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1 Weierstrass Approximation Theorem

Theorem 1.1. (The Weierstrass Approzimation Theorem) Let f € Cla,b]. For
any € > 0 there is a polynomial P so that

max |[P() — f(2)] < e

The proof is based on Bernstein’s method: constructing

P(z) = Z

k=0

F(k/n) (Z) 2k (1 — z)n k.

n

Remark 1.1. The bases By i (z) := (})a*(1—z)"~* is widely used in the Bézier
curve.

2 Approximation By Convolution

What is Weierstrass’s way to prove the theorem? He uses the approximation
by convolution. For two functions defined on R, their convolution is defined
formally by the equation

U*mm>=(4f@mm—yMy

Theorem 2.1. If f and g belong to L*(R), then so does f x g, and ||f * g|l1 <
£l llgll-

Exercise 2.1.
frg=gx*f (fxg)xh=fx(gxh).

A Dirac sequence is a sequence of functions K,,, which satisfies the following
conditions:



1. K,, > 0 for all n.
2. [ Kn(x)dz =1 for all n.

3. For every € > 0 and § > 0, there is a ng , such that for all n > ng we have

K, (z)dr < e.
|z|>6

Theorem 2.2. For each bounded function f in C(R), we have { K, f} uniform

converges to f on compact sets in R.

Now, we can use Theorem 2.2 to prove Weierstrass Approximation Theorem.
We define the Laudau sequence as follows:

imply Weiersstrass Theorem:
1. {K,} is a dirac sequence

2. K, * f is a polynomial.

3 Fourier Series

1 —.’E2 n
Ku(o) = {gn(l )

¢y, 18 a constant chosen so that fR K,

—-1<x<1
x| > 1

(x)dx = 1. Then the following two facts

In this section, we shall consider the function f with period 27. Similar with
the definition of Dirac sequence on R, we can define the Dirac sequence on the

interval |7, —].

We define Dirichlet kernel

1 n
D, = 7 Z exp(ikx).

Then

k=—n

Stgni=Dpxf= Z c exp(ikz),

where

Cp = —
2w

Then D,, is not a Dirac sequence.
We set

1
K, = —(Dg+ -
n

k=—n

exp(—ikt) f(t)dt.

+ Dn—1)~



A simple calculation to show

Ko(z) = Lsin2(naj/2)
" 2mn sin®(z/2)

Then {K,} is a Dirac sequence. Then we have

Theorem 3.1 (Fejer-Cesaro Theorem). If f is a continuous function with pe-
riod 27, then

1
g(Sf’O +-- 4+ Stn-1)
converges uniformly to f on compact sets in R.

4 Heat kernel on the real line

A Dirac family is a set of functions Ky(-) : t > 0, which satisfies the following
conditions:

1. K; >0forallt>0.
2. [ Ki(x)de =1 for all t > 0.

3. For every € > 0 and § > 0, there is a 0 < tg , such that for all 0 < ¢ < ¢,
we have

K(z)dr < e.

|| =6

Theorem 4.1. For each bounded function f in C(R), we have {K;* f} uniform
converges to f on compact sets in R with t — 0.

For t > 0, set

1

Ki(z) := K(t,z) := W

exp(—x?/4t).

Then {K;} is a Dirac family. The function (¢,2) — K(t,x) is called as heat
kernel on R.
We now consider the heat operator. We define H on Rt x R as

o\> o
Ht,;v - _<8m) +%

Theorem 4.2. The heat kernel K satisfy the heat equation, i.e., HK = 0.
Corollary 4.1. Suppose f is a bounded function in C(R). Set
F(t,x) = (K;* f)(x).

Then HF =0, i.e., F satisfies the heat equation.



5 Heat kernel on the circle

We will consider the periodic function satisfying the heat equation. We would
like to find a Dirac family {K;(-)} satisfying

Ki(z+2m) = Ki(x)
and the following three conditions:
1. For all ¢t > 0, we have K; > 0.
2. For all t > 0, fOQﬂ Ky(z)dz = 1.

3. For every € > 0 and § > 0, there is a 0 < ¢y , such that for all 0 < ¢ < ¢,
we have
/ K (z)dz < e.
o<|z|<m

4. HK = 0.

We define
KS(t,z) = Y K(t,x+ 2nm).
nez

Theorem 5.1. K?° is a periodic function Dirac family, which satisfies the heat
equation

HKS = 0.



