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Abstract

A finite difference numerical scheme is proposed and analyzed for the Cahn–Hilliard–Navier–
Stokes system, combined with a dynamical boundary condition. Such a physical system has
potential applications in the moving contact line problem. The boundary profile is governed
by a lower-dimensional energy potential, coupled with a non-homogeneous boundary condition
for the phase variable. In the numerical design, a convex-splitting approach is applied to the
chemical potential in both bulk and surface levels, which leads to a highly coupled nonlinear
system. A semi-implicit discretization is taken in the nonlinear fluid convection, as well as
the coupled terms between the fluid motion and phase variable evolution. A careful finite
difference approximation and convexity analysis reveals that such a numerical system could be
represented as a non-symmetric and monotone mapping associated with the fluid convection.
In turn, the unique solvability is valid based on the monotonicity argument. The total energy
stability analysis is obtained through a careful summation-by-part calculation. In particular,
an optimal rate convergence analysis is theoretically established in this work. The discrete
mass conservation of the exact solution is required to preserve the mean-zero property of the
error function, so that the associated discrete H−1

h norm is well-defined. A combination of the
Fourier projection and an auxiliary function is applied to overcome this difficulty. Furthermore,
an approach of rough and refined error estimates concludes the desired convergence result. Some
numerical results are presented in this article, which demonstrate the robustness of the proposed
numerical scheme. In our knowledge, this work provides a theoretical proof of convergence
analysis and error estimate for a numerical scheme to the moving contact line problem, for the
first time in the literature.
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1 Introduction

The Cahn-Hilliard-Navier-Stokes (CHNS) system [32] is a well-known phase field model coupling
the Navier-Stokes (NS) equation for the incompressible fluid motion and the Cahn-Hilliard (CH)
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equation for the phase field. The standard Neumann boundary condition for the phase variable and
chemical potential has been widely considered, due to the convenience of analysis and calculation
[6, 7, 13, 16, 23, 26, 29]. On the other hand, some scientists have included the surface energy in
the description of the short-distance interaction near the boundary, and the dynamical boundary
condition has been designed. Let Ω be a bounded domain with Lipchitz continuous boundary
Γ = ∂Ω. The bulk and surface free energies are given by

Ebulk(ϕ) =

∫
Ω

(ε2
2
|∇ϕ|2 + F (ϕ)

)
dx, Esurf(ψ) =

∫
Γ

(κε
2
|∇Γψ|2 +G(ψ)

)
dS, (1.1)

Etotal = Ebulk + Esurf +
1

2γ
∥u∥22. (1.2)

Here F (·) and G(·) are the energy density functions in bulk and on the boundary, respectively. The
descent of the total free energy drives the system evolution. On the boundary, system is controlled
by a lower dimensional phase field equation and leads to different types of dynamical boundary
condition models. The Gal model, introduced by Gal et al. [17], provides an early formulation of
dynamical boundary conditions for the Cahn-Hilliard equation. The surface mass fraction dynamics
follows an Allen-Cahn equation with an added flux, a feature which leads to non-conservation of
both the total system mass and the boundary mass. In contrast, Liu and Wu [34] designed a
conserved model that assume no mass exchange between boundary and interior, so that the mass
conservation is satisfied at both levels. Moreover, Goldstein et al. [20] revised the bulk-surface
transport mechanism. Their GMS model ensures equal mass exchange between the surface and the
bulk, guaranteeing total mass conservation. Besides the above three basic boundary conditions,
more general models have been raised. Building on the Liu–Wu model, Knopf and Lam proposed
a further set of dynamical boundary conditions for the Cahn–Hilliard equation, known as the KL
model [30]. A later article [31] established a broader framework, the KLLM model, which subsumes
both the Liu-Wu and GMS models in certain limits. As an effective tool for physical modeling,
the Onsager principle is applied in thermodynamically consistent boundary conditions [28] and a
non-isothermal model with certain modifications.

In this work, we consider the CHNS system with Allen-Cahn type dynamical boundary condition
and κ = 0 in (1.1), which could termed as relaxed boundary condition. The model is closely related
to the evolution of an interface in contact with the solid boundary, i.e., the well-known moving
contact line problem [40]. The equations are formulated as

ut + u · ∇u+∇p− ν∆u = −γϕ∇µ, (1.3)

ϕt +∇ · (ϕu) = ∆µ, µ = F ′(ϕ)− ε2∆ϕ, (1.4)

∇ · u = 0, (1.5)

∂nµ = 0, ϕ|Γ = ψ, on Γ, (1.6)

ψt = −µΓ, µΓ = G′(ψ) + ε2∂nϕ, on Γ, (1.7)

u = 0, on Γ, (1.8)

where γ > 0 is related to surface tension, ν stands for the kinematic viscosity, ε is an bulk dif-
fuse interface thickness parameter, p is the pressure, µΓ stands for the surface chemical potential.
The normal derivative is the bridge connecting the boundary and the bulk, which leads to the
total energy dissipation: d

dtEtotal(ϕ) = −∥∇µ∥22 − ∥µΓ∥22 − ν
γ ∥∇u∥22 ≤ 0. We remark that the

relaxed boundary condition (1.7) is an essential component of the general Navier boundary con-
dition (GNBC) for the moving contact line [38]. Here, instead of the Navier slip-type boundary
conditions for velocity, we use the no-slip boundary condition for simplicity, as has been used in
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other phase-field models of the moving contact line problem (c.f. [27]). It is also noticed that the
no-penetration, no-slip boundary for the velocity profile u indicates that the interaction between
the motion and the surface was omitted. The tangential velocity barely affects the system evolution
near the boundary.

Designing a numerical scheme to preserve the total energy stability turns out to be a very
challenging issue, due to the nonlinear and coupled nature of the PDE system. For the square
domain, the normal derivative is not well-defined at the vertexes. This fundamental issue may
affect the numerical accuracy and the theoretical analysis. To avoid this challenging issue, many
studies have focused on the structure-preserving temporal semi-discrete schemes, such as first and
second order schemes for Liu-Wu model [1, 36] and KLLM model [2]. On the other hand, a fully
discrete algorithm requires certain modifications. In [12, 24], the physical boundary was applied at
y-direction with x-direction remaining periodic, or mathematically, a quotient domain that

Ω = Πd−1
i=1 (R/ (LiZ))× (0, Ld) , Li > 0, i = 1, . . . , d, d = 2 or 3,

with a boundary Γ = ∂Ω = Πd−1
i=1 (R/ (LiZ))× {0, Ld} .

A fully discrete, multi-scale convex splitting method was proposed in [24] for the pure phase field
part, and the convergence analysis was established in a later work! [25]. A scalar auxiliary variable
(SAV) finite element simulation was also reported in [35]. Besides, a Cahn-Hilliard-Hele-Shaw
(CHHS) system with Liu-Wu model was considered in [49] where the tangential velocity is involved
in the interaction on the boundary. The difference is that the CHHS model is static and does not
take into account the kinetic energy, which means the phase variable could uniquely determine the
velocity and no temporal derivative is involved.

In this work, we follow the idea of partial dynamical boundary in [12, 24] and carry out a
theoretical analysis. The numerical approximation to the chemical potential profiles, at both the
interior region and on the boundary section, is based on the convex-concave decomposition of the
double-well energy functional, which dates back to Eyre [15]. This approach has been widely used
in the phase field model to reach an unconditional energy dissipation [3, 4, 8, 11] and the positivity-
preserving property for singular energy models [10, 14, 23]. In particular, the nonlinear term is
implicitly treated and the linear expansive term is explicitly updated. The discrete boundary
condition for the phase variable, at the next time step, is coupled with the evolutionary equation of
the boundary profile. The normal derivative is discretized by a wide stencil to maintain the second
order spatial accuracy and further leads to an unconditional total energy dissipation, combined
with a summation-by-part formula.

The fluid momentum equation is solved using a projection method. First, an intermediate
velocity field is constructed via a semi-implicit algorithm: the kinematic diffusion term is treated
implicitly, while the pressure gradient is updated explicitly. Both the fluid convection term and
the phase field coupled term are approximated in a semi-implicit manner. Given a fixed chemical
potential profile, the intermediate velocity is computed using a linear convection-diffusion solver.
Afterwards, a Helmholtz projection onto a divergence-free vector field is applied to obtain the
velocity and pressure at the subsequent time step [21, 33].

The unique solvability analysis for the proposed numerical scheme is highly non-standard. The
nonlinear convective term in the momentum equation leads to a non-symmetric nature of the
whole numerical system, which means the solution could not be represented as the minimization
of a convex functional. The Browder-Minty lemma [5, 37] is a helpful tool to overcome this subtle
difficulty, based on the monotonic property of the numerical system. The energy stability of the
numerical scheme turns out to be a direct consequence of a careful energy estimate, which gives
a dissipation law for the discrete total energy functional. The surface inner product for the phase

3



variable is connected to the boundary evolution equation by the normal derivative, with the help
of summation-by-parts formulas. The staggered location of the fluid velocity vector and the phase
variable plays an important role in the theoretical derivation.

Meanwhile, it is noticed that, a theoretical justification of the convergence analysis and error
estimate for the moving contact line has been an open problem for many years, because of the highly
nonlinear nature, as well as the non-trivial coupling between the bulk and the boundary section,
although there exist some works of efficient energy stable numerical schemes [18, 19, 39, 48]. In
this work, we provide an optimal rate convergence analysis for the proposed numerical scheme,
due to its connection with the moving contact line. As commonly observed in the phase field-fluid
coupled system, the standard ℓ∞(0, T ; ℓ2)∩ ℓ2(0, T ;H2

h) error estimate for the phase variable could
not pass through, because of lack of regularity to control the error inner products associated with
the nonlinear coupled terms in the phase evolutionary and the momentum equations. To overcome
this difficulty, the energy norms, ℓ∞(0, T ;H1

h) for the phase variable and ℓ
∞(0, T ; ℓ2) for the velocity

vector in the bulk, as well as the ℓ∞(0, T ; ℓ2) for the phase variable on the boundary section, have
to be followed in the convergence analysis. Moreover, a combination of rough and a refined error
estimates has to be applied to accomplish the analysis. In more details, the rough error estimate
gives a maximum norm bound of the numerical solution, at both the bulk and the boundary, and the
refined error estimate analyzes the nonlinear term and concludes the convergence analysis. Besides,
a combination of x-directional Fourier projection and y-directional trigonometric auxiliary function
replaces the standard Fourier projection since the dynamical boundary. This approach achieves the
discrete mass conservation of the exact solution and makes the discrete Poincaré inequality valid;
also see the related analysis [25].

The rest of this article is organized as follows. In Section 2, we review the finite difference
spatial approximation and propose the fully discrete numerical scheme. The unique solvability
analysis is derived as well. A modified total energy stability is proved in Section 3. The detailed
convergence analysis is provided in Section 4, including the rough and refined error estimates. Some
numerical simulation results are presented in Section 5 to verify the theoretical analysis. Finally,
some concluding remarks are made in Section 6.

2 Numerical scheme

2.1 Finite difference spatial discretization

The standard finite difference spatial approximation is applied. We present the numerical approxi-
mation over a two-dimensional computational domain Ω = (0, 1)2. The three-dimensional extension
is straightforward and omitted for brevity. As mentioned above, a periodic boundary condition is
assumed in the x-direction and physical boundary condition is imposed at the top and bottom
sections, namely, at

ΓB := {(x, y) | 0 ≤ x ≤ 1, y = 0} , ΓT := {(x, y) | 0 ≤ x ≤ 1, y = 1} . (2.1)

In addition, a uniform spatial mesh size, ∆x = ∆y = h = 1
N with N ∈ N, is taken. We define

Cp,x(Ω) := {fi,j | fi,j = fi+αN,j , ∀ i, α ∈ Z, j = 0, · · · , N} ,

a set of grid functions with discrete periodic boundary conditions imposed in the x-direction. In
particular, the subscripted symbols p, x indicate that periodic boundary conditions are imposed in
only the x-direction, throughout this paper. Herein the notation fi,j represents the numerical value
of f ∈ Cp,x(Ω) at the real-space point (pi, pj) ∈ R2, where pi := i · h.
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The Neumann boundary condition in the y-direction requires an additional ghost layer at the
top and bottom sections of the domain. The grid function space with ghost layers is defined as

C+
p,x(Ω) := {fi,j | fi,j = fi+αN,j , ∀ i, α ∈ Z, j = −1, · · · , N + 1} .

Analogously, more grid function spaces are introduced:

Ep,x(Ω) :=
{
fi+1/2,j

∣∣ fi+1/2,j = fi+1/2+αN,j , ∀ i, α ∈ Z, j = 0, · · · , N
}
,

E+
p,x(Ω) :=

{
fi+1/2,j

∣∣ fi+1/2,j = fi+1/2+αN,j , ∀ i, α ∈ Z, j = −1, · · · , N + 1
}
,

Np,x(Ω) :=
{
fi,j+1/2

∣∣ fi,j+1/2 = fi+αN,j+1/2, ∀ i, α ∈ Z, j = 0, · · · , N − 1
}
,

N+
p,x(Ω) :=

{
fi,j+1/2

∣∣ fi,j+1/2 = fi+αN,j+1/2, ∀ i, α ∈ Z, j = −1, · · · , N
}
,

Gp,x(Ω) :=
{
fi+1/2,j+1/2

∣∣ fi+1/2,j+1/2 = fi+1/2+αN,j+1/2, ∀ i, α ∈ Z, j = 0, · · · , N − 1
}
,

G+
p,x(Ω) :=

{
fi+1/2,j+1/2

∣∣ fi+1/2,j+1/2 = fi+1/2+αN,j+1/2, ∀ i, α ∈ Z, j = −1, · · · , N
}
.

The discrete average and difference operators Ax, Dx : Cp,x(Ω) → Ep,x(Ω), Ay, Dy : C+
p,x(Ω) →

N+
p,x(Ω), are given by

Axfi+1/2,j :=
1

2
(fi+1,j + fi,j) , Dxfi+1/2,j :=

1

h
(fi+1,j − fi,j) , ∀f ∈ Cp,x(Ω), (2.2)

Ayfi,j+1/2 :=
1

2
(fi,j+1 + fi,j) , Dyfi,j+1/2 :=

1

h
(fi,j+1 − fi,j) , ∀f ∈ C+

p,x(Ω). (2.3)

Similarly, the discrete average and difference operators ax, dx : Ep,x(Ω) → Cp,x(Ω), ay, dy : N+
p,x(Ω) →

Cp,x(Ω), are defined as

axfi,j :=
1

2

(
fi+1/2,j + fi−1/2,j

)
, dxfi,j :=

1

h

(
fi+1/2,j − fi−1/2,j

)
, ∀f ∈ Ep,x(Ω), (2.4)

aygi,j :=
1

2

(
gi,j+1/2 + gi,j−1/2

)
, dygi,j :=

1

h

(
gi,j+1/2 − gi,j−1/2

)
, ∀g ∈ N+

p,x(Ω). (2.5)

For a scalar grid function g ∈ C+
p,x(Ω) and a vector function f = (fx, fy)T , with fx ∈ Ep,x(Ω)

and fy ∈ N+
p,x(Ω), the discrete divergence turns out to be

∇h ·
(
gf

)
i,j

= dx (Axg f
x)i,j + dy (Ayg f

y)i,j , ∇h ·
(
gf

)
∈ Cp,x(Ω). (2.6)

For any ϕ ∈ C+
p,x(Ω), the discrete gradient is introduced as ∇hϕ := (Dxϕ,Dyϕ)

T , with Dxϕ ∈
Ep,x(Ω) and Dyϕ ∈ N+

p,x(Ω). For g ∈ C+
p,x(Ω), the following term is defined:

∇h ·
(
g∇hϕ

)
i,j

= dx (Axg Dxϕ)i,j + dy (Ayg Dyϕ)i,j , ∇h ·
(
g∇hϕ

)
∈ Cp,x(Ω). (2.7)

If g ≡ 1, the discrete Laplacian operator becomes the standard 5-point stencil.
For two grid functions f, g ∈ Cp,x(Ω), the discrete ℓ2 inner product and the associated norm are

defined as

(f, g) := h2
N−1∑
i=0

N∑
j=0

wjfi,jgi,j , wj =

{
1, 1 ≤ j ≤ N − 1,
1
2 , j = 0, N,

∥f∥2 :=
√

(f, f). (2.8)

The mean-zero grid function space is introduced as C̊p,x(Ω) :=
{
f ∈ Cp,x(Ω)

∣∣∣ 0 = f := 1
|Ω|(f,1)

}
,

where |Ω| = 1 is the area of Ω. Similarly, for two vector grid functions f = (fx, fy)T and g =
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(gx, gy)T , with fx, gx ∈ Ep,x(Ω) and fy, gy ∈ Np,x(Ω), the corresponding discrete inner product is
defined as follows, with the same notation as the scaler case:

(f , g) := (fx, gx)x+(gy, gy)y , (f
x, gx)x := (ax(f

xgx), 1), (fy, gy)y := h2
N−1∑
i,j=0

fyi,j+1/2g
y
i,j+1/2. (2.9)

In addition to the discrete ∥ · ∥2 norm, the discrete ℓp and maximum norms turn out to be

∥f∥p := (|f |p, 1)
1
p , ∥f∥∞ := max

i,j
|fi,j | , ∀f ∈ Cp,x(Ω), 1 ≤ p < +∞.

For a grid function f ∈ C+
p,x(Ω), the differential derivatives with respect to the second variable,

that is, y or j, have to be evaluated at the physical boundaries ΓT and ΓB. To accomplish this, the
following operators are used for any f ∈ C+

p,x(Ω): D̃yfi,0 :=
fi,1−fi,−1

2h , D̃yfi,N :=
fi,N+1−fi,N−1

2h . As
a consequence, the homogeneous Neumann boundary condition is enforced as follows:

0 = D̃yfi,0 =
fi,1 − fi,−1

2h
⇐⇒ fi,−1 = fi,1, ∀f ∈ C+

p,x(Ω), (2.10)

0 = D̃yfi,N =
fi,N+1 − fi,N−1

2h
⇐⇒ fi,N+1 = fi,N−1, ∀f ∈ C+

p,x(Ω). (2.11)

On the top and bottom boundary sections ΓT , ΓB, the following one-dimensional periodic grid
function spaces are utilized

Cp,x(ΓT ) = Cp,x(ΓB) = Cp,x(Γ) := {φi | φi = φi+αN , ∀α, i ∈ Z} .

The corresponding inner product and ℓ2 norm on the boundary become

(f, g)Γ := h
N−1∑
i=0

figi, ∥f∥2,Γ :=
√
(f, g)Γ, ∀f, g ∈ Cp,x(Γ).

Similarly, the discrete ℓp and maximum norms on the boundary section are given by

∥f∥p,Γ := (|f |p, 1)
1
p

Γ , ∥f∥∞,Γ := max
i

|fi| , ∀f ∈ Cp,x(Γ), 1 ≤ p < +∞.

The operators Ax, Dx act in a natural way on the space Cp,x(Γ) and we suppress the formulas.
The following summation-by-parts formulas could be easily proved using the techniques found

in many existing works and elsewhere.

Lemma 2.1. [22, 45] For any ψ, ϕ, g ∈ C+
p,x(Ω), and any f = (fx, fy)T , with fx ∈ Ep,x(Ω) and

fy ∈ N+
p,x(Ω), the following summation by parts formulas are valid:

(ψ,∇h · f) = − (∇hψ,f) + (ayf
y
·,N , ψ·,N )Γ − (ayf

y
·,0, ψ·,0)Γ, (2.12)

(ψ,∇h · (g∇hϕ)) = − (∇hψ,Ahg∇hϕ) + (ay(AygDyϕ)·,N , ψ·,N )Γ − (ay(AygDyϕ)·,0, ψ·,0)Γ, (2.13)

where we have used the notation: (∇hψ,Ahg∇hϕ) := (Dxψ,AxgDxϕ)x + (Dyψ,AygDyϕ)y. In
particular, if g ≡ 1, the following identity is available:

(ψ,∆hϕ) = − (∇hψ,∇hϕ) + (D̃yϕ·,N , ψ·,N )Γ − (D̃yϕ·,0, ψ·,0)Γ. (2.14)
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Next, an important positive, linear operator will be needed in the later analysis. First observe
that for any φ ∈ C̊p,x(Ω), there is a unique solution ψ ∈ C̊+

p,x(Ω) to the problem −∆hψ = φ, subject
to the homogeneous Neumann boundary condition, (2.10) and (2.11). The solution operator for
this problem defines a one-to-one mapping from C̊p,x(Ω) to C̊p,x(Ω). Let Lh : C̊p,x(Ω) → C̊p,x(Ω) be
the (one-to-one, onto) forward operator in the problem, by incorporating the boundary conditions
into the definition of the operator. In fact, the operator Lh is exactly −∆h, except near the
top and bottom physical boundaries, where the definition of the operator differs from the negative
discrete Laplacian in order to incorporate the discrete homogeneous Neumann boundary conditions.
Specifically, for any ψ, we see that

Lhψi,j =


−(ψi+1,0 + ψi−1,0 + 2ψi,1 − 4ψi,0)/h

2, j = 0,

−(ψi+1,N + ψi−1,N + 2ψi,N−1 − 4ψi,N )/h2, j = N,

−∆hψi,j , otherwise.

(2.15)

Another interpretation for this definition is that we have removed the ghost layer by incorporating
the boundary conditions. The following result is available.

Proposition 2.1. [24] The above-defined operator Lh : C̊p,x(Ω) → C̊p,x(Ω) is positive and symmetric
in the sense that

(ψ,Lhϕ) = (Lhψ, ϕ), ∀ ψ, ϕ ∈ C̊p,x(Ω), (2.16)

and (ψ,Lhψ) = ∥∇hψ∥22 > 0, ∀ ψ ∈ C̊p,x(Ω), ψ ̸≡ 0. (2.17)

The discrete H−1 norm follows the definition of Lh:

(φ1, φ2)−1 :=
(
φ1, L

−1
h (φ2)

)
, ∥φ∥−1 :=

√
(φ,φ)−1, ∀φ1, φ2, φ ∈ C̊p,x(Ω). (2.18)

Similarly, the following space is introduced for the vector functions:

Vp,x(Ω) :=
{
u = (ux, uy)T

∣∣ ux ∈ G+
p,x(Ω), u

y ∈ Cp,x(Ω)
}
. (2.19)

The no-penetration, no-slip condition on ΓB and ΓT is enforced as

uyi,N = uyi,0 = 0, uxi+1/2,N+1/2 + ux
i+1/2,N− 1

2

= uxi+1/2,−1/2 + uxi+1/2,1/2 = 0.

For u,v ∈ Vp,x(Ω), the corresponding vector inner product and ∥ · ∥2 norm could be defined in a
similar fashion as (2.9). In addition, some interpolation strategies are needed in the nonlinear term
evaluation. For u = (ux, uy)T , v = (vx, vy)T , located at the staggered mesh points (xi+1/2, yj+1/2),
(xi, yj), respectively, and variables ϕ, µ, the following terms are evaluated as

u · ∇hv =

(
uxi+1/2,j+1/2D̃xv

x
i+1/2,j+1/2 +Axyu

y
i+1/2,j+1/2D̃yv

x
i+1/2,j+1/2

axyuxi,jD̃xv
y
i,j + uyi,jD̃yv

y
i,j

)
, (2.20)

∇h ·
(
uvT

)
=

(
D̃x(u

xvx)i+1/2,j+1/2 +Dy(Axu
yayv

x)i+1/2,j+1/2

dx(ayuxAxvy)i,j + D̃y (uyvy)i,j

)
, (2.21)

Ahϕ∇hµ =

(
Axyϕi+1/2,j+1/2(AyDxµ)i+1/2,j+1/2

ϕi,jD̃yµi,j

)
, (2.22)

∇h · (Ahϕu) = Dx(Axϕayu
x)i,j + D̃y(ϕu

y)i,j , (2.23)

where the averaging operators Axy, axy, and the wide stencil difference operators D̃x and D̃y could
be similarly defined. The following discrete Poincaré inequality is an important tool in the later
analysis.
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Lemma 2.2. [6] The Poincaré inequality is valid, i.e., there exists positive constant C0 independent
with ∆t and h such that, for ϕ ∈ Cp,x(Ω) with ϕ = 0, we have

∥ϕ∥2 ≤ C0∥∇hϕ∥2, ∥ϕ∥−1,h ≤ C0∥ϕ∥2. (2.24)

Moreover, an inverse inequality-style estimate is established in the following lemma, which is
essential for the maximum norm bound in the later numerical analysis.

Lemma 2.3. For any grid function f ∈ Cp,x(Ω) with f = 0, we have

∥f∥∞ ≤ Cδh
−δ∥∇hf∥2, ∀ δ > 0, ∥f∥6 ≤ C1∥∇hf∥2, ∥f∥3 ≤ C1h

− 1
3 ∥f∥2, (2.25)

in which the constants Cδ > 0 and C1 are independent on h.

Proof. In the x-direction, the periodic boundary condition naturally accommodates the standard
discrete Fourier transform. In the y-direction, an even extension is employed to enable an applica-
tion of a discrete Fourier cosine transform. Assuming N = 2K +1 is odd, and the case for an even
N could be analogously treated. The corresponding discrete transformation for ϕ turns out to be

fj,k =
K∑

ℓ=−K

N∑
m=0

αmF̂
N
ℓ,me2πiℓxj cos(mπyk), αm =

{
1 m ̸= 0,

2−
1
2 m = 0,

(2.26)

where xj = jh, yk = kh with h = 1/N . In more details, F̂N
ℓ,m is the Fourier coefficient under the

combination of the Fourier transformation in the x-direction and the cosine transformation in the
y-direction. In turn, an extension is made to obtain a continuous function

fF (x, y) =
K∑

ℓ=−K

N∑
m=0

αmF̂
N
ℓ,me2πiℓx cos(mπy). (2.27)

Parseval’s identity (at both the discrete and continuous levels) implies that

∥f∥22 = h2
∑
j,k

|fj,k|2 =
1

2

∑
ℓ,m

|F̂N
ℓ,m|2, ∥fF ∥2L2 =

1

2

∑
ℓ,m

|F̂N
ℓ,m|2. (2.28)

In terms of a comparison between the discrete and continuous gradients, the following Fourier
expansions indicate that

(Dxf)j+ 1
2
,k =

fj+1,k − fj,k
h

=

K∑
ℓ=−K

N∑
m=0

αmµℓF̂
N
ℓ,me

2πiℓx
j+1

2 cos(mπyk), (2.29)

∂xfF (x, y) =

K∑
ℓ=−K

N∑
m=0

αmνℓF̂
N
ℓ,me2πiℓx cos(mπy),where (2.30)

µℓ =
eπiℓh − e−πiℓh

h
=

2i sin(πℓh)

h
, νℓ = 2πiℓ. (2.31)

Again, the Parseval’s identity yields

∥Dxf∥22 =
1

2

∑
ℓ,m

|µℓ|2|F̂N
ℓ,m|2, ∥∂xfF ∥2L2 =

1

2

∑
ℓ,m

|νℓ|2|F̂N
ℓ,m|2. (2.32)
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A comparison of Fourier eigenvalues between |µℓ| and |νℓ| reveals that
2

π
|νℓ| ≤ |µℓ| ≤ |νℓ|. (2.33)

This in turn indicates that
2

π
∥∂xfF ∥L2 ≤ ∥Dxf∥2 ≤ ∥∂xfF ∥L2 . (2.34)

For the cosine part, similar comparison estimates could be derived in the same manner:

2

π
∥∇fF ∥L2 ≤ ∥∇hf∥2 ≤ ∥∇fF ∥L2 . (2.35)

In addition, the discrete Fourier transformation, periodic in the x direction and cosine transforma-
tion in the y direction, leads to the identity between the discrete average of f and the continuous
average of fF :

f :=
1

|Ω|
(f, 1) = α0F̂

N
0,0 =

1

|Ω|

∫
Ω
fF (x)dx =: fF = 0. (2.36)

Based on this fact, we see that

∥f∥∞ ≤ ∥fF ∥L∞ ≤ Cδ∥fF ∥H1+δ ≤ Cδh
−δ∥fF ∥H1 ≤ CCδh

−δ∥∇fF ∥L2 ≤ CCδh
−δ∥∇hf∥2, (2.37)

in which the 2-D Sobolev embedding has been applied in the second step, the third step corresponds
to an inverse inequality (since fF ∈ BK), the fourth step makes use of the Poincaré inequality (due
to the fact that fF = 0), and (2.35) has been applied in the last step. As a result, the first inequality
in (2.25) has been proved.

The second and third inequalities in (2.25) have been proved in an existing work [9] and the third
inequality is a standard 2-D inverse inequality. This in turn finishes the proof of Lemma 2.3.

2.2 The fully discrete numerical scheme

For simplicity of presentation, we choose F (ϕ) = G(ϕ) = R(ϕ) := 1
4ϕ

4− 1
2ϕ

2 for the energy densities
(in (1.1)) in the analysis below. As mentioned in Remark 2.2 below, the analysis could be applied
to other choices of the energy densities. The following finite difference scheme is proposed for the
system (1.3)-(1.8) with F ′(ϕ) = G′(ϕ) = ϕ3−ϕ, using the convex-splitting approach: given ϕn, un,
find ϕn+1, µn+1 ∈ C+

p,x(Ω), u
n+1 ∈ Vp,x(Ω) such that

ûn+1 − un

∆t
+ bh(u

n, ûn+1) +∇hp
n − ν∆hû

n+1 = −γAhϕ
n∇hµ

n+1, (2.38)

ϕn+1 − ϕn

∆t
+∇h ·

(
Ahϕ

nûn+1
)
= ∆hµ

n+1, µn+1 = (ϕn+1)3 − ϕn − ε2∆hϕ
n+1, (2.39)

D̃yµ
n+1
i,0 = D̃yµ

n+1
i,N = 0, ϕn+1

i,0 = ϕB,n+1
i , ϕn+1

i,N = ϕT,n+1
i , (2.40)

ϕB,n+1 − ϕB,n

∆t
= −µn+1

B , µn+1
B = (ϕB,n+1)3 − ϕB,n − ε2D̃yϕ

n+1
·,0 , (2.41)

ϕT,n+1 − ϕT,n

∆t
= −µn+1

T , µn+1
B = (ϕT,n+1)3 − ϕT,n + ε2D̃yϕ

n+1
·,N , (2.42)

un+1 − ûn+1

∆t
+∇h(p

n+1 − pn) = 0, ∇h · un+1 = 0, (2.43)

with boundary condition ûn+1 |Γ= 0, (un+1 ·n) |Γ= 0. The bilinear form bh(·, ·) is the discretization
of the continuous b(·, ·):

b(u,v) := u · ∇v, bh(u,v) :=
1

2

(
u · ∇hv +∇h · (uvT )

)
. (2.44)
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2.3 Unconditionally unique solvability

As a nonlinear scheme, the unique solvability is the basis of any subsequent analysis. To proceed
with the unique solvability analysis, we implicitly define a linear operator Ln

h as follows. Assume
that the variables un, ϕn and pn are fixed. For a given field µ, v = Ln

hµ is determined by the
following x-periodic, discrete convection-diffusion equation:

v − un

∆t
+ bh(u

n,v) +∇hp
n − ν∆hv = −γAhϕ

n∇hµ, (2.45)

with no-penetration, no-slip boundary for v, in the y-direction. Given the variables (un, ϕn, pn) at
time level tn, it is noticed that ûn+1 = Ln

hµ
n+1, and un+1 is a further Helmholtz projection of ûn+1

into the divergence-free space. Subsequently, a substitution of ûn+1 = Ln
hµ

n+1 into (2.39) leads to
the following equation for ϕn+1 and µn+1:

ϕn+1 − ϕn

∆t
+∇h ·

(
Ahϕ

nLn
hµ

n+1
)
= ∆hµ

n+1, µn+1 = (ϕn+1)3 − ϕn − ε2∆hϕ
n+1. (2.46)

Furthermore, (2.46) could be rewritten as

ϕn+1 − ϕn

∆t
+ Gn

hµ
n+1 = 0, Gn

hµ := ∇h · (Ahϕ
nLn

hµ)−∆hµ. (2.47)

The property of the linear operator Gn
h is essential for the unique solvability analysis. The following

two lemmas demonstrate that it is monotone and therefore invertible; the proofs are very similar
to the one presented in [7], and the technical details are skipped for the sake of brevity.

Lemma 2.4. [7] The linear operator Gn
h is monotone in sense that for any µ1, µ2,

(Gn
hµ1 − Gn

hµ2, µ1 − µ2) ≥ ∥∇h(µ1 − µ2)∥22 ≥ 0. (2.48)

In addition, if we require µ1 = µ2 = 0, equality is realized if and only if µ1 = µ2. Therefore, the
operator Gn

h is invertible.

As a direct consequence of Lemma 2.4, the following result for the inverse operator is valid.

Proposition 2.2. [7] The inverse operator (Gn
h )

−1 is also monotone:

((Gn
h )

−1(ϕ1 − ϕ2), ϕ1 − ϕ2) ≥ ∥∇h(Gn
h )

−1(ϕ1 − ϕ2)∥22 ≥
1

C2
0

∥(Gn
h )

−1(ϕ1 − ϕ2)∥22, (2.49)

and ∥(Gn
h )

−1(ϕ1 − ϕ2)∥2 ≤ C2
0∥ϕ1 − ϕ2∥2, (2.50)

for any ϕ1, ϕ2 with ϕ1 = ϕ2 = 0. The constant C0 is associated with the discrete Poincaré inequality
(2.24). In addition, the equality holds if and only if ϕ1 = ϕ2.

It is noticed that the operator Gn
h defined in (2.47) only involves the velocity and chemical po-

tential, which are subject to homogeneous no-slip and Neumann boundary conditions, respectively.
Consequently, its monotonicity analysis does not incorporate any information regarding dynamic
boundary. This aspect must be carefully addressed in the subsequent analysis. To address this
issue, we introduce the Browder–Minty lemma, which plays a crucial role in establishing unique
solvability.
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Lemma 2.5 (Browder-Minty [5, 37]). Let X be a real, reflexive Banach space and suppose X ′ is
its dual. Let T : X → X ′ be: (i) bounded; (ii) continuous; (iii) coercive, that is

⟨T (u), u⟩
∥u∥X

→ +∞ as ∥u∥X → +∞; (2.51)

and (iv) monotone. Then for any g ∈ X ′ there exists a solution u ∈ X of the equation T (u) = g.
Furthermore, if the operator T is strictly monotone, then the solution u is unique.

Then we proceed into the proof of unique solvability.

Theorem 2.1. Given ϕn ∈ with ϕn = β0, there exists a unique solution ϕn+1 to the numerical
scheme (2.38)-(2.43), or equivalently (2.52), with ϕn+1 = β0.

Proof. By (2.47), numerical scheme (2.39) could be rewritten as a nonlinear system

Fn
h (ϕ) := (Gn

h )
−1ϕ− ϕn

∆t
+ (ϕ)3 − ϕn − ε2∆hϕ = 0, (2.52)

coupled with the boundary condition (2.41), (2.42): for ϕT = ϕ·,N and ϕB = ϕ·,0,

ϕT − ϕT,n

∆t
= −

(
(ϕT )3 − ϕT,n + ε2D̃yϕ·,N

)
,

ϕB − ϕB,n

∆t
= −

(
(ϕB)3 − ϕB,n − ε2D̃yϕ·,0

)
. (2.53)

It is clear that Fn
h maps RN(N+1) into RN(N+1), with the imposed discrete boundary conditions.

In turn, we set X = X ′ = RN(N+1) equipped with the discrete ℓ2 norm ∥ · ∥2.
The continuity analysis (in the ∥ · ∥2 norm) is straightforward, and the technical details are

skipped for the sake of brevity.
To establish the coercive property of Fn

h (ϕ2), we calculate the inner product

(Fn
h (ϕ), ϕ) = ∆t−1

(
(Gn

h )
−1(ϕ− ϕn), ϕ

)
+ ∥ϕ∥44 − (ϕn, ϕ)− ε2 (∆hϕ, ϕ) . (2.54)

For the first term, an application of the monotonicity inequality (2.49) leads to

∆t−1
(
(Gn

h )
−1(ϕ− ϕn), ϕ

)
= ∆t−1

(
(Gn

h )
−1(ϕ− ϕn), ϕ− ϕn

)
+∆t−1

(
(Gn

h )
−1(ϕ− ϕn), ϕn

)
≥ 1

∆tC2
0

∥(Gn
h )

−1(ϕ− ϕn)∥22 −
1

2∆tC2
0

∥(Gn
h )

−1(ϕ− ϕn)∥22 −
C2
0

2∆t
∥ϕn∥22

=
1

2∆tC2
0

∥(Gn
h )

−1(ϕ− ϕn)∥22 −
C2
0

2∆t
∥ϕn∥22. (2.55)

The second and third terms of the right hand of (2.54) could be handled by the quadratic inequality

∥ϕ∥44 − (ϕn, ϕ) ≥ 2∥ϕ∥22 − |Ω| − 1

2
(∥ϕ∥22 + ∥ϕn∥22) ≥ ∥ϕ∥22 −

1

2
∥ϕn∥22 − |Ω|. (2.56)

The Laplacian term should be treated with the help of dynamical boundary condition:

−ε2 (∆hϕ, ϕ) = ε2∥∇hϕ∥22 − ε2(ϕT , D̃yϕ·,N )Γ + ε2(ϕB, D̃yϕ·,0)Γ. (2.57)

Based on the boundary condition (2.53) and an quadratic inequality, we see that

−ε2(ϕT , D̃yϕ·,N )Γ =
(
ϕT , (ϕT )3 − ϕT,n +

ϕT − ϕT,n

∆t

)
Γ

11



≥ ∥ϕT ∥22,Γ − 1

2
∥ϕT,n∥22,Γ − |Γ|+ 1

2∆t

(
∥ϕT ∥22,Γ − ∥ϕT,n∥22,Γ

)
≥ −1

2
∥ϕT,n∥22,Γ − |Γ| − 1

2∆t
∥ϕT,n∥22,Γ. (2.58)

Analogously, the following lower bound is available:

ε2(ϕB, D̃yϕ·,0)Γ ≥ −1

2
∥ϕB,n∥22,Γ − |Γ| − 1

2∆t
∥ϕB,n∥22,Γ. (2.59)

As a result, a substitution of (2.55), (2.56)-(2.59) into (2.54) leads to the following estimate:

(Fn
h (ϕ), ϕ)

∥ϕ∥2
≥ ∥ϕ∥2 −

1

∥ϕ∥2

( C2
0

2∆t
∥ϕn∥22 +

1

2
∥ϕn∥2 + |Ω|+ 2|Γ|

)
− 1

2∥ϕ∥2

(
∥ϕT,n∥22,Γ + ∥ϕB,n∥22,Γ +

1

∆t
∥ϕT,n∥22,Γ +

1

∆t
∥ϕB,n∥22,Γ

)
, (2.60)

which in turn demonstrates the coercive property,
(Fn

h (ϕ),ϕ)
∥ϕ∥2 → +∞, as ∥ϕ∥2 → +∞.

The remaining work is focused on establishing a monotonicity condition. Given ϕ1, ϕ2, by
denoting ϕ̃ = ϕ1 − ϕ2, a direct calculation implies that(

Fn
h (ϕ̃), ϕ̃

)
=

1

∆t

(
(Gn

h )
−1ϕ̃, ϕ̃

)
+ (ϕ31 − ϕ32, ϕ̃)− ε2(∆hϕ̃, ϕ̃)

≥ 1

∆tC2
0

∥(Gn
h )

−1ϕ̃∥22 +
(
ϕ̃(ϕ21 + ϕ1ϕ2 + ϕ22), ϕ̃

)
− ε2(∆hϕ̃, ϕ̃)

≥ ε2∥∇hϕ̃∥22 − ε2(ϕ̃T , D̃yϕ̃·,N )Γ + ε2(ϕ̃B, D̃yϕ̃·,0)Γ. (2.61)

Analogous to (2.58) and (2.59), we have

−ε2(ϕ̃T , D̃yϕ̃·,N )Γ =
(
ϕ̃T , (ϕT1 )

3 − (ϕT2 )
3 +∆t−1ϕ̃T

)
Γ
≥ 0, (2.62)

ε2(ϕ̃B, D̃yϕ̃·,0)Γ =
(
ϕ̃B, (ϕB1 )

3 − (ϕB2 )
3 +∆t−1ϕ̃B

)
Γ
≥ 0. (2.63)

Then we arrive at
(Fn

h (ϕ1)−Fn
h (ϕ2), ϕ1 − ϕ2) ≥ 0. (2.64)

As a result, an application of the Browder-Minty lemma implies a unique solution to (2.52), so that
the unique solvability of the numerical scheme (2.38)-(2.43) has been established.

Remark 2.1. In the proof of Theorem 2.1, the discrete ℓ2 norm is taken for the Banach space,
without considering the boundary norm. In fact, by denoting an extended ℓ2 norm, defined as
∥ϕ∥22,∗ := ∥ϕ∥22 + ∥ϕT ∥22,Γ + ∥ϕB∥22,Γ, an equivalence inequality is available:

∥ϕ∥22 ≤ ∥ϕ∥22,∗ ≤ (1 + Ch−
1
2 )∥ϕ∥22, (2.65)

where the surface parts have been extended to the whole domain, based on the inverse inequality.
Therefore, the boundary ℓ2 norms ∥ϕT ∥22,Γ and ∥ϕB∥22,Γ in (2.58) and (2.59) are neglected. The
bulk ℓ2 norm in (2.56) is sufficient for the coercive analysis.

Remark 2.2. It should be emphasized that the free energy densities F and G appearing in (1.1)
may not be restricted to polynomial forms. They may, in fact, be any functions with bounded second
derivatives – trigonometric functions, for instance. The analysis of unique solvability, together with
the subsequent energy stability and convergence results, holds for all such functions. For the sake
of clear presentation, this work specifically considers G(ψ) = F (ψ) = 1/4ψ4 − 1/2ψ2.
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3 Unconditional total energy stability

Now we establish an unconditional total energy stability of the proposed numerical scheme. The
discrete energy is defined as (with R(c) = 1

4c
4 − 1

2c
2):

Eh(ϕ,u) =
1

2γ
∥u∥22 + Ebulk(ϕ) + ET (ϕ

T ) + EB(ϕ
B), (3.1)

Ebulk(ϕ) = (R(ϕ), 1) +
ε2

2
∥∇hϕ∥22, ET (ϕ

T ) =
(
R(ϕT ), 1

)
Γ
, EB(ϕ

B) =
(
R(ϕB), 1

)
Γ
. (3.2)

Theorem 3.1. For the numerical solution of (2.38)-(2.43), a modified energy stability is valid in
the sense that

(En+1
h +

∆t2

2γ
∥∇hp

n+1∥22)− (En
h +

∆t2

2γ
∥∇hp

n∥22)

≤ −∆t∥∇hµ
n+1∥22 −∆t∥µn+1

T ∥22,Γ −∆t∥µn+1
B ∥22,Γ − ∆tν

γ
∥∇hû

n+1∥22 ≤ 0. (3.3)

Proof. Taking a discrete inner product with (2.38) by ûn+1, (2.39) by µn+1, gives

1

2∆t
(∥ûn+1∥22 − ∥un∥22 + ∥ûn+1 − un∥22) + (∇hp

n, ûn+1) + ν∥∇hû
n+1∥22

= −γ(Ahϕ
n∇hµ

n+1, ûn+1), (3.4)(
ϕn+1 − ϕn, (ϕn+1)3 − ϕn − ε2∆hϕ

n+1
)
−∆t(Ahϕ

n∇hµ
n+1, ûn+1) = −∆t∥∇hµ

n+1∥22. (3.5)

The convexity analysis for the discrete energy terms reveals that(
ϕn+1 − ϕn, (ϕn+1)3 − ϕn

)
≥ (R(ϕn+1)−R(ϕn), 1). (3.6)

Regarding the Laplacian term, we see that(
ϕn+1 − ϕn,−ε2∆hϕ

n+1
)
≥ ε2

2
(∥∇hϕ

n+1∥22 − ∥∇hϕ
n∥22)

− ε2(ϕn+1 − ϕn, D̃yϕ
n+1
·,N )Γ + ε2(ϕn+1 − ϕn, D̃yϕ

n+1
·,0 )Γ. (3.7)

The boundary parts could be further controlled, with the help of the boundary evolutionary equa-
tion. Taking a discrete inner product with (2.41) by µn+1

B shows that

(R(ϕB,n+1)−R(ϕB,n), 1)Γ ≤ −∆t∥µn+1
B ∥22,Γ + ε2(ϕB,n+1 − ϕB,n, D̃yϕ

n+1
·,0 )Γ, (3.8)

where the convexity of the boundary energy has been considered. The inequality on the top
boundary section is also valid:

(R(ϕT,n+1)−R(ϕT,n), 1)Γ ≤ −∆t∥µn+1
T ∥22,Γ − ε2(ϕT,n+1 − ϕT,n, D̃yϕ

n+1
·,N )Γ. (3.9)

Consequently, a substitution of (3.6)-(3.9) into (3.5) leads to

(En+1
bulk + En+1

T + En+1
B )− (En

bulk + En
T + En

B)−∆t(Ahϕ
n∇hµ

n+1, ûn+1)

≤−∆t∥∇hµ
n+1∥22 −∆t∥µn+1

T ∥22,Γ −∆t∥µn+1
B ∥22,Γ. (3.10)

By (2.43), the following equality is observed:

(∇hp
n, ûn+1) = −(pn,∇h · ûn+1) = −(pn,∆t∆h(p

n+1 − pn)) = ∆t(∇hp
n,∇h(p

n+1 − pn))
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=
∆t

2
(∥∇hp

n+1∥22 − ∥∇hp
n∥22 − ∥∇hp

n+1 −∇hp
n∥22)

=
∆t

2
(∥∇hp

n+1∥22 − ∥∇hp
n∥22)−

1

2∆t
∥un+1 − ûn+1∥22. (3.11)

A combination of (3.4), (3.10) and (3.11) yields

(En+1
bulk + En+1

T + En+1
B )− (En

bulk + En
T + En

B) +
1

2γ
(∥ûn+1∥22 − ∥un∥22 − ∥un+1 − ûn+1∥22)

+
∆t2

2γ
(∥∇hp

n+1∥22 − ∥∇hp
n∥22)

≤ −∆t∥∇hµ
n+1∥22 −∆t∥µn+1

T ∥22,Γ −∆t∥µn+1
B ∥22,Γ − ∆tν

γ
∥∇hû

n+1∥22. (3.12)

On the other hand, taking a discrete inner product with (2.43) by un+1 results in

∥un+1∥22 − ∥ûn+1∥22 + ∥un+1 − ûn+1∥22 = 0, (3.13)

which comes from the fact that (∇h(p
n+1−pn),un+1) = 0. A combination of the last identity with

(3.12) leads to

En+1
h − En

h +
∆t2

2γ
(∥∇hp

n+1∥22 − ∥∇hp
n∥22)

≤−∆t∥∇hµ
n+1∥22 −∆t∥µn+1

T ∥22,Γ −∆t∥µn+1
B ∥22,Γ − ∆tν

γ
∥∇hû

n+1∥22 ≤ 0. (3.14)

This is exactly inequality (3.3), so that the total energy dissipation has been established. This
finishes the proof of Theorem 3.1.

4 Convergence analysis

Now we proceed into the convergence analysis. Let (ϕe,ue, pe) be the exact solution to the CHNS
system (1.3)–(1.8), with dynamical boundary condition. With sufficiently regular initial data, it is
assumed that the exact solution has regularity of class R:

ϕe, ue, pe ∈ R := C2(0, T ;Cper(Ω)) ∩ C1(0, T ;C2
per(Ω)) ∩ L∞(0, T ;C8

per(Ω)). (4.1)

For the phase variable ϕe, there is a two-step adjustment to ensure the mass conservation in discrete
level. The first step is a Fourier projection only in x-direction, i.e. ΦN,x(·, t) = PN,xϕe(·, t). The
projection approximation is standard:

∥ΦN,x − ϕe∥L∞(0,T ;Hk) ≤ Chℓ−k∥ϕe∥L∞(0,T ;Hℓ), ∀0 ≤ k ≤ ℓ. (4.2)

In terms of the velocity variable, it is noticed that the exact velocity profile ue does not au-
tomatically satisfy the divergence-free condition at the discrete level. To enforce this property, a
spatial interpolation operator PH is introduced. For any divergence-free field ue ∈ H1(Ω) with
∇ ·ue = 0, there exists an exact stream function ψe such that ue = ∇⊥ψe. Furthermore, to ensure
a higher order consistency for the no-slip boundary condition, namely, u = v = 0 at y = 0, 1, an
asymptotic expansion of the stream function profile is necessary. In more details, the exact stream
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function satisfies both the Dirichlet and Neumann boundary conditions, namely ψe = ∂yψe = 0 at
Γy : y = 0, and a careful Taylor expansion around y = 0 indicates that

(ψe)i+1/2,−1 = (ψe)i+1/2,1 − 2h3(∂3yψe)i+1/2,0/6 +O(h5). (4.3)

Based on this expansion, we construct an auxiliary stream function profile to satisfy

ψ̂ |y=0= ψ̂ |y=1= 0, ∂yψ̂(x, 0, t) = −∂3yψe(x, 0, t)/6, ∂yψ̂(x, 1, t) = −∂3yψe(x, 1, t)/6. (4.4)

In fact, such a construction is straightforward; for example, an auxiliary profile could be taken as
ψ̂(x, y, t) = −1

6∂
3
yψe(x, 0, t)y(1 − y)2 + 1

6∂
3
yψe(x, 1, t)y

2(1 − y). Subsequently, a Taylor expansion
could be applied to this auxiliary profile:

ψ̂i+1/2,−1 = ψ̂i+1/2,1 − 2h∂yψ̂i+1/2,0 +O(h3) = ψ̂i+1/2,1 + h(∂3yψe)i+1/2,0/3 +O(h3). (4.5)

Therefore, by denoting Ψ = ψe + h2ψ̂, we see that a combination of (4.3) and (4.5) leads to an
O(h5) boundary extrapolation:

Ψi+1/2,−1 = Ψi+1/2,1 +O(h5), Ψi+1/2,N+1 = Ψi+1/2,N−1 +O(h5). (4.6)

Similar asymptotic analysis for the boundary extrapolation could also be found in [43], etc.
In turn, the spatial interpolation operator PH is then defined as

U = PH(∇⊥Ψ) = ∇⊥
hΨ = (−DyΨ, DxΨ)T , (4.7)

evaluated at the staggered mesh points, (i+ 1/2, j + 1/2), (i, j), respectively. This operator ensures
∇h ·U = 0 at a point-wise level. Of course, the continuous velocity field u and the constructed U
differ by an O(h2) truncation error. Moreover, by the O(h5) boundary extrapolation estimate (4.6)
for the constructed stream function profile, an O(h4) boundary estimate becomes available for the
constructed horizontal velocity component:

Ui+1/2,1/2 = −DyΨi+1/2,1/2 = −Ψi+1/2,1/h, Ui+1/2,−1/2 = −DyΨi+1/2,−1/2 = Ψi+1/2,−1/h,

so that Ui+1/2,1/2 + Ui+1/2,−1/2 = O(h4).
(4.8)

A similar process could be applied to construct an approximate chemical potential profile to
satisfies a higher order boundary extrapolation estimate. The exact chemical potential is taken as
µe = ϕ3e −ϕe− ε2∆ϕe, which satisfies a homogeneous Neumann boundary conditions at ΓB : y = 0.
An associated Taylor expansion around y = 0 gives

(µe)i+1/2,−1 = (µe)i+1/2,1 − 2h3(∂3yµe)i+1/2,0/6 +O(h5), (4.9)

and an auxiliary chemical potential profile is constructed to satisfy

∂yµ̂(x, 0, t) = −∂3yµe(x, 0, t)/6, ∂yµ̂(x, 1, t) = −∂3yµe(x, 1, t)/6. (4.10)

Of course, a Taylor expansion to this auxiliary profile (around y = 0) implies that

µ̂i+1/2,−1 = µ̂i+1/2,1 − 2h∂yµ̂i+1/2,0 +O(h3) = µ̂i+1/2,1 + h(∂3yµe)i+1/2,0/3 +O(h3). (4.11)

Subsequently, we denote V = µe+h
2µ̂, so that a combination of (4.9) and (4.11) leads to an O(h5)

boundary extrapolation:

Vi+1/2,−1 = Vi+1/2,1 +O(h5), Vi+1/2,N+1 = Vi+1/2,N−1 +O(h5). (4.12)
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In terms of the phase variable, a similar process is needed to preserve a higher order accuracy for
the boundary extrapolation. We denote φB = −ε−2(∂tΦN,x +G(ΦN,x)) |y=0, φ

T = −ε−2(∂tΦN,x +
G(ΦN,x)) |y=1, the exact normal derivative profile of the phase variable, determined by (1.7). The
Taylor expansion around y = 0 implies that

(ΦN,x)i+1/2,−1 = (ΦN,x)i+1/2,1 + 2hφB
i+1/2,0 − 2h3(∂3yΦN,x)i+1/2,0/6 +O(h5), (4.13)

and an auxiliary phase variable profile satisfies

Φ̂ = 0, ∂yΦ̂(x, 0, t) = −∂3yΦN,x(x, 0, t)/6, ∂yΦ̂(x, 1, t) = −∂3yΦN,x(x, 1, t)/6, (4.14)

Φ̂i+1/2,−1 = Φ̂i+1/2,1 − 2h∂yΦ̂i+1/2,0 +O(h3) = Φ̂i+1/2,1 + h(∂3yΦN,x)i+1/2,0/3 +O(h3). (4.15)

In turn, by defining Φ̆N = ΦN,x + h2Φ̂, we obtain

(Φ̆N )i+1/2,−1 = (Φ̆N )i+1/2,1 + 2hφB
i+1/2,0 +O(h5),

(Φ̆N )i+1/2,N+1 = (Φ̆N )i+1/2,N−1 + 2hφT
i+1/2,0 +O(h5),

(4.16)

Meanwhile, we have to introduce an auxiliary cosine function to enforce the bulk mass conser-
vation at a discrete level, and a corrected profile is created:

δΦN (x, y, t) =
(
Φ̆N − Φ̆0

N

)
(1− cos(2πy)), ΦN := Φ̆N − δΦN , x, y ∈ [0, 1]. (4.17)

A few helpful properties of the auxiliary function are stated below; see [25] for a detailed proof.

Lemma 4.1. [25] For the auxiliary function δΦN in (4.17), the following properties are valid:

∥δΦn
N∥2 ≤ Ch2, n ≥ 0, C is a constant independent on ∆t and h, (4.18)

ΦN = Φ̆N − δΦN = Φ̆0
N = ϕ0. (4.19)

(ΦN )i+1/2,−1 = (ΦN )i+1/2,1 + 2hφB
i+1/2,0 +O(h5), (4.20)

(ΦN )i+1/2,N+1 = (ΦN )i+1/2,N−1 + 2hφT
i+1/2,0 +O(h5).

Estimate (4.18) indicates that the auxiliary function does not alter the overall convergence
rate, as it corresponds to a truncation error of the same order. Furthermore, the cosine function
inherently satisfies both Dirichlet and Neumann boundary conditions, thereby preserving mass
conservation at the boundary and leaving the normal derivative unaffected.

The corresponding error grid functions are introduced as

ϕ̃n := Φn
N − ϕn, ũn := Un − un, p̃n := pne − pn, ∀n ≥ 0. (4.21)

Furthermore, it follows that ϕ̃n = 0, for any n ≥ 0, and the discrete norms ∥ · ∥−1 and ∥ · ∥−1,Γ are
well defined for the error grid function ϕ̃n.

The following theorem is the main result of this section.

Theorem 4.1. Given initial data Φ(·, t = 0), U(·, t = 0) with enough regularity, assume the exact
solution for CHNS system (1.3)-(1.8) is of regularity class R. Then, provided that ∆t and h are
sufficiently small, and under the linear refinement requirement C1h ≤ ∆t ≤ C2h, we have

∥∇hϕ̃
n+1∥2 + ∥ϕ̃T,n+1∥2,Γ + ∥ϕ̃B,n+1∥2,Γ + ∥ũn+1∥2 ≤ C(∆t+ h2), (4.22)

where C is positive constant independent on ∆t and h.
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4.1 The consistency analysis

The projection method applied to the no-slip velocity boundary condition presents certain theo-
retical challenges in the boundary analysis. In the consistency analysis, no intermediate velocity
vector is needed, in comparison with the numerical solution. A careful truncation error estimate
reveals that

Un+1 −Un

∆t
+ bh(U

n,Un+1) +∇hP
n = ν∆hU

n+1 − γAhΦ
n
N∇hVn+1 + τn+1

u , (4.23)

Un+1 −Un+1

∆t
+∇h(P

n+1 − Pn) = τn+1
p := ∇h(P

n+1 − Pn), (4.24)

∇h ·Un+1 = 0, V n+1|y=0,1 = 0, (ayU
n+1)|y=0,1 = 0, (4.25)

Φn+1
N − Φn

N

∆t
+∇h ·

(
AhΦ

n
NUn+1

)
= ∆hVn+1 + τn+1

ϕ , (4.26)

Vn+1 = (Φn+1
N )3 − Φn

N − ε2∆hΦ
n+1
N + τn+1

µ , ∂nVn+1|y=0,1 = 0, (4.27)

Φn+1
N |j=0 = ΦB,n+1

N , Φn+1
N |j=N = ΦT,n+1

N , (4.28)

ΦB,n+1
N − ΦB,n

N

∆t
= −Vn+1

B + τn+1
B ,

ΦT,n+1
N − ΦT,n

N

∆t
= −Vn+1

T + τn+1
T , (4.29)

Vn+1
B = (ΦB,n+1

N )3 − ΦB,n
N − ε2(D̃yΦ

n+1)·,0, (4.30)

Vn+1
T = (ΦT,n+1

N )3 − ΦT,n
N + ε2(D̃yΦ

n+1)·,N , (4.31)

with ∥τn+1
u ∥2, ∥τn+1

ϕ ∥2, ∥τn+1
p ∥2, ∥τn+1

µ ∥H1
h
, ∥τn+1

T ∥2,Γ, ∥τn+1
B ∥2,Γ ≤ C(∆t+ h2). (4.32)

In particular, we notice that, the constructed approximation chemical potential profile, given by
Vn+1 = µn+1

e + h2µ̂n+1, differs with (Φn+1
N )3 −Φn

N − ε2∆hΦ
n+1
N by an O(∆t+ h2) truncation error,

as stated in (4.27). In comparison, such a construction is not needed to get the boundary chemical
potential profile, due to the periodic boundary condition over the boundary sections. Moreover,
because of the higher order “ghost” point extrapolation estimates (4.8), (4.12) and (4.16), these
boundary extrapolation formulas would not lead to a reduction of accuracy order for the truncation
error; also see the related works [42, 43] to deal with similar boundary extrapolation formulas.

4.2 A rough error estimate

Subtracting the numerical system (2.38)-(2.43) from the consistency estimate (4.23)-(4.31) gives

ˆ̃un+1 − ũn

∆t
+ bh(ũ

n,Un+1) + bh(u
n, ˆ̃un+1) +∇hp̃

n − ν∆h
ˆ̃un+1

= −γAhϕ̃
n∇hVn+1 − γAhϕ

n∇hµ̃
n+1 + τn+1

u , (4.33)

ϕ̃n+1 − ϕ̃n

∆t
+∇h ·

(
Ahϕ̃

nUn+1 +Ahϕ
n ˆ̃un+1

)
= ∆hµ̃

n+1 + τn+1
ϕ , (4.34)

µ̃n+1 = (Φn+1
N )3 − (ϕn+1)3 − ϕ̃n − ε2∆hϕ̃

n+1 + τn+1
µ , ∂nµ̃

n+1|y=0,1 = 0, (4.35)

ϕ̃n+1
·,0 = ϕ̃B,n+1, ϕ̃n+1

·,N = ϕ̃T,n+1, (4.36)

ϕ̃B,n+1 − ϕ̃B,n

∆t
= −µ̃n+1

B + τn+1
B ,

ϕ̃T,n+1 − ϕ̃T,n

∆t
= −µ̃n+1

T + τn+1
T , (4.37)

µ̃n+1
B = (ΦB,n+1

N )3 − (ϕB,n+1)3 − ϕ̃B,n − ε2(D̃yϕ̃
n+1)·,0, (4.38)

µ̃n+1
T = (ΦT,n+1

N )3 − (ϕT,n+1)3 − ϕ̃T,n + ε2(D̃yϕ̃
n+1)·,N , (4.39)
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ũn+1 − ˆ̃un+1

∆t
+∇h(p̃

n+1 − p̃n) = τn+1
p , ∇h · ũn+1 = 0. (4.40)

The boundary condition holds that ˆ̃un+1 = 0, ũn+1 · n = 0, on Γy. A discrete W 1,∞
h bound is

assumed for the constructed approximate solutions:

∥Un+1∥
W 1,∞

h
, ∥Vn+1∥

W 1,∞
h

, ∥Φn+1
N ∥

W 1,∞
h

≤ C∗, with ∥f∥
W 1,∞

h
:= ∥f∥∞ + ∥∇hf∥∞. (4.41)

In addition, we make the following a-priori assumption for the previous time step

∥ũn∥2, ∆t∥∇hp̃
n∥2, ∥∇hϕ̃

n∥2, ∥ϕ̃T,n∥2,Γ, ∥ϕ̃B,n∥2,Γ ≤ ∆t
7
8 + h

15
8 . (4.42)

Such an assumption will be recovered by the convergence analysis at the next time step, which will
be illustrated later. In turn, this a-priori assumption leads to an ℓ∞ bound, based on the inverse
inequality (2.25) with δ = 1

8 , and the linear refinement requirement C1h ≤ ∆t ≤ C2h:

∥ϕ̃n∥∞ ≤ Ch−
1
8 ∥∇hϕ̃

n∥2 ≤ C(∆t
3
4 + h

7
4 ) ≤ ∆t

5
8 ≤ 1. (4.43)

Before proceeding into the rough error estimate, a bound for bh(u,v) is needed.

Lemma 4.2. [6] For the bilinear form bh(u,v) in (2.44), the following inequality is valid:

| (bh(u,v),w) | ≤ 1

2
∥u∥2 (∥∇hv∥∞ · ∥w∥2 + ∥∇hw∥2 · ∥v∥∞) . (4.44)

The proof is based on the summation by parts formula and the discrete Hölder inequality, and
the details are skipped for the sake of brevity. The following lemma states a rough error estimate.

Lemma 4.3. Based on the W 1,∞
h regularity assumption (4.41) for Vn+1, as well as the a-priori

assumption (4.42), a rough error estimate is valid for the evolutionary system (4.33)-(4.40):

∥∇hϕ̃
n+1∥22 +∆t−1(∥ϕ̃B,n+1∥22,Γ + ∥ϕ̃T,n+1∥22,Γ) + ∥ũn+1∥22 ≤ C(∆t

3
4 + h

11
4 ), (4.45)

provided that the time step size ∆t and spatial mesh size h are sufficiently small.

Proof. Taking a discrete inner product with (4.33) by ˆ̃un+1 leads to

1

2∆t
(∥ˆ̃un+1∥22 − ∥ũn∥22 + ∥ˆ̃un+1 − ũn∥22) +

(
bh(ũ

n,Un+1) + bh(u
n, ˆ̃un+1), ˆ̃un+1

)
+ ν∥∇h

ˆ̃un+1∥22

= −
(
∇hp̃

n, ˆ̃un+1
)
− γ

(
ϕ̃n∇hVn+1, ˆ̃un+1

)
− γ

(
ϕn∇hµ̃

n+1, ˆ̃un+1
)
+ (τn+1

u , ˆ̃un+1), (4.46)

with an repeated application of summation-by-parts formulas. By Lemma 4.2, we get(
bh(u

n, ˆ̃un+1), ˆ̃un+1
)
=0, (4.47)(

bh(ũ
n,Un+1), ˆ̃un+1

)
≥− 1

2
∥ũn∥2(∥∇hU

n+1∥∞ · ∥ˆ̃un+1∥2 + ∥∇h
ˆ̃un+1∥2 · ∥Un+1∥∞)

≥− ν

4
∥∇h

ˆ̃un+1∥22 −
C∗

4
∥ˆ̃un+1∥22 − C̃2∥ũn∥22, (4.48)

with C̃2 =
C∗

4 +(C∗)2ν−1, where the W 1,∞
h assumption (4.41) and the discrete Poincaré inequality,

∥ˆ̃un+1∥2 ≤ C0∥∇h
ˆ̃un+1∥2, have been applied. In terms of the pressure gradient, we see that

(∇hp̃
n, ˆ̃un+1) =

(
∇hp̃

n, ũn+1 +∆t∇h(p̃
n+1 − p̃n)−∆tτn+1

p

)
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=
∆t

2
(∥∇hp̃

n+1∥22 − ∥∇hp̃
n∥22 − ∥∇h(p̃

n+1 − p̃n)∥22)−∆t(∇hp̃
n, τn+1

p )

≥∆t

2
(∥∇hp̃

n+1∥22 − ∥∇hp̃
n∥22 − ∥∇h(p̃

n+1 − p̃n)∥22)−
∆t2

2
∥∇hp̃

n∥22 −
1

2
∥τn+1

p ∥22, (4.49)

in which the identity (∇hp̃
n, ũn+1) = 0 has been used in the derivation, which comes from the fact

that ∇h · ũn+1 = 0, (ũn+1 · n)Γ = 0. Regarding the second term on the right hand side of (4.46),
an application of discrete Hölder inequality implies that

−γ(ϕ̃n∇hVn+1, ˆ̃un+1) ≤γ∥∇hVn+1∥∞ · ∥ϕ̃n∥2 · ∥ˆ̃un+1∥2

≤C∗γ∥ϕ̃n∥2 · ∥ˆ̃un+1∥2 ≤
C∗γ

2
(∥ϕ̃n∥22 + ∥ˆ̃un+1∥22). (4.50)

The local truncation error term could be controlled in a straightforward manner

(τn+1
u , ˆ̃un+1) ≤ ∥τn+1

u ∥2 · ∥ˆ̃un+1∥2 ≤
1

2
(∥ˆ̃un+1∥22 + ∥τn+1

u ∥22). (4.51)

Meanwhile, a discrete inner product with (4.40) by 2ũn+1 reveals that

∥ũn+1∥22 − ∥ˆ̃un+1∥22 + ∥ũn+1 − ˆ̃un+1∥22 = 2∆t(τn+1
p , ũn+1) = 0, so that

∥ˆ̃un+1∥22 = ∥ũn+1∥22 +∆t2∥∇h(p̃
n+1 − p̃n) + τn+1

p ∥22

≥ ∥ũn+1∥22 +∆t2∥∇h(p̃
n+1 − p̃n)∥22 −

∆t3

2
∥∇h(p̃

n+1 − p̃n)∥22 −
∆t

2
∥τn+1

p ∥22. (4.52)

In particular, notice that an identity (τn+1
p , ũn+1) = 0 has been applied in the first step, based on

the fact that τn+1
p = ∇h(P

n+1 − Pn). A combination of (4.46)-(4.52) results in

1

2∆t
(∥ũn+1∥22 − ∥ũn∥22 + ∥ˆ̃un+1 − ũn∥22) +

∆t

2
(∥∇hp̃

n+1∥22 − ∥∇hp̃
n∥22) +

3ν

4
∥∇h

ˆ̃un+1∥22

≤− γ(Ahϕ
n∇hµ̃

n+1, ˆ̃un+1) +
1

2
∥τn+1

u ∥22 + C̃2∥ũn∥22 + C̃3∥ˆ̃un+1∥22 +
C∗γ

2
∥ϕ̃n∥22

+
∆t2

2
∥∇hp̃

n+1∥22 +∆t2∥∇hp̃
n∥22 +

3

4
∥τn+1

p ∥22, C̃3 =
C∗

4
+
C∗γ

2
+

1

2
. (4.53)

On the other hand, taking a discrete inner product with (4.34) by µ̃n+1 gives

1

∆t
(ϕ̃n+1, µ̃n+1) + ∥∇hµ̃

n+1∥22 −
(
Ahϕ

n∇hµ̃
n+1, ˆ̃un+1

)
=(Ahϕ̃

n∇hµ̃
n+1,Un+1) + (τn+1

ϕ , µ̃n+1) +
1

∆t
(ϕ̃n, µ̃n+1), (4.54)

in which the homogeneous Neumann boundary condition for µ̃n+1 has been used. The bounds of
the right hand side terms are straightforward:

(Ahϕ̃
n∇hµ̃

n+1,Un+1) ≤ C∗∥ϕ̃n∥2 · ∥∇hµ̃
n+1∥2 ≤

1

4
∥∇hµ̃

n+1∥22 + (C∗)2∥ϕ̃n∥22, (4.55)

(τn+1
ϕ , µ̃n+1) ≤ ∥τn+1

ϕ ∥−1,h · ∥∇hµ̃
n+1∥2 ≤

1

4
∥∇hµ̃

n+1∥22 + ∥τn+1
ϕ ∥2−1,h, (4.56)

1

∆t
(ϕ̃n, µ̃n+1) ≤ ∥ϕ̃n∥−1,h · ∥∇hµ̃

n+1∥2 ≤
1

4
∥∇hµ̃

n+1∥22 +∆t−2∥ϕ̃n∥2−1,h, (4.57)
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in which the mean-zero property for ϕ̃n and τn+1
ϕ is also mean-zero has been used in the derivation.

The analysis for the (ϕ̃n+1, µ̃n+1) turns out to be more complicated. Based on the convexity
estimate and discrete Hölder inequality, we see that(

ϕ̃n+1, (Φn+1
N )3 − (ϕn+1)3

)
≥ 0,

(
ϕ̃n+1, τn+1

µ

)
≥ −ε2∥∇hϕ̃

n+1∥22/4− C2
0ε

−2∥τn+1
µ ∥22,

(ϕ̃n+1,−ϕ̃n) ≥ −∥ϕ̃n∥−1,h · ∥∇hϕ̃
n+1∥2 ≥ −ε−2∥ϕ̃n∥2−1,h + ε2∥∇hϕ̃

n+1∥22/4, (4.58)(
ϕ̃n+1,−∆hϕ̃

n+1 + τn+1
µ

)
=

1

2
∥∇hϕ̃

n+1∥22 − (ϕ̃T,n+1, D̃yϕ̃
n+1
·,N )Γ + (ϕ̃B,n+1, D̃yϕ̃

n+1
·,0 )Γ,

(ϕ̃n+1, µ̃n+1) =
(
ϕ̃n+1, (Φn+1

N )3 − (ϕn+1)3 − ϕ̃n −∆hϕ̃
n+1 + τn+1

µ

)
≥− C2

0ε
−2(∥ϕ̃n∥22 + ∥τn+1

µ ∥22) +
ε2

2
∥∇hϕ̃

n+1∥22 − (ϕ̃T,n+1, ε2D̃yϕ̃
n+1
·,N )Γ + (ϕ̃B,n+1, ε2D̃yϕ̃

n+1
·,0 )Γ.

In turn, a combination of (4.54)-(4.58) leads to

ε2

2
∥∇hϕ̃

n+1∥22 +
∆t

4
∥∇hµ̃

n+1∥22 −∆t
(
Ahϕ

n∇hµ̃
n+1, ˆ̃un+1

)
− C2

0ε
−2∥τn+1

µ ∥22 (4.59)

≤
(
∆t(C∗)2 +

C2
0

∆t
+
C2
0

ε2

)
∥ϕ̃n∥22 +∆tC2

0∥τn+1
ϕ ∥22 + (ϕ̃T,n+1, ε2D̃yϕ̃

n+1
·,N )Γ − (ϕ̃B,n+1, ε2D̃yϕ̃

n+1
·,0 )Γ,

in which the discrete inequality, ∥f∥−1,h ≤ C0∥f∥2 (for f with f = 0), has been applied. The
evaluation of boundary terms relies on the evolutionary equations (4.37)-(4.39). In more details,
taking a discrete inner production with (4.37) by µ̃n+1

B implies that

(ϕ̃B,n+1, ε2D̃yϕ̃
n+1
·,0 )Γ = ∆t−1(ϕ̃B,n+1, ϕ̃B,n+1 − ϕ̃B,n)Γ + (ϕ̃B,n+1, (ΦB,n+1

N )3 − (ϕB,n+1)3)Γ

− (ϕ̃B,n+1, ϕ̃B,n)Γ − (ϕ̃B,n+1, τn+1
B )Γ,

(ϕ̃B,n+1, ϕ̃B,n+1 − ϕ̃B,n)Γ ≥ 1

2
(∥ϕ̃B,n+1∥22,Γ − ∥ϕ̃B,n∥22,Γ),

(ϕ̃B,n+1, (ΦB,n+1
N )3 − (ϕB,n+1)3)Γ ≥ 0, −(ϕ̃B,n+1, ϕ̃B,n)Γ ≥ −1

2
(∥ϕ̃B,n+1∥22,Γ + ∥ϕ̃B,n∥22,Γ),

− (ϕ̃B,n+1, τn+1
B )Γ ≥ −1

2
(∥ϕ̃B,n+1∥22,Γ + ∥τn+1

B ∥22,Γ), so that

(ϕ̃B,n+1, ε2D̃yϕ̃
n+1
·,0 )Γ ≥ (

1

2∆t
− 1)∥ϕ̃B,n+1∥22,Γ − (

1

2∆t
+ 1)∥ϕ̃B,n∥22,Γ − 1

2
∥τn+1

B ∥22,Γ.

(4.60)

A similar bound could be obtained on the top boundary section:

−(ϕ̃T,n+1, ε2D̃yϕ̃
n+1
·,N )Γ ≥ (

1

2∆t
− 1)∥ϕ̃T,n+1∥22,Γ − (

1

2∆t
+ 1)∥ϕ̃T,n∥22,Γ − 1

2
∥τn+1

T ∥22,Γ. (4.61)

In turn, a substitution of (4.60) and (4.61) into (4.59) results in

ε2

2
∥∇hϕ̃

n+1∥22 +
∆t−1

4
(∥ϕ̃B,n+1∥22,Γ + ∥ϕ̃T,n+1∥22,Γ)−∆t

(
Ahϕ

n∇hµ̃
n+1, ˆ̃un+1

)
− C2

0ε
−2∥τn+1

µ ∥22

≤C∆t−1(∥ϕ̃n∥22 + ∥ϕ̃B,n∥22,Γ + ∥ϕ̃T,n∥22,Γ) + C2
0∆t∥τn+1

ϕ ∥22 +
1

2
(∥τn+1

B ∥22,Γ + ∥τn+1
T ∥22,Γ), (4.62)

where C is independent on ∆t and h. Furthermore, a combination of (4.53) and (4.62) states that

ε2

2
∥∇hϕ̃

n+1∥22 +
∆t−1

4
(∥ϕ̃B,n+1∥22,Γ + ∥ϕ̃T,n+1∥22,Γ) +

1

2γ
∥ũn+1∥22 +

∆t2

4γ
∥∇hp̃

n+1∥22
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≤C∆t−1(∥ϕ̃n∥22 + ∥ϕ̃B,n∥22,Γ + ∥ϕ̃T,n∥22,Γ) + C2
0∆t∥τn+1

ϕ ∥22 +
1

2
(∥τn+1

B ∥22,Γ + ∥τn+1
T ∥22,Γ) (4.63)

+
1

2γ
∥ũn∥22 +

∆t2

γ
∥∇hp̃

n∥22 + C∆t(∥τn+1
u ∥22 + ∥ũn∥22 + ∥ϕ̃n∥22) +

3∆t

4γ
∥τn+1

p ∥22 + C2
0ε

−2∥τn+1
µ ∥22,

in which the Cauchy inequality: ∥ˆ̃un+1∥22 ≤ 2(∥ũn∥22+∥ˆ̃un+1−ũn∥22), has been applied in the deriva-
tion. Subsequently, based on the a-priori assumption (4.42), combined with the linear refinement
requirement C1h ≤ ∆t ≤ C2h, the dominant order rough error estimate becomes available:

∥∇hϕ̃
n+1∥22 +∆t−1(∥ϕ̃B,n+1∥22,Γ + ∥ϕ̃T,n+1∥22,Γ) + ∥ũn+1∥22 ≤ C(∆t

3
4 + h

11
4 ). (4.64)

This finishes the proof of Lemma 4.3.

As a consequence of the rough error estimate (4.64), an application of Lemma 2.3 implies that

∥ϕ̃n+1∥∞ ≤ Ch−
1
8 ∥∇hϕ̃

n+1∥2 ≤ C(∆t
1
4 + h

5
4 ) ≤ 1, (4.65)

∥∇hϕ̃
n+1∥3 ≤ Ch−

1
3 ∥∇hϕ̃

n+1∥2 ≤ C(∆t
1
24 + h

25
24 ) ≤ 1. (4.66)

In turn, an ℓ∞ ∩W 1,3
h bound for the numerical solution becomes available:

∥ϕn+1∥∞ ≤ ∥Φn+1
N ∥∞ + ∥ϕ̃n+1∥∞ ≤ C∗ + 1 := C̃1, (4.67)

∥∇hϕ
n+1∥3 ≤ ∥∇hΦ

n+1
N ∥∞ + ∥∇hϕ̃

n+1∥3 ≤ C∗ + 1 := C̃1. (4.68)

4.3 A refined error estimate

Before proceeding into the refined error estimate, the following preliminary result is necessary.

Lemma 4.4. Based on the functional bounds (4.41), (4.67)-(4.68), for the constructed and numer-
ical solutions, the following bound is available to the nonlinear error term:

∥∇h((Φ
n+1
N )3 − (ϕn+1)3)∥2 ≤ C̃4∥∇hϕ̃

n+1∥2, (4.69)

∥(Φα,n+1
N )3 − (ϕα,n+1)3∥2,Γ ≤ C̃5∥ϕ̃α,n+1∥2,Γ, α = B, T, (4.70)

in which constants C̃4 and C̃5 are independent on ∆t and h.

Proof. Denote N n+1 := (Φn+1
N )2+Φn+1

N ϕn+1+(ϕn+1)2. A careful calculation indicates the product
rule for discrete gradient

∇h((Φ
n+1
N )3 − (ϕn+1)3) = ∇h(ϕ̃

n+1N n+1) = Ahϕ̃
n+1∇hN n+1 +AhN n+1∇hϕ̃

n+1. (4.71)

Meanwhile, the following bounds come from the regularity assumption (4.41) and the derived
estimates (4.67)-(4.68):

∥AhN n+1∥∞ ≤ 3

2
(∥Φn+1

N ∥2∞ + ∥ϕn+1∥2∞) ≤ 3

2
((C∗)2 + C̃2

1 ) ≤ 3C̃2
1 , (4.72)

∥∇hN n+1∥3 ≤ 3max(∥Φn+1
N ∥∞, ∥ϕn+1∥∞) ·max(∥∇hΦ

n+1
N ∥3, ∥∇hϕ

n+1∥3) ≤ 3C̃2
1 . (4.73)

In turn, we arrive at

∥∇h((Φ
n+1
N )3 − (ϕn+1)3)∥2 ≤ ∥Ahϕ̃

n+1∥6 · ∥∇hN n+1∥3 + ∥AhN n+1∥∞ · ∥∇hϕ̃
n+1∥2

≤(C1 + 1)(∥∇hN n+1∥3 + ∥N n+1∥∞)∥∇hϕ̃
n+1∥2 ≤ 3C̃2

1 (C1 + 1)∥∇hϕ̃
n+1∥2,

(4.74)

in which the Sobolev inequality (2.25) (in Lemma 2.3) has been applied in the second step. There-
fore, (4.69) has been proved, by taking C̃4 = 3C̃2

1 (C1+1). The boundary nonlinear estimate (4.70)
could be similarly derived.
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Now we carry out the refined error estimate. Taking a discrete inner product with (4.34) by
−∆hϕ̃

n+1 leads to

1

2∆t
(∥∇hϕ̃

n+1∥22 − ∥∇hϕ̃
n∥22)−

( ϕ̃T,n+1 − ϕ̃T,n

∆t
, D̃yϕ̃

n+1
·,N

)
Γ
+
( ϕ̃B,n+1 − ϕ̃B,n

∆t
, D̃yϕ̃

n+1
·,0

)
Γ

≤ −
(
Ahϕ̃

nUn+1 +Ahϕ
n ˆ̃un+1,∇h∆hϕ̃

n+1
)
+ (∇hµ̃

n+1,∇h∆hϕ̃
n+1)− (τn+1

ϕ ,∆hϕ̃
n+1), (4.75)

in which the homogeneous Neumann boundary condition for µ̃n+1 has been applied. The boundary
part could be evaluated as

−
( ϕ̃T,n+1 − ϕ̃T,n

∆t
, D̃yϕ̃

n+1
·,N

)
Γ
= ∆t−2∥ϕ̃T,n+1 − ϕ̃T,n∥22,Γ −∆t−1(ϕ̃T,n+1 − ϕ̃T,n, ϕ̃T,n)Γ

+∆t−1(ϕ̃T,n+1 − ϕ̃T,n, (ΦT,n+1
N )3 − (ϕT,n+1)3)Γ −∆t−1(ϕ̃T,n+1 − ϕ̃T,n, τn+1

T )Γ,

− (ϕ̃T,n+1 − ϕ̃T,n, ϕ̃T,n)Γ ≥ −∆t−1

4
∥ϕ̃T,n+1 − ϕ̃T,n∥22,Γ −∆t∥ϕ̃T,n∥22,Γ,

(ϕ̃T,n+1 − ϕ̃T,n, (ΦT,n+1
N )3 − (ϕT,n+1)3)Γ

≥ −∆t−1

4
∥ϕ̃T,n+1 − ϕ̃T,n∥22,Γ −∆t∥(ΦT,n+1

N )3 − (ϕT,n+1)3∥22,Γ (4.76)

≥ −∆t−1

4
∥ϕ̃T,n+1 − ϕ̃T,n∥22,Γ − C̃2

5∆t∥ϕ̃T,n+1∥22,Γ, (by (4.70)),

− (ϕ̃T,n+1 − ϕ̃T,n, τn+1
T )Γ ≥ −∆t−1

4
∥ϕ̃T,n+1 − ϕ̃T,n∥22,Γ −∆t∥τn+1

T ∥22,Γ, so that

−
( ϕ̃T,n+1 − ϕ̃T,n

∆t
, D̃yϕ̃

n+1
·,N

)
Γ
≥ ∆t−2

2
∥ϕ̃T,n+1 − ϕ̃T,n∥22,Γ − ∥ϕ̃T,n∥22,Γ − C̃2

5∥ϕ̃T,n+1∥22,Γ − ∥τn+1
T ∥22,Γ.

The following boundary error quantities are introduced to facilitate the convergence analysis:

Gα,ℓ =
ℓ−1∑
k=0

∆t−1∥ϕ̃α,k+1 − ϕ̃α,k∥22,Γ = ∆t
ℓ−1∑
k=0

∥ ϕ̃
α,k+1 − ϕ̃α,k

∆t
∥22,Γ, α = B, T. (4.77)

Meanwhile, based on the fact that ϕ̃α,0 ≡ 0, for α = B, T , the following estimate is observed:

ϕ̃α,ℓ =
ℓ−1∑
k=0

(ϕ̃α,k+1 − ϕ̃α,k), so that ∥ϕ̃α,ℓ∥22,Γ ≤ ℓ
ℓ−1∑
k=0

∥ϕ̃α,k+1 − ϕ̃α,k∥22,Γ ≤ TGα,ℓ. (4.78)

In turn, a substitution of (4.77) and (4.78) into (4.76) indicates that

−
( ϕ̃T,n+1 − ϕ̃T,n

∆t
, D̃yϕ̃

n+1
·,N

)
Γ
≥ 1

2∆t
(GT,n+1 −GT,n)− T (GT,n + C̃2

5G
T,n+1)− ∥τn+1

T ∥22,Γ. (4.79)

The bottom boundary estimate could be similarly derived:( ϕ̃B,n+1 − ϕ̃B,n

∆t
, D̃yϕ̃

n+1
·,0

)
Γ
≥ 1

2∆t
(GB,n+1 −GB,n)− T (GB,n + C̃2

5G
B,n+1)− ∥τn+1

B ∥22,Γ. (4.80)

For the right hand side terms of (4.75), the following bounds are valid:

− (τn+1
ϕ ,∆hϕ̃

n+1) ≤ ∥τn+1
ϕ ∥−1,h · ∥∇h∆hϕ̃

n+1∥2 ≤
ε2

4
∥∇h∆hϕ̃

n+1∥22 + C2
0ε

−2∥τn+1
ϕ ∥22, (4.81)
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(∇hµ̃
n+1,∇h∆hϕ̃

n+1) = −ε2∥∇h∆hϕ̃
n+1∥22 +

(
∇h((Φ

n+1
N )3 − (ϕn+1)3)−∇hϕ̃

n +∇hτ
n+1
µ ,∇h∆hϕ̃

n+1
)

≤ −ε2∥∇h∆hϕ̃
n+1∥22 + ∥∇h∆hϕ̃

n+1∥2(C̃4∥∇hϕ̃
n+1∥2 + ∥∇hϕ̃

n∥2 + ∥∇hτ
n+1
µ ∥2)

≤ −ε
2

2
∥∇h∆hϕ̃

n+1∥22 + ε−2(C̃2
4∥∇hϕ̃

n+1∥22 + 2∥∇hϕ̃
n∥22 + 2∥∇hτ

n+1
µ ∥22), (4.82)

− (Ahϕ̃
nUn+1,∇h∆hϕ̃

n+1) ≤ ∥Un+1∥∞ · ∥ϕ̃n∥2 · ∥∇h∆hϕ̃
n+1∥2 ≤ C∗C0∥∇hϕ̃

n∥2 · ∥∇h∆hϕ̃
n+1∥2

≤ ε2

8
∥∇h∆hϕ̃

n+1∥22 + 2C2
0 (C

∗)2ε−2∥∇hϕ̃
n∥22. (4.83)

The last velocity term could be linked to (4.53) from the rough error estimate, based on the ℓ∞

bound of the numerical solution:

−(Ahϕ
n∇hµ̃

n+1, ˆ̃un+1) = (Ahϕ
n ˆ̃un+1,∇h∆hϕ̃

n+1)− (Ahϕ
n ˆ̃un+1,∇h((Φ

n+1
N )3 − (ϕn+1)3)−∇hϕ̃

n)

≤ (Ahϕ
n ˆ̃un+1,∇h∆hϕ̃

n+1) + C̃1∥ˆ̃un+1∥22 +
C̃1(C̃

2
4 + 1)

2
(∥∇hϕ̃

n+1∥22 + ∥∇hϕ̃
n∥22). (4.84)

A substitution of (4.84) into (4.53) yields

1

2∆t
(∥ũn+1∥22 − ∥ũn∥22 + ∥ˆ̃un+1 − ũn∥22) +

∆t

2
(∥∇hp̃

n+1∥22 − ∥∇hp̃
n∥22)

≤γ(Ahϕ
n ˆ̃un+1,∇h∆hϕ̃

n+1) +
1

2
∥τn+1

u ∥22 +
3

4
∥τn+1

p ∥22 + C̃2∥ũn∥22 + (C̃3 + C̃1γ)∥ˆ̃un+1∥22

+
(C̃1(C̃

2
4 + 1) + C∗C2

0 )γ

2
(∥∇hϕ̃

n+1∥22 + ∥∇hϕ̃
n∥22) +

∆t2

2
∥∇hp̃

n+1∥22 +∆t2∥∇hp̃
n∥22. (4.85)

In turn, a combination of (4.75), (4.79)-(4.83) and (4.85) reveals that

1

2∆t
(∥∇hϕ̃

n+1∥22 − ∥∇hϕ̃
n∥22) +

1

2∆tγ
(∥ũn+1∥22 − ∥ũn∥22) +

∆t

2γ
(∥∇hp̃

n+1∥22 − ∥∇hp̃
n∥22)

+
1

2∆t
(GΓ,n+1 −GΓ,n) +

3ν

4
∥∇h

ˆ̃un+1∥22 +
ε2

8
∥∇h∆hϕ̃

n+1∥22

≤C̃7(∥∇hϕ̃
n+1∥22 + ∥∇hϕ̃

n∥22 +GΓ,n+1 +GΓ,n + ∥ũn∥22) +
∆t2

2γ
∥∇hp̃

n+1∥22 +
∆t2

γ
∥∇hp̃

n∥22

+ C̃8(∥τn+1
ϕ ∥22 + ∥τn+1

T ∥22,Γ + ∥τn+1
B ∥22,Γ + ∥τn+1

u ∥22 + ∥τn+1
p ∥22 + ∥∇hτ

n+1
µ ∥22), (4.86)

where C̃7 = max((C̃2
4 + 2 + 2C2

0 (C
∗)2)ε−2 +

C̃1(C̃2
4+1)+C∗C2

0
2 , T, C̃2

5T, (C̃2 + 2C̃3)γ
−1 + C̃1), C̃8 =

max( 3
4γ , C

2
0ε

−2, 2ε−2). Notice that a quantity, GΓ,n := GT,n + GB,n, has been introduced in the
derivation. Therefore, with sufficiently small ∆t and h, an application of discrete Gronwall inequal-
ity leads to the desired convergence estimate

∥∇hϕ̃
n+1∥2 + (GΓ,n+1)

1
2 + ∥ũn+1∥2 +∆t∥∇hp̃

n+1∥2 ≤ C(∆t+ h2), (4.87)

based on the higher order truncation error accuracy. Moreover, by the preliminary estimate (4.78),
we see that

∥∇hϕ̃
n+1∥2 + ∥ϕ̃T,n+1∥2,Γ + ∥ϕ̃B,n+1∥2,Γ + ∥ũn+1∥2 +∆t∥∇hp̃

n+1∥2 ≤ C(∆t+ h2), (4.88)

This completes the refined error estimate.
With the established convergence estimate (4.88) at hand, the a-priori assumption in (4.42)

could be recovered at the next time step tn+1:

∥ũn+1∥2, ∆t∥∇hp̃
n+1∥2, ∥∇hϕ̃

n+1∥2, ∥ϕ̃T,n+1∥2,Γ ∥ϕ̃B,n+1∥2,Γ ≤ C(∆t+ h2) ≤ ∆t
7
8 + h

15
8 . (4.89)
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provided that ∆t and h are sufficiently small, in which a discrete Poincaré inequality has been used
again. Therefore, an induction analysis could be effectively applied. This finishes the optimal rate
convergence analysis and also completes the proof of Theorem 4.1.

Remark 4.1. In terms of the theoretical analysis of the CHNS system (1.3)-(1.8) with a dynamical
boundary condition, one key difficulty is associated with the boundary trace of the bulk profile, as well
as its equivalence to the boundary profile. If a finite difference spatial approximation is taken, the
corresponding argument becomes more straightforward, facilitated by the point-wise evaluations on
the boundary grid points. This is the key reason why we choose such a spatial discretization in this
work. If another spatial approach is taken, such as the mixed finite element method, the associated
boundary trace arguments are expected to be more complicated. The corresponding convergence
analysis with other spatial discretization will be considered in the future works.

Remark 4.2. The theoretical analysis reported in this article could be extended to the three-
dimensional system, with the help of higher order symptomatic expansion in the consistency analy-
sis, so that an application of inverse inequality would be able to control the discrete maximum norm
of the numerical solution. The technical details will be reported in the future works.

Remark 4.3. A second order (in time) numerical scheme, based on a modified Crank-Nicolson
temporal discretization, could be similarly designed for the system (1.3)-(1.8); also see the related
works [6, 13] for the CHNS system with the homogeneous boundary conditions. The convergence
analysis and error estimate for the second order scheme is expected to follow a similar idea, and
the technical details will be left in the future works.

Remark 4.4. For simplicity, we only consider the no-penetration, no-slip boundary condition for
the velocity vector, so that the convection term does not appear on the boundary evolutionary equa-
tion. Meanwhile, the PDE system (1.3)-(1.8) with either a free slip or Navier boundary condition
is also of great physical importance [38], and the numerical design and theoretical analysis turns
out to be more challenging. The associated total energy stability and convergence analysis will be
considered in the future works.

Remark 4.5. For simplicity of presentation, the density variation in the fluid model has not
been considered in this article. Meanwhile, the variable density Cahn-Hilliard-Navier-Stokes system
has also been studied in recent years, and the theoretical analysis with the homogeneous Neumann
boundary condition has been reported as well. If the density variation is taken into consideration
in the PDE system (1.3)-(1.8), the convergence analysis is also expected to go through, as long as
the total energy dissipation law becomes valid. This challenging and scientifically important issue
will be reported in the future works.

5 Numerical results

In this section, some numerical examples will be presented to validate the proposed scheme. The
phase field equation is treated by a nonlinear full approximation scheme (FAS) multigrid method
[41], coupled with the standard Newton iteration on the 1-D boundary. The NS equation is solved
using sparse matrix decomposition technique, with the chemical potential serving as a bridge to
perform Picard iteration. The fast Fourier transform (FFT) is applied to the Poisson equation.

5.1 Convergence test

In this part we verify the accuracy of the numerical scheme (2.38)-(2.43) at the final time T = 0.1.
For simplicity, the computational domain is chosen as Ω = (0, 1)2. The surface diffusion parameter
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is given by ε = 0.1; the kinematic viscosity ν and the surface tension parameter γ are both set to
1. The initial data of the phase variable and velocity field are given by

ϕ0 =
1

π
sin(2πx) cos(2πy), u0 =

(
− cos(2πx) sin(2πy)

sin(2πx) cos(2πy)

)
. (5.1)

In terms of spatial accuracy, the time step size is fixed as ∆t = 10−6, combined with decreasing
mesh sizes. Since the exact solution is not explicit, we compute the Cauchy difference, defined as

δϕ := ϕhc − Ifc (ϕhf
), (5.2)

where hf denotes the numerical solution on the fine mesh and hc is the one on the coarse mesh.

Here we set hc = 2hf . In fact, Ifc is a bilinear projection, mapping the solution from fine grid to
coarse grid. The ℓ2 and ℓ∞ Cauchy differences and convergence rates of ϕ are presented in Table
1. It is evident that the accuracy orders gradually converge towards the theoretical value of 2.

In terms of temporal accuracy, we fix the spatial mesh size as h = 1/128 and calculate the
benchmark solution with ∆t = 0.1/1024. The numerical temporal errors and rates are displayed in
Table 2, which verifies the theoretical convergence order of 1.

Grid size 32-16 64-32 128-64 256-128 512-256

ℓ2 error 1.543E-03 3.880E-04 9.780E-05 2.494E-05 6.583E-06
ℓ2 rate 1.992 1.988 1.971 1.922
ℓ∞ error 2.967E-03 7.649E-04 1.927E-04 5.651E-05 1.577E-05
ℓ∞ rate 1.956 1.989 1.770 1.841

Table 1: Numerical spatial errors and orders.

Time step 0.1/32 0.1/64 0.1/128 0.1/256 0.1/512

ℓ2 error 7.502E-02 4.070E-02 2.009E-02 8.847E-03 2.988E-03
ℓ2 rate 0.882 1.018 1.183 1.566
ℓ∞ error 1.448E-01 7.924E-02 3.925E-02 1.732E-02 5.857E-03
ℓ∞ rate 0.870 1.014 1.180 1.565

Table 2: Numerical temporal errors and orders.

5.2 Spinodal decomposition

The spinodal decomposition begins with a constant initial data plus a random perturbation, com-
bined with a zero velocity:

ϕ0i,j = 0.2 + 0.02 ∗ ri,j , u0 = 0, (5.3)

where ri,j are uniformly distributed random numbers in [−1, 1]. Figure 1 illustrates the evolution of

the mass difference, which is defined as ϕn − ϕ0, and the total energy. Both the mass conservation
and the energy dissipation are confirmed. Figure 2 displays several snapshots of the scalar field ϕ at
representative time instants. The computational domain is bounded by physical walls at its top and
bottom, whereas periodic boundary conditions are applied along the x-direction. The snapshots
demonstrate that the interface does not intersect with the wall perpendicularly, deviating from
the behavior observed under homogeneous Neumann boundary conditions. A transition layer of
characteristic thickness develops adjacent to the boundary, suggesting the presence of a short-range,
wetting-type interaction.
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Figure 1: The mass difference and energy evolution with initial data (5.3).
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Figure 2: The phase evolution of ϕ at several time instants with initial data (5.3).

5.3 Moving contact line

In this part, we simulate the moving contact line evolution with difference static contact angles.
Considering different time scale, the surface energy is defined as follows [44, 46, 47]

Esurf(ψ) =

∫
Γ

√
2ε

3
cos(θs) sin(

π

2
ψ) dS, (5.4)
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where θs is the static contact angle for the ϕ = −1 phase, and ε is the bulk interface thickness,
related to time scale. The initial data is set as a semicircular droplet with its center located at
the dynamic boundary (0.5, 0), which indicates that the interface is perpendicular to the physical
boundary. The droplet takes a value of 1 in the interior and −1 in the exterior. The surface diffusion
parameter is set as ε = 0.01. The static contact angle is taken to be cos(θs) = ±1

2 respectively, to
simulate both wetting and non-wetting phenomena.

Figure 3 illustrates the temporal evolution with cos(θs) = −1
2 . It can be observed that the

droplet slowly extends outward, and the contact angle gradually changes from π
2 to an obtuse

angle, which is consistent with the theoretical model.
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Figure 3: The phase evolution of ϕ with cos(θs) = −1
2 .

Figure 4 displays the evolution of phase field with cos(θs) = 1
2 . Both scenarios require a

very long time evolution to reach equilibrium. In combination with the previous example, the
evolution can be divided into two stages. Initially, the bulk interface begins to diffuse and makes
the primary contribution to energy dissipation, during which the total energy decreases rapidly
while the evolution of the physical boundary is less pronounced. Subsequently, as the interior
approaches a steady state, the contact angle begins to change. Owing to the absence of a diffusion
term in the boundary energy, this process is slower and eventually reaches an equilibrium state.
In addition, Figure 5 plots the energy and mass curves for both two examples, confirming the
properties of energy dissipation and mass conservation.

6 Conclusions

In this paper, we have presented a fully discrete finite difference numerical scheme of the Cahn-
Hilliard-Navier-Stokes equation with a relaxed dynamical boundary condition, with potential ap-
plications to the moving contact line problem. The classic polynomial potential is included in
both bulk and boundary energies, and a dynamical evolution equation for the boundary profile
corresponds to a lower-dimensional phase field coupled by the normal derivative. In the numerical
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Figure 4: The phase evolution of ϕ with cos(θs) =
1
2 .

10
-1

10
0

10
1

10
2

10
3

10
4

Time

-0.2435

-0.2434

-0.2433

-0.2432

-0.2431

-0.243

-0.2429

-0.2428

-0.2427

10
-1

10
0

10
1

10
2

10
3

10
4

Time

-0.2397

-0.2396

-0.2395

-0.2394

-0.2393

-0.2392

-0.2391

-0.239

-0.2389

0 500 1000 1500 2000 2500 3000

Time

-6

-4

-2

0

2

4

6

8

10
-10 Mass difference

Figure 5: The evolution of energies and mass changes of both two cases.

scheme, a convex splitting technique is applied to treat the chemical potential, both at the inte-
rior area and on the boundary section. The resulting numerical system could be represented as a
monotone mapping, and the Browder–Minty lemma ensures its unique solvability, i.e., the existence
and uniqueness of the numerical solution. The total energy stability analysis could be theoreti-
cally justified based on the convex-concave decomposition. An optimal rate convergence analysis
and error estimate is established at a theoretical level, with the help of higher order consistency
analysis for the boundary extrapolation, combined with rough and refined error estimates. Due
to the absence of a diffusion term in the boundary equation, the convergence analysis relies on a
rearrangement of summations, along with the introduction of an auxiliary mass function. Some
numerical experiments have also been presented, which demonstrate the theoretical properties of
the proposed scheme.
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