?101 _ 6_\/j102 )

In this case, the smoothing factor of the G-S method is

<6<1_pgs>>>:m+2_>

2(e +1)p2, 5¢ + 3

Pas = A(g,arctan 1, ase—0.

This observation suggests that the standard G-S method barely have any smoothing effect on

the anisotropic problem when € is small.

{ i+ 1 l i+1

j—1 j j+1 j—1 j j+1

Figure 6.2: Standard (left) and line Gauss—Seidel (right) smoothers: Blue points have updated
values and white points have old values.

On the other hand, if we apply the line G-S smoother, things will be a lot different; see

Figure 6.2. Suppose we apply the line smoother in natural ordering, namely,

new __ new old new new . .
(2+2€)ul7] = E’UIZ'_]_J +€u’i+l,j +u’i,j—l +ui,j+17 ] = 1,...,7’&, 1= 1,...771.

Then the error satisfies

new __ new old new new . .
(2 + 26)81'7]‘ = 682'_17]‘ + €€i+1,j + ei,j—l + ei,j-i-l? ] = 1, ee,n, 1= 1, e, n.
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And we get
aBew ceV—101

A(01,00) := = .
(61, 02) adld 24 2 — cemVI01 — 2=V -102

The maximal smoothing factor is then

e 5
)

Pras = max{2+€,

If 0 < e < 1, we always have p, ., = v/5/5 < 1 independent of e.

In the multigrid setting, one can handle such an equation using special treatments like: (1) apply
an line smoother (group all those y-variables corresponding to the same z-coordinate together),
or (2) employ y-semi-coarsening (only coarse in the y-direction), or (3) construct operator-
dependent interpolations. In the next chapter, we will turn our attention to the third approach,

which leads to algebraic multigrid methods for solving such difficult problems.

Figure 6.3: Examples of coarsening methods (Left: standard coarsening; Right: y-semi-
coarsening): Red depicts coarse points and black depicts fine points.

This example illustrates a typical problem used by researchers to evaluate the robustness
of multigrid methods as well as other iterative solvers. Other examples include problems with

high-contrast coefficients, heterogeneous coefficients, anisotropic meshes, etc.

6.2 Convergence analysis of multigrid methods

In this section, we show the slash cycle or sawtooth cycle (i.e., /-cycle) converges uniformly
(h-independently) using the XZ identity discussed previously. For simplicity, we will only discuss
the proof in 1D here. Multidimensional cases and other MG methods can also be analyzed in

the subspace correction framework, but the analysis is more technically involved; see [196].
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6.2.1 Convergence analysis of GMG method

Assume the subspace problems are solved exactly, i.e., §;; = .Al_il, for i = 1,...,n; and
=0,...,L. We denote the canonical interpolation operators from V to V; as J;. That is to

say, for any function v e V,
ny
(J)( Z 1=0,..., L.

Let J_1v := 0, vy := Jov, and v; := (J; — Jj—1)v, | = 1,..., L. Using the interpolants in

multilevel spaces, we can write

L L
v=Jv= 2 (jl — ﬁ_l)v = Z V). (6.3)
=0

We also have
n

S o) dha) = 3 Y

0i=1 [=01=1

M=

L
0= Yu -
=0

l

It is easy to check that

(Z - J)v Z Vg = Z ka,g

k=141 k=14+1j=1
To estimate the convergence rate, in view of Corollary 4.19, we only need to estimate the

quantity:
L ng 9

c1 := sup inf ZZ I ; Z Uk’j‘{

\vh 1 20, 0i= YiZ0i=1 (k,5)=(1,1)

We now define and estimate

(Z”lﬁ % S

k=l+1j=1

L n
1=0 i=1
We use the same notations introduced in Chapter 4 for projections, If;; : V ~— V; is the

(+,-)a-projection. For one-dimensional problems, it is easy to see that I, = J;; see HW 6.2.

This leads to the following identity
I,(I—-7)=0, Vi<i<n, 0<I<L.

Furthermore, we also have ]Yl,i(iji v ;) = I, (Um‘ + UMH). Using these properties, we have

L n
ci(v) = Z Z |\ (v + viir) + (T — \71)0’?
1=0 i=1
L lnl L n
= ZZ’H“U“J”}““ ZZ loil;
=0 1=1 =0 =1
L l L

= Z - Tl < Yl = el
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The last equality is easy to check; see HW 6.3. This estimate shows the convergence rate of MG

is uniformly bounded.

Remark 6.2 (Relation with the HB preconditioner). Note that several parts of the above analy-
sis depend on the one-dimensional (d = 1) assumption for simplicity. In fact, the decomposition
(6.3) used in this proof is the hierarchical basis (HB) decomposition discussed in §5.2. We have
already seen that the HB method convergence rate is not actually optimal for multidimensional
cases (d > 1). So the proof requires modification for higher dimensions. We will not explore
the details of that approach here. Several alternative approaches in the literature prove the

optimality of GMG methods; we briefly review them in the following subsection. O

6.2.2 Some historical remarks *

The theoretical analysis in this note closely follows the argument of subspace corrections
theory. We now briefly review the history of multigrid convergence theory. A comprehensive
literature review is not possible here; interested readers should see the monographs [110, 139,
40, 65, 185, 189], survey papers [196, 215], and references therein for a more thorough treatment.

In the early 1960s, Fedorenko first introduced and analyzed the multigrid method for finite
difference equations of the Poisson equation on a unit square [93, 94]. Bakhvalov extended the
result to more complex cases with variable coefficients [10]. Nicolaides provided an analysis
for finite element discretizations of second-order elliptic equations [151]. In the late 1970s,
Hackbusch and Brandt made a major breakthrough, showing multigrid is highly efficient [108,
51]. Their seminal work popularized multigrid, motivating extensive research to develop a
general convergence theory. The simplest case is a two-level hierarchy. Bank and Dupont
developed a two-level hierarchical basis (HB) finite element method [13] and proved two-grid
method convergence for finite elements [12]. Under certain conditions, their two-grid theory
shows W-cycle (or more robust) multigrid with sufficient smoothing steps converges similarly to
the two-grid method; see [12, 109, 110, 185]. However, this approach cannot prove the uniform
convergence of V-cycle multigrid, which is more important in practice [109].

Hackbusch [109] and Braess and Hackbusch [38] first gave a general convergence theory
for multigrid, including the V-cycle. The classical book by Hackbusch [110] summarized early
development of convergence and optimality of multigrid methods. Hackbusch and collabora-
tors reduced the conditions for the V-cycle convergence to the smoothing and approzimation

properties, namely,

(v, Ao < (v, By ), Vo eV (6.4)

(wl,Bl_lwl) < H(wl,Alwl), le € I/Vl = {(]Yl — Ul_l)v L VE V} (6.5)
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If the above conditions hold, then there is a positive mesh-independent constant C' such that
V(m, m)-cycle multigrid converges uniformly and

C

T — BV—cycleA <

which indicates the contraction factor goes to zero as the number of smoothing steps increases.
The approximation property (6.5) often requires full elliptic regularity on the boundary value
problem and quasi-uniformness of the underlying meshes. These restrictions made the classical
theory not applicable in many situations where the multigrid methods are still effective. There
are some exceptional cases where full elliptic regularity is not necessary; see, for example, [36, 16].
Bramble and Pasciak [42] introduced a regularity and approzimation condition to show conver-
gence of multigrid methods including the V-cycle for any positive m. Bank and Yserentant [16]
presented the classical convergence theory of the multigrid methods from an algebraic point of
view.

An alternative convergence theory is the framework of subspace corrections, with which
inexact subspace solvers can be analyzed, very general meshes can be treated, and restrictive
regularity assumptions can be removed. The subspace correction methods (or the Schwarz meth-
ods) emerged and analyzed in both multigrid and domain decomposition communities. Closely
related to the multigrid methods (which can be viewed as multiplicative Schwarz methods),
additive versions of the multilevel Schwarz method also gained popularity as parallel comput-
ers emerged and became the dominant computing environment. Yserentant [213] and Bank,
Dupont, and Yserentant [14] extended the two-level HB idea to the multilevel case and obtained
the HB preconditioner (additive) and the HBMG method (multiplicative), respectively. The
HB-type methods (see §5.2) are easy to implement and very efficient in many cases, especially
so in 2D.

Bramble, Pasciak, and Xu [49] proposed a parallel version of V-cycle multigrid called the
multilevel nodal basis preconditioner, which is better known as the BPX preconditioner. In
this seminar paper, the authors suggested an L2-type telescope sum (see §5.3) to construct a
stable decomposition, which is a break-through and motivated a lot of research. Such a tool also
allowed Bramble, Pasciak, Wang, and Xu [48, 47] to analyze the V-cycle multigrid and domain
decomposition methods on nonuniform meshes. This analysis gave convergence estimates for the
multilevel Schwarz methods mildly depending on mesh size (i.e., depending on the number of
levels only). Dryja and Widlund [84] also showed similar convergence estimates for the multilevel
additive Schwarz methods in a more general setting. Later, these results were improved and
the multilevel Schwarz methods were finally shown to converge uniformly with respect to mesh
size and number of levels (without regularity nor quasi-uniformity assumptions) in different

ways [158, 218, 196, 45, 35, 106].
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Xu [196] gave a unified theory on subspace correction methods based on stable subspace
decomposition of finite element spaces and laid solid foundation for further studies in this field.
Yserentant [215] reviewed the classical proof and the subspace correction proof for the conver-
gence of multigrid methods. By combining the two convergence theories, Brenner [58] proved
that contraction factor for some V-cycle methods decreases as number of smoothing steps in-
creases without full elliptic regularity assumption. Moreover, Xu and Zikatanov [200] considered
methods of subspace corrections in an abstract setting and showed that the contraction factor

of successive subspace correction methods can be characterized by a precise estimate

1
|7 - BY oA = 1

which is known as the XZ identity (Theorem 4.15). This theory does not depend on the number
of smoothing steps explicitly.

By far, we have mainly discussed general convergence theories for the multigrid methods.
These theoretical results indicate that the convergence rate of multilevel iterative methods is
independent of mesh size h without telling how big the convergence rate accurately is. Such
qualitative theories usually do not give satisfactorily sharp nor realistic predictions of the actual
contraction factor in practice [185]. This statement seems confusing as the XZ identity gives
an exact equality for the contraction factor instead of an upper bound. But an optimal space
decomposition in the XZ identity is not readily available practically speaking and, hence, it is
not easy to obtain a quantitative convergence estimate. Algebraic convergence estimates can be
applied to obtain reasonable quantitative convergence speed for multigrid methods; see [138, 145]
for more details. More algebraic convergence analysis results will be reviewed in Chapter 7.

Although the aforementioned qualitative results show h-independent convergent speed of
multigrid methods, they still do not fully reflect high efficiency of multigrid algorithms (like the
so-called textbook multigrid efficiency). Moreover, these results can not provide much assistance
for designing an optimal algorithm. On the other hand, quantitative analysis tools, including
rigorous Fourier analysis and local Fourier analysis, have been developed in the literature to
analyze practical performance of multigrid methods for rather general problems. For some
cases, they can even provide exact contraction factor of the multigrid algorithms (in the sense

this contraction factor can be obtained by the worst case mode); see [53, 166].

6.3 Nested iterations

As in Algorithm 6.1, the solve phase approximates corresponding problems by calling a two-
grid algorithm recursively. There are different approaches for the solve phase; for example, the

V-cycle method in §6.1. In this section, we discuss other popular methods for the solve phase.
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6.3.1 V-cycle and its generalizations

The V-cycle iterator B, Algorithm 6.1, is a two-grid method with an inexact coarse-level

solver defined recursively, i.e., the coarse-level iterator B, is just B restricted on the coarse-grid.

On the coarse-level, we start from the initial guess u%'¢ = 0 and then iterate

ule = 0 4 Be(fe — Acugld), where B, is the two-grid method for A..

[

In the V-cycle, we only apply the above iteration once on the coarse-level. Apparently, this

procedure can be generalized. For example, we can iterate multiple steps:
u® =0, u® =uF V4B (fo — AulfV), k=1,...,u (6.6)

The parameter v is often called the cycle index.

This gives the following equation

ul) = Bofe + (T — BeA)ul™ = Bofe+ Eul™ = - = (T+ &+ -+ EVYB.fe
cfc ( c c)c cfc clWe c c fa

c

where & :=Z — B.A.. We can define a new iterator B., such that
Bewfoi= (T—EN(T —E) 'Befe = (T—EV) A f (6.7)

Motivated by (6.7), we introduce a polynomial ¢, (t) := (1 —t)” € P, and let

-y :
'\f J\f W

Figure 6.4: Multigrid V-cycle (left) and W-cycle (right).

By = (I —q (BCAC)>AC_1.

. . Relaxation

J

Exact solving

\ Restriction

Prolongation

Algorithm 6.2 (One iteration of multigrid cycle). Assume that B;—1 : Vj—1 — Vj_; is defined
and the coarsest level solver By = Ay lis exact. We shall recursively define B; : V; — V; which

is an iterator for the equation A;v = r;. Let v = v(©) be the initial guess.
(1) Pre-smoothing: For k = 1,2,...,m, compute

v<—v+8;(1"l —.Alv);
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(2) Coarse grid correction: Find an approximate solution e;_1 € V;_ of the residual equation
on level [ — 1, ie., Aj_1e;_1 = Qu_l(rl — .Alv) using the iteration: Set e¢;_; = 0 initially.

For k=1,...,v, compute
e—1 —e—_1+ B <Qz,171(7"z — Apw) — A171€l71)§ (6.8)

Update the solution with

ve—v+I_16-1;
(3) Post-smoothing: For k = 1,2,...,mg, compute
ve—v+ S (r— Ap).

In the above general algorithm, the numbers of pre-smoothing and post-smoothing steps
could be different from each other or level from level.

From the previous discussion, we notice that there is a lot of freedom in the choice of g, ().
If v = 1, then Algorithm 6.2 is the V-cycle. The first non-trivial example is the well-known
W-cycle (v = 2), which is a simple extension of the V-cycle algorithm; see Figure 6.4. By
calling the coarse correction twice as in (6.8), we can obtain B2, i.e. the W-cycle; see HW 6.4.
Apparently, the cycle index v on each level does not have to be a fixed integer and one can use
v;_1 > 0 to balance convergence and computation complexity; see Remark 6.5 for an alternative
scheme.

In V-cycle and W-cycle, the iterators on different coarse levels (except the coarsest level)
are fixed to be 1 and 2, respectively. We can also use different polynomial orders v; on different
levels [ (0 <l < L). For example, we can use a polynomial ¢, (¢) such that ¢,(0) = 1 and
0 < ¢ (t) < 1 on the spectrum of B..A.. This type of methods are referred to as the AMLI-cycle

(Algebraic Multi-Level Iteration cycle!); see [6] and references therein for details.

Remark 6.3 (Nonlinear AMLI cycles). Indeed, we can choose some optimal polynomial g, (t)
like the Chebyshev polynomials. This reminds us about the Krylov subspace methods discussed
in §2.2. Inspired by this similarity, we can apply a preconditioned Krylov methods (like Flexible
CG or GCR methods) on some of the coarse levels to improve convergence. This type of methods

are called Krylov-cycle (K-cycle) methods or Nonlinear AMLI methods [156]. O

Example 6.4 (A simple AMLI-cycle). A simple AMLI-cycle method is to give lp > 1, up >

e = 1, and use the following polynomial orders
p, if 1= klo;
v =
12, otherwise.

It is clear that, if [p = 1 and puy = po = 1, then this method is just the standard V-cycle. O

'Here “algebraic” stands for the fact that certain inner polynomial iterations are used in the multilevel cycle.
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6.3.2 Complexity of multigrid iterations

Now we turn our attention to the work estimate (i.e. the number of floating-point calcula-
tions) of nested iterations. For simplicity, we only consider the AMLI-cycle in Example 6.4 with
o = 1. Denote the computational work needed by B; is W;. Assume the each smoothing sweep
costs O(N;) operations and N; ~ hl_d ~ 4~ Then it requires 2m O(NN;) operations for the pre-
and post-smoothing on level [. The prolongation and restriction also requires O(N;) operations.
Hence, for the AMLI-cycle, we have

Wity = #ONgs1y) + O (Nrtow1 + -+ + Nitgrto) + 11 Wiy
= 1O (Ngrryy) + £ Wrio
= 1O (Nes1yio) + H10(Niio) + BiWik—1)14

k+2—
- (Z’u+ JNJZO)+#’leo

k+1

_ ( Z ,Uk+2 Jleo)

+
di
= O(Nk+1), Z )

Let N = N, be the number of unknowns on the finest grid. This AMLI method costs O(N)
operations in each cycle, if we choose an appropriate p; such that p;y%% < 1. Apparently, this
analysis also yields computational complexity of the standard multigrid cycles like V-cycle and

W-cycle quickly.

Remark 6.5 (Variable V-cycle). Sometimes it is very desirable to use more smoothing steps
on the coarse meshes to achieve better convergence. For example, we can modify the V-cycle
algorithm by making the number of smoothing steps vary with the level . Namely, we can
replace m in Algorithm 6.1 with m;, where m; = B'm with a fixed integer # > 1. Usually
in practice 8 = 2 and m = 1 are taken and then m; = 2/7!. Note that the computational

complexity is still optimal O(N) as the number of grid points decreases geometrically. O

6.3.3 Full multigrid method

The multigrid methods discussed above converge uniformly with respect to the meshsize h
and requires O(N) operations in each cycle. This means the computational cost is O(N) to reach
a fixed tolerance. On the other hand, when we solve a discrete partial differential equation, we

need to solve the linear systems increasingly accurate using smaller tolerances for finer meshes,
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in order to obtain discretization accuracy. This leads to the fact that, to reach the discretization
accuracy, the V-cycle multigrid method requires O(N log N) operations.

One way to further improve the cycling algorithms (for example, the V-cycle algorithm) is
to provide better initial guesses using coarse approximations (cheap in computation). This idea
leads to a nested iteration method, i.e., the so-called full multigrid (FMG) cycle; see Figure 6.5.
From this figure, we can see the full multigrid method can be viewed as a sequence of V-cycles
on different levels. Note that FMG prolongations are different than the usual prolongations

because they must control error and decide when to proceed to the next finer level.

Finest
o Relaxation
‘ @) Exact solving
\ Restriction
l\ (/‘ / Prolongation
d X/ X{ '4 FMG prolongation

Coarsest

Figure 6.5: Full multigrid cycle.

We can write the concrete algorithm as follows:

Listing 6.1: Full multigrid method

5 1
1 |0 < Ay fo;

2 |for I=1,...,L

3 ul(o) —T_10-1;

4 ul(k) <—V—cycle(hfhul(k*l))7 k=1,...,v;
5 Uy — ugy);

6 | end

Theorem 6.6 (Full multigrid convergence). Assume that the I-th level iteration is a contraction

with contraction factor 0 < § < 1 independent of level I. If v is large enough, then we have

g — @l < hifu

27
where u; is the exact solution of finite element problem on level [ and 4; is the full multigrid

approximation solution on the [-th level.

Proof. Let e; := u; — ;. Apparently, on the coarsest level, we have eg = 0. On the [-th level

(0 <1< L), we have
bl < 0w —aall < & (lhw—all + hur = wll + s — @)

< & (Chiful, + feiall).
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where C' is independent of meshsize h;. By iteration, we obtain that

ledl < C(8hu+ 8y + -+ 6" ) Jul,

= Coé"Iy (1 +6y 4+ 5(l_1)”'yl_1) ‘u|2

Furthermore, if v is large enough, then ¢ < v and

Coé"h
leill < ==

T ige |l = Mululy

Hence the result. O

The above theorem indicates that, if we do enough number of V-cycles on each level (independent
of meshsize h;), we can obtain an approximate solution within the accuracy of discretization
error. That is to say, |lu — 4| < |lu — w| + [|ur — @] < hi]ul2. This means that FMG can reach

discretization error tolerance within O(NN) operations.

6.4 Two-grid estimates for multigrid analysis

In this section, we introduce a simple tool for estimating convergence speed of the multigrid
methods using the two-grid contraction factor. As we mentioned earlier, although this classical
approach works well for the W-cycle or more complicated cycles only, it is relatively easy to give

practitioners some idea how fast a multigrid code should be quantitatively.

6.4.1 From two-grid to multigrid

It is well-known that, if the exact two-grid method converges sufficiently fast, then the
corresponding W-cycle multigrid method will also converge fast [12, 109, 185]. This is very
helpful, for practical purposes, to assess how fast a multigrid algorithm will work for a particular
problem.

A more rigorous analysis has been given by Notay [152] through a closer look at convergence
rate of the inexact (or perturbed) two-grid methods Brg in Algorithm 3.2. As we have seen
earlier, the multigrid methods can be viewed as recursive calls of the two-grid method. Hence
they are indeed inexact two-grid methods. Moreover, we have the following relations between

the general two-grid method Btg and the exact two-grid method Berg:

Amax(BTGA) < )\max(BeTGA) max {)\max(BcAc)a 1}7

)\min (BTG-A) = )\min(BeTGA) min {Amin(BcAc)a 1}
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Let p; := p(Z; — B1A;). In view of the above inequalities and (2.10), we obtain the following

estimate
A <1 (1= ™) (L (), 1=28 L

If pfT¢ <o < 1/2 and prX'fyCle < 1%, then we can derive, by recursion on [ = 2,3, ..., L, that

W-cycle < g
P T 1-0’
This is a uniform estimate of the convergence speed of the W-cycle multigrid method with
respect to the number of levels. This result confirms and quantifies the common wisdom about

the W-cycle convergence speed.

6.4.2 Limitations of two-grid theory for GMG x

As we mentioned earlier, this approach does not yield uniform convergence estimate for the
V-cycle multigrid. This fact shows there is a fundamental difference between two-level and V-
cycle multigrid iterations in terms of conditions on convergence. When the above technique is
applied to the V-cycle multigrid method, we can easily obtain that: If )\max(BleTGAl) < 1 holds

for all levels, then

pl\/—cycle <1-— <1 _ pleTG) (1 - (pr_-ilfycle)>7 | = 27 37 .. ,L-

For example, suppose that pY'CyCle = pfTC and the exact two-grid method converges uni-
formly with pleTG < 0.2 for all [ > 0. Then it yields the following non-uniform convergence

estimates for the V-cycle multigrid:

py ¥ <1 - 0.8 x (1 —0.200) = 0.360,
p;/—cyde <1-0.8x(1—0.360) = 0.488,
py Y < 1-0.8 x (1 —0.488) ~ 0.590,
p;/-cyCle <1-0.8x (1-0.590) ~ 0.672,
pg/-cyde <1-08x(1-0.672) ~ 0.738,

In general, uniform two-grid convergence is not sufficient to guarantee uniform convergence
for the V-cycle multigrid; see [143] for example. To give uniform estimate for the V-cycle
multigrid, there are additional conditions to be satisfied; see the work by Napov and Notay [146].
Nevertheless, from the above discussion, we find that the analysis for two-grid methods can
improve understanding of the convergence behavior of multilevel iterative methods. It is simple

yet very powerful. Furthermore, the analysis of inexact two-grid methods indicates that it is
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possible to apply the inexact (possibly non-Galerkin) coarse-level operators and might lead to
new multigrid algorithms (particularly, algebraic multigrid methods). More discussions can be
found in [205] and [210].

6.4.3 LFA ladder

For a specific problem, it is recommended to perform quantitative analysis (more specifically,
the LFA method) to determine the maximum possible convergence rate of multigrid algorithms.
A general procedure for developing multigrid programs, known as the “LFA ladder”, has been

adopted in practice:
1. Choose an appropriate discretization scheme for the problem:;
2. Find an effective smoother with a satisfactory contraction factor p using the LFA method;
3. Select transfer operators and determine the two-grid LFA contraction factor o;
4. Check whether the two-grid LFA contraction factor o is close to p;
5. Check whether the contraction factor of the multigrid program approximates o;
6. Apply the full multigrid method;
7. Verify whether the expected discretization accuracy is achieved.

This procedure helps practitioners make development decisions and improve efficiency. We

recommend readers see [185, 193] for more details on these techniques.

6.5 Implementation of multigrid methods

In this section, we will briefly discuss how to implement the multigrid V-cycle (Algorithm 6.1)
for solving the finite element equation Au = f with A € RV*N (N is usually very large). There
are a couple of different ways for implementing the multigrid V-cycle algorithm. Here we use a

matrix-based implementation to allow generality while it might not be an efficient way.

6.5.1 A sparse matrix data structure

First, we discuss how to represent a sparse matrix in practice. Evidently, we do not wish
to store the zeros in a sparse matrix. There exist various ways to store a sparse matrix with
optimal storage complexity. More importantly, the choice of storage format usually depends

on the hardware architecture. A widely used general purpose data structure is the so-called
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Compressed Sparse Row (CSR) format [172]. The CSR storage format of a sparse matrix A

consists of three arrays, defined as follows:

1. A double array of non-zero entries corresponding to the column indices, val, of size nnz;

2. An integer array of row pointers, A, of size N + 1;

3. An integer array of column indices, JA, of size nnz.

More precisely, the index IA(7) points to the beginning of the i-th row in JA and val. Moreover,

the nonzero entries of a sparse matrix are stored in the array val row after row consecutively,

that is to say, the i-th row begins at val(IA(7)) and ends at val([A(i + 1)—1). In a similar way,

JA(IA(7)) to JA(IA(i+ 1)—1) contain the column indices of the nonzeros in row 7. Thus IA is of

size N + 1 (number of rows plus one), JA, and val are of size equal to the number of nonzeros.

The number of nonzeros in the i-th row is then equal to TA(i + 1)—IA(7) and the total number

of nonzeros is equal to TA(N +1)—IA(1). Note that, as a convention, we always start the indices

from 1 instead of 0.

When the matrix is a boolean (i.e., all entries are either true or false), the actual nonzeros

are not stored because there is no need to store them.
Example 6.7 (A simple CSR matrix). Consider the following 4 x 5 matrix

1.0 1.5 0 0 1.2
0 1.0 60 7.0 1.0
30 0 60 0 O
1.0 0 20 0 5.0

When in the CSR format, this matrix is stored in the following way:

e val is of the same size as JA and

val =|| 1.0 | 15| 1.2]| 10| 70| 6.0| 1.0 | 3.0] 6.0 20| 50] 10|

e JA is of size 5 and

a=|1]a|8]10]13]
o JA is of size IA(5) — IA(1) = 12

sa=|1]z2]s]z|4]s[s] 1] ]s]5]1]

Note that the indices in JA need not be sorted in ascending order as seen in this example.

O
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Remark 6.8 (Some comments on CSR). We provide a few comments on the CSR format:

1. There exist various data structures for storing sparse matrices, suited to specific problems,

algorithms and hardware. Nevertheless, the CSR format remains widely used and accepted.

2. The format does not assume any ordering of entries within each row.

3. The format allows duplicating nonzero values. O

With a sparse matrix stored in the CSR format, the matrix-vector multiplication v = Au

can be performed in the following way:

gt e W N

o N O

Listing 6.2: Sparse matrix-vector multiplication

end

for i=1,...,N

t<—0;

for k= IA(i),...,IAGG+1)—1
j < JA(k);

end

t<—1

v(i) <« t;

+ val(k) =u(j);

Now we give a pseudo code of the GS method (1.31) for solving Au = f. We assume that

the initial guess is stored in the vector u. The pseudo code below uses an ordering given by a

permutation array 7, which takes value from 1 to N. Note that if 7(¢) = ¢ for any ¢, then the

code just yields the forward Gauss—Seidel method. It is important to notice that the positions

of the diagonal entries of A in JA and wval are not known in advance.

(S NNt

© o N O

10
11
12

13

Listing 6.3: Gauss—Seidel method with ordering

end

for £=1,...,N

i —mw(l);
t— f(i);

for k « IA(®),...,IAG+1)—1
j < JA(k);

end

u(i) < t/diag;

if (

else

end

J==1)
diag < val(k);

t—t—wval(k)=u(j);

We immediately notice that this pseudo code is very similar to the previous matrix-vector

multiplication and can be implemented very easily.
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6.5.2 Assembling finite element matrix

Geometric multigrid methods are often implemented without assembling the global stiffness
matrix (matrix-free). However, we implement GMG using a matrix-based approach. So we first
discuss how to assemble the finite element matrix. Consider the mesh in Figure 6.6 which has

both triangles and quadrilaterals.

Figure 6.6: A mesh with 4 elements and 8 nodes

Most finite element basis functions are constructed to be locally supported. Very often, a
“natural” assumption can be made about how a stiffness matrix is constructed from a finite

element mesh:

We have a nonzero in the stiffness matrix at the (¢, j)-entry if and only if the nodes i and j

appear in the same element.

In order to assemble the stiffness matrix, the following two steps are performed:
1. Find the sparsity pattern of the stiffness matrix A, namely, IA and JA;

2. Loop through elements and compute the actual entries in A; This step (the actual assembly
of the entries) is usually easier but has to be done case by case. We leave this step to the

readers.
Here we only explain the first step in the following abstract algorithm:
Algorithm 6.3 (Finding sparsity). Suppose a finite element mesh M is given.

(1) For each element, find the indices of nodes that belong to it;
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(2) For each node, find the indices of elements that it belongs to = Patch(i);
(3) Obtain the sparsity pattern of A:

for i € Nodes(M)

for e € Patch(i)

Add all nodes in element e to the list of possible nonzeros in row 2.

It just remains to show how we can perform steps (1) and (2) of Algorithm 6.3. This can
be easily achieved by thinking of the element—node correspondence as a sparse matrix of size
#elements x #nodes. For example, the so-called element topology is trivially represented by a
4 x 8 matrix E for which E;; = 1 if and only if the node j is in the element i. Using the mesh

in Figure 6.6 as an example, F is given below:

o = O O

1
0
1
1

= o = O

0
0
1
0

= O = =

0 0 1
11 0
0 0 1
0 0 0
Since this matrix has value either 1 or 0, we can represent F in the compressed sparse row

format with the sparsity pattern only:

IE = |1]4]8|12]15]
JE =|7|8[2]8|3[4]5]1[6]7[2]2]5|8]

This concludes Step (1) of Algorithm 6.3.
On the other hand, Step (2) is also easy to achieve because the columns of E represent the

correspondence
Node — Patch.

This means that, for step (2), we can use the transpose matrix ET.

Remark 6.9 (How to find transpose of a CSR matrix). The nontrivial task is to perform
transposition without using additional memory. An algorithm by F. Gustavson from the 1970s
can achieve this, found in [160]. During transposition by Gustavson’s algorithm, column indices

within each row emerge in increasing order naturally. O

2Make sure that you do not add anything twice. This can be done using an additional indicator array.
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6.5.3 Matrix form of transfer operators

As seen in (6.1), we can obtain coarse-level stiffness matrices using the algebraic Galerkin
relation:

A =PFAP, 0<Il<L.

Since we can calculate the matrices A;’s level by level, we only need the prolongation matrix
between two consecutive levels, P,_;; for 0 < [ < L. In the operator form, it is trivial to
define the prolongation, which is just the natural embedding operator. But for implementation,
we need to find the algebraic form of the prolongations. For geometric multigrid methods, we
usually have to write the prolongation subroutines for different cases, and it makes the multigrid
code almost a white box.

Here we are going to use a matrix-based implementation. Such a strategy is easy to be
adapted to different discretization methods and have an almost identical structure as the AMG
methods we will discuss next. Since we have seen how to apply a matrix-vector multiplication
and how to apply the smoothers, we are left with construct prolongations as a sparse matrix.
But, of course, obtaining such flexibility will cost us more storage as well as computational
time. To complete the algorithm we have to give the action of P{{Ll and P,_;;, which are
just matrix-vector multiplications to transfer data between two consecutive levels. The only
programming difficulty here is keeping track of who on the fine grid is interpolated by whom
on the coarse-grid. We now focus on the particular case in which V}, is the classical linear finite

element space corresponding to a uniform grid with size 277,

Remark 6.10 (Matrix-free implementation of prolongation). One can easily observe that, there
is actually no need for A;_; to be computed as Pl:Cl 1A1P_1; because A;_; is just the stiffness
matrix corresponding to finite element discretization on a grid with size 2'7!. In such a case,

we do not need to store P themselves, but only the action of prolongations. O

In the following example, it is shown how to perform the actions of prolongation for [ = 1
of grid with meshsize 1/4 on the unit square. We can easily obtain the finite element matrix on
the coarse mesh M1; see Table 6.1.

Let e(i), i = 1,2,...,9 be a given vector corresponding to the representation of ey on the

coarse-grid. Let r(i), i = 1,2,...,25 be a residual vector on the fine grid. According to the
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) x x ]
1 21 1 4 7

Figure 6.7: Fine and coarse meshes.

i g || (A1) i J (A1) i J | (A1) i J| (A
1 1 1.0 3 3 1.0 5 6 —1.0 7 8 —0.5
1 4| —05 4 11 —05 5 8| —1.0 8 7| —05
1 2| -05 4 41 20 6 5| —1.0 8 81| 20
2 1 —05 4 51 -1.0 6 6| 20 8 5| —1.0
2 51 —1.0 4 7| —05 6 3| —05 8 9| —05
2 21 20 5 41 —1.0 6 9| —05 9 8| —05
2 31 —05 5 5 4.0 7 4| —05 9 9l 10
3 2 —0.5 5 2 —1.0 77 1.0 9 6 —0.5
3 6/ —05

Table 6.1: The nonzero entries of the stiffness matrix A; on the fine grid.

numbering given in Figure 6.7, we have the following formulae for computing Pe and PTr:

The remaining values in Pe and PTr at other grid points can be obtained in a similar way.

r(13) + 0.5 (r(7) + 7(8) + r(12) + r(14) + r(18) + (19));
r(1) + 0.5 % (r(2) + r(6) + r(7));
r(11) 4+ 0.5 % (r(6) + r(12) + r(17) + r(16));
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Remark 6.11 (Improving efficiency of V-cycle implementation). While Algorithm 6.1 is defined
as a recursive call of the two-grid method, this often results in a costlier implementation. Several

techniques can improve the efficiency (reducing wall time) of each V-cycle:
e Matrix-free implementation to avoid SpMV;
e Replace the recursive procedure by a loop over each level;
e Use red-black ordering for smoothers to obtain better parallelism;

e Combine smoothing sweeps to reduce cache-missing rate.

6.6 Homework problems

HW 6.1. Show the geometric multigrid V-cycle (Algorithm 6.1) is uniformly convergent in R

HW 6.2. If A = —A, show that the interpolant J; : V +— V] is equal to the (-,-)4-projection
:V V.

HW 6.3. Let Q = (0,1) and v € V} be a P; Lagrange finite element function. Show that
L
wli = 2 luli-

HW 6.4. Let ¢(t) = (1 —t)%. Show that B = (Z — q(B.Ac))A; ! can be obtained by (6.8).

HW 6.5. Show the work estimate of the full multigrid method is O(XV).



Chapter 7

Algebraic Multigrid Methods

Consider the linear system of equations arising from the second-order elliptic equation with

diffusion coeflicient on structured or unstructured grids:
Au=f, where Ae RV*N is SPD and u, f e RY.

Problems with anisotropic coefficients on regular grids, or problems with isotropic coefficients
but on anisotropic grids, can cause difficulties for geometric multigrid methods. While geometric
multigrid (GMG) relies on the availability of robust smoothers, algebraic multigrid (AMG) takes
a different approach by focusing on constructing a suitable coarse space [56, 57, 170]. AMG is
an approach to generalize GMG and enhance its robustness. There are several situations where
AMG can be applied but GMG cannot, for instance, problems on complex domains or irregular

triangulations, problems with discontinuous coefficients, and purely algebraic problems.

7.1 From GMG to AMG

How to make multigrid methods more robust in practice has been an important question
since the early stages of the method’s development. AMG is one of the many approaches to
improving robustness. In this section, we first demonstrate some motivations for algebraic

multigrid methods.

7.1.1 General procedure of multigrid methods

From our previous discussions, we observe that a typical multigrid (MG) algorithm contains
two phases: the “setup” phase and the “solve” phase. The setup phase initializes a hierarchical
structure, including coarse spaces, prolongations, restrictions, and coarse solvers for multilevel

iterations. Note that the setup phase only needs to be called once before iterations; sometimes,
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the same setup phase can be used at different time levels for time-dependent problems. For geo-
metric multigrid (GMG) methods, the setup phase is trivial using the hierarchical grid structure.
However, GMG methods are difficult to be applied for equations on general domains equipped
with unstructured grids. Algebraic multigrid (AMG) methods can be viewed as a generalization
of GMG methods. See [203] and references therein for details.

We now explain how to perform the multigrid setup phase in a relatively general setting.
Once complete, an appropriate multilevel nested iteration scheme should be chosen for the solve
phase; see §6.3. It is immediately evident that we only need to discuss how to set up hierarchical
information between two consecutive grids/levels for multigrid methods. We can summarize a

general multigrid setup procedure in the following steps:
Step 1. Selecting a smoother: Choose a smoother S for Au = f.
Step 2. Coarsening: Identify a coarse space V., < V', which contains smooth vectors.
Step 3. Constructing a prolongation: Construct a prolongation P in two steps:

3a. Decide, for each fine variable, which coarse variables are used for interpolation;

3b. Determine the weights for prolongation P.

Step 4. Multilevel cycling: Apply the same algorithm one or more times for the coarse
problem A.u, = f., where A, = PTAP and f, = PTf.

For GMG methods, Steps 2-4 are determined by the information of nested grids and the
users only need to find an effective smoother S. For example, in §1.4, we have presented a 1D

GMG method in a purely algebraic fashion. We have observed that:

(1) In GMG coarsening, the topologies of the graph representing the stiffness matrices on

different levels are explicitly given from the geometric refinement procedure.

(2) For GMG, Prolongation and restriction usually depend only on the topological structure

of the grids without using the grid coordinates.

(3) For GMG, smoothness of error is defined geometrically. In more general settings, a geo-

metrically smooth error can be non-smooth.

The key to an efficient GMG algorithm is to construct effective and cheap smoothers for
the problem at hand. On the contrary, for AMG, we focus on how to pick coarse space and
constructing interpolation to approximate the error components that cannot be effectively re-

duced by smoothing. AMG algorithms usually employ simple relaxation processes (typically
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point-wise relaxations) and then attempt to construct suitable operator-dependent interpola-
tions using the algebraic information of A to treat the error components that cannot be reduced

by the relaxation.

7.1.2 Sparse matrices and graphs *

A sparse matrix can be represented as a graph. As the sparse matrices that we consider
are mainly symmetric, we begin with undirected graphs. We first introduce a few elementary
concepts from the graph theory. An undirected graph (or simply a graph) G is a pair (V, E), where
V is a finite set of points called wvertices and E is a finite set of edges. We always consider set of
vertices being a subset of {1,..., N}. An edge in E is an unordered pair (j, k) with j, ke V. A
graph Gg = (Vo, Ep) is called a subgraph of G = (V,E), if Vo < V and Ey c E.

If (4,k) € E is an edge in an undirected graph G = (V, E), vertices j and k are said to be
adjacent. The set of neighboring vertices of ¢ is the set of all vertices that are adjacent to ¢;
and it is denoted as N; € V. An independent set of a graph G is a set of vertices in G that is
nonadjacent (i.e. no two vertices are adjacent). A maximal independent set (mIS) or mazximal
stable set is an independent set such that adding any other vertex would introduce an adjacent
pair. A graph can have many mlS’s of varying sizes; among them, the largest mIS, or potentially
several equally large mIS’s, of a graph is called a mazimum independent set or MIS. The MIS

problem can be described as follows:

Given a graph G = (V, E), find an independent set in G of maximum cardinality. In the
weighted case, each node v € V has an associated non-negative weight w(v) and the goal is to

find a maximum weight independent set.

This problem is NP-hard and it is natural to ask for approximation algorithms.

Remark 7.1 (Minimal vertex cover). A related notion is the so-called minimal vertex cover
(mVC), which is a vertex cover of a graph that is not a proper subset of any other vertex cover.
A wvertex cover of G = (V,E) is a set S € V such that all edges (i, ) € E has at least one end
point in S. A minimal vertex cover corresponds to the complement of maximal independent
vertex set, so the numbers of minimal vertex covers and maximal independent vertex sets in a

graph are identical.
A path from a vertex ¢ to another vertex j is a sequence of edges
{(i, k1), (k1,k2), ..., (ke—g,ke—1), (ke—1,5)} € E

and the number of edges £ is called the length of this path. A vertex j is connected to a vertex

1 if there is a path from j to i. The distance between j and ¢ is defined as the length of the
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shortest path between these two vertices. Apparently, the distance between two vertices is equal
to 1 if they are adjacent to each other and is set to oo if they are not connected. An undirected
graph G = (V, E) is called connected if any pair of vertices are connected by a path; otherwise,
G is said to be disconnected.

Let A e RV*N be a sparse matrix. The adjacency graph of A, denoted by G(A), is a graph
G=(V,E) with V:={1,2,...,N} and

E:={(i, j) : aij #0}.

As a general rule, sparse matrices do not provide any geometric information for the underlying
graph except the combinatorial/topological properties of G(A) or its subgraphs; see Figure 7.1.
We note that two different discretizations on different meshes could lead to same sparse coefficient

matrix A and, hence, same graph G(A).

e e e A AN AN
J L U NN VAN
( e e N AN AN
L J v \ZEAN VAN %
O (i (l A AN N
L T/ U v YW g

Figure 7.1: Finite element grid (left), finite difference grid (middle), and graph of their corre-
sponding stiffness matrices (right).

7.1.3 M-matrix and Delaunay triangulation *

We first introduce the concept of M-matrix. We call A an M-matriz if it is irreducible (i.e.,

the graph G(A) is connected) and

a;i; >0, a;;<0 (i#j), and aj; > Z ’am{, ajj > Z ‘ai,j’ for at least one j.
i#j i#j
Apparently, the stiffness matrix A in equation (1.26) for the model problem is an M-matriz.
The classical convergence theory for AMG was developed for the class of symmetric M-matrices
(see [52, 170]). However, stiffness matrices from finite element discretizations are generally
not M-matrices, even for the Poisson’s equation. In fact, whether a stiffness matrix is an M-
matrix depends on the specific mesh M used. In practice, many AMG algorithms use simple

filtering schemes to construct an approximate M-matrix Ajs from the stiffness matrix A. Xu
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and Zikatanov [202] introduced the concept of “M-matrix relatives” to analyze such constructed

M-matrices.

Figure 7.2: Definition of g and kg in a simplex 7 in 3D.

First, we introduce a few notations in Figure 7.2. In any given simplicial element 7 in R3;
similar definitions can be introduced in R for d > 2. An edge (i, ) has two vertices z; and x;
and denote this edge as E. Let kp(7) := F;( | F; and 0g(7) be the angle between faces F; and

F}. Define a quantity .
wp(T) = m|/€E(7)|cot Op(T). (7.1)

With these definitions, we then have the following result; see [199] for details.

Proposition 7.2 (Condition for M-matrix). The stiffness matrix for the Poisson’s equation is

an M-matrix if and only if
Z wg(r) =0, VE.

TOF

Remark 7.3 (Delaunay triangulation and M-matrix). In R2, the above proposition simply
means the sum of the angles opposite to any edge is less than or equal to 7, implying the un-
derlying triangulation must be Delaunay. Hence, the stiffness matrix for the Poisson’s equation

will be an M-matrix if the triangulation is Delaunay. This condition is nearly sharp®. O

The Delaunay triangulation is a geometric structure widely used by engineers for mesh

generation. In two dimensions, it offers a notable advantage: among all possible triangulations

!The opposite direction is true with a few possible exceptions near the boundary.
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of a given set of points, the Delaunay triangulation maximizes the minimum angle, thereby
reducing the occurrence of narrow and sharp angles. This characteristic not only enhances the
mesh’s structural quality but also improves interpolation accuracy. Extensive research has been
dedicated to Delaunay triangulations, resulting in highly efficient algorithms for constructing
and updating these meshes; see for example [97].

In the context of a finite point set GG, a triangle is Delaunay if its vertices are in G and its open
circumdisk is empty—mnamely, it contains no point of G. Note that any number of points in G
can lie on a Delaunay triangle’s circumcircle without affecting its Delaunay property. Similarly,
an edge is Delaunay if its vertices are in G and it has at least one empty open circumdisk. A
Delaunay triangulation of G is a triangulation in which every triangle is Delaunay.

For a given mesh My, the stiffness matrix of Pj-finite element method for the Poisson’s
equation is not necessarily an M-matrix. However, it can be estimated by an M-matrix. More
specifically, if we keep all the vertices on My, and swap internal edges, we can obtain a Delaunay

triangulation ME . We have
(AMEU,U) < (Ath,v), VveRY;

moreover, the equality in the above inequality holds if and only if My, is Delaunay. We refer

the interested readers to [165] for details. Let ¢, € V3 be a piecewise linear function and

dm, (x) = Zf\il v;$i m,, (z). Then we have

“b/vtfﬁ <|omuls YoeRY.

The above inequality means the Delaunay triangulation results in lower roughness of finite

element functions among all possible triangulations on a fixed set of vertices.

7.1.4 Tarjan’s algorithm x

We have observed that ordering is very important for the performance of local relaxation
methods like the Gauss—Seidel method. For example, in Remark 3.30, we have shown that the
ordering is important using the local Fourier analysis. By far, we have not assigned any kind of
ordering for the unknowns in the solution vector. In algebraic multigrid methods, we can order
the unknowns based on algebraic information. In particular, when we solve a flow problem,
we would like to order the unknowns following the direction of the flow. Such an ordering (or
permutation) results in a matrix which has its “big entries” all in the lower triangle and this

technique can enhance the performance of the Gauss—Seidel smoother.

Example 7.4 (Cross-wind ordering). In Figure 7.3, the bold edges represent the cross-wind

connections. If we number the blocks sequentially from left to right, with the degrees of freedom
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flow

Figure 7.3: A sample mesh along with a specified flow direction

within each block ordered arbitrarily, the stiffness matrix will have a lower triangular structure
as shown in equation (7.2). Based on this idea, an algorithm known as the Cross-Wind-Block

method has been proposed by Wang and Xu [190] for convection-dominated problems. O

The question now is of course how to find such an ordering. In this section, we present the
Tarjan’s algorithm [184] in the graph theory to find the “best” ordering for the Gauss—Seidel
method. Tarjan’s algorithm is used to find strongly connected components in a graph. A strongly
connected component is a maximal subset of vertices such that there is a path between any two

vertices in the subset. Tarjan’s algorithm uses depth-first search on the digraph:

1. Drop some of the entries in the matrix A, which are non-essential. This will transform the

graph corresponding to A to a digraph; see Remark 7.5.

2. Find the strongly connected components in this directed graph. Each one of these com-

ponents correspond to a diagonal block in the stiffness matrix after permutation.

Remark 7.5 (Preprocessing to a get directed graph). We comment that sometimes the graph
corresponding to A is undirected (for example, the finite element stiffness matrix of the Poisson’s
equation). However, if we are consider a non symmetric problem, situation could be very differ-
ent. In any event, we can make the graph be directed by dropping some of the “insignificant”
entries of A. For example, by setting a threshold € € (0,1), we drop all ay; if |axi/aix| < €.
Then we can apply the Tarjan’s algorithm for finding the strongly connected components in the
digraph. O

After permutation according to the strongly connected component ordering obtained by the
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Tarjan’s algorithm, the matrix A will have the following structure:

~e o ~e
-

A= ’Agl‘ ’A32‘ ’Agg‘ . (72)
|Ar1] [Ake]| [Aks| -+ [Akxk

Example 7.6 (Strongly connected component). Imagine now that a graph represents a town,
the edges are streets and the vertices are houses. You are walking along the streets and they
are one way streets (directed). You may go and arrive at a house for the first time; other than

that, there are two possible situations which may occur:
1. Either you go and arrive at a house (vertex) you have already visited, or
2. You are at a house with no way out of it, i.e. a vertex with all edges pointing to it.

It is obvious that, if we return at a place we have been before (encountering a cycle), we found
a cycle that corresponds to a strongly connected component. In the second case, it is precisely
the vertex we would like to number last, because all edges are sinking into it, i.e., it is at the
end of the flow. O

A simplified algorithm is as follows:
Algorithm 7.1 (Simplified Tarjan’s algorithm). Given a directed graph G with N vertices.
1. If all vertices of G have been numbered, stop.
2. Set i =0.
3. Choose any unnumbered vertex v € G.
4. If v has no edge out, we number it N — i, set ¢ = ¢ + 1, and return to Step 3.
5. If v has been visited before (encounter a cycle), then

e Collapse all the vertices in the cycle as a single vertex vmacro;
e Connect Vpacro With all vertices which were connected to member(s) of vmacro;
e Thus we obtain a new graph G’. Goto Step 2 and continue with G'.

Example 7.7 (Finding strongly connected components of a graph). The above algorithm is

visualized in Figures 7.4, in which we consider a 2D flow problem. First we assume that we start
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NA TN

(3)
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Figure 7.4: Finding strongly connected components of a directed graph

from vertex 1 and then follow the path
1-2—-3->54—->5—>6-—>4,

and we encounter a cycle. We collapse {4,5,6} as a single vertex vmacro = 4’ and continue with

the new graph. Following the path
1-2-3-4 5784,

again we have a cycle. We collapse the cycle and set 4” = {4’,7,8}. The next step is again
collapsing a cycle {4”,3,4"} to a vertex 3'. What is left after this step is a simple graph with

three vertices. O

Apparently, this algorithm has a drawback that there might be quite a lot of renumbering
when collapsing the cycles. The fix is to use a stack as proposed by Tarjan and do not renumber
anything until the whole connected component is in the stack. This reduces the cost dramatically
and such an algorithm is linear in the total number of vertices and edges in the graph. In turn,
for finite element stiffness matrices and their corresponding graphs, this algorithm is linear in
the number of unknowns, because these matrices have just a few number of non-zeros per row,
i.e., each vertex is incident with only few edges (only a bounded number independent of the
mesh size h). A computer program realizing the above Tarjan’s algorithm can be found in the
article by Gustavson [107]. A good explanation and a lots of examples related to the Tarjan’s

algorithm can be found in [100].

7.2 Motivations of algebraic multigrid methods

In §6.2, we have discussed general convergence theory for multigrid methods. In this section,

we briefly review the convergence theory that are applicable to AMG methods and give on the
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construction of AMG methods. Following the seminar work by Brandt et al. [56, 57, 52] on the
convergence analysis applicable to AMG methods, there have been a lot of discussions on the
AMG convergence theory; see [170, 61, 178, 90, 91, 189] for example. The readers are referred
to the recent survey paper by Xu and Zikatanov [202].

7.2.1 Algebraic convergence theory

In the purely algebraic setting, because the local Fourier analysis is not available, algebraic
convergence theory appears to be the right tool for developing and analyzing AMG algorithms.
Since sharp and computable estimates for general AMG schemes are still lacking [129, 155, 202],
we mainly focus on the classical two-level theory of AMG for symmetric positive-definite (SPD)
problems. For the development on non-symmetric problems, we refer to [131, 153, 133, 132]; for
analysis based on aggregation-type AMG algorithms, we refer to [186, 188, 62, 143, 147, 60].

We have shown the exact contraction factor estimate of two-level methods in Theorem 3.38.
Now we derive a convergence theory from an algebraic viewpoint. In particular, we wish to
give conditions on the grid-transfer matrices, such that two-level AMG methods converge. We
mainly follow the argument in a recent survey by MacLachlan and Olson [129]. Throughout this

chapter, without loss of generality, we assume that:

Assumption 7.8 (General AMG setting). The coefficient matrix A is SPD, the prolongation

P has full column-rank, and the given smoother S itself is A-convergent (i.e., [I — SA|4 < 1).

Let V = RY and V, = RM¢ denote the fine and coarse spaces, respectively. For simplicity, we
focus on Algorithm 3.3, V(0,1) two-grid method. The CGC operator corresponds to the matrix
I —1I. and

. = PA;'PTA = P(PTAP)'PTA (7.3)

is a projection onto range(P). The error reduction matrix for the two-gird method in Algo-

rithm 3.3 can then be written as
Erg = (I —SA)(I —11,). (7.4)

From Theorem 3.38, the convergence rate of the two-grid method depends on effectiveness
of the smoother S and approximability of the coarse space range(P). Our goal is to give an
estimate in the form of

I—SA)I—-TI.)e|?
HETGH?A = sup H( )( ) HA

5 =1-4% (7.5)
e#0 H€HA

where §* yields a sharp and parameter-independent two-grid contraction factor. Of course, it
is essential to pose conditions only on the prolongation P to ensure convergence, as the other

components in (7.4) have already been given.
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Theorem 7.9 (Convergence rate of two-level algorithm). If there exists 6 > 0 such that

|(I = SA)e|? < et —o|(I — el VeeV, (7.6)

then the V(0, 1) two-grid method satisfies that

el — (7 — SA)e|%

Erglyi=1-96, with §:= = 0.
1Bl (I-Texo (I — el
Proof. Notice that |le|} = |Ie|) + |(I — H.)e|% because II. is an A-orthogonal projection.
Since (I —II.)e = 0 yields (I — SA)(I —II.)e = 0, we have
I—SA)(I —T1l)e|? I—SA) (I —TL.)e|?
vl — el SAUTely = SAU Tl
e#0 el (1-te)exo (I = el + [Meel

If é achieves the above supremum, then (I — II.)é also achieves the supremum because

|(1 = SA)T —TIe)*e )% | = SA)I —Te)e} _ (I = SAI ~Tle)él;

(T —T)2e)% + (I —T)els (I —T)e? B

=

From the last inequality, the contraction factor achieves the supremum when II.é = 0. That is

to say, from the definition (7.5),

I—SAe|?
Broli = sp A=A
(I-Te)ex0 [[(I —ILe)e|’y

Hence the result. O

Note that, if we further assume that the parameter § in Theorem 7.9 is bounded uniformly on all
levels, we can also obtain a uniform bound for the V-cycle contraction factor by recursion [138].

This bound also gives reasonable estimates numerically [145].

Basically, the condition (7.6) implies that the smoother S is efficient for the components
that cannot be treated by CGC efficiently. On the one hand, for the error components that
cannot be reduced by CGC, the smoother S must be effective uniformly; on the other hand, S is
allowed to be ineffective for the error components that can be reduced by CGC efficiently. The
components for which S is ineffective are considered smooth and they have to be in the range
of the interpolation, range(P), roughly.

So it is reasonable to assume (7.6) in order to get an efficient TG algorithm. However, it is
difficult to obtain such a 4 in practice and we need to give some positive lower bounds of 5. So

we introduce a nonnegative function g(e) > 0 and define

el = I = SA)el}

|(1 —TL.)el%
g(e) '

ag(e) : ()

and fgy(e) :=
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Let dy = inf ()0 ag(e) and ,5’9 1= SUPg(e)20 g (€). Due to the fact
|Brely < |(I = TL)e|y — dgg((T —TI,)e)
(= TL)elfy — a5 | (7 — Tl
(1= a8 ) (7 = Tel (7.7)

1= a8 el (7.8)

<
<

we have § > dgﬁg_l, ie.,
|Erali <1 -y,
In view of the above estimate, we can give two separate assumptions:
2 _
H(I — SA)eHA < HeHzA —agg(e), VeelV, (7.9)
and

3 By, s, such that (I — HC)eH?4 < Bysgle), VeeV. (7.10)

The condition (7.9) is a smoothing property and the condition (7.10) is an approximation prop-
erty. The condition (7.10) is oftentimes called the strong approximation assumption. In view

of (7.7), we can further weaken this condition and assume the weak approxzimation assumption:
HBHWV, such that H(I — Hc)eHi‘ < Bngg((l — Hc)e), YeeV. (7.11)
From the above analysis, we can easily deduce the following theorem.

Theorem 7.10 (Convergence estimate of two-level AMG). If (7.9) and (7.10) (or its weaker
version (7.11)) hold, then V(0,1) two-grid method satisfies

|Brcli <1—ay68;"

Remark 7.11 (Strong and weak approximation properties). The strong approximation assump-
tion (7.10) can be used to show convergence of V-cycle AMG methods via a recursion [138, 170].

But the weak approximation assumption (7.11) is not sufficient for V-cycle to converge [52]. O

It is important to recognize that, even if we can provide simple conditions on coarsening to
ensure the approximation assumptions necessary for a convergent two-level or multilevel AMG
method, it remains unclear how to develop an algorithm that satisfies these assumptions using
purely algebraic information. In fact, doing so in a strict sense is challenging. The coarsening
process involves identifying coarse variables and constructing prolongation matrices, and these

two steps are typically interdependent.

In the remainder of this chapter, we discuss more practical approaches for coarsening.
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7.2.2 Interpolation operators

Now the question is how to choose such a function g(e)? Furthermore, how to apply Theo-
rem 7.10 to enforce convergence conditions on the prolongation (or interpolation) matrix P to
guarantee good AMG performance?

Apparently, if g(e) := | (I —IL.)e|?, we have &, = 6 and [39 = 1. Another possible choice has
been suggested by Ruge and Stiiben [170]:

2
g(e) == le|%p-1a-
In this case, by definition, the strong approximation assumption (7.10) can be written as
inf e — Pe < s lel%p1qr VeeV. (7.12)

€c

On the other hand, noticing (7.3) and let e, € V., we have

|(1 = T)e’ = <(I e, (I — HC)6>A - ((I ~ e, (I —I)e — PeC)A

<[ =T)e| 41 o[ (I = Te)e = Pec|,
If we assume, instead of (7.12), that
inf [le = Pec|p < Buflelz, VeeV, (7.13)
then
[T =TL)ely < (7 = Mol yppms 4 |(2 = He)e = Pec
< =Tl ypor s BRNT — e,

which yields the weak approximation property (7.11). In this way, we derived two alternative

bounds, Egs. (7.12) and (7.13), for the strong and weak approximation assumptions, respectively.

Using Eq. (7.13), we can obtain a convergence bound for the two-level method. As noted
previously, the weak approximation property in Eq. (7.13) is typically insufficient to ensure
a good interpolation P for a V-cycle. Additional conditions must be imposed for practical

construction of AMG methods.

Let Q € RY*N be a projection onto range(P). So, by definition, it can be written as Q = P T,
where T € RNe*N gatisfies TP = I.. If T, := (PTAP)"'PT A, then it is easy to see that
Qs = P T, =TI, is such an example. We can also give a simplified choice Ty, := (PTDP)~'PTD.
For any vector 0 # e € V', we can assume that

2 2 2 2
s _le—Qels _ - o le—Pec, _ |e—Qefp

< or inf
<P ceve  elB el

) He — Pe,
inf

eceVe

5 < < Bw, (7.14)
HGHAD—IA HeHAD—lA
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to give upper bounds for the strong and weak approximation assumptions, respectively. These
inequalities give bounds for constructing P such that the two-level method converges well ac-
cording to Theorem 7.10.

We notice that, in the above inequalities (the second one in particular), the measure

I—Qel?
pp(Q,e) = |(’6|2)HDv Ve#0
A
can be generalized to
I — 2
NX(Q?B) = H( Q2)€HX7 Ve # 07
el

where X is an SPD matrix. We assume that px(Q,e) < k. Then

e = Pecly _ e~ Qely

T el

inf = ux(Q,e) < k. (7.15)
ecEVe lel%,

If we minimize

sup ,qu(P T, 6)
e#0

to find the “best possible” interpolation operator P, then it yields the so-called ideal interpola-
tion [90, 209].

7.2.3 Algebraic smooth error

In Theorem 3.40, we have seen the following theoretical result: For any given smoother S,

the best coarse space of dimension N, is given by
VPt = span{di s, (7.16)

where {(bk}kN:CI are the eigenfunctions corresponding to the smallest eigenvalues \;(SA). So the
desirable coarse space should well approximate the lower end of the spectrum of SA, which can
also be called the near-null space. However, it is difficult to find small eigen-pairs of SA in
practice.

A good interpretation of smooth error in algebraic sense could lead to an efficient AMG
method. In view of (3.27), we know that the standard pointwise relaxation methods, like the

Richardson, weighted Jacobi, and Gauss—Seidel methods, satisfy that

PZl(vav)A S (SAU’U)A S (U’U)A‘
Together with (7.9), it motivates the following definition of the algebraic smooth vector:
Definition 7.12 (Algebraic smoothness). Let € € (0,1) be a small parameter. If e € V satisfies

(gAe, e)A < 6(6,6) , le. (?Ae,Ae) < 6”6“124,

A

then e is algebraically e-smooth (or the e-algebraic low-frequency) with respect to A.
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For the algebraic smooth error component e, by adding and subtraction and (2.13), we have

=il
el

Evidently, the contraction factor for this error component e approaches 1 if € is small. Essentially,

((I—gA)e,e>A > (1—¢)(e, e)A

this means that algebraically smooth error components are those that the smoother S or S cannot
effectively damp. That is, an error that cannot be eliminated by the smoother constitutes a

smooth error, as noted in Remark 1.32 for geometrically smooth errors.

Since S is SPD, the algebraically smooth vectors satisfy

1

e|2 = (52 Ae, 5 2¢) < (SAe, Ae) ' (8¢, )2 < e2e] (S "e,e) 2.
Then we can derive the following estimate
el < ellels (7.17)

which can be viewed as an alternative characterisation of algebraically smooth (low-frequency)
vectors.
Inspired by the above definition of algebraic low-frequency components (7.17), we can define

algebraic high-frequency components as follows:
Definition 7.13 (Algebraic high-frequency). Let ¢ € (0,1]. If e € V satisfies
2 2
lells = ¢llels-
then e is called the (-algebraic high-frequency vector with respect to A.
With this notion, we can obtain the following convergence estimate [202]:

Theorem 7.14 (Convergence estimate based on space decomposition). Let V., < V be the
coarse space and Vyr consist of (-algebraic high frequencies. Suppose V' = V. + Vit is a stable
decomposition, i.e., for any v € V, there exist v. € V. and vps € Vjy¢ such that v = Puv,. + vpe and

long|%4 < Bllv]%4. Then the resulting two-level AMG satisfies

|Eralla<1-¢57

Proof. Since we have the following estimate

2
A?

' B
ot o= Pudfr < i < 2o’ < 2l

we can prove the theorem using two-level convergence theory. O
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Remark 7.15 (Local adaptation of AMG). In AMG methods, it is not important whether the
smoother S smooths the error in a geometric sense. Rather, the key point is that the error after
smoothing sweeps must be characterized algebraically to a certain degree, making it possible
to construct coarse levels and define interpolations locally adapted to the given smoother’s

properties. O

Let A be the coefficient matrix corresponding to the finite element discretization of the
second-order elliptic equation with Neumann boundary condition. Apparently, A has zero row

sum. Hence we can write

(Au,v) = > —ai;(u; —ug) (v — vj). (7.18)

(4,4)€E
1<jJ

We can also easily derive the corresponding equality for the Dirichlet boundary condition or the

mixed boundary condition:

(Au,v) = Z —a; j(u; — uj)(v; — vyj), if wj=v;=0, Vaelp. (7.19)

(i,4)€E
i<j

Remark 7.16 (Smooth error and Classical AMG). A simpler characterization of smooth error

is used in methods like the Classical AMG. According to (7.18) and (7.17), the algebraically

smooth error e satisfies that

Z —a; j(e; —e;)* = (Ae,e) < 6”6”%—1 « 1. (7.20)
i<j
This inequality provides an important motivation for the Classical AMG: Smooth error varies
slowly in the direction of relatively large (negative) coefficients of the matrix. And it motivates

the notion of strongly negative coupled variables. O

7.2.4 Construction of coarse spaces

We now discuss a few guidelines on how to construct coarse spaces and prolongation matrices
based on the AMG theory discussed above. In §6.1, we have proposed a general procedure
of the multigrid setup phase, among which the coarsening algorithms (Step 2) are automatic
procedures for determining the coarse-level variables. Such algorithms are usually based on
selecting or combining vertices in the adjacency graph corresponding to the (filtered) coefficient
matrix A.

A natural choice of the coarse-level DOFs is to use a subset of fine-level DOFs. Under proper
re-ordering (coarse variables first and then fine variables), R = (I,0) € RN<*N_ According to

RNXN

Theorem 3.39, we can use the diagonal matrix D € of A to analyze the smoother S
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defined by the point-wise Gauss—Seidel method. This result and (7.14) motivate that we can

construct a coarse space V,, such that
o= @oul?, = inf Jo—ul?, < Aol VoV

where the constant 8 should be small and uniform with respect to interested parameters (like

the meshsize h). If v is smooth, i.e., [v|4 < /?|v|¢-1 is small, then v can be approximated

Is
well in the coarse space V.. This condition is sufficient for convergence of the two-grid method.
Motivated by Lemma 3.32, we can further simplify it and just choose D := | A|I, for example.

Heuristically, the error becomes smooth after a few relaxation steps, and we can expect
the coarse space to approximate a smooth vector v accurately if the coarse space is chosen

appropriately. Motivated by Theorem 7.10 and Equation (7.14), we propose Assumption 7.17:
Assumption 7.17 (Weak approximability). | (I — PR)U”D < Bllv]|a, YveV.

In view of Remark 3.42, we assume that the prolongation operator preserves constants (As-
sumption 7.18). In fact, from the weak approximation property (Assumption 7.17) and let
D := ||A|I, we have

|A]"?0 — PRv| < Blo].a

If v is in the near-null space of A, i.e., |[v|4 ~ 0, then PRv ~ v. Hence we get the following

simplified assumption:

Assumption 7.18 (Constant preserving). Ply, = 1.

Unlike in the geometric setting, considering convergence alone is not meaningful in the algebraic
multigrid context. This is because the computational complexity of each AMG cycle could be
prohibitively high. Compare this with the GMG complexity discussed in §6.3. A uniformly
convergent AMG method could be still very slow. Hence the complexity of the multilevel

hierarchy for AMG requires special attention.

Remark 7.19 (Operator complexity). When constructing the prolongation P, we must control
the sparsity of the coarse level matrices. For efficient overall performance, convergence speed
is only one aspect. An equally important aspect is the complexity (sparsity) of the coarser
level matrices produced by AMG. We now define a measurement of sparsity, i.e., the operator

complexity

Oy = ZlL=O HHZ(Al)
A nnz(A)

where nnz(-) is the number of nonzeros of a matrix. Apparently, C4 > 1 is always true and

Ca = 1 corresponds to the one-level case. When constructing an interpolation operator, we
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would like to make C'4 as close to 1 as possible while keeping good convergence performance.
This is not always the case when using the Galerkin-type coarse operator as we discussed in
this note. Usually, the coarser matrices A;_1 becomes more dense than A;. This problem
becomes more serious when solving large linear systems on parallel computers. Sometimes,
we have to truncate the “insignificant” nonzero entries or specify sparsity patterns to reduce

complexity [89]. O

7.3 Classical algebraic multigrid methods

The original AMG approach (the classical AMG) [56] was developed under the assumption
that A is an M-matrix. The multilevel hierarchy is constructed based on the coefficient matrix
only. Later, the AMG algorithm was further generalized using many heuristics that served to
extend its applicability to more general problems. For simplicity, we suppose that A = (a; ;) €
RV>*N is an SPD M-matrix and G = (V, E) is the corresponding graph of A.

7.3.1 General AMG setup phase

We have presented a general framework for implementing multigrid methods in Section 7.1.
Here, we provide a general two-level setup procedure suitable for AMG methods (including both
the classical AMG and aggregation-based AMG approaches). This setup algorithm can then
be applied recursively to construct a multilevel hierarchy until the coarse grid size N. becomes

sufficiently small or the coarse grid matrix A, becomes too dense to continue coarsening.
Algorithm 7.2 (General algebraic setup algorithm). Given a sparse matrix 4 e RV*V,
1. Filter A to obtain a suitable matrix for coarsening Ay (usually Ay = A);
2. Define a coarse space with N, variables;
3. Construct the interpolation P € RN *Ne:

3.1. Give a sparsity pattern for the interpolation P;

3.2. Determine weights of the interpolation P;
4. Construct the restriction R € RN (for example, R = PT);
5. Form the coarse-level coefficient matrix (for example, A. = RA;P);
6. Give a sparser approximation of A, if necessary.

The above framework is abstract and general enough to describe a variety of algorithms.

Now we give a few comments on this algorithm:
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1. If the coefficient matrix A is not symmetric or not an M-matrix, one might be able to
perform a preprocessing step to obtain a more suitable matrix A;. This step can be used

as a way to introduce an auxiliary space method.

2. In classical AMG methods, we use the so-called C/F splitting, namely, split all NV variables
into two sets: N, C-variables and Ny F-variables, i.e., N = N. + Ny. On the other hand,
aggregation-based AMG forms aggregates of fine-level variables (vertices) to cover the

graph G.

3. As observed previously, forming an interpolation P that satisfies the weak approximation
property is crucial for convergence. This task can be further divided into two stages:
(1) Determining the sparsity pattern; (2) Assigning weights to P. Sometimes, we can

“truncate” the matrix P by eliminating small entries, if P is not sparse enough.

4. For symmetric problems, the Galerkin relation naturally leads to assuming R = PT. But

for nonsymmetric problems, R may also need to be constructed.

5. In GMG, the coarse-level problems can be given by discretization on a coarser grid. But
in AMG, we must use the restriction, interpolation, and the fine-level coefficient matrices
to compute A, using the triple-matrix product. This can easily become the most time-
consuming part of the setup phase. Implementing this part requires attention, especially

for parallel efficiency.

6. Sometimes, A, might not be sparse enough even after P is truncated when using the
Galerkin relation. In this case, A, need to be further modified to obtain a sparse approx-

imation.

7.3.2 Strength of connections

In coarsening, we need to find coarse-level variables. Let O, € (0,1) be a given real num-
ber, usually called relative strength parameter. In view of Remark 7.16, we give the following

definition: If a pair of indices (i, j) satisfies that
—aij = Ostr | min ai k|,

then we say that the variable ¢ is strongly negatively coupled or strongly n-coupled to the variable
j. Note that, by this definition, (¢, j) and (j,4) are two different pairs. We can easily generalize

this concept to strongly coupled variables by considering the positive coupling as well.
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Remark 7.20 (Alternative definitions for strong coupling). There are different ways to define

strongly coupled pairs. For example, we can call 7 and j strongly negatively coupled, if

ai,j <0 and ]am\ > est“/amaj’j

or
—@ij > Ostrn/aii@,j-
Such definitions can be used in the aggregation-based methods in the next section. O

Denote further
Sj = {z € N; : 7 strongly coupled to j} and S;‘-F = {z eV: je S,'}.

So S; is the set of indices which affects j and S? is the ones which are affected by j. After finding
the strongly coupled variables, we can filter the coefficient matrix to obtain a filtered matrix Ag
by removing all non-strongly coupled connections, namely, by dropping “insignificant” nonzeros
entries from A.

The above definition of strongly coupled variables applies to the direct connections. Some-
times we also need to consider indirect (i.e., long-range) connections; for example, in aggressive
coarsening (see Remark 7.23). A variable i is said strongly coupled to another variable j along

a path of length ¢ if there exists a sequence of edges

{(i, kl), (k’l,kg), ey (kgfg,kgfl), (kgfl,j)} CcE

such that k1 €Sy, for I =1,2,...,¢ — 2. If there exist at least one path of length less than or
equal to £ such that ¢ is strongly coupled to j, then we say that ¢ is £-strongly coupled to j and
denoted by j € Sf .

We note that, based on the nonzero pattern of A‘ or a filtered version A%, one can tell
whether there are paths between ¢ and j of length £ or not. For example, if we consider five-
point stencil finite difference scheme on the mesh given in Figure 7.5 (left). Consider the vertex

at the center, the point 13. Then
Si3 = {12,8,14,18} and S%; = {12,8,14,18,11,3,15,23,7,9,19,17}.

And we give the weights of A and A2 in Figure 7.5. See Figures 7.6, 7.7, and ?? for powers of
the matrix A.

7.3.3 C/F splitting

The classical Ruge—-Stiiben method splits the set of vertices V into two non-intersecting sets:

the fine variables F and the coarse variables C. All indices in F are affected by some index in
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Figure 7.5: Finite difference grid (left), strong connections and weights in A of vertex 13 (middle),

and 2-strong connections and weights in A? of 13 (right).
Figure 7.6: The stiffness matrix A for five-point stencil finite difference scheme on the mesh

given in Figure 7.5 (left).
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> AxA
ans =
18 -8 1 0 0 -8 2 ] 0 0 1 0 0 0 0 ] ] 0 0 0 0 0 0 0 ]
-8 19 -8 1 0 2 -8 2 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 -8 19 -8 1 0 -8 2 0 0 0 1 0 0 ] ] 0 0 0 0 0 0 0 ]
0 1 -8 19 -8 0 ] 2 -8 2 0 0 0 1 0 ] ] 0 0 0 0 0 0 0 ]
0 0 1 -8 18 0 0 0 2 -8 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
-8 2 0 0 0 18 -8 1 0 -8 2 0 0 0 1 ] 0 0 0 0 0 0 0 ]
2 -8 2 0 0 -8 20 -8 1 0 2 -8 2 0 0 ] 1 0 0 0 0 0 0 0 ]
0 2 -8 2 0 1 -8 20 -8 1 0 2 -8 2 0 0 0 1 0 0 0 0 0 0 0
0 0 2 -8 2 0 1 -8 20 -8 0 2 -8 2 ] ] 0 1 0 0 0 0 0 ]
0 0 0 2 -8 0 ] 1 -8 18 0 0 0 2 -8 ] ] 0 0 1 0 0 0 0 ]
1 0 0 0 0 -8 2 0 0 0 19 -8 1 0 0 -8 2 0 0 0 1 0 0 0 0
0 1 0 0 0 2 -8 2 0 0 -8 20 -8 1 0 2 -8 2 0 0 0 1 0 0 ]
0 0 1 0 0 0 2 -8 2 0 1 -8 20 -8 1 ] 2 -8 2 0 0 0 1 0 ]
0 0 0 1 0 0 0 2 -8 2 0 1 -8 20 -8 0 2 -8 2 0 0 0 1 0
0 0 0 0 1 0 ] ] 2 -8 0 0 1 -8 18 ] ] 2 -8 0 0 0 0 1
0 0 0 0 0 1 ] ] 0 0 -8 2 0 0 0 18 -8 1 0 0 -8 2 0 0 ]
0 0 0 0 0 0 1 0 0 0 2 -8 2 0 0 -8 20 -8 1 0 2 -8 2 0 0
0 0 0 0 0 0 ] 1 0 0 0 2 -8 2 0 1 -8 20 -8 1 0 2 -8 2 ]
0 0 0 0 1] 1] 1] 1] 1 0 0 0 2 -8 2 1] 1 -B 20 -8 0 0 2 -8 2
0 0 0 0 0 0 0 0 0 1 0 0 0 2 -8 0 0 1 -8 18 0 0 0 2 -8
0 0 0 0 0 0 ] ] 0 0 1 0 0 0 0 -8 2 0 0 0 18 -8 1 0 ]
0 0 0 0 1] 1] 1] 1] 0 0 0 1 0 1] 1] 2 -8 2 0 0 -8 19 -8 1 1]
0 0 0 0 0 0 ] 0 0 0 0 0 1 0 0 ] 2 -8 2 0 1 -8 18 -8 1
0 0 0 0 0 0 ] ] 0 0 0 0 0 1 0 ] ] 2 -8 2 0 1 -8 18 -8
0 0 0 0 1] 1] 1] 1] 0 0 0 0 0 1] 1 1] 1] 2 -8 0 0 1 -8 18

Figure 7.7: The matrix A? for five-point stencil finite difference scheme on the mesh given in
Figure 7.5 (left).

C, while C contains as few entries as possible. Then, F is chosen as the set of indices of finer
grid nodes, and C is chosen as the set of indices of coarse grid nodes. The indices of nodes are
assigned as coarse or fine successively. Let U denote the set of indices of nodes not yet assigned.

We summarize the algorithm in the following subroutine:

Listing 7.1: Classical C/F splitting method

1|U<V, C—0, F—0;

2 (while U# 0

3 Xi < 2|STOF|I+ ST V|, ieU;
4 k — argmax{\;,i € U};

5 C— CU{k}, U< U\{k};

6 F—FUSE, U< USE;

7 |end

Note that \; is a measure of importance—It is a measurement about how many points are
affected by 4. If \; is big, we would like to include this point in C. In this way, we can make C
contains less points to get bigger coarsening ratio, which is extremely important for the classical

AMG because it usually yields coarsening ratios that are relatively close to 1.0.

e We weight more on |S] (F| than |SI (U] due to the fact that the first part has already

been determined to be part of the fine variables.
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e In the early stage of coarsening procedure, F does not contain many points, the above
algorithm selects a coarse point with as many as neighbors, that are strongly coupled to

it.

e In the later stage, vertices that strongly coupled to more F-variables are preferred to be

selected.

There are a few special cases which require careful treatment during the C/F splitting pro-

cedure. We now summarize them in the following remarks:

Remark 7.21 (Isolated points). Before starting the above algorithm, isolated points (like
Dirichlet boundary points) are usually filtered out and simply defined as F-variables. Simi-
larly, if a point has very strong diagonal dominance, it can also be safely considered isolated and

moved to F. O

Remark 7.22 (Termination of C/F splitting). If successfully terminated, the set C is an in-
dependent set of vertices of the underlying graph G. All F-variables have at least one strongly
negatively coupled C-variable, except the trivial ones in the previous remark. However, there
might be some U-variables left (with measure A\; = 0)—They are not strongly negatively coupled
to any C-variables or themselves. Furthermore, there are no F-variables are strongly negatively
coupled to these points. In order to interpolate at these points, we can add them as F-variables

and interpolate indirectly through the F-variables, to which they are strongly coupled. O

Remark 7.23 (Aggressive coarsening). In practice, the standard C/F splitting scheme given
above usually results in high operator complexity (refer to Remark 7.19), which leads to high

computational and storage demands; see Table 7.1. In such cases, we can apply the so-called

Coarsening method Standard Aggressive
Operator complexity 2.889 1.606
Setup time (sec) 1.536 1.036
Number of iterations 6 38
Solve time (sec) 0.791 3.293
Time per iteration (sec) 0.132 0.087

Table 7.1: Solving 2D five-point stencil of the Poisson’s equation with 1 million DOF using
different coarsening methods in the classical AMG method (stopping criteria for PCG is the
relative residual smaller than 107°).

aggressive coarsening by considering strong connections of length £. Oftentimes a small ¢, for
example ¢ = 2, is used. However, A% is expensive to compute and we can apply the regular C/F

splitting twice—At the first pass, find C-variables among all variables using As; at the second
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pass, apply the C/F splitting on the selected C-variables from the first pass using A% (but on

C-variables only, we don’t need all entries of A%) O

Example 7.24 (Anisotropic elliptic PDE). To illustrate the effect of the above C/F splitting
algorithm, we consider an anisotropic diffusion example in §6.1. The computational domain is

a unit square. Let us consider the anisotropic diffusion equation
—€Upy — Uyy =0 (e >0).

Roughly speaking, we have €[luz;| & |uyy|. This means the solution is smooth in y-direction
(low-frequencies); but rough in z-direction (high-frequencies). We consider the five-point stencil.

The difference equation at the node (x;,y;) is

2Uij = Wit1,j = Wi—1j  2Uij — i1 — Wij+1

—¢ — =0.
h2 h%
If % « %, then u; ; depends on u; j+1 and w; j—1 mainly. Thus if we apply the C/F procedure,
. l [ l [ L. %
L - . 4]
- - | m— C—— S S S E—
I - - u|
O I ' I 5 I | | | | |

Figure 7.8: C/F splitting for the 2D elliptic problem with € = 1 (left) and € « 1 (right), where
the red points correspond to C-variables and the black points correspond to F-variables.

the coarsening will take place indeed in one direction only (semi-coarsening); see Figure 7.8. [

7.3.4 Construction of prolongation

After obtaining a C/F splitting, upon reordering of indices, we can always assume that the
indices of the nodes in C is from 1 to V., and those in F are from N, + 1 to N. We can write

the stiffness matrix in the following block structure

<Ac,c AC,F)(UC>:<fC>
Arc Afrfp uF fr

Let eff € RMe be a vector corresponding to the coarse variables. We now consider how to

prolongate it to e € RN corresponding to the variables on the fine grid.
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We first use the geometric multigrid method for linear finite element method on uniform
grids for the 1D Poisson’s equation as an example. Let {qﬁiZ l]\i 1 be the basis of the fine space V'
and {(ﬁf }j\f:cl be the basis of the coarse space V.. From the geometric point of view, it is natural
to expect

a(¢ ¢y =0, jeC, ieF. (7.21)

In Chapter 3, we have observed that
(@1, oN,) = (@ R P.

It is then trivial to see that, we should have (Pe); = el if j € C. Hence, it is natural to

j 9
define that
1
P := ¢ ,
w

where Ic € RNe*Ne js the identity matrix and W e RW—Ne)xNe  Tp the matrix form, the

condition (7.21) can be written as
0 O 14c7c fiC,F Ic B 0
0 If Arc Aff 147 0/

Arc+ArgW =0

That is to say,

or

W = —AfLApc.

It is easy to check that this prolongation matrix P satisfies Assumption 7.18 if the row-sum of
A is zero. However, this prolongation is too expensive to compute in practice. There are many

different ways to approximate W by a simpler sparse matrix.

1) Direct interpolation scheme

For the smooth error component e € RY, we have
N

Arpel + Apcel «1 = aiie"~0, ieF

F,F €F F.C€c YV I )
j=1

Motived by the above observation, we can also assume that

aigel + ) aijel =0, icF. (7.22)
JeN;
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This would be an interpolation scheme itself if all points in N; are C-variables. Of course, it is
not always the case. Alternatively, we can throw out the entries that are not strongly negatively
coupled. In this way, we obtain
aiel + ) aijel =0, icF. (7.23)
J€S;
We approximate the above equation (7.22) with

ZkeNi ik .
am-e? + o 2 ai,je;-‘ = 0, Q; = 2—7 i€F.
JjeN; N C keN; N C %ik
If the i-th row has zero row-sum, then
Qi
o = """
ZkeNi nc %k
and we get an interpolation method
@i
el = Z w@jef and Wi = e ——. (7.24)
JeN; N C ZkENi nc %k

In this case, the matrix form is just W = (diag(AF’cl))_lA,:,c. It is straightforward to show
that Assumption 7.18 holds in this case.

We can make W more sparse by shrinking the support slightly. Define an interpolation set
(support) P; := S;(C for i € F. After further sparsifying the interpolation (by keeping the
strongly negatively coupled C-variables only), we get

DkeN, Qik .
ai el + Z az’,jfi? =0, ay=oS—"—"—, VieF.
P, ZkePi @ik
If the i-th row has zero row-sum, then this gives the well-known direct interpolation
a
e? = Z wmef and wij = )

. (7.25)
jEPi ZkePi aivk

2) Standard interpolation scheme

In the equation (7.22), we can first eliminate all e;‘ for j € S;(F, using the j-th equation,

by the approximation

1
e? =—_— Z ajkeZ.
a. . ’
DI keN;

This results in a new equation for e?:

CALLZ'B? + Z (?Lid'e? = 0, 1€ F,
jeN;

with N; = {j # i : a;j # 0}. Define a new interpolation set P, = (Ujes; N Si) UGN 0.
Then we apply the above direct interpolation for this new equation and arrive at the so-called

standard interpolation scheme.



CHAPTER 7. ALGEBRAIC MULTIGRID METHODS 204

3) Jacobi interpolation scheme

We can rewrite the equation (7.23) as

am‘e? + 2 amef + Z ai7j€? =0, t1€eF.
jEPi jESi\Pi

Therefore, in order to obtain an interpolation matrix W for P, we just need to approximately

solve the above equations for e? (¢ € F). For example, we can just apply one Jacobi iteration
using " ~ e, ikl
&6 2kep, Bk

defined as

as the initial guess of e?, j€F (j #1i). Then the prolongation can be

el = e, 1€ C

; kEr 7.26)
h H ZkePi @4 k€ . (7.
i€ + 2jep, @ij€5 + Djes,p, ai,jm =0, ieF.

This is the so-called Jacobi interpolation method.

Remark 7.25 (Some simple alternatives). The biggest advantage of the above approach is that
it is simple and local: For the i-th entry, we only need the information on the i-th row of the
matrix. We can improve this prolongation matrix P using some straightforward modifications.

For example, an alternative initial guess could be

_h
ho_ Zkepj @j,kCp;

e, N —Y——
J . ’
Zk‘EPJ‘ a]yk

And a few more steps of Jacobi iteration might improve performance. O

jekF.

Remark 7.26 (Initial guess of weights). If the initial guess W (%) preserves constants, then we
get
k
W —w® — (1 Dgtaee) (W -w).

Since both W and W(©) preserves constants, all improved weights W) also preserve constants

by iteration. O

7.4 Aggregation-based algebraic multigrid methods

In this section, we consider the aggregation-base AMG methods whose easy-to-implement
feature has drawn a lot of attention recently. The idea is to sub-divide the set of vertices into
non-intersecting sets (or aggregates), i.e., V = Uj:l,..., ~, Cj- Each aggregate C; corresponds to

a coarse variable.
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7.4.1 Unsmoothed aggregation AMG

There are multiple sophisticated methods for forming aggregates. In principle, any combi-
natorial graph partitioning algorithm can be applied to create these aggregations. We begin by
introducing a straightforward greedy algorithm for forming aggregates, which is based on the

concept of a maximum independent set, as discussed in §7.1.

Listing 7.2: A greedy aggregation method

1 Ne <0, U<V;
2| for i€eU

3 if Nz U

4 Ne «— N. + 1;

5 Cn, < {i}UNi, U« U\Cn,;
6 end

7| end

After the above aggregation procedure, it is possible to have some “left-over” vertices which do
not belong to any aggregate after the above procedure. We can, for example, add them to their

neighboring aggregates with least points.

Whence aggregations of the fine variables are formed, it is easy to define the prolongation

matrix, for 1 <i< N and 1 < j < N, by

1, ifieCj;

P). =
(P)s {o, if i ¢ C;.

With this interpolation, it is straight-forward to see that P1y, = 15. We now give an example

to explain P in one dimension. Let

e RV*Ne, (7.27)

Il
O o O o o O

O O = == O O
_ = O O O O o

o O o o o ~= O

Figure 7.9 shows the aggregations corresponding to the prolongation P in (7.27).
Of course, there are different ways to form aggregates and we give another approach here.
The algorithm to construct coarse grid and prolongation based on the concept of strong coupling

can be written as:
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Cl C2 C3 C4

AN -

1 2 3 4 ) 6 7

Figure 7.9: Aggregates and prolongation corresponding to (7.27).

Listing 7.3: Another aggregation method

1 U<—V;

2| for el

3 Si<—{jeU:j is strongly coupled to i};

4 construct a column of prolongation P based on S;;
5 U U\({iUS:);

6 | end

7.4.2 Smoothed aggregation AMG

The unsmoothed aggregation methods are very simple but usually converge slowly. There
are two ways to improve their convergence behavior. One way is to employ a more complicated
multilevel iteration, like the K-cycle multigrid method discussed in §6.3. And the other way is
to enlarge the aggregates and smooth out the basis functions. The latter approach gives the
smoothed aggregation AMG methods, which is based on the idea of minimizing the energy of
the coarse basis functions among the set of all functions with same L?-norm.

Assume that all variables are partitioned into non-overlapping subsets {CZ}iV:Ll We further
assume that each C; has at least one interior point, i.e., there exists an index k; € C; such that
(A) hi = 0 for any j ¢ C;. Suppose that 1 is in the null space of A, namely, A1 = 0. Define a
vector for each aggregate:

e = { 1(z;), if je cz
0, otherwise.
Apparently, >, 1; = 1 and (Ali)ki = 0.

We now smooth out these piecewise basis functions by, for example, one step of weighted

Jacobi iteration
Vi = (I —wD™1A4)1,.
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Hence we have the partition of unity

M= (I —wD'A) Y 1= (I ~wD ') 1= 1.

(2

Thus we can obtain

J

l(m/ﬁ) = Z¢](wkz) = Z(I - WD_IA) 11(1761) = ll(xkl) - WD_IAli(mlﬁ)a

which implies that D~'A 1;(zy,) = 0 and ;(zy,) = 1.

We can define the prolongation

PSA = (¢17w27 e 7'¢Nc)'

Define 1, := (1,...,1)T € R¥e. Hence we have Psp1. = 1. Furthermore, the coarse level matrix
A, = PSTAAPS A satisfies that

Ac]-c = (PSTAAPSA) ]-c = PSTAA]_ =0.

By applying this definition recursively, we can finish the AMG setup for the smoothed aggrega-

tion method.

Listing 7.4: Smoothed aggregation method

1|U«<V;

2 |for 1eU

Si<—{jeU:j is strongly coupled to i};

construct a column of prolongation P based on S;;
5 U< U\({i}US:);

6 | end

7 | Smooth the basis functions using the weighted Jacobi method PSA=(I—wD71A)P;

Aggregation method SA [186] UA [186] Pairwise UA [154]

Number of levels 5 5 7
Operator complexity 1.364 1.264 1.332
Setup time (sec) 0.557 0.171 0.277
Number of iterations 16 21 12
Solve time (sec) 1.223 1.696 1.336

Table 7.2: Solving 2D five-point stencil of the Poisson’s equation with 1 million DOF using
aggregation-based AMG methods (stopping criteria for PCG is the relative residual smaller
than 1079).

We have mentioned in the previous subsection that there are different ways to form aggre-

gates. After forming aggregates one can apply UA or SA to give prolongation. Now we do
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preliminary tests on aggregation methods for solving the 2D Poisson’s equation using the five-
point stencil; see Table 7.2. The AMG methods are applied as preconditioners of PCG. Note
that, for the SA method, we use the standard V-cycle multigrid in the solve phase; on the other

hand, for the UA methods, we use the K-cycle multigrid for better convergence behavior.
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Chapter 8

Fluid Problems

Computational fluid dynamics (CFD) is a branch of fluid mechanics that uses numerical
analysis and algorithms to solve and analyze fluid problems. Computers are used to perform
the calculations required to simulate liquids or/and gases with surfaces defined by boundary
conditions. The fundamental basis of most CFD problems are the Navier—Stokes (NS) equations,
which define single-phase fluid flows. These equations can be simplified by removing terms
describing viscous actions to yield the Euler equations. These equations can be simplified by
dropping the nonlinear convection term to yield the Stokes equation. In this chapter, we discuss

multilevel iterative methods suitable for problems arising from CFD.

8.1 The Navier—Stokes equations *

The Navier—Stokes equations describe the motion of viscous fluid substances. These balance
equations arise from applying the Newton’s second law to fluid motion, together with the as-
sumption that the stress in the fluid is the sum of a diffusing viscous term (proportional to the

gradient of velocity) and a pressure term.

8.1.1 Flow map

Let 9 be an open bounded set in R? (d = 2, 3). As a convention, we denote the location of a
particle in Qg by X = (X1,...,Xy). This is the configuration at time ¢ = 0, which is also called
the initial configuration. To describe movement of particles, we denote the current configuration
as ) at any time ¢ > 0. The position of a particle at time ¢ is denoted by x = (x1,...,xq); see
Figure 8.1. The Lagrangian specification of the flow field is a way of looking at particle motion
where the observer follows an individual particle as it moves through space and time; see the

right figure in Figure 8.1. The Eulerian specification of the flow field is a way of looking at

210
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QO /‘\ Qt

X3

0] X3

Xl T

Figure 8.1: From initial configuration 2y to current configuration €2;.

particle motion that focuses on specific locations in the space through which the fluid flows as
time passes; see the left figure in Figure 8.1.

For a vector-valued function f : €, — R, the divergence operator can then be written as
V. -f:= Zle 0if;. The gradient tensor Vf with (Vf);; = 0;f;. Let a € R? be a constant
vector field and (a- V)f = (Z?:I a;0;)f. We define an inner product of two gradient matrices
Vf: Vg = Zglzl Vf; - Vg;. Let u(-,t) : Q — R? be the velocity field at a fixed time t. The
gradient of u is denoted by Vu = (0;u;); ;. Furthermore, Vu is often divided into the symmetric
part and the anti-symmetric part. The symmetric gradient is denoted as e(u) := %(Vu + vu®)
and it is the so-called strain rate.

We are ready to introduce an important concept to describe trajectory of particles, namely,

the flow map x(X,t), which is the trajectory of a particle X along time. We define that

. dx(X,t)
T=— = u(z,t) and z(X,0) = X. (8.1)

This simple one-dimensional ordinary differential equation (ODE) is called the characteristic
equation. Hence x(-,t) is a mapping from the initial configuration Qg to the current configuration

Q, or deformation. The deformation gradient and its determinant are then defined as

ox
F = £5e and J:= |F| = det(F), (8.2)

respectively. F' is also called the Jacobian matrix.

For any function f(-,t) : Q; — R, we can easily derive that

B df (z,t)
o dt

fr :Vf-%+ft:ft+u-w, (8.3)
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which is usually known as the material derivative of f. Apparently, F' and J are functions of ¢.

Using the well-known Jacobi’s formula in matrix calculus, we can show that

J = Jtr(F71F). (8.4)
Hence we can immediately obtain
. 0X 0z

which in turn gives an ODE for J, i.e.

J=(V-u)J and J(0)=1. (8.6)

On the other hand, we can derive similar results for the deformation gradient F' itself:

d  ox ox ou
~alex) “ax “ax ~ VU &0

We can easily immediately see that

F,+u-VF=VuF and F(0)=1I. (8.8)

8.1.2 Volume and mass conservation

A very useful trick for doing calculus in continuum mechanics is the pull-back (from € to

Q) and push-forward (from Qg to ;) argument. We first give an example:

d d
— t)yde = — X,1),t)JdX
dt Qt f(x7 ) €z dt QO f(x( Y )7 )

jdf(:z:(X,t),t)JdX+ Fa(X. 1), ) dX
0, dt Q

[ ra v sviwrax
Qo

f+fVeoude = | fi+V-(fu)dz. (8.9)
Qt Qt

This identity is often called the transport formula.

Lemma 8.1 (Transport formula). For a function f : Q; — R and u(z,t) := dfg(d)f’t), we have
d
— | flz,t)dx = ft+V'(fu)d:p=J (fi+u-Vf+ fV-u)JdX.
dt Jo, Q Qo

For a domain 2  R?, we denote its volume (or area) as |©2|. We then find that

|Qt|:f 1d:v=f JdX = J||
Qq Qo
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For incompressible fluids, we have that the volume preserving property
|| = || or J(t)=1.

From the equation (8.6), we can derive that V - u = 0. This is the so-called divergence-free
condition.

Denote the density of the material occupying Q; by p(x,t). According to the equation (8.9),
for any region wy < €);, we have that

p(x,t)de = J pt + V- (pu)dx

Wt

i),
Since this identity holds for any w, we immediately see that
pe+V-(pu)=0 and p+pV-u=0, (8.10)

which is called the equation of mass conservation or the continuity equation.
It is clear that integrating the density over any domain w; gives the mass. Due to mass

conservation, we have that

| mox = | pwnae= | pacxo.00ix.
wo Wt wo
Hence, we have the relation
X
pla(x,1),1) = 2. (s.11)

If the incompressible condition V - u = 0 holds, we obtain that p(z(X,t),t) = po(X).
If p = po is a constant, then (8.10) gives the divergence-free condition immediately. On the

other hand, if we assume incompressibility, we can get a simplified equation:
pe+(u-V)p=0 or p=0. (8.12)

Together with p(X,0) = pg being a constant, we can get p = pg for all time ¢t € [0, T].

8.1.3 Balance of momentum

Now we consider the incompressible Newtonian fluids. Due to the Newton’s Second Law, we

have the balance of momentum

d
— | pudz = Force(Y). (8.13)
dt Jo,

The left-hand side of the above equation is the rate of change for the momentum. Using the

transport formula (Lemma 8.1), we derive that

d
— pudzzf (pt+u-Vpu+p(u +u-Vu)dX.
dt Q Qo
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Due to the mass conservation and incompressibility (8.12), we then have
d
— | pudz= f p(u; +u-Vu)dz. (8.14)
dt Q Q

On the other hand, the right-hand side of the Newton’s Second Law is the total force acting on

Q. We have, from the divergence theorem, that

Force(€)) := J

fda:+f T-ndS=| f+V- Tda,
Q4 o

o
where f is the total external body force (for example, the gravity), T is the traction tensor on

the boundary of €, and n is the outer normal direction on the boundary 0€2;.

Remark 8.2 (Traction force). The exact form of T depends on the underlying constitutive

laws. For Newtonian fluids, the traction can be defined as
T := —pl + 2ue(u), (8.15)
where p is the pressure and p is the viscosity.

For incompressible fluids, we have V - u = 0. In turn, we can obtain (see HW 8.1) that

d d d
(V . (2€(u)))j = Z &i(um + uj7i) = Z aju,-,i + Z aiuj‘ﬂ‘ = Auj,
i=1 i=1

i=1
which means
2V -g(u) = Au. (8.16)

This way we can get the momentum equation (balance of force) for incompressible Newtonian
fluids:
p(u; +u-Vu) = —Vp + pAu. (8.17)

If the density p is a constant, we further simplify the above equation (by modifying the definition
of p and p) to give
u +u-Vu=—-Vp+ puAu. (8.18)

8.1.4 Mathematical models

To summarize, we have derived the mathematical model for incompressible Newtonian fluids,

i.e., the Navier—Stokes (NS) equations:

( p(uy +u-Vu) —pAu+Vp = f, O balance of momentum;
pe+V-(pu) = 0, conservation of mass;
S Viu = 0, incompressibility; (8.19)
u = 0, o no-slip boundary;
uli—p = ug, initial condition.
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If we assume the density p is a constant, then we can write (8.19) as follows:

w+u-Va—pAu+Vp = f, momentum equation;
Veu = 0 Q continuity equation;
5 t Yy €q ) (820)
u = 0, o no-slip boundary;
uli—g = ug, initial condition.

Now we have the mathematical model for incompressible viscous Newtonian fluids. If we
consider ideal fluids (viscosity p = 0) and assume that there is no external body force (f = 0),

then we get the incompressible Fuler equations:

[ p(uy+u-Vu)+Vp = 0, balance of momentum;
pt+V-(pu) = 0, conservation of mass;
V-ou = 0, O incompressibility; (8.21)
u-n = 0, no-flow boundary;
uli—g = ugp, U initial condition.

\

If the density p is a constant, then we have the following simplified form:

w+u-Vu+Vp = 0, momentum equation;
Vu = 0 Q continuity equation;
5 t y €q ) (822)
u-n = 0, no-flow boundary;
uli—g = ug, initial condition.

For numerical simulation of the Navier—Stokes and Euler equations, there are several tech-
nical difficulties. First of all, the incompressibility condition is a constraint on the velocity field
and appropriate finite element spaces need to be selected to discretize this mixed problem. Sec-
ondly, these equations have a nonlinear convection term; when the viscosity coefficient u is small

(corresponding to high Reynolds number), the convection is essentially dominant.

8.2 The Stokes-type equations

For simplicity, we now focus on a linearized problem of the Navier—Stokes equation, namely

the Stokes equation.

8.2.1 The time-dependent Stokes equation

On an open bounded set Q ¢ R?, we consider

w—pAu+Vp = £, Q
V-u = 0,

8.23
u 0, 0% ( )

I
c
S
o)

11|t=0
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This set of equations is usually referred to as the time-dependent Stokes equations. After time

discretization, we need to solve the Stokes-like equations

(Z-eEAu+Vp = f,
V-ou = 0, O (8.24)
u = 0, 00

We can further simplify the discussion and only consider the following steady-state Stokes
equations, i.e.,
—Au+Vp = f
V-ou = 0, O (8.25)
u = 0, 00.

Let 7V := [Hé(Q)]d and 2 := L3(Q) = {q € L*(Q) : §, ¢ = 0}. The weak form of the Stokes
equation (8.25) can be written as: Find ue ¥ and p € 2, such that

2J e(u):e(v)dr+ (p, V-v) (f,v), Vve7,
Q

(V-u,q) = 0, Vge 2.

(8.26)

The derivation is straightforward and hence leave to the readers; see HW 8.2.

Remark 8.3 (Constrained energy minimization). We can view the Stokes equations as a con-

strained energy minimization problem

min JQE(V) ce(v)dr —J f-vdz,

ve? 9]
where 2 := {v € ¥ : V-v = 0} is the subspace of divergence-free functions. The equation
(8.26) is the first-order optimality condition of this constrained minimization problem and p is

the Lagrange multiplier. O

8.2.2 The Brezzi theory

Let ¥ and 2’ be the dual spaces of ¥ and 2, respectively. Generally speaking, we can put
the Stokes problem in an abstract framework and consider the following saddle-point problem:

For any given (f,g) € ¥’ x 2', find a pair (u,p) € ¥ x 2, such that the following system holds

alu,v] + blv,p] = (f,v), Yve¥;
(8.27)

blu, q] = (9,q9), Vqe2.

Here a[-,-] : ¥ x ¥ — R and b[,-] : ¥ x 2+ R are continuous bilinear forms, i.e.,

afu,v] < Coluly o]y, Yu,ve?,

blu,p] < Cyllullyllple, Yue ¥, pe 2.
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We can identify a linear operator A : ¥ +— ¥” such that
(Au,v) = alu,v], Yue¥,ve¥
and another linear operator B : ¥ +— 2’ (or its adjoint B : 2 — #”) such that
(Bu,p) = <u,BTp> = blu,p], Yue?¥, pe 2.
Hence (8.27) can be written in the following operator form
Au+BTp = f,
Bu =g.

We now analyze under what condition(s) the weak formulation (8.27) is well-posed. We

define the kernel space of B as
Z =null(B) ={ve? :blv,q] =0, Vge 2} V.
Because b[-, -] is continuous, Z is closed. Hence we can give an orthogonal decomposition
Y =2Z®2Z% = null(B) ®null(B).

For any u € ¥, we have u = ug + u, , with ug € null(B) and v, € null(B)*.
In order to solve Bu = g, we only need to solve Bu; = g. Using the inf-sup theory discussed

in §1.1.4, we can see that, if B is surjective, namely,

. blv, q]
inf sup ———— =0 > 0, 8.28
25 %2 ol Talo (828)

then u exists. Furthermore, it is easy to see that u is also unique'. Hence we have B : &+ —
2" and BT : 2 — (Z*) are isomorphisms.
Now we only need to show the existence and uniqueness of the following problem: Find
ug € &, such that
alug,v] = (f,v) —aluy,v], YveZ.

According to the Necas Theorem 1.16, we know that the existence and uniqueness of wug is

equivalent to the following inf-sup conditions

alu, v]

inf sup ————— = inf sup M

=a>0. (8.29)
we? vey |uly|vly e wez |uly|v]y

With the conditions (8.29) and (8.28), we obtain a unique solution u = ug + u .

!Suppose there is another solution @, , then B(uy —4y) = 0. In turn, we have uy — @y is in null(B). Due to
UL — UL enull(B)l, we find u; — @, = 0.
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We can find the solution for the pressure variable by solving
B'p = f — Au. (8.30)
For any v € 2 = null(B), it is easy to see that
(f = Au,v) = (BTp,v) = (p, Bv) = 0.

Hence, f — Au € (Z+) = {we ¥ : (w,v) =0, Yv € Z}. Because B : 2 > (1) is an
isomorphism, there is a unique solution to (8.30).

Hence we obtain the following well-posedness result [63, Theorem 1.1]:

Theorem 8.4 (Brezzi Theorem). For continuous bilinear forms a[-, -] and b[-, -], the saddle-point
problem (8.27) is well-posed if and only if (8.29) and (8.28) hold. Furthermore, the solution
(u, p) satisfies the stability condition

lully + lple < 1flv + lgle-

Remark 8.5 (Inf-sup condition of the mixed formulation). Let 2™ := ¥ x 2. We define a new
bilinear form a: & x 2" — R

al(u,p), (v, q)] := alu,v] + blv, p] + blu, q].

Then the saddle-point problem (8.27) is equivalent to finding (u,p) € 2 such that

CNL[(’U,,p), <U7q)] = <f,’l)> + <97 Q> s V(U, q) e 2. (831)

If both a[-,-] and b[-, -] are continuous, then a[-, -] is also continuous. If al[-,-] and b[-, -] satisfy
the standard Brezzi conditions (8.29) and (8.28), respectively, then al-,-] satisfies the inf-sup
condition as well. O

8.2.3 Well-posedness of the Stokes equation

In view of the general theory developed in the previous subsection, we can define

alu,v] := 2JQ e(u):e(v)de A:=-A (8.32)
blv,q] := —J V- vqds B:=-V., Bl .=V (8.33)
Q

In this case, the inf-sup condition (8.29) is trivial since the coercive condition holds, i.e.,
| et e = ault, vae @)
Q

Hence we only need to check the inf-sup condition for b[-, -].
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Lemma 8.6 (Inf-sup condition for divergence operator). For any ¢ € 2 = L(12), there exists
ve ¥ =[H(Q)]? such that

V-v=gq and |v[1 < o
So the inf-sup condition (8.28) holds.
Proof. This non-trivial result goes back to Necas and a proof can be found in [99, I[.3.1]. [

Remark 8.7 (Existence of solution). It has been shown in the above lemma that range(B) =
L?*(Q)/R = 2. Or equivalently, we have null(B7) (2 = {0}. O

Using the previous lemma and the Brezzi theorem, we can easily get the following result:

Theorem 8.8 (Well-posedness of the Stokes equation). There exists a unique solution (u,p) €
[H(92)]4 x LE(2) to the weak form of the Stokes equation (8.26) and

[ally + [lplo < [£] -1

8.2.4 Penalty method for the Stokes equation *

In general, there are two approaches to approximate the Stokes problem. The first one is to
approximate (8.26) directly. An alternative method is to formulate the original problem using

a penalty method as
Find ue 7 : 2J e(u):e(v)dr+~y(V-u,V-v)=(f,v), Vve?. (8.34)
Q

The above equation can also be seen in the linear elasticity problems and it is known for
causing the locking phenomena? for many finite element methods when ~ is big. This is usually
caused by overly constraint on the velocity space. To cure such a problem, penalty methods
introduce selective or reduced integration procedures. It has been shown that penalty methods

are sometimes equivalent to mixed methods [130].

8.3 Mixed finite element methods

In this section, we consider conforming mixed finite element methods for the Stokes equations.
Let Vi, ¢ ¥ = [HE(Q)]¢ and Q) = 2 = L2(Q) be finite dimensional spaces. Find uy, € V}, and
pp, € Qp, such that

QJ e(uy) : e(vp)de — (pn, V-vy) = (£, vp), Vv, €V,
Q

(V-uyp, qn) = 0, Yqn € Qp.

2The computed velocity is vanishing or unnaturally small for big .

(8.35)
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The existence of the discrete solution (up,pp) is straightforward due to the conformity of the

approximation spaces.

8.3.1 Well-posedness and convergence

Let Zp, = null(By) be the kernel of the discrete divergence operator. In fact, the coercivity

of a[-, -] yields that
. alup, va]
inf  sup

UnVal S, 8.36
wi€Zn vz, |unl1]vali 50

If Z;, ¢ 2 and the coercivity condition holds, we have the following optimal approximation

property by the Céa’s lemma (Lemma 3.2):

C. .
lu—uyly < == inf Ju—vy|y.
VpEZp

However, it is not easy to make the finite element kernel space Z;, ¢ 2. A sufficient condition
for this inclusion property is B(V}) < Qp, which suggests @, should be large enough for a fixed
space V3. In fact, we have

Byup, =0, inQ, < (Buy,q)=0, Vg€ Qs
Furthermore, we also have

Bu, =0, in2 <= (Bu,q) =0 Vge2.

If up, € Z, and ¢ € 2, then (Buy,q) = (Bup,qo + q1) = (Buy,qo) + (Bug,qu) = 0, where
q = qo+q. with go € Qp. Notice that (Buy,q;) = 0 because the inclusion condition B(V}) < Qp.

If Z), € &, then there is a variational crime and we have following estimate:

¢ 1 alu—up,w
Qh/ veldn an wezn\op Wl

For w € Z;, we have
afu —uy, w] = afu, w] - (f,v) = —b[w,p] = —b[w,p —q],
for any ¢ € Q,. Because b[-, -] is continues, we find that
lalu —up, w]| < Cyl|lw]»|p — qlle-
We can then conclude with the following best approximation result:

Lemma 8.9 (Quasi-optimality for velocity). Let V}, ¢ ¥ and Qp < Z. If the bilinear form

al-, -] is coercive, then we have

Ca\ . Cy .
fa =l < (14 2 inf u— vy o+ S inf g gl
oy, /) vezy Qp, qEQp



CHAPTER 8. FLUID PROBLEMS 221

We have the identity

(Brun, qn) = blup, qn] = (Bun,qn), Van € Q.

In the other words, Bxuy, is the L?-projection of Buy, onto Q. If null(B?;) is not trivial, then
range(By,) is strictly included in Q. This could lead to ill-posed problems. For a fixed @, the
velocity approximation space Vj, should be rich enough in order to guarantee the discrete inf-sup

condition:
inf sup Dhan) B, > 0. (8.37)
€Qn vyevy, [Valilanllo
The condition null(B) = {0} is necessary for the inf-sup condition above. If null(B}) is non-
trivial, then the numerical solution pj is not unique, namely, p, + sp is also a solution when
Sp € null(Bg). In this case, we usually find the computed pressure is oscillatory and, hence,

null(Bg) is often referred to as the space of spurious pressure modes.

Theorem 8.10 (Quasi-optimality). Let V}, < ¥ and @, < 2. If the bilinear form af-, ] is

coercive and the inf-sup condition (8.37) holds with 5, = By > 0, then we have
lu—upy +[p—pule s inf Ju—v]y+ nf [p—qo.
VEZ}, q€Qn

8.3.2 Some stable finite element pairs

From the above discussions, we conclude that: To balance computational efforts and conver-
gence rates for the velocity in [H}(22)]¢ and the pressure in L3(Q), it is better to use (k + 1)-th
degree of polynomials for V}, and k-th degree of polynomials for Q.

Remark 8.11 (Constraint ratio). An empirical approach has been used to check the balance

between velocity and pressure approximation spaces. The so-called constraint ratio is defined as
Cy := dimQ@y,/dimV},.

Apparently, if C, > 1 then number of constraints exceeds the number of variables, which will
usually cause locking. On the other hand, if C; is too small, then divergence free condition is

not approximated accurately enough. O

The easiest and seemingly natural choice for the mixed finite element spaces is the pair of
the lowest order polynomials P;’OfPf? . Unfortunately, this pair does not satisfy the discrete
inf-sup condition and we have to either enlarge velocity field finite element space or restrict the
pressure space. There are many possible stable pairs; see the survey paper [32] and references

therein for more details. Here we just name a few:
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o [P}’f’o]dfPf’f_l’O for k = 2, Taylor—Hood
° [Qz’o]d—ng_l’o for k = 2, Taylor-Hood
. [Pl’o ® Bi] QfP,g, where B2 are cubic bubble functions, MINI
1,012
o [P h/2] -Py
. [PZ’O] dfP,?, important theoretically, but degree not matching
° [P2’O ® Bi] 2fPl’_l, Crouzeix—Raviart
) [P}?’O &) Bﬂ?’fPl’*l7 Crouzeix—Raviart
° [P]i ’Nc]dfP}? , non-conforming Crouzeix—Raviart
o [P}f’o]?fPf_l’_l for k = 4, Scott—Vogelius
o [Qﬁ’o]d—P}f—l’_l for k > 2
L
b Az -
e
0 0 o o o o s o
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7 v ~ A8 AT & ' A
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Figure 8.2: A sample discretization using the MAC scheme

Constructing stable finite difference schemes for the Stokes equation lacks of theoretical
guidance like the Babuska—Brezzi condition discussed above. However we can expect that the
standard five-point stencil does not work for the Stokes equation. This is because the five-point
stencil can be viewed as Q}ll’o — Q}ll’o finite element with a specific quadrature rule. If we change
the pressure discretization to the center of cells, then it yields Q}L’O — Q?L’_l. And, apparently,
both finite element pairs are not stable. The main idea of the Marker-and-Cell (MAC) scheme is

to place the degrees of freedom for velocity and pressure at different locations. More specifically,
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the pressure p is defined at the cell centers, the velocity component u; is defined at the middle
points of vertical edges, and the velocity component us defined at the middle points of horizontal

edges; see Figure 8.2. This method is same as the RTy finite element on rectangular grids.

8.3.3 Mixed methods for the Poisson’s equation x

Mixed finite element methods have been applied to our model problem, the Poisson’s equa-
tion, as well. By introducing an artificial variable p, a general mixed formulation of the Poisson’s

equation can be written as

u—-Vp = f, in{;
V-u = g, in (8.38)

u-n = 0, on of
In this section, we use this model problem to further motivate how to construct preconditioners
arising from the saddle-point problems.

Sometimes the mixed formulation of the Poisson’s equation is used for numerical treatment:
Find (u,p) € Ho(div, Q) x L2(Q) such that

(w,v)+ (p, V-v) = (f,v), Vve Hydiv,Q);
(8.39)
(V-u,q) = (9,9, VYqeLj).

Here H(div,Q) consists of all functions in [L2(Q)]¢ with divergence in L?(Q) and Hy(div,Q)
contains the H (div, )-functions with vanishing normal components on the boundary 0€2. Define
an inner product

(ua V)Ho(div,Q) = (uv V) + (v ‘u, V- V)' (840)
This problem corresponds to the mixed formulation of the Poisson’s equation with the Neumann
boundary condition.
If ue 2 is divergence free, then |u| g, (giv,0) = |ufo,o- Hence we can easily verify the Brezzi
conditions hold for this problem. As a consequence, the operator

- 7 —grad
Jo = [ P ] : Ho(div, Q) x L3(Q) > Ho(div, Q) x L3(€)
1v

is an isomorphism. The canonical preconditioner is a block diagonal isomorphism

A [(Z—graddiv)—l 0

. ; ] . Hy(div, )’ x L%(Q) — Hy(div, ) x L(Q)(Q).
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There is an alternative mixed formulation for the Poisson’s equation: Find (u, p) € [L?(2)]¢ x
(H'(Q) N L3()) such that

(u,v) = (Vp,v)
—(0,Vg) = {g,q), VYge H (Q)NLFQ).

The Brezzi conditions can be verified using the Poincaré’s inequality. Hence A is also well-defined
on [L2()]% x (H'(Q) (N L3(€2)). And in this case, the canonical preconditioner is

so_[T 0
0 (-4)™

£,v), Vvel[LXQ)]%
(8.41)

LA x (HY Q) L§(Q) = [L2()]4 x (H'(Q)[ ) L§(©)).

Apparently, this preconditioner is significantly different than the one given in the previous
subsection. As a result, different choices of approximation space and its norm can yield very

different solution methods.

8.4 Classical solvers for the Stokes equation

In this section, we discuss how to construct iterative solvers and preconditioners for the
saddle-point problems, like the Stokes equation and the time-dependent Stokes equation. We

notice that the corresponding operator A of the Stokes system

A[u]:[f] with A:—[ABT]:[_A grad] (8.42)
P 0 B 0 —div 0

is an isomorphism mapping from [H}(Q)]? x L2(Q) onto [H~(Q)]¢ x L3(Q).

8.4.1 Uzawa method

One of the most well-known iterative method for solving (8.42) is the Uzawa method. Using

the first equation, we can first update the velocity with the pressure fixed as the last iteration
Aurev — f— BTpoM.
Then we can eliminate the velocity from the second equation and obtain a Schur problem
BAT'BTp = BAT'f,
which can be simply solved using an iterative method like the Richardson method:
PV = 5ol 4 o (BATLE — BATLBTpAM) = pold 4 Bunev,

The above method is called the Uzawa method and it is just the Richardson method for the Schur
complement equation. As we have discussed in §2.1, the method converges with an appropriate

scaling factor w but the convergence rate is usually very slow.
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Remark 8.12 (Schur complement). Since the A is SPD, the Schur complement S = BA~1BT is
symmetric and positive semi-definite. Moreover, if B has full rank, S is also SPD and we can also
apply the CG method to solve the Schur complement equation. However, generally speaking,
S~!'p cannot be computed efficiently with acceptable computational cost. Furthermore, since S
is not explicitly given, it is also difficult to apply more powerful iterative method in this direction.
Hence the Schur complement S should be approximated by some approximation S. There are
many different ways based on approximation of the Schur complement; see the survey paper [19].
In the Stokes problem, the Schur complement S := BA~'BT is an SPD and well-conditioned.

So it is fine to solve it with such a simple iterative method. O

Remark 8.13 (Convergence of Uzawa method). As we have discussed in Remark 2.10, we can

employ the optimal weight
2

Wopt - )\max(s) + Amin (8)

in the Richardso method for the Schur problem. Hence the convergence rate for the pressure

variable can be estimated by

k(S) = 1\"
=¥l < (S551) -0

In many cases, the method could be slow to converge. O
Next, we try to understand the above iterative method in the matrix factorization form.

Remark 8.14 (Block factorizations). We can apply the following block factorizations to the
matrix A to obtain that

A BT _' Z, 0 Aoz, A8
B 0 | BAT! I, 0o Ss|lo -z

Aoz A8 | 7. 0 A BT
B S|l o -z, | BAT ~Z, || 0 S |

These factorizations are very useful for constructing solvers for the saddle-point systems. O

As the last decomposition in Remark 8.14, we can factorize the coefficient matrix A as

ABU L | T, 0 A BY
B 0 BAY -z, || 0 S |

This means the original linear system (8.42) can be rewritten as

el



CHAPTER 8. FLUID PROBLEMS 226

which has an upper triangular coefficient matrix. We can apply the Richardson’s iteration for

the second equation in the above system, i.e.,
prev — pold | w(BA’lf _ Spold> — pold 4 w(BA’lf _ BAABTpold>

Hence we can plug in the new pressure to the first equation to obtain an alternative direction
method
Autev = f — BTpold’ pnew _ pold + wBu™ev. (843)

Remark 8.15 (Inexact Uzawa method). In each step of the Uzawa method (8.43), we need
to solve an elliptic problem efficiently. This can usually be done by a fast Poisson solver. But
in some cases, it is not always easy to construct a fast solver for this step (such a case will be
soon given in the next subsection). We can also use an inexact method to reduce computational

complexity in each step. For example, with C is a given approximation of A~!, we can simply
define
eV = uold + C<f . Auold o BTpold> pnew _ pold + wBu™v.

This method is usually referred to the inexact Uzawa method; for the convergence analysis, we
refer to [46, 69]. O

8.4.2 Augmented Lagrangian method

One way to speedup the convergence of the Uzawa type methods is to apply the so-called
Augmented Lagrangian method (cf., for example, [96]):

(.A + 6le»TB)unew =f— BTpold7 pnew _ pold + 6leuneW. (844)

Remark 8.16 (Uzawa method and Augmented Lagrangian method). It is easy to see that the
Augmented Lagrangian (AL) method is just the Uzawa method for the modified equation

B f B —11T T
AE[ e [ ], where A, := [ Ate 55 b ] (8.45)
p

0 B 0
This modification makes sense because the new term in the first equation is actually zero ac-

cording to the second equation. So mathematically, the modified problem is equivalent to the

original problem. Furthermore, the damping factor w is now chosen to be e~ . O

Theorem 8.17 (Convergence rate of Augmented Lagrangian method). Let (u(®, p®) be a
given initial guess and (u(™,p(™)) be the iterates obtained via the Augmented Lagrangian
method (8.44). Then we have

m € m
=2l < (5) o=l

m m— € m—1
Ja =] < Velp ="V < Ve(55) " -2
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where \; is the minimal eigenvalue of S = BA~!BT.
Sketch of proof. From (8.44) and (8.45), we have
(A+e'BTB)(u—ul™) = —BT(p — pm=D)
and
p—pm — (z ~BleA+ BTB)*BT) (p— p™D).
By the Shermann—Morrison—Woodburry formula, we have
Z:=B(eA+B'B) BT =S. —S(T+S)7'S.,, S.:=e'BA B
It is straightforward to verify that
T-Z=T—-BeA+B'B) B =T -8 +S8S(Z+8)7'S. =T +8) .
The above equality shows p(Z) < 1 and p—p™ = (I +8,)~! (p —p(m_l)). So the first estimate
follows immediately. The second estimate is obtained by observing
lu— u(™) Hi‘ = <(.A +e'B"B—e¢'B"B)(u— u(m)),u - u(m))
<e(Z(p—p™m ), p—pmb)

and then applying the first estimate. O

According to Theorem 8.17, it seems that we can make the method (8.44) converges as fast
as we want by adjusting the parameter e. However, the price to pay is that, in each iteration,

we have to solve a nearly-singular system with coefficient matrix A + e 'BTB, which is more

difficult to solve and has been discussed in Remark 2.24; see [127] for a cure.

Remark 8.18 (Augmented Lagrangian preconditioner). We can also apply the Augmented

Lagrangian method as a preconditioner

—1
A+e BB 0
e ] , (8.46)

Tap i—
AL [ B A

which is often referred to as the AL preconditioner [20].

Remark 8.19 (Stabilized finite element methods). The augmented Lagrangian method is closely
related to the grad-div stabilization [64] of the Stokes (or Navier-Stokes) problem:
(I —pAu—eVV-u+Vp =f Q
V-u =0, & (8.47)
u =0, o0
In this modified problem, the coercivity condition automatically holds on the discrete level for
the Hp(div)-norm defined by (8.40). After discrezation by some mixed finite element method,

we obtain discrete systems in the form of (8.44).
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8.4.3 Projection method

We obverse that
A BT 7, BT 1A ABT — BTBBT A€
B 0 0 —BBT B BBT | B BBT |
For the Stokes problem, we know that A = —A, BT = grad, B = — div. In this case,

E = (—A + grad div) grad = curl curl grad = 0.

Although, in practice due to the boundary conditions, £ might not be zero, we can expect this

part should be small and can then be omitted. This way, we can construct an iterative method

—1
utew uold Iu BT A 0 f— Auold _ BTpold
= + ) (8.48)
pnew pold 0 _ -Ap B Ap _ Buold
where A, := BBT and it is the pressure Laplace operator for the Stokes problem.

In order to provide a more practical iterative procedure, we first solve the following two

equations
Adu =f — Aud — BTpod A 6p = —Bul — Bou = —B(u + su).

In turn, the above iteration (8.48) can be written as

ulbt1/2) = ¢ 4 sy,

bp = —A;LBuUD | k) — y(k12) | BT,

pFD = k) 4 Byuk+1/2),
Notice that

Bukt) = Bu+1/2) 4 BRTsp — Bulk+1/2) _ BBTA;1Bu(k+1/2) _o

Hence the second equation in the saddle-point problem is satisfied exactly by the new iteration.
For the Stokes equation, this means the velocity is divergence-free. This is reason why the
method is called a projection method.

To summarize, we obtain a simple iterative method

uk*1/2) = 41 (g — BTpR)), (8.49)
ak+D) = y(k+1/2) _ BTAzleu(k“/Q), (8.50)
p(k+1) _ p(k) + Bulk+1/2), (8.51)

In the above method, the second step is the so-called projection step and the other two steps
coincide with the classical Uzawa method. Futhermore, we also find that the method can be

constructed with a velocity Poisson solver and a pressure solver.
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8.4.4 Block preconditioners

A natural and widely-used preconditioner for the Stokes system is the classical block diagonal

preconditioner

D=

(~A)L 0
0 I ] '
This observation immediately motivates the classical block diagonal preconditioner [43].
Similar to the continuous case, we can construct natural preconditioners based on the map-
ping properties. Let {X}} be a family of finite element spaces and it is conforming in the sense
that X, = 2 := [H}(Q)]¢ x LE(2). Consider the discrete Stokes problem: Find (uy,ps) € X,
such that
al(un,pn), (Va, an)] = (f;va) s Y(Vh,qn) € Xhp.

The corresponding linear map Ap X — X ,, 1s given by
(Apz,y) = alz,y], Yz,ye X

Note that, in this case, a is not positive definite and the system Aj, can be singular.
According to Remark 8.5, the stable discretizations can be characterized by a discrete inf-sup

condition: There exists a constant «g, independent of h, such that

inf sup alz,y]

—— > > 0. (852)
L N S p e

This condition does not follow from the corresponding continuous inf-sup condition. Similar to

the continuous case, we can define a preconditioner Dy, : X} — X, by

(bhfay)ﬁ/ = <f7 y>7 vy € Xh-

~ (—Ay)"1 0
Dy = [ h - ] (8.53)

That is to say

0

Apparently, if A is symmetric, Dy Aj, is symmetric with respect to (-,-) 2 and

IDr Al 2(x,x) < Car  |(DrAr) Hg(xx0) < 0 -

Hence the condition number x(Dy.Ap) is uniformly bounded [136].

Above we have discussed how to construct canonical (natural) preconditioners based on
the mapping property of the continuous Stokes equation. Now we consider the discrete Stokes
problem arising in the mixed finite element method (such as the Taylor-Hood finite element
method) in algebraic setting, i.e.,

A[u]:[f] and fl:z[ABT (8.54)
p g B 0
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We can apply the block preconditioners discussed in the previous subsection to solve this discrete
problem; see the survey and numerical experiments by He and Vuik [112].

Suppose A € R™*"™ B e R™*" y e R"™, and p € R". Let N = n + m. Assume that A is
SPD and B has full rank. It is well-known that the coupled system A is symmetric, indefinite,

and non-singular. If we consider the above block diagonal method, the preconditioner can be

Al 0
r (8.55)
0 M,

written as

D:=

where M, is the mass matrix corresponding to the pressure approximation space and, hence, it
is well-conditioned; see Remark 3.24. It is easy to check that (8.55) is exactly the algebraic form
of (8.53). Because both A and M, are symmetric positive definite matrices, the preconditioner
is well-defined. In fact, D in (8.55) can be viewed as an approximation of diag(A~!, S~1).

Similarly, we can use the block lower triangular matrix to construct a preconditioner

- A 0
T .= .
[B S

In particular, if we replace A by its diagonal part D in the LU decomposition of Remark 8.14,
then we get the so-called SIMPLE preconditioner

(8.56)

-1

(8.57)

-1
I, D7'BT A 0
0o -, B BD'BT

TsiMPLE = [

The name of this block preconditioner comes from the widely-used SIMPLE method [159]
in CFD. We now briefly review the iterative procedure of the SIMPLE method. Firstly, we can

obtain an approximate velocity by solving
A = f— B po.

Apparently, this approximation did not consider the mass conservation equation. So we correct
it by «™V = 4 + du such that
A(fb—i— 571,) _ f _ BTpneW.

This means that the correction term satisfies
Abu = _BT(pnew _pold) —. —BT(Sp.

By simply use the diagonal part to approximate A, we can obtain the relation éu = —D~1BTép.
This way, we are ready to derive a pressure equation from B(a@ + du) = 0. It is easy to see that
the corrections satisfy

BD'BT6p = Ba (8.58)
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and
ou = —D BT ép. (8.59)

We notice that the last two correction terms coincide with the preconditioner (8.57).

The method can be also written in terms of the iteration variables directly. Namely,
BD'BTprv = BD7'BTpM + Bi = BD7(f + D — Aq) (8.60)

and
u™ =i+ 6u =i — D 'BTop = D7V (f + Du — Au) — D' BTprev. (8.61)

8.4.5 Solving the time-dependent Stokes equation *

Now we are in position to develop preconditioners for the time-dependent Stokes prob-
lem (8.23). Like in many other applications, it is crucial to get robust or parameter-independent
performance for problems with small or large parameters. One of the useful technique is to define
proper parameter-dependent spaces and norms, such that the operator-norms of the coefficient
operator can be bounded uniformly with respect to the parameters [136].

According to the classical theory of intersections and sums of Hilbert spaces [23], we can
introduce the norms for 27() 23 and 27 + 25 as

1
2
lull 27 25 = (HUH,Q% + HUH,Q%)

and

1

. 2 2 2

[ulaisss = inf - (Jurls + ual;) "
u1€%17u2€%2

If 271() 23 is dense in both 27 and 23, then

(21 22) = 2]+ 23 and (21 + 22) = 2/() 25.
If 7 e £(21;2) (L (22; %), then

Fet( [ 2u2( %) (| Z(21+ 2% + %).

For our purpose, we assume that 27 and 25 are real separable Hilbert spaces and 25 < 27.
Hence it is natural to assume |u|2; < |u|2,. For a real positive parameter € > 0, we consider

the norm for the space 27 (€23 and its dual, respectively, by

1 1

o 2 21,02 )2 L . 2 _9 2 \2

luli ez 1= (Jul% + @luls) s I lapserag = nf o (IAF + <1005 )"
fle,%'l/,fge,ﬁ?fé
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Apparently, 2. := 21()e€Z2> is the same as 25 as a set. Furthermore, as € tends to zero, the
norm of 2, approaches the norm of | - | 2. Similarly, 27 := 27 + € 127, as a set, is the same
as Z3 and its norm approaches || - | 5 when € tends to zero.

Consider preconditioning the time-dependent Stokes problem (8.24) where the coefficient
operator is defined as

A= [ T—€eA —grad ]
div 0

For this problem, we shall construct a preconditioner which is uniformly convergent with respect
to both h and e.

@D In view of §8.3.3, we know that Ay is bounded from Hy(div, ) x L3(Q) into its dual

space. Hence we consider the operator A, on
2, = (Ho(div, Q)ﬂe[Hg(Q)]d) xL3(Q) and 2 := (Hg(div, Q)’+e’1[H’1(Q)]d> x L2(90).

In this case, the two Brezzi conditions holds and A, is an isomorphism. In turn, the canonical

preconditioner is of the form

AU _ (T — graddiv—e>A)~1 0 .
‘ 0 7

@) We have seen that Ay is also bounded on [L?(Q)]¢ x (H'() (N LE()) into its dual space.
Furthermore, in order to guarantee the inf-sup condition, the proper norm for the pressure
unknown is [134, 135]:

o = IVdlrzyerm— ~ gl gy erre
veri@)e IVIez qemn

Motivated by these observations, we can consider

d
2, = [L?(Q)ﬂeﬂg(m] x (Hl(Q)ﬂLg(Q) +e*1Lg(Q)>
and
d
2! = [L2(Q) ~|—e_1H_1(Q)] x ((Hl(Q)ﬂLg(Q))’ﬂeLg(Q)).
This choice of spaces gives a preconditioner of the form
O _ (Z — At 0 |
‘ 0 (—A)"! + T

Along this line, we can construct discrete block diagonal preconditioners for the time-
dependent Stokes problem [87, 41]. In order to introduce a uniform preconditioner for the

time-dependent Stokes equation, we still need to give a reasonable solver for 7 — €A in 1522).
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And this problem is in fact much more general. For example, it also appears in a simpler scalar

time-dependent problem—the heat equation:

u—Au = f,
u = 0, 0 (8.62)

I
g
@
2

u|t:0

We discretize the first equation in (8.62) using the Backward Euler method for the time
variable to obtain that
Um 7 Um—1 Ny, Fins
tm — tim—1

where u,, and f,, are approximations to v and f, respectively, at time level t,,. Since wg is

given, we can iteration over m to obtain approximate solutions {um, }m=o.1,.. to u(tm,-), namely
(T — EA)uy, = f. (8.63)

In this case, €2 := t,, —t,,_1 equals the time step-size and f/, := Um_1 + (tm —tm_1) fm is known.
So we need to find out how to construct a preconditioner for operators like A, := T — €2A
corresponding to the reaction-diffusion equation.

In particular, in order to solve the reaction-diffusion equation A.u = f in Q and u|sn = 0 in

the previous subsection, we have
Ze=L(Q)( \eHy(Q) and 2! = L*(Q) + e "H Q).

As € goes to zero, both norms approaches the L?-norm and A, also tends to the identity.
In this setting, we have
(T =ED) ) =LZ - EA) T —ED) (T - D))
=((Z-E0)7 T -E0)THH - AT - EM)THL (T -E8)TH)
= folg + ¢ 2 £1l%4,
where fo := (T — 2A)7 f and f; := —2A(Z — 2A)~1f. Furthermore, we can get (cf. [136,
Example 4.1])
115 = (T = E8)71 ) = (T - EA)u,w).

We can easily see the natural norm is
1
2
Jull 2z = [l z2 ey = (lulf + 2Ivuld)*.

Hence, it is clear that

lul 2z =112
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Although Z — €2A is norm preserving from the above analysis, it is not yet clear how to
construct a practical algorithm to solve it. We notice that the above semi-discrete problem or
temporal discrete problem resembles our model problem—the Poisson’s equation. In order to
construct an efficient preconditioner for this equation, we can use the BPX preconditioner (5.23)
in §5.3. In view of (5.22), on level [, we wish to have a smoother S; behaves like

2

h
(Slv,v) = th—ll—eQ (v,v), YoveV.

This smoother then defines the corresponding BPX preconditioner for the semi-discrete prob-
lem (8.63). Such a simple example shows how to handle a new problem from geometric point of

view and it can be used as a component when solving the time-dependent Stokes problem.

8.5 Multigrid methods for the Stokes equation

Using a general multilevel iterative procedure, we can construct coupled geometric multigrid
methods for the saddle-point problem (8.54) as well. For the transfer operators, by applying the
similar ideas as in multigrid methods for scalar equations, we can construct prolongations and
restrictions for velocity and pressure variables separately. Coarse-level solvers can also apply the
same multilevel cycles as in §6.3. So we only discuss smoothers for the Stokes system. Analysis
and numerical experiments using different smoothers have been reviewed in the survey by Larin
and Reusken [125]. Apparently, the block preconditioners discussed in the previous section can
also be applied as smoothers for coupled multigrid methods. In this section, we discuss two

other widely-used smoothers in practice.

8.5.1 Braess—Sarazin smoother

The Braess—Sarazin smoother was introduced in [39] and can be written as

L (m+1) (m) g L (m)
e |~y | (Lo ]-[5 T e ]) e

where w is a positive parameter. This method mimics the weighted Jacobi smoother for the

A BT
B 0

wD BT
B 0

Poisson’s equation.

We need to solve, in each smoothing step, the following the linear system

S (m)
spm |~

The second equation ensures the discrete divergence free condition, i.e.,

wD BT

B 0 —Bu(m)

f— Au(m) — BTp(m) ]

Bu(m+1) _ B(u(m) + 5u(m)) =0, m=1,2,...
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Apparently, the Braess—Sarazin smoother can be reduced to an auxiliary pressure equation
(BD—lBT) 5p(m) — wBu(m) 4 BD! (f _ Au(m) _ BTp(m)).

The coefficient matrix S := BD BT is similar to a scaled discrete Laplace operator on the

pressure space. In practice, we can solve it approximately using an iterative method for example.

8.5.2 Vanka smoother

Next we introduce a smoother originally proposed by Vanka [187]. In the context of finite
element methods, the Vanka-type smoothers are just block Gauss—Seidel (or Jacobi) methods.
Each block contains degrees of freedom in an element or a set of elements. One of the popular
variant of Vanka-type smoothers is the so-called pressure-oriented Vanka smoother for continuous
pressure approximations. We only discuss this special case of Vanka smoother here.

For each pressure variable indexed by i (1 < i < m), let the set of velocity indices that are
“connected” to 7 as

Si:={l<j<n: bi,j?ﬁO},
where b; ; is the (4, j)-entry of the matrix B. So we can define an injection to the set of variables
{u] (] € SZ)) pl}a 16,
I [ Ii O

c ]R(|Si\+1)><(n—',—m)7
0 I;

where I, ;p = p; and I, ;u = (uj)jes, are the corresponding injection matrices for velocity and
pressure, respectively.

We can then apply a multiplicative Schwarz method (or the so-called Full Vanka smoother):

m
I— TFVankaA = H <I - IZTAz_llfLA)a (865)
i=1
where
. nT
A= parr = | 4 B | cRasinxisi,
B, 0

We can also use a simplified version (i.e., the Diagonal Vanka smoother):
~ ~ m ~ ~
I~ TovaaA =] | <I .y D;IIiA), (8.66)
i=1

where
D, BT

)

B, 0

e RUSi+1)x(ISi[+1)

In this case, due to the special nonzero pattern of D;, it can be solved very efficiently.
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8.6 Homework problems

HW 8.1. Show the equation (8.16). Hint: In R?, taking divergence of the symmetric gradient,

we get
(?%ul + %62((?2141 + 51u2)

| é’%ug + %51(811@ + 82u1)

[ %(é’%ul + 8§u1) + %81(81111 + 82u2) 1 1
= = §Au + §VV -
%(5%112 + 5%11,2) + %62(81u1 + 02u2)

HW 8.2. Derive the weak form (8.26) of the Stokes equations (8.25).

HW 8.3. Give the complete proof of Theorem 8.17.



Chapter 9
Optimization Problems

Mathematical optimization (mathematical programming or optimization) is the selection
of a “best” element (with regard to certain criterion) from some set of available alternatives.
Many optimization problems can be written as variational inequalities (VIs); for example, many
problems in economics, operations research, and transportation equilibrium problems. In this
chapter, we discuss multilevel iterative methods for solving finite-dimensional variational in-

equalities.

9.1 Model problems

VlIs arise from a wide range of application areas, like mechanics, control theory, engineering,
and finance. After several decades of development, this subject has become very rich on both
theory and numerics. For a general discussion on the existence and regularity, we refer the
interested readers to [120]. For a comprehensive discussion on numerical methods for VIs, we

refer to Glowinski [101].

9.1.1 A model variational inequality

Let a[-,-] and f(-) be a symmetric bilinear form and a linear form, respectively, and x €
H} () be an admissible obstacle (for simplicity, we assume the zero boundary condition). Con-
sider the following elliptic variational inequality (or the obstacle problem): Find v € K, := {v e
HE(Q) : v = x}, such that

alu,v —u] = f(v—u), Vovek,. (9.1)

After transformation w := u—y, we arrive at a new problem with a simple inequality constraint:
Find w € Ko := {v e H}(Q) : v > 0}, such that

alw,v —w] = fo(v —w) = flv—w) —a[x,v—w], VveKp. (9.2)

237
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For problem (9.1), the Lagrange multiplier can be defined as o1 such that
(o1(u), ) == flp) —alu,¢], ¥ ¢e Hy(Q). (9.3)
On the other hand, for (9.2), notice, for any ¢ € H}(2), that

(o2(w), p) = folp) — alw, o] = f(p) — alu, @] = (o1(u), ¥) .

It is easy to see that

(o1(u),v—u) <0, Yvell, (9.4)
or
(o2(w),v —w) <0, VY wveKkp.
On the other hand, if o is the Lagrange multiplier of (9.1), we have
(0(v) = o(u), ) = —a[v —u,¢], ¥ e H(Q).
Hence,

(o(0) = o(w),v —w) = —a[v —w,v—u] = — o —ul?, VovueH(Q).  (95)
Hence, we have (o(v) — o(u),v — u) < 0, for any v,u € H}(Q2), i.e., o is a monotone operator.
Remark 9.1 (Uniqueness of solution). Notice that if both u; and wuz are solutions of the

variational inequality (9.1), by the monotonicity of o, |Ju; — uz|| = 0 and then we obtain the

uniqueness.

As before, we assume that A : H}(Q) — H1(Q) be the operator corresponding to al-,].
An frequently equivalent formulation of (9.1) is the so-called linear complementarity problem
(LCP): Find a solution u € H}(£2) such that

Au—f =0
u—x=0 (9.6)
<-/4U—fau—X>:0

The last equation is the so-called complementarity condition.
Proof. If u is a solution of LCP (9.6), then for any v € H(2) and v > x we have
(Au— fiu—v) = (Au— f,x —v) <0,

in view of the complementarity condition and the sign condition of Au — f. On the other hand,
if u is solution of (9.1), it is trivial to see that u satisfies the first two conditions of LCP. The

complementarity condition is obtained by taking v = u + (u — x) and v = Y. O
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9.1.2 Finite element discretization for VIs

As discussed in §3.1, the domain € is partitioned into a quasi-uniform simplexes of size h;
this mesh is denoted by Mj,. Let V}, < VVO1 *(2) be the continuous piecewise linear finite element
space associated with Mj,. The obstacle problem (9.2) can be approximated by a finite element

function uy, € Ko [ V3 satisfying:
alup,vp —up] = fo(vp —up), Y op € Ko ﬂVh. (9.7)

As before, we denote all the interior nodes of the partition Mp by G(Mp). Let {¢Z}zeé(Mh)
be the canonical linear finite element basis of the mesh M,;,. Let u = v = Zzeé(Mh) Uy Py
and u = (“Z)zeé( M, the discrete solution and its nodal value vector (primal vector form),

respectively. Hence we have the following linear system
(w—u)T(Au—fo) =0, YVu=0, (9.8)

where A is the corresponding stiffness matrix of the bilinear form and f_}; is the dual vector form
of fo.

Remark 9.2. One can prove (see for example [55]) that the [?>-error between the exact solution

u of (9.8) and any approximation solution v satisfies that

lv = ullo < |(fo = Av)+]o,
where the vector ( ﬁ) — Aw) is defined element-wise by

(fT(;—AQ)i if v, >0

fo — Av)s ; = 7
(fo V), { min{(fo — Av);, 0} if v; = 0.

9.1.3 Error and residual

As usual, we define the energy functional as following
F(v) = %a[v,v] — f(v).
Then it follows that
Flw) = Flu) = o —ul? = (0,0 ), Vveky (9.9)

Consider finite element solutions, u, and wy, for problems (9.1) and (9.2), respectively. The
differences, in terms of energy, between the finite element solutions and the exact solutions can

be written as )

Fun) = Fu) = 5l — wl® = (o0, — )
1 (9.10)
Flun) = F(w) = 5 lwn —wl? = (o, w5 —w).
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It is easy to see that the variational inequality (9.2) can be written as the following quadratic
minimization problem:

min %a[w,w] — fo(w). (9.11)

wE’Co
For finite element approximation, we compute the finite dimensional minimization problem

1
. L _ . 9.12
wh,EI‘r/thrl] Ko 2 a[wh? wh] fo (U}h) ( )

Suppose Wy, is an approximate solution of the above minimization problem. Then the defect
ey, := wp, — Wy, satisfies
1

. . . . 1 .
~ min —alwy + ep, wp, + ex] — fo(wn + en) = =alen, en] — folen) + alwn, en] + C,
wp,+epeVy (Ko 2 2

ie.,
1
min —alep, ep| — (o(wy), en) 9.13
ol 2 len, en] — (o(@n), en) (9.13)
Notice that it is in the same form as (9.12) but replacing fo by o (). Hence the above problem
can be viewed as the error problem; compare this with the error equation in the linear case (1.38).

Whence we have ej, we can update wp = wp, + e, as in the linear case.

9.2 Nonlinear equation and unconstrained minimization
We first consider the unconstrained optimization problem

u = argmin F(v). (9.14)
vey

If F: 7 — R is a convex function, then the problem is called a convex optimization (or
convex programming). If F is differentiable, a minimizer satisfies the well-known first-order
optimization condition

G(u) := F'(u) =0, (9.15)

where G : ¥ +— R is the Frechet derivative of F. If F is convex, then (9.14) is equivalent
for solving the nonlinear equation (9.15). In particular, if F is quadratic, then the problem is
called a quadratic optimization. Apparently, if F is a convex quadratic functional, then the

problem (9.14) is equivalent to our model problem (2.1), Au = f, with an SPD operator A = G'.

9.2.1 Nonlinear solvers

In general, the problem (9.14) is much more difficult to solve than (2.1) due to its non-

linearity. We can employ a nonlinear iterative solver to linearize (9.15) to obtain a linear
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(differential) equation, i.e., linearization then discretization. For example, we may use the stan-
dard approaches, like the Picard method or the Newton—Raphson method. Another strategy is

to discretize the continuous problem (9.14) or (9.15) in order to obtain a nonlinear algebraic

problem
u = argmin F(v) (9.16)
veRN
or
G(u) =0. (9.17)

The idea of coarse-grid correction used in Algorithm ?? does not apply any more here because the
classical residual equation is linear. There are basically two approaches to apply the multilevel
idea on this problem—The first approach is to linearize the problem and then apply multigrid
methods to linear problems; The second one is to apply multigrid directly to the nonlinear

problem using the so-called Full Approxzimation Scheme (FAS).

9.2.2 Newton—Raphson method

There are different ways to linearize a nonlinear problem like (9.15). For simplicity, we
now only consider discrete version of the nonlinear equation, i.e., # = RY. The most popular
approach is the so-called Newton—Raphson (or Newton) linearization. We apply second-order
Taylor expansion to approximate the objective function near the current iteration u®) € RN,
ie.,

]—"(u(k) " e) ~ f(u(k)) + (V-F<U(k))v e) + %(VQF(UUC))& e).

In order to find a good incremental correction step, we can consider

e®) = argmin é(v2}'(u(k))e, e) + (VF(u®), ) = —[V2F (™)' VF(u®).

eeRN

This is the Newton—Raphson iteration
w1 = (k) — [VQJ:(u(k))]_IV]:(u(k)). (9.18)
In the above iteration step, we need to solve a linear system, the Jacobian equation:
Ae®) .= [V2F(u®)]et) = —vF@u®) = 1K), (9.19)

We can employ the methods discussed in the previous chapters to solve such equations.

Listing 9.1: Newton—Raphson method

1 |Given an initial guess u€ ¥ and set r <« —VF(u);
2 |while |r| >e

3 solve the Jacobian equation VZF(u)e =r;
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4 find a good stepsize a>0;
5 u—u+ae; r——VF(u);
6 | end

The Newton-Raphson method converges very fast (second-order convergence) if the initial
guess is close enough to the exact solution. So if a good initial guess is available, the main
computation cost of the above algorithm is assembling the Jacobian systems and solving it to
acceptable accuracy. If we apply a multigrid algorithm to solve the Jacobian systems, then this
method is usually called Newton-Multigrid method. Similarly, another wide-used approach to
apply a domain decomposition preconditioned Krylov method to solve the Jacobian systems,
then this method is called Newton-Schwarz-Krylov method. Note that we might not need to

assemble the Jacobian system explicitly; instead, we can use a Jacobian-free scheme.

9.2.3 Full approximation scheme

For the nonlinear equation (9.15), the residual corresponding to an approximate solution v

can be defined as

r:=—G(v)=G(u) —G(v) (9.20)

However, because G is not linear, r # G(u — v). In FAS, instead of considering the residual
equation as in the linear case, the full equation is solved on the coarse grids.

We now use the following two-grid method to demonstrate the basic idea of FAS. Let u()
be an approximate solution on the fine grid after several steps of relaxation. On the coarse grid,

according to (9.20), we need to solve the following nonlinear equation
gc(ugl)) -G (ICTu(l)) =re=Tlr= —Izg(u(l)). (9.21)

This means, on the coarse level, a problem similar to the original problem (with different right-
hand side) should be solved

Ge(ul) = Ge(ZTuW) — 776 (uM). (9.22)

Usually the right-hand side of the above equation is denoted as 7.(u(!)) and is called the tau
correction. Note that the coarse-level equation G. can be obtained from the discretization on

the coarse grid. We can also use the Galerkin method
Ge(ue) := I;‘Fg(l'cuc).
Once the problem (9.22) is solved, we correct the approximation as

u® =M 4 Ic(u‘(:l) — ICTu(l))- (9.23)
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Apparently the above idea can be applied recursively as we discussed in §6.3. Because the
coarse-grid problem is solved for the full approximation, rather than the error, the method is
named as the Full Approximation Scheme. In this algorithm, evaluating the nonlinear function
is usually the most expensive part computationally. We summarize the two-grid FAS algorithm

as follows:

Listing 9.2: Full Approximation Scheme

1 |Given an initial guess uwe ¥;
2 | Solve the nonlinear equation Ge(uc) = Q'C(ICTu) — ICTg(u);
3 u<—u+Ic(uc—IcTu);

9.2.4 Subspace correction methods for convex minimization

Apparently, the idea of subspace correction methods can be easily extended to unconstrained
convex minimization problems here. The convergence analysis of SSC and PSC methods has
been given by Tai and Xu [183].

9.3 Constrained minimization
In this section, we consider multilevel solvers for constrained minimization problems

u = argmin F(v) := %a[v,v] — f(v), (9.24)

’UEIC()

which is equivalent to the variational inequality (9.2).

9.3.1 Projected full approximation method

Since the the above problem is nonlinear, we can apply the Full Approximation Scheme
introduced in the previous section to solve this problem. And this is the so-called Projected
Fully Approximation Scheme (PFAS) by Brandt and Cryer [55].

As we have discussed in the previous chapters, we first need to find a relatively simple iterative
procedure which is able to dump the high-frequency part of the error quickly. In order to obtain
a smoother for (9.24), we can employ the simple iterative methods discussed in §2.1 and then
apply a projection step to ensure the new iteration stays in the feasible set. For example, if 1!
is the previous iteration and u®S is the iteration after one or several Gauss-Seidel sweeps, then

new = max{0, u®S} € K is the new iteration. This method is naturally called the Projected

u
Gauss-Seidel (PGS) method.
At some point PGS will not reduce error efficiently any more, we then apply FAS to approx-

imate the error on a coarser level and continue this procedure until the coarsest level where the
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nonlinear problem can be solved quickly and accurately. To ease the notation, we explain the
idea using a two-grid algorithm for now. We first solve the general LCP problem on a fine level

with a given right-hand side f;

= f
uz=0
(Au — f,u) = 0.

using the PGS method or some other smoother to obtain an approximate solution u(*). Then

we solve the above LCP on a coarse level with the right-hand side

for=T0 (f — AuM) + A 2T D
(1)

to obtain an approximation u¢s ’. In turn, an improved approximation is given by

u® =M 4 Ic(u((}) — I;‘Fu(l)).

9.3.2 Interior point method

For simplicity, we now consider the constrained minimization problem (9.2) on the finite

dimensional space RY, that is to say

1
u= argmin F(v):= -vT Av — flv. (9.25)
v=0,veRN 2
In this case, the Lagrange multiplier 0 € RV satisfies that ¢ = —G(u). Then we have the

first-order optimality condition

o+ G(u) =0, o <0,
Uo =0, u = 0.
Here we use a convention often employed in the literature U := diag{uq,...,uy}; similarly, we

will denote ¥ := diag{o1,...,0n}.

The condition Uo = 0 (or equivalently, u;o; = 0 for any i = 1,..., N) is usually called the
complementarity condition. We now try to relax this condition such that Uo = ul, where u is
a positive penalty parameter and 1 is an all-one vector. At the same time, we try to maintain
the iterative solution (u, o) strictly in the primal-dual feasible set, i.e., u > 0 and o < 0. Hence

we need to solve a system of nonlinear equations:

O'"‘g(u) = 07
Uoc—pul = 0.

We apply the Newton’s method for this system and obtain an iterative method

Adu + do —0 —G(u) o A T ou f—Au—o
r = .
uwl—Uco ¥ U oo ul—Uco

You+ Udo
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Upon solving this linear system, we can obtain a new iteration. Furthermore, in the above
system, I, X3, and U are all known diagonal matrices, we only need to solve the Schur complement
problem

(A—U'S)ou = pU 1 + f — Au. (9.26)

Moreover, since o < 0 and u > 0, the above equation is well-defined and the coefficient matrix
is SPD. We can then apply a multilevel iterative method discussed in the previous chapters to

solve it efficiently; see [15] for details.

9.3.3 Monotone multigrid method

Now suppose we hierarchical meshes, {M?, ... ,M{L} and let A;, b, [ = 0,...,j are the
stiffness matrices and right-hand-side vectors corresponding to the partition Mﬁl, respectively.
As usual, M{L is the finest mesh. We denote the linear finite element space by V,f associated
with mesh /\/llh

We need two kinds of orthogonal projections onto the finite element space V,f. The L*-

projections @ : V}f — V,i are defined by

(Quon, &1) = (v, 1), 1€ Vi, (9.27)

and the energy projections 11 : V}Z — V}f by

a[ vy, ¢1] = alvw, &1],  ¢1 € Vi (9.28)

We first define multigrid methods recursively. For a given initial guess w](p) € V}Z N Ko. A
coarse grid correction is performed: computing the approximate defect eg(i)l = II;_q(wp _w(o)) €

V}Z ~! as the solution of the quadratic programming problem

1
salel, el ] — (o), e, (9.29)

- in sale; e
e;ojleV,f_17 w§-0)+e§-(i)1 N Ko

Then let w§1) = w](-o) + 62»0_)1. Then we apply m steps of post-smoothing scheme, like projected
SOR to obtain w](-m+1). For the coarse correction step, instead of solving the problem on the
coarser level 7 — 1 exactly, we can solve it by the same multigrid procedure described here. In
this way, we obtain a recursive multigrid V-cycle. If we perform coarse grid correction twice at
each level, then we get a W-cycle.

One problem with this procedure is that e;_; and w; are in different levels. To avoid this
difficulty, we propose the following coarse grid correction scheme instead of (9.29):

. 1
o omin o sald? dP] = o), dP). (9.30)
djflev}{ ﬂ’CO
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And then wj(-l) = w](-o) + dg-o_)l which is always in Iy because both wj(o) and dg-o_)l

are in [y by
definition. It is easy to check that the local obstacles in this method are monotone in the sense
of Kornhuber [123]. Then we get the similar V-cycle or W-cycle multigrid method as for linear

problems expect we need to add a projection step to project the iterates to ICp.

Remark 9.3. This method is shown to be not very good by Tai’s test example. The reason
is that the coarse grid correction only works when the current approximation is less than the

exact solution in the method.

9.4 Constraint decomposition method

It is known the general V-cycle can be written as a successive subspace correction method.
For a sequence of search directions {¢;})¥, such that V}f := span{¢;}}¥.,. We can construct

a numerical method for find the minimizer of (9.12) as a sequential quadratic programming

method. Starting from an initial guess wj(O) € V,f () Ko, at each iteration, we solve

1
fa[w](-o) + aqﬁl,w](-o) + apr] — fo(wj(-

. 0
min )
w§°)+a¢1evg N Ko 2

)+ ag). (9.31)

Similar to the discussion in the previous section, we need to solve a discrete problem

1
min ~a[o1, p1]a? — <U(w§-0)), o1y (9.32)
w§0)+a¢leV£ﬂKo 2
Then the new iterate is obtained by wj(-l) = w](-O) + . Similarly, we start from w](-l) and search

in the direction ¢2 to obtain wj(?), and so on.

If we choose span{qﬁi}f\il as the canonical nodal basis of th , then it is just usual nonlinear
or projected Gauss-Seidel method. To take advantage of multilevel basis, it is natural to choose
span{¢;}V | = {d)j,...,¢jj,¢{_1,...,¢§€il,...,gzﬁ%,...,gb}vl}. It falls into the category of ez-
tended relaxation methods. The problem with this procedure is that ¢; might not be in the finest
level j, which costs extra computation effort to enforce the constraints wlY + ag; € V}f M Ko.

J
We refer to the paper by Tai [182] for details.



Chapter 10
Robustness and Adaptivity

The efficient and robust solution of linear algebraic systems is one of the main bottlenecks
in large-scale numerical simulation. In this report, we review some old and new techniques for
improving the robustness of iterative solvers for large-scale sparse linear equations. In particular,
we will focus on methods based on machine learning to automatically select solver components
in order to get better overall simulation performance. Deep learning techniques, which have
gained popularity in many application areas of machine learning, can also be used to enhance

this automatic selection procedure.

10.1 Robustness of linear solvers

Due to the fact that, for many applications, a significant portion of simulation time for
transient problems is spent in linear solvers, a lot of efforts have been directed to the research on
solution methods for linear systems, which result in plenty of solution algorithms and software
packages [4]. Oftentimes practitioners without “proper” training might find themselves in a very
difficult position to choose a good solver or its parameters from excessive number of options.
More frustratingly, for a complex physical problem, there might not exist a universally best
solver for all linear systems over the course of simulation. Actually, performance of linear solvers
are largely affected by stage of evolution of physics, characteristics of discretization methods,

requirement of accuracy, closeness to solution, limitation in computing resources, and so on.

10.1.1 Why robustness is important

Simulation-based scientific discovery and engineering design have been the main driving

force for developing high-performance computers and algorithms. As we entered the multi-

247
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petaflop! era, frequency of a single CPU core does not increase beyond certain critical value.
On the other hand, the number of computing cores in supercomputers is growing exponentially,
which results in higher and higher system complexity [3]. More processing cores competing for
various levels of memory resources widens the speed gap between computations and memory
accesses. It has become increasingly important for algorithms to be well-suited to the emerging
parallel hardware architectures of extreme scale. This trend also affects how one would choose
a solver for a particular problem. In this sense, complexity and different choices of hardware
architectures pose more difficulties in the choosing solutions methods for domain scientists. Co-
design of hardware, software, algorithm, and application is crucial to the success of scientific or
engineering computing to achieve exascale? performance [142, 5, 77].

Direct methods are popular in practice due to their robustness for a large class of problems.
Some specialized direct solvers, like fast Poisson solvers based on FF'T, are very efficient and
readily useable at different hardware and software platforms (see [98, 137] for example). But
these methods can only be applied for specific equations or special discretizations, which restricts
their applications in complicated engineering problems. Some direct methods, like general-
purpose sparse direct solvers [173], can be employed as a black-box solver and be plugged into
user-domain simulation programs easily. The sparse direct solvers are robust and effective for a
large class of discrete problems. More importantly, they require little human intervention and
are especially efficient for relatively small problems with around a million unknowns. Larger
problems, on the other hand, tend to require a large amount of memory as well as computational
time.

If applied successfully, direct methods can provide solution to nonsingular systems as accurate
as floating accuracy and condition number allow; see [72, 73] for example. However, this also
means that direct methods might give non-necessarily “high accuracy” for some applications. In
fact, accuracy is rarely the only property we ask for linear algebraic solvers. Efficiency, scalability,
cost-effectiveness, robustness, and reliability are important properties and we need to balance
between them in practice. There is no universal criteria for choosing solution methods and it all
depends on what we want to achieve and what cost we are willing to pay. For example, in order
to accelerate simulation when solving Jacobian systems arsing from Newton linearization, we
might use different types of iterative methods to different levels of accuracy in different stages
of nonlinear iteration [24]. Direct methods usually fail to provide enough flexibility for users to
tune and iterative methods are usually employed in such situations.

Ever increasing practical demand to solve very large linear systems and requirements on ap-

plicability suggest considering iterative methods as an alternative. Iterative methods can be used

110'® floating-point operations per second.
210*® floating-point operations per second.
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as general-purpose or specialized solvers due to their cost-effectiveness and memory-efficiency;
see, for example, [122]. The most successful example of iterative methods is the so-called Krylov
subspace method (KSM), like the conjugate gradient (CG) method and the generalized minimal
residual (GMRES) method [172]. Since properties of linear systems can be very different in a
single simulation run, robustness of solution methods is an important, if not the biggest, con-
cern. However, the biggest weakness of iterative methods is arguably robustness, which refers
to the ability of iterative methods to resist perturbations or changes to the underlying physical
equation. Hence, to design a solver package based on iterative methods as a replacement of the
state-of-the-art direct solvers, the issue of robustness has to be resolved [176]. Indeed, a robust
general iterative solver is still hard to obtain, especially in industrial applications, and might be

the biggest dream for many engineers.

10.1.2 Robustness of linear solvers

Generally speaking, the robustness of a system can be viewed as the property of being strong
and healthy in the constitution. Most iterative solution methods can converge in a timely manner
for a variety of simple model problems, but slow down considerably or even fail to converge when
applied to more complex cases. For solution methods of linear algebraic systems, the definition

of robustness is twofold:

e First of all, the method should be breakdown-free and provide a reliable solution. This
basically says that we would like the simulation to run without unexpected interruptions

caused by the linear solver.

e Secondly, the robustness refers to the ability of solution methods to handle most problems
arising from simulations in a highly efficient manner. That is to say, the performance of the
solution method should be resistant to perturbations of physical as well as discretization

parameters and it gives reasonably accurate solutions in reasonable turn-back time.

Definition 10.1 (Robustness of a linear solver). A linear solver S is robust for a class of

problems P if and only if the following property

max |S(Fa)| < &,

where | - || is a performance measure and ¢ is acceptance tolerance.
The performance measure and tolerance are usually problem-dependent and can be deter-

mined by the end users. Unfortunately, oftentimes we could not find a single solver good for all

different problem parameters. Hence we can weaken the condition and call a class of solvers S
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is robust if

agirgn max |1Sa(Pa)| < e.

10.2 Robustness of Iterative Solvers

Consider the large-scale sparse system of linear algebraic equations arising from a partial
differential equation. As we pointed out earlier, performance of solution methods could be
affected by properties of the physical problem as well as its discretization methods, let alone
parameters of the solution methods. Usually, these properties can be characterized by simple
parameters, like temperature, diffusion coefficient, spatial mesh size, etc. There are also cases
when we can not or would not characterize those properties as parameters for cost concerns,
like heterogenous coefficients, unstructured grids, etc. These properties will eventually enter
the coefficient matrices A and usually handled in a purely algebraic manner. There are several
strategies to improve robustness of iterative solvers and we can categorise them into three types

described in this section.

10.2.1 Constructing preconditioners not sensitive to parameters

Preconditioners based on incomplete factorization of A, like the Incomplete LU (ILU) meth-
ods, are undoubtedly among the most popular methods in engineering [172]. ILU methods are
purely algebraic and are widely applied as subproblem solvers in the domain decomposition
(DD) methods for parallel computing. A related type of methods is the so-called Approximate
Inverse (AINV) preconditioners [21, 18] which is based the approximated factorizations of A1,
Incomplete factorizations can fail for a general SPD matrix due to the so-called pivot breakdown
and could be improved by shifting or modification of A. A more robust remedy for poorly con-
ditioned linear systems is the breakdown-free versions of ILU [33, 22, 34, 162]. Sometimes, ILU
methods might yield a relatively high complexity in order to obtain good convergence behavior,
especially in 3D.

Algebraic multigrid (AMG) is another type of popular preconditioning technique [56, 57, 170]
and it is, in some sense, more robust compared with GMG methods [169]. Problems with
anisotropic coeflicients on regular meshes, or problems with isotropic coefficients on anisotropic
meshes, will cause troubles for geometric multigrid methods. While GMG essentially relies on
the availability of robust smoothers, AMG takes a different approach by focusing on constructing
suitable coarse space. Following the seminar work by Brandt et al. [56, 57, 52] on the convergence
analysis applicable to AMG methods, there have been a lot of discussions on the AMG theory;
see [170, 61, 178, 90, 91, 189] for example. The readers are referred to the recent survey papers on
theoretical development [129, 155, 202] as well as applications and parallelization [206] of AMG
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methods. For the development on non-symmetric problems, we refer to [131, 153, 133, 132]; for

analysis based on aggregation-type AMG algorithms, we refer to [186, 188, 62, 143, 147, 60].

10.2.2 Combining iteration, precondition, and decoupling strategies

It is known that the ILU methods can be employed as smoothers to improve robustness
of the multigrid methods [119, 191, 194]. A simple and transparent framework for combining
preconditioners like ILU or additive Schwarz preconditioners with AMG or any another norm-
convergent iterative method has been proposed by Hu et al. [115] for SPD problems. In such a
combined preconditioner, the component provided by the norm-convergent iterative method need
not be very effective when used alone. Such a framework has been applied to solve the systems
arising from the porous media flow problem [115] and extended to nonsymmetric problems in the
radiation diffusion problem [216, 217]. Another related strategy by combining different methods
to construct a more powerful solver for nonsymmetric problems can be found in [74].

For systems of partial differential equations, besides iterative solvers and preconditioners
and their combinations, it is sometimes beneficiary to apply extra decoupling steps to weaken
the strength of coupling between different physical variables. By combining decoupling methods
with appropriate solution methods, we can improve solver efficiency and robustness for many
complex problems arising from discretization of coupled (nonlinear) PDE systems; for example,
for semiconductor device simulation [11] and for compositional model in reservoir simulation [124,
161]. In particular, Qiao et al. [161] discussed the conditions when a preconditioner is suitable
for a particular decoupling strategy.

For transient problems, it is very often that no single iterative solver, preconditioner, or
decoupling is able to work very well for all linear systems arising during simulation. In order
to minimize solver failure possibility and maximize robustness, a natural idea is to combine
various solvers or preconditioners during simulation. One possible approach is the so-called
poly-iterative method, which applies various solvers or preconditioners with similar structure
simultaneously [17, 105]. An alternative approach is the composite method, which relies on a
composition of multiple iterative solvers to improve reliability [29, 26, 28, 27]. Although these
multi-method solvers are viable approaches to improve robustness in practice, especially for
large-scale problems, they tend to have a non-negligible overhead (i.e., extra computational

work during application); see a summary recently given by Sood [177] for more details.

10.2.3 Empolying an automated solver-selection procedure

Besides the methods mentioned above, an adaptive or automatic solver selection procedure

can be constructed to assist users to choose free parameters (see Figure 10.1) based on the
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Figure 10.1: Different ways of combined multiple solvers to improve robustness

given feature parameters in order to get robust performance; see, for example, [163, 140, 207,
208]. The general algorithm selection problem in an abstract setting has been proposed by
Rice [164]. Since then this problem has discussed by many research groups and a software
package (ASLib) for benchmarking algorithm selection methods has been recently developed [31].
A software framework (SALSA) has been suggested for self-adapting linear algebra and linear
solution algorithms [79, 80, 75, 78, 85]. One may use analytical or empirical information to

design adaptive strategies for selecting solvers or their parameters for different problems; see
Figure 10.2.
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Figure 10.2: Typical procedure for constructing adaptive iterative solvers

This approach has been shown to be effective in many fields. In our experience, there are

several key components to make this approach efficient for a particular problem:

1. choosing a general enough solution procedure which is efficient or even optimal for simple

cases and can be adjusted for more difficult cases;

2. providing a small set of feature parameters which affect solver performance the most;
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3. constructing a performance model based on analytical convergence factor estimates or

empirical experiments which can predict how efficient the solver might be;

4. having an efficient procedure to train a performance model based on actually simulation

runs, in case an analytical performance model is hard or not possible to be obtained.

10.3 Robustness of ILU Preconditioners

It is well-known that direct solvers have better robustness properties and can be usually
applied as a blackbox solver. In this section, we briefly discuss the robustness of LU and ILU
factorizations. They are not only important general-purpose solvers, but also can be combined

with multilevel iterative methods in various ways.

10.3.1 LU factorization

LU factorization and Gaussian elimination (GE) are well-known methods for solving linear
systems, especially for problems with general dense coefficient matrices. For simplicity, we do
not consider numerical stability and pivoting here. For a nonsingular matrix A € RV*N | we

RNXN RNXN such

need find a lower triangular matrix L € and an upper triangular matrix U €
that

A=LU.

Since we can require the main diagonal of L to an all-one vector, the two factors L and U can
be saved in a compact way in the original matrix A. So we give the GE algorithm implemented

as an in-place algorithm (the i-th row of A is overwritten by the i-th row of L and U).

Listing 10.1: Gaussian elimination — KIJ variant

1|for k=1,2,...,N -1

2 for i=k+1,...,N

3 ik < Qik/Qkk;

4 for j=k+1,...,N
5 Qij < Qij — AikQkj;
6 end

7 end

8 |end

The following theorem first proved by Fan [92] is important to analyze the procedure of
Gaussian elimination. This theorem makes sure the procedure can always continue and will not

break down. This is an important robustness property for linear solvers.
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Theorem 10.2 (Fan Theorem). Let A be an M-matrix and A; be the matrix obtained from
the first step of Gaussian elimination. Then A; is also an M-matrix. The (N —1) x (N — 1)

sub-matrix of Ay by removing its first row and first column is also an M-matrix.

Although the above algorithm (the KIJ variant) is usually used to explain the Gaussian elim-
ination algorithm, it is rarely employed in practice due to performance consideration, especially
for sparse problems stored in certain data structures like CSR discussed in §6.5. Next we give a
more useful (or efficient) implementation of the same algorithm, which is referred to as the the

Gaussian — IKJ variant.

Listing 10.2: Gaussian elimination — IKJ variant

1|for 1=2,...,N

2 for k=1,...,1—1
3 ik < Qik/Akk;
4 for j=k+1,...,N

ot

Aij < Q35 — QikQkj 7
end

end

0w N O

end

10.3.2 Incomplete LU factorization

Incomplete LU factorization can be viewed as an inaccurate LU factorization and provides
an approximation to LU. In general, we need find a lower triangular matrix L € R¥*V and an

upper triangular matrix U € RY*Y such that
R=LU—-A, A:=A+R,

in which R € RN*¥ has certain static or dynamic zero pattern. For simplicity, we only discuss
methods with static zero pattern. Equivalently, we can specify, for the approximation matrix
A, a fixed zero pattern

Z:={(i,j)|i #j,1<i,j < N}.

Note that, with this definition, we require that the diagonal entries of A to be nonzero. Whence
the zero or nonzero pattern of the factorization is given, we can modify the LU methods to the
corresponding ILU (with static zero pattern) methods. For example, ILU(0) is a method with

Z which has the same zero pattern as the coefficient matrix A.

Listing 10.3: ILU with static zero pattern — KIJ variant

1|%% Given a zero pattern Z
2 | for (4,5) € Z, aij < 0;
3 |for k=1,2,... N—-1
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4 for i=k+1,...,N && (i,j)¢ Z

ot

Aik “— Qik/Akk;
for j=k+1,...,N ss& (i,5) ¢ Z
Qij <= Qij — AikQkj;

end

© o N o

end

10 | end

Similar to the LU methods discussed previously, we can also construct an IKJ variant of the
above ILU method.

Listing 10.4: ILU with static zero pattern — IKJ variant

1|%% Given a zero pattern Z

2 | for (4,j) € Z, ai; < 0;

3 |for 1=2,...,N

4 for k=1,...;i—1 && (4,j)¢ Z

5 ik < @ik /Akk;

6 for j=k+1,...,N ss& (i,5) ¢ Z
7 Ajj < Qi — QikQkj;

8 end

9 end

10 | end

10.3.3 Robustness of ILU factorization

Definition 10.3 (Regular splitting). Let A, M, N be three given matrices satisfying A = M—N.
The pair of matrices (M, N) is a regular splitting of A, if M is nonsingular and M~! and N

are nonnegative.

We now consider the factorization method in Algorithm 10.3. Here, we use the subscript k
to denote the k-step of factorization. So A; € RV*N ig the matrix after first step of the Gauss

elimination. Then

Ay = A + Ry,

where A1 € RV*N ig the result of the first step of ILU. According to the definition of Z, the
dropped entries are nonpositive and R; is nonnegative.
By Theorem 10.2, we find that A; is an M-matrix. It can be proved that A; is also an

M-matrix; see HW 10.2. In this sense, the algorithm will not break down and it can further

0 T
ek. .
Aps1:Nk

produce
1

(k)
a](i‘k’)

Ay = LyAp_q, Lp:=1-—
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Hence, at the k-th step, we obtain that
Ay = Ag + Ry, = L A1 + Ry,
Applying the above relation recursively, we get
An_1 = (Ln-1Ln—2-+-L1)A+ (Ly—1Ly—2++-LoR1 + -+ + Ly_1Rn_2 + Rn_1).
Define

U:=An_1,

~1
L:=(LyoLy—o---L1) ",
S:=Lyx_1Ly_9---LosRi+---+Ly_1Rny_2+ Rn_1.

Notice that, at the k-th step, entries dropped only appear in the (N — k) x (N — k) lower

sub-matrix of Ag. So the first k£ rows and columns of Ry are zero. As a result, we have
Ly 1Ly Lpy1R =Ly 1Ln_2--- L1 Ry.
Then it is easy to see that
S=Ly1Ly—g- Li(Ri+Ry+---+Ry)=L'R,

where R := Ry + Ro + --- + Ry. This gives LU = A + R and the result can be summarized in

the following theorem.

Theorem 10.4 (Robustness of ILU). Let A be an M-matrix and Z be a given zero pattern.

Then Algorithm 10.3 does not break down and produces an incomplete factorization
A= LU - R,

which is a regular splitting of A.

10.4 Workflow for Selecting Solvers

Along with the development of machine learning and deep learning theories, data-driven
algorithms have been used in a variety of ways for automatically selecting solvers and their pa-
rameters. Most traditional ML-based methods train a supervised classifier to predict appropriate

parameters for unknown linear systems [113, 24, 86].
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10.4.1 Automatic classifiers for linear solvers

The key point of these methods is very similar. Firstly, one has to create a database and
split it into a training set and a test set (sometimes, a validation set as well). Every entry in

the database consists of
e input parameters:

— feature parameters, e.g., symmetry of the coefficient matrix, size of the coefficient

matrix;

— free parameters, e.g., type of preconditioner, number of computing nodes.
e output labels, e.g., whether the iterative method converges, how many iteration needed.

Secondly, using the training set to train the classifier. Finally, using the test set to verify the
effectiveness of the trained classifier.

In [113], neural networks with a single hidden layer were used as a classifier to divide 260
matrixes which is randomly selected from Florida Sparse Matrix Collection, combining with
72 iterative methods, into two categories (convergent and non-convergent). In [24], alternation
decision trees were applied to do the classification, but the output label is not a simple criteria
to reflect convergence but compared with a specific baseline solver. More specifically, only if the
iterative method is at least p time faster than the baseline method (the GMRES method with
block ILU preconditioner), it will be labeled as 1, otherwise —1. In [86], the authors suggested
that the multi-label classifiers outperform single-label classifiers in almost every simulation. And
in the lighthouse project [141], a variety of classification methods like LibSVM, BayesNet, KNN,
and so on were compared in terms of accuracy.

A common conclusion that can be drawn from the previous studies is that the number of input
parameters is not proportional to the classification effectiveness. This suggests that reducing
the number of parameters can decrease the overhead of computing attributes of matrix without
significantly influencing the accuracy of classification. Bhowmick et al. [30] studied feature set
reduction and ordering; and they demonstrated that the training time could be reduced by a

factor of 125 on average.

10.4.2 General methodology

e The workflow contains two steps: the offline step trains a model for selecting “optimal”
free parameters with human experts; the online step, on the other hand, select parameters

automatically based on the trained model.
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Figure 10.3: Workflow for selecting solver parameters

e The solver and application experts should work together to choose an efficient solution
method which provides enough generality for the simulation problem at hand. Experts
should also choose a reasonable set of free parameters in order to improve performance of

training.

e We focus more on reinforced learning and transfer learning to obtain a better model and

prevent over-fitting.

e Which training algorithm to use is probably of secondary importance as the training is

done offline.

I. Offline step

1. For a given simulation problem, we need to determine what input parameters (including
both feature and free parameters) should be considered based on the given objective; This

step is mainly by human experts.

2. We then select feature and free parameters to obtain an input set with small number
of most important solver parameters; This step can be done by experts with help from

machines.

3. Choose a machine learning model based on the size of input set as well as the amount of

training data we have at hand; This step can be done by experts with help from machines.
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4. Train the model; This step is done by machines.

II. Online step

1. For a specific linear systems during a simulation run, we extract features requested by

Step 2 of the office step.
2. Obtain free parameters based on the trained model.

3. Collect the result data to improve offline model later on.

10.5 Robustness of Multilevel Iterative Methods

A lot of effort has been devoted to improve robustness of iterative methods. One particularly
powerful technique is combining various Krylov subspace methods with proper preconditioners.
When combined with suitable preconditioners, Krylov subspace methods are efficient for linear
systems arising from partial differential equations. For example, geometric multigrid (GMG)
methods [111, 66, 185], although by themselves can be used as efficient solution methods, are
usually applied as preconditioners for KSMs. These methods are uniformly efficient with respect
to discretization scales and can be equipped with weighted smoothers (like weighted Jacobi and
SOR methods [211]) to yield more robust convergence behavior for some partial differential
equations. On the other hand, such a solver framework also introduces many parameters and
an adaptive selecting procedure to choose solvers and parameters is critical for end users [17,
140, 26, 28, 81].

Machine learning (ML) techniques can naturally be applied to construct an adaptive or
automatic procedure to choose good solver parameters in practice. There are several algo-
rithms based on machine learning for classifying or selecting linear solvers [144]. Some focus
on constructing models or selecting parameters for training [24, 113, 30, 25, 175]; some focus
on learning algorithms to enhance performance [86, 141]; and, more recently, some focus on
automatically constructing iterative methods using machine learning [104, 114, 128, 118]. We
propose a two-step workflow for engineers to build adaptive linear solvers based on multilevel

methods accelerated by KSMs:

e In the offline step, we determine a set of parameters based on simulation goals; select
feature and variable parameters for a suitable machine learning model; and then train an

initial model for selecting appropriate variable parameters.
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e During the online step, we extract feature parameters based available problem information;
obtain input parameters based on trained model and plug them into the solution procedure;

and, finally, collect the resulting data for improving the offline model further.

10.5.1 Adaptive multilevel iterative solvers

Multilevel preconditioners like GMG and AMG might be, sometimes, too costly or, some
other times, not robust with respect to physical parameters. Such solution strategy also intro-
duce several parameters, like KSM method type, smoother type, smoother ordering, coarsening
type, interpolation type, and so on. For a practical simulation problem, there could be many
other parameters for describing underlying physics, mathematical model, discretization method,
solution procedure, and available computing resource.

For the properties that can be parameterized, we can divide them into two groups: feature
parameters and free parameters. Feature parameters or features include task characteristics
(physical, discretization, solver, resource, etc) that are considered fixed for a specific simulation
run. On the other hand, free parameters are the properties that can be adjusted by hand or
automatically for solving different problems. Here the term,free parameters, is a general concept,
which might be restart number of GMRES, type of preconditioner, number of smoothing steps
in AMG, number of CPU cores to used, and so on.

Traditionally, when facing a particular problem, domain scientists need to choose a fixed
preconditioner with an appropriate multigrid method using a-priori information. In some cases,
local Fourier analysis (LFA) or local mode analysis can be applied to predict asymptotic conver-
gence factor of multigrid algorithms [54, 185]. Moreover, approximations of convergence factor
based on LFA can be obtained using automated procedures [193, 121, 117], it makes selecting a
good multigrid method possible. Numerical software packages for carrying out LFA automati-
cally [193, 2, 1] and optimizing multigrid parameters [157, 174, 67] are also available. However,
it is usually difficult, if not impossible, to select the “best” method in advance; especially in the

purely algebraic setting, as in most of the practical applications.

10.5.2 Constructing multigrid based on machine learning

Recently, more advanced deep network models are involved in the process of auto-tuning
the iterative methods. The main feature of these methods is that advanced machine learning
algorithms are applied to construct specific components of some iterative methods, like the
prolongation and smoothing operators in multigrid methods [180, 174, 104, 128]. In [174],
evolutionary algorithms were employed to choose the faster solver by adjusting the type of

smoother, the number of smoothing steps, as well as the relaxation factor in each coarse level.
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Both [128] and [104] focused on the prolongation operator in AMG—The first one used graph
convolution neural networks to learn the weight coefficients in prolongation matrix P and the
second one used ResNet considered previously in [180].

One particularly useful trick demonstrated in these papers is that we do not have to use the
same type of data in the training set and test set. In fact, due to generality of neural networks,
we can use the data with certain properties that is easy to calculate (for example small in size)
in the training set, while using the data from difficult problem in test set. For example, the
error propagation matrix of a two-level AMG with prolongation P and smoother S can be given
by

E=(I-STA)I—-PPTAP)'PTA|(I — SA).

In general, the spectral radius of E is not easy to estimate for large-scale systems and we can
construct, in the training set, matrices A with special structures that are relatively easy to
calculate the spectral radius of the corresponding matrix E.

Furthermore, deep neural networks are also used as optimization techniques. Based on
the existed methods, researchers utilize neural networks to optimize the parameters in those
methods, in order to achieving better performance, and result in new methods which is different
from the methods mentioned above. In [118], steps in GMG are considered as an analogy of
layers in deep neural networks. Since the prolongation matrix P, restriction matrix R and
the damping coefficient w is differentiable in each step, therefore backpropagation approach in
neural networks can be used to optimize P, R and w. A method called DMG (Deep MultiGrid
method) is derived after training, but one shortcoming of the method is for every new matrix,
the whole process of training has to be re-run, which may be impractical. In [114], a variant of
Jacobi iterative method generated by CNN(Convolutional Neural Network) [126] or U-Net [168]

is illustrated using 2-D Poisson equation.

10.6 Homework problems

HW 10.1. Try to implement the KIJ and IKJ variants of the Gaussian elimination method and
design numerical tests to compare their performance. Are there other implementation strategies?

Please specify.

HW 10.2. Suppose that M and N are two matrices which satisfy that M < N and N(i,7) <0
for all ¢ # j. If M is an M-matrix, then N is an M-matrix.
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