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TRANSFORMED MODEL REDUCTION FOR PARTIAL
DIFFERENTIAL EQUATIONS WITH SHARP INNER LAYERS *

TIANYOU TANG t AND XIANMIN XU

Abstract. Small parameters in partial differential equations can give rise to solutions with sharp
inner layers that evolve over time. However, the standard model reduction method becomes inefficient
when applied to these problems due to the slowly decaying Kolmogorov N-width of the solution
manifold. To address this issue, a natural approach is to transform the equation in such a way that the
transformed solution manifold exhibits a fast decaying Kolmogorov N-width. In this paper, we focus
on the Allen-Cahn equation as a model problem. We employ asymptotic analysis to identify slow
variables and perform a transformation of the partial differential equations accordingly. Subsequently,
we apply the Proper Orthogonal Decomposition (POD) method and a qDEIM technique to the
transformed equation with the slow variables. Numerical experiments demonstrate that the new
model reduction method yield significantly improved results compared to direct model reduction
applied to the original equation. Furthermore, this approach can be extended to other equations,
such as the convection equation and the Burgers equation.

Key words. Model reduction, Nonlinearity, Small parameter models, Slow variables

1. Introduction. Numerous physical, chemical, and biological processes can be
effectively described by nonlinear partial differential equations (PDEs) that involve
small parameters. These small parameters are often associated with the multiscale
behavior exhibited by the solutions. However, numerical computations for such prob-
lems tend to be time-consuming and demand significant computational resources.
This inefficiency becomes particularly pronounced when the equations need to be
solved repeatedly or in real-time scenarios to control systems or industrial processes.
Consequently, there is a strong motivation to perform model reduction on these sys-
tems and solve the resulting reduced models in practical applications.

After spatial discretization of the PDEs with small parameters, a nonlinear para-
metric dynamic system can be obtained as follows:

du
T A.u+ F.(u).

E.
Hereu € R™ and ¢ < 11is a parameter. E., A, € R™*™ are matrices and F. : R" — R"
is a nonlinear vector-valued function. E., A, and F. may depend on ¢. For simplicity,
we will ignore the notation € and use E, A, F(u) to represent E., A. and F_.(u)
respectively. This leads to a model referred to as the Full Order Model (FOM),
represented by equation (1.1):

(1.1) E%‘; = Au+ F(u),

The FOM has very large state-space dimension, i.e. n > 1, since it originates from
the spacial discretization of a PDE system. The objective is to find a low-dimensional
representation of the FOM, known as the Reduced Order Model (ROM), represented
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by equation (1.2):

-~ dua
B dt
Here, a € R", E,A € R"™%", [ : R” — R", and r < n. This model is called Reduced
Order Model (ROM). There exists a function g : R” — R™ that reconstructs u from
4, for example g(a) = Gu, where G € R"*".

There are numerous model reduction methods to derive the ROM in the literature
[5]. Onme category of these methods is the sampling-based approach, which involves
constructing low-order models by sampling the parameter space or time domain. Com-
monly used methods in this category include the Proper Orthogonal Decomposition
(POD) method [47], the Reduced Basis method [39], and techniques based on tensor
analysis [44, 32]. Another category of methods is motivated by the system’s dynami-
cal behavior or theoretical knowledge of a specific model. For example, the balanced
truncation method [21] can ensure system stability and provides a priori error es-
timation. It has been successfully applied to nonlinear control systems [28]. The
Loewner interpolation framework has been employed for parameter-independent in-
put and output systems [33]. Furthermore, there has been recent research in model
reduction methods that combine machine learning approaches [6, 9].

In our work, we primarily focus on the POD method. This method has been
extensively studied and successfully applied to various problems over the past few
decades [30, 41, 40, 38]. The POD method is based on sampling, which emphasizes
the need to estimate the approximation of the sample manifold and the true solution
manifold. The optimal r-dimensional subspace approximation of the manifold M is
characterized by the Kolmogorov N-width [34, 22]. Assuming M is a subset of H
where H is some Banach or Hilbert space with norm |-| ;. The Kolmogorov N-width
of M is defined as

(1.2) = Au + F(q).

dv(M) = ain o u=Pruly,
where Y is a N-dimensional linear subspace of H and Py denotes the projection onto
Y. The efficiency of the POD method relies on the decay rate of the Kolmogorov
N-width with respect to N [46, 20]. However, if the solution manifold of a PDE
has a slow-decaying width, such as in convection-dominated problems, the standard
POD method may not provide satisfactory results, necessitating the development of
specialized techniques [37, 35, 36].

In addition to the slow decay of the Kolmogorov N-width, the presence of non-
linear terms in a dynamic system poses additional challenges. This is because the
standard POD method may require full order computations when dealing with these
terms. Fortunately, there are several techniques available to handle the nonlinearity
in model reduction methods. One approach, proposed by Benner et al. [4], is the
design of a two-sided projection method specifically tailored for nonlinear terms with
quadratic form. Another widely used technique is the empirical interpolation method
(EIM) and its discrete form, known as the Discrete Empirical Interpolation Method
(DEIM) [2, 10]. These methods utilize a linear combination of low-dimensional basis
functions to approximate the nonlinear terms. For a detailed analysis of the error
estimation in DEIM, refer to Chaturantabut’s work [11]. Building upon the DEIM
technique, Drmagc et al. introduced an algorithm framework that incorporates a new
selection operator called the gDEIM technique [14]. This technique further enhances
the accuracy of the approximation.
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In this paper, our objective is to develop an efficient model reduction method for
nonlinear partial differential equations involving small parameters. To illustrate our
approach, we focus on the Allen-Cahn equation, which is commonly used to model
phase transitions in material sciences [1]. This equation has found applications in var-
ious fields such as fluid dynamics [42, 26], image processing [3], and more. Extensive
literature exists on the Allen-Cahn equation, covering aspects such as asymptotic and
rigorous analysis, numerical methods, and diverse applications [16, 13, 17, 43, 31, 15].
The equation includes a parameter, denoted by e, which governs the width of the
interface between different phases. As ¢ becomes smaller, finding accurate numeri-
cal solutions becomes increasingly difficult. Additionally, the decay rate of the Kol-
mogorov N-width for the discrete solution manifold associated with the equation may
be remarkably slow, posing a significant obstacle for model reduction techniques.

Our method revolves around the concept of identifying and learning slow latent
variables, which allows us to perform model reduction on the transformed system.
Specifically, for the Allen-Cahn equation, we conduct asymptotic analysis and lever-
age the leading order solution to derive an explicit variable transformation. The
slow variable exhibits superior regularity compared to the phase field function in
the Allen-Cahn equation. Subsequently, we employ a POD method in conjunction
with a qDEIM technique to construct a reduced model for the transformed equa-
tion. Through numerical experiments, we demonstrate that the transformed system
exhibits a significantly faster decaying Kolmogorov N-width, resulting in a highly
efficient model reduction approach compared to the original equation. Remarkably,
this method’s natural and straightforward idea can be extended to other nonlinear
PDEs, such as the convection equation and the Burgers equation.

The paper is organized as follows. Section 2 introduces the POD-gDEIM method
for nonlinear model reduction, highlighting its key steps and principles. In Section
3, we present a general framework for the transformed model reduction method for
second order quasi-linear PDEs with small parameters. In particular, we utilize the
2D Allen-Cahn equation as a model problem, elucidating our motivation and outlining
the methodology employed to derive the slow variable. To validate the efficacy of our
approach, Section 4 presents numerical results for the model reduction method for the
Allen-Cahn equation in various cases. Additionally, Section 5 shows the application
of our method to other equations. Finally, in Section 6, we provide conclusions and
discuss potential avenues for future research and development.

2. Preliminary: POD-gDEIM Framework. We utilize the POD method as
a basic tool to establish the reduced order model. To overcome the difficulties caused
by the nonlinearity of the dynamic system, we apply the DEIM technique and its
variant, gDEIM. We briefly introduce the widely used techniques below.

2.1. Proper orthogonal decomposition. Consider a FOM given by equation
(1.1). Let u(t) denote the solution of the FOM at each time ¢. Suppose the solutions
in a time interval [0, T form a manifold M C R™ with n > 1. By sampling the time
variable t over the time interval, we obtain a set of snapshots uy, ..., uy € R™, which
are the solutions of the FOM computed at different time instances t1,...,tp;. Let U =
[u,...,uy] € R™M. The linear space span(U) spanned by these snapshots may not
directly coincide with the solution manifold of the dynamic system. However, it serves
as a good representation of the manifold if the number of snapshots is sufficiently large.
The POD method aims at determining an r-dimensional subspace within span(U) and
find an approximate solution u within this subspace.

3
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Suppose that U admits the singular value decomposition,
U=X3Y",

where X = [x1, -+ ,xp] € RP™*M 3 = diag(oy,- -+ ,0n) € RM*M gatisfies o >

> om >0, Y € RMXM The POD method consist in obtaining a subspace
range(V), where V is defined as the first r columns of X corresponding to the r
largest singular values of U. All columns of V compose a set of POD basis. The
approximation error of the subspace range(V) to range(U) can be estimated by the
sum of the squares of the singular values corresponding to those left singular vectors
not included in the POD basis, i.e.

M M
(2.1) [U-vVTU |5 =3 [jui - VT, = Y o2,

i=1 i=r+1

where ||-|| 7 is the Frobenius norm.

Assuming that u = Vu, where u € R", we substitute this approximation into the
equation (1.1) and multiply the left side by V*. This allows us to obtain a ROM as
follows:

T da T N T -
A% EVE =V AvVa+ V' F(Va).
Define E := VTEV, A := VTAV and F(u) := VTF(Va). The equation can be
written as
~da L o~
(2.2) E— = Au+ F(u).
dt
Notice that both E, A € R™*" can be pre-computed in many cases when ¢ is fixed or
when A and E are homogeneous with respect to €, e.g. A =e* Ay, E = M E( with
ko, k1 > 0, Ay and Eq independent of e. This leads to a standard POD algorithm(see
in Appendix A.).

2.2. Reduction of the nonlinear term. Notice that the evaluation of F () =
VTF(Va) in (2.2) contains high order computation due to the nonlinearity of F. We
now present two popular techniques, DEIM and qDEIM, for handling the nonlinear
term. For more details, we refer the reader to [10, 14].

In DEIM it is assumed that the nonlinear function F' can be approximated by

F(w) ~DC(w),

where w € R™", D € R"" and C : R™ — R™ is a nonlinear function with m < n.
To obtain the low-dimensional nonlinear function C', we equate m rows from both
sides of the equation, i.e.

PTF(w) =PTDC(w),

where P = [e;q,," -+ , €4, ] € R™*™ is called selection operator. Here e;q, is the idj-th
column of the identity matrix I,, € R"*". Assuming PTD is non-singular, then C(w)
can be uniquely determined by

(2.3) C(w)=(PTD) 'PTF(w).
4
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Define D := D(PTD)~ !, C(w) := PTF(w), then

(2.4) F(w) =~ DC(w) =D(PTD) ' PTF(w) = DC(w).

Therefore, the approximation of F(w) involves two steps: compute the DEIM basis
D and identify the indices {idy,- - ,id, }.

By defining F := [F(w1), -+, F(wy)] € R"*Y where wy, -+, wy are the sam-
ples over the domain of F', the DEIM basis D is obtained by choosing the first m
left singular vectors of F similarly to the POD process. The indices are determined
iteratively based on the choice of D.

The gDEIM improves the error bound of DEIM [10, Lemma 3.2] by using a new
selecting operator strategy [14, Theorem 2.1], and shares the same DEIM basis matrix
D with the original DEIM. In this method, {idy,--- ,id,,} are selected as the first m
indices of pivoted QR factorization of D". That is to choose indices corresponding to
the columns of the leading submatrix of a factorized matrix D”. The details of the
DEIM algorithm and qDEIM algorithm are given in Appendix A.

Combining the POD method and the qDEIM technique, the reduced order model
of (1.1) is of this form

da

VTEV
dt

=VTAVi + VIDC(Va),

where V is the POD basis matrix, D and C are defined as in (2.4). Let B := VID,
the model can be rewritten as

~da L o~
(2.5) EE = Au+ BC(Vu).
Here C (V1) contains at most m nonlinear functions and does not require computing
Vu in every time step.

The error estimate (2.1) implies that the approximation error of the POD method
depends on the decay rate of the singular values. The faster the singular values decay,
the better the approximation of the original snapshot space for a given reduced order
r. The decay property of the singular values is characterized by the Kolmogorov N-
width. For many partial differential equations with small parameters, the solution
may have small transition layers. The numerical solution may correspond to a slowly
decaying Kolmogorov N-width, which poses a major challenge for deriving a ROM
for such problems. In the following, we will present a model reduction method for
problems with small parameters by learning the intrinsic slow variable in the system
which corresponds to fast decaying Kolmogorov N-width.

3. Transformed model reduction method. In this section, we will introduce
the transformed model reduction method for a general nonlinear partial differential
equation with small parameters. We first introduce the main idea of the method and
the algorithm. Then we apply the method to the Allen-Cahn equation.

3.1. A general framework. We consider a general second order quasi-linear
partial differential equation in a domain Q C R? as follows,

(3.1) up = eV - (A(X)Vu) + b(x,u) - Vu + e f(x,u),

where u : Q x [0, T] — R is a scalar unknown function, the coefficiences A : Q — R4*4,
b: QxR —=R%and f: QxR — R are given functions. We suppose that ¢ is a small

5
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positive parameter. Notice that the last two terms in the right hand side of (3.1) may
be nonlinear with respect to u. The equation covers some widely used models. For
example, when A(x) is equal to the identity matrix, b(x,u) = 0 and f(x,u) = u —u?,
(3.1) is reduced to the standard Allen-Cahn equation. When A(x) is the identity
matrix, b(x,u) = uby with by € R? and f = 0, this is the Burgers equation. If
A(x) =0, b(x,u) = by and f(x,u) = 0, the equation is reduced to a linear convection
equation.

When ¢ is small, the solution u of (3.1) may exhibit an evolving sharp transition
layer of order O(g) in thickness. In this case, the solution of the equation lies on a
manifold with slowly decaying Kolmogorov N-width. Applying the standard model
reduction method from the previous section directly to the equation is very inefficient.
To improve the efficiency of the model reduction applied to the equation (3.1) with
sharp transition layer, we seek a slow variable v in its dynamics. By transforming
Eq. (3.1), we obtain an equation for v. We expect that the transformed equation has
a faster decaying Kolmogorov N-width and is more amenable to model reduction.

Finding a suitable transformation for a nonlinear PDE is usually challenging [23].
We employ an asymptotic analysis method. The main idea is to find a transformation
u = ¢(v) such that the leading order approximation of v is independent of €. In other
words, we want to rewrite v = vy 4+ ev1 + - - - and vy does not depend on .

Asymptotic analysis. We find the leading order approximation of u in regions
far from the transition layer (outer expansion) and in the layer (inner expansion)
separately by asymptotic analysis [7, 8]. Firstly, we consider the outer expansions far
from the layer. Suppose that the solution u can be expanded with respect to € as
follows,

U="uUy+ecu +---.

Substitute the expansion into (3.1) and equal the same orders. We obtain a series of
equations,

0(5_1) : f(X,’lj,o) = 07
o) : w0, + b(x,ug) - Vug + 9y f (%, up)us = 0,

When f and b are given, it is possible to derive the explicit form of the leading order
term wug. For simplicity, we assume there exist two different phases in the system.
The values of ug in the two phases are denoted as uar and ug , respectively.

We then consider the inner expansions near the transition layer between the two
phases. Suppose the centering surface of the transition layer is given by I'(¢).We define
d(x,t) as the signed distance function from point x to I'(¢). By its definition, we have
n = Vd and k = Ad, where n is the unit vector normal to I" and « is the curvature of
I'. We introduce an inner layer coordinate £(x,t) := d(x,t)/e. We represent u(x,t)
in the neighborhood of I'(t) by the function 4(x,&,t). We express the derivatives of
U as

1
atu - gatd(xv t)aia(xv 67 t) + 81571(}{7 fa t)a
1
Vu = g(“)gﬂ(x, & tn+ Vyia(x, &, t).
The asymptotic expansion of @ is

ﬂ(X, Ea t) ~ ﬂ'O(Xa fa t) + 5’[1,1()(, 53 t) + 52'&2(Xa 57 t) 4
6
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We substitute the expansion into Eq. (3.1). By considering the leading order terms,
we obtain

(32) O(E_l) : (IITA(X)H)’ELO7£§ + (b(X, 110) . l’l)ﬂoé + f(X, 120) =0.
By matching the outer and inner expansions, we have
lim 4y = ug.
i o =

We assume that there exists a unique solution g = ¢(£) to the equation (3.2) together
with the matching condition.

Transformation and Discretization in space. Motivated by the asymptotic analy-
sis results, we introduce the following transformation that

<, U
u=¢(v) := ¢(2).
€
We substitute the transformation into Eq. (3.1) to derive a model for v,

(3:3) v = eV-(AX)Vo)+ (2(6) "' V-(' A) +b(x, 6(v)) ) -To+-(c0/) ™! F(x, 6(0).

We expect that the solution of the transformed equation (3.3) has a much faster
decaying Kolmogorov width compared to the original model (3.1) for w.
The equation (3.3) can be discretized by standard numerical methods, like the
finite difference method etc. We obtain the following discrete model for v,
(3.4) % =A,v+ F,(v),
where A, arises from eV (A(x)Vv) and F,(v) is obtained from the other terms.
Finally, we apply the POD-qDEIM method introduced in the previous section
to perform model reduction for the equation (3.4). This further leads to a model
reduction method for the equation (3.1). In summary, the general framework for the
transformed model reduction method can be described in the following Algorithm 3.1.

Algorithm 3.1 A POD-qDEIM method based on transformation

Input: model of u;
Output: reduced approximation ;
1: Find the slow variable transformation v = ¢(v) by asymptotic analysis;
2: Derive a transformed model for v and discretize;
3: Compute v by applying POD-gDEIM (Algorithm Al and Algorithm A3) on the
discrete model of v;

4 0= (D).

3.2. Application to the Allen-Cahn equation. To further demonstrate how
we derive a ROM by transforming the PDE, we use the Allen-Cahn equation as a
model problem. The equation is given by

(3.5) w = Au+ éf(u), (x,) € Q x [0, 7.

where f(u) = u—u?, Q C R? is a two-dimensional domain, and ¢ is a small parameter.
The Allen-Cahn equation has many applications in phase transitions, wetting prob-
lems and image processing (c.f. [12, 31, 3]). Notice that we have re-scaled the time

7
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variable in (3.5) in comparison to (3.1) so that the equation approximates a standard
mean curvature flow when € goes to zero.

We seek a leading approximation for u(x,t) by asymptotic analysis. Let I'(t) C
be the zero-level set of the solution u(x,t) of the equation at time ¢. It is known that
u has a sharp transition layer around I'(¢).

We first consider the outer expansions. We assume that u has the following
asymptotic expansion with respect to ¢ in QF away from I'(¢):

u(x,t) ~ uf(x,t) + euf(x,t) +-- -, in QF,
We substitute the expansion into the equation (3.5). Comparing the leading order
terms on both sides, namely the O(e~2) terms, we obtain
uat - (u’g)B = Oa

which implies ug(x,t)* = £1 for x € QF.

We then consider the solution near I'(t). Let d(x,t) be the signed distance function
from point x to I'(t) and introduce an inner layer coordinate £(x,t) := d(x,t)/e. We
represent u(x,t) in the neighborhood of I'(t) by the function #(x,&,t). By inner
expansions, the leading order of u satisfies

(3.6) Deetio + o — (Tp)* = 0.
Matching the leading order term of the outer expansion and the inner expansion gives

(3.7) lim dg(x,&,t) = £1.

E—too

From (3.6) and (3.7), noticing @(x,§,t) = 0 when £ = 0, we derive an ordinary
differential equation in terms of £ satisfied by g,

P (€) = —(® — D), —00 < 2 < +00,

lim @ = 41,
E—+oo
®(0) = 0.

The unique solution of the equation is

¢<5>::tanh<;;5§x

which implies (%, &, t) = tanh(%).

The leading order term of u in €2 can be obtained by adding the outer and inner
approximations together and subtracting the common part:
dx, t),t) — lim uf(x,t) = tanh(d(x’ 2

€ x—I'(t) \/55

Here d(x,t) is a signed distance function to I'(t) that does not depend on €. The
next-order expansion analysis will reveal that the evolution of d(x,t) corresponds to a
mean curvature flow. We omit the analysis here because the expression (3.8) suffices
to define a transformation for the Allen-Cahn equation.

Motivated by the above asymptotic results, we choose v = v/2e tanh™!(u) as a
slow variable. Note that the leading order approximation of v is the signed distance

8

(38)  wo(x,t) = ug (x, 1) + do(x,

).
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function d(x, t) which is independent of . Compared to «, the numerical approxima-
tion to v should correspond to a faster singular value decaying snapshot matrix. By
applying the transformation

v(x,t)

V2e

into (3.5), we obtain a full order model of the new variable v:

(3.9) u(x,t) = ¢p(v(x,t)) := tanh( ),

(3.10) vy = Av+ ggb(v)(l —|Vol?), x€Q, tel0,T].

After solving this equation, we can use (3.9) to obtain u(z,t). In the following, we
will develop a numerical discretization to (3.10) and perform model reduction on the
discrete problem.

We then discretize the modified equation (3.10) in space. The discrete equation
has a similar structure to the Allen-Cahn equation (3.5), which also includes a small
parameter €. Many numerical methods for the Allen-Cahn equation, e.g. the finite
element method [17, 18], the finite difference method [45, 29] and the spectral method
[43], etc, can be adapted to solve the transformed equation. Moreover, the second
term is of order O(e~1) instead of O(¢72) as in (3.5). This makes the problem (3.10)
easier to solve numerically. Since we aim at developing a reduced model for the
equation (3.10), we use the finite difference method for simplicity.

Assume that Q = [—1,1] x [-1,1]. We uniformly discretize the domain as follows.
We introduce a partition along two coordinates, —1 = z; < --- < zx = 1 and
—1 =19y <--- <yg =1 with mesh size h := K271' This induces a two dimensional

partition for 2 with grid points (z;,y;), 1 <i,j < K.

Suppose that v; ;(t) approximates v(z;,y;,t) for ¢,5 = 1,--- , K. We can use
a finite difference method to discretize the equation (3.10). The Laplacian Aw is
discretized by a second-order central difference scheme

_Ah<vi,j) — _1)1171,j+2}'/7;i,j+7)i+1,j + _Ui,j—1+?:;i‘j_vi,j+l.

Alternatively, we can use a fourth-order central difference to discretize the Laplacian,
which has better numerical properties in solving the original Allen-Cahn equation
(3.5), which serves as a reference solution in our numerical experiments. The first-
order derivatives in (3.10) are discretized by a second-order central difference

Vit1,j — Vi-1,j Vij+1 — Vij—1

(Vij)e = 57 o (ig)y = o
Let v(t) := [v11(t) -+ 01,k (t),v21(t), , vk 1 (t)]T. Then the semi-discrete scheme
for (3.10) is given by
dv

11 —=A F
(3.11) Y= AV RW),

where A, arises from Av and F,(v) is obtained from the second term in the right hand
side of (3.10). This is a full order model of the partial differential equation (3.10).
We finally apply the POD-gDEIM(Algorithm A1l and Algorithm A3) to (3.10). The

numerical results will be illustrated in next section.

4. Numerical experiments for the Allen-Cahn equation. In this section,
we present some numerical experiments that demonstrate the superior performance

9
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of the model reduction method based on the transformation compared to the direct
model reduction of the equation (3.5) for u.

To compare with the reference solution for the original equation (3.5), we also
introduce a finite difference scheme for the equation. Let

u(t) o= [ura(t) - un g (), u21(t), - ur ()]
The discrete model for (3.5) is given by

du
4.1 — =A F,
(4.1) dt wu+ u(u)’

where A, arises from the Laplace term Awu and F,(u) is obtained from the nonlinear
term 2 (u — u®). Note that A, may differ from A, in (3.11) even when we use the
same finite difference scheme for the Laplace operator, since the boundary condition
may vary for u and v.

To solve the equation (3.5), we need set a boundary condition and an initial
boundary condition. In the first experiment, we choose a natural boundary condition

g—ﬁ =0 on 99 and an initial boundary condition u(z,y,0) = ug(z,y), where

(4.2) uo(x,y) = tanh(W).

The initial condition vy(z,y) can be derived directly from the transformation that

vo(x,y) = ¢~ (uo(z,y)) = Va2 +y2 — 0.6,

In principle, the boundary condition for v(z,y) can be derived similarly by using the
relation Vu = ﬁ(l — tanh2(\/%s))Vv. When ¢ is small, ﬁ(l — tanhQ(ﬁ)) ~0
and v approximates a signed distance function so that we can simply choose |Vv| =1
on Jf) in the numerical experiments.

It is well-known that the transition layer of the solution of the Allen-Cahn equa-
tion evolves with time, that is a good approximation to a mean curvature flow[16, 19].
Under the initial condition (4.2), the zero level set of u can be described approximately

by a shrinking circle with radius

(4.3) r=+/0.36 — 2t.

We solve the Allen-Cahn equation (3.5) using the finite difference scheme (4.1).
The ordinary differential equation (4.1) is solved by a fourth-order Runge-Kutta
method. In the test, we take T = 0.181, K = 1000, ¢ = 0.005, and the time step
At = 5e — 7. The numerical solution is shown in Figure 1, where we find that the
hole disappears almost at t = 0.18, just as shown in (4.3). This indicates that the full
order model (4.1) is solved correctly.

Similarly, we solve the transformed equation (3.10) using the finite difference
scheme (3.11). We choose the same numerical parameters as for u. The numerical
solution for v and the corresponding phase field function U? := ¢(v) = tanh(ﬁ) are

shown in Figure 2. We can see that v is a good approximation to a signed distance
function while ¢(v) behaves similarly to the solution of the Allen-Cahn equation in
Figure 1. This implies that we can use the transformed equation (3.10) instead of the
original Allen-Cahn equation (3.5) in numerical simulations. Furthermore, since there

10
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Figure 1: Numerical results of 2D Allen-Cahn equation. (a) The initial condition
(4.2). (b) The reference solution at ¢ = 0.11. (c¢) The reference solution at ¢ = 0.18.
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Figure 2: Numerical results of 2D Allen-Cahn equation. The solutions of V-

FOM (3.11) and the corresponding transformed solutions UY = ¢(v) at different
time instants.

is no sharp inner layer for the solution v, we expect that the solution manifold will
correspond to a faster decaying Kolmogorov N-width, which will be verified below.
In the following, we will check how the model reduction method (Algorithm 3.1)
works well for the transformed equation. In comparison, we also apply a POD-gDEIM
method to the original equation (3.5). For convenience, we introduce some notations
here. Let U-FOM be the full order model (4.1) for u, and U-ROM be its reduced
order model. Similarly, let V-FOM and V-ROM denote the full order model (3.11)
for v and its reduced order model, respectively. We denote the solution of U-FOM as
U and the solution of U-ROM as Ugpp,. Furthermore, we transform u = ¢(v) to the
solution of V-FOM to get an approximate solution U" for the phase field function,
i.e., UV is the approximate FOM solution obtained by first solving the transformed
original problem V-FOM to obtain v, then setting U¥ = ¢(v). Similarly, we denote

11
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Figure 3: Normalized singular values o;/0 for the solution snapshots of the Allen-
Cahn equation. (a) PODsigU: singular values of the POD snapshot matrix for U-
FOM (4.1); PODsigV: singular values of the POD snapshot matrix for V-FOM (3.11).
(b) DEIMsigU: singular values of the DEIM snapshot matrix for U-FOM (4.1); DEIM-
sigV: singular values of the DEIM snapshot matrix for V-FOM (3.11).

by Ug,,» the approximate solution of u by first solving the reduced model V-ROM,

then transforming it back with ¢. The relative error of the U-ROM is defined as

HUappr B U”F

err(Ugppr, U) := Tl
F

Here |-|| z denotes the Frobenius norm. Similarly, the relative error of the V-ROM is
defined as

v [ Usppr UHF
err(Uappr, U):= e .

v

To derive the reduced order model, we take M = 1000 uniform samples t1,--- ,tps
over the time interval [0,7] and use v; = v(¢;) (or u; = u(t;)), ¢ = 1,--- , M, to
generate the POD and DEIM bases for V-ROM (or U-ROM). Figure 3(a) shows all the
normalized singular values o; /01 for the POD snapshot matrices U := [uy, -+, up/]
and V := [vy, -+, vy]. We can see that singular values decay much faster for the slow

variable v than for u. This implies that the solution manifold for v has faster decaying
Kolmogorov N-width, as expected. Figure 3(b) shows the normalized singular values
for the DEIM snapshot matrices for u and v. Similarly, the slow variable v corresponds
to faster decaying singular values.

Then we can generate a reduced order model for v by the POD-gDEIM method
as described in Algorithm 3.1. Here we choose r = 50 for the POD basis and m = 100
for the DEIM basis in the V-ROM. The V-ROM is also solved numerically by a
fourth-order Runge-Kutta method. By transforming the numerical solution of the
V-ROM, we get an approximate solution Uy,,,.. Figure 4 shows the error U — Uy,
at various time instants. We can see that the maximum error is of order O(10~ )
which occurs only near the transition layer of the phase field equation. We also show
the radius of the zero level set for U, in Figure 5. The “exact radius” is given

12
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Figure 4: Numerical errors of the transformed model reduction method for the 2D
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Figure 5: Numerical results of the 2D Allen-Cahn equation. We use 50 POD bases

and 100 DEIM bases, and compare the exact radius and Ug,,,,..

by the equation (4.3), corresponding to that for a mean curvature flow. We can see
that the radius computed by the V-ROM is very close to the exact radius for all time
t e 0,77

For comparison, we also study the numerical behavior of the reduced order model
U-ROM for the original Allen-Cahn equation. That is to apply the POD-qDEIM
method to (4.1). We still choose r = 50 for the POD basis and m = 100 for the DEIM
basis in the U-ROM. The numerical solution Ugp,, and the pointwise error U — Ugppr
are shown in Figure 6. We can see that the U-ROM gives a totally wrong solution.
This indicates that the V-ROM performs much better than the U-ROM. To make the
comparison more clear, we show the relative error in Frobenius norm in Figure 7. It
is easy to see that the relative error for the V-ROM for the transformed problem is
much smaller than that for the U-ROM for the original Allen-Cahn equation.

In the next experiment, we also use the V-ROM to solve problems with different
initial conditions. We slightly change the initial values for v and consider

VxZ + y? —ro)
V2e '

with ro = 0.8 and 0.4 respectively. We find that the V-ROM trained using the data
13
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Figure 7: Relative errors in Frobenius norm of the 2D Allen-Cahn equation. We use
50 POD bases and 100 DEIM bases. Ugppr: the relative errors of Ugpp, for t € [0, T1;

Uappr: the relative errors of Uy, . for t € [0, T].

for ro = 0.6 still works well in the two cases. The reason is that the solution for the
new initial values may still be in the solution manifold for v when we only change the
radius of the transition layer. The radius of the zero level set of the solutions for the
reduced order models are shown in Figure 8(a) and Figure 8(b), which agrees very
well with the exact solutions obtained from the mean curvature flow.

In the next experiment, we study how the transformed model reduction method
works when we change the value of the parameter e. We choose the above V-ROM
trained in the case of € = 0.005. Then we simply change the value of € to approximate

14
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new initial function with rg = 0.4, and compare the radius of the new exact solution
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Figure 9: Numerical errors of the 2D Allen-Cahn equation with a different e. We use
50 POD bases and 100 DEIM bases. (a) The pointwise error U — Ug,,. at t = 0.

(b) The pointwise error U — U;jppr at t = 0.07. (c) The pointwise error U — Uy, at
t =0.14.

the Allen-Cahn equation with a different parameter. For example, we change ¢ from

0.005 to 0.01. The pointwise error U — U;’ppr is shown in Figure 9, where U denotes
the reference solution of the Allen-Cahn equation with ¢ = 0.01, and U, appr denotes
the approximation solution of the transformed model reduction method. We see that
the errors are relatively small. This implies that the V-ROM still works well when we
change the value of €. This reason might be that the leading order of the solution v
of the transformed equation does not depend on e.

Finally, we do experiments for the Allen-Cahn equation with two transition layers.
Suppose that the initial value ug has two circular layers as shown in Figure 10. We
develop a ROM by Algorithm 3.1. We choose the end time T" = 0.1, K = 1000, and
€ = 0.005. The numerical solution and the approximation errors for the transformed

model reduction method are shown in Figure 10. We see that the numerical errors
15
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Figure 10: Numerical results of the 2D Allen-Cahn equation with two layers. We
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are relatively small and locate mainly in the vicinity of layers. This is similar to the
case with one transition layer.

5. Applications to other equations. Although we use the Allen-Cahn equa-
tion as a model problem to illustrate the model reduction method in the previous
two sections, Algorithm 3.1 is quite general and applies to many other problems. In
this section, we show applications of the algorithm to two other equations with slowly
decaying Kolmogorov N-width. The two equations are a linear convection equation
and a nonlinear Burgers equation.

5.1. A linear convection equation. We consider a linear convection problem
as follows
U + au, = 0,

with ug = ¥(£). It is known that the solution of the equation is u(z,t) = 1h(2=%).
Here the initial function 1 is chosen as a pulse function such as

u(%) = exp (- E=200),

3

where xg denotes the initial location of the pulse function. We can show that the
solution manifold of the problem corresponds to slowly decaying Kolmogorov N-width
when ¢ is small. This causes troubles for the standard POD method.

For this problem, we consider a function transformation u = w(@) We can
see that v satisfies the same equation

vy + av, =0,
16
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with vg = x. Its solution is v(z,t) = x — at, which corresponds to a solution manifold
with a basis set {1,z}. This implies a very narrow Kolmogorov N-width for the
solution manifold. The standard POD method will work well for the transformed
problem.

We remark that Algorithm 3.1 reduces to the method developed in [37] for the
linear convection equation. We will not present numerical tests here and refer to [37]
for numerical examples and detailed discussions.

5.2. Burgers equation. We then present an application of Algorithm 3.1 to a
one-dimensional Burgers equation, which reads

Up = —Uly + EUgy, (z,t) € [0, L] x [0,T],
(5.1) ug(0,8) =0, ug(L,t) =0 t € 0,7,
u(z,0) = up(x), x € [0, L].

where ¢ is the viscosity coefficient. We choose the initial condition as

uo(@) = %(1 — tanh(Z ;;0)).

where z( is the position of the transition layer. According to [25], such an initial
condition may lead to a traveling wave solution with a moving inner layer. We use
s(t), s(0) = zo, to represent the position of the inner layer. The smaller the viscosity
coefficient e, the sharper the layer. When ¢ = 0, the Burgers equation reduces to
a nonlinear hyperbolic equation and the inner layer becomes a shock with a jump
solution.

We apply our method to the Burgers equation (5.1). We can also perform as-
ymptotic analysis on the equation (see Appendix). The traveling wave solution of the
Burgers equation motivates us to define a transformation as follows

(5.2 ) = 60(z,0) = 51 — tanb 220

Here v(x,t) is a slow variable. Substituting the transformation (5.2) into (5.1), we
get a model for the new variable v:

= _%( ( ))UCE ;w(v)vg +€,UEI? (.’E,t) € [OvL] X [OuT]a
(5.3) vz( ) =0, vy(L,t) = te0,7],
v(z,0) = ( ) z € [0, L],

where 1)(v) := tanh(;Z). The initial function vo(z) = x — ¢ comes from the inverse
of the transformation (5.2).

We uniformly partition the spatial interval into n points: 0 =2y < --- < x, =L
with a mesh size h := —£5. Let u;(t) denote u(z;,t) and v;(t) denote v(z;,t) for
i =1,---,n. We apply the finite difference scheme to discretize both the Burgers
equation and the transformed equation, and discretize the term —uu, in (5.1) using a

WOCNS scheme [27] and the viscosity term eug, using a fourth-order central difference

(us) —Uj—2 + 16u;—1 — 30u; + 16u;41 — qu
Ui)zax =
12h2

Let u(t) := [ui(t), - ,un(t)]*. The full order model corresponding to (5.1) is

(5.4) i—t_Au+F( ),

17
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The state transformation UY = ¢(v).

where A, comes from eu,, and F,(u) comes from the nonlinear term —uu,. We use
a second-order central difference scheme to discretize the first order derivative v, in
the transformed equation (5.3), i.e.

V; — Vi—
(vr)e = UL,

Let v(t) := [v1(t), -+ ,v,(t)]T denote the vector of the dependent variable. The full
order model corresponding to (5.3) can be written as

(5.5) dv _ A,v+ Fy(v),

dt

where A, is the matrix arising from the diffusion term ev,, and F,(v) is the vector
function representing the other terms. Similar to the Allen-Cahn equation in the
previous section, we can apply a POD-qDEIM method to derive reduced order models
for the full order model.

In our numerical experiments, we set L =1, T'= 1, g = 0.5, and the number of
spatial points to n = 1000. The viscosity parameter is € = 0.0001, which is very small.
We use the odelbs solver in MATLAB to solve the two full order models and their
reduced models, compute 1000 timesteps, i.e. AT =1/999. The reference solution is
obtained by solving U-FOM (5.4), as shown in Figure 11(a), which clearly displays a
traveling wave with a very thin inner layer. The numerical solution for the full order
model (V-FOM) (5.5) and its transformation U" are shown in Figure 11. We observe
that the solution for V-FOM is quite smooth and that the solution UV is almost
identical to the reference solution obtained by solving U-FOM. The moving inner
layer structure of the reference solution makes it difficult to obtain a good reduction
for U-FOM, while it is much easier to develop a reduced order model for V-FOM.

To derive reduced-order models, we take M = 1000 uniform samples t1,--- ,tp
over the time interval [0,1] and use the solution snapshots at these time points to
generate the POD and DEIM basis. Figure 12(a) shows the normalized singular values
of the POD snapshot matrices for the solutions of U-FOM and V-FOM. Figure 12(b)
shows the normalized singular values of the corresponding DEIM snapshot matrices.
Clearly, the singular values for the slow variable v decay much faster than those for
the original variable u.

We set the POD basis number to » = 10 and the DEIM basis number to m = 20.

The error U — Ugppr is shown in Figure 12(c). In comparison, the error U — Usppr
18
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Figure 12: Numerical results of 1D Burgers equation. (a) PODsigU: normalized sin-
gular values of POD snapshot matrix for U-FOM (5.4); PODsigV: normalized singular
values of POD snapshot matrix for V-FOM (5.5). (b) DEIMsigU: normalized singular
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values of DEIM snapshot matrix for V-FOM (5.5). (c) The error between the exact
solution and Ugppr with 10 POD bases and 20 DEIM bases. (d) The error between
the exact solution and U?  with 10 POD bases and 20 DEIM bases.

appr

is shown in Figure 12(d). Clearly, we observe that V-ROM generates much smaller
errors than U-ROM.

The relative error of the solution of the reduced models at each time point is
shown in Figure 13. It seems that the relative error of Uy, does not increase with
time and is much smaller than that of Uyy,,. The relative error is of order O(10712)
in this case.

We can also change the initial position of the transition layer. For example,
we modify the initial function by changing xq = 0.5 to &g = 0.3. The difference
between the reference solution and the solution of V-FOM obtained above is shown in
Figure 14. It seems that V-ROM can be applied directly to these new initial values.
This is similar to the Allen-Cahn equation, since the solution is still in the solution
manifold for v when we only change the initial position of the transition layer.
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6. Conclusions. In this paper, we present a novel model reduction method for
partial differential equations involving a small parameter. The solution manifold of
these equations exhibits a slowly decaying Kolmogorov N-width, making the standard
model reduction method highly inefficient. Our method revolves around learning slow
variables for the dynamic problem and performing a transformation of the partial
differential equation. We derive equations for these slow variables and apply well-
established model reduction techniques, such as the POD-qDEIM method. Notably,
the Kolmogorov N-width of the solution manifold for the slow variables decays much
faster than that of the original function. Consequently, the model reduction method
applied to the transformed equation demonstrates significantly improved performance
compared to the original method. We validate our approach through numerous nu-
merical experiments focusing on the Allen-Cahn equation. Furthermore, we demon-
strate the applicability of our model reduction method to other equations, such as the
convection equation and the Burgers equation.

There are still some aspects that require further consideration in our future work.
Firstly, in this paper, we primarily select slow variables through asymptotic analysis.
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However, it would be intriguing to explore the possibility of learning slow variables di-
rectly from data using machine learning algorithms. Secondly, it is crucial to conduct
theoretical analysis for the model reduction method. Extending the standard analysis
applied to the POD and ¢DEIM methods to the transformed equations should not
pose significant challenges. Thirdly, the gDEIM method appears to be less effective
for certain complex nonlinear problems. Therefore, improvements to the model reduc-
tion methods for nonlinear problems are still necessary. Lastly, it would be of great
interest to investigate the applicability of our method to other problems, such as the
Fokker-Planck equation and the Cahn-Hilliard equation.

Appendix A: Some standard model reduction algorithms. The standard
POD algorithm for (1.1) is given in Algorithm Al.

Algorithm A1l A POD method

Input: E, A, F(u), U, r;
Output: V. E, A, F(ﬁ);
C [X,X,Y] = svd(U);
: V.=X(:1:r); {Taking the first r columns of X.}

U W N
=
[
<
S
&=
<

The standard DEIM algorithm is given in Algorithm A2.

Algorithm A2 The DEIM technique

Input: F(u), {wy, -+, wa}, m;
Output: D, {idy, - ,idy};

1 F=[F(wy), -, F(wy);

2: [X,3,Y] = svd(F);

3: [dy, -+ ,dp] =D = X(:,1:m); {Taking the first m columns of X.}
4: [|p1‘,ld1] = maX;=1,... ,n{|d1,i‘}§

5. Dy = [dl],Pl = [eidl];

6: for i =2 to m do

7 r=d; — Di_l(PleDi_l)_lpg;ldi;

s lpilsidi) = maxee .. o{lral}:

9. D;:=[D;_1 d;],P; := [Pi_1 eq,];

10: end for

The qDEIM algorithm is given in Algorithm A3.

Algorithm A3 The qDEIM technique

Input: F(u), {wy, -+, wa}, m;

Output: D, {idy, - ,idy};

F = [F(wi), -, F(wy)}

- [X,3,Y] = svd(F);

: D =X(:,1:m);{Taking the first m columns of X.}

: [Q, R, Order] = qr(D7); {Order denotes the column indices after pivoting.}
: {idy, - ,idy} = Order(1 : m). {Taking the first m indices.}

T W
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Appendix B: Asymptotic analysis for the Burgers equation.
We do asymptotic analysis for the following Burgers equation

(B1) Up = —UUy + EUgy, x € (—00,00),t >0
with an initial value

1 x <z,

(B2) u(z,0) = { 0 >
The analysis is inspired by that in [24]. Assume that there is an inner layer centered at
s(t). Using the matched asymptotic expansions technique [24], we analyze the outer
expansion of u(z,t) at  far from s(¢) and the inner expansion in the neighborhood
of s(t). We consider only the leading order term of u(z,t).

Outer expansion. When ¢ is small, we assume the following expansion of u far
from s(t),

u(z,t) ~ ug(x,t) + cuy (z,t) + >ug(w, ) + - - -

Substituting this expansion into the equation (B1), and comparing the leading order
term on both sides, we can obtain

(uo)r = —uo(ug)e

This is the inviscid Burgers equation. Using the characteristic line method, we have
uo(z,t) = uo(Z,0) when © = T +ug(Z,0)t. Since the initial value u(x,0) is a piecewise
constant function, ug(x,t) is

1z <s(t),
uo (1) = { 0 x> s(t).

Inner expansion. Next, we consider the situation in the neighborhood of s(t). Let
the interior layer coordinate be

x — s(t)

z(x,t) = =

€ (7007 +OO),

where o > 0. The variable z stretches the neighborhood of s(t). Use U(z,t) to
represent u(x,t) in this neighborhood, then w;, u,, u., are represented accordingly
as

— — 1 /
Ut = Uzzsst + Ut - _ETUZS )
— _ 1
Uy = Uzzz - ETUzy
_ 1
Ugy = =2 Uzz~

Substituting the relations into the equation (B1), U satisfies
0 —« / 1-2« _
U +e “(UU, —-s'U,)—¢ U,,=0.

Balancing the orders of € of terms in the above equation:
1. —a=1-2a = «a =1, in this case, the last two terms are balanced, and the
order of the first term is zero satisfies 0 > —a;, so the first term is a higher
order term which is reasonable.
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2. 1—2a =0 = «a = 1/2, in this case, the first term and the third term are
balanced, but the second term —a = —1/2 < 0 is a lower order term which
is not possible.

Assume the asymptotic expansion of U(z,t) is

U(Za t) ~ U0(27t) + 6U1(Z7t) =+ 82U2(Z,t> +oee

Substituting this and @ = 1 into the equation (B1), comparing the leading order term
on both sides, we can get

75/(U0)2 + UO(UO)Z = (UO)zz~
Integrating the above formula with respect to z on R, we get
1
(B3) At) = 5'Uo + 5(Uo)* = (V)=
where A(t) is a undefined function independent of z.

Matching. Matching the leading order term of outer expansion and inner expan-
sion gives

lim Uy= lm wug=(up)- =1,
z——00 xz—s(t)~
zginoo UO = ml}l;(ri)+ Ug = (U0)+ =0.

gives

)

The derivative definition leads to Erin (Up). = 0. Applying this limitation on (B3)
A(t) — §'(
A(t) — s'(uo0)+

{ 8 (t) (Zg

Then s'(t) = 1/2. Combined with s(0) = xo, s(t) is solved to be

+
+

1
s(t) = §t + xo.

Substituting the above results back into the inner expansion (B3), Uy satisfies the
following ordinary differential equation about z

P(2) = §(@ - ®),
lim =1, lim ®=0.

zZ——00 z—r+0o0

The solution to the above equation is ®(z) = 3(1 — tanh(5z)), Therefore

z— (3t +x0)

1
Uy = 5(1 — tanh( "

))-

The leading order term of u on {2 can be obtained by adding the approximations
together and subtracting the common part:

uo(x,t) + Up(x,t) — lim wo(x,t) = Up(x,t).

z—s(t)
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