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Abstract. This paper addresses the inverse scattering problem of a random potential associated
with the polyharmonic wave equation in two and three dimensions. The random potential is repre-
sented as a centered complex-valued generalized microlocally isotropic Gaussian random field, where
its covariance and relation operators are characterized as conventional pseudodifferential operators.
Regarding the direct scattering problem, the well-posedness is established in the distributional sense
for sufficiently large wavenumbers through analysis of the corresponding Lippmann—Schwinger in-
tegral equation. Furthermore, in the context of the inverse scattering problem, the uniqueness is
attained in recovering the microlocal strengths of both the covariance and relation operators of the
random potential. Notably, this is accomplished with only a single realization of the backscattering
far-field patterns averaged over the high-frequency band.
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1. Introduction. The polyharmonic wave equation is a higher order general-
ization of the classical second order wave equation. It involves the application of the
polyharmonic operator, which extends the Laplacian operator to higher orders. This
equation is significant in diverse areas of physics and engineering, such as in elasticity
theory, fluid dynamics, and quantum mechanics. For example, the biharmonic wave
equation is central to the theory of thin elastic plates, describing the deflection of a
plate under load [7]. Higher order polyharmonic equations are used in advanced mod-
els of beams and shells, where they help analyze bending and deformation of complex
structures [23]. We refer the reader to the monograph [11] for a comprehensive account
of boundary value problems involving polyharmonic operators. Stemming from the
electrical impedance tomography problem posed by Calderén in 1980, inverse bound-
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ary value problems for polyharmonic operators have recently received considerable
attention [2, 3, 4, 13, 14]. The focus is on examining the uniqueness of lower order
coefficients from boundary measurements given by the Dirichlet-to-Neumann map.
These problems are one of the active research directions in inverse problem theory
[25, 26, 27].

In practical applications, systems are often perturbed by uncertainties caused by
multiple factors, such as the unpredictability of the environment or incomplete knowl-
edge of the system. Consequently, it is necessary to introduce random parameters into
the mathematical modeling [10, 12]. Compared with their deterministic counterparts,
both direct and inverse problems become more complex in the presence of random-
ness. On the one hand, random parameters are sometimes too rough to be defined
pointwise, necessitating the establishment of well-posedness for direct problems with
low regularity parameters. On the other hand, the randomness of the parameters
makes it meaningless to reconstruct the unknown parameter pathwise; instead, it is
more reasonable to determine appropriate statistics of the parameter based on the
statistics of the measurements.

In this paper, we study the stochastic polyharmonic wave equation

(1.1) (=A)"u — k*u+pu=0 inR%

where d =2 or 3, n > 2 is an integer, k > 0 is the wavenumber, and the potential p is
assumed to be a complex-valued generalized microlocally isotropic Gaussian (GMIG)
random field. The specific requirements for this assumption are detailed in subsec-
tion 2.2. The total wave field u in (1.1) comprises the superposition of the incident
wave field u! and the scattered wave field v®. The incident wave field u! is assumed
to be generated by a plane wave

(1.2) ul(z,0, k) = "

where § € ST!:= {z € R?: |z| = 1} is the incident direction and x = k# > 0 denotes
the modified wavenumber. It can be verified that the incident wave field satisfies
(=A)"ul — k2™ =0 in RY,

To ensure the well-posedness of the scattering problem in the whole space R?, the
scattered wave u® is required to satisfy the radiation condition

(1.3) lim 8,0 (z,0, k) — iku®(z,0, k)| dy(z) =0,
r—00 o8,

where B, denotes the ball centered at the origin with radius r, and v denotes the unit
normal vector of the sphere 9B,.. It is worth mentioning that only a single radiation
condition on S, as given in (1.3), is required, instead of n conditions on (—A)Ju®
with j = 0,1,...,n — 1 for the 2nth order partial differential equation (1.1). This
requirement aligns with the radiation condition for the biharmonic wave equation in
the case of n =2, as investigated in [5]. Further details about the radiation condition
are provided in subsection 2.3. The radiation condition (1.3) guarantees that the
scattered wave u® exhibits the asymptotic behavior

ein\a:|

u¥(z,0,K) = [uoo(:%,ﬂ,n)+0(\x|71)] . |z] = o0,

d—1
|| "2

where u™ is the far-field pattern of the scattered field u*, and & := x/|z| € S4! is
referred to as the observation direction of the far-field pattern.
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Based on the polyharmonic wave equation (1.1) and the radiation condition (1.3),
there are two types of scattering problems to be studied. The direct scattering problem
involves investigating the existence, uniqueness, and regularity of the solution u in
an appropriate sense, given the random potential p and the incident wave field u!.
In contrast, the inverse scattering problem aims to determine certain statistics of the
unknown random potential p from external measurements of the scattered field u®.

The inverse random potential scattering problems for second order wave equations
were studied in [6, 15, 19, 16, 18] under the assumption that the potential is a real-
valued GMIG random field. More precisely, in the two-dimensional case, it was shown
that the microlocal strength of the covariance operator of the random potential can be
uniquely determined using a single realization of the near-field data associated with
point sources. This uniqueness was demonstrated for the Schrédinger equation in [15]
and for the elastic wave equation in [16]. In the three-dimensional case, the strength of
the covariance operator of the random potential was shown to be uniquely recovered
by a single realization of the far-field pattern associated with plane incident waves.
Studies of this uniqueness were conducted for the Schrédinger equation in [6, 19] and
for the elastic wave equation in [18]. However, there is a lack of results concerning
the inverse random potential problem based on the far-field pattern generated by
plane waves in two dimensions or on the near-field data associated with point sources
in three dimensions. The primary challenges are twofold: (i) in the two-dimensional
case, deriving an explicit form of the far-field pattern for the higher order terms in the
Born series is difficult due to the complex series representation of the Hankel function,
and (ii) in the three-dimensional case, the decay rate of the fundamental solution is
insufficient to guarantee the convergence of the Born series. For fourth order wave
equations, such as the biharmonic wave equation, the fundamental solution exhibits
a higher decay rate compared to second order wave equations, including acoustic and
elastic wave equations. This property facilitates a unified treatment of inverse random
potential problems in both two and three dimensions using near-field data associated
with point sources, provided certain regularity assumptions on the random potential
are satisfied [22]. For general higher order wave equations driven by complex-valued
random noises, no results on the inverse random potential problem currently exist,
to the best of our knowledge. The challenges lie in the complex structure of the
random potential and the fundamental solution, as well as in the absence of a unique
continuation principle.

This work addresses the inverse scattering problem for the stochastic polyhar-
monic wave equation, with the aim of determining appropriate statistics of the random
potential p under a relaxed regularity assumption. It contains three main contribu-
tions. First, the random potential is extended to a complex-valued GMIG random
field of order (—mj,—ms) for the first time in inverse random potential problems.
Its distribution is determined not only by its mean value and covariance operator of
order —my, but also by its relation operator of order —msy. Consequently, microlo-
cal strengths of both the covariance and relation operators need to be reconstructed
simultaneously. Second, the well-posedness of the direct scattering problem is estab-
lished for sufficiently large wavenumbers in the distributional sense under a relaxed
condition m = min{my,ms} € (d—2n+1,d] on the regularity of the random potential.
This condition accommodates the white noise, i.e., m =0, for the case n =2 and d =2
or the case n > 3. Third, it establishes the uniqueness of determining the strengths for
covariance and relation operators of the random potential in the almost surely sense
within a unified framework for both the two- and three-dimensional cases, based on a
countable set of measurements. Specifically, to uniquely reconstruct the strengths, a
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single realization of the far-field patterns of the scattered field u® generated by plane
waves observed at a sequence of points with an accumulation point is required.

We introduce some general notation used in this paper. The notation a < b means
a < Cb for some constant C' > 0, which may change from line to line in the proofs.
Define a Vb :=max{a,b} and aAb:=min{a,b}. The notation “P-a.s.” represents that
equations hold in the almost surely sense, i.e., with probability one. The notation ¢
stands for the Fourier transform of a function ¢ defined by ¢(&) := fRd d(x)e " Edr.

The structure of the paper is as follows. Section 2 introduces preliminaries on
real- and complex-valued GMIG random fields. Additionally, it discusses the radiation
condition of the polyharmonic wave equation. Section 3 examines the well-posedness
of the direct scattering problem (1.1)—(1.3). Section 4 focuses on the inverse scattering
problem, which is to determine the strengths of both the covariance and relation
operators for the random potential. The paper ends with final remarks in section 5.

2. Preliminaries. In this section, we briefly introduce real- and complex-valued
GMIG random fields. Furthermore, we justify that the radiation condition (1.3) is
sufficient for the scattering problem of the polyharmonic wave equation (1.1).

2.1. Real-valued GMIG random fields. Let D(]Rd) represent the space of
test functions, defined as C5°(R?) with a convex topology, let D’(R?) denote the dual
space of D(R?), and let (-,-) denote the dual product between D(R?) and D’ (R%).

Let (92, F,P) be a complete probability space. A distribution p is a real-valued
generalized Gaussian random field if p(w) € D'(R?) for each w € Q and the mapping
w i (p(w), ) € R defines a real-valued Gaussian random variable for any ¢ € D(R?).

The covariance operator C, : D(R?) — D'(R?) of the generalized Gaussian random
field p is defined by

(Co0, ) =E[({p, ) —E(p, ) ({p, 1) — Elp,¥))] Ve, € D(RY).

By the Schwartz kernel theorem, there exists a unique kernel K € D’ (R? x RY) such
that (C,p,v) = (K7,v ® ) for any 1, p € D(]Rd). Thus, K7 and C, can be expressed
informally as

Ke(z,y) =E(p(z) - Elp(@)]) (o) ~ Ep@)],  (Cop)() = / Kzle o)y
such that
(Coipr ) = / K (2, y)o(y)(z)dydz.
Rd JRA

A real-valued generalized Gaussian random field p is called a generalized microlo-
cally isotropic Gaussian (GMIG) of order —m in D if, in addition, C, is a classical
pseudodifferential operator whose symbol o € S™™ has the form

op(x,8) = ag(x) €] + by (),

where aj; € Cg°(D) is referred to as the microlocal strength of p satisfying af > 0,
and bf € S~™m=1. Here, S~™ denotes the space of symbols of order —m on R? x R,
defined as

S M=8""R?x R := {a € C®(R* x RY) : 02080 (x,6)| < Cap(l + |§\)‘m“0"} ,
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where C, g > 0 is a constant, and « and § are multi-indices with |a| := Z;l:l a; for
a=(ai,...,aq). It can be verified that the relationship between the covariance kernel
K7 and the symbol o of the GMIG random field p is given by

1 .
c _ i(z—y)-€ ¢
K§(0) = G0 /Rde< V€05 (2, €)
or equivalently,

o5 6)= [ Kilmy)e 0 Sy,

We refer the reader to [6, 15] for more details on real-valued GMIG random fields.

2.2. Complex-valued GMIG random fields. Next, we consider the complex-
valued random field p = p; + ip2, where p; for j = 1,2 are independent real-valued
GMIG random fields of orders —m; in a bounded domain D C R?. This random field
p is referred to as a complex-valued GMIG random field of order (—mq,—ms) in D.

For simplicity, we assume that p;, j = 1,2, are centered random fields, satisfying
E(p;, ) =0 for any ¢ € D(R?). Therefore, p is also a centered Gaussian random field,
determined not only by its covariance operator C, but also by its relation operator
R,, defined as follows:

<Cp</97¢> = E [<ﬁa §0> <p7¢>] ’ <R/J§0’¢> = ]E [<p7 90> <pad)>] V<P7¢ S D(Rd)

Similar to the case of real-valued GMIG random fields, there exist unique kernels
K¢ and K} in D'(R? x RY) such that (C,,¢) = (K5, ¢ ® @), (Ryp,00) = (K}, ¢ ® ),
and they can be expressed as K¢(z,y) =E[p(z)p(y)] and K (z,y) = E[p(zx)p(y)].

Since p; and p, are independent, the covariance and relation operators of p are
still pseudodifferential operators satisfying C, =C,, +C,, and R, =C,, —C,,, where
their symbols and kernels are given by

(21) U;(:E,é.):UZI($,§)+U;2($,§), g;(x’g):gzl(x’g)—g[c)z(x’g)

and
Ky(z,y) = K, (z,y) + K, (v,y), K;(z,y)=K; (z,y) — K, (z,y),

respectively. As in subsection 2.1, the symbols o7} and kernels K|/, where n € {e,r},

p b
satisfy the following relation:

(2.2) o, €) = / K'(z,y)e @0 Edy,
Rd
The regularity of p depends on that of p;, j =1,2, as specified in the subsequent
lemma (cf. [18, Lemma 2.1]).

LEMMA 2.1. Let p be a centered complez-valued GMIG random field of order
(=my,—ms) in a bounded domain D C R, where m := min{my,my} < d. Then
pE WmT_d_E’p(D) for any e >0 and p> 1.

In this work, the random potential p satisfies the following assumption.

Assumption 2.2. We assume that the potential p = p; +ip2 is a centered complex-
valued GMIG random field of order (—my, —ms2) within a bounded domain D C R4,
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where my,ms € (d —2n+ 1,d], and p1, p2 denote the independent real and imaginary
parts of p, respectively.

As a result, the covariance operator C, and the relation operator R, are classical
pseudodifferential operators of order —m, where m = min{my,mo} € (d —2n + 1,d],
with symbols ¢ and o7, € S~ (R? x R?) satisfying

o (2,8) = ag(@)[§] ™™ + by (x,€),

where b7 € ST (R? x R?) and al],b7(-,&) € C5°(D) for n € {c,r}. Here af and a},
are called the strengths of the covariance operator C, and the relation operator R,
associated with the random potential p, respectively.

_m

Remark 2.3. An example of a real-valued GMIG is given by ,/aS(—A)™ W,
as discussed in [21, section 2.2]. Building on this, a complex-valued GMIG of order
(—mq,—msy) can be constructed by defining two independent random fields:

pr= /a5 (=A) T W, py= /a5 (-A)"

where W7 and W5 are independent real-valued Wiener processes. Setting p = p1 +ipa2,
we obtain a complex-valued GMIG of the desired order. The characterization of
this GMIG is determined not only by its covariance operator but also by its relation
operator.

m

5 .
4W2,

Remark 2.4. According to (2.1), we can observe that

(i) if m1 <mg such that m =mj, then a} = af, for n € {c,r}, implying that the
real part p; of the random potential p has a stronger effect compared with
the imaginary part ps.

(ii) if my > ma such that m =my, then aj = a7, and aj, = —aj,, indicating that
the imaginary part ps of the random potential p has a stronger effect than
the real part p;.

(iii) if my =mo =m, then a

[

c _ ,C
o a

c (4 [ A—
@p, + Gp, and p=0ap, p2°
For the inverse scattering problem, our goal is to determine the strengths a¢ and

P
ay, of the covariance and relation operators for the random potential p.

2.3. The radiation condition. For the nth order polyharmonic wave equation,
it seems to be necessary to impose a total of n radiation conditions on the scattered
field and its derivatives, as follows:

(2.3) lim |0, (=AY (2,0, k) —iH(—A)jUS($,9,H)|2d’7($) =0

T—00 aBT
for j=0,1,...,n—1. Below, we deduce that the radiation conditions given in (2.3) are
equivalent to the radiation condition (1.3), which is imposed solely on the scattered
field u®.

Since the potential p is supported in D, it follows from (1.1) that the scattered
field u® satisfies (—A)"u® — k*"u* =0 in R?\ By, where Br C R? is the ball centered
at the origin with a sufficiently large radius R such that D C Bg. It can be verified
that the following operator splitting holds:

n—1

(—a) = s =] (A - xD),

=0

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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where

(2.4) Kji= Kel

for j=0,1,...,n — 1 with the imaginary parts satisfying

(2.5) Slko]l =0, Sk;] =ksin (‘77:) >0, j=1,...,n—1.

Define the functions

2
K=
e J 2 S .
L Rt Il (—A—K,l) u’, j=0,1,...,n—1,
0<i<n—1
I#5

which satisfy (A + £3)v; =0 in R*\Bg for j=0,1,...,n— 1, and Z;Z;Ol v =ub.
For j=0,1,...,n — 1, a straightforward calculation yields

nk2"v; = K3 H (A —K})u®

j
0<i<n—1
1%

=2 At | () | ()R
0<i<n-—1
1%

| Y ) ) [ T (kD)

0<ly,lp<n—1 0<i<n—1
L, la#7,li#l2 l#]
2 1 2 2 4 K2
=rj [ (=A)" U + K (=A)"T T + K Z (—A)" By 4 ?us
0<I<n—1 J
17
(2.6) = H?(—A)"ilus + m?(—A)"duS + /ﬁ?(—A)"igus T
where we used the identities
n—1 n—1
Z(—/{l?):O, Z (=7 (—k7) =0,..., H(—n?):—n%:—n?",
1=0 0<ly,lo<n—1 1=0
l1#l2
according to the expression of the nth order polynomial 2™ — k2" = ?;01 (z— ,%12)
Combining (2.6) for j = 0,1,...,n — 1, we establish the equivalence between

the sets {v;}j=0,...n—1 and {(=A) u};—¢,. n—1. This equivalence arises because the

distinct coefficients {x?,7,...,x3"} form a Vandermonde matrix, which is invertible.

K
Hence, the radiation conditions (2.3) are equivalent to the following conditions:

lim [ |0,0(0) — kv (@) dy(@) =0, j=0,1,....n—1,

= /9B,

which are automatically satisfied for j > 1 due to the exponential decay of v; since
k] > 0 for j > 1, as specified in (2.5). We then conclude that the condition (2.3)
is equivalent to the radiation condition on vy, and consequently, to the radiation
condition on u® = Z;:Ol v; as imposed in (1.3).
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3. The direct scattering problem. This section examines the well-posedness
of the direct scattering problem (1.1)—(1.3), which is shown to have a unique solution
in the distributional sense for sufficiently large wavenumbers.

3.1. The integral operators. First, we introduce the Green function for the
two- and three-dimensional polyharmonic wave equation, upon which two integral
operators are defined.

The Green function G to the polyharmonic wave operator (—A)™ — k2", defined
as the fundamental solution of ((—A)" — k2")G(z,y, ) = —6(x — y), takes the form

n—1
1
(31) G(xayﬂ‘i) = _’rlKJZn E H?(b(xay7"€j)a
j=0

where

TH (sl —yl), d=2,
(32) O yr) =4 Y et
e B
is the fundamental solution of the Helmholtz equation and «; is defined in (2.4). Here,
H(gl) is the Hankel function of the first kind with order zero.
Define two integral operators

(Hod) () : = / Gy, K)$(y)dy,

R

(33) (Ket)a):= [ Glamolot)ds

where p is the random potential. The compactness and decay properties with respect
to the wavenumber x of the operators H, and K, are given in the following lemmas,
and these properties are utilized in subsequent analysis.

LEMMA 3.1. Let D and B be two bounded domains in R?, with B having a locally
Lipschitz boundary.
(i) For s:=s1+ s2 € (0,2n — 1), where s1,82 > 0, the operator H, is bounded
from H—*1(D) to H*2(B) and satisfies

[Holl o1 Dy, (By) S &5

Furthermore, for any s € (0,2n — 1) and € > 0, the operator H, is bounded
from H=%(D) to L*°(B), satisfying

s—2n dte
[Hocll (), Lo (y) S K72
(ii) For any p,q > 1, where % + % =1, and 0 <y < min{2-1 2n-1 4 (% — 1)d},
the operator H,, is compact from W=7P(D) to WY4(B).
The proof of Lemma 3.1(i) can be found in [20, Lemma 3.1]. The proof of

Lemma 3.1(ii) is a straightforward extension of the biharmonic case with n =2 pro-
vided in [22, Lemma 2.2] and therefore, it is omitted here.
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LEMMA 3.2. Let B be a bounded domain in R® with a locally Lipschitz boundary.

(i) For any q € (2,A) and v € (%52, n— % —d(5 — %)), where

2d
A=q2d—m—2n+1’
0, 2d—m—2n+1<0,

2d—m —2n+1>0,

the operator K, is compact from W71(B) to itself and satisfies

||Km||£(W“N1(B)) 5 H2’Y*2n+1+d(1*%).

(ii) For any s € (5™, 221, the operator K, is bounded from H*(B) to itself
and satisfies
1Kl 2re(my) S K272
Moreover, for any s € (d*Tm,Zn —1) and € > 0, the operator K is bounded
from H*(B) to L*>®(B), satisfying

o dte
1Kl e By, Loe(my) S K572

It is worth mentioning that the condition m > d — 2n 4+ 1 in Assumption 2.2
ensures that the intervals (2, 4) and (52, n — 1 —d(3 — é)) in Lemma 3.2 are not
empty. The proof of Lemma 3.2 extends the case of the biharmonic operator with
n =2 as presented in [22, Lemma 2.3]. It utilizes the relation K,.¢ = H,(p¢) alongside
the properties of H, outlined in Lemma 3.1. For brevity, the details of the proof are

omitted here.

3.2. Well-posedness of the direct problem. Based on the integral operator
Ky, we can formally rewrite the scattering problem (1.1)—(1.3) as the Lippmann—
Schwinger integral equation

(3.4) u—Keu=1u'

where u! is the incident wave field defined in (1.2).

LEMMA 3.3. For any bounded domain B C R¢ with a locally Lipschitz boundary,
the Lippmann—Schwinger equation (3.4) admits a unique solution v € WY4(B) for
sufficiently large k, where v and q satisfy the conditions specified in Lemma 3.2.

Proof. By Lemma 3.2, the operator K, : W7"4(B) — W7"4(B) is compact.
Moreover, the incident wave field u! is smooth and bounded in B, which implies
u' € WY4(B).

It suffices to show that the homogeneous equation u—/C,,u = 0 has only the trivial
solution © =0 in W4(B). In fact, if u, € W4(B) satisfies u. — Kiu. =0, then

_on _2
lllwnacmy < IKklleqwamy luslwsas) S 627200 |y s,
which implies u, =0 for sufficiently large wavenumbers due to the fact that 2y —2n+
1+d(1 - %) < 0, thereby completing the proof. d

THEOREM 3.4. For any bounded domain B C R? with a locally Lipschitz bound-
ary, the scattering problem (1.1)—(1.3) admits a unique solution uw € WY4(B) in the
distributional sense for sufficiently large k, where v and q satisfy the conditions stated
in Lemma 3.2.
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Proof. To establish the existence of the solution, we demonstrate that the solution
u € WY4(B) of (3.4) is also a distributional solution of (1.1)—(1.3). In fact, since u
satisfies

u(z,0,5) = . G(z,y,w)p(y)uly, 0, k) dy + u'(z,0, k),

we obtain for any ¢ € D(B) that
(((=2)" = &> u+ pu, ¢)
= <((— ) 2” (/ G-y, k) py)uly, 0, k)dy +u'(-, 9,&)) +pu7¢>

= [ A =) Gl ) pla) . )y + (o, 6)
+(((FA)" = &), ¢) = —(pu, ¢) + (pu, ¢) =0

based on an extension argument (cf. [24, section 2.4.2, Theorem 2]), where we used
the fact that ((—=A)" — x2")ul =0.

To show the uniqueness of the solution, we split the total field u into the scattered
field u* and the incident field !, i.e., u = u® 4+ u', rewriting (1.1) as

((—A)" — K*™) u® 4 pu® = —pu' in RY,

where the scattered wave u® satisfies the radiation condition (1.3). It suffices to show
that the homogeneous equation

(3.5) ((—A)" — K*)ul + pus =0 in R?

with the radiation condition (1.3) has only the trivial solution u$ =0 in WY(B).

We claim that any solution of (3.5) is also a solution of the homogeneous
Lippmann—-Schwinger integral equation uj — IC,;uf = 0. Denote by B, an open ball
with radius 7> 1. For any fixed 2 € R, the solution u$ of (3.5) satisfies

(3.6)
- /B Gy, 1) ply)s (4, 8, k) dy + 5 (z, 6, )

- / Gy, 1) (=AY — K2) u (4,0, K)dy

us (y,0, k) ((fA)” — /12") G(z,y,k)dy

%
5"

r

G,y 5) (=)™ (y, 0, k) dy — /B S (3,0, 5)(— D) Gz, y, k) dy

I
5~

Il
™
—

(Do (=AY Gy, 1)) (~A)" T3y, 0, k)

By

—A) Gy, 7) (u(=A)" I (3,0, ) | dy(y)

Jj=

H/\O

S—

3

11—

-5

(@AY Gla,y,1) — k(=AY Gla,y,1) (~A)" " us (.0, )

By

<.

0
— (=AY G(z,y,5) (0u(~ A)"‘l_jUi(yﬁw)—if@(—A)"_l_jui(yﬂ,H))}dv(y)-
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Noting that both G and u$ satisfy the radiation condition (1.3), or equivalently (2.3),
we can follow the same procedure as provided in [8, Theorem 3.3] to obtain

lim (=AY f(y)Pdy(y) S1, j=0,1,...,n—1,

7—00 9B,

for f=G(z,,k) or f=uS(-,0,k). Letting r — oo in (3.6), we get

— G(z,y,k)p(y)us(y, 0, k)dy + ul(x,0,k) =0,
Rd
which verifies the claim.
It follows from Lemma 3.3 that the homogeneous Lippmann—Schwinger integral
equation has only the trivial solution u$ =0, thereby completing the proof. ]

4. The inverse scattering problem. This section is dedicated to discussing
the uniqueness of the inverse scattering problem. We begin by introducing the Born
sequence, which is defined through the equivalent Lippmann—Schwinger integral equa-
tion (3.4), ensuring that the Born series converges to the exact solution. Subsequently,
detailed estimates for the Born series are provided to establish the uniqueness of the
inverse scattering problem by utilizing far-field patterns of the scattered wave.

4.1. The Born sequence. It is shown in Theorem 3.4 that the scattering
problem (1.1)—(1.3) admits a unique solution w, which satisfies the equivalent
Lippmann—Schwinger integral equation (3.4). Define ug(z,0, ) := u'(x,0,x) and the
Born sequence based on (3.4) as follows:

(4.1) wj(x,0,K) = (Keuj—1(-,0,k)) (), j>1.
Let B C R? be any bounded domain with a locally Lipschitz boundary, and let ~

and ¢ satisfy the conditions specified in Lemma 3.2. We claim that the Born series
defined in (4.1) converges to the solution of (3.4) in W9(B):

u(x,0, k) = Zuj(x, 0,k)
3=0

for a sufficiently large wavenumber k. By Lemma 3.2, the convergence of the Born
series follows directly from

No N2
> uy(-,0,k) < Ko 0, 5)l[wa ey
J=N1 W4(B) J=N
No
5 Z I€<27_2n+1+d(1_%))j||Ui(',9,:‘i)”w'y,q(B)—>0
J=N1

as Ni,Ny — oo since v <n — %+ —d(% — %) We denote the limit of the series by
u*(x,0,kK) = Z;io uj(z,0, k), which satisfies (3.4) due to

o0 oo
Kou* = E Keu; = g uj =u" —up,
j=0 j=1

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/11/25 to 124.16.148.23 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

1248 JIANLIANG LI, PEIJUN LI, XU WANG, AND GUANLIN YANG

thus verifying the claim. The scattered wave u® =u — u' can be expressed as
(o)
u®(z,0,Kk) = Z uj(z,0, k).
j=1

The far-field pattern of the scattered field u® can be decomposed into the sum of
the leading term u3° and the residual term b>°:

u™(z,0,k) =ui(z,0,k) + b (2,0, k),

where the residual term b°° takes the form
o0
(4.2) b>*(%,0, k) :Zu‘]?o(i:ﬂ,n),

with u$°(, 0, r) representing the far-field pattern of u;(x,0, x) for j > 1.

4.2. Analysis of the leading term. Referring to (3.3) and (4.1), we derive the
explicit expression of u; as follows:

(4.3) ui(x,0,K) = y G(z,y,k)p(y)uo(y, 0, k)dy.

Considering that e"l%l decays exponentially to zero as |z| = oo if j > 0 according to
(2.5), and combining it with the asymptotic behavior for large arguments of ® given

in (3.2) as described in [9, egs. (2.15),(3.105)], we obtain the asymptotic behavior of
the fundamental solution G:

ik|z| o 1
(4.0 G(x,m:'e'dl[%-@"-%e-mwuo(')}, 2] = o0,
x|z n x
where
of
b d:2’
(4.5) Cy:= \/187T
Z, d:3
T

Combining (4.3) with (4.4) and choosing § = —%, we get
wi(d,~a0) = [ Glagum)ply)e Dy
Rd

ik|z| C da1 o 1
LA [dn(%;) /Rd e Y p(y)dy + O ()} ;

e ]

which yields the corresponding backscattering far-field pattern of u:

Cq

7,{—(2n—%)/ e—QiHi-yp(y)dy.
R4

(4.6) u (&, —&, k) = -

The following result illustrates the contribution of the leading term u{® in deter-
mining the strengths ay, and aj,.

THEOREM 4.1. Let the random potential p satisfy Assumption 2.2. For any fired
7>0 and all # €S, it holds that
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2Q C1?

ngnoo @/ RMTAN ATy 20 (3 b k4 T)uSS (&, — 3, k) dk = lﬁ;'m as(2ri) P-a.s.,
e 4n—d—1 Ci 5

QILIHOO 0 / gMTANTATLy (3 Gk + T)uSC (—2, &, k) dk = —3om ay(2rz) P-as.,

where the constant Cy is given in (4.5).

Proof. For simplicity of notation, we define Uy (k) = ui®(Z, —2,k), U_(K) :=
u®(—&,2, k), and Uy (k) = p4 (k)+ig+ (), where py and ¢4 are the real and imaginary
parts of UL, respectively.

It follows from (2.2) and (4.6) that we have

E U+ (k+ 1)U+ ()]

2

C ] 11 ‘ N -
_ ‘ d| (K—FT)%_QTLK%_QH /Rd /Rd e—?l(n—‘—‘r)r-yeme-zE {p(y)p(z)} dydz

n2

_|Cal? dt1

— (K+T)——2nﬁd+1 Qn/d |: dK;(y,z)e—i2n§:~(y—z)dZ:| e—iQTi'ydy
R R

_|Cqf?
- 2

d+1 d+1

(k4+71)2 22 2 /Rd o, (y, 262)eT2TEY gy

|2 dfl_o

C 1 , o s o
= | dz (IQ—I—T)%_QTLKT " a;(y)e_lzm'ydyﬁmi\_m—l— b;(y,Qm?)e_Qm'ydy
n R4 R4

on— 4t

2 2
_ Lg;lm (Hj ) o~ (mAan—d— 1)0,0(2T37)+O< (m+4n— d))
T

and similarly

E[U4 (5 +7)U- (k)]
2

e . o
=t [ ] e e )0y
n R4 JRE

C3 o o
d (K, + 7')%72”'/%&72”/‘1 l: ) K;(y,z)eﬁkam(yz)dz:l 67127'x~ydy
R R

d+1

7
02 d+1 . "
d ==-—2n,.“F=-2n T =\ ,—i27Z-y
= ﬁ(anT) z K 2 y o,(y,2k2)e dy
d+1

02 2n— 5= =N
_ d ( K ) H—(m+4n—d—1)az(27-§7) +0 (K—(m+4n—d)) ,

n22m \ K+ 1

where m > d — 2n + 1 such that m +4n — d — 1 > 0. Noting that

. 1 2Q K 2n— 4L
lim — dr =1,
Q—00 Q Q :“E—'—T

we obtain
2
lim ~ [ pmtin-d-ig {U+(H+T)U+(H)]d = |€d| 7 (2r ),
(4'8) 1 2Q 02
: m+4n—d—1 — d_ 5 7
Qh_r)nooQ/Q + E[Us(k+7)U_(K)]dk = —2om r(27%)
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To prove (4.7), together with (4.8), it suffices to show that

1@ 1 (%@
4.9 lim — Y¢&,k)dk =0, lim — Y"(z,k)dk =0 P-a.s.,
a9 Jgm g [V dm g [y

where

YO(3, k) = gmHAn—d-1 (U+(n + 70, (k) —E [U+(n + T)m] ) ,
Y7 (3, k) i= g1 (U+(I<L + 1)U (k) —E[Uy (5 + T)U_(H)]).

We obtain from a straightforward calculation that

U (1 4+ 705 () =

(D3 (5) + P (5 +7) + 03 (k) + ¢4 (5 +7)]

(94 (4 7) = D1 (9)* + (a1 (5 +7) = 0. ()]

(4.10) -

POl = o =

(04 (e 7) + a4 () + (a1 (5 +7) = ()]

and

1+

-
=5 [0+ (5 +7) = () + (g (5 + 1)+ - ()]

(4.11) =5 |G+ 1) =@ ()* + (a1 (5 +7) = p-(0))]

Uy (k+1)U_(k) [p° (k) + D% (h+7) + ¢ (K) + ¢} (k+7)]

Denote the set © = ©; U ©,, where

O1:={p+(k +7),p+(K),p-(K),q+ (K + 7), 4+ (x),q-(K)},

Oz :={p1(k+7) = p+(K),p4(k +7) = p—(K), ¢+ (K + T) — ¢+ (K),
4+ (K +7) 4+ q-(k),p+ (K + 7) + ¢4+ (k),p+ (K + T) — g—(K),
g+ (k+7) = pi(K), g+ (K +T7) —p—(K)}.

By (4.10) and (4.11), it is evident that both Y°(Z,x) and Y" (&, k) are linear combi-
nations of random fields in the set

{Xy =pm L (W2 —EW?) W, €0}

Therefore, to prove (4.9), it is sufficient to show for any W, € © that

1 (%@
(4.12) lim —/ Xedk=0 P-as.
QJq

Q—o00
To show (4.12), according to Lemma 4.2 provided after this theorem, it suffices

to show that there exist some constants p,a >0, 8 >0, and x4 > 1 such that for any
K > K4, the following inequality holds:

t (073
E X Xord] S <1+H) (Ut ft—pl)™® V0.
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Note that
|E [Xan-s-tH = |IE [’QmJAnidil("f + t)m+4nid71 (Wrg - ]EW;S) (W»?-s-t - EWEH)] |
m n—d— m ’!L 2
:2|:E(l<.: +42d1(/€+t) = leW,{+t>:| 5

where in the last step we used the result given in [18, Lemma 3.4] for W, € © being
centered real-valued Gaussian random fields. Hence, we conclude that, to show (4.12),
it suffices to show that there exist constants u,a >0, >0, and k, > 1 such that

(4.13)
m+4+4n—d—1 m+4n 1 t @
@(H*:fi(n+@*dwwMﬁQ}g(1+K)(1+uuD6 V>0

for any k > k4 and W, € ©.
First, we consider the case W,, € ©1. It follows from the definitions of p (k) and
g+ (k) that we have

P (o (52) = 5 [Us s0) + T Gon) | [0 () + T 2)|
0+ 1) 52) = = [Us (00) = TG [ U () = TG

Evidently, to show (4.13) for W, € ©1, we require the following estimates:

dHl_gp 441

‘E[U+(”1)U+(H2)} Swyt ey m(1+\/€1*/€2\)_N7
atl_op d —m —N
(4.14) E[Us(k1)U-(k2)]| Sk1? 7 kg (1+ [k —r2l)
’ dtl_op dif n—m —
E[U(5)Us (5] S 17 hp” T (LR 2) Y
T 7~ dtl_on d+ —2n—m - N
’]E |:U+(H1)U K2 ]‘ <I€1 (1+I€1+I€2)

for any & € SY7!, k1,k2 > 1, and any fixed N € N. The proof of these estimates is
similar to that of [17, Lemma 3.4] and is omitted here.
The above estimates in (4.14), along with the fact that

(1+I€1+/€2)_N§(1+|I€1—I€2|)_N Vlil,/igz:l.

for any NV € N, yield that

m+4dn—d—1 m44n—d—1
B [n ™25 e ) i (pa (54 1)

m+4n—d—1 m+4n—d—1 d+1 on

<RI (o 4 ) I g I (g ) B e )N
|m|

(4.15) < (1+Z>2 (14t~

and similarly

2

ee(aslis+0)]| 5 (14 2) T e

m+44n—d—1
2

(4.16 ‘E|: m,+4n d— I(K/_’_t)

which indicate that (4.13) holds for W, =p, (k) and W, = ¢+ (k).
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Since (4.15) and (4.16) hold for any # € S*™!, replacing # with — in (4.15) and
(4.16), we conclude that (4.13) also holds for Wy =p_(x) and W, = q_ (k).

Moreover, replacing x with x + 7 in (4.15) and (4.16) indicates that (4.13) holds
for W,, = py(k +7) and Wy, = g4 (x + 7), which completes the proof of (4.13) for all
W, € 0.

Next, we consider the case where Wy, € O2. Let us take W, =pi(k+7)—q_(k) as
an example, as the estimates for the others can be derived using a similar argument.
Note that

p+(k+7)g- (K +1)
:% {U+(m+r) +m} [U_(wrt) _m}
:%[U+(I€+7)U_(H+t) — Uik +7)U_(k+1)

+ UL (h+TU_(k+t) = Uy (k+1)U_(k+ t)},
which, along with (4.14), implies that
[Elps (54 7)g- (5 + D)l S (5 +7)F 2+ ) F 20 (14 e — )7V
Similarly, we can obtain that
E[ps (k4 T)ps(r+t+7)]| S (5 +7)F (k4 t+7)F 20mQ 4N

1<
E[pr(k+t +7)g- (O] S (5 4+t 4+ 1) F 265 =207 (1 4y 1)~V
E[q_(k+t)q_ ()] S (k+1)F 26T 27 (1 4 4)~N

Consequently, for W, =p (k + 7) — ¢—(k), it holds that

WiWert =py(k+T)py(+t+7) —pp(5+7)g- (K +1)
—p+(F+t+7)q-(K) + ¢ (r+1)g— (k)
such that
‘E [H m+4n2—d—1 (K 4 t)

m+44n—d—1
2

WeWiere]|

mtdn—d—1 m4dn—d—1

Sk 2 (K;—i—t) z [(KJ—I—T)%_ml(/i-i-t—‘rT)%_Qn_m(l+t>_N

+(r+7)F )T (L - )Y
F (httr) T 2 T 2 m (] )N (k) 2T () g )N

d+1

2n——d;1 m+2n—

) ) t 2

:/4,7([4;4_15)77 < r ) <H> (1+t)*N
K+T K+t+T

271—@
) A+[t—7)~ N

+1

) n_7(1+t+7')_N+fi_%(/f+t) (1t

K+T

m m t
+rT2(k+1)2 (H
K+t+T

[+t N+ (@+pt—7) N +r 2 (k+)2(1+t) N

[m]

< 1+> i [+ M+ @+ t—7)N],
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where we utilized the facts that 2n — % >0 for any n>2, and m+2n — % >0 for
m € (d —2n+ 1,d] as stated in Assumption 2.2, and that

[m|

%l t %l t 2
max{( r ) 7(“+> }:<1+> Vi>1,t>0.
K+t K K

This completes the proof of (4.13) for W, € ©,.
Combining the above estimates, we conclude that (4.13) holds for all W, € ©,
thus completing the proof. O

LEMMA 4.2. Consider {X;}t>0 as a real-valued and centered stochastic process
with continuous paths. Assume that there exist constants p,a >0, >0, and Kk, > 1
such that

t (0%
(4.17) IE[X o Xpt]| S (1—5—/{) I+ [t—p)™? Vt>0,k> kK,
Then, it holds that
1 [
(4.18) ngnooQ/Q Xedk=0 P-a.s.

Proof. Without loss of generality, we assume that 5 € (0,1); otherwise, if 8 > 1,
one can always find 8’ € (0,1) such that

BX Xl S L+ [t —pl) P < (14t —p)™

For @ being sufficiently large such that Q > k. V(2u), it follows from the condition

(4.17) that
1 /29 2 1 2@ 20
E|— X,.dk :—2/ / E[X:X,]dsdr
Q Q Q Q Q

1 2@ 2 RN
5@/ / (1+HHS|) (14 ||k — 5| — p|) " Pdsdx,
Q Q

where it holds for &, s € [@,2Q)] that

a «@
|k —s]\* (2_§> §<3> <29, K2s,
oty 6

K S\«
(7> <29 K < S.
K

Hence, we obtain

2

1 2@
Ea/ X,.;/dl{
Q
1 2Q r2Q
<1 /<1+|m—s|—u|>-ﬁdsdm
Q

1

N ‘

™
S

2Q (k—p)VQ K (k+p)N2Q
(VAT AV
Q Q (h=p)VQ K
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2Q
+/ >(1+||nsu)3ds}dn
(HJrM)/\QQ

- </Q+u /Qi“jL/ZQ ) [(1“@—#—@)1!’

(1+H—/~L—( W)V T+ 201+ )
—(I—k+p+ (k- )vQ)1 Pkt p—(k+p)A2Q)7

+(1—I€—M+2Q)1ﬁ—(l—lﬁ—u—F(H-‘rM)/\QQ)lﬁ]dK

_ 2 - (I+Q—-—w?* P —(1+p3?"F

—Q_W{Q(Hu)l F—2Q+2u+ 573 }
1

5@~

First, we show the convergence of the result (4.18) at discrete points {@Q }nen-

Define Q,, := (n + 1)* and &, := Ql ;Q” X, dr for any n € N, with the constant k

being large enough such that k >3 L and Q, > k. V (2u) for any n € N,. Tt can be
verified that

2 )

1
) S P
NZ(n+1)Bk oo,

n=1

2Qn
X.dk

ZEW ZE

which, together with the Borel-Cantelli lemma, implies

(4.19) lim &, =0 P-as.

n—oo

Next, we show the convergence of (4.18) for arbitrary ) — co. Define an auxiliary
random variable

1 [2@
Y, = sup — Xeds —&p |,
Qn<Q<Qui | @ Jq
which satisfies
1 2Q 1 2Qn 2
E|Y,]*=E sup — Xdi — — X, dr
Q.<Q<Qus1 |Q Jg Qn Jq,
[ 2Qn 1 2Qn 2
=E sup / / / Xpdk — — X.dr
QniQ<Qni1 2Qn Qn
1 1 2Qn
<2E sup ( — > X.dk
Qn<Q<Qni1 Q Qn Qn
1 [¢ ’ 1 [@ ’
+ sup —/ Xedr| + sup — X dr
Qn<Q<@ni1 |Q Jq, Qn<Q<Qui | € J2q,
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2Qn  2Qn Qn+1 Qn+1
< <Q”+1Q") / / E[X, X, |dsdr + — o / / E|X,X,|dsdx

2Qn+1 2Qn+1
/ / E| X X,|dsdr

- (QnH—Qn) _ <<n+2)k—<n+1)k>2<1
~ Q% (n+1)* ~n?

where we used the fact that E|X,X,| < (E|X,[?)? (E|X,|?)? <1 for s,k > Qn > k.
based on the condition (4.17) with ¢ = 0. Hence, we get

0o 0 1
SEVPEY Lo
n=1 n=1

which indicates lim,,_, o, Y;, =0 almost surely according to the Borel-Cantelli lemma
again. The proof is completed by combining the convergence of {£, }nen, given in
(4.19). O

4.3. Analysis of the residual term. This subsection demonstrates that the
contribution of the residual term 5>, defined in (4.2), is negligible to the inverse
scattering problem by utilizing the decay property of the integral operator /C,.

THEOREM 4.3. Let the random potential p satisfy Assumption 2.2 with the addi-
tional condition m > 4d_§7”+2; then it holds for all &,0 € S? that

1 [ 2
lim 6/ gmAn=d=11p0 (3 0 k) dk =0 P-a.s.

Q—o00

Proof. From the definition of the residual in (4.2) and the asymptotic expansion
of the fundamental solution given in (4.4), we obtain

C 1) — o
P (00.) = LR OIS [y 0.0,y
— JRd

Let x € C§°(R?) be a cutoff function with support in a bounded domain U such that
DcCUand x(y)=1if y € D. For any s € (d om 2ol ng\/l, and p’ satisfying
1/p+1/p' =1, it follows from Lemma 2.1 that p € W—P(R%). We deduce that

(o Sla 2 n 71/{(17
5°(2,6,5) | = | - Cun ™ 22 / (s (3,6, ) (9)dy
d+1
SkE 2 lplw- sw(rd) ||XtUo(—E, " K Zuy 1(+,0, %)
We»' (Rd)
SH 2nHXUO( T, 6) | g (e XZU] 1(+,0, k)
=2 He (RY)
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N

dil_on s
K 2 2L ZHICJ 1 9 K)HHS(U

d+1

K 2n+SZ 1K HL(H (U))HUO("eaH)HHS(U)

A

S I<E4874n+ %

b

where we used the product rule [6, Lemma 3.6], the decay property

||/C ||L(H U))<l€2S 2n+1 P-a.s.

for s € (452, 22=1) provided in Lemma 3.2, and the fact that [jug(-, 0, k)| s vy S K°
(cf. [6, 18]). A stralghtforward calculation yields

m+4n d—1 poe 9 K d:‘{ / KM= 4n+88+2d <Qm 4n+88+2
s (@00 S

which converges to zero as ) — oo if there exists some s € (—m7 2n-1) such that
m—4n+8s+2<0, ie., s< % Indeed, such a constant s exists since

d—m<4n—m—2
2 8

provided that m > MLB""'Q

, which completes the proof. ]

4.4. Uniqueness of the inverse problem. With the analysis of each terms
involved in the far-field pattern u°°, we are now in a position to present the main result
of the paper. This result enables the unique recovery of the microlocal strengths af
and aj, of the covariance and relation operators of the random potential, respectively,
from a single realization of the backscattering far-field data and by calculating the

Fourier transforms of a; and ay,.

THEOREM 4.4. Let n > 2, d = 2,3, and p be a random potential satisfying As-
sumption 2.2 with

4d —4n+2
(4.20) me <dgn+,d .

For any fixed 7 >0 and all T € Sd_l, it holds that

(4.21)
li 1 2Q et dn—d—1 oo(A R i )Wd o ‘Od|2 (2 ) P
anoo 0 K uT(&, =&,k + T)u (&, ~&, k)dk =0 D ag (218 -a.s.,
(4.22)
1% +4n—d—1 C3
. - m+4n—d—1, oo~ _ A 0O A A _ T _
Qh_r)nooQ/ K u™ (&, =&,k + 7)u> (=2, %, k)dk = nQQmap(QTx) P-a.s.,

where Cq is defined in (4.5). Moreover, a, and a;, can be uniquely determined by
(4.21) and (4.22), respectively, with some fixred 79 > 0 and an infinite number of
distinct directions {Z;}jen C ST, or with some fized @9 € S*' and an infinite

number of distinct increments {7;}jen C [Tmin, Tmax] With 0 < Tiin < Tmax-
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Proof. For simplicity, we use the notation v; = u{® and v = b*>°. The far-field
pattern u®(&,0, k) can be written as

uoo('iaaa’%) :vl(‘%vavﬁ) +1)2(@707’4‘)’

which leads to

I —
) / pMFAN=d=150(G 3 k4 T)ue (&, — &, k)dK
Q

2 20 - .
= Z a / 5m+4n—d—1’01‘(§77 _fi'a K+ T)'Uj (fi’, _f,i'7 K,)d[{; = Z I’L,]
o ¢ i,j=1
and
1 [2@
Q / gmEAn=d=ly o0 (3 & k4 T)u>®(—1, 2, k)dk
Q

2 2Q
1 E
= § : @/ K/m+4nidilvi(i‘7_iaK+T)Uj(_£7£7K)d/{ =: Ji’j'
Q

ij=1

It follows from Theorem 4.1 that

. ‘Cd|2/\c ~ . Cﬁ 5 o
ngnoojl’l = Som as(27%), ngnoo Ji1= Wap(%'w) P-a.s.

For the other terms I; ; and J; ; with (4,7) € {(4,5) : i # lorj # 1}, we have from
Theorem 4.3 that

[N

1 [
lim [; ; < lim { [Q/ /@m+4n*d71\v,~(i‘,—i,/{+7)|2 dli]

Q—00 Q—o00 Q
1
2
} = 0’

12
Qlim Ji; < Qlim { [Q/ gMAR—A=T (6 d g4 7—)|2 dli]
—00 —00
Q
3
b-o

1 [ )
X Q/Q pmHAn A=l (2, 2, k)| dk

Nl=

1 [ 2
X Q/Q grtAn=d=ly (—3 3, k)2 dr

We then conclude that

R B A R Py Y Cal® ~ o .
Qh—{nooé ; K u™(Z, =2,k + T)ug (x,—$7ﬁ)d/€=n22maf)(27'{1}) P-a.s.,
Ci

ar(212) P-as.

Q—o0 n29m P

1 [
lim Q/Q /{m+4n_d_1u°°(§c7—a%,n+T)ui’o(—&:i:m)dﬁ:

-~ -~

Since af,a;, € C§°(D), their Fourier transforms af and aj, are analytic and can
thus be uniquely determined by their values at a countable sequence {&;},cn with an
accumulation point (cf. [1, Chapter 4, section 3.2]). Moreover, due to the compactness

of the finite-dimensional unit sphere S9! and the closed interval [Tmin, Tmax), the
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sequence {27%} has an accumulation point for some fixed 79 > 0 and an infinite
number of distinct directions {#;};en C S*', or for some fixed &5 € S*! and an
infinite number of increments {7;}jen C [Tmin, Tmax]. This completes the proof of the
uniqueness for determining the strengths af, and aj. 0

Remark 4.5. Tt is worth noting that for n =1, the condition (4.20) turns out to
be m € () for d=2,3. It coincides with the acoustic wave equation (cf. [6, 15]) and the
elastic wave equation (cf. [16, 18]) that (i) for the two-dimensional case, the near-field
data observed in an open domain will be used instead of the far-field data to uniquely
determine the strength of the random potential; (ii) for the three-dimensional case,
the second term u$° defined in the Born sequence needs to be estimated separately
from the residual (4.2) to get a sharper condition on m.

Remark 4.6. If, in particular, my = mg = m, the strengths a7 and aj, can be
reconstructed for the real and imaginary parts of the random potential, respectively,
as indicated in Remark 2.4.

5. Conclusion. In this paper, we have studied the well-posedness of the direct
scattering problem and the uniqueness of the inverse random potential scattering
problem for the stochastic polyharmonic wave equation in both two and three dimen-
sions. Here, the random potential is assumed to be a centered and complex-valued
GMIG random field. We have demonstrated that the direct scattering problem admits
a unique solution in the distributional sense for sufficiently large wavenumbers. Ad-
ditionally, we have shown that a single realization of the far-field patterns is sufficient
to uniquely determine the microlocal strengths of both the covariance and relation
operators of the random potential.

The present paper addresses the two- and three-dimensional polyharmonic wave
equations within a unified framework. This is facilitated by two key observations: (i)
the far-field pattern of the first term w; in the Born series can be uniformly treated, as
the fundamental solutions for both cases exhibit a unified asymptotic expansion, and
(ii) the far-field patterns of the other terms u;, j > 2, can be considered as higher order
terms whose contribution to the reconstruction is negligible under a more demanding
condition (4.20) on the parameter m than the one in the direct scattering problem.

To demonstrate the well-posedness of the direct scattering problem, the wavenum-
ber is assumed to be sufficiently large to ensure that the operator C,; is a contraction
map as it appears in the Lippmann—Schwinger equation. It is interesting to prove
that the direct scattering problem admits a unique solution for any wavenumber.
This requires new techniques to demonstrate that unique continuation holds for any
wavenumber. In addition, it is unclear whether the condition (4.20) for the inverse
random potential scattering problem is optimal. As mentioned in Remark 4.5, the
condition on m could potentially be further weakened if more refined estimates were
available for the other terms u;, j > 2, instead of treating them uniformly as a resid-
ual. However, obtaining refined estimates for these terms is intricate, as the random
potential p becomes much less regular if m is smaller than assumed in Theorem 4.4.

A potential approach to obtaining a sharper condition on m is to utilize other
types of measurements, such as the near-field data excited by point sources. In this
scenario, the two- and three-dimensional wave equations are typically treated sep-
arately due to the distinct expressions of the fundamental solution. Moreover, the
singularity of the fundamental solution present in the near-field data, as well as the
incident wave, will make both the direct and inverse scattering problems more com-
plex. Progress on these aspects will be reported elsewhere in the future.
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