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Abstract

By using the Onsager principle as an approximation tool, we give a novel deriva-
tion for the moving finite element method for gradient flow equations. We show that
the discretized problem has the same energy dissipation structure as the continuous
one. This enables us to do numerical analysis for the stationary solution of a nonlinear
reaction diffusion equation using the approximation theory of free-knot piecewise poly-
nomials. We show that under certain conditions the solution obtained by the moving
finite element method converges to a local minimizer of the total energy when time goes
to infinity. The global minimizer, once it is detected by the discrete scheme, approxi-
mates the continuous stationary solution in optimal order. Numerical examples for a
linear diffusion equation and a nonlinear Allen-Cahn equation are given to verify the
analytical results.

1 Introduction

The moving finite element method(MFEM) was first developed in [28, 27] about forty years
ago. It is a typical r-type adaptive method[17, 7, 22, 34, 6], where the mesh vertexes are
relocated without changing the mesh topology. In the MFEM, the mesh relocation is done
by solving a dynamic equation for the vertexes coupled with the original partial differential
equations. No interpolation is needed in the method since the mesh is continuous with
time. The MFEM has arisen considerable interest and has been further developed in several
directions(c.f [1, 16, 8, 36, 2, 3] among many others).

However, like all other r-adaptive methods, the theoretical analysis for the MFEM is
far from being complete. The first error analysis for MFEM was done by Dupont [16],
where he proved the optimal convergence of the method for a linear convection diffusion
equation when the solution is smooth. This is not enough since we are more interested
in non-smooth solutions for adaptive methods. Later on, Jimack proved the locally opti-
mal approximation for the stationary solution of a linear parabolic equation without the
smoothness assumption[19, 20, 21|. In this study, we aim to do analysis for a nonlinear
gradient flow system by using the Onsager variational principle as an approximation tool.
Recently, a similar energetic variational approach is used to develop interesting Lagrangian
schemes for some gradient flow systems [9, 24, 23].
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The Onsager variational principle is a fundamental principle for irreversible thermody-
namic processes in statistical physics[29, 30, 14]. It has be used to model many dissipative
physical systems[13, 14], such as the Stokes equation in hydrodynamics, the Ericksen-Leslie
equation in liquid crystal, and the GNBC boundary condition for moving contact lines[33],
etc. Recently, the Onsager principle has been used as an approximation tool for many
problems in two-phase flows and in material science[15, 37, 12, 26, 38, 18]. In particular, it
has been used to derive an efficient numerical method for wetting dynamics[25].

In this work, we first give a new derivation of the MFEM for a gradient flow system by
using the Onsager principle as an approximation tool. The key idea is to approximate the
system in a nonlinear approximation space of free-knot piecewise polynomials[10]. Both the
mesh vertexes and the nodal values of the finite element function are regarded as unknowns.
We derive a system of ordinary differential equations(ODEs) for them. The ODE system
coincides with the discrete equation of the MFEM, which has been derived in a totally
different way in [28]. Here we do not need to compute the multiply of a Dirac measure
and a discontinuous function, so that the “mollification” technique or any other formally
calculation is not needed. Furthermore, our derivation shows that the discretized problem
has the same energy dissipation structure of the continuous system. This makes us to prove
the energy decay property of the discrete problem easily.

Based on the variational formula, we do error analyse for the MFEM for a stationary
solution of the gradient flow system. The analysis can be regarded as a generalization of
the results in [20] to nonlinear equations. We show that the MFEM gives locally best
approximations to the energy. When a global minimizer is detected, an optimal error
estimate is proved using the nonlinear approximation theory. Numerical examples show that
the optimal convergence can be obtained for a linear diffusion equation and for stationary
solutions of a nonlinear Allan-Cahn equation. In this paper, we mainly consider the one
dimensional problem. All the results can be generalized to higher dimensional cases directly.

The structure of the paper is as follows. In section 2, we introduce the Onsager vari-
ational principle and show that it can be used to derive the partial differential equation
model for a gradient flow system. In Section 3, we derive the MFEM by using the Onsager
principle as an approximation tool. In Section 4, we do error analysis for the stationary
solution of a nonlinear reaction diffusion equation. Some numerical examples are illustrated
to verify the analytical results in the last section.

2 The Onsager variational principle for a gradient flow sys-
tem

2.1 The Onsager principle

Suppose a physical system is described by a time dependent function u. For simplicity, we
denote by 4 = %—? the time derivative of u. For a dissipated system, the evolution of u can
dissipate energy. The dissipation function is defined as half of the total energy dissipated
with respect to the flux u(c.f. [14]). For a simple gradient flow system, we assume the
dissipation function is

a(i) = 1l (1)

where £ is a positive friction coefficient determined by the dissipation processes of a physical
system and || - || is a L? norm.



Suppose that the free energy of the system is given by a functional £(u). For given u,
the rate of change of the total energy is calculated by

Euri) = (51 2)

Then a Rayleighian (functional) is defined as
R(u; i) = ®(i) + & (u; ). (3)

With these definitions, the Onsager principle can be stated as follows([14]). For any
given u at the present time, the time derivative % is obtained by minimizing the Rayleighian
among its all possible choices. In other words, the evolution equation of u is determined by
minimizing the Rayleighian R (u, ) with respect to 1, i.e.

Eaei\l/l R(u, ). (4)

Here V is the admissible space of . Since the Rayleighian is a quadratic form with respect
to u, the problem (4) is equivalent to its Euler-Lagrange equation

. 0&(u
e =~y wev, o)
or in a simple form,
0& (u)
= — ) 6
o=~ ()
In physics, the equation indicates a balance between the friction force —&4 and the general

driven force 55(5—57). The equation (6) can be simply rewritten as a gradient flow equation,

du  _16E(u)
ot ¢ ou (™)

It is easy to see that the solution u of Equation (5)(or (7)) satisfies the following energy
decay property

d€(u)
<0.
a =0 (8)
Actually, by setting ¢ = %1; in (5), we have
¢  0E(u) Ou u .
ac _ ou,  Ou, .
=5 gy = €l 5l = —29(@) <o. .

The rate of decreasing of the total energy is equal to twice of the dissipation function.

2.2 The model problem

For simplicity in presentations, we mainly consider a specific gradient flow system in this
paper, which corresponds to a (nonlinear) reaction diffusion equation.
Denote by €2 a domain in R™. Suppose the energy functional is given by

E(u,Vu) = /Q %(Vu)2 + F(x,u)dz, (10)



where o > 0 is the diffusion coefficient and F(x,u) is a function with respect to x and w.
We assume that u € H}(Q) and @ € L*(Q). The dissipation function is given by

d(i) = 5/ w?dz, (11)
2 Jo
with a positive friction coefficient £. Then the Rayleighian is calculated as
Ru,0) = ®(i) + € = g/ wida +/ aVu - Vi + 0, F(z,u)udz. (12)
Q Q

We minimize R with respect to .
By integral by part, R is rewritten as

R(u, ) = g/ widx + / [—aAu + 0, F (z,u)]udx.
Q Q
The corresponding Euler-Langrange equation of (12) is

O — Y Au+ 1f(ac,u) =0, (13)
£ 3
where f(z,u) = 0,F(x,u). It is a quasi-linear reaction diffusion equation. Some typical
examples include the linear diffusion equation(when F' = 0) and the Allen-Cahn equa-
tion(when F' is a double-well function), etc.
In general, we assume that f(x,u) is Liptchitz continuous with respect to u, i.e.

|f(z,v) — f(z,w)| < Lolv — w|, Yo, w, (14)

for some constant Ly > 0. Under this condition and some assumption on the domain §2,
the equation (13) has a unique solution (c.f. Theorem 5.1 in [31]).

3 Derivation of the moving finite element method by the
Onsager Principle

The Onsager principle can be used to derive numerical methods for the model problem (13).
The idea is as follows. We choose a finite dimensional subspace V}, of H}(£2). For a time de-
pendent function uy(t, z) € Vj,, we can compute the energy functional £(uy) and the dissipa-
tion function ®(iy,). By minimizing the discrete Rayleighian R (up; i) == E(up; i)+ (i)
with respect to up, we obtain a dynamic equation for wy(t,x), which is a (semi-)discrete
problem for (13). For example, if we choose V}, as a standard Lagrangian finite element
space, it is easy to verify that we can obtain a finite element problem same as that derived
by the standard Galerkin approach. In the following, we choose V}, as a nonlinear approx-
imation space composed of free-knot piecewise polynomials. Then we derive the MFEM
proposed in [28].

For simplicity in notations, we consider only the one-dimensional problem hereinafter.
The domain € is simply a bounded interval I = (a,b). The model problem (13) is reduced
to

O — %&mu + if(x,u) = 0. (15)



3.1 Nonlinear approximation space

We recall some known results on the nonlinear approximation space of the piecewise linear
functions with free-knots [10]. Let N be a positive integer and let

X ={a=20<z1<---<zNn:=Db}

be a set of ordered points in the interval I = [a,b]. This generates a partition of I, which
we denote as T (X) := {Ix}}_,, where I = (vj_1,zx). Let

Vi(X) :== {vy, € C([a, b])|vp, is linear in Iy, Vk=1,--- N}, (16)

be the standard piecewise linear finite element space with respect to the partition 7 (X).
Denote by VhN the space with N intervals as follows

VY = U (x)=N+1Va(X), (17)

where #(X) denotes the cardinality of X. It is a function space for piecewise linear functions
with free knots {x;}. Notice that VhN is not a linear space, since the summation of two
functions in VhN may not belongs to the same space when they correspond to different
partitions X.

For any function up(z) € V;, it can be written as

N-1
up(z) = Z ug (), (18)
k=1

where ¢ (z) is the standard nodal basis function with respect to a partition 7 (X), namely

T — Tk—1 Tp41 — X
)+
Tp — Th—1 Tp4+1 — Tk

¢k($) = Xt ($)7

where x7, is the characteristic function corresponding to I,

X, (z) = {

In Equation (18), both u; and zp (k =1,--- , N — 1) can change their values. Therefore,
VN is a 2(N — 1) manifold. We remark that V;¥ is not a smooth manifold in general.
There exists some function u, € VhN which corresponds to many different coordinates
{ug,xx | k = 1,---N — 1}. In this sense, the manifold degenerates for some functions in
VN,

The nonlinear approximation theory for free-knot piecewise linear polynomials has been
studied extensively (c.f. [32, 10] and the reference therein). For a function u € H}, the best
approximation of u in V,fv in energy norm is defined as

1 ifzel,
0 otherwise.

on(u) = iélfN |u — vp| g1 (19)
v EVY

1

Here |u|g1 := <f1(6$u)2dnlf>E is the standard H' semi-norm.

To characterize the approximation property of functions in VhN , it is convenient to use
the Besov spaces. We denote by By (Ly(I)) a standard Besov space. We will not give the
details of the definitions of the Besov space here, but refer to [35, 11]. We only mention
that Bj(Lq(I)) is a space consisting of functions with smoothness order r measured in L.
When g = 2, B5(La([I)) is identical to the Sobolev space H". The following lemma is known
from the literature(c.f. [5, 4]).



Lemma 3.1. If u € Bt (Ly(I)) with 0 < s <1 and 1/q < s +1/2, then we have

The lemma is a one-dimensional version of Theorem 9.1 in [4]. The proof of the lemma
can be found in [5]. By this lemma, the best approximation in energy norm of a (one-
dimensional) function by a free-knot piecewise linear function is of order O(N~1).

3.2 The moving finite element method

Consider a time dependent function up(t, ) = Z,]fv:_ll u(t) i (t,z) in V;V, where

x — xk_1(t) ,
g (t) — xp—_1(t)
is the nodal basis function corresponding to a time dependent partition 7 (X (¢)) and the
set X (t) is given by

() + il (21)

¢k(tax) = $k+1(t) — :L‘k(t) X1k+1(m)7

X(t)={a=z9g<z(t) < - <ay_1(t) <zn =b}.

In the partition, the interior notes x(t),k = 1,--- , N — 1, may change positions when time
t evolves. In the formula of uy (¢, x), there are 2(N — 1) time dependent parameters
{ug(t), zp(t) | k=1,--- N —1}. (22)

We aim to approximate the solution u of the model problem (15) by a discrete function
up(t, ). For that purpose, we will derive a dynamic equation for ug(t) and x(t) by using
the Onsager principle. The derivation is similar to that for continuous problems in Section 2.
We first compute the discrete energy functional and the discrete dissipation function as
follows. Notice that the time derivative and space derivative of uy (¢, z) are given by

N-1
Beun = Y (i (t)ox(t, ) + &1(8) By (¢, @),
o
Opup = > up(t)O0ydi(t, x)
k=1
where
_ Oup x — xp_1(t) Tpy1(t) —
Br(t,x) = P Py s e R (z) — Dpuy, YT p—y Xl yr (),

with Dpug = % Then the discrete energy functional £ with respect to uy is

calculated by

N
En(uy, - ,un—1,o1,- - ,on—1) := E(up) = Z/ %(ﬁxuh)Q + F(x,up)dz. (23)
k=1"1r

It is a nonlinear function with respect to {ug(t),zx(t) | k = 1,--- N — 1}. The discrete
dissipation function is given by

(ph(U]_,"' UN—-1,T1, ", $N71;ula"' 7/[1/]\/'715:1'715”' )ijfl)

O (Qyup(t, x) §/ (t)dr(t,x) + @x(t )Bk(t,x))>2dx. (24)



k=1,---N—1}.

It is a quadratic function with respect to {u(t), Zx(t) | 1,
| k=1,---N —1}. We minimize the

We apply the Onsager principle for {uy(t), #x(t)
discrete Rayleighian R, with respect to u; and :

min Ry, := &, + & (25)

Uk, T

The problem is equivalent to its Euler-Lagrange equation

0%y | 08 _ =1.... —1:
T P 26)
g GE =0, k=1,--,N—1.
This gives an ordinary differential system for {ug(t),zx(t) | k=1,--- N —1}.
We now derive the explicit formula for the system (26). Denote u = (u1,--- ,un_1)’ and
x = (21, -- ,on_1)T. Notice that ®;, is a quadratic function with respect to {ug(t), 21 (t) | k =

1,--- N —1}. Then the equation (26) can be rewritten as

(5 ¢)(3)-(%) o

The right hand side terms are given by

f=(f1, fo, fn-1)?, with

1 o0& _ 71
fe = fou. - ¢ Iaazuhaxcbk + f(z, up)prdz.

and
g= (91,92, ,gn-1)",  with
198 1 o )
gk = _537,6 = _§ (/Ioz&puhazﬁk + f(x,up)Brdr — 5 [(Dpup) ]|xk),

where the jump [(Ozup)?]|z, = (Oxun)?|r, — (Oxun)?|r,_,. The blocks A, B and C in the
coefficient matrix are (N — 1) x (N — 1) tridiagonal matrices, whose nonzero elements are
functions of {uy} and {zj}. Direct computations for the nonzero elements of A give

a;ak—/ (b%dl’, ]{Zl,'--,N—l;

I Ul 41

Ak 1 = At 1k = / Pk Prr1dw, kE=1,---,N—2.
Tieyr

This implies A is the mass matrix in the standard finite element method on a given tri-
angulation 7(X) with X = {a = 29 < 1 < --- < xy = b}. The nonzero elements of the
matrix B are computed as

bk,k:/ orPrdz, k=1,---,N—1;
IVl

bk k1 = bry1k = bk Bry1dx, k=1,--- N -2

Iy



We can also compute the nonzero elements of the matrix C,
c;ﬁk:/ Bgda:, k=1,---,N—1;
Ul
Chk+1 = Cht1k = / BrBr+1dz, k=1, ,N-2.
I 11

The ordinary differential system (27) is exactly the same as the moving finite element
scheme in [28]. The scheme was originally derived through a L? projection of a partial
differential equation in the tangential space of up. There one needs to compute the inner
product of a Dirac function and a discontinuous function, which is not well-defined even
in a distribution sense. Our derivation is much simpler than that in [28]. In this sense,
the Onsager principle gives a natural variational framework for the moving finite element
method.

3.3 The stabilized scheme

The coefficient matrix in (27) may degenerate for some function uy, € VhN . This is because
the dissipation function ®;, is a semi-positive definite quadratic form with respect to u; and
Zx. The semi-positive definiteness is related to the degeneracy of the manifold VhN . For
example, if we set ug(t) = u1(t) = --- = un(t) = 0, then uy(z,t) = 0 for all possible choice
of X. That implies dyup, = 0 and ®;, = 0 for some nonzero Zy.

To overcome the degeneracy of the system (27), we add a stabilized term as follows,

5 06"
D}, = 0 + > Z T, (28)
k=1

where 0 > 0 is a small stabilization parameter. Other stabilizations can also apply, c.f.
[27]. With the modified dissipation function <I>‘,5L, by the Onsager principle, 1, and zj are
obtained by

min &9 + &,. (29)

Uk, Tk

This leads to a modified system

5
Oh 4% — 0, k=1,---,N—1;

Buk
0%y

1 — —_—

Once again it is an ordinary differential system for {uy(t), zx(t) | & = 1,--- N —1}. The
explicit form of the system (30) is

(gcf(ﬂ)(z):(;) (31)

A

The positive definiteness of the coefficient matrix My := < B C4+4I

) is given by the
following lemma.

Lemma 3.2. For any given 6 > 0, X(t) = {a = xo < z1(t) < -+ < ay-_1(t) < zn = b},
and {ux(t)|k =1,--- , N — 1}, the coefficient matriz My is positive definite.



Proof. For any y € RZN=1) we can denote it as y = ( ? ), where y; € RV-1, i =1,2.
2
We suppose y # 0. If yo # 0, we can have
y ' Msy =y Moy +dy3y2 > 8y3y2 > 0. (32)

A B

where Mg = < B C

> and we have used the fact that

y Moy = @4 (ut, -+ ,un—1, %1, ,TN-1;Y1,¥2)
is semi-positive definite by its definition (24). Otherwise, if yo = 0, then y; # 0. We have
y'Msy = y{ Ay1 >0, (33)

for any given partition 7 (X (¢)) of the interval I, since the matrix A is the standard mass
matrix of the linear finite element method with respect to the partition 7 (X (¢)) and thus
positive definite. Combine the analysis together, we show that My is positive definite. [

By this lemma, the ODE system (31) can be rewritten as

() (1)

The equation has a unique solution for any initial value u(0) and x(0) when the right hand

side function < (u,x) ) is Lipschitz continuous with respect to u and x.

g(u, x)

Remark 3.1. The stiffness of the system and its numerical solution has been analyzed in
[27, 36]. When the numerical solution is non-degenerate in VhN, the stabilization parameter
§ can be chosen as zero. In general, § can be chosen as a constant smaller than N1, where
N is the mazimal number of nodes in the discretization [28].

Remark 3.2. In real simulations, the mesh size in the MEFEM can be very small if the
numerical solution has sharp transition layers. In [27], a technique by adding “internodal
spring force” was developed to avoid too small mesh size. We can use a similar technique
by adding a penalty term to the total energy. We replace E(vy) by

x N

E5(vn) = E(vn) + % > ((Nhy /L)) (35)
k=0

where hy = k11 — 2k, L = b—a and & is a small parameter. The penalty term goes to
infinity when hy goes to zero. In simulations, we can choose 6 as a small parameter of order
O(£?), where € is the thickness of the possible inner layer of the solution. If there is no
inmer layer in the solution, we can choose 6 of order O(£y/N) where &y is the characteristic
scale of the minimal energy €. Since the penalty term is much smaller than the first term
E(vp), we will not consider it in the analysis next section for simplicity.

4 Numerical analysis

One important advantage of nonlinear approximations is that they have better accuracy
than linear approximations. This is illustrated in Lemma 3.1 for the interpolation error. One
would expect that the MFEM also has better accuracy than the standard FEM. However,
the theoretical analysis is very difficult. In this section, we consider only the stationary
solution when t goes to infinity.



4.1 The energy decay property

We first prove the following discrete energy decay property of the ordinary differential
system (31).

Theorem 4.1. Let (u(t),x(t)) be the solution of the equation (31) and up(t,z) € ViV be
the corresponding piecewise linear function. Then we have

dé’(uh)
dt

<0, (36)

where the equality holds only when &, =0 and up =0 fork=1,--- N — 1.

Proof. Notice that

N1 N-1 ;
) S G+ i) = —€ Y (fu + gue) = —€(T KMy ( x ) |

X
k=1 k=1
where we have used the equation (31). By Lemma 3.2, we finish the proof of the theorem. []
From the proof, we easily see that

d€ (up)
dt

= —209. (37)

This implies the semi-discrete problem (31) preserves the energy dissipation structure (9)
of the original gradient flow system.

4.2 Error analysis for the equilibrium state

We now consider the stationary solution of (15). When ¢ goes to infinity, we suppose the
solution u(t,x) of (15) converge to a function u™(x) satisfying

/a@muoo(%v + f(z,u*)vdz = 0, Vv € Hy(I). (38)
I

To do analyse for this problem, we need one more assumption for the Lipschitz constant L
n (14) that

(H1) a—Loc > ¢y, for some constant ¢; > 0,
where ¢g is a constant in the Poincare inequality
ull2(ry < colul gy (39)

Under this assumption, it is easy to see that the equation (38) is elliptic and has a unique
solution. Furthermore, 4 is the unique minimizer for the energy minimization problem

inf &(v). (40)
vEH}

In the following, we consider the approximation of the problem (38) by the MFEM. For
the stationary solution for the discrete problem (31), we have the following theorem.

10



Theorem 4.2. Let (u(t),x(t)) be the solution of the equation (31) which corresponds to a
nondegenerate function up(t,z) € VN. When t goes to infinity, (u(t),x(t)) will converge to
a vector (U, x°). Suppose that x> corresponds to a partition of I, then uy(t,z) converges
to a function u3®(z) € VN which satisfies

{ f]aazvuzoamﬁsk"i_f(x’uzo)qskdw:07 k=1,---,N—1,

41
[, 00,0y + () B — (0 e =0, k=1, N—1. 4D

Furthermore, if up® is nondegenerate and asymptotic stable, it is a local minimizer of € (up,)
in V.
Proof. By Equation (37), we have the energy decay property

d& (un(t))
dt

N
= —2®(Dup) — 08y df <0, vt > 0.
k=1

Therefore, we have

T N .7
E(un(T)) = E(un(0)) — /0 /I (Ouun)?dadt — 563 /O P2dt,  for T>0.  (42)
k=1

Notice that
E(up(T)) > inf E(vp) > inf E(v) = EW™).
v eVN veH(I)

Thus E(up(T")) is bounded from below when T goes to infinity. By Equation (42), we have
limyy o0 () = 0 and limy_, fl(atuh)2dx = 0. Since z, is in the bounded interval I, z(¢)
converges when t goes to infinity. Similarly, ux(¢) also converges when ¢ goes to infinity.
When the limit x> generates a partition of I, then (u®,x°) corresponds to a function u}°
in VV. From Equation (31), we have

tliglofk(u,x)zo, tlggogk(u,x):o, fork=1,---,N —1.

This leads to the equation (41), i.e. u3° is a critical point of the energy £(-) in the manifold
VhN .

When u;° is nondegenerate and asymptotic stable, it is a local minimizer of £ in VhN .
Otherwise, if it is a critical point but not a local minimizer of £, there exists a non-trivial
trajectory near up° which makes the energy nondecreasing. This contradicts with the energy
decay property in Theorem 4.1. O

Remark 4.1. If £(u) has a quadratic form, Equation (38) is a linear equation. Then
the theorem implies that u;° s a locally best approximation in energy norm. For example,
suppose

E(u) = /[ %((%;u)Q + f(z)udz,

then by Equation (38), we have
- 2
E(vp) = ! 5 (Ozon)” + f(z)vpde
o 2 oo
= [ =(0pvp)* — @0yu™0pvpde
12

= /a(&vh—8$u°°)2dx—/a(5)zu°°)2dx.
r2 12

11



Therefore, Theorem 4.2 implies that up® is a locally best approximation of u® in the energy
norm when up° is nondegenerate and asymptotic stable. This is one main result obtained

in [20].

Notice the admissible set VhN for the discrete function is a 2(/N —1) dimensional manifold
in H}(I). In general the energy minimization problem &£(-) in the manifold V;V is not convex,
even when £(-) is a convex functional. This is very different from the standard FEM, noticing
that the minimizer of a convex functional in a linear space is unique. Therefore, the local
best approximations given in Theorem 4.2 is optimal. However, when the initial value is
in the domain of attraction of a global minimizer of £(-) in VhN , one can approximate the
global minimizer by the MFEM. The following theorem shows that the global minimizer
has an optimal convergence order.

Theorem 4.3. Let u3® be a global minimizer of E(+) in V;N. Assume that f(z,u) is differ-
entiable with respect to u. If u> € Bg“‘l(Lq(I)) with 0 < s<1and1/q < s+1/2, then we
have

Proof. Denote w = u$® — u™. Since u$°® € V;¥ C H}(I) and u* is the minimizer of E(u) in
HE(I), then we have w € H}(I) and

E(up’) = E(u™)

= [ (50 = G0 R) + (Plai) = Fa.u™) s

_ / © @) + aduu®0pw + fw,u®Yw + L0, u + sw)wda
I

= /[a@xuooaxw + f(z,u™)w] + %(85,;10)2 + %&Lf(a:, u™ + sw)w?dx
I

- /I§<aww)2 + %an(fUa u™ + sw)wzdx, (44)

where 0 < s < 1 and we have used the equation (38) in the last equation. From the Lipschitz
condition (14) of f, we know that |0, f(z,u)| < Lo. This further leads to

E(u®) — E(u™) > / % (Do) ~ % / wlda
I

I
— Lac2
> @~ Loy / (0,w)2d
2 I
ﬂ 2 _ ﬂ oo 0|2
> 5 (Opw)“dx = 5 |0z Opup’ |5 - (45)
I

Here we have used assumption (H1) and the Poincare inequality (39).
For any vy, € VhN , we denote w = vy — u*°. Noticing that uy° is a global minimizer of
&, similar calculations as (44) gives

E(up”) — E(W™) < E(vn) — E(u™)

1

= / %(@1]))2 + §3uf(a:, u™ + s)wde
I

< ™ — w3, Vo, € ViV,
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Combine the inequality with (45) and using the Poincare inequality again, we obtain

0 il SER) ~ W) S int il S v ()
VREV),

By Lemma 3.1, we have finished the proof.
O

In general it is not clear how to determine the domain of attraction of a global minimizer.
There is no guarantee that all initial values can tend to a globally stationary solution. As
suggested by the numerical results in [20], it is possible that the solution of a MFEM does
not go to the global minimizer when some elements in the partition tend to degenerate.

5 Numerical Examples

In the following, we show some numerical examples. In our simulations, we solve the problem
(31) with a modified energy (35) by a simple forward Euler scheme with very small time
step. More efficient solvers(e.g. some implicit stiff ODE solver) have been studied in [27].

5.1 A linear diffusion equation

We first consider a linear diffusion problem:

O — Ogzu = f(z), = € (a,
u(z,0) =uo(z),  x€(a
u(a,t) =u(b,t) =0 t>0.

); (47)
This corresponding energy density is given by

£(u) = /I é|8wu|2 ~ H(@)u(z)dz, (48)

where I = (a,b). We choose § = 0.0001 and § = 0.01. We test for several different ug and
/-

Example 1. In the first example, we set I = (0,1) and f(x) = dq,(x) which is a
Dirac measure at the middle point ag = 0.5. We have fol f(z)v(z)dx = v(xg), for any
v € C§([0,1]). The initial solution is given by ug = sin(mz) + TX {z<z} + (1 — )X {z>z0}- In
this case the equation (47) has an analytic solution

u(z,t) = sin(m;)e*”% + X {z<ao} T (1 = T)X{w>a0)-

The spacial derivative of the solution has a jump at the middle point ag = 0.5.

The initial partition of I is uniform and given by 0 = zg < % << % <zny = 1.
Here we choose N = 5,9,19,39,79 so that the non-smooth point ag is not a node in the
initial partition. We solve the problem (31) until 7' = 0.04. The H! error and the L? error
between the discrete solution u; and the exact solution u at T are computed by

1/2
erryl = </(8xu(:c,T) — 8xuh(x,T))2da:> / ,
I
1/2

errpe = (/(u(m,T) - uh(x,T))zdx>

1
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Table 1: The H'-norm and L2-norm of the error in Experiment 1.

Adaptive | errg1 order | errpe order
N=5 0.3326 - 0.0338 -
N=9 0.1571  1.28 | 0.0098 2.11

N=19 0.0842 0.83 | 0.0022 2.00
N =39 0.0470 0.81 | 0.000523 1.99
N=179 0.0265 0.81 | 0.000141 1.86

Uniform | errg1 order | errpe: order
N =5 0.6363 - 0.0435 -

N=9 0.1571  0.72 | 0.0153 1.77
N =19 0.2587  0.64 | 0.0043 1.70
N =239 0.1703 0.58 | 0.0013 1.66
N=T79 0.1159 0.54 | 0.000438 1.54

In Table 1, we show the numerical errors for the different choice of N. The convergence
order is computed by s; := In(err;/errit1)/In(N;+1/N;), which implies that the errors
decrease with order O(N~%). We can see that the H!'-error is almost of order O(N~98),
close to the optimal convergence rate O(N~1). Meanwhile, the L2-error is of order O(N~2),
which is optimal in approximation theory. In comparison, we also show the errors computed
by the standard finite element method on a uniform partitions of I. We could see that the H!
norm is almost of order O(N~?) and the L?-error is of order O(N~1%). This is reasonable
since the exact solution is not smooth. In this case, the MFEM has better accuracy than
the standard FEM.

In Figure 1 we illustrate the numerical solutions for the case N = 9 at different time
t. We can see that initially the interval I is uniformly divided into N — 1 cells and wg
are simply the interpolation of w(0,z). There is a large error at agp = 0.5 since the initial
function is not smooth there. With time increasing, we can see that the notes zj move
with time. In particular, the two notes near the non-smooth point ag approach to the point
gradually. The distance between them become smaller and smaller. At about ¢t = 0.0048,
the right point almost arrives at ag. After that, the left point moves away from the point
to further decrease the computational error.

Example 2. To further illustrate the behaviour of the MFEM, we consider a diffusion
problem with an almost singular initial condition. We set f = 0 and I = (—3,3). We choose
Uy = m(e_x2/(o'004) — ¢~ 9/(0:009) "wwhich is a very sharp Gaussian function as shown in
the first sub-figure in Figure 2. ug is almost equal to zero outside of a narrow interval. For
this problem, we do not have an explicit formula for the analytic solution.

Initially we choose a grid whose points concentrated in a small interval (—0.2,0.2) to
resolve the profile of wyg:

0.4
X(0)={-3,-02,---, 024+ ¢——,---,0.2,3}.
0)={ i }

In Figure 2, we show the numerical solution when NV = 19. We can see that the numerical
solutions spread outwards gradually while the height of the profile decreases. In particular,
the grid points gradually adjust their positions so that the Gaussian profile of the numerical
solution is always well resolved.
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Figure 1: The profile of the numerical solution and the exact solution at different time
t when N = 9 for Example 1. The small circles in the figures show the computational
solutions wug corresponding to xy, for k =0,---,9.

5.2 The Allen-Cahn equation

We then consider an Allen-Cahn equation in a interval I = (0, 1),

x € (0,1),
x € (0,1), (49)

B0rp — e0ppp + =2 = 0,
é(x,0) = =,
$(0,1) = 0,¢(1,) = 1,

which is a nonlinear example for the model problem (15). The corresponding free energy is

1 € _42)\2
e = [ Sor+ U 0 (50)

We are interested in the stationary profile of the problem. When ¢ is small enough, the
profile is approximated nicely by

¢ (z) = tanh( ). (51)
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Figure 2: The profile of the numerical solution at different time ¢t when N = 19 for Example
2. The small circles in the figures show the computational solutions uj corresponding to
x, for k=0,---,19.

It has a very thin inner layer at the middle point x = 0.5. In simulations, we choose
0 = 0.0001, § = 0.0001 and test for different values of €. The initial condition is given by

¢(0,z) = 2(x — 0.5).

Example 3. In this example, we set € = 0.05 and test the method for different choice
of N. Initially, we give a uniform partition of I that X(0) = {0 =z < & < --- < & <
xn = 1}, We solve the problem for various choices of N = 5, 10, 20, 40, 80.

In the computation, the profile of ¢;, changes gradually to a stationary state ¢;°. Mean-
while the grid points move into a highly non-uniform distribution to resolve the inner layers
of the solution. We illustrate some plots of the final solution ¢7° as well as the distributions
of x in Figure 3. They are obtained by solving the problem (31) until the decrease of
the discrete energy in one step is smaller than a tolerance TOL = le~!0. The profile of
the “exact” solution ¢ is also shown. We can see that the numerical solution fits the
exact solution very well even on a very coarse mesh(N = 5). Almost all the grid points
are distributed in the inner layer of the solution. Interestingly, it seems that the nodes are
dense where the second order derivative of the solution is large. This indicates a uniform
distribution of the errors in H! norm.

In Table 2, we illustrate the H' error between ¢p° and ¢

erry = ( /1 (0:0™ () — ax¢z°(w>>2dx)l/2.

It seems that the H' errors decrease with order O(N~1). This is optimal for free-knot
piecewise linear functions. This is consistent with the analytical results in the Section 4. In
addition, we also compute the errors of the minimal energies by computing

ETTeng = ’&%’O) - 0—‘7

where 0 = 2\[ is the total energy correspondlng to the profile ¢*°. We see that the errors
of the energy decrease with order O(N~2).
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(¢) N=20

Figure 3: The numerical solutions of the Allen-Chan equation in stationary sate with € =
0.05 for various N = 5,10, 20,40. The small circles in the figures mark the points (xy, ¢p k).

Table 2: The H' errors of the stationary profile and the errors of the minimial energies in Example 3.

Adaptive | errgr order | erreng order
N=5 1.0004 - 0.0264 -

N =10 0.5025 0.99 | 0.00646 2.03
N =20 0.2641  0.93 | 0.00175 1.88
N =40 0.1268 1.06 | 0.000402 2.12
N =380 0.0691  0.88 | 0.000120 1.87

Example 4. In the last example, we test for a smaller € = 0.01, which corresponds to
a sharper inner layer. All other setups are the same as in the previous example.

In Figure 4, we show the the stationary solutions of the Allen-Cahn equation for various
different choice of N. We see that the very sharp inner layer is resolved nicely by the moving
finite element method even when N = 5. In Table 3, we show the H' errors between o
and ¢>°(x) and also the errors of the minimal energy. We see that the H! errors decrease
with order O(N~!) and the errors of the energies are of order O(N~2). Both of them are
optimal. This again verifies the theoretical results in the previous section.

Table 3: The H! errors of the stationary profile and the errors of the minimial energies in Example 4.

Adaptive | errg: order | erreng order
N =5 2.2779 - 0.0281 -

N =10 1.7365 0.39 | 0.0067 2.07
N =20 0.8043 1.11 | 0.0017 1.98
N =140 0.3728 1.11 | 0.000467 1.86
N =280 0.1641 1.18 | 0.000135 1.79
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Figure 4: The numerical solutions of the Allen-Chan equation in stationary sate with ¢ =
0.01 for various N = 5,10, 20, 40. The small circles in the figures mark the points (z, ¢p k).

6 Conclusions

We show that the Onsager principle can act as a variational framework for the MFEM for a
gradient flow system. The derivation of the method using the principle is much easier than
the original approach in [28]. The discrete problem has the same energy dissipation structure
as the continuous one. This helps us to do numerical analysis for a long time(stationary)
solution of the gradient flow system. Under some conditions, we prove that the MFEM gives
locally best approximation for the energy. The optimal convergence rate can be obtained if
a global minimizer is detected in the free-knot piecewise linear function space. Although we
consider only the one dimensional case, the analysis can be generated to high dimensional
problems directly. In addition, it is also possible to consider more complicated gradient
flows.

In this paper, we restrict our analysis on the stationary solution, although numerical ex-
periments show that the method has optimal convergence rate for time dependent solutions
(at least) for the linear diffusion problem. Numerical analysis for the dynamic problems
will be left for future study.
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