FINITE ELEMENT APPROXIMATIONS OF PARABOLIC OPTIMAL
CONTROL PROBLEMS WITH CONTROLS ACTING ON A LOWER
DIMENSIONAL MANIFOLD

WEI CONG © AND NINGNING YAN

Abstract: This paper is devoted to the study of finite element approximations to parabolic
optimal control problems with controls acting on a lower dimensional manifold. The manifold can
be a point, a curve or a surface which may be independent of time or evolve in the time horizon,
and is assumed to be strictly contained in the space domain. At first, we obtain the first order
optimality conditions for the control problems and the corresponding regularity results. Then,
for the control problems we consider the fully discrete finite element approximations based on the
dG(0) scheme for time discretization and piecewise linear finite elements for space discretization,
and variational discretization to the control variable. A priori error estimates are finally obtained
for the fully discretised control problems and supported by numerical examples.
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1. INTRODUCTION

The aim of this paper is to analyze the finite element approximations of parabolic optimal control
problems with controls acting on a lower dimensional manifold. Let Qpr = Q x I, I'r = 02 x I
with time interval I = [0,7T], Q is an open bounded domain in R™ (n = 2 or 3) with boundary
I' = 09). We consider the following parabolic optimal control problems

(1.1) uré%lald J(y,u) = %”y - yd”%%};p‘(g)) + %HUHIQJ

subject to
Oy — Ay = u(x, )0y (x) in Qr,
(1.2) y=0 onIr,
y(,0) =yo inQ,

where 0,y = %, Yo € L*(Q) and T > 0 are fixed. U is the control space which will be specified later.
a > 0 is a regularization parameter and yq € L?(I; L*(Q)) is the desired state. The admissible
control set U,y is of the following type:

(1.3) Uga:={ueU: a<u(z,t)<b aec on~(t), aa tel},

where a < b are constants or constant vectors depending on the dimension of the manifold ~y(¢).
Here we assume that y(t) is a lower dimensional continuous manifold which is strictly contained
in Q for all t € [0,T]. 04 denotes the Dirac measure on ~(t). We stress that v(t) can be a
point, a curve if n > 2 or even a surface if n = 3, it can be independent of time ¢ or evolves in
the time horizon. To ensure the well-posedness of the above optimal control problem and for the
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convenience of error estimates and numerical computation, we assume the following hypotheses
throughout the paper for the lower dimensional manifold «(t¢) according to [10]:

(A1) v(t) is a Lipschitz-continuous k-dimensional manifold in Q with 0 < k < n—1forallt € [0,T];
(A2) The distance between () and 99 is positive for all ¢ € [0, T];

(Az) The set {v(t)}oct<r is a time-continuous family of manifolds in the sense of Castro and
Zuazua (see Definition 3.1 in [10]). Furthermore, we assume that ~(t) is of class CY with respect
to the time variable;

(A4) The k-dimensional Hausdorff measure of v(t) C © in R™ is finite for all ¢ € [0, T], this means
the measure of y(¢) is uniformly bounded in ¢ € [0, 7] in view of Definition 3.1 in [10];

(As) When k = 0, v(t) will reduce to a single point or a finite number of points for each ¢ € [0,T];
when k = 1, y(t) is either a C2-curve s.t. y(t) C D for some n-dimensional C2-domain D CC 2 or
Lipschitz s.t. y(t) C D for some 2-dimensional Lipschitz domain D CC €2 in the case that n = 2
for each t € [0,T]; when k = 2, y(t) is either a C2-surface s.t. y(t) C dD for some 3-dimensional
C2-domain D CC  or Lipschitz s.t. v(t) C D for some 3-dimensional Lipschitz domain D CC Q
for each t € [0, 7.

The motivation to consider optimal control problems with controls acting on a lower dimensional
manifold comes from the fact that, the support of the controls needs to be very small compared to
the total size of the domain € if we are restricted by the cost of controls. So it would be a good
choice to consider the control to be located in such lower dimensional manifolds. There seems
to be only few contributions in the literature focusing on this subject, and most of results are
concentrated on the case that controls act on the whole domain Q (see [40, [41]), or at least on a
subdomain w C Q ([35] B6]), or on the boundary of the domain Q (see, e.g., [9, 20]). Only few
papers can be found to our knowledge, among them we should mention the work of Castro and
Zuazua who considered the approximate controllability of the heat equation with controls acting
on an oscillating lower dimensional manifold in [10], and the work [27] of Khapalov who considered
the controllability of the semilinear parabolic equation. Nguyen and Raymond also considered the
control localized on thin structures for semilinear parabolic and convection-diffusion equations in
[42] and [43].

In the past decades, numerical methods for optimal control problems attracted a lot of attentions
from the fields of both control theory and numerical analysis. Among these numerical methods
finite element plays an increasing role in the numerical analysis of optimal control problems gov-
erned by partial differential equations. The earliest work can be traced back to Falk in [I6], since
then a lot of achievements have been made in the aspect of a priori and a posteriori error estimates
(see, e.g., [29] B35 B6], 37, [38] [39] [40] 4T, [44] [48]). We refer to monographs [37] and [25] for recent
developments.

For optimal control problems with controls acting on the boundary of the domain, Dirichlet
and Neumann boundary control problems have been studied extensively, see for example [9], [22]
and [25] for elliptic case and [20] for parabolic case and the references therein. In [21] the authors
studied the finite element approximations to elliptic control problems with controls acting on a
lower dimensional manifold, here we would like to generalise the results to parabolic case where the
manifold may evolve in the time horizon. As a special case, Gong, Hinze and Zhou studied in [19]
the finite element approximations to pointwise control of parabolic equations with control acting
on finitely many spatial points which are independent of the time, the error estimates presented
there are subsequently improved by Leykekhman and Vexler in [30] for two dimensional case. For
optimal controls with compact support and sparsity we should mention the work of Kunisch and
coauthors, who studied in [7], [8] and [28] the elliptic and parabolic optimal control problems in
measure space.

In this paper we intend to consider the finite element approximations to parabolic optimal
control problems with controls acting on a lower dimensional manifold. The manifold can be
independent of time or evolve in the time horizon. The results of this paper cover the pointwise
control of parabolic equations as a special case, and thus form a general framework. The controls
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for traditional control problems studied in the literature act on a subdomain of €2, thus the error
estimates involve only global errors. For the control problems acting on lower dimensional manifold,
one needs to rely on some local error estimates to derive improved error estimates compared to
traditional techniques (see [30]). As indicated in [2I], when the dimension of manifold ~y(¢) is one
order lower than that of {2, we are able to derive optimal a priori error estimates up to a logarithmic
factor. Otherwise, we derive a priori error estimates for the control with reasonable reduced order.
In this paper, we derive a priori error estimates for the optimal control problems in both two and
three dimensions, but only optimal error estimates are obtained in two dimension following the
idea of [30]. The main results of this paper are summarised as follows. In the case n = 2 and k = 0
or 1, the optimal error estimate

(1.4) Vallu = up- |l < Clloghl? (h? + 7)
holds for all 0 < h < hg with some 0 < hg < 1. Moreover, we have the suboptimal error estimates
(1.5) Valu—unr o + |y = ynrll2 (2 0)) < Ch?, ifk=0, n=3;

5_3 3 .
(1.6)  Voalu—unllu + Iy — ynell L2102 @) < Ch3=%, o¢c (5,2) itk=1 n=3;

(1.7) Vallu = unrllo + 1y = Ynrll 2(rr2 ) < ChZ, if k=2, n=3

under the coupling 7 = O(h?). We also present some two and three dimensional numerical exper-
iments to support our theoretical results.

The structure of this paper is as follows. At first, in Section 2 we analyse the well-posedness of the
state equation in order to obtain the first order optimality conditions for the control problems and
the corresponding regularity results. Then, we consider in Section 3 the fully discrete finite element
approximations to the state equation based on dG(0) scheme for time discretization and piecewise
linear finite elements for space discretization. A priori error estimates for the state approximation
is also derived. For the fully discretised control problems we use variational discretization to the
control variable and finally derive a priori error estimates in Section 4. The last section is devoted
to numerical experiments.

2. THEORETICAL ANALYSIS FOR THE OPTIMAL CONTROL PROBLEMS

2.1. Notations. Assume that Q@ C R™, n = 2 or 3 is a convex polygonal or polyhedral domain,
or domain with a C1'! boundary. We denote by W () the usual Sobolev space of order m > 0,
1 < p < oo with norm || - ||, p,0 and seminorm | - |, p o, and the standard modification for p = oco.
For p = 2 we denote W"™P(Q) by H™(Q) and || - |lm,0 = || - |lm,2,0, which is a Hilbert space. Note
that HO(Q) = L*(Q) and H}(Q) = {v e HY(Q): v =0 on §Q}.

For p € [1,00), the interval I C R and the Banach space A with norm || - |4, we denote by
LP(I; A) the set of measurable functions y : I — A such that [, |y[4dt < co. The norm on
L?(I; A) is defined by

1
(fwld)” 1<p<oc,
I

(@)l ze(r;,4) =
esssup (D)4 p=oo.
tel
We denote the L2-inner products on L?(Q2) and L?(Q2r) by
(v,w) = / vwdr Y v,w € L*(Q)
Q
and

(U,w)fz//vwda?dt Vv, w e L*(I; L*(Q)),
1Jo

respectively. In addition, ¢ and C denote generic positive constants.
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We next assume that the control u(x,t) (or u if k = 0) in (1.2)) belongs to L?(I; L?(v)) (resp.

L3(I;R™)), i.e.
/I/(t) |u(x,t)|?drdt < 0o (resp. /I||u(t)|

where || - ||gm denotes the Euclidean norm in R™. From now on, we denote the control space
U:=L*LR™)if k=0and U := L*(I; L?(v)) if k > 1, with (-,-)y the inner-product between U
and its dual space.

2,.dt < 0),

2.2. Analysis of the state equation. For f € L?(I; L?(f)), we assume that 1 is the solution of
following backward in time parabolic problems:

—0p — Ay = f in Qr,
(2.1) Yv=0 onI'rp,
Y(T)=0 in Q.
Then the following standard stability estimates can be found in, e.g. [I5, Ch.7, Theorem 5] and
[34, Ch.4, Sec.6].

Lemma 2.1. Let ¢ denote the solution of problem . Then there holds v € L*(I; H*(Q) N
HY Q)N HY(I; L2(Q)) — C(I; H} () and

(2.2) IVl 212 ) + 1060l L2102 )) < CllfllL2r:02 )
and
(2.3) ¥, 0)ll1e < CllfllLzrsr2@)-

Now we will argue the existence and uniqueness of solution to the state equation (1.2]). To begin
with, we introduce the notations given in [10], i.e.,

HYQ), ifn—k=1, H3(Q), ifn—k=1,
0 { 12Q), ifn—k>1 2T {H%Q)mﬂg(m ifn—k>1
and H/, with ¢ = 0,2, stands for the dual space of H;. We can verify that the righthand side of
satisfies
(2.4) w(z, )8, € L*(I; HY).
In fact, we have for 1 € L?(I; H,) that

// u(z, t)(x, t)dedt, itk >1,
IJy(t)
(u(x, t)é,y(t), 1/))[ = m

where (-,-); denote the duality pairing between L?(I; Hy) and its dual space. Note that
/] 00 O] < oo Wz, 36621,
I J~(t
15 [ ui 00,001 < el Wl it k=0
j=1
We can conclude that

[l 2 (r;L2(vey)) < {

and

COONYlL2rr= ) < CONWN L2, m20mH () =35 k=1,
COlL2rmiy), fn=23 n—k=1

Il z2rpe ) < CONNYN L2 (m20m1 (), R =2,3,
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where we used the well-known embedding theorem
H*(Q)N Hy(Q) = C(Q), if n=2,3
and the trace theorem
[y (Ol L2y < COONYE Dl gy forn=2,3and n—k =1.
This implies that
Cllullzz 2oz ga), k=1,

w(x, )0~ 1), V)1 < :
- { Cllull 2z [l 215112, i k=0,

this proves .

Then we are in the position to define the weak solution of problem , this is done by using
transposition technique (see [33] Ch.2, Sec.5.2] and [34] Ch.4, Sec.9]). We define the solution to
equation with u € Ugyq as follows: Say that y € L?(I; H}) is a very weak solution to equation
i
(2.5) (uby(ey, V) L2(rsmy), 21 m2) + W0, (4, 0)) = (U, ) remy).c2myy YV f € L2(I; Ho),
where v € L?(I; Hy) is the unique solution of problem with right hand side f € L?(I; Hp).
From (2.4) and the standard argument involving the Lax-Milgram theorem we can prove that
equati has a unique solution y € L?(I; H}) in the sense of .

Now we collect the regularity of solution to equation under different cases in the following
theorem.

Theorem 2.2. Assume that yo € HE(Q) and y € L*(I; L*(2)) is the very weak solution of the
state equation defined by . Then it holds that

y e LA(LWIQ)nHY (LW Q) se(l, %) when k=0, n =2,3;

ye L2(LW, 7 (Q)NHY LW (Q)  oe(1,2) whenk=1, n=3;

14€

= (Q) foralle>0, whenk>1, n—k=1.

3—e

ye L*(;H= (QNH;(Q))NHYI; H™

Proof. We show the regularity from several cases.

Case 1: k=0 andn=2,3

For each s € (1, ﬁ), we let s’ > n be its conjugate number, i.e., %—l— % = 1. By the embedding
theorem we have WJ’S/(Q) — C().

By this, we can use the same argument showing ([2.4)) to verify that u(z,%)d, ;) can be identified as
an element of L2(I; W—15(€2)). Since A : W, *(Q) — W~15(Q) is an isomorphism for s € (so, )
for some so € [1, -7 ); see [26] for details on the choice of so. By using the result on maximal
parabolic regularity (see [14] and [30]) equation (1.2) admits a unique solution y € L2(I; W,"*(€))
and Oy € L*(I; W—15(Q)) for all s € (sg, 25 ) in the sense that

(26) (Ol + (V. Vo= / wy(to(3 (1), Dt ¥ v e L3I WE (@),

where (-,-); denotes the duality pairing between L2(I; Wy "*(92)) and L?(I; Wol’s/(Q)). By slightly
abusing the notation, we do not distinguish (-,-); in different duality pairings in this paper if no
confusion is involved.

Case 2: k=1 andn =3

By using the similar argument as in Case 1, we can prove that in this case y € L?(I; WOIS(Q)) N
HY(I;W=13(Q)) for all s € (1,2). However, here we will derive higher regularity.

By the assumption (As), v(t) C 9D for some 3-dimensional C?-domain D CC Q for each
t € [0,7]. Then by Proposition 2.3 in [43] (see also Theorem 7.42 and Remark 7.45 in [I]), the
trace mapping T, is continuous from WP (D) into LI(~y(¢)) for each t € [0,T], when 0 < r < 2,
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0<3—-mp<kandp<g< kp Hence, it can be extended into a continuous mapping from

—rp°
WmP(Q) into L(~y(t)). Thus, for each 2 < o < 2, T, is continuous from Wy° (Q) to L1(~(t)),
when 2 < o/ < ¢< 3(_’—;/ = 5.5, where 2 < o’/ < 3 is the conjugate number of o. Hence

] wtwtnte s < € [ fullo o lolemde

IJ5(t) I
S PR

(27> < C||UHL2(1 s L2(v(t) ||,UHL2(I;WS’”/(Q))
for each v € L3(I; Wol’a/(Q)), which leads to that u(z,t)d,q) € L*(I;W=57(Q)) for all 3 <
o < 2. From this, we can use the same way used in Case 1 to get that y € L*(I; Wy°(€2)) N
HY(I;W=1o(Q)) for all 3 < o < 2. This, combining with y € L2(I; W, 5 (Q) N HY(I; W—15(Q))

for all s € (1,3), implies y € L2(I; Wy (Q)) N HY(I; W=17(Q)) for all 1 < o < 2.

Case 8: k>21andn—k=1

Clearly, u(x,t)d, () can be identified as an element of L*(I; H~'(f2)), thus we conclude that
y € L2(I; HY(Q)) and 0,y € L*(I; H~1(Q2)) in the sense that

(2.8) (Owy,v)1 + (Vy, Vo) = //(t) u(z, t)v(z, t)dedt Vv e LA(I; HE(Q)).

1+5

We aim to show that y € LQ(I;HB';E () N HIQ) N HY(I; H- = () for each € > 0. By the
assumption (As), for each t € [0,T], v(t) C 4(t) = dD(t) for some n-dimensional Lipschitz or C?
domain D(t) CC 2. Arbitrarily fix an € > 0. By the trace theorem (see [23, Thm.1.5.1.2] and [34
Vol.I, Section 9.2]), one can observe that

//()u(x,t)v(x,t)dxdt < C/Hu||L2(A,(t))Hv||Lz(7(t))dt
I J~(t

C@) [ Mulliaoplivl 15
(2.9 < @b,

14€

L2(1H 5 ()

ER z (Q2)) defines a bounded

Q)). By the result on maximal parabolic regularity theory (see
y g y

“(Q) N HL(Q)) N HY(I; H 55 () for each e > 0. O

for all v € L3(I; H 2
linear functional on L2(I; H >
[14]) one can deduce that y € L2(I; H=

(Q)), which implies that wu(x,t)d, ) € L*(1; H

1+e

2.3. Analysis of the optimal control problems. We denote the control-to-state mapping of
the state equation by y := Su. Then problem (1.1)) can be reduced to the optimization problem:

(2.10) mind J(u) = %”SU - yd”%z(I;LZ(Q)) + %||“H2U

ueU,

Since U,q is bounded, convex and S is affine linear, by the standard argument ([33, Ch.2, Sec.1.2])
we can prove that the problem (2.10) admits a unique solution u € U,q. Moreover, there exists an
adjoint state z € L?(I; H}(2)) such that the following first order optimality condition holds:

—Oz — Az =y —yq inQr,
(2.11) z=0 onl7,
2(T)=0 inQ
and
J(w)(v—u)=0 Vove&Uiy,
or more precisely,

(2.12) (cu+z|ly,v—w)y 20 Yove&Uy.
6



Here z|, denotes the restriction of z on the manifold v. We say that (y, u, z) is the solution to the
problem when (y,u) is the optimal pair and z is the corresponding adjoint state.

The precise regularity of the solutions to the problem (2.10) are collected in the following
theorem.

Theorem 2.3. Let (y,u,z) € L*(I; L?(Q)) x Uuq x L2(I; H}(Q)) be the solution to the problem
. Assume that yo € HE(Q)). Then the following regularity results hold:

ye (LW (@) NH LW (@), s e (1, —=),

z€ LA(L; H*(Q) N H(Q) N HY(I; L*(Q)), we L*(I;R™), ifk=0,n=23;

y € LALWy () nHY (LW (Q), o (1,2),

z€ LA(L;H*(Q) N HY Q)N HYL; L), we LA(I; H (y(t)), ifk=1,n=3;
yE€ LQ(I;H35€ (QNHH(Q))N Hl(I;H_ly (), for any €>0,

z€ LA(I; H*(Q) N Hy(Q)NHYI; LA(Q)), we L*(I;H(y(t)), ifk>=1,n—k=1.

Proof. The desired regularity for y has been proved in Theorem Since 2 is convex and
y —ya € L2(I; L?(Q)) we have z € L2(I; H?(Q) N HY(Q)) N HY(I; L3(2)) for all the cases. By
the Sobolev imbedding H2(Q) N HE(Q) < C(Q), the restriction of 2z on the manifold () is well
defined. From this and , the control u can be represented via the adjoint state z by

m

(2.13) u(t) = PUad( - éz(%(t))(t))‘ X when k = 0;

1=

1
(2.14) u(z,t) = Py,,(——2(z,t)|y), when k>1,
et

where Py, is the orthogonal projection onto U,q. Thus u € L*(I; R™) if k = 0. By the trace
theorem one derive that z| ) € L*(I; H(v(t))), this yields that v € L*(I; H' (y(t))) if k # 0. O

Note, that when &k > 1 and n — k = 1 we have y € LQ(I;HSQE(Q) N HE(Q)). Thus, we can
conclude from the embedding theorem that y € L?(I; L>°(2)) when n = 2, and y € L?(I; LY(Q))
for any ¢ € [1,00) as e = 0 when n = 3.

In the case when k = 0 and n = 2 or 3, the solution y of problem belongs to L?(I; Wols(Q))
for all s € [1, -2 ), thus from the embedding theorem we have y € L*(I; L(Q2)) for ¢ = >, which
means ¢ < +oo when n = 2 and ¢ < 3 when n = 3.

In the case when & = 1 and n = 3, we have y € L*(I; W&”(Q)) for any o € [1,2). Then it
follows by the well-known embedding theorem that y € L*(I; L1(f)) for ¢ = 5*Z..

If we assume in addition that n = 2, yq € L?(I; L°°(Q)) (which is obviously not restrictive),
for any subdomain Q5 CC 2 we can conclude from Lemma 2.2 in [30] that z € L?(I; W%9(Qq)) N
HY(I; L9(Qo)) and

(2.15)  |lzllee;w2a(00)) + 10e2ll2(1,00(00)) < Cqllyllz(r;Lac)) + Yallz (0= )))
holds for any 2 < g < co.

3. ERROR ESTIMATES FOR FULLY DISCRETE FINITE ELEMENT APPROXIMATIONS OF THE STATE
EQUATION

3.1. Finite element spaces. Let us now consider the finite element approximations to the state

equation . To this aim, we consider a family of triangulation 7" of Q, such that Q = Uecrn €

We suppose that € is the union of the elements of 7" so that element edges lying on the boundary

may be curved if € has curved boundary. This triangulation is supposed to be shape regular in

the usual sense (see [12]). For each element e € T" we associate two parameters p(e) and o(e),

where p(e) denotes the diameter of the element e and o(e) is the supremum of the diameters of all
7



circles contained in e. Define the size of the mesh by h = max p(e). We suppose that the following
ecTh

regularity assumptions are satisfied: There exists a positive constant C' such that

hold for all e € 7" and all h > 0.

Here we consider only n-simplex elements, as they are among the most widely used ones. As-
sociated with 7" is a finite dimensional subspace V" of C(Q), such that x| is linear for ¥V y € V"
and e € T". We also set V' = Vh 1 HL(Q).

Note that the regular assumption guarantees the following inverse properties for v, € V"
(see [4, Sec.4.5] and [I2] Sec.3.2]):

(3.2) [vnlls.0 < CR'™*lonlle 0<I<s <1
and
(33) th”O,oo,Q < Ch_%”UhHO,q,Qa 1 < q <00,
(3.4) lvnllo,e,e < Cp(n,h)|vnll1a,
where

VI|logh|, n=2;
(3.5) p(n,h) = 1

h™2, n=3.

Let 7, : C(Q) — V" denote the standard Lagrange interpolation operator, then interpolation
error estimate implies that for y € W29(2), 2 < ¢ < oo there holds (see, e.g., [4, Sec.4.4] and [12|
Sec.3.1])

(3.6) ly = mnyllo.q.e + hlly — mhylliee < CR2|ly

2,4,
and
(3.7) ly = mnyllo.cc.0 < CH*7 7 [lyll2,q.0.
Let Py, be the L?(Q)-projection operator defined from L?(Q2) to V"
(3.8) (Pry,vn) = (y,vn) ¥ vp € V"
and Ry, : H} () — V' denote the Ritz projection operator defined as
(3.9) (VRry, Vor) = (Vy, Vo) Yo, € V'
Then we have the following error estimates (see, e.g., [4, Sec.5.4, 5.8]):
(3.10) ly = Pryll-1.0 + hlly = Prylo < CR?|lyl1,e,
(3.11) ly = Ruyllog + hlly = Ruylhe < CH[lyl20.
Moreover, we have (see [3], [I2 p. 168] and the references cited therein)
(3.12) ly = Ruyllo.c. < Ch*~ Zlyll20.

3.2. Fully discrete finite element approximations to parabolic equations. The semi-
discrete finite element approximation to the state equation (1.2 is to find y;, € L2(I; V{) such
that

(3.13) (Oryn,vr)1 + (Vyn, Vor) 1 = (u(z, t)éw(t), vp)r Y oup € Voh

with yp,(0) = Pryo the L2-projection of yo.

We next consider the fully discrete approximations to the state equation by using the
piecewise constant discontinuous Galerkin method (dG(0) for short, see [41] and [47]). We consider
a partitioning of the time interval I = [0,7T] as

I=LULU---Uly
8



with subintervals I; = [t;_1, ;] of size 7; and time points
O=to<ti < ---<ty_1<ty=T.

Let 7 = max ;. We assume that the time partitioning is quasi-uniform, i.e., there exists positive
1<i<

constant ¢ such that 7 < ¢r; holds for each ¢ = 1,2,--- , N. For simplicity we consider the same
finite element space on each time step.
We set

)

Vi i= {1}: Ox IR, v t)g eVl v, ), €Pyfori=1,--- ,N},

ie., v € Vj ; is a piecewise constant polynomial with respect to time. To introduce the fully
discretization we define the bilinear form

N N
A(ya ’LU) = Z<yt7w>1i + (Vya VU))[ + Z(yz - yi_lvwi) + (ygaw(i%
i=1 =2
where (-, )7, denotes the duality pairing between L2(I;; Wy "*(Q)) and L2(I;; WOI’S/ (), and w' :=
wh = lim w(t; —r), w, = lim w(t; + 7). Then for y,w € Vj - we have
r—0+ r—0t
N N
Aly,w) =Y m(Vy', Va') + 3 (' =y w) + (42, wl).
i=1 i=2

We define 7, : L2(I) — Po(I) as the L2-projection operator on the variable ¢ such that m,v|,
is pieceise constant on I; for each v € L?*(I). Then there holds 7 v|;, = T% J; vdt. Combining
with the spatial interpolation operator 7, we can define the space-time projectilon operator mp; :
L*(I;C(Q)) — Vj» such that 7, = mp7, = 7.7,

At first, we consider the fully discrete finite element approximation of the backward parabolic
equation . The discrete approximation can be stated as: Find v, € V}, » such that

N
(314) A(whﬂwhr) = Z/I (f7 wh7)7 Y wp, € Vh,T-
i—1 7L

Since ¥y, is the standard fully discrete finite element approximation of v, the following a priori
error estimates can be found in the literature.

Lemma 3.1. Assume that ¢ and Yy, are the solutions of problems and , respectively.
Then there holds

(3.15) 1Y — Ynrll2rrz)) < C(R* + 1) fllp2r.r2(0))-

Moreover, the following global pointwise in space error estimate
SUP/\W—%T)(%J)Pdt < Cllogh? inf ([ — vnr 721,05 0)
zeQ /I Vhr €Vi, -

_a
(3.16) +h7 ||l — Uhr||2L2(1;Lq(Q)))
holds for n =2 and V1 < g < oo.

Proof. The proof of (3.15]) is quite standard and can be found in many papers, e.g., [I7], the proof
of (3.16) in 2D is given in Theorem 3.1 of [30]. O

As a consequence, we can derive the corresponding error estimate on the manifold «(t) from
Lemma [B.1] and the trace theorem.

Lemma 3.2. Assume that v(t) is a k—dimensional manifold with k > 1 and n — k = 1. Let
¥ € LA(I; H*(Q) N HE(Q)) be the solution of problem , and Ypr € Vi 7 be the solution of
problem (3.1))). Then we have
(3.17) 1Y — e ll2 (L2 (v))) < C(h3 + hrt + hirs + T%)Hf||L2(I;L2(Q))~
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Proof. Tt follows from [I1], eq. (4.11), p.2851] that

(3.18) 1Y = YnrllL2(;m1 ) < C(h+ T%)”fHLZ(I;L?(Q))'
This combining with (3.15)) and the trace theorem ([4, Theorem 1.6.6]) gives

1 1
||1/} - th”Lz(I;LZ('y(t))) < CWJ - wh‘r”z’z(];[}(g)) ||’l/} - wh‘er’z(I;Hl Q)
< O +hr% 4 h37s + 79|l 220
which gives the result. O

Since the manifold «(t) is strictly contained in Q for all ¢ € [0,7T], there exists a subdomain
0y CC Q such that vy(t) C Qo for each ¢t € [0,T]. Moreover, there exists another subdomain §;
such that Qy CC Q; CC Q. For the following purpose we need to derive a local maximum norm
error estimate on subdomain .

Lemma 3.3. Let n = 2. Assume that ¥ and ¥, are the solutions of problems and ,
respectively. Then there holds

Sup/\(¢—¢hr)($,t)|2dt < Clloghl® inf ([t — vnr | 72(r.0 00
I Vh Vi

z€Qo +€Vh,r
_a
(3.19) +h” ||l — Uhr||2L2(1;Lq(Ql))> + Cllog h|lly — thH%?(z;Lz(ﬂ))
for all 0 < h < hg with some fized 0 < hg < 1.

Proof. The proof follows the approaches of [45] and [30]. Let x¢ € Qy and Dy CC Q; be a sphere
with center at zy and diameter [, the diameter [ is chosen as large as possible such that the sphere
D, with center at xy and diameter 2 satisfies D; C ;. In the following we may not trace the
dependence of constant C' on . Let w be a smooth cut-off function which is 1 in Dy and compactly
supported in €y such that [lwl|y i (q,) < C177, 0 < j < 2. Such functions can be constructed by
the standard mollifier and are extensively used for local estimates (see [30, 45] and the references
cited therein). We set 1/; = wy and let 1;;” € V. satisfy

A(vhﬂ 'JJ - "Z}h‘r) =0 Vo, € Vh,7'7
which means that zZ)hT is the fully discrete finite element approximation of 1[) Then we have

W - 'l/}h'r)(xmt) = (7/; - ¢h7)(x07t) = (1/; - "Zhr)(xmt) + (&h‘r - wh'r)(‘rmt)'

From the global maximum norm error estimate (3.16)) we have

~ ~ ~ _é ~
/I|(¢*1/Jh,f)($ovt)|2dt < C\logh|2(||¢||2L2(I;Loo(Ql))+h "||7FT¢||2L2(I;Lq(Ql)))

_a
(3.20) < Cllog h|2(||¢||2L2(1;Loo(Ql)) +ha ||7Tr¢||2L2(I;Lq(Ql))>~
Note that vfth — 9y, satisfies the interior equation

(321) A(’Uh-,—, 1;}17’ - th) =0 Vo, € Vh,T(DO)7

where Vj, - (Dg) is the subspace of Vj, , which contains functions vanishing outside of Dg. It has
been proved in [30, P. 2813] that

(3.22) /1 |(Phr — Pnr) (20, 1) Pdt < C|log hll2|[Yhnr — Ynrll72 (.02 (Do)
provided that h < ¢l for 2D case. Applying the triangle inequality we can derive

(3.23)  |[¥nr — Ynrllrariraoo)) < 10 — UnrllLeriza(po)) + 1% — Yurll L2122 (o))

Moreover, using |Dg| < CI? one has

(3.24) 19 — Pnrll2(rir2(po)) < CUIY = Pnrll 2 (Lo (Do) -
10



Combining above estimates and using again we arrive at

/I‘(thr — e ) (o, t)Pdt < Cllog PP (19172 (1. 0y +h_%|\7fr¢||%2(1;m(91)))
(3.25) +CI72|Tog hl[|v — Ynrll72 (122 ()
Combining ({3.20]) and ( - we have

/I|(¢—¢hr)($o,t)|2dt < Ollog hP (191172, 0)) +h7§||777'7/}||2L2(I;L‘7(91)))

(3.26) +C|log Al — Ynrll72 (122
holds for all 0 < h < hgy with some fixed 0 < hg < 1 depending on I. Let 2 € Qg be such that

sup /| — ), ) Pdt = /| — e ) (o, t)|2dt.
zeQo

By replacing ¢ and v, in (3.26) by ¢ — vp, and ¢, — vp, for any vy, € Vi, we complete the
proof. g

3.3. Fully discrete finite element approximations to the state equation. The fully dis-
crete finite element approximation based on dG(0) scheme for time discretisation and continuous,
piecewise linear finite element method for spatial discretisation to the state equation reads:
Find yp, € Vi, r such that

(3.27) A(yh.,-, th) = <u57(t), th)I + (yo, w277+), Y wp, € Vhﬂ-.

Note that on each time interval I;, the solution y! € V(! satisfies

i -1 ‘
gy ] OB ) (Vo Viom) = (b wn)r, ¥ wn € Vi = 1N,

ne () = Y4 (x) = Pryo x € Q.
Here

1
—/ / u(z, t)op (z)dedt Yo, € VP if k> 1
i v(t)

(ué'v(t),vhhi = 1 m
— Z/ wi(t)op (v (t))dt ¥ v, € VI if k=0.
T < 1.
j=17"

If ~(t) is a k—dimensional moving manifold with n — k& > 1, then we need to estimate the
error between continuous and discrete problem carefully. In [I8] the author derived a priori error
estimate for parabolic equation with measure data in space where the measure data is independent
of the time, which covers the cases in this paper of n — k > 1 and v(¢) being independent of time.
Here we extend the results of [I8] to problems with time-dependent space measures and derive a
priori error estimates with variable time steps and separated spatial and time discretisation errors
although the proof is very similar. We note that the error estimates for this kind of problems are of
independent interest for, e.g., the identification of moving pointwise source of parabolic equations
and other related topics (see [2] and [32]). We mention that the error estimates for the elliptic
equation with measure data were derived in [5].

Now we are in a position to estimate the error between the solutions of problem ((1.2)) and (3.28 -
in the case n — k > 1. For compactness we will include the proof of this theorem in the Appendix.

Theorem 3.4. Assume that v(t) is a k—dimensional manifold with n — k > 1. Assume that u €
L2(I;L?(v(t))) when k > 1 and uw € L?(0,T;R™) when k = 0, yo € L*(Q). Lety € L*(I; L*())
be the solution of problem , and Ynr € Vi be the solution of problem ) Then it holds
that

(3.29) ly = ynellz2rinzy < CO25 + h™57)(1lullu + lyollo)
11



when k =0 and n = 2 or 3. Furthermore, when n =3 and k = 1, it holds that

3

(3.30) ly = wnrllzarrzoy < COA5 + 035 7)(lullo + lvollos )
for each o € (2,2).

As indicated in [30], one can obtain improved error estimates for the optimal control in two
dimension by exploiting higher order convergence of the state under norm L2(I; L'(€2)) instead of
the L2(I; L?(Q)))-norm used in [19]. For the purpose of deriving optimal a priori error estimate
we need to obtain a sharper error estimate for the state approximation under a weaker norm
L2(I; L*(©)) in two dimension, which goes back to the idea of [30].

Theorem 3.5. Assume that y(t) consists of m points (k = 0) which are strictly contained in
with n = 2. Let the assumptions in Theorem be valid. Let y € L*(I; L*(Q)) be the solution of
problem , and yp+ be the solution of problem ) Then 1t holds that

(3.31) ly = ynellez i)y < Clloghl? (h* +7)l|ull L2 rmm)
for all 0 < h < hg with some 0 < hg < 1.

Proof. To begin with we use duality argument following [30]. Let ¢ be the solution of the backward
parabolic equation with right hand side f(z,t) = sign(e(z,t))|le(,t)||L1 (), where e(x,t) =
Y — Ynr. The corresponding fully discrete finite element approximation ¢y, € Vj,  of ¢ is defined
by . Thus, we have the Galerkin orthogonality

(3.32) A(th, P — 1/};”-) =0, Yuwy, € Vhﬂ-.
Using the Galerkin orthogonal properties of y — yp and ¢ — 1, we can derive
Sttt = [ ientete )0l @it = (7.0
= A(yfyhﬂ'a’l/)) = A(l’*l/hmd’*ﬂ%r)
= ( = Yne) = (u(@, t)054), Y — Ynr)1

- Z / (35 (8), ) (4 — b )y (£), )t

Nl

(3.33) < Ollulla(rzmy ( sup / (6 — e () Plt) .

FASIO)
From the local maximum norm error estimate (3.19) in Lemma m 3.3| we are able to obtain
EI
sup /\ (Y — Ypr)(,t)| dt) < Clloghl2 . 12‘1”/ (I = vnrll L2000 (01))

z€Qo h,T
(3.34) +hTE |79 — vnrl|L2(1;09(04))) + Cllog hl% |y — Uhr |l L2 (1,02 ()
for all 0 < h < hg with some 0 < hg < 1. Note that f € L?(I; L>°(Q)), then we can conclude
from Lemma 2.2 in [30] that for any subdomain Q; CC Q, ¢ € L?*(I; W29(Qq)) N HY(I; L9(Qy)),
1 < g < oo and satisfies
(3.35) 10l 2w a0y + Vel L2(rnay)y < Call fllzz ;0o ) -

Taking v, = mpr¥ in (3.34) we now estimate the right hand side terms one by one. From the
triangle inequality, the interpolation error estimate, the inverse inequality and proceed as in the

proof of (A.12) we have
|9 — Tamr ]l L2 (1000 (0,)) % — mall Lo (r;poe (1)) + 1Tt — Tamr ]| L2 (1,000 (1))
_2 _2
Ch*~ 4|9l L2 rw2a(@u)) + Ch™ | mnh — mmr bl L2 (1:na ey )

_2 _2
CR*™ ||| L2 (r;w2a(ar)) + Ch™ 17|00l L2 (r;Lacan))-
12
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For the second term we have

|7y — Tl L2 (100001 ))

79 — Yl 2Ly + 19 = Tl 2 (rspa @y + 170 — el L2 (100 0u))
(3.37) CTl0c |2 (1529 (00)) + CRP 1Yl L2 (riw2a () -

For the third term we conclude from (3.15]) that

(3.38) 1Y — Vnrllzerrz)) < CR° + ) fllzerrz )

Collecting (3.34)-(3.38)) we obtain

<
<

1 3 _2
( sup /l ¥ = Pne) (@, )Pdt)? < Clloghl2h™a (h? +7) ([ a(raw=a(n)) + 100l 2 (rizacer )
’EGQO
< Cllogh|2qh™ 5 (h2 4+ 7)|| 12 (1.0 ()
_2
(3.39) < Clloghl2gh™a (h? +7)ell 2 (1,21 (0)-
Setting g = |log h| we complete the proof. O

Note that if v(¢) is a k—dimensional moving manifold with & > 1 and n — k = 1, then we can
derive from Theorem that y € L2(I; H =5 (Q) N HY(Q)) N H'(I; H~"%°(Q)). Thus, we can
derive the following a priori error estimate.

Theorem 3.6. Assume that v(t) is a k— dzmenszonal manifold with n — k = 1. Let yo € H} ()
andy € L*(I; HZ (Q)NH(Q)NH(I; (Q)) be the solution of problem (1 (.) for any e > 0,
and ynr € Vi, be the solution of problem . Then it holds that

(840)  ly = varllezizzey < COE +hird 4 h73n) (Julaireo + lolhe).

Proof. To prove this theorem we use the similar approach as in the proof of Theorem At first
we derive the stability estimate for numerical scheme in case that n — k = 1.

Let yi €V, i=1,2,---, N be the solutions of fully discrete scheme . Then there exists
a constant C independent of h, 7 and the data u such that

N
(3.41) Z Yhr — yh’r ||0 ot TNHyhT”l [V CTHI‘JO||1 o+ CTh™ 1”“(1’ t)||L2 L;L2((1)))
The proof is a slight modification of the proof in [18], see also (A.1)-(A.2). In fact, let w, =
Ti(Yhr = Ui ) in (3.28) we get

Whe = Yhr 2 Yhr = Yr )+ 7i(V0hes V¥hr = Ui ) = 7i(U050) Yhr = Uiy )1

Since yi_ — yz;l is piecewise constant on each time interval I; w.r.t time, thus it follows from the
trace theorem (4, Theorem 1.6.6]) and the inverse estimate that

19 = Yir 8.+ Till i 17 0

< (Vi Vi) + / / D i e
y(t
< TZHyhT”lQ+ 7-2||y ||1Q+/ 1Wir = Unr L2 e 1w, ) 2y 0yt
< TZHyh'rlllQ+ Tzlly ||1Q+C/ k- — yiillliz(g)llyir—yi;llli,é(mIIU(%t)IILz(w(t))dt

1 1, .
< TZHyhT”l ot 7'1||y 30+ Crib ™ Mu(@, )72 (1,12 (400 + 5”927 Yir 150
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Summing the above equations over ¢ from 1 to N we get
N

Do Mhe — v e+l i < Tl R e+ OThTE Y Hlule Ol e, )
; i=1

< Crllyoll o + CTh™ Hlu(m, )12 .02 (1)) -

This gives the results.
Let ¢ be the solution of problem (2.1) with f € L2(I;L?*(Q)). Note that ¢» = 0 on 99,

YN = (T) = 0, it follows from (2.8) and (A.8) that
/Q (Y = ynr) fdwdt = —Z / (Why — Ypy 0" — T R dt
T

N
+(<U67(t)>w>l - Z/I <U5'y(t)a7r‘rRhw>Ii) + (yO - ygraw('a 0))
i=1 i

(342) e él + 62 + 63.
From (3.10) it is obvious that
(3.43) (Gl = (90 — Yhrs (- 0))] < ORIy ¢ 0l

Now it remains to estimate G; and Ga. We can deduce from the trace theorem ([4, Theorem 1.6.6])
that

N
|Ga| = ‘<U§'y(t)7¢>1_2/<U5'y(t)77TTRh¢>Ii

‘Z/ / u(w,t)(Y — T Rpp) (2, t) dxdt‘

— TRl L2102 (v(1)))

N

(3.44)

N

Clullu 1 — 7 Rat | £arsp 19 = TR Za 1op01
Standard error estimates (3.11]) yield

(3.45) 1Y = Rl L2(1,02(0) + hHi/J Rl 2(rmz o) < CR? [0l 212 ()
Moreover, we can conclude from ) that (see [8])

N
IRuto — 1 Ry, < CT 1Y / / IR(t) — Rato(5) |2y st
i=1 7/ 1i J1i

(3.46) < CPY[YN T2 (,m20)) + OO0 T2 1,2 (02 -

Similar to (A.12]), by using the inverse estimate we can prove

(3.47)  |Rntp — WrRhwuiz(I;H(g(Q)) < CR* @122y + ChT2 210001721, 12 () -

The triangle inequality together with (3.44))-(3.47) implies

(3.48) |Ga| < C(h% +hE7% + ™2 7)Jullull £l c2 (1.2 ()

The Cauchy-Schwarz inequality, the stability (3.41)) and the standard error estimate yield (see [I8])

N 1 N 1
~ . . b . 2
Gil < (X e =i 1B0) " (D I = Ravi )
=1 =1

1

_1 1 1 1
< C(RPr72 +72) Wl 2z nm iz @)yh 272 ([vollue + llullv)
<

C(h2 + b2 7)||fll 2 (rizzc)) (lvollne + lullv)-
14
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Then from Lemma 2.1] ([3:42), (3.43), (3.48) and (3.49) we have

(f7 Yy — yhT)QT
rer2r2 @), r20 Iz 2 )

< CE +hErs + 127 (lyollo + lullo),

lly — yhT||L2(I;L2(Q)) =

which completes the proof of ([3.40)).

4. ERROR ESTIMATES FOR THE OPTIMAL CONTROL PROBLEMS

In this section we consider the fully discrete finite element approximations to the optimal control
problems. As presented in the above section, for the discretisation of the state equation we use
piecewise linear continuous finite elements for spatial discretisation and dG(0) scheme for time
discretisation. For the discretisation of the control variable we adopt the variational discretisation
approach proposed by Hinze in [24]. Due to the fact that v(¢) may evolve in the time horizon, we
do not require that 7" restricted to 7(t) gives a triangulation of (¢). We consider the “discrete-
then-optimize” approach to discretize the optimal control problems, which means the discretised
optimality conditions are derived from the finite dimensional optimisation problems.

In addition, we restrict our study to the case that v(t) at each ¢ is one of the following objects:
a combination of some points; an interval in case n = 3; a polygonal line in case n = 2; and a
polyhedral plane. The studies on the cases where (t) on some ¢ is a curve or a surface will be
very similar to the above case with some technical modifications. Therefore, we omit the latter
case and refer the reader to paper [21] for the details of curved cases.

The discrete optimal control problems now reads

(4.1) uhmelg . J(Ynr,unr) = %”yhf - de%2([;L2(Q)) + %HU}LTH?J
subject to
(42) A(yh‘rawh‘r) = <uh7'5'y(t)a th>I + (y07w27-,+)7 YV wnr € Vh,7'~

We can prove by standard arguments ([33, Ch.2, Sec.1.2]) that the above optimisation problems
admit a unique solution up, € Ugq. Moreover, (Ynr, unr) € Vir X Ugq is the solution of problem
— if and only if there exists an adjoint state zj,, € V}, , such that the triplet (ynr, unr, 2nr)
satisfies the following first order optimality conditions:

A(Ynrs Whr) = (Unr0y(ey, Whe)1 + Yo, Whe 4 )y ¥ Whe € Vir,

N
(43) A(th, ZhT) = Z/ (yhT - ydawh‘r)a v Whr € Vh,T,
i=171i

(Qtnr + zhrly(t), v = tnr)u 20 V0 € Ugg.

We say that (Ynr,Unr, 2nr) @8 the solution to the problem — if (Ynr,uns) is the optimal
pair to this problem and zp, is the adjoint state corresponding to this pair. Furthermore, analogue

to (2.13])-(2.14]) the control up, can be represented by the discrete adjoint state zp, on each time
interval I; as

Uhr

1, m
L ="ru,, ( =~z (7t h))) ., when k =0;

1.
Uhr|I; = PUa,d ( - EZ;ILTLY(”II-))’ when k 2 1.

Now we are in the position to derive a priori error estimates for the fully discrete finite element
approximation to the optimal control problems. At first, we consider the case k > 1 and n—k = 1.

Theorem 4.1. Assume that y(t) is a k-dimensional manifold strictly contained in Q withn—k = 1
and U = L*(I; L*(v(t))). Let (y,u,2) € L2(I; H} () X Una x L*(I; HY(Q)) and (ynr, Unr, 2nr) €
15



Vir X Uga X Vi, be the solutions of the continuous and discrete optimal control problems -
and , respectively. Assume that 7 = O(h?). Then it holds that

3
(4.4) vallu —unrllzr2(vny) + 1y = YnrllL2(rr2 o)) < Ch2.
Moreover, if yqg € L2(I; L>(Q)), k = 1 and n = 2, the optimal error estimate
e
(4.5) \/&H’LL — uhT||L2(I;L2("y(t))) < C|log hl2 (h2 +7)

holds for all 0 < h < hg with some 0 < hg < 1.

Proof. Tt follows from the continuous and discrete optimality conditions that

(4.6) /(au +zly)(v—u)dt >0 Vv €Uy
I
and
(4.7) /(auh.r + th\,y)(v —Upr)dt 20 Vv € Upg.
I

Choosing v = up, in (4.6) and v = w in (4.7)), and adding the two inequalities yields

a||u - UhT||2L2(I;L2(’Y(t)))

< / e e
ay < / e 20 0)) 0w + / / G =)

where 25, (y) € V3, solves the following auxiliary problem

N
(49) A("UJ}”-, ZhT(y)) = Z/ (y — Yd, wh‘r)a v Whr € Vh,T-
i=1 71
Note that
// (Zh‘r - Zh‘r(y))(u - ’U/hr)dl'dt = /(ZhT - Zh7—<y)7 (u - uhr)67(t)>dt
I J~(t) I

= A(yn-(w) — Ynr, 2hr — 20 (Y))

= /I(yhf(u) — Ynrs Ynr —Y)

(4.10) = —lly = ynrlZ2(rL200)) + /I(yh'r(u) — Y Ynr — Y),
where yp,(u) € V3, is the solution of the following problem:

(411) A(yhT(u)a th) - <’U,(£E, t)a'y(t)v th>I + (y07 ’LU?”_HL), 4 Whr € Vh,T-
Making use of the Young’s inequality in (4.8) and (4.10) we obtain

allu — uhr”%2(1;L2(»y(t))) +ly — yhT||%2(I;L2(Q))

(4.12) < C(lly - yhT(u)||2L2(I;L2(Q)) + Iz — ZhT(y)”%Q(I;L?(fy(t))))'
From Theorem [3.6] we have
(4.13) ly = ynr (Wllz2 (122 () < C(A3 +h373 + h737).

If we estimate ||z — znr ()| L2(1;22(v(1))) by (3-17) we can obtain (4.4) under the coupling 7 = O(h?).
Now we prove (4.5) in the case k = 1 and n = 2. To begin with, we introduce the following
auxiliary problems: Find z,,(u) € V}, » such that

N
(4.14) A(wnr, 2he (@) = 3 / (v (1) — gy wne),  V wnr € Vs
=171
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From (4.3)), (4.11) and (4.14) we can conclude that
// )(Zh-r — 2nr(u))(u —upr)dsdt = ((zpr — 21 (W) |y, U — Unr U
(t

= ((u—unr)dy, 2nr — 207 (u))1
A(Ynr (W) = Ynrs 2hr — 2nr (1))
(Ynr (W) = Ynrs Ynr — Ynr (W)1
(4.15) = —llynr () = ynr 21020

It follows from (4.8]) that

allu = wnrll7z (120500

/z/y(t)(zhf — 2)(u — upr ) dudt

/[{(t)(zhr — znr (u)) (u — up, )dzdt + /1 L(t)(th(u) — 2ne (1)) (0 — upy ) dadt
we o+ f | Crely) =)0 o,

Then by (4.16)), (4.15) and the Young’s inequality, we see that

allw = unrll 22 (r.p2 vy + 19nr (W) = ynell7e g2 o)

// (zhr — znr (W) (u — up, )dxdt + // (zhr (W) — 2pr () (u — upy )dadt
v(t) ()

< EO‘Hu_uhT”LZ(I L2 (y(t))) + C(€, a)||znr (v) — 2n-(y )||L2(I L2 (y(t)))
(4.17) +C(e, a)llznr (y) = 20122 (.02 (1)) -
Moreover, from the embedding theorem we have y € L?(I; L°°(£2)) when n = 2. If we assume in
addition that yg € L?(I; L>°(9)), then for any subdomain €y CC € we can conclude from Lemma

2.2 in [30] that z € L2(I;W?24(Qq)) N H(I; LI(Qp)) for any 2 < g < co. Then from Lemma
and proceeding as in the estimate of (3.34)) we can derive

Iz = 2 W2 122040y < C sup /| 2 — z2pe(y)) (2, t)2dt
(4.18) < ClloghP(h* +72).

Now we estimate ||znr(u) — 2nr (Y)||L2(1;22(~(1)))- Let ¢ be the solution of the following problem

Orp — A = (2nr(u) — 217 (y))dy () (z) in Qr,
(4.19) ¢=0 onlr,
¢(-,0) =0 in Q.

1+e

z (QQ)) for any

Then it follows from Theorem that ¢ € L*(I; H =
€ > 0 and there holds

(4.20) [|o||

(Q) N HYQ)NHY(I; H-

+lol < Cllznr (w) = zor (W) L2102 (v (1)) -

L2(LH T (Q)NHL(Q))

(Q))
Note that zj,-(u) — zp-(y) € Vj, » satisfies the following equation

(421) A(wh77 ZhT( - ZhT Z/ yhT vahT)dtv v Whr € Vh,T-
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Let ¢p. € Vi, - be the fully discrete finite element approximation of ¢. Then we can derive from
the orthogonality and that
zhr (@) = 20r W)72(rz2veyy = ((zar(w) = 200 ()35, 20r (w) = 27 (9)) 1
A9, z2nr (1) — 2nr (v)
= A(onr, znr(u) — 2nr (y))
(Ynr(u) =y, Gnr)r1
(4.22) = (WUnr(W) =Y, nr — @)1 + (Ynr(u) =y, d)1.
It follows from Theorem [3.6] that

(Ynr () =y, 0nr — )1 < Cllynr(w) = yll2 ;02 [P — llL2(1:02(0))
(4.23) < C(W? +hr +h7 ) ullu llznr (W) = 2nr ()2 (122 (00
Now it remains to estimate (yn,(u) —y, ¢)r. Let ¢ € L2(I; H*(Q) N H(Q)) N HY(I; L*(Q)) be the
solution of problem ({2.1) with right hand side ¢. Note that from the embedding theorem we have
¢ € L*(I; L>(£2)). For any subdomain y CC  we can conclude from Lemma 2.2 in [30] that
e L2(I; W249(Qq)) N HY(I; LY($y)) for any 2 < ¢ < oo with the estimate
||¢||L2(I;W21‘1(Qo)) + ||5’t1/)||L2(I;Lq(Qo)) < CQ||¢HL2(I;L'I(Q))
(4.24) < C@|lzne (u) = znr (W) L2 (1522 (o)) -
Let ¥ € Vi, be the finite element approximation of 3. Then from orthogonality of A we have
(yh‘r(u) - Y, (b)[ = A(yhT( ) - y w) = (yh‘r( ) - yaw - wh‘r)
Ay, Ynr — U577¢hr — )1
1
Ol sup / W — ), 1) Pl .

z€Qo
Similar to the proof of Lemma and Theorem [3.5] we are led to

T
(4.26) (ynr(u) =y, ¢)1 < Cllog h|Z (h* + 7)|[ullu | 2nr (u) — 207 W) L2 (12204 (0))
by setting ¢ = |log h|. Combining (4.23]) and (4.26)) one can deduce that

N

(4.25)

(4.27) lznr () = 2nr )220 < Cllog I (b2 + 7).

Collecting (4.17)), (4.18]) and (4.27) we can prove

(4.28) allu — “hTHLZ(I 12(y(1))) < Clloghl T(h* +72),

which completes the proof. O

Then, we consider the case n — k > 1. To derive an optimal error estimate in two dimension we
follow the idea of [30].

Theorem 4.2. Assume that v(t) is a k-dimensional manifold strictly contained in Q with n —k >
1. Let (y,u,z) € L(I; Wols(ﬂ)) X Uga X L2(I; HY () and (Ynr, Unrs 2nr) X Ve X Uga ¥ Vi,r
be the solutions of the continuous and discrete optimal control problems — and ,
respectively. Assume that T = O(h?). Then the following statements stand:

(i) When k = 0, the suboptimal error estimate

(4.29) valu—unllu+ ly = ynrllL2@sz2 ) < CR*72
holds. If it is further assumed that y; € L*(I; L>=°(Q)) and n = 2, the optimal error estimate
(4.30) Vallu = unr |l < Cllogh|% (h? + 7)

holds for all 0 < h < hg with some 0 < hg < 1.
(i) When k =1 and n = 3, the suboptimal error estimate

(4.31) valu—upllu + lly — Ynrllz2(rr2Q)) < Chg*
18
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holds.

Proof. The estimates of (4.29)) and (4.31)) follow the similar idea of [19] by using L?(I; L*(Q2))-error
of the state y and the L?(I; L>°(Q))-error of the adjoint state z. Now we prove (4.30). Similar to

the proof of (4.8) we get

a||u - uh7—||[2] < (U — Upr, (Zh'r - Z)|'y(t))U
= (u — Upr, (ZhT — ZhT(U))H(t))U + (U, — Uhr, (Zh‘f'(u) - ZhT(y))H(t))U
(4.32) +(u = unr, (20r () = 2)ly ()0

Then from (4.15) and the Young’s inequality we arrive at

allu = unr |3 + llynr (u) — yhT||2L2(I;L2(Q))
< (U — Upr, (Zh'r(u) - Zh'r(y))|'y(t))U + (u — Upr, (Zh'r(y) - Z)"y(t))U

(4335 eallu —unr | + Cle, @)(llznr (w) = 20 (W) 172 (1,2 () + sup /1 |(z = znr (y)) (z, 1) |dt).
xello

Using the coercivity property of A(-,-) and the inverse estimate we are led to

cl|znr (u) — zrr () ||%2(1;H1(Q))

< A(Zhr(u) — Zhr (y)a Zht (u) — Zhr (y))
N
= Z/ (yhT(u) - Y, Zh‘r(u) - Zh-r(y))dt
i=1 71
< lynr(w) =yl 2 (pr @) 12 (@) = 20 (W) 22 (1,000 ()
< Cp(2, W) lynr-(u) = yllL2(r;zr ) 12 (W) = 207 (Y| L2 (151 () 5
which yields
(4.34) clznr(w) = 2 Wl 2w @) < Cp(2, h)|yne (w) — yll L2100 () -

From the inverse estimate again we can obtain

|l zhr (u) — ZhT(y)||L2(I;L°°(Q)) < Cp(2,h) ||z (u) — ZhT(y)||L2(I;H1(Q))
(4.35) < Op?

From and (| - we have

allu — uhT”L?(I;L?('y(t))) + [[ynr (u) — yh7-||2L2(I;L2(Q))

< Cle, ) ([|znr (u) — Zhr(l/)||%2(1;Loo(Q)) + SUP / (2 = 2 (y)) (2, £)2dt)

(2, 2)|lynr (w) = yllL2(r;1 (@)

(4.36) < Cle,@)p (2, 1) |ynr () = Yl 721010 + Sup /I z = 2nr (y)) (x, 1) P dt.

x Qo
As indicated in Section 2 we have z € L?(I; W>9(Qq)) N H*(I; L9(Sp)) for any ¢ < . Then
applying the local maximum norm error estimate (3.19)) and proceeding as in the estimate of ([3.34)
we obtain

(4.37) swp [ |z = ame@)wPdt < ClloghPgh (nt+ )
QCEQO I

Specifically, we can set ¢ = |logh| in (4.37)). Then we are able to derive

(4.38) sup / (2 = 2nr (1)) (@, O)Pdt < Cllog h|"(h* +72).

ZEGQO I
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Combining (4.36)-(4.37) and Theorem and considering (3.5) we arrive at
oflu— uhrH%z(l;LZ(y(t))) + lynr(u) — yhrH%?(z;Lz(sz))
< Cp (2, h)|log b (h* + 12) + C|log h|" (h* + 72)
(4.39) < Cllogh|"(h* + 72).
This completes the proof. O

Remark 4.3. A number of remarks for the error estimates derived in Theorems and [{.3 are
in order. Firstly, compared to [19] we are able to derive an optimal error estimate for the optimal
control in two dimension, but the estimate for the state in , and are sharp due
to the limited reqularity of the state. Secondly, in present paper we only derived optimal error
estimates for the optimal control in two dimension following the idea of [30], although in [21] we
studied the finite element approximations of elliptic optimal control problems with controls acting
on a lower dimensional manifold and derived optimal error estimates for the optimal control in
both two- and three dimensions. This is caused by the lack of a maximum norm error estimates
for parabolic equation in three dimension (see Lemma as proved in [30] for two dimensional
case. Thirdly, we expect the optimal orders of convergence O(h + T%) when k=0 and n =3, and
O(h? + 7) when k = 1 and n = 3 hold for three dimensional problems but it still needs a rigorous
proof. Due to this reason the improved error estimates for the optimal control in three dimension
may be postponed to a future work.

5. NUMERICAL EXAMPLES

In this section we will carry out some numerical experiments to support our theoretical find-
ings. For the computation the software package AFEPack ([3I]) has been used. To validate the
estimates developed in the previous section, we may show the convergence order by separating the
discretization errors in space and time.

Pointwise control problems for parabolic equations can be viewed as a special case of controls
acting on a lower dimensional manifold. In [I9] the authors presented some numerical examples for
pointwise control problems where the spatial point is independent of time. In the following we will
consider the case that the lower dimensional manifold may move around in the space domain as
time evolves. In the numerical experiments we may illustrate the convergence orders with respect
to the spatial and time discretizations separately by setting h and 7 small enough respectively,
although some a priori error estimates are derived with coupling 7 = O(h?). The numerical tests
indicate that such a coupling of 7 and h seems not to be needed. We expect that an according
analysis is possible with adapting the techniques of [40] and [41] to the present setting.

Example 5.1. In the first example we consider the casen = 2 and k = 0 with v a moving point con-
tained in Q2. Let Qp = B(0,1) x [0,1]. We set a =1, y(t) = (11(t),72(t)) = (5 cos(2nt), 5 sin(27t))
and Uyq := {u € L2[0,T]: 0.5 < u(t) <1 a.e. t €[0,T]}. We take the exact solutions as

1
y(x,t) = —glog |z — ()| (e—e€"), wu(xt)= Py, (e—-eb),
z(z,t) = — cos(g\m —~(t)]?) sin(27|z|?) (e — €),
with corresponding f and yq.

We show in Tablethe convergence oder for the L?-norms of the control, state and adjoint state.
The time step is set to be O(h?). We can observe second order convergence for the optimal control
which confirms our theoretical results. However, only first order convergence can be observed for
the L2-norm of the state, which is caused by the low regularity of the state equation due to the
Dirac measure. In Figure[I] we present the computed state yj, at different times on fine mesh with
66049 Dofs and 256 time steps for Example[5.1] We can see that the Dirac measure can be exactly
captured by the profiles of the state.
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TABLE 1. Errors of control u, state y and adjoint state z for Example with
respect to space and time.

Dof N | lu—unrllz20,0) | Rate | |y — ynrll2p) | Rate | [z — znrllz2@,) | Rate
25 8 0.266876039146 \ 0.048518775420 \ 0.963378762924 \
81 32 0.038745367936 | 2.7841 | 0.027784961679 | 0.8042 | 0.643763751918 | 0.5816
289 128 | 0.008367663349 | 2.2111 | 0.011153618365 | 1.3168 | 0.165069654498 | 1.9635
1089 | 512 | 0.001862279212 | 2.1678 | 0.005219041154 | 1.0957 | 0.043065698090 | 1.9385
4225 | 2048 | 0.000437728257 | 2.0890 | 0.002572033248 | 1.0209 | 0.010929899309 | 1.9783
16641 | 8192 | 0.000106024846 | 2.0456 | 0.001281382684 | 1.0052 | 0.002743510676 | 1.9942

TABLE 2. Errors of control u, state y and adjoint state z for Example with
respect to time with fixed space triangulation.

Dof N ||u — uhTHL2(1;L2("/)) Rate ||y — yhT”LQ(QT) Rate ||Z — ZhT||L2(QT) Rate

263169 | 4 0.002909173531 \ 0.008003724330 \ 0.013997680754 \

263169 | 8 0.001711455367 0.7654 | 0.005023153257 | 0.6721 | 0.008462220210 | 0.7261

263169 | 16 0.000927892146 0.8832 | 0.002737692566 | 0.8756 | 0.004745487754 | 0.8345

263169 | 32 0.000469988319 0.9813 | 0.001379795139 | 0.9885 | 0.002470170020 | 0.9419

263169 | 64 0.000219877153 1.0959 | 0.000632363584 | 1.1256 | 0.001180761839 | 1.0649

263169 | 128 0.000087233130 1.3337 | 0.000240513292 | 1.3946 | 0.000479449034 | 1.3003

TABLE 3. Errors of control u, state y and adjoint state z for Example with
respect to space with fixed time step.

Dof | N | |lu—wnrlle2riz2(y) | Rate | [y —ynrlle2or) | Rate | ||z — znrll2or) | Rate

81 256 1.797384265e-3 \ 1.1884261247e-2 \ 1.0371803861e-2 \

289 | 256 4.450005900e-4 2.0140 | 3.3545615070e-3 | 1.8249 | 2.8060229020e-3 | 1.8861

1089 | 256 1.108811560e-4 2.0048 | 9.7769836600e-4 | 1.7787 | 7.1713594300e-4 | 1.9682

4225 | 256 2.749660800e-5 2.0117 | 2.9367647900e-4 | 1.7352 | 1.7872158100e-4 | 2.0045

16641 | 256 6.707969000e-6 2.0353 | 9.0345879000e-5 | 1.7007 | 4.2876307000e-5 | 2.0595

66049 | 256 1.527385000e-6 2.1348 | 2.7487056000e-5 | 1.7167 | 8.8247380000e-6 | 2.2806

Example 5.2. In the second example we consider the case n = 2 and k = 1 with v a moving
interval strictly contained in Q. Let Q = (—1,1)%, T = 0.5, v = {2t — 0.5} x [-0.25,0.25]. We set
yq = msin(nt) sin(0.57z1) sin(0.5723), a = =1, b =1 and a = 0.01.

In the second example we have no explicit solutions for the optimal control, state and adjoint
state. We compute the solutions on fine mesh with 263169 Dofs and 256 time steps as referee
solutions to calculate the convergence order. At first we consider the behavior of the errors for
a sequence of discretizations with different mesh sizes and fixed 256 time steps. Then we show
the behavior of the errors for different time steps but a fixed spatial triangulation with 263169
Dofs. From Table [2| and [3| we can observe second order convergence of the optimal control for
the spatial discretisation and first order convergence of both the optimal control and state for
the temporal discretisation, which are the optimal convergence rates for the linear finite element
spatial discretizations and dG(0) time discretisation scheme. However, the convergence order of
the state y for spatial discretisation is nearly only 1.7, which is reasonable because of the limited
regularity due to the linear measure. In Figure [2| we present the computed state yp, at different
times on fine mesh with 263169 Dofs and 64 time steps for Example [5.2] and we can observe the
solution changes as the line measure evolves.

Example 5.3. In the third ezample we consider the case n = 3 and k = 0 with v a fixed stationary
point strictly contained in Q. Let Q = (0,1)3, T =1, v = x9 = (0.5,0.5,0.5). We set y =
22
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TABLE 4. Errors of control u, state y and adjoint state z for Example with
respect to space and time.

Dof | N | |lu—unrllz20r) | Rate | |ly —ynrllzzor) | Rate | ||z — znrll2p) | Rate

175 8 | 0.281920287108 \ 0.112081236271 \ 0.247646970005 \
1085 | 32 | 0.143024589103 | 0.9790 | 0.083390837752 | 0.4266 | 0.065471735028 | 1.9193
7577 | 128 | 0.055364072472 | 1.3692 | 0.059371782409 | 0.4901 | 0.016788036277 | 1.9634
56497 | 512 | 0.018597982354 | 1.5738 | 0.042058290409 | 0.4974 | 0.004240873359 | 1.9850

e! —e), p= —2sin(rz1) sin(mzy) sin(rzs) (e’ —e), u=2(e' —e€), a = —c0, b = +0c0 and

Similar to Example we show in Table [4] the convergence orders for the L?-norms of the
control, state and adjoint state. The time step is set to be O(h2). We can observe nearly O(h2)
order of convergence for the optimal control which implies that our error estimates in 3D can be
improved. However, only O(h%) order of convergence can be observed for the L2-norm of the
state, which is caused by the low regularity of the state equation due to the Dirac measure and is
in agreement with our theoretical results. We note that the convergence order for the control is
higher than the one O(h) we expect, see Remark We think the exact solution is too regular
so that the superconvergence phenomena may happen.

APPENDIX A. PROOF OF THEOREM [3.4]

Proof of Theorem [3.4, We use duality argument to prove this theorem. The proof of this
theorem follows the idea of [18], see also [§].

At first we derive the following stability estimates for numerical scheme . Let yi €
Voh, i =1,2,--- N be the solutions of fully discrete scheme . Then there exists a constant
C independent of h, 7 and the data w such that

N
(A1) > e — viy!
=1

b+ Tvlynrli o < O (lullf + lyollf )

for k=0 and n =2 or 3, and

N
) . _s
(A.2) D lvhe = vhe o0 + Tlluns 1.0 < CTR = ([ullE + llyoll§ 2)
i=1

for k = 1 and n = 3. The proof is a slight modification of the proof in [I8], here we include the
proof for completeness.

Let wy, = 7;(yi, —yi-') in (3.28) we get

Whe = U Uhe — Ui )+ (VU VWhe —ui D)) = TS5 Yhe — Vi )1,
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Since yi_ — y}b;l is piecewise constant on each time interval I; w.r.t time, thus we have for k =0
and n = 2 or 3 that

19hr = Ui 5.0 + Tillvi I3 o

< ke Vi + [ D w0k~ i o)
1 ] 1
< TzHyhT||1Q+ Tz||y ||1Q+/ 1Y = ypor e Q)ZWJ )|t

1 ; 1 i ; i _
< Srilvhe e + 57illvh e + CRMWhe = 4h 16 00,0 + CTih ™" w71, mm)

-n 1 7 i—
(A.3) < T'LHyhT”l oT Tz”y ik ot Crh ”uH%?(li;Rm) + §Hyh'r - yhfl o
and for £k = 1 and n = 3 that

||y;7.'r - 92;1”(2),9 + Ti”:U;w”%,ﬂ

< (Ve Vi) + / ( / Ok i

i J(t
< grlvhela+ gmluis 2o + / s — i~ oo a2 ot
< gl B+ 5mllvi  +C / e = i g e Dl 2yt

; _ 6_1y i _s
< *Tz‘lly%rllf o+ *Til\yﬁflllf o+ Che "y, — yir ||W1 oy O @ D)2 102 00))
(AQ) 57illso R o+ 37l 1.0 + Okt~ ue, t>||Lz<zl,Lw>>> + 510k~ i I o
In the above estimates we have used the following inverse estimates
Hy;m' - y;;;—l ||070079 < Chi% ||y,;m' - y;;,;1||079
and
; 13, i
”y;vr yh'rl”Wl o’ (Q) < Ch2v ||y;7/r - y;n'l”O,Q‘
Summing the above equations over ¢ from 1 to N and using the inverse estimate we get

N
> Wi = vi N3
=1

N

< Tlyh- I+ CTh™ Y llulz, )2, mem)
=1

< CTh?|[Puyoll§ o + CTh™" Jule, )72 1gm)
< CrhT(flul@, Ol (1w + ol 0)

(A.5)

for k=0and n =2 or 3, and

N

N
) . _s
Do ohe =i e+ rllvirlie < Tl AR o+ ORI Y llule, )12 1,20y
i=1 i=1

_ _6
CTh™*|Puyollg.0 + CTh' ™= lula, )22 (1.2 ()

<
<

(A.6) Ol % (lyollf o + N, Ol 1,20

for k =1 and n = 3. This gives the results.
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Let 3 be the solution of problem (2.1) with f € L2(I;L?*(Q)). Note that ¢» = 0 on 99,
PN = (T) = 0, it follows from (2.6) that

/Q ) it = /I / (5 — g )(—0hp + A" ) ddt

= <aty 1/}>I + (Vy7 Vl/J)I + (y07 a + Z/ yh-ra 3t¢) (Vyh-n Vl/J)) i

— (1 + (o, 000 +Z / (7 (hr ' — 07) — (T, V)t

N
- Z /Iv(Tiil(y;L'r y}m— a'l/}z 1) (Vyllvr, Vﬂ’))dt + <U5'y(t)7w>l + (yO - y2T3w(70))

Note that from (3.28) we have
N N

Z(Ti_l(ygw - y;;L;l’ 7T7_Rh1/}) + (Vy}”, VWTR}LQ/})) = Z<U5V(t)7 7T7—Rh1/)>]“

i=1 i=1

where Ry, is the Ritz-projection operator. Furthermore,

(A7) /1 (Vi V(mh — 1, Rpt))dt =

i

Thus,

N
/Q it = b= 3 /I R
30 [ 7 ke = v 7 R) + (Vi T Ryl
N . .
> / 7 W~ ) + (T, Trf))dt + (30— 98 90, 0)
= _Z/ th' y}”— 7¢Z ! _WrRh@/})

+ (0. 0) Z / (b0 TRV ) + (80 = s (-, 0))

(A.S) =: E1 + E2 + Eg.
From ([3.10) it is obvious that
(A.9) | B3| = |(yo — vhr» ¥(-,0)] < Chllyollo.ellto(-0) 1.0

Now it remains to estimate El and Eg. At first we consider the case k = 0 and n = 2 or 3. We

can deduce that
N

Bl = [ty 00 =3 [ (whm R,

=1

_ ’ﬁ:/jz(iu(%@),n( Y — 1 R (v4(t), )dt\

Cllullullv — 7 Rut|l 2 (1,0 ) -
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Standard error estimates (3.12) yield
(A.11) [ = Rill 2o @) < CR* 2 (9| 212 (92))-

Moreover, from the inverse inequality we have (see [8])

N
1
Hwameﬁmwmm<§:;£AﬂmefRW®ﬁwm®ﬁ
i=1 vl

N
<o Rup(t) =R 2 sy dsdt
' Z/ / IRAt () = Rié(5) 22 s
N
s ; <Ti /II IR () = qMt)||2L2(Q)dt i /11 l4(s) — Rhw(s)”%z(ﬁ)ds

+/ / 16(6) — 0(3)| 3yl

N
< Ch*”h4||w\|%2(1;H2(Q))+Ch*”7*1(z /1 /I [ /1 5t¢(r)dr||%2(9)dsdt)
i=1 Y 1i J1q i

(A12) < ChT"h 0l 2e(rsm20)) + ChT T2 10017212 (q))-
The triangle inequality together with Lemma [2.1] implies
(A.13) |Ey| < C(h™ %7+ h>" %)

|“||U||fHL2(I;L2(Q))~

The Cauchy-Schwarz inequality, the stability (A.1]) and the standard error estimate yield (see [I8])

N 1 N 1
=~ i i 2 i 2
B < (e — i 130) (DS I = meRal3e)
=1 =1
< O 7% 4+ 7)Yl L2 (raz)nm sz @b~ 273 (lvollo.a + [lully)
(A.14) < C(h* 5 + b7 57| fll e rize ) (lwolloo + [lullo)-

Then from Lemma 2.1] (A.8), (A.9), (A.13) and (A.14) we have

oy = ynr)or
rer2rr2@),f20 1fll2nz2ce)

< O E +h7En)(llyollo.g + llully),

ly = ynrlle2rzz)y =

which completes the proof of (3.29).
Then we consider the case when k£ = 1 and n = 3. We can deduce from the trace inequality

(2.7) that
_ N
Bl = [twby b= Y [ (wbmRavis
i=17 1
N
= ‘Z/ (/ u(x,t)(w—WTha/J)(x,t)da:)dt’
i=1 I; ~(t)
< Clullear2 (v 1Y — TRl L2 (102 ()
(A'15) < CHUHLZ(I;Lz(’y(t)))”"/} - TrTRh/lp”LZ(I;WOLU/(Q))'

Standard error estimates ([4, Sec.8.5]) yield

5_3
(A16) ||1/’ - Rh1/}HL2(];W01«U'(Q)) < Ch277 ||1/}HL2(1;H2(Q))-
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Moreover, from the inverse inequality we have
N

1
L2(LWE( \ZT/I/”RN/) Rh,l/)(s)”ivol,g/(g)dsdt
1-8 1 al 9
CHZET Y ), J, IR ) = R (5)

Cht=er1 Z 7'1/ [Rni(t) (t)||2L2(Q)dt+Ti /I [1h(s) — Rh¢(s)||2L2(Q)dS

o0 = 0l o)

N
_6 _6 _
< MR o gy + O0E (30 [ [ ooy oyasar)
i=1 71 J1; i

_s _s
(A17) < ChY oW |[WllTe 1 m2(ay) + Ch' o T2 10001172 1,120

The triangle inequality together with Lemma gives

(A.18) |Es| < ChE~ 7+ 130 lfulul| 22 iz2e))-

The Cauchy-Schwarz inequality, the stability (A.2]) and the standard error estimate yield (see [I8])

IR — 7 R

N

N

1 N 1

N
~ . - 2 . 2
Brl < (Dl =i 130) " (D2 ™! = mRateld )
i=1 i=1

3
e

< C2 % 4+ 79|92z (o2 @b 2 73 (lvollo. + ullL2z:z2 (o))
(A19) < O~ + 0227 flleerz@) (Ivolloo + ullv)-
Then from Lemma 2.1] (A8), (A.9), (A-I8)and (A.19) we have

(f7 Yy — yhT)QT
rer2r;n2(), r20 122 )

< O + 27w ) (llyolloo + [lullo),

ly = ynrllLorzz)y =

this completes the proof of (3.30]).
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