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1 Lagrange interpolation formula

A very general question in applied mathematics is how to reconstruct a function
from incomplete information about it. Suppose y = f(x) is a function about x
and we know the value f(x) at n + 1 distinct points x0, . . . , xn, i.e.,

yi = f(xi), i = 0, . . . , n.

Polynomial interpolation is to find a polynomial p so that

p(xi) = f(xi) i = 0, . . . , n.

Suppose that p is a polynomial with degree m

p(x) = a0 + a1x + · · ·+ amxm, am 6= 0.

The polynomial interpolation is to find a0, . . . , am so that

p(xi) = f(xi) i = 0, . . . , n. (1.1)

It is equivalent to solve the following linear equations:

a0 + a1x0 + a2x
2
0 + · · ·+ amxn

0 = y0

a0 + a1x1 + a2x
2
1 + · · ·+ amxn

1 = y1 (1.2)
...

a0 + a1xn + a2x
2
n + · · ·+ amxn

n = yn.

When n = m, the linear equations (1.2) is solvable. If we can find a polynomial
`i with degree n satisfying

`i(xi) = 1 and `i(xj) = 0, i 6= j

then the polynomial

p(x) =
n∑

i=0

yi`i(x).
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satisfy (1.1).
In fact

`i(x) =
(x− x0) · · · (x− xi−1)(x− xi+1) · · · (x− xn)

(xi − x0) · · · (xi − xi−1)(xi − xi+1) · · · (xi − xn)
.

Denote ω(x) = (x− x0) · · · (x− xn). Then, `i can be written as

`i(x) =
ω(x)

(x− xi)ω′(xi)
.

Then

p(x) =
n∑

i=0

yi
ω(x)

(x− xi)ω′(xi)

Example 1.1. Suppose f(−1) = 2, f(1) = 1 and f(2) = 1. Calculation the
Lagrange interpolation formula.

2 Newton interpolation formula

We hope that write the interpolation polynomial pn(x) in the form of

pn(x) = a0 + a1(x− x0) + · · ·+ an(x− x0) · · · (x− xn−1).

By the calculation, we have

pn(x) = f(x0) + f(x0, x1)(x− x0) + · · ·+ f(x0, . . . , xn)(x− x0) · · · (x− xn−1).

Here, f(x0, . . . , xi) is called as i-order divided difference and is defined as

f(x0, x1, . . . , xi) =
f(x1, . . . , xi)− f(x0, . . . , xi−1)

xi − x0
.

We first introduce some properties about divide difference:
1. (λ · f)(x0, . . . , xn) = λ · f(x0, . . . , xn).
2. (f + g)(x0, . . . , xn) = f(x0, . . . , xn) + g(x0, . . . , xn).
3.

lim
(x0,...,xn)→(ξ,...,ξ)

f(x0, . . . , xn) =
f (n)(ξ)

n!
.

4. f(x0, . . . , xn) is a symmetric function about x0, . . . , xn.
5.

f(x0, . . . , xn) =
n∑

j=0

f(xj)∏
k 6=j(xj − xk)

.

6.

(f ·g)(x0, x1, . . . , xn) = f(x0)g(x0, x1, . . . , xn)+f(x0, x1)g(x1, . . . , xn)+· · ·+f(x0, . . . , xn)g(xn).

Research Problems:
1. Does the property f(x0, . . . , xn) = h(x0 + · · · + xn) for n ≥ 2 and h a

given function guarantee that f is a polynomial of degree ≤ n? (n=2, [1] ; n=3
[2])

2. Extend Leibniz rule and chain rule in calculus to the divide difference.
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3 Error bound of the polynomial interpolation

Theorem 3.1. Suppose the nodes x0, . . . , xn ∈ [a, b] and f ∈ Cn+1[a, b]. The
for any x ∈ [a, b], there is a ξ ∈ (a, b) so that

E(f ;x) := f(x)− pn(x) =
ω(x)

(n + 1)!
f (n+1)(ξ),

where ω(x) = (x− x0)(x− x1) · · · (x− xn).

We also can use other methods to estimate the error bound. Let [a, b] is
a finite interval and m ∈ Z. If f, f (1), . . . , f (m−1) are continuous on [a, b] and
f (m) is piecewise continuous and |f (m)(x)| ≤ Mm, x ∈ [a, b], then we say f ∈
Wm(Mm; a, b).

Now we consider
E(f ;α) := f(α− pn(α)).

We suppose [a, b] is an interval which contains α, x0, . . . , xn.

Theorem 3.2. Suppose m ∈ Z and 1 ≤ m ≤ n + 1. When f ∈ Wm(Mm; a, b),
there is a function

Km(t) =
1

(m− 1)!
E((x− t)m−1

+ ;α),

so that

E(f ;α) =
∫ b

a

Km(t)f (m)(t)dt.
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