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1. Introduction

Wetting describes how a liquid drop spreads on a solid surface. The study of wetting is of critical importance for many
applications and has attracted much interest in the physics and applied mathematics communities [2,11,16,35,50]. The
equilibrium configuration of the liquid drop can be obtained by minimizing the total interface energy:

E=YvIZv]+ Vst EsLl + YsvIZsv| (1)

where ysy, ys; and ypy are the solid-vapor, solid-liquid and liquid-vapor surface energy densities, respectively and
|Zsv], |Zsc] and |Zpy| are the corresponding interface areas. When the solid surface is homogeneous, the contact angle
for a static drop is given by the famous Young’s equation:
Ysv — VsL

v

cosfy =

(2)
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Fig. 1. Left: Original domain Q = D; U D5. Right: Extended computational domain Q = QU Ds.

where 0y is the so-called Young’'s angle [51]. Analytic solution of the minimization problem of (1) is difficult and the
numerical solution is also challenging. There have been many numerical methods proposed for simulating the free interface
problem using front-tracking [25,48], level set method [52] or the phase-field method [9,17].

The threshold dynamics method developed by Merriman, Bence, and Osher (MBO) [29] is an efficient numerical method
for the motion of the interface driven by the mean curvature. The method alternately diffuses and sharpens characteristic
functions of regions and is easy to implement and highly efficient. The MBO method has been shown to converge to the
continuous motion by mean curvature [3,5,15,42] when the interface is away from the solid boundary. Esedoglu and Otto
[13] generalized this type of method to multiphase flow with arbitrary surface tensions. The method has attracted much
attention and becomes very popular due to its simplicity and unconditional stability. It has been subsequently extended
to deal with many other applications including the problem of area or volume preserving interface motion [19,21,41,48],
image processing [12,28,45], problems of anisotropic interface motions [4,10,31,39], generating quad mesh [43], and foam
bubble problems [44]. Various algorithms and rigorous error analysis have been carried out to refine and extend the orig-
inal MBO method and related methods for the aforementioned problems (see, for example, [14,18,26,30,37,38,40]). Some
mesh free methods are also considered to accelerate this type of method [20] based on non-uniform fast Fourier transform
(NUFFT) [8,24]. Laux et al. [22,23] rigorously proved the convergence of the method proposed in [13]. Recently, a generalized
target-valued diffusion generated method was studied in [33,34,46,47].

In [49], we proposed an efficient threshold dynamics method for the wetting and interface motion on the rough solid
surface. The domain is extended to include the solid phase as the third phase and the method is based on the minimization
of the approximate energy to (1) (as h — 0)

YLva/T VSLVT Ysva/TT
5h(XD17XD2)= «/E /Xchh*XDz dx + \/E /Xchh*XD3 dx + T/XDZGh*XDs dx, (3)
Q Q Q
where
Gr(x) = exp(— 0, (4)
WX = Gz P

is the Gaussian kernel and xp, and xp, are characteristic functions of domain D1, Dy in Fig. 1. An efficient iterative
algorithm is then designed to find the minimizer of (3) (with volume constraints on Di and D). The method is simple,
efficient, unconditionally stable and insensitive to the inhomogeneity of the solid surface. However, numerical experiments
in [49] have shown that, although the apparent (macroscopic) contact angle satisfies the Young's equation, the microscopic
contact angle at the contact point deviates from the correct Young’s angle. There seems to be a boundary layer on the solid
surface around the contact points.

In this paper, we show that the method can be improved by using heat kernel with different variances for different
surface energy terms in (3), ie.,

YLV T
gh1,h2 , — —/ Gr. % dx +
(XD] XDz) \/m ) XD1 h] XDZ \/—

Q

VSLvﬂ/ st«/ﬂ/

Gp, * dx + ——— Gp, * dx, 5

o XD1Gny * XD5 s/ XD, Ghy * XD; (5)
) )

where we use hy for approximating the liquid-vapor interface energy and h, for approximating the solid-liquid and the
solid-vapor interface energy. We perform asymptotic analysis and show that, to remove the boundary layer near the contact
point and obtain the correct Young’s angle Ay, we need to have hy = A%h; with A = %. We then derive the dynamic
of the contact point which is consistent with the dynamic of the interface away from the contact point. We show that the
improved threshold dynamics method still enjoys the energy-decaying property and is unconditionally stable. Furthermore,
we also prove the I'-convergence of the weighted functional (5) with hy = A%h; to the functional (1). This extends the
analysis in [13].

This paper is organized as follows. In Section 2, we derive the modified threshold dynamics method and prove that the
modified method has energy-decaying property which implies the unconditional stability. In Section 3, we use asymptotic
analysis to derive the dynamic law of the contact point. In Section 4, we prove the I'-convergence result. We present several
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numerical examples to verify the improvement of our modified method in Section 5. We then draw a conclusion and make
some discussions in Section 6.

2. A modified threshold dynamics method for the wetting problem

In this section, we introduce a modified threshold dynamics method based on the recent work by Xu et al. [49]. The main
idea in [49] is to extend the fluid domain € to a larger domain  (see Fig. 1) containing the solid phase. In the extended
domain, the interface energies between different phases in (1) can be approximated by convolutions between characteristic
functions and the Gaussian kernel Gp(X) (see details below). In this paper, the interface energies between different phases
are approximated by the convolutions between characteristic functions and Gaussian kernels with different h’s (e.g., hy for
approximating liquid-vapor interface energy and h, for approximating solid-liquid and solid-vapor interface energy). Using
the relaxation and linearization procedure introduced in [13], we derive a modified threshold dynamics method for wetting
problems. From the consistency analysis, we derive the relationship between h; and h; so that the contact angle satisfies the
Young's equation at the contact point both “microscopically” and “macroscopically”. Here, we refer the local contact angle at
the contact point as the microscopic angle and the apparent angle as the macroscopic angle. In general, microscopic angle
is not necessarily equal to the apparent angle (see [7,36,49] and the references therein for more details).

2.1. Representation of interface energies in the extended domain

In the following, we let D1, Dy C 2 C R" be the liquid and vapor phases (see Fig. 1), respectively. Let ¥y =3D1 N D>
be the liquid-vapor interface. When h; « 1, the area of ¥;y can be approximated by (see [1,32])

VT
[Zy |~ N XD1 Ghy * XD, dX, (6)
where xp; is the characteristic function of D; and
Gy (0) = exp(— ) 7)
M N (47Th1)n/2 P 4h,

is the Gaussian kernel in R". G, and G in the subsequent texts are similarly defined.

In the total energy (1), the second and third term are interface energies defined on the solid surface I'. They are the
solid-liquid interfacial energy term on Xs; = dDq N T and the solid-vapor interfacial energy term on Xsy = dD, NT. To
approximate these two terms using the Gaussian kernel, we extend the domain 2 beyond I' (see Fig. 1). The extended
domain is Q = QU D3 where D3 is the solid region. Then, the solid surface is I' = 92 N d D3, the solid-liquid interface is
¥s; =9D1 N dD3 and the solid-vapor interface is sy = 3D, N dDs.

From the observation and numerical experiments in [49], the apparent (macroscopic) angle always satisfies the Young's
equation while the microscopic angle deviates from the correct Young’s angle. There seems to be a boundary layer on the
solid surface around the contact points. To modify the scheme, we use the convolutions between characteristic functions
and the Gaussian kernel with a different parameter hy to approximate |Zsy| and |Xs.|. That is,

JT

|[Zsv |~ N XD, Gh, * XD, dX, (8)
JT

|Zsi| ~ N /XD1Gh2 * Xp, dX. (9)
2

Then, the total energy £ in (1) can be approximated by

VT VSLVTT Ysva/TT
ghhz (yp  xp,) = LY /XD Gp, * XD, dX + /XD Ghy * XD dx+—/xD Ghy * XD, dx. (10)
1 2 /\/h_‘l / 1 1 2 «/E ) 1 2 3 /\/E / 2 2 3

Q Q Q

Denote uy = xp, and uz = xp,. We define an admissible set:

B={(u1,u2) e BV(Q) |uj(x) =0,1, and u1(x) + ua(x) =1, a.e.er,/m dx = Vg}. (11)
Q

The wetting problem can be approximated by

min M2y, uy). (12)
(uq,uz)eB

This is a non-convex minimization problem since B is not a convex set and the energy functional Ehrhz (uq, uy) is concave.
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2.2. Derivation of the modified threshold dynamics method

In this section, we present the derivation of a threshold dynamics method for the minimization problem (12). The
derivation is based on the relaxation and linearization procedure introduced in [13]. Note that the problem (12) is to
minimize a concave energy functional defined on a non-convex admissible set. However, we can relax this problem to an

equivalent minimization problem in a convex admissible set. The relaxed problem is given by

min &M (uq,up)
(uq,u2)ekC

where /C is the convex hull of the admissible set [3:

K={(u1,u2) e BV()I0<u; <1, u1(x) +uz(x) =1, ae.x€ 2, /u1 dx = Vo}.
Q
The following lemma shows that the relaxed problem (13) is equivalent to the original problem (12).

Lemma 2.1.
min &M (uq,uz) = min ghih (uq, uy).
(u1,up)ek (u1,up)eB

Proof. Let (ii1, 1) € K be a minimizer of the functional

ehhz g uy).

Since B C K, we have

gh],hz(ﬁl’ﬁz) — min gh1,hz(u1,u2)
(ug,up)ekC

< min S’“*hz(ul, uz).
(uy,u2)eB

Therefore, we need only to prove that (i1, tiy) € B.

(13)

(14)

We prove by contradiction. If (iiq, iip) ¢ 3, there is a set A € Q2 and a constant 0 < Cp < % such that |A| > 0 and

0<Co<iq(x),uz(X) <1—Cq, forallxe A.

We divide A into two sets A = Ay U A, such that Ay N Ay =9 and |A1| = |A2] = |A|/2. Denote uﬁ =11 +txa
ub =iy —txa, +txa,. When 0 <t < Co, we have 0 <uf,u} <1 and

ul +ub =11 +i,=1, and /uﬁ dx:/fn dx = V.
Q Q

This implies that (uﬁ , ug) € KC. Furthermore, direct computations give,

2 T [d d
Eé‘hl’hz Wi, ub) = % auﬁGhl * aug dx
Q

g
= % /(XA1 — XA2)Ghy * (XA, — Xay) dX
Q
g
= _% /(XA1 - XAz)Gh1 * (XA] - XAZ) dx
Q

= —\/\/g / (Ghyj2 % (XA, — X42)) (Ghyj2 % (XA, — Xay)) dX
Q

<0.

—txa, and

The penultimate step comes from the fact that Gaussian kernel is a self-adjoint operator which is in a semi-group consisting
of all Gaussian kernels with different values of hy. From above inequality, the functional is concave on the point (i1, iiy).

Thus, (i1, tiz) cannot be a minimizer of the functional. This contradicts the assumption. O
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The above lemma implies that we can solve the relaxed problem (13) instead of the original one (12). In the following,
we show that the relaxed problem can be solved iteratively using a threshold dynamics method.

Assume that in the kth iteration, we have the solution (ul, uz) the energy functional £M"2(uq, uy) can be linearized
near the point (u], 2) as follows:

ghha (uq,up) ~ 5’“*h2(u’]‘, u’ﬁ) + L(uq — u’l‘, Uy — u’é, u’{, ug) +h.o.t.

with

A k .k
L(uq,uz,uy, uy) =

JT /u1 <\’%Gh1 +%Gh2 *XD3> dx—i—/uz <\’;%ch1 *u’;+i//5—hlzch2 *XD3) dx | . (15)
& &

Note that, when uk and uk are given, the minimization of £(u1 — u¥, uy — uk, uk, uk) is equivalent to the minimization of

L(u1, Uz, ul, u 5). Thus, instead of minimizing EMha 4, uy), we minimize the linearized functional

min _L(uy, up, uk, uk) (16)
(u1,u2)ek
and set the solution to be (u¥™!, uk*1).

The following lemma shows that the minimization problem (16) is solved via a simple threshold dynamics method.

Lemma 2.2. Denote

1 k k. Cos6y
¢=ﬁchl*(u2—ul)— \/E Ghz*XD3- (17)
Let
DK = (xe Q| ¢ <8} (18)

for a proper & such that |D¥™1| = V. Define D™ = @\ DXF1. Then (uk*1, uk*1) = (kaH XDk+1) is the solution to (16).

Proof. Since £ is a linear functional, we need only to prove

L@k b uk uky < £y, up, uk, ub), (19)

for all (uq,uy) ebB.
For each (ui,uy) € B, we know uq = Xb, and u; = Xb, for some open sets Dq, Dy in 2, such that Dy N Dy =@,

DiUD; = and |D1| = V. Let Ay = Dy \ D1 = DX\ D, and A, = Dy \ DE! = D¥*1\ Dy. We must have |A;| = |A;|
because of the volume conservation property. Since A1 C D'ﬁ“, we have

p®) =8, ) —uix)=—1, VxeA.
Similarly, since A; € D’f‘”, we have

px) <8, kT —u1) =1, VxeA,.

Therefore, using u’l<+l —ur + u’;“l —uy =0 and cosfy = VS‘;L_V”SL, we have
LT ul Tk uby — Zuy, up, vk, ub)
k+1 Yiv VsiL k+1 Vsv
= u LA Oy SR CL N o D>+u —u (—G suk+ 226 % D)dx
\/_/( («/h_ hq 2 «/h_ hy * XDs ( ) \/h_ hq 1 «/h_ hy * XD3

1% Vsv
_\/_/(ulH_l_u )(\/E h1*(u2—u])+T hz*XD3) dx
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=V TTYLv /(de— /¢dX

<8/dx S/dx 0. O

Now, we are led to the following threshold dynamics method:

Algorithm 1 A modified threshold dynamics method for solid wetting dynamics.

Given initial D9, DY C § and solid domain D3, such that DS N DY = @, DY U DY = @ and |DY| = V,. Set a tolerance parameter & > 0, equilibrium angle fy, time step
hq, and time step hy.

1: For given sets (DX, D), calculate

X 1 cos by
¢ :J_hTGhl*(XDg_XD/;)_ﬁGhZ * XDs3- (20)
2: Find a § such that the set
DS =(xeQlp <) (21)

satisfies |D3| = Vo. Denote DX+ = D3 and D! = @\ D*+1.
3: If |D’{ - D’f'”\ < ¢, stop; otherwise, go back to Step 1.

Remark 2.1.

1. The choice of hy and h; will be studied in the consistency analysis in Section 3.

2. The convolutions at the Step 1 can be efficiently computed using Fast Fourier transform (FFT).

3. At the Step 2, it is easy to check that ¢ (x) we defined is monotone across the liquid-vapor, solid-liquid, and solid-vapor
interface. Denote V (§) = |l~)§|, then V (§) is strictly monotone with respect to § when § is around 0 and therefore the
root of V (8§) — Vg exists uniquely. One may apply traditional iterative methods (e.g., the bisection method, the Newton’s
method, the fixed point iteration, and so on) to find the unique root of V(8) — Vo which is the value of § preserving
the volume of D. However, the bisection method usually converges slow and the Newton’s method or the fixed point
iteration is sensitive to the initial guesses. In [49], we proposed an efficient and stable algorithm to find the root of
V (8) — Vo based on the quick-sort algorithm.

2.3. Stability analysis

In this section, we will show that Algorithm 1 is stable, in the sense that the total energy of £M-2 always decreases in
the algorithm for any h; > 0 and h; > 0. We have the following theorem.

Theorem 2.1. Denote (u’f, u’é) = (XD’{’ XDIE)’ k=0,1,2, ..., obtained in Algorithm 1. We have

ghihz (ul{Jrl7 ulé+1) < ghiha (u’{, u’é), (22)
forallhy > 0 and hy > 0.

Proof. By the definition of the linearization £ and Lemma 2.2, we know that

VITYVLY
Sh”hz(uk,uk)+— u Gh *uk dx = E(u ,u ,u ,u )
1 2 \/E 1 2 1 2" 2
1<+1 bt gk ok hihy o) k+1 ) k+1
> Ly uy L ug,up) =8 Uy uy )

Vhy

Q Q

T
+ Yrny /u’f“Gh1 s ul dx+/ UG, s uk dx — /u’f“G;11 s ubt dx
Q

This leads to

ghiha gk yky > ghh (k1 ykety 4 g (23)
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Fig. 2. Set up for the consistency analysis.
with

i
= LV\/_(/ uk Gy, s uk dx+/ ub* Gy, s uk dx — /u’f“Gh1 seub 1 dx — /u’l‘G;11 s ul dx)

Q Q Q Q
V““/—/( KT uky G, % bt — k) dx.

By the fact that uX + uk =u**1 +uk™1, we have

I= VLV*/_/( 1wk Gy s bt —uk) dx

T
- Viv/hi— chl/z (Ul — u’;)) (Ghl/z (Ul — ’5)) dx > 0.
1

Combining this inequality with (23) yields (22). O
3. Consistency analysis

In this section, we perform asymptotic analysis to determine h; and h, in Algorithm 1 with a very basic level of consis-
tency with the correct contact angle at the contact point, in the sense that one step of Algorithm 1, acting on a set of liquid
domain with smooth liquid-vapor interface and fixed solid surface (see Fig. 2). As for the dynamic of liquid-vapor interface
away from the contact point, it is easy to check that our algorithm reduces the original two-phase volume preserving MBO
method due to the exponentially decaying property of Gy, (ie., the effect from xp, can be neglected when considering
the behavior of the interface away from the solid surface). As for the behavior around the contact point, we perform the
asymptotic analysis to derive the condition for the contact angle and the dynamic law of the contact point.

For simplicity, we focus on the 2-dimensional case. Without loss of generality, we assume the liquid-vapor interface
is represented by x» = g(x1) (x;1 > 0) where g(0) =0 and g(x) is a smooth function defined on [0, +00), the solid-liquid
interface is represented by x; =0 (x > 0), and the solid-vapor interface is represented by x; =0 (x < 0). The main idea is
to formally expand ¢ (x) and find the 6,?1 ]'22 level set of the expanded ¢ (x) which is the updated interface at one time step

according to Algorithm 1. Here, (Sthl‘; (depending on hq, hy, D1, and D;) is the value for volume preserving at the Step 2 in
Algorithm 1. Now, we first write ‘

cos by

1
——Gpy * (XD, — XD1) — ——Ghy * XD
\/E 1 2 1 \/E 2 3

Oy /h
// Gy (X —¥) (XD, W) — X0y (W) dy — % // Gh, (X — ¥) XD, (¥) dy
R? 'z R?

_ —yl2 —yl2
__] 47Th1// hq  4mhy // )y

cosfy~/; 1 Ix — y|?
_vvih - d 24

Jh,  4rmh; // X, W (24)
D3

Px) =
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, +00 g(¥1) ( )2+( )2
X1—W X2 — Y2
_ — dy,d
o 47rh1/ /EXP( an, ) dy2dyq
0 —o©
=y + (0 — 9)?
X1 =Yy +&x2—Y2
dy,d
47”“/ / exp(— ah; ) dy2dyq
0 g(y1)
0 +oo 5 2
_cosbyvhr 1 / /exp(_(xl—y1) + (X2 — ¥2) ) dysdy
Vhy  4mhy 4h; 2
—00 —00

Evaluating ¢ (x) at x; = 0 (i.e., the contact point only moves on the solid surface), we have

1
$0,x2) =—= (112 —1I3) (25)
Vi
where
(J/1)2 + (x2 — y2)?
dy»d
I = 47'rh / / an, ) dy2dy1,
0
+00 400 3 )
/ / DT+ (x2 —y2) ) dyady
la= 2JTh] 4h1 2001
0 gy

P Jh— 1 0 +oo 5 5
cosfy v / /exp(_()’l) + (X2 — y2) ) dydy;.

= ———
} Jhy 4mhy 4h;

—00 —00

Direct calculation gives

1
==, 26
1=3 (26)
cosby+/h
[3= — N1 (27)
2/hy
Now, we only need to evaluate I, in the rest. For the convenience, we denote € = +/hy, y1 = y1 ,and y, yE—Z Also, we

assume that x, ~ 0(€2) (i.e., the motion of contact point is at the O(h;) time scale) and denote X = % which is the
velocity of the contact point along the tangential direction of the solid surface. Then, we have

+00 400

1 i+ (€ -y .
IZZE /exp(—%)dhd}’l
0 gy
=Il] — 1y —1II3 (28)
where
1 T +( )?
€X2 — 2 ~ g~
111_2—/ /ex (— a1 ) dy2dyn,
0 0
+oo y1g<0)+6y1 g0 ~2 Yo~ N2
1 yit(€x2—y2)* .
Il =E/ / exp(—%)dyzdh,
0 0
g(eyq)
= 70 / exp(- LR VD, 5
3_27_[ p 4 yaay1.
0

=2
J18/0)+e 2 g"(0)
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Note that because of the exponentially decaying and smoothness of the Gaussian kernel, we have for a given ¢, there exists
an M > 0 with Me =o0(1) such that

M2
/ G1(x)dx:exp(—T) =o0(€). (29)
X|>M
Also, given a M, since g(x) is smooth at [0, +00), we have

€y - y?
& Ey L5180 -2l

< Ce*y3 (30)

for any y1 € [0, M] and some constant C > 0. Here, for y; € [0, M], we have €y =0(1) from Me = o0(1). Hence the constant
C can be chosen as the maximum value of g® (&) for & € [0, 1] which is independent of M and e.
Then, using (29) and (30), we have the following estimate on [/3:

M g(eyq)
1 [ Pk —y°
! =—/ / exp(— 1 ————""") dydy
2 4
0
18/ (0)+€ > g”(O)
oo g(eyr)
1 i+ (€ -y . .
— — = =" )dyad
+27T / / exp( 2 ) dy2dyq
M }',2
718 (0)+€ =L g"(0)
1 M g(ééjq) " ( ) ) )2
y1+(€x2— Y2 S
=—/ / exp(— 1 ——"—""") dj,dy1 +o(€)
2 4
0 2
18/ (0)+€ =L g”(0)
M J18 (0)+€= " g"(0)+Ce2y3 5 5
1 Vyi+(exa—y2)° .
<— exp(——— ) dyxd o(e 31
—2n/ / p( a1 )dy2dyq+o(€) (31)
0
ng <O>+e > g”(O) ce?y3
g Ord ey ,
(€2 —y2)" . .
= /exp(——) / exp(—%)dyzdyl +o(€)

=2
y -
718/ (0)+€ > g"(0)—Ce2 3

M
Ce?
5? / exp(——)dy1 +o(e)

0
Ce2 72 M 7
- < 2y1 exp(——)) — (SEXP( ))
T 0
C

62[ ) M? M? }
= —2M exp(—T)—Sexp(—T)—i—S +o0(€e) =0(€).

M
+o(€)

0

T

For 117, we have

1 00 +00 y/Z
Ih=5— / /e p(——z)d%d:v/2
—€X2
+00 400 0 4o
1 V+yE oo 1 V2432
= / exp(—%)dy’zdng / / exp(—%)cly]dy’2 (32)

0 o —e¥p O
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1 1 0 +oo
yz
=4 — exp(— dy1dy),
5 2 // Xp(———=) dy1
—€X2
1 2
=5+ 2f exp(— )dyz
7€X2
R 1 ek
=— 1—7 - . d~/:7
2+2ﬁ/( 4 Ty T py T WT
—622

For 11, using (29) to make the integrating range of y; belong to the radius of convergence of the expansion of G1(x), we
then have

M7 g(0>+ey1 g’(0) , ,
1 V4 + (€Xy — ¥ -
11 =_/ / exp(_w)dyzdw +o(€)
2 4
0 0

M 1€ O+ 7 g 0)—ek,

1 y ‘H’z
= / exp(

—6;(2

) dy5dyq +o(e) (33)

o

M 52

1 )
—— [ exp(=2L)11, + 111, + 1113) d§1 + o(€)
2 4

where
0 5,/2
I = / exp(——)dyz,
765‘(2
y18'(0) y/z
I = / exp(——)dy2,
0
- 72 -
718 (0)+€ L g" (0)—€X, .
11 = / exp(~22) 47
y18'(0)
For I111, we have
ytooPy - =
11 = /(1—— W_43—3‘+ ) dy; =€Xy +o(€).
—EXZ
Then,
! /ex( J~’%)111 diir = <2 4 o) (34)
o | P Ten = '

0

Similarly, for 1113, we have

=2
F18' 0)+e 2 g" (0)—€x,
— y2 yz yZ -
I3 = / (1_74‘@—4373‘4‘ ')dyz
7120
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~2 ~ Y1 //0_ 02 ﬁ//0_~ b /04
:6(%g,,(0)_x2 (78700 Zz)(wg()) +(2g()4;<;)!(y1g()) —--~)+o(e)

52 5. o 2
. (y1 £0) - )exp(_(y1g<0>> oo,

4
Then,
1+ (g'(0))2 52 i )
7/exp(—*)1113dy1 < /( i+ g oR >)> <y2] g,,(o)_&) _—
8"(0) 3 )
- + . 35
T 2T/ @02 <1+(g opz %2)To© (35)
For III,, we have
T o0 y1£8'(0)
1 ¥t S 1 72 oo
E/GXP(_Z)IHZCU’]_E/eXp(_Z) / eXp(—T)dyzdy1+o(€)
0 / /
70400
- / /eXP(——)rdrd9+o(e) .
2
0
:7_®+O(E)
bid

where ® = v /2 — arctan(g’(0)) (see Fig. 2).
Combining (34), (35), and (36) yields:

//0 . Q_@
I = €X L) x2>+2n +o(e)

Zf zf,/l + (g'(0))2 <1 +(g'(0))?

27—®+ € ((1_ 1 )5(24- g£"(0) 3)+0(6). (37)
T 2ym V1+(g0)? (1+(g'(0)?)2
Combining (31), (32), and (37) yields:
1 €X 7-06 € 1 . "(0)
= — 1-— X2 + +0(€)
2 2ym o m << Vit (g’(0>>2> Tax (g/(0)>2>3>

€ % 2"(0)
+ - +0(€). (38)
2w (¢ 1+(@0)?2 1+ (g/(0>)2>%)

Combining (26), (27), and (38) yields:

N
N

1(Z-0 cosbyv/h1 € X2 g"(0)
0.%) = B _ — +o(e) ). (39)
0% e( P 2/, 2w ( 1+ (g(0))? (1+<g/(0>>2)%) )
Let
$(0,x2) =8, 1o

with Sthl’zz ~ 0(1), collecting all the terms at the order of O(%) in (40), we have:

7 -0  cosbyvhy

= 41
T 2" (41)

which is
@ZZ(] _M)_ (42)

2 2
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Fig. 3. Relationship between A and 6y where A = iy
. D. Y «/lTl
3 © =0.57(1-cos¥,
2 0=0,
(C]
1
0
0 1 057 3
‘9Y
Fig. 4. Relationship between ® and 6y when hy = h;.
Define
Jhy  mcosby
AMby)=——==——, by €[0, 7] (43)
\/h] 7T — 26y
with A(5) = % (see Fig. 3) and therefore we have
2
T cos 6
hy=(=—=") hi. (44)
T — Zey

Submitting (44) into (42) gives us ® = 0y for any 6y € [0, r].

Remark 3.1. We remark here that from (42), we get that the angle condition is independent of the initial condition and thus
implying that there is no relaxation dynamics of the contact angle in this specific model. To keep the consistency of the
scheme, we impose ® = 0y to get the relation between h; and h;. One can also interpret that this model is in the regime
where the relaxation dynamics of the contact angle is at a very fast time scale.

Note that, when h; = hy, Algorithm 1 reduces to the original threshold dynamics method proposed in [49]. Then, the
contact angle © satisfies

O= %(1 — cosby) (45)

as plotted in Fig. 4. It is consistent with the observation and numerical experiments in [49].
Collecting all the terms at the order of O (1) in (40) yields:

X2 g"(0) D1

— =278, 2.
VIH(E0)2 1+ (g(0)?)3 P2

Then, we further have
- (0
X2 =+/1+(g(0))2 <g7“3 - 2\/55,?11;) . (47)
(14 (g(0)?)? '
From the definition of g(x;) and ®, fundamental calculations give that \/1 +(g'(0))2 = \/1 + cot(®)2 =
g"(0)

1+ (g'(0))?)2
have:

and x =

where « is the mean curvature defined at (0,0) by the limit along the liquid-vapor interface. Then, we
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Fig. 5. The diagram for the motion law at the contact point and liquid-vapor interface away from the solid surface.

fy= (;c—2f8””),

sin® h12

303

(48)

where 2ﬁ8h11'22 is a parameter dependent on D1, D, hy and h; for the volume preserving. Formally, 2\/58,?]1‘22 =k where

i is the average of k along the liquid-vapor interface. Since x; is the velocity of the contact point moving along the solid
surface which is consistent with the motion law at the interface away from the solid surface (see Fig. 5 and see [26] for

more details on the derivation of the motion law for the two-phase interface with no contact points).

4. Gamma-Convergence of the weighted functional

In this section, we will study the I'-convergence of the weighted functional £M-h2 with hy = A2h; to the total surface

energy £ for any given A. For clarity, we first introduce some notations. Denote the functional space
X:={ueBV(Q):u=xg,, 21 CQ, Q= Vo).
In X, the norm of a function u is defined as
Jullay =l s, + [ 1Dul.
Q
By definition,

/lDu|=sup[ /udiv¢dx:¢ecg(§z,R”)].
J ¢ J

We also rewrite the modified energy functional £M-"2(Q;, Q,) with hy = A2h; as a functional on u = xo, €X,

g NRTL NE VT ysv
En(u) = /uGh*(XQ—U)dX-‘r /uG 2 * XQ, dX + /(XQ—U)G 2p * X, dX.
vh Jazn )RS Vazh PR

Q Q

Using the Young's equation ysy — Ysp = yLv cosby, a simple computation leads to

5 VYLV /T YLy cos by VT J/sv

Ep(u) = /uGh*(XQ—u)dx—i uG,2p * X, dx + /XQGZ * XQq dX.
vhoJ N A

Q Q Q
Similarly, the functional (3) without rescaling reduces to
VT YLy /T YLy COsby VT Ysy

Enu)=—— [ uGp*(xg—u)ydx — ——— | uGp * xq, dx+ /XQGh*XQ dx.

NI, vh ’ N/ ’

Q

Qs

Q

We note the energy functional £ can be rewritten as
EW)=yv|Zv| — yrv costy|Xsi| + ysv T

=y [ 1Dul+1D(xa — )] = IDxal) — yuv costy [ (1Dul+ 1D e = D@+ xa)) + ysvIT)
5 J
where I is the interface between Q2 and Q3.
We first state a result on the convergence of &, to &, as given in the following proposition.

Proposition 4.1. The functional &, T'-converges to £ in X as h goes to zero.

(49)

(50)

(51)

(52)
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The proof of the proposition is essentially given in [13], where the I'-convergence is proved for a multi-phase problem.
Here we will not repeat the details of the proof and refer to the Appendix in [13].

We aim to show the T'-convergence of &, to . It turns out the result can not be proved directly by the method in [13].
In the following we will use an indirect method to prove the result. We introduce a few more notations. Denote

/T yLv cos by VT Ysv
Fr(u) =— uGp * X5 dx + /XQGh*XQ dx, (53)
J— ) 3 \/H J 3
& &
and
F(u) = —yLv cosby /(IDU|+|D(X93)| — D+ xo;)) +ysvIXl (54)

We will prove the following proposition.
Proposition 4.2. The functional Fy, converges to F continuously in X as h goes to zero.

We recall the definition of continuous convergence in [27]. A series of functional F}, converge to F continuously in X,
if for given u € X and for any small positive number ¢, there exists a hg > 0 and a neighborhood A (u) of u such that

|Fr(v) — F(u)| <&, YveNQ). (55)

To prove Proposition 4.2, we need a few more preparations. We will prove two simple lemmas.

Lemma4.1. Forany xq . Xg, € X, if &1 N @y = 0, we have
/ID(XQI —XQ2)|=/|D(X§21)|+/|D(X§22)|~
Q Q Q

Proof. Since Q1 N, =, for any ¢ € C} (), we have

/(XQl Xa, )d1v¢dx—/d1v¢dx—/d1v¢dx— / ¢-np dH" 1 (x) — /¢> ny dH" 1 (x),
Q1 Q) ()*Q] 3*92

where 8*52, is the reduced boundary of Qi and n; are the outer normal of corresponding domain Qi i=1,2. Suppose
3*{n N B*Qz [, then we have n; = —n; on [". Suppose we can choose a ¢ € Cl(Q) such that ¢ =nq on 3% and —ny
on 3*Q, \ I. When the boundary 8* Q; are smooth, such a ¢ always exists in C1 (). Otherwise, we can choose a series of
functions in Cg () to approximate ¢. For such a choice of ¢, we have

/(xgl — Xg,)dive dx =[9* Q1| + [0

Using the basic relation fQ |DX@'_| = [0*Q;|, the above equation reads
/(sz1 — Xg,)dive dX=/|DX@1|+/IDX§22|.
Q Q Q

By the definition, we deduce

100, ~ 612 [ 1D3g,1+ [ 103
Q Q Q

Together with the triangle inequality,

100, ~ 261 = [ 1D3g,1+ [ 103
Q Q Q

we have proved the lemma. O
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The statement in the next lemma is already given in [13]. Here we state it clearly for convenience of readers.

Lemma 4.2. For any x4 € X, we have
T
|W/Xéch*)(§2c dx| §/|D(XQ1)|,

where Q¢ = Q \ & and cg is a constant independent of the choice ofSZ

Proof. Use the definition of the Gaussian kernel. A direct computation shows that

JTT JT
— [ xaGr* Xacdx= = [ xa@®) | Gp(y —X) x5 (¥) dydx
U | ran e =2 e [ e

) 3 Rn

JT
- [ a0 [ Gnrtgetr+ 6 dea
5 R"
- % / Xa® R/ G1(6)xae (x + VRE) dedx
Q n

JT
- ER/G“S)/X@(X)XQC(H Vhe) dxdg
! Q

=ﬁ/r G(r)— / /XQ(X)XQC(x—i-«/—S) dxdSdr

5"19

<V / r G(r)drsup\ / / X, ®) (X X+ VhE) — xgc (%)) dxdS
Sn 1 6
Further calculation gives

1
I / / X600 (e 06+ VRE) = e () dxdS |

sn—1 S‘z

1
slm//I(xfzc(x+«/ﬁg)—Xéc(x))dxds‘

sn—1 Q

s|5"—1|/|Dx§2|.
Q

Notice that [S"~1| [;° "G (r)dr = /7T, we have proved the lemma. O

Proof of Proposition 4.2. We will prove the proposition by definition. Firstly, it is known that (see [1,32])

x/_J/sv
h*)O f
Q

Therefore, for any ¢, there exists a constant hg such that for any h < ho,

x/_)/sv/

xGh * xo; dx=7Yysv|Z|.

XaGh * Xas dx — ysvIZI| < 5 (56)

Similarly, for any given u € X and for any ¢, there exists a hy > 0, such that for any h < hy,

cos6 e
’ ijZT y uGh*XQ3dX+J/LVC059Y/(|Du|+|D(XQ3)|_|D(U+XQ3)|) =7 (57)

Q
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Combine them together, we have
£
[Fr(u) — FWw)| < 5 (58)

for all h < h* = min(hg, hy).
Denote u = xgq,. For any v € X, we know that v = X, for some ©1 C Q. Then u —v = xq, — X,

with (21 \ £1) N (€1 \ Q1) = 3. Then we have

= X91\§21 - sz1\91'

NG

T cos 6
=%’ / Gp * Xq; dX — / Gh*xghdx‘

T | cos By |
| Fn (1) — Fi(v)| = f’“vihy]/w — V)Gh % Xay d]
Q

Q] \Q] Ql \Ql

YLy | cosby|
< T( / Ch* X\ X+ / h * X e %)

Q] \fl] Ql \Ql

S)/LV|C059Y|(/|DX(Ql\le)|+/|DX(§21\91)|)
5 &

= vlcosov] [ 1D g\, — Dianay! = 1vIcosty] [ 1D = vl
Q Q

where we have used Lemma 4.2 in last third equation and Lemma 4.1 in the last equation. Therefore, for any ¢ and u, we
choose a neighborhood NV (u) :={veX, |u—v|py < m} of u. Then for any v € AV'(u), we have

e
[Fr(v) = Fn(u)| < 3 (59)
Combine the above analysis, we have

Fin(v) — FW)| < | Fn(v) — Fa(u)] + | Fnu) — Fu)| < g + ; —e,

for any v € N9(u) and h < h*. This finishes the proof. O
By the Proposition 4.1 and 4.2, we are led to the following I'-convergence result for the modified functional &,.

Theorem 4.1. 5h(u) I'-converges to £ (u) in X.

Proof. The basic idea is to use the following property of I'-convergence (see Proposition 6.20 in [27]) that, if Fél)
-converges to FD and F continuously converges to F@ in the same topology space, and both F® and F® are fi-
nite everywhere, then F D+ F? I-converges to FV + F®,

Notice that &, = (&, — Fn) + F,2,- By the Propositions 4.1 and 4.2, we use the property twice and the proof is done. O

5. Numerical experiments

In this section, we use several numerical experiments to illustrate the improvement of the modified algorithm. We
implemented the Algorithm 1 in MATLAB installed on a laptop with a 2.7GHz Intel Core i5 processor and 8GB of RAM. The
convolutions at the first step in the Algorithm 1 are efficiently evaluated using the fast Fourier transform (FFT).

5.1. Example 1: contact angle in the dynamics

In this example, we check the accuracy of the contact angle when hy = A2h; (see (44)) and h = h; (i.e., original algo-
rithm in [49]). In two cases, we set the equilibrium angle 6y = /3 and 6y = 27 /3 and we get A = 1.5. Then, we perform
the following experiment when hy = A2h; = 2.25h; and hy = h; for different values of h;:

1. Set the initial condition as a half circle liquid droplet with radius 7 /2 on the solid surface, y = —m /2 (see Fig. 6).

2. Evaluate

cos Oy

1
¢= ﬁch] * (XD, — XDy) — ﬁchz * XDs3-
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-2 0 2

Fig. 6. The half circle initial condition on the solid surface.

Table 1
Errors of the contact angle when hy = 2.25h; and hy = hy with 6y =7 /3
and h; =m /128, /256, /512, and 7 /1024.

hy Contact angle Error Contact angle Error
when hy = 2.25h4 when hy = hy
/128 0.9939 0.0533  0.6630 0.3842
/256 1.0098 0.0374  0.6748 03724
/512 1.0235 0.0237  0.6850 0.3622
w/1024  1.0399 0.0073  0.6982 0.3490
Table 2

Errors of the contact angle when hy = 2.25h; and hp = hy with 6y =
2m /3 and hy =7 /128, 7 /256, /512, and 7 /1024.

hy Contact angle Error Contact angle Error
when hy; =2.25h when hy = hy

/128 2.0628 0.0316  2.4324 0.3380

/256 2.0727 0.0217  2.4335 0.3391

/512 2.0798 0.0145  2.4289 0.3345

mw/1024  2.0853 0.0091  2.4279 0.3335

3. Use the function named contour in Matlab, we find a set of discrete points on the 6,?1]'22 -levelset of ¢. Among these

points, find the point C; = (x1, y1) which is closest to the surface in either the rightmost or leftmost. Then, we find the
closest point, C2 = (x2, y2), to C1 away from the solid surface.

4. Calculate # = arctan( ’g%i’ll).

In Table 1, we list the errors of the contact angle when h, =2.25h; and h; = hy with 6y =7 /3 and hy =7 /128, /256,
/512, and 7 /1024, separately. When hy = 2.25h1, it is obvious to see that the angle converges to 7 /3 ~ 1.04720 when
we decrease the value of hi. However, when h, = hy, the angle converges to an incorrect angle. Interestingly, we note that
the angles are close to 7 /4 ~ 0.78540 which is consistent with the results in (45) and Fig. 4.

In Table 2, we list the errors of the contact angle when hy = 2.25hy and hy; = h; with 6y =27 /3 and h; = /128,
/256, /512, and 7 /1024, separately. Again, when h, = 2.25h, the contact angle converges to 27 /3 ~ 2.09440. When
hy = h1, the angle seems to converge to an incorrect angle which is close to 37 /4 ~ 2.35619 showed in (45) and Fig. 4.

In both numerical experiments, we use 4096 x 4096 grid points to discretize the computational domain [—m, ] x
[—m, ]

5.2. Example 2: contact angle in the equilibrium state of the solid wetting problem

In this example, we check the accuracy of the contact angle for the equilibrium state. We apply the adaptive in time
strategy proposed in [49] on Algorithm 1 to get the equilibrium state when 6y =7 /3 and 27 /3 on discretized grids with
mesh size dx = /64,7 /128, /256, and 7 /512 when h, = A%h; and h, = hy, respectively. Here, we choose a relatively
large initial h; = 3dx since we use the adaptive in time strategy. We refer the details of the adaptive in time strategy to
[49]. The convergence criterion is that D1 doesn’t change both between two iteration steps in the current discretization and
halving the value of hi. Table 3 and 4 list the errors of the contact angle and the CPU time when hy = A2h; and hy = h;
with the equilibrium angle 0y =27 /3 and 7 /3. In both cases, A = 1.5. Obviously, from both tables, the angles converge to
the corresponding expected angles 8y when hy = 2.25h1 while the angles deviate from the correct angles when h; = hy.

5.3. Example 3: contact angle hysteresis on a rough surface

In this section, we compare the improved algorithm to the original algorithm [49] in the simulation of the contact angle
hysteresis on geometrically rough surfaces. When a droplet spreads on a rough surface, the contact angle can take a range
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Table 3
Errors of the contact angle at equilibrium state when hy = 2.25hy and hy = hy with 6y = /3.
dx Initial hq Contact angle Error CPU time  Contact angle  Error CPU time
when hy = 2.25h; (seconds) when hy = h; (seconds)
/64 37 /64 0.8004 0.2468 0.07 0.7100 0.3372 0.25
/128 3w /128 0.8570 0.1902 0.59 0.6614 0.3858 0.59
/256 37 /256 0.9960 0.0512 55 0.6244 0.4228 5.9
/512 37 /512 1.0227 0.0245 43.2 0.6053 0.4419 43.6
Table 4
Errors of the contact angle at equilibrium state when h; = 2.25h and hy = h; with 6y =27 /3.
dx Initial hq Contact angle Error CPU time  Contact angle  Error CPU time
when hy = 2.25h; (seconds) when hy = h; (seconds)
/64 37 /64 1.8127 0.2817 0.08 2.2554 0.1610 0.11
T /128 3w /128 1.9232 0.1712 0.58 2.4058 03114 0.52
/256 37 /256 2.0205 0.0739 4.8 24995 0.4051 4.8
T /512 37 /512 21225 0.0281 43.5 2.5247 0.4303 42.2
2 14 a
&
1.6 -
0 1.8
02 0 02
A
-2
/\/\%A
-2 0 2
(a) Diagram of the solid surface (b) Diagram of the effective angle

Fig. 7. Diagrams of the solid surface and the effective angle.

of values. The highest (lowest) stable contact angle is termed the advancing (receding) angle ®, (©;). The contact angle
hysteresis A® = ©4, — ®; is an important quantity and determines many properties of the rough surface. To simulate the
hysteresis process, we consider the quasi-static spreading of a drop as volume of the drop is gradually increased (advancing)
or decreased (receding). We compute the equilibrium state of the drop after liquid is added or extracted in each time step.
Theoretically, in each period, when the volume of the droplet is increasing (decreasing) gradually, the apparent contact angle
should be approaching to the advancing (receding) angle.

In this experiment, the computational domain is [—m, 7] x [—7, ], and the solid surface of is then given by a sawtooth
function

7 tan(w)

y = —5 + TS(Z!(X)

where s(x) is a sawtooth periodic function with period 27t defined as

-1-X% 7 <x<0;

— s
S(X)_{ 2 O<x<m,

« is the angle between solid surface and horizontal direction, and 2k denotes the number of the period of the sawtooth on
the solid surface (see Fig. 7 (a) for an example when k =10 and o = 71 /6). For a rough surface, it is more meaningful to see
how the effective contact angle behaves when the volume of the drop is increased or decreased [G]. The effective contact
angle is defined as the angle between the contact line and the horizontal surface (see Fig. 7 (b)). The computational domain
[—m, ] x [—m, ] is discretized by 4096 x 4096 grid points and the initial time step is hy = 2(¥W'

Fig. 8 displays the behavior of the effective contact angle when k =10, = %. In this case, the Young’s angle of the solid
surface is Oy = % the theoretical advancing angle is 7w /3 4+ 7 /6 = 7t /2 and the theoretical receding angle is 7 /3 — 7 /6 =
7 /6. In Fig. 8, we use solid lines to denote the line of the theoretic advancing angle and the theoretic receding angle. The
results show significant improvement of hysteresis behavior obtained by the new algorithm.

The red dashed line represents the behavior of advancing angle when we increase the volume gradually from 0.2 to 8
and the blue dashed line represents the behavior of the receding angle when we decrease the volume gradually from 8 to
0.2 using the improved threshold dynamics method proposed. In the first figure of Fig. 8, when the volume of the droplet
is increasing (decreasing) gradually, we see that in each period, the apparent contact angle is approaching to the advancing
(receding) angle accordingly. It matches the theoretic results well.
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Fig. 8. Advancing and receding contact angles for rough surfaces with 8y = /3 and k = 10 when hy = A%h; and hy = h;, separately. (For interpretation of
the colors in the figure(s), the reader is referred to the web version of this article.)

However, if we use the original algorithm (i.e., h, = h1) to add volume gradually from 0.2 to 8 and then decrease from
8 to 0.2, the results are displayed by the green dashed line and the light blue dashed line in the second figure of Fig. 8.
When the volume of the droplet is increasing (decreasing) gradually, we see that in every period, the apparent contact
angle is approaching to an incorrect advancing (receding) angle. They deviate from the theoretic result a lot. In fact, the
advancing angle is close to 7w /4 + 7 /6 =57 /12 and the receding angle is close to 7w /4 — 7 /6 = 7 /12. This observation is
also consistent with the asymptotic results in (45) and Fig. 4.

6. Conclusions and future work

In this paper, we developed a modified threshold dynamics method for wetting dynamics. The method is simple, efficient,
and unconditionally stable. We showed that the contact angle is consistent with the Young’s angle and the dynamics at the
contact point is consistent with the dynamics of the interface away from the contact point. We extended the analysis in
[13] to prove the modified functional I'-converges to the original functional. We used some numerical examples to verify
the improvement of the modified method comparing to the method in [49].
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