Diffusion limited escape rate of a complex molecule in muti-dimensional confinement
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The rate at which a Brownian particle confined in a closed space escapes from the
space by passing through a narrow passage is called escape rate. The escape rate is
relevant to many diffusion limited processes in polymer and colloidal systems, such
as colloidal aggregation, polymerization reaction, and polymer translocation through
a membrane, etc. Here we propose a variational principle to calculate the escape rate
of complex molecules doing Brownian motion in multi-dimensional phase space. We
propose a regional minimization method in which we divide the whole phase space
into regions and conduct the minimization for each region, and combine the results to
get the minimum in the entire space. As an example, we discuss (1) the escape rate
of a point particle that escapes from a confinement passing through a long corridor,
and (2) the escape rate of a rod-like particle which escapes through a small hole made

in the wall of the confinement.
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I. INTRODUCTION

The rate at which a Brownian particle confined in a closed space leaves the space passing
through a narrow passage is called the escape rate!?. Calculation of the escape rate is
a classical problem in stochastic process, and is related to many problems in colloid and
polymer science, such as the aggregation of colloidal particles®, polymerization reaction?,
and polymer translocation through a membrane®. In these problems, the rate is determined
by the diffusion of particles or molecules, and can be calculated by solving diffusion equations

under certain boundary conditions.

Many works have been done on the escape rate in this context. However, most works
are for point like particles doing simple diffusion. On the other hand, not many works have
been done for non-spherical particles or polymers, the Brownian motion of which involves
rotational diffusion, and other internal random motions®. To calculate the escape rate, one
needs to solve the diffusion equation in multi-dimensional phase space™. This makes the

analysis difficult.

The difficulty may be understood by the example shown in Fig. 1 (a). Here a rod-like
particle is placed in a large box that has a small hole of radius a. The particle can go out
passing through the hole. The problem is to calculate the rate at which the particle goes
out from the hole when it is doing random Brownian motion. For spherical particle, this
problem can be solved easily, but for rod-like particle, the problem is difficult and has been

solved only numerically®.

In this paper, we propose a variational principle to calculate the escape rate of non-
spherical particles or polymers. The problem is generally defined as a problem of calculating
the escape rate of a representative point doing Brownian motion in a multidimensional
phase space (or configurational space). From this view point, the diffusion limited rate of
aggregation, reaction and/or translocation can be discussed in the same framework as that

to be discussed in this paper.
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FIG. 1. (a) An escape rate problem of rod-like polymer. A Brownian rod is confined in a box and
moves out through a small hole made at the wall. The problem is to calculate the rate at which
the rod moves out from the box. (b) The phase space representation of the problem. The motion
of the rod is represented by a Brownian motion of representative point confined in the phase space.
The hole is represented by a hypersurface in the space. (c) Picture of the eigen function which

gives the smallest eigenvalue.
II. MATHEMATICAL FORMULATION
A. Eigenvalue problem formulation for the escape rate

We consider a polymer molecule placed in a box of volume V. The box has a small hole
through which the molecule can go out, and the problem is to calculate the rate at which
the molecule goes out of the box by Brownian motion.

The state of the molecule is represented by a set of coordinates x = (x1, xa, ...x) which
specifies the configuration of the molecule. (The system is assumed to be over-damped
and therefore x represents the position coordinate of the center of mass and other internal
coordinates specifying the configuration of the molecule). The motion of the molecule is
represented by a random motion of the point (z1, xs,...xf) in the f dimensional space.

Let ¢ (z, t)dx be the probability of finding the molecule in a small region at x of volume
dx = dwxidxs...dxs in the phase space at time ¢. The distribution function satisfies the

following Smoluchowskii equation®:

b 9 O oU
5 = |2 (5 + 75, ) 0




where U(x) is the potential energy, 8 = 1/kpT is the inverse of the temperature, and D;;(x)
is the diffusion coefficient. It has been shown that D;;(x) is symmetric and positive definite,

ie.,

Dij(x) = Dji(x), (2)
ZD” x)&& > 0 for any real number ¢&;. (3)

We assume that the molecule is eliminated from the system once it goes out from the

box. Therefore v satisfies the following boundary condition
P(x) =0 at the hole. (4)

Here (and in the following) the “hole” means the hypersurface defining the boundary of the
in-box region and out-of-box region in the phase space. Similarly, the “wall” of the box is
the rest part of the boundary in the phase space.

On the other hand, since the molecule is confined by the wall of the box, 1 satisfies the

reflective boundary condition at the wall
> ni(z)Ji(z) =0 at the wall, (5)

where n; is the unit vector normal to the wall pointing outward and J;(x) is the flux given

by
R <—+5w ) (6)

We assume that the system is 1n1t1ally at equilibrium in the box with the hole closed.
Hence (x,t) satisfies the initial condition, ¢(x,0) = 1)¢,(x), where
exp[—pU ()]
[ dz exp[—pU (z)]
¥ (x,t) is obtained by solving eq. (1) under the boundary conditions (4), (5), and the initial

Yeg(T) =

(7)

condition (7).
If (z,t) is obtained, the probability that the particle remains in the system at time ¢ is
calculated by

P(t) = [ dwotas). (®)
P(t) is generally written as a sum of exponentially decaying functions. The escape rate we

are discussing here is the smallest decay rate, i.e., the decay rate which determines the long

time behavior.



Solution of the above initial value problem is formally obtained by the eigen-function
expansion method. Let ¢, (z) and €, be the eigen-functions and the eigenvalues for the
operator on the right hand side of eq.(1) subject to the boundary conditions (4) and (5),

ie.,
> [Dij (‘%’" + o, 2 )} . (9)
ij v

Using the property of (2) and (3), it can be shown that the eigenvalues are non-negative.
We order them as

0§€1§62§63§"'. (10)

The solution of eq.(1) is written as

o0

= anthn(x)e ", (11)

n=1

where a,, are constants determined by the initial condition.

For the solution (11), P(t) is written as

= i bpe™ (12)
n=1

where b,, are another constants.

It has been shown that if the hole is much smaller than the box size, only the first term,
the term having the smallest eigenvalue matters, i.e., a; and b; are nearly equal to 1 and
the rest terms are negligible” . Therefore the decay rate of P(t) is given by the the smallest
eigenvalue ¢; for the eigenvalue equation (9). It has been shown that €; is proportional to
1/V, and the coefficient

k= lim ¢V (13)

Voo
depends on the molecule and the hole, but does not depend on the box shape. We shall call
k intrinsic escape rate. The k corresponds to the first order reaction rate in the problem of
diffusion controlled chemical reaction”.

In the following, we write the probability distribution function as ¢(x,t) = x(x,t)e,(),
and use the function x(z,t) for our discussion. Rewriting eq.(1) to an equation for y(z,t)

is straightforward. The eigen-function x,(x) satisfies the following eigenvalue equation

0 OXn
) O {d}quU (%)] = —€PegXn- (14)
ij " J



The boundary condition for x,,(z) is
Xn(z) =0 at the hole, (15)

Z niDij% =0 at the wall. (16)
i J

The above eigenvalue problem can be cast into a variational principle. Consider the

functional I[x(z)] defined by

- J dzipey(x) Zi,j Dij(x) 83655226) 8gg)
Th(@) = Jdode@x@?

Then, it can be shown that the smallest eigen value €; is equal to the minimum of the

(17)

functional I[y(z)] (see details in Appendix I.). In other word, the following inequality holds
for any function that satisfies the the boundary conditions (15) and (16),

a <Ilx(@)] o k< V(@) (18)

Equation (18) indicates that the best estimate for the escape rate is given by the minimum

of the functional I[x(z)].

B. Escape rate in the limit of V' — oo

If the system size is much larger than the hole size, the above equations can be simplified.
In this case, the distribution function ¢ (z, t) remains to be close to that of equilibrium ., ()
in most part of the phase space, and v (x, t) is different from t.,(x) only in the region near
the hole (see Fig. 1 (¢)). In other words, the function y(x) which minimizes the functional
I [x(x)] is constant in most part of the system and becomes z dependent only in the region
near the hole.

For such function, the denominator of eq. (17) is approximated as

[ dvvainta? = [ devoii = (19)

where Y is the asymptotic value of x(z) far from the hole. If we write x(z)/Xx as a new

function x(z), then eq.(18) is written as

k< VIx(z)], (20)
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FIG. 2. (a) Boundary value problem to calculate the translocation rate. (b) The boundary condi-

tion we impose on x(z) in the regional minimization method.

where

@) = [ devgf) YD) 52 5L @

and the function y(z) satisfies the following conditions

x =0 at the hole, (22)
0
g niDij—X =0 at the wall, (23)
0 al'j
x(z) — 1 far from the hole. (24)

Equation (21) leads to a variational method for a particle confined in a large space and
escaping through a small hole. Notice that the extra condition eq.(24) is consistent with
eq.(23) and that it does not affect the eigenvalues and the eigen functions. However, in-
troducing such condition is convenient to see the relation of this variational principle with

other type of variational principle.

C. Boundary value problem for the escape rate

The escape rate can be defined in other form. Since the eigen-function that gives the
smallest eigenvalue is almost constant far from the hole, we may replace the boundary

condition for the boundary located far from the hole. Consider the problem shown in

7



Fig. 2 (a), where the boundary condition at certain part of the wall, far from the hole, is
replaced with the condition y(z) = 1. We shall call this part source boundary.

The boundary condition at the source boundary is an inhomogeneous condition, and
cannot be used for the eigen value problem. However, we can use this boundary condition
to determine the eigen function x;(x) that corresponds to the smallest eigenvalue. Since the
smallest eigenvalue is written as ¢, = k/V, the equation to be satisfied by the eigen function

X1(z) reduces to the following form in the limit of V' — oc:

Za <weqz Ugjj):o. (25)

Equation (25) can be solved for x(z) under the following boundary condition

X(a:) =0 at the hole, (26)

n;D; =0 at the wall, (27)
Z 7 ax]

x(z) =1 at the source boundary. (28)

Let x*(x) be the solution of this equation. For such function, the functional I[y*(z)] is

evaluated as

B aX* 8X*
= /dx%:¢qu’]8_%8_xj (29)
:/ dSx* > niDijt) %+/ dSx* > niDijt) 28 (30)
hole i, e axj source i T 8Ij

ox*

— /u dszniDijweqa—% (31)
2¥)

ox*

S /h N dS%:niDij@/)eqa—xj, (32)

where the second equation is derived by integration by part , the third equation is derived
by eq.(26) and (28), and the last equation is derived by the condition of flux conservation.
Equation (31) clarifies the physical meaning of this formalism. Consider the steady state
of a system in which particles are generated at the source boundary and eliminated at the
hole boundary. In the steady state, x(x) satisfies eq.(25). Equation (32) stands for the
total outgoing flux at the hole, and it indicates that the flux is given by the escape rate
(multiplied by the number density of particles which is 1/V'). In addition, the escape rate is

8



inversely proportional to the mean first passage time (or the mean lifetime). This has been
proven for general Markovian processes'.

To summarize, the escape rate can be obtained by minimizing the functional I[x(x)] for
x(x) that satisfies the boundary conditions (26)-(28). We have used a somewhat tortuous
argument to arrive at this conclusion. The inequality (20) can be proven more straightfor-

wardly for the function y(z) which satisfies the boundary conditions (26)-(28).

D. Regional minimization method

The variational principle is useful for getting approximate solutions. Here we discuss a
method which we will use in subsequent sections. The method is illustrated in Fig. 2 (b).
Here we divide the phase space into sequential regions, region 0, region 1, region 2,..., region
N, each of which consists of two boundaries with the neighboring regions, and wall boundary
as it is shown in Fig. 2 (b). (The region 0 and the region N have the hole and the source
boundary respectively.) We impose additional condition that x(z) takes a constant value y,,
at the boundary between the region n and n — 1. The advantage of this method is that the
minimization can be done for each region independently of other regions. The functional

I[x(z)] is now written as
= Llx(@)] (33)

with
Ix Ix
[’I’L = d e Dl 34
[X(x)] \/Region n xw q(x) ; I 81'1 aiL'j ( )
where the integral is done only in the region n.
It is easy to confirm that the minimum value of I,,[x(x)] depends on x,, — x»_1 only and

can be written as
min (1,) = Kn(Xn = Xn-1)*, (35)
where K, is the minimum of I,,[x(z)] subject to the condition x(x) = 1 and x(z) = 0 at the
two non-wall boundaries of region n.
From eqs.(33) and (35), the minimum of the functional I[x(x)] is calculated as (see details
in Appendix I)

min (I[x(z)]) = min (ZK — Xn-1) ) = (Z Kin) . (36)

X1,X2y--XN—1
n=1
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FIG. 3. The translocation rate of a particle through a hole which exists at the end of a cylindrical

channels of radius a and length b. The particle is originally placed in the big chamber of radius R.

Hence the variational principle gives the following inequality for the intrinsic escape rate k:

Vv

ZN = (37)

We shall show the application of this method in the subsequent sections.

II1. SIMPLE EXAMPLE: ESCAPE RATE OF A PARTICLE THROUGH A
LONG CHANNEL

A. Escape by free diffusion

As an application of the above variational principle, we first consider the problem shown
in Fig. 3. The particle is confined in a space made of large half sphere (of radius R) and a
small cylinder (of radius a and length b) connected to the sphere at the center. The end of
the cylinder is open, giving the hole in our problem.

Since the system has an axial symmetry, the particle position is represented by cylindrical
coordinate (p, z), where the origin is taken as the center of the half sphere. The distance
from the center is represented by r = \/,m :

First we consider the case of U(p, z) = 0; there is no potential everywhere in the system.

The diffusion equation (25) is then written as

DV2y = 0. (38)

10



The boundary condition for x(p, z) is

x(p,z) = 1 for 2>0 and 7 — oo, (39)
X()O; Z) =0 at z= _b7 (40)
n-Vy = 0. at the wall. (41)

We consider the problem by dividing the space into three regions,

Region 0: p<aand 0 > z > —b

Region 1: r <aand z >0

Region 2: r > aand z > 0
and assume that x(p, z) is constant at the boundaries, equal to x; and x5, at the boundary
of region 0 and region 1, and that of region 1 and region 2 respectively.

The function which minimizes I[x] for each region is the solution of eq. (38). In region
0, this is given by

x(p. ) =xi (1+ 7). (42)

In region 2, it is given by

X(p,2) =1—(1 - x3)" (43)

-
The solution is not easy in region 1, but if we assume that xo = xi, then the solution is

easy, given by x(p, z) = x1 in region 1. For such function, straightforward calculation gives

1 2D
1= |27Da(l - X1)? + ”“b i (44)

where V' = (27/3)R? + 1a®b ~ (27/3)R? is the total volume of the system. Minimizing,

eq. (44) with respect to x1, we finally obtain an upper bound for the intrinsic escape rate k:

k < Vmin(/) = 27Da (45)

a
a+2b

For the case of b > a, eq.(45) gives k = ma?/b, which is exact. On the other hand, eq.(45)
does not give the exact result for b — 0 . In the limit of b — 0, the escape rate is given by
the solution of the Laplace equation with the boundary condition x(p,z) = 0 on the disk
placed at the bottom of the sphere. Such solution gives k = 4aD for b — 0. If we eliminate
the region 1, and impose the condition x(p, z) = x1 at z = 0, and use the exact solution for
the Laplace equation of the disk boundary, we have

ra’D

1
I= 7 4Da(1 — x1)* + — |- (46)

11
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FIG. 4. (a) The translocation rate of a particle exiting at the end of a cylindrical well which has
radius a and length b. The reference rate kg is defined by 4Da (b) Translocation rate for field

driven particle: In the channel, the particles are driven by the potential U(z) = fz for -b < z < 0.

Minimization of the right hand side gives the following intrinsic escape rate

k= 4aDm. (47)

This is exactly the formula (37) for the simple particle.
The escape rate of a Brownian particle has been studied extensively in literature ( see
Berezhkovskii et al (2009)'? and the references therein). Equation (47 ) agrees with that

12'in the limit that the particle is confined in a volume V which is much larger than

given in
the volume of the passage ma?b.

Fig. 4 (a) compares the exact solution,which is obtained by the numerical solution of the
original equation with eqs. (45) and (47). It is seen that eq.(47) gives quite accurate result

for the escape rate.

B. Guided escape in the channel

So far, we have assumed U (p, z) = 0. We now discuss the effect of a potential field exerted
on the particle in the cylinder. Suppose that the particle placed at z in the cylinder feels a
potential field U(z) for —b < z < 0. Then the function x*(z) which minimizes I[x] for the

cylinder region satisfies the following equation

0 [ _50x*
O ([ —suIX" _
P (e o ) 0, (48)

12



and the boundary conditions, x*(z) = 0 at z = —b and x*(z) = x1 at z = 0. The solution

of this equation gives the following minimum for I[x]| for the cylinder region,

2D 2
min Icyinder = 921—7(& (49>
V [Z, dzePU)
This gives the following intrinsic escape rate.
1[0 -
k = 4aD {1 + dzeﬁU<Z>] . (50)
Ta J_yp

If the particle in the cylinder feels a constant force f which guides the particle to the
exit, the potential force is written as U(z) = fz. Fig. 4 (b) shows the intrinsic escape rate
in such situation. In the presence of such guiding force, the escape rate naturally increases
with f, and becomes independent of the force f and the length b of the channel. This is

because the escape rate is now governed by the diffusion outside of the cylinder.

IV. ESCAPE RATE OF A ROD THROUGH A HOLE
A. Diffusion equation

We now consider the system shown in Fig. 1 (a); a rod-like polymer is confined in a space
of volume V' and escapes from the confinement through a hole of radius a. The length of
the rod L is much larger than a. The diameter of the rod is assumed to be much smaller
than a, and is ignored in the following analysis.

The state of the rod is characterized by two vectors, r, the position vector of the rod center
relative to the hole center, and wu, the unit vector parallel to the rod (see Fig. 5 (a)). Since
the rod has no polarity, the state (r, u) and the state (r, —u) are equivalent. Therefore, the
state of the rod is described by vector r which is in the volume V and the unit vector u
which is on the surface of the half sphere of |u| =1 and u, > 0.

The rod starts to enter the hole when the bottom end of the rod is in the hole.

L L L
e = U = 0  and [y — 5%]2 + [ry — Euy]2 <a’. (51)

On the other hand, the rod escapes from the hole when the top end comes to the hole, i.e.,

L L L
Tt U = 0  and e + §ux)]2 + [ry + Euy]2 < a? (52)

13
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FIG. 5. (a) Rod-like polymer in the free state. (b) Rod-like polymer in the captured state.

Equation (52 ) defines the hole hyper surface in the phase space (7, u).

The Brownian motion of rod includes translational diffusion (stochastic motion of 7), and
rotational diffusion (stochastic motion of w), each characterized by the translational diffusion
constant D; and the rotational diffusion constant D,. Strictly speaking, the translational
diffusion constant is a tensorial quantity, and depends on the distance from the wall if the
rod is located near the wall®. However, here, we assume that D; and D, are constants
independent of r and w.

Under such assumption, the diffusion equation for the probability distribution function

Y(r,u,t) is written as

B
% — DY (Ve + BOVU] + DR - [Ri + BURU], (53)
where V and R are defined by
B B
V—a—r, R—’U/Xa—u, (54)

and U is the potential energy representing the constraint imposed by the wall.
In the steady state, the distribution function is written as (7, u) = ¢ (r, u)x(r, w),

where x(7,u) satisfies

DV [theq - VX] + DrR [theq - RX] = 0. (55)

Equation (55) is obtained from the minimum condition of the following functional
Ix(r,u] = /drduweq [D{(VX)* + D, (Rx)?] . (56)

14



The minimum value of this functional gives the escape rate.

To minimize the functional, we use the regional minimization method. We divide the
phase space into two regions, the captured region and the free region. In the captured
region, the rod is penetrating the hole and the motion is essentially a one-dimensional
diffusion along itself (Fig. 5 (b)). In the free region, the rod is not constrained by the hole
and its motion is essentially a free diffusion in 3D space (Fig. 5 (a)). The boundary between
the two regions is given by eq. (51). In the following we will first calculate the minimum of

the functional I[x(r,u| for each region.

B. Captured region

In the captured region, the escape rate is governed by the one-dimensional diffusion of
the rod along itself. To describe such motion, we introduce the coordinate s defined in
Fig. 5 (b): s denotes the length between the rod end and the hole. We assume that the
function x(r,u) in the steady state depends on s only. Then the functional to be minimized

is written as
L R aX 2
@] =01 [ dsiafo) (5 (57)
0 s
where 1).,(s) is the equilibrium distribution function for s. Notice the(s) is not constant,

since thermal rotation of the rod tends to push s to the end, and Qﬁeq(s) takes minimum at

s = L/2. In Appendix I, it is shown @Z)eq(s) is given by

1412 (%—%)1 (58)

The functional in eq.(57) is minimized by x(s) which satisfies
0 (7 Ox(s)) _
55 (weq(s) B ) = 0. (59)

Solving (59) under the boundary condition x(0) = 0 and x(L) = 1, we have

1 3v/3a
V 2L

If the rod is confined by a tube of radius a, its rotational motion is prohibited, and the equi-

7v/;6<1(3) &

aD. (60)

K captured —

librium distribution becomes independent of s. In this case, K qpturea 1S given by nDa?/VL
(see eq.(44)). Keapturea Of €q. (60) is smaller than this by factor 3v/3/2r = 0.82---. This is
because the rotational motion of a rod captured by a hole creates an energy barrier for the

rod to pass through the hole.
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C. Free region

To calculate the escape rate Ky, in the free region, we have to minimize the functional
I[x] defined by eq. (56) subject to the constraint that x(7,w) becomes zero at the hyper
surface defined by eq. (51). As a function satisfying this boundary condition, we choose the

following;

X(ru) = an flr = 55 a) 4 (1 a) (5 + a), (61)

where the function f(7;a) is defined by

flria) = (1= —)0(r[ —a). (62)

and O(z) is the step function (0(z) =0if z <0, and O(z) =1 if z > 0).

The function f(7;a) takes the value 0 if |r| is less than a, and gradually increases with
|r| approaching to 1 as |r| — oco. One can check that x(7,w) defined by eq. (62) satisfies
the conditions that it takes 0 at the hypersurface of eq. (51), and approaches to 1 far from
the surface.

The equilibrium distribution function is given by

1 L
Veg(T, u) = 50(r2 = Suz). (63)

The function O(r, — %uz) represents the condition that the rod cannot penetrate the wall.

If eq. (61) is used for eq. (56), I[x] can be expressed as a quadratic function of a;. All
coefficients are calculated analytically as it is described in Appendix II. Once such quadratic
function is obtained, the minimization is easy, and the minimum value of If...[x(z)] is

obtained as (see Appendix II)

2
2’/TDt(Z 1+ LGDD;

4al D, *
V 1+ T

Kfree =

(64)

Equation (64) gives the rate at which either end of the rod touch upon the hole. We now
discuss the physical implication of this equation.

If D, = 0, i.e., if the rotational motion is frozen, the rod end does simple Brownian
motion with diffusion constant D,. Therefore Ky,.. must be equal to that of free particle,
i.e., 4aD,/V (seeeq. (47)). According to eq. (64), K.c. approaches to 2raD,/V for D, — 0.

The two results agree with each other apart from the numerical factor.

16



With the increase of the rotational diffusion constant, the rate Ky, will increase, but
should remain finite since the translational diffusion constant D, is finite. Indeed eq. (64)
indicates that Ky... approaches to (37/4)D,L/V for D, — co. Notice that the rate is not
proportional to a, but is proportional to L. This is because in the limit of D, — oo, the
rod end hits on the hole as soon as the rod center comes within the distance (L/2) from the
hole.

Therefore eq (64) is giving correct asymptotic behavior of Ky, in the two limits of
D, — 0 and D, — oo, and is expected to be a good approximation for the entire value of
D, L*/D;.

The above discussion is for the hypothetical situation that D, and D; can take any
value. In reality, D, and D; are determined by hydrodynamic friction, and it is known that

D, L*/ Dy is of the order of 1. Since L/a is much larger than 1, eq. (64) is simplified as

I/Dta
Kiree = ) 65
f v (65)
where v is a constant given by by
D, L?
=2m(1 " 66
v=2m(l+ D, ) (66)

D. Escape rate

Given the rate for each region, Ky,ee and Kegprured, the escape rate k for the whole system

is calculated by eq. (37):

KfreeKca tured
k=V ptured 67
Kfree + Kcaptured ( )

For L > a, Keopturea < K free. Therefore the escape rate is given by

3\/5(1
2L

k= VKcaptured = aDy. (68>

Therefore, the escape rate is essentially determined by the process in which the rod passes
through the hole.

Similar analysis may be conducted for flexible polymers, but becomes more complex.
Flexible polymers have much larger degrees of freedom, and requires the analysis in high
dimension. However, we can still divide the whole process into the free stage in the bulk

and the captured stage constrained by the hole. From the above analysis, we expect that
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the overall process is governed by the captured stage, and the escape rate is estimated to
be given by a®?D/LV. However, it is difficult to get precise form for the escape rate of
flexible polymers, and one might use other methods which have been developed significantly

in recent years'?.

V. SUMMARY

We have shown a variational principle to calculate the escape rate, or more generally the
diffusion-limited rate, of polymers and colloids doing Brownian motion in multi-dimensional
phase space. The variational principle is derived for the eigenvalue problem and for the
boundary value problem. They give the same answer for the molecule escaping from a
region of infinitely large volume thorough a narrow channel. We have demonstrated the
usefulness of the regional minimization method, where we divide the whole process as a
sequence of sub processes each representing the diffusion from one hyper-surface to another
hyper-surface. The analysis of the sub process can be done separately, and the escape rate
for the whole process can be calculated by combining such analyses. As an example, the

escape rate of a rod like molecule escaping from a hole is calculated by this method.

APPENDIX I: DERIVATIONS OF SOME EQUATIONS

Derivation of eq.(17). We show that the smallest eigenvlaue of eq. (14) corresponds to
the global minimimumof (17). Firstly, it is easy to see that minimizing the functional of

(17) is equivalent to minimize the functional

()] = [ drb(a) 32 Dy() SN

subject to the condition [ dztbe,(z)x(z)* = 1.
By introducing a Lagrangian multiplier ¢, the minimizer of the above problem corresponds

to the Euler-Lagrange equation of the augmented Lagrangian,

) = [ ania) S Do) B — o[ drviyfonnter? - 1).
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The Euler-Lagrange equation reads

[ artuta I D — [t @), vy,

[ devafania? =1

By integration by part, this gives immediately the eigenvalue problem (14) with normalized
eigen functions. Let x* be the eigenfunction corresponding to the smallest €. Then the pair
(x*, €) solve the above equation. By setting x and x to be x* in equ. (69), we can see that
€ is the minimal value of the functional I]x].

Derivation of eq.(36). We compute the minimum of f(x1, x2, ---Xn-1) = (O, Kn(Xn — Xn-1)?)
with respect to x2, X3, ...-Xn_1. The condition df/dx; = 0 gives

Ki(Xi_Xifﬁ :Ki+1(Xi+1_Xi)7 1=2,---,N—1

Hence (x; — xi—1) = const/K;. The constant is determined by the condition xo = 0 and
x~ = 1. This gives eq. (36).

Derivation of eq.(58). Consider a rod of length L, confined by a hole at a point separated
from the end by s and L — s, and rotating with an angular velocity w. The kinetic energy
of the rod is written as

K(s) = =J(s)w? (70)

where J(s) is a moment of the inertia, which depends on s, and is given by

1+12 (z—%ﬂ, (71)

where Jj is the moment of inertia when s = L/2. The equilibrium probability t.,(s) for s is

J(S) = J()

proportional to the integral of the Boltzmann factor exp(—K(s)/kpT’) with respect to the

angular momentum L = J(s)w, i.e.,

Peq(s) /dLeXp(—K(s)/kBT) = /dLexp(—LQ/ZJ(s)kBT). (72)

Conducting the integration for L over the 2D plane normal to u, we have eq.(58)

Derivation of eq. (60). Assume that the volume of the cavity V is much larger than 7a?L.

wa’L

. Using eq.(58), we derive

)

19

In the captured region, we have the relation fOL 1/~Jeq (s)ds =~

2

V= oy




By eq. (59) and using the boundary condition for x(s), we have

8x(s) __ %
Js @Zjeq(s)’
with X
L B 2
o= / ~1 ds %3\/%, for L > a.

Using eq. (57), we get the minimum value of I(x) as

L 2 L 2

~ ox ¢
K copture ——D/ dsthey (s (-) _—D/ ds—2— = Djcp.
pt d tO wq() 88 tO weq(s) tC0

This leads to eq. (60).

APPENDIX II: CALCULATIONS FOR THE MOTION OF A ROD IN A
CAVITY

Using eq.(61) for eq.(56), we have

Ix(r,u)]
L L L
:Dt/drduweq {oﬁf&(r — u?; a) + o f?(r; 5 +a) + 2aq00 f'(r — UT; a)- f'(r;=+a)
ul ul

+0, [ drdus( SV F = 40 (- w £ = %)

where
af a r
f(r: = =—— 0 — 74
()= 5 = p @ — o) (74)
We compute the integral term by term as follows.
The first term is

L
[ rdua g - %)
L|u,]| a? ul

2 M —urppolm 1

1
=1 drdu®(r, —

~ L dRdu®(R,) o O(|R| — )—/oodR « 2TR* =2
N47T . |R|4 a)= ; |R|4 s = 2Ta.

In the following calculation, we will use the equation

Ll|u, 8riz it r, < L/2;
/du@(rz _ L ’) D S / (75)
2 dr ifr, > L)2;
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The second term is calculated as

/drdU@beqf’Q(r; g +a)

:_/drdu@ L'“Z')(L/m YD o —g—a)

_ Lu,| (L/2 + a)? L
47r dr[/ du©(r, 5 )] mr O(|r| — 5 a)
2 2
:/ drw —/ dr(1 — 27‘2)@
{|7’\>é+a,r2>0} |’l"| {\1‘\>%+a,0<rz<é} L |T|
nL 3
~rl — T = Z_]:ﬂ-L
The third term is
L L
/drf (r — u? a)- f’(r;E +a)
_ Llu.| a(a+ 5)(r — %) -7 ul
5 [ ardueir. - ST e — 5 — w6l - |~ a)
_ala+ L/2) / 1 L / (r uL/e) Liu,|
S dr|r\2@(|r| 5 a)O(r,) | | du F——oTE |r‘@(r 5 )
_ala+L/2) L 4 L2/4—r2
_T/er@(m o LS [1— s
L VI
=a(a + 5) / adr—27r7" — / dr,~———= 3 / ST B F 7"2) sy (277 7"]
~2ma(l — V24 In(l + \/_))
4
The fourth term is calculated as
/drduweqf (r — u_2L a) - (I —uu)- f'(r— %L a)
1
dRAuO(R.)f'(R;a) - (I — uu) - f'(R;a)
:—/dR@ L) - [/(I—uu)du} #(R;a)
a? dra
-2 /dR@(R )|R|4 (R —a)="2"
By combining these terms, we have
2
I[x(r,u] = D, [27?@0@ + ZwLag + 4ma(l — V2 + lnfll +v2) Jajas | + 7ra3L D,a?
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Using ay = 1 — «y, we minimize this equation with respect to a;, and get the following

expression for the minimum value of I[x]
L2 V2+In(1+v2
B 2nD;a (1+ %)i—ﬁ—(l - +)2

D.L? | 3L, (vV2+In(1+V2))
v 0 Tt 3 1

K free = min(/[x])

Since we are considering the case of L/a > 1, the underlined part can be ignored, and we

finally get eq. (64).
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