
|w Fourier eu
1 Z(N) �! Fourier .%$n? Z 
�J�~�K& N Æ70KJ��70/� z ��! N jatg �� zN = 1.tl��A N T�#1℄�!C=Æ

Z(N) := {1, e2πi/N , e2πi2/N , . . . , e2πi(N−1)/N}.<���9 ζ = e2πi/N �tl ζk v���A! N T�#1��94L�Z(N) Æ70 Abelian~�zF�!/�!�+�70N�!7ÆÆ~ Z(N) �3B Z/NZ �$n? W < V .�
�&;G Z/NZ < Z(N) �!/O;�℄M�$n*G[Æ&;G Z(N) �!/O;�℄M V . (B f, g ∈ V , $n&;zuB!
(f, g) =

1

N

N−1∑

k=0

f(k)g(k).$n�([Æ N 0;� e0, . . . , eN−1

eℓ(k) = ζℓk = e2πiℓk/Nzk 1.1 ;�\ {e0, . . . , eN−1} ÆKS!�
	��
(eℓ, eℓ) = 1, (em, eℓ) = 0,m 6= ℓ.tl��9Z� e0, . . . , eN−1 Æ V !70A$�(B f ∈ V �$n&; f !% n 0 Fourier&�!

an = (f, en) =
1

N

N−1∑

j=0

f(j)e−2πijn/N .tl�$nA
k 1 �9 f Æ Z(N) �!70;��tl
f(k) =

N−1∑

n=0

ane2πink/N .
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� �
N−1∑

n=0

|an|
2 =

1

N

N−1∑

k=0

|f(k)|2.

2 ^� Fourier �?K& N Æ5&!�$n�Q ωN := e−2πi/N �K�$nM� f(0), . . . , f(N − 1) ��9$n? aN
k (f) 
� f !% k 0 Fourier &��tl�1Y&;

aN
k (f) =

1

N

N−1∑

r=0

f(r)ωkr
N .tl�G��A! Fourier &��E aN

k (f), k = 0, . . . , N −1 ��3!F��� ≤ 2N2 +N �tl�$nvR#H0F���j�
k 2 K� ωN = e−2πi/N < N = 2n �\8?P)
4 · 2nn = 4N log2(N) = O(N log N)�F��G�70;�G Z(N) �! Fourier &��$n? T (M) 	HG�G Z(M) �;� f ! Fourier &��3!^.F����tl�'o=`ÆLp��&`!6O
T�zk 2.1

T (2M) ≤ 2T (M) + 8M.AB�o!=`�$n*G\8Lp&` 2 ��(�94L� n = 1 �&`�b�K&&`�b� N = 2n−1 �tl T (N) ≤ 4 · 2n−1(n − 1) �tl�1Y��=`�
T (2N) ≤ 2 · 4 · 2n−1(n − 1) + 8 · 2n−1 = 4 · 2nn.

3 A+ Abelian ~�! Fourier .%
Abelian n Æ70C= G Dz�!70*DF� (a, b) 7→ a · b �k['o!�P�

(i) .xh�(B�A! a, b, c ∈ G, a · (b · c) = (a · b) · c �
(ii) �#D��G70D� u ∈ G(��0` 1 � 0) �
 a · u = u · a = a (�A!

a ∈ G �b�
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(iii) wD�(m70 a ∈ G ��G70D� a−1 ∈ G �
 a · a−1 = a−1 · a = u �
(iv) S?i�(B a, b ∈ G �$nA a · b = b · a �
Abelian ~!aY�
1. 	�C=C��!J+F���#D! 0 � x !wD! −x ��A!K	�C=<	X!�+��#D! 1 � x !wD! 1/x �
2. �AJ�!C= Z C��!J+F���Æ Z \ {0} G�+F�'�Æ70 Abelian~�
3.Z(N) C��!/��+F��
4. Z∗(q) !D�!A�+wD!J��Gq q !:;'��z~F�!q q !�+�$n�d0 Abelian ~ G < H Æ rq !��9�G70>� f : G → H {k[2R�

f(a · b) = f(a) · f(b).�9�G70� G � H !�����tl$n� G < H Æ rh !�H` G ≈ H �"L!�� G < H Æ�3!��9�Gf 70��>� f̃ : H → G 
 (�A! a ∈ G <
b ∈ H

(f̃ ◦ f)(a) = a, (f ◦ f̃)(b) = b.'o�$nU56WA+ Abelian ~�$n? |G| 
�~ G uD��s�� |G| !~ G!T�a�� Z(N) !T! N �K� G1, G2 Æd0A+ Abelian ~��n! ~iG1 × G2ÆA�'D�℄�!~ (g1, g2), g1 ∈ G1, g2 ∈ G2 �zF�&;!
(g1, g2) · (g

′

1, g
′

2) = (g1 · g
′

1, g2 · g
′

2).tl�NB!&;v4�8�)0|1�
G1 × G2 × · · · × Gn.A+ Abelian ~!._&`��oyf{v Abelian nrh}yfxps Z(N1) × Z(N2) × · · · × Z(Nn) bn�$n'oN�!W�70A+ Abelian ~�K& q Æ70KJ��p)!�$nvG

Z(q) := {0, 1, . . . , q − 1}
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S&;�+�70J� n ∈ Z(q) ��! unit �9�G70J� m ∈ Z(q) 
 
nm ≡ 1 mod q.$nQ Z(q) S�A! units ℄�!C=	H! Z∗(q) �p)!� Z∗(q) Gq q �+F�'Æ70 Abelian ~�l�G Z(4) = {0, 1, 2, 3} S! units Æ
Z∗(4) = {1, 3}.

Z(5) = {0, 1, 2, 3, 4} S! units Æ
Z∗(5) = {1, 2, 3, 4}.

Z(8) = {0, 1, 2, 3, 4, 5, 6, 7} S! units Æ
Z∗(8) = {1, 3, 5, 7}.

4 �I	g G Æ70A+ Abelian ~� S1 Æ/yo�!�#E�~ G �!�I	Æ70/O;�
e : G → S1 k['o!�P�(�A a, b ∈ G

e(a · b) = e(a)e(b).70y,!�I	Æ e(a) = 1 (�A! a ∈ G ��9 G Æ70A+ Abelian ~�$n? Ĝ
� G �!�A�I	�
	��H0C=I�e Abelian ~!U3�zk 4.1 G'o!F�'�
(e1 · e2)(a) = e1(a)e2(a), ∀a ∈ G.C= Ĝ Æ70 Abelian ~�$n� Ĝ Æ G ! dmn.l��9 G = Z(N),G !�A!�I	!�'1��
eℓ(k) = e2πiℓk/N , 0 ≤ ℓ ≤ N − 1.� � ˆZ(N) C Z(N) �3�

4



l�R �!�I	!�'1�
eξ(x) = e2πiξx, ξ ∈ R.l�<! exp : R → R+ Æ70�3>��tl�$n��oaY\�� R+ �!�I	Æ eξ(x) = x2πiξ = e2πiξ log x.zk 4.2 g G Æ70A+ Abelian ~� e : G → C \ {0} Æ70�+;��E e(a · b) =

e(a) · e(b) (�A! a, b ∈ G �tl� e Æ70�I	�
5 KS6
g V 
�&;GA+ Agelian ~ G �!/O;�℄M�W:� V !"�Æ |G| �$n&;
V �! Hermitian uB!

(f, g) =
1

|G|

∑

a∈G

f(a)g(a), f, g ∈ V.
k 3 G !�I	1�e70KS\�H0&`!Lp35VV'o!=`�zk 5.1 �9 e Æ~ G !-y,�I	�tl
∑

a∈G

e(a) = 0.���&`$nZ����!�I	Æ,2'b!�<! V !"�Æ |G| �$nZ� |Ĝ| ≤ |G|�'o$n5_!
|Æ)� |Ĝ| = |G| �
k 4 A+ Abelian ~ G !�I	1�e G �;�℄M!70A$�
6 Plancherel 2�K& G Æ70A+ Abelian ~� f ÆG G �!70;�� e Æ G !70�I	�tl�$n&; f -(B e ! Fourier &�!

f̂(e) = (f, e) =
1

|G|

∑

a∈G

f(a)e(a),
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tl f ! Fourier F�!
f ∼

∑

e∈Ĝ

f̂(e)e.<!�I	1�e70A�$nA
f =

∑

e∈Ĝ

cee(r/�� ce ��:�I	!KS2�$nA
(f, e) = ce.<�� f }	"B�! Fourier F��6XÆ

f =
∑

e∈Ĝ

f̂(e)e.tl�$nZU$n!U9�'�
k 5 g G Æ70A+ Abelian ~� G !�I	1�e V !70KSA$���!�
G �!�:;� f "B�! Fourier F�

f =
∑

e∈Ĝ

f̂(e)e.^>�$nW�A+ Abelian ~�! Parseval-Plancherel 2��
k 6 �9 f Æ G �!70;��tl
‖f‖2 =

∑

e∈Ĝ

|f̂(e)|2.
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