Section 3. Parallel Krylov Subspace Methods



Parallel Matrix Data Layout

CPU Process 1

CPU Process 2

CPU Process 3

CPU Process 4

Threads on GPU1

Threads on GPU2

Threads on GPU3

Threads on GPU4
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Basic Ideas on Reducing Communication ﬁ ”

So communication could be more costly compared to computation. How can we get around?

Num of messages Size of messages Comm. hiding Better network

Use better inter-

Reduce amount of Hide communication
data that need to be

moved by better

Reduce total number

of messages needed behind computation connecting network

by better organizing by aligning them in a with high throughput,

algorithms, iterative algorithms, smartway, || ...

combining messages, better partitioning, B ...
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Communication Performance Model

Communication Time = Latency + Num of Bytes Moved =+ Bandwidth

Not big enough to store
the whole problem Serial Case Distributed Case

Local

Communication Memory access Network access

Sufficiently large but

slow memory (assume
it can’t be used for FP
arithmetic)

[
©
®)
=
-
®)
S
)
=
=
Ie)
@ DRAM or HBM
©

L

Ref: CS267 lecture notes on J. Demmel’s webpage: https://people.eecs.berkeley.edu/~demmel/
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SpMV, Overly Simplified Case 5

NCMIS
x| 112 |3|4|5|6]|7]S8 y=y+Ax Fast Memory
y
el 1,1 12 13 2.2 2,3 24 2,7 3,2
1
) X 1123 ] 4 1 12| 3] 4
3 y 1 2 31 4 1 2 314
4 ‘ Access X 3 Access X 1
5 W 23 24 2,7 3,2 2,3 24 2,7 3,2
6
X 516 |7 8 112 (3] 4
7
y 1 2 | 3| 4 1 2 31 4
8
Access X 1 Access X 1
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GMRES Method, Revisited ";if:

® The generalized minimum residual (GMRES) method finds:

min || — Ael|o
eel(A,r)

in the Krylov subspace
Km(A,r) :=span{r, Ar, A*r,..., A™ 1r}
® We form an orthonormal basis of the Krylov subspace
Km :=span{qi,q2,...,qm}
® By applying the modified Gram-Schmidt (MGS) algorithm, we form H,,, and then solve the least

squares (LSQ) problem with H,,

Q: Remember why we use such implementation? We tried to: (1) ease numerical instability; (2) use an

iterative procedure that can stop at any time. However, communication was never considered!
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Data Movement in GMRES

® Analyzing data movement is difficult

A

w=Ag1

B Parallel architectures

B Parallel data layout

A\ 4

B Parallel algorithm

MGS(w7QOaQI7'“7Qi—1) Z:Z—l-l

® SpMV No chance for data reuse

v B Words moved ~ O(m - nnz)

Update q; and H : B Number of messages ~ 0(m)
r<<m

® MGS Iterative procedure

A\ 4

B Words moved ~ O(m? - n)
Solve LSQ Problem

B Number of messages ~ 0(m? - log P)
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Communication-Avoiding GMRES

W = [Aqo, A%qo, - .., A™qo]

\ 4

Q, R] = TSQR(W)

A\ 4

Build H

\ 4

Solve LSQ Problem

® Reorganize the algorithm
B Identical mathematical method (with exact FP)
B Use the matrix powers kernel

B Use QR factorization instead of MGS

® Matrix Powers Kernel
B Words moved ~ 0(nnz)

B Number of messages ~ 0(1)

® TSQR
B Words moved ~ O(m - n)

B Number of messages ~ O(log P)

C.-S. Zhang, AMSS
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" NCMIS

Performance of CA-GMRES

0Matrix cant (FEM cantilever): Relative 2-norm residual (log scale)

— GMRES(60) ® The “easy” implementation of CA-GMRES is not

e ¢ Monomial-GMRES(15,4) Restart=60
10" f|a a Newton-GMRES(15,4) |
< x Monomial-GMRES(20,3)|  GMRES(k,t), k*t=60

g2 |77 Newton-GMRES(20.3) | produce linearly dependent vectors

10

stable because the matrix powers kernel may

® Use the Newton basis (shifted polynomials
based on the eigenvalues of the upper

Hessenberg matrix) proposed by Bai, Hu, and

Relative 2-norm residual (log scale)

Reichel, 1994
W = [(A— MI)qo, ..., I (A — A;T)qo]

200 400 600 800 1000
Iteration count

Source: Marghoob Mohiyuddin, Mark Hoemmen, James Demmel, and Katherine Yelick. Minimizing
communication in sparse matrix solvers. In Proceedings of the Conference on High Performance
Computing Networking, Storage and Analysis (SC 2009).
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Conjugate Gradient Method, Revisited ‘éi%’

SpMV is the most expensive part: more floating-point calculations required and lteration Loop

not cache-friendly (memory-bound)
Sparse Matrix

X Vector

Algorithm 2: Conjugate gradient method

%% Given an initial guess uw and a tolerance g;

T f—Au, pr; Inner Products

while || >e€
a <« (r,1)/(Ap,p);

U <«—u—+ap;

7« r— oAp;
B «— (7,7)/(r,7);
p—7+PBp; Inner Products

Update: u<«u, r« 7, p« p;

© 00 N O ook~ W -

end

[y
(=)

Inner products are expensive for communication: not much computation cost

S : Erin
End L ource:
d oop Carson, PP18

but global all-reduce is necessary (communication-bound)
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Three-Term Recurrence CG s
® Based on the three-term recurrence formulation for residuals M. Hoemmen 2010

ree1 = pe(Tk — YeATE) + (1 — pr)Tr—1

and the residuals are orthogonal to each other, we have This formulation (usually

(T, Tk) known as CG3) does not
A?“k, Tk)

7k=(

involve the conjugate

—1
(1 Yk ("“k, Tk) 1 ) directions. This is desirable
Pk = —
Yk—1 (Tk—la Tk—l) Pk—1 for deriving s-step CG

® We can derive a new recurrence relation algorithms.
Tk+1 = Pr(Tk +YeTk) + (1 — pr)Tr—1

Ref: Y. Saad, “Iterative Methods for Sparse Linear Systems”, SIAM, Philadelphia, Second Ed., 2003
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s-Step CG3 Method

NCMIS

Algorithm 19: s-Step conjugate gradient method

1 |%% Given an initial guess ui1 and a tolerance ¢;

2 |71« f — .Aul;

3 |for k = 0:MaxIter

4 for j = 1:s

5 Wsk+j — ATskt+j; %% P2P communication

6 Wsk+j — (Psk+j,Tsk+j);i %% Test for convergence; All_reduce
7 Vsk+j — (Wsk+j,Tsk+j5)i

8 Vsk+j < ,usk+j/1/sk+j;

9 if sk+j==1

10 Psk+j < 1;

11 else

12 &1 — Ysktj/Vsk+i—17

13 &2 «— Psktj/Psk+i—17

14 psk+j — (1 — E1éa/pskrj—1)"";

15 end

16 Tsk+j+1 < Psk+j(Tskt+j + Vsk+5Tsk+j) + (1 — Psktj)Tsktj—1;
17 Tsk+j+1 < Psk+j (Tsk+j - ’Ysk+jwsk+g‘) + (1 - psk+j)7'sk+j—1;
18 end

19 | end

Outer Loop Source: Erin
Carson, PP18

Compute basis
O(s) SPMVs

O(s?) Inner

Products (one
synchronization)

Inner Loop

Local Vector
Updates (no
comm.)

End Inner Loop

End Outer Loop

Ref: Mark F. Hoemmen, Communication-avoiding Krylov subspace methods, Ph.D. thesis, 2010
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Communication-Avoiding CG

=5

NCMIS

® \We have the recurrence relation for residual

M. Hoemmen 2010

Tsk+j4+1 = Psk+j ("“sk+j - %k+jA7“sk-+j) T (1 — Psk-+j)7“sk+j—1

® Rearrange the terms as follows:

J
A'rsk+j — T'sk+5—1 + T'sk+5 — T'sk+j5+1
Psk+357Ysk+j Psk+jYsk+j Psk+jYsk+j
® Write the recurrence in terms of matrix form:
1— Psk —
T
A['rsk—l—la .o 7'rsk+s:| — ~ Tsk€] T [Tsk+1a s a'rsk—l-s-i—l]Tk
sk Isk

Ry,

where Tk isa (s + 1) Xs tridiagonal matrix in terms of Psk+1, - - -

Ry,

y Psk+sy Vsk+1y+- -y Vsk+s

C.-S. Zhang, AMSS
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From s-Step CG To CA-CG

=5

NCMIS

Use Matrix Powers Kernel to form V,, s

Outer loop

Compute a vector of 2s + 1 entries dgj 4

Compute Usk+jr Vsk+jr Vsk+j and Psk+j

Inner loop (s steps)

Vk = [US/C-I-la ! vsk+s]

{’Usk+i}z.=1:s+1 = span{Tsg+1, ATsk41, -+, A°Tskt1}

is a basis of the Krylov subspace

Wsktj = ATskr1 = [Ri—1, Vi| dsk+;

Update Xgp4j+1 and T4 j+1

® The matrix powers kernel only needs to load the
coefficient matrix once

® |n exact arithmetic, the algorithm produces the
same results as the standard CG

® Further improvement by using an inner product

coalescing kernel Sec 5.4.4, M. Hoemmen 2010

C.-S. Zhang, AMSS
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Pipelined Conjugate Gradient Method ";‘jﬁ'

Algorithm 20: Pipelined conjugate gradient method

1 |%% Given an initial guess u and a tolerance ¢; Iteration LOOp

2 |r—f—Au, p—r;

3|s—Ap, w— Ar, z — Aw;

4 |a«(r,r)/(p,s)i

5 |while |r|>e¢

6 U< u+ap;, e N
1

7 T« 1 —as; |

i ' ; Precond

8 W — w— az; | Inner
1

9 Z— AWw; %% SpMV, asymc ! Products
1

10 B (#7)/(r,r); :

1 7= 7,7 . e T

(w7"n)_(ﬁ/a)(F’F) !

12 p<— 7+ Bp;

13 S—w+pPs;

14 Z<— Z+Bz; %% Results of SpMV needed here!

15 Update: u<« U, 7«7, p<— D, W W, S« 8§, 2« 2;

16 |end Source: Erin

Carson, PP18

Ref: Ghysels, Pieter and Wim Vanroose. “Hiding global synchronization latency in the preconditioned
Conjugate Gradient algorithm.” Parallel Comput. 40 (2014): 224-238.
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Section 4. KSM and Preconditioning Methods



Taking Preconditioning Into Account M=

® Note: Preconditioning might take more time than other parts in practice

® Parallelization must take preconditioning part into account

—a— AMG —a— AMG
. —e— GAMG 320 —o— GAMG
140 1
] 280
120 ]
| 240
® 100 o 1
185 183 200
(6] 5] J
80
;8, ﬁ 160
£ g
= 607 = 120 4
T T
S 40 < 80+
20 40 4
-7 -
0 128 256 384 512 640 768 896 1024 0 128 256 384 512 640 768 896 1024
Number of processing cores Number of processing cores

Source: A stable and scalable hybrid solver for rate-type non-Newtonian fluid models, Y.-J. Lee, W. Leng,
and C.-S. Zhang, Journal of Computational and Applied Mathematics, 300, 103-118 (07/2016).
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Convergence Result of KSM ﬁ “

Theorem 2.43 (Convergence of KSM in Hilbert spaces). Let A : ¥ — ¥ be a symmetric

isomorphism. The minimum residual method satisfies the following estimate:
[ A — u™)] < 26™| A(w — u@)], (2.44)

where 0 < § < 1 only depends on k(.A). Moreover, if A is positive-definite, then the conjugate

gradient method satisfies that

o~ w0 < 26"~ uO (245

where § = (/k(A) —1)/(1/K(A) + 1).

® Q: Can we apply KSM to infinite dimensional problems?

® The above convergence estimates do not depend on dimensionality

C.-S. Zhang, AMSS
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More General Setting for KSM ‘§.¢Ml;

® We consider a more general and more natural setting:

A :V+— W, where V and VW are both separable Hilbert spaces
® Typically, wehave V C W, eg W=V’

® Note: Apparently, KSM cannot be directly applied in this setting anymore!

® Need to construct an isomorphism B : V' +— YV

® Define a Riesz operator

For any given f € V' : (Bf,v)y = (f,v), YweY

® Preconditioned system (B Ay = Bf \S/\(;il:]rtchee:rMNaerzl zagfl

C.-S. Zhang, AMSS 50



Condition Number Analysis ‘gﬁ;

4 )
® Convergence results similar to Theorem 2.43 can be obtained:

(A(u — u™), BA(u — u(m)»l/z < 26™(A(u — u(o))’ BA(u — u(O)))l/Z

X where § depends on k(B.A) only.

® From symm, continuity, and inf-sup condition of a[-,:], we get boundedness of condition number:

(BAu,v)y = (Au,v) = alu,v| = (u, BAv)y, u,veV

BAv,v)y alv, v
|BA||z(v,v) = sup { i vl _ sup | 2] < C,
vEV [v][3; vev ||v|l%
1— . . ||[BAv|y, . (BAv,u)y . alv, u
BA) L =1nf|| = inf su ’ = inf su i > o
1A Nz = 225 Tl = 20500 ol Tl — 2652 Tolly fully

C.-S. Zhang, AMSS 5 1




Second-order Elliptic Problem =5

NCMIS

® Assume the diffusion coefficient is uniformly bounded
wz) e R = cl¢]? <&M u(@)E < ClE?, z€Q, (R
® Consider the linear operator
A H}(Q)—H Q) : (Au,v) =afu,v]:= /Q(p(:c)Vu) -Voudz.
® Define a natural preconditioner

(Bf, U)Hé(ﬂ) = (V(Bf),V'U)O,Q =(f,v) C—» B:=(-A)""

® Uniform convergence

_ C
K(BA) = ||BAl| £(a2 (): 12 () | (BA) ™| £ (a2 ()12 () < -

C.-S. Zhang, AMSS
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Constructing Natural Preconditioners

® Define an appropriate inner product (-, -)v

® Establish the inf-sup condition:

alu, v

sup > allully, YueV

veV ”v”V

® Define the Reisz operator

(Bf,’U)V:(f,’U), YVweV
® The preconditioned system B4 is symmetric with respect to (', ')V and well-conditioned

® Construct a discretization which satisfies the corresponding discrete inf-sup condition

® Define a spectrally equivalent discrete preconditioner

C.-S. Zhang, AMSS
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Preconditioning Techniques

Ori

o SO o S

*T
J“‘
g 8 8 8

& 0w ON
8 8 8 8 o

01.
LU, ILU, SA|, ...

SuE, BRNE, R
B, RPRIF SE—RF
B, IR,

BFERIGE

=T Xk D #FRII5 i

02.

DDM, RAS, FETI-DP, ...
JLARETMIEHT, BES,
ERMRE, A RIERE;
MELAGRBUE RS RIUE.

ERMEE. TR

Block Preconditioners

BiZRiE, BETHRAEEF

A, 38

X a—

==,

oy EHE;
EAMSS, ARRTFEE.

R, B

Chensong Zhang, AMSS
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Domain Decomposition Method éNCM,;

Ql E Q 5
I

( Augm+1) — f
) ug-m+1) u(m)

k ugm+ 1) - 0

( Au:(;n+1) — f
) ugm+l) _ g(.m)

(m+1)
L Uy = 0

Divide and conquer

in Ql,

on I'y,

on 891\I‘1,

in QQ,
on FQ,
on 6QQ\I‘2

How to set boundary conditions for subdomains?

( g™ = 4™ Additive method

(m) _ ugmw'i‘l)

L 9 Multiplicative method

(m+1)

S umg) =] 2
(m+1)

Uy : if z € Q\(s.

if z € QQ;

DDM is widely used in, e.g., parallel computing, solving
multi-physics problems, as well as preconditioners!

C.-S. Zhang, AMSS
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Overlapping DDM for Linear Systems e

{2 ® Form subdomain problems and choose

subdomain solvers

A;:=ITAIL;, B;:= LA 'IF

Qy Q

|
|
|
04 | Qo
|
I
|

-
w

BH

G:={1,2,...,N} grid points

® Apply the DDM idea as a linear solver

(preconditioner)

G = Gy U G U .. U G, subdomain grid points Additive Sch\rllvarz meth,?d
By := ZBz - ZIzAz_llzT
i=1 i=1

Multiplicative Schwarz method

I; € RV*Ni  injection, natural embedding:

— (61) 9 lf k - éz, 1
(Ii’Uz')k = k R
OJ if k€ G\Gz I— BmsA o H(I - BZA)

=7

C.-S. Zhang, AMSS



Convergence of Overlapping DDM ﬁ “

Theorem 2.49 (Effect of DD preconditioner). The condition number of AS domain decompo-

sition method is independent of the mesh size h and satisfies
k(BasA) < CH2(1 4 872),

where H is size of domain partitions, 3H characterizes size of the overlaps, and C' is a constant

independent of mesh sizes.

® Introduce a coarse space V;; C V and a corresponding coarse-level solver, i.e.
mn
— —14T Z —14T
i=1

® The two-level additive Schwarz preconditioner is uniform with respect to subdomain size

K(Basng) s 1+ ,3—1
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Smoothing and CGC in TG DDM X

NCMIS
INITIAL“GUE‘SS Solve the FIRST SUBD. SQLVE Solve the FIRST HALF SOLVED
subproblem subproblem ‘ Q
on the first 1 on the second .. ﬁ ﬁ R A |
subdomain  °* subdomain o J A o
i o v W' | ¢ '
! o o:)\"- . /fk !
h oz T~ /’% -
AFTER SMOOTHING AFTER COARSE GRID CORRECTION
After one : .
Solve the Poisson’s equation iterationof \ " ,
DDMon four | A Af.ter coarse N | & .
using the two-level domain subdomains o - ' grid correction  » o M
: .
decomposition method: ‘ o] ‘ =
-0.01 V -3 g
(Upper) smoothing; e RS v v
(Lower) CGC u"‘&i;;aﬂ,m _— /0,4 s n“d"»;;)\\u \ »074,., 06
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When Is Coarse Approximation Good 25

NCMIS

® Suppose we have fine and coarse finite element solutions: uy € Vi, ug € Vg, Vg CV,
® Galerkin orthogonality: alup — umg,vg] =0, VYvge Vg

® Duality argument assuming full elliptic

regularity

—> lwl2 < Clun — umlo

|:> |lup, — ug|3 = alw,un —ug] = afw — wy,un — wg]

< lw —wall lun — urll 5 Hlwlz |un —ual -

—Aw = up—ug in €,

w = 0 on 0f).

® Difference between fine and coarse approximations

if fine solution is smooth!

lun — urlo < H lun — url|| < H [Jus] - » Coarse solution is a good approximation

C.-S. Zhang, AMSS
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Twogrid Method

® The multigrid V-cycle:

Algorithm (One iteration of multigrid method u; = M G(I, ﬁ ,U1))
@ Pre-smoothing: @ « @ + D, (fi — Avilr).
@ Restriction: 71 < Ry—1(fi — Aiidy).
@ Coarse-grid correction: If ] = 1,71 + Al__llf’l_l; €—1 +— MG - 1,71, 61_1), otherwise.
@ Prolongation: 4; < u; + P—1,€1—1.

@ Post-smoothing: #; < @ + %Dl_l(fl — Aiy).

® Using a relaxation method to reduce smooth error components
® Using a coarse-grid correction (CGC) method to provide a coarse approximation

® Key to success: Make smoother and CGC compensate each other

C.-S. Zhang, AMSS
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