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Contact

Information:

® https://Isec.cc.ac.cn/~zhangcs/include/mg2024.html

® Contact: zhangcs@lsec.cc.ac.cn

® Office hours: By appointment

My sincere gratitude to:

Shizhe Li, Bin Dai, Yan Xie, Li Zhao

C.-S. Zhang, AMSS
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Agenda

NCMIS

@® Part 1: Introduction to linear solvers

@® Part 2: Some classical iterative solvers

@® Part 3: Multilevel iterative solvers

@ Part 4: Theory based on subspace corrections

@ Part 5: Some applications and their solvers

C.-S. Zhang, AMSS



Grades

NCMIS

@® Attendance: 5%

® Homework problems: 25%

@ Final project: 70%

@ Extra points: Find typos in lecture notes and slides

C.-S. Zhang, AMSS



Section 1. Introduction to Linear Solvers



The Third Paradigm of Scientific Discovery
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Why Simulation So Important =Y,

In many situations, we have Simulation Workflow Analysis Workflow

very limited theories nor can Modeling

we do experiments:
Data Analysis

@® Too slow
oo 4 w .
@ Too difficult L Discretization Sensitivity Analysis
. g
@ Too expensive 9
Algebraic Solver Uncertainty Analysis
@ Too dangerous .

Optimization

Simulation # Numerical experiments!

In this lecture, Solver := Algebraic Solver (Solution Methods & Implementations)

C.-S. Zhang, AMSS 6



Wisdoms in Modeling

Make everything
as simple
as possible

but no simpler

[Einstein]
attributed

‘On the Method of Theoretical Physics’, lecture delivered at Oxford, 10 June 1933

C.-S. Zhang, AMSS




Boiling Water =

NCMIS
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Wisdoms in Numerical Simulation ﬁ
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Linear Solution Methods ﬁ

[ Given a large sparse matrix A € RY*¥ and f € RY, find @ € RY such that A7 = f ]

L BTl <IN o I1N | 4l |t is mostly true if you don’t care about performance!

® Large number of unknowns
Sometimes ill-conditioned
PDE-system with multiple physical variables Bl different algebraic properties

o
o
® Linear solution methods are difficult to scale (optimality and parallel scalability)
® Linear solution methods are usually the bottleneck in implicit simulation
® Design goals of linear solvers:

accuracy, convergence, applicability, efficiency, optimality, user-friendliness, robustness,

scalability, reliability, resilience, cost-effectiveness, ...

C.-S. Zhang, AMSS 10



Section 2. Large-scale Linear Systems



Keywords

NCMIS

Large-scale

C.-S. Zhang, AMSS
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Sparse Linear Systems s

strongly connected components of the graph

... most of the coefficients in our matrices N

are zero; i.e., the nonzeros are sparse in

L]

the matrix ... (1950’s)

h!

https://sparse.tamu.edu/Goodwin/Goodwin_010

N Sparse matrix: number of nonzeros (nnz’s) ~ O(N)
| ‘ P ® Typical in numerical PDE, graph, page rank, economy, ...

’ // , ® How to store sparse matrices? Weifeng Liu’s lectures

/

CSR, CSRx, CSC, DIA, ELL, COO, HYB, CSR5, ...

Harry Markowitz, 1989 von Neumann
® How to perform operations on sparse matrices?

Theory Prize winner, 1990 Nobel

/)

13
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Data Structures for Sparse Matrices

CSR
TN
CSC Storage cost
/e B (EERLETE)
DIA !l e s (FBIs0R. HE)
VRIS o /| JEFREE (SoMV. SpGEMM)
E LI_ Computing efficiency 1§1+E *’T II
! ® EREE (JacobifTik. GSHIX)
COO % IIII P ® 'fﬁéﬁ%ﬁ% (LU, ILU, SAI, AMGE?%)
HYB =RST
Suitable for various algorithms
CSR5

C.-S. Zhang, AMSS



Algebraic Systems of Discretizations "Sf:

® Different discretization methods might lead to systems with different properties
B Preserve positive-definiteness and symmetry at discrete level
B Preserve maximum principle at discrete level

B Sparsity pattern will affect numerical performance

Jm = wmm |Jd= a s |Jm ——
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Reordering Sparse Matrices

® Sparse matrices are a lot more difficult to deal with and to analyze

® Use different data structures and optimized lib (Lecture by Weifeng Liu)

® Use different ordering to improve efficiency (depends on what solvers you will use)

9 10| 11| 12 6 9 121 14

10| 13| 15| 16

13| 14| 15( 16

Bandwidth =n BFS [ Cuthill-McKee

Reduce bandwidth?

Locality? [ Cache performance

Stencil computation is better Q: When does this work?

C.-S. Zhang, AMSS
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Various Reordering Schemes

=

NCMIS
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Various Reordering Schemes

NCMIS

Sé)arsity structure of SYMRCM ordered B
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Sparsity 4007
600 1
Patterns
800 r
1000 t i i L L
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Sparsity structure of
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Source: Tested by Bin
Dai using Matlab with
gallery test problems

(poisson and neumann

on 32%X32 grid)

C.-S. Zhang, AMSS
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IC Preconditioning with Reordering

P

NCMIS

% 5: mesh size = 32x32; preconditioner: IC with droptol = 0.1

method Order size | Iteration | relative residual | number: Fill-ins
cg original 1024 84 8.2e-07 \
pcg original 1024 27 7.6e-07 4096
pcg amd-ordered 1024 34 7.1e-06 5692
pcg symamd-ordered | 1024 34 7.3e-07 5676
pcg colamd-ordered | 1024 34 5.2e-07 4320
pcg symrcm-ordered | 1024 27 9.3e-07 4096
pcg dissect-ordered | 1024 37 8.1e-07 0434
pcg colperm-ordered | 1024 26 9.5e-07 4096

® Q: Can reordering improve overall performance? It is not clear at all ...

® Reordering might reduce number of fill-ins, but sometimes could result in more iterations

C.-S. Zhang, AMSS
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Computational Complexity i

I'time marching [l spatial discretization [ linear solver Bl parallelization

Number of Number of Solver
Q: What prevents us nonlinear iterations time steps complexity

from achieving better
performance?

. d k . How can we
Complexity ~ Nypy5q01 XNy XNijmeXCyq (Nspace) '@ achieve this?

Q: Complexity is not / \

wall-time! What else Number of Number of Number of
should we consider for simulation runs spatial DoF processors
real performance? Adaptivity + Fast Nonlinear & Linear Solvers + Parallelization

C.-S. Zhang, AMSS 20



Changes in Large-Scale Computing ‘Sﬁ;

op Ten Exascale

esearch Challenges Applled Mathematics Research

for Exascale Computing

2009-2014: FEZRERITE, DOERLRETIREXERHT,
ul‘u]7)’5’2?@100P/1000P3%23§E|’\J7FE)§JL‘)&*ﬁ?&ﬁﬁ?ﬁﬂéﬂEI’\JE‘I%
2015: RESEEERKIEITTEML (NsCl) BRS, EX
RIFEEEERITRETENZ LRSS, R ERE
Bz

2016: DOEFONNSABEINE{(ZIRITEREKIT)I (ECP), £

REPORT TO THE PRESIDENT
AND CONGRESS
ENSURING LEADERSHIP IN
FEDERALLY FUNDED

E*EH'SIE“Z RESEARCH AND DEVELOPMENT IN %,ﬁﬂl&ﬁt

INFORMATION TECHNOLOGY

ENERGY

Executive Office of the President

President’s Council of Advisors on
Science and Technology

EHEH (R "N AR EA, fEfR2023
FEALNEZRKIS L ETMHIRIZZRITERE

2019: DOEZ] ¥ =RERIBIRWER (S18{ZME 4 A
Z=FE + S18{Z3R A 2 )

Keys: infrastructure, culture, portable, reusable, composable, interoperable, ...

Ll !FAfme )

Us. Depariment Om«'v

cod Scientific Computing Research (ASCR) ADVANCED SCI ENﬂFIC OMPU“NG RESEARCH

@Eusnev

Sponsored by the USS. ont of Energy, Offica of Scance.
Office of Advanc

Source: FE TIEYIIEARIR/ NS 20195 RS
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HPC Top500 List 2024.06

NCMIS

. PRESENTED BY
/ \ 0\.<|SC GROUP

®e L£ACL
500

INNOVATIVE
The List.

Lawrence Berkeley
L GRAGRLR National Laboratory

MAY 2 024 SITE COUNTRY CORES

n Frontier
n Aurora
H =

u Fugaku

LUMI HPE Cray EX235a, AMD Opt 3rd Gen EPYC (64C 2GHz), AMD Instinct MI250X, Slingshot-11

Rmax
PFLOP/S

HPE Cray EX235a, AMD Opt 3rd Gen EPYC (64C 2GHz), AMD Instinct MI250X, Slingshot-11 DOE/SC/ORNL USA 8,699,904 1,206.0
HPE Cray EX - Intel Exascale Compute Blade, Xeon CPU Max 9470 (52C 2.4GHz),

Intel Data Center GPU Max, Slingshot-11 DOE/SC/ANL USA

9,264,128 1,012.0

Microsoft NDv5, Xeon Platinum 8480C (48C 2GHz), NVIDIA H100, NVIDIA Infiniband NDR Microsoft Azure USA 1,123,200 561.2

Fujitsu A64FX (48C, 2.2GHz), Tofu Interconnect D RIKEN R-CCS Japan 7,630,848 442.0

EuroHPC/CSC Finland 2,220,288 379.7

PERFORMANCE DEVELOPMENT

OO
.....
O
OelO=O
.....
""""""""

O
O
ooooooooo

rrrrrr

Source: https://www.top500.org/lists/top500/

Fancy! Just fancy?

A lot of cores!!

Cost a lot of money!!!
Can this trend continue?
Do we need HPC?

Can we use HPC well?
How to use HPC well?
HPL (dense/direct)
HPCG (sparse/iterative)
HPL-AIl (low precision)
Green 500 (energy)

C.-S. Zhang, AMSS




HPCG and Green500 List 2024.06 SEMIS

TOP500 Rmax HPCG TOP500 Rmax Power Energy Efficiency
Rank Rank System Cores (PFlop/s) (TFlop/s) Rank Rank System Cores (PFlop/s) (kW) (GFlops/watts)
1 4 Supercomputer Fugaku - Supercomputer Fugaku, A64FX 7,630,848  442.01 16004.50 1 189 JEDI - BullSequana XH3000, Grace 19.584 450 67 72.733
Hz Tofui D. Fuiit Hopper Superchip 72C 3GHz, NVIDIA
48C 2.2GHz, Tofu interconnect D, Fujitsu GH200 Superchip, Quad-Rail NVIDIA
RIKEN Center for Computational Science InfiniBand NDR200, ParTec/EVIDEN
Japan EuroHPC/FZJ
Germany
2 1 Frontier - HPE Cray EX235a, AMD Optimized 3rd 8,699,904 1,206.00 14054.00 2 128 Isambard-Al phase 1 - HPE Cray 3272 742 17 £8.835
Generation EPYC 64C ZGHZ, AMD Instinct M[ZSOX, EX254n, NVIDIA Grace 72C 3.1GHz,
Slingshot-11, HPE NVIDIA GH200 Superchip, Slingshot-11,
DOE/SC/0ak Ridge National Laboratory HPE
United States UniversitAy of Bristol
United Kingdom
3 2 Aurora - HPE Cray EX - Intel Exascale Compute Blade, 9,264,128 1,012.00 5612.60 3 55 Helios GPU - HPE Cray EX254n, NVIDIA 89,760  19.14 317 66.948
Xeon CPU Max 9470 52C 2.4GHz, Intel Data Center GPU Grace 72C 3.1GHz, NVIDIA GH200
Max, Slingshot-1 1. Intel iufperchtlp. Slingshot-11, HPE
rone
DOE/SC/Argonne National Laboratory P:;land
United States
4 328 Henri - ThinkSystem SR670 V2, Intel 8,288 2.88 A 65.396
4 5 LUMI - HPE Cray EX235a, AMD Optimized 3rd Generation 2,752,704  379.70 4586.95 Xean Platinum 8362 32C 2.56Hz, NVIDIA

H100 80GB PCle, Infiniband HDR, Lenovo

EPYC 64C 2GHz, AMD Instinct MI1250X, Slingshot-11, HPE Flatiron Institute
EuroHPC/CSC United States
Finland
5 71 preAlps - HPE Cray EX254n, NVIDIA 81,600 15.47 240 64.381
5 6 Alps - HPE Cray EX254n, NVIDIA Grace 72C 3.1GHz, 1,305,600  270.00 3671.32 frace 7263, 16Hz WVIDIA GH200
) ) Superchip, Slingshot-11, HPE
NVIDIA GH200 Superchip, Slingshot-11, HPE Swiss National Supercomputing Centre
Swiss National Supercomputing Centre (CSCS) (cscs)
Switzerland Switzerland

https://www.top500.org/lists/hpcg/ https://www.top500.org/lists/green500/

C.-S. Zhang, AMSS



How to Measure Parallel Efficiency 55

NCMIS
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Three Mountains on Parallel Simulation ‘5@'

NCMIS

Amdahl’s Law 1967 e b

WNREBITERD G SHTEIEY10%, BRFHTINELATIEE BSE RS et 3 R CE Al == Fd e DT o
1065 EMELASCINAY!

Gustafson-Barsis’s Law 1988 ’,
WFRSMNARR, —iRFEiTEEREXIIERN EEETN S =Bl €= N I Ed 6=

HEl! FEEEEUH EIE, mASEUY BiE =a]1% 0.9k + 0.1
Gabriel Wittum: HPC Paradox ’,

HMSE T K10fZHIME RS, FEEERIMIKIER10 Bt A= F ISR RFiVar 2l &I LRk = =
fERYa)ER, (BISLRiEE:, YWIRBRMEEZZ I EFEES

Ernn )P HANE )))))) o
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Solver is Crucial to Scalability

L Nasa crp vision 2030 study (2014) o BEEEANMEHIER, RS,
“ o IS R BT S MY B, T ROREERE— AT,
o KSR TEMRAN BRI R EER AT fE— L6 7 PR ) RO B o5 P T 80% LA £

S ERIIEY o SIS R R BRI SRR A i+ R E]
| o BAEIRARNSERERE. LEeH [ © XBEEIHEEHHTHSMBenchmark (41
) ERALMRERIEN

A, )
T (

L 4SETT e HPCEERBIRE, EAREBHELI HPL, HPCGE:
IR

KAFANIR IR E R RIS BRIV O )R
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Room for Performance Improvement ‘ENCMI;

o L < =, R. Feynmann, Nobel prize-winner, 1959

® “There’s plenty of room at the top”, Leiserson, et al., Science 368, 2020

1,000,000,000
The Top
100.000.000 Algorithm trajectory
Technology 01010011 01100011 @ Edmonds and Karp, 1972 (60) P
81181(1)2(1) gﬂgg;gi @ 10,000,000 @ Sleator and Tarjan, 1983 (61) et
01100101 00000000 ® Ahuja, Orlin, and Tarjan, 1989¢62) | ...
1.000.000 ® GoldbergandRao, 1998 (63) et LT
Software Algorithms Hardware architecture - S N T T TS O R
........................................................................................................................................................... < gerans
Opportunity Software performance New algorithms Hardware streamlining E 00—~ =T |
engineering g 51656
......................................................................................................................................................... o I
Examples Removing software bloat New problem domains Processor simplification g """
Tailoring software to New machine models Domain specialization g 000, fm T
hardware features
100
10 SR i
1
The Bottom 1975 1980 1985 1990 1995 2000 2005 2010 2015
for example, semiconductor technology Year

Maximum-flow algorithms
Performance gains after Moore’s law ends. In the post-Moore era, improvements in computing power will

increasingly come from technologies at the “Top” of the computing stack, not from those at the “Bottom’, SOU rce: a rX|v-2203 0067 1V2 | EE E FOCS 2022
. . ?

reversing the historical trend.
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Implementation of Algorithms e

Table 1. Speedups from performance engineering a program that multiplies two 4096-by-4096 matrices. Each version represents a successive
refinement of the original Python code. “Running time” is the running time of the version. “GFLOPS" is the billions of 64-bit floating-point operations per
second that the version executes. “Absolute speedup” is time relative to Python, and “relative speedup,” which we show with an additional digit of precision,
is time relative to the preceding line. “Fraction of peak” is GFLOPS relative to the computer's peak 835 GFLOPS. See Methods for more details.

. . <L . Fraction

Version Implementation Running time (s) GFLOPS Absolute speedup Relative speedup of peak (%)

L e YO s 2000248 . 0.005 A R S 0.00 .

2 e Java 237268 o 0.098 1 fagesml 108 001 .
C ¢ Sa26 0053 | [ 300X gy 003"

4 Parallel loops 69.80 1969 366 7.8 0.24

5 .............................. Para”eldl\/ldeandconquer .............................. 380 ................................ 36180A ..................... 6 '727 .............................................. 1 84 ....................................... 433 .........

6 ... plusvectorization A0 o401 | [ MTAXTos 504 e 1496

7 plus AVX intrinsics 0.41 337812 62,806 2.7 40.45 MKL

Source: There’s plenty of room at the Top:
What will drive computer performance after
Tiling; cache-oblivious divide-and-conquer Moore’s law?

Science 368 (6495), June, 2020

Compiler optimization; loop ordering; parallel loops

Vectorization; AVX intrinsic

http://science.sciencemag.org/content/368/64
Leiserson & Shun, MIT Open Course 6.172 95/eaam9744

C.-S. Zhang, AMSS



Section 3. Solving Large-scale Linear Systems



Solver-Friendly Methods

5

-

NCMIS
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User-Friendly Solvers e
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Thomas Method, A Special Solver

NCMIS

® Thomas method for tri-diagonal systems (IB#EZ%)
bl C1 0 0 0 O

0 as b3 C3
0 O ay b4
0 0 O as
\0 0 0 0

/1 v 0 O
01 v 0
0 a3 by c3
0 0 a4 b4
0 0 0 as
\0 0 0 O

0
Cq
bs

ae

0
0
0
C4
bs

ae

a2b202000

0

(1)

1)

r3

o)

T4
\re/
/Pl\

P2
r3
T4

\ro/

)

GE for tridiagonal matrix

L 71 0 0 0 0)
a9 b2 Co 0 0 O
0 as 1)3 C3 0 O
0 O a4 b4 Cq 0

0 0 0 ag bs c
\0 0 0 0 a by

(

s

10000\
v 0 0 0
1’)’300

1
0
0
0 0 1 v O
0

o OO

(21
Z2
I3
T4
Is

001’)’5
\000001

\xa/
( il\

) \eo)

Source: W. T. Lee @ http://www.industrial-maths.com/ms6021_thomas.pdf

(Pl\

\re/
/Pl\

P2

P4

o/
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FFT-based Method, Another Special Solver oz

® FFT-based fast Poisson solver ® Nearly optimal: O(logn)

~Bu(x,y) = f(x,y) FFT, — (& +K)ilks,ky) = flke k)~ Pereridpointwithn
being the number of grid

Apply 2D inverse FFT to ii(ky, k,) to obtain u(x,y)

points in each direction

Table: Kernel time (seconds) in 2D case ® Limited applicability: only
DOF | FFTW | FMG(1,2) | CUFFT | FMG(1,2) works for some special
IM 0.260 0.108 0.0110 0.0088 partial differential
4M | 2.020 0.452 0.0408 0.0257 sopEiians Sl ST
16M | 6.650 1.830 0.1364 0.0917 orids

Source: Feng, C., Shu, S., Xu, J., & Zhang, C. (2014). Numerical Study of Geometric Multigrid Methods
on CPU-GPU Heterogeneous Computers. Advances in Applied Mathematics and Mechanics, 6(1), 1-23.
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Solving Sparse Linear Systems e

® Solve a large-scale sparse linear equation: Ax = b

® Given an initial guess x. Then define the residualas 7 := b — Ax
e Solve the error equation and correct the initial guess Ae = r — = +e

® Apply the classical Richardson iteration:
2

A (A) + A, (A)

' =z + a(b— Az) o=

® Convergence of error:

An_A —
v —a® = (I -ad)(z. —z*) @ |z, —2®) < () les -2
n 1

® Suppose the initial guess is x(9 = 0. Then we have

z® = (I —(I- aA)k)A‘lb — pe_1(A)b ~ A b
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Iterative Methods ﬁ

® A very long history: Newton, Euler, Guass, ...
® Linear: Gauss-Seidel, SOR, Krylov subspace methods, domain decomposition, multigrid, ...
® Nonlinear: Steepest descent method, Newton’s method, power iteration, inverse iteration, ...

® Available for a large class of problems, cheap ( in terms of computation and memory) to apply

_ 1
min f(x) := §(Aa:,zc) — (b, x) ‘ "V = 2° 4+ ad Steepest
Descent
SPD Method

_ Optimal step-size
Richardson

method

. (b— AxOldad) . ("”Oldad) . old . old L oldy __ _old
Qlopt = (Ad, d) = (Ad,d)’ with 7% :=b — Ax dsteep = —V f(2°°) =1
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General Iterative Linear Solvers

Algorithm 1: Iterative solver

1 |%% Given a nonsingular matrix AeR™"™, beR", and an initial guess zg € R";
2 |[for ¢ = 0 : MaxIter or converged

3 Compute 7; «— b — Ax;;

4 Solve the error equation Ae; =r; approximately;

5 Update z;4+1 «— x; + €;;

6 | end

® (Q: How toimplement Line 4 in practice? Still the same problem!

® Simple approximations: Jacobi, weighted Jacobi, block Jacobi, Gauss-Seidel, SOR, ...

® Use the same method for Line 4 [ Linear stationary methods

® Line 4 alone @ Preconditioner

® |[terative refinement (IR) methods
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Simple Iterative Methods

1.0

0.9
0.8
0.7
0.6
0.5 |
0.4
0.3

i Gauss-Seidel.

O I I i i i i i i i i i i i i

Residual Contraction Factor

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Number of Iterations

® Simple iterative methods usually slow down
after a few iterations (relaxation stage)
® Local relaxation methods have smoothing

properties but cannot deal with global error
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Fast Poisson Solvers on CPUs

Y o

" NCMIS

MFEE 5 64x64x64 128x128x128 | 256x256x256 | 512x512x512
|B)RRRNR

BENE 274,625 2,146,689 16,974,593 135,005,697
HmEEEE | TTEZE 8x1 16x1 | 32x1 16x8 16x64 16x512
Intel MKL Pardiso

— =] — S| . .

ItRER=ER KEZET|E] 5.38s | 3.86s | 3.26s 59.78s 999.46s REAE
JUAIZEMIEE | ITEIZEL 1x1 1x1 1x1 1x1
FASPKFRERER{
/N £ == . .
NAEICAR N EZET|E] 0.030s 0.303s 2.815s 23.54s

=HEpPoissonFTE (WM LRESIEIN) LSRRI LSS, BB APardiso (ILRBR=EE) F/UIZEMIS
JAFASP (SEICAHEMN) : ZFEE00HTEEL, 20205, tEER=ITEFOARD X EALinpackilliz{t48E3.74PFlops, JKFREHPC
TOP100FEEE = MIBHACPUE NS —45. BT AEFEEAMD EPYC74523t6442(')256GBATE,
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Fast Poisson Solvers on GPUs

NCMIS

#DOFs FMG(1,1) L2 Error FMG(3,3) L2 Error FMG(5,5) L2 Error

10242 1M | 1.955e-2s 2.618e-6 2.316e-2s 1.790e-7 2.711e-2s 2.541e-7
20482 AM | 2.288e-2s 6.766e-7 2.762e-2 s 4.479e-8 3.410e-2 s 6.356e-8
40967 16M | 3.311le-2s 1.735e-7 3.987e-2's 1.120e-8 4.956e-2 s 1.589e-8
81922 64M | 5.76le-2s 4.421e-8 7.958e-2 s 2.801e-9 1.027e-1s 3.974e-9
163842 256M | 1.346e-1s 1.122e-8 2.073e-1s  7.002e-10 2.831e-1s  9.905e-10

FMG(1,1) L2 Error FMG(3,3) L2 Error FMG(5,5) L2 Error

643 0.26M | 1.139e-2s 2.685e-3 1.310e-2 s 1.608e-4 1.749e-2 s 5.462e-5
1283 2M | 1.325e-2s 1.032e-3 4.531e-2s 4.394e-5 1.871e-2s 1.488e-5
2563 16M | 1.751e-2s 3.803e-4 2.605e-2 s 1.145e-5 3.837e-2s 3.844e-6
5123 128M | 5.531e-2s 1.364e-4 9.658e-2 s 2.917e-6 1.294e-1s 9.737e-7
10243 1024M | 3.792e-15s 4.805e-5 7.153e-15s 7.358e-7 1.003e+0s 2.447e-7

Poisson 512 (BWAMRENSTET,) BRI ESEXIEL, CPU: Intel Xeon8358, GPU: NVIDIA A100 (BKHAZS, 2024.07)
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Direct Solvers vs Iterative Solvers éNCMI;

Direct solvers < lterative solvers Direct solvers > Iterative solvers

® Optimality: optimal complexity is possible, ® Speed: optimal algorithm might not be the

O(N) operations fastest algorithm
® Effectiveness: adjustable accuracy with good ® Problem-dependence: require different
initial guess in practice methods for different problems
® Efficiency: matrix-free operations can be ® Implementation: difficult if not impossible to
used in some applications make a general-purpose package
® Applicability: singular or nearly-singular ® Multiple RHS: same coefficient matrix (or

problems can be solved efficiently local updates) and many right-hand sides

® Robustness: biggest difference in practice
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Method of Choice ‘ﬁ%

lain Duff: “Real men use direct methods”
Use direct methods whenever possible (only for moderate-size problems)

Achi Brandt: “The optimal method might not be the fastest”

The Method of Choice

®
®
®
® Standard Krylov subspace methods work fine, but don’t count on them
® Matrix-free implementation is preferred when applicable

®

Take-home: Think about your solution method as early as possible

- EREE

BFAHRGE =T XINSHERIAE SEFYIENGE

»
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