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This paper investigates numerical schemes for stochastic differential equations driven by multi-
dimensional fractional Brownian motions (fBms) with Hurst parameter H ∈ ( 1

2 , 1). Based on the
continuous dependence of numerical solutions on the driving noises, we propose the order conditions of
Runge–Kutta methods for the strong convergence rate 2H − 1

2 , which is the optimal strong convergence
rate for approximating the Lévy area of fBms. We provide an alternative way to analyse the convergence
rate of explicit schemes by adding ‘stage values’ such that the schemes are interpreted as Runge–Kutta
methods. Taking advantage of this technique the strong convergence rate of simplified step-N Euler
schemes is obtained, which gives an answer to a conjecture in Deya et al. (2012) when H ∈ ( 1

2 , 1).
Numerical experiments verify the theoretical convergence rate.

Keywords: fractional Brownian motion; strong convergence rate; Runge–Kutta method; simplified step-N
Euler scheme.

1. Introduction

In this paper we consider the strong convergence rate of numerical schemes for the following stochastic
differential equation (SDE):

dYt = V(Yt)dXt =
d∑

l=1

Vl(Yt)dXl
t , t ∈ (0, T],

Y0 = y ∈ R
m,

(1.1)

where Xt = (X1
t , · · · , Xd

t )� ∈ R
d with X1

t = t and X2
t , · · · , Xd

t being independent fractional Brownian
motions (fBms) with Hurst parameter H ∈ ( 1

2 , 1). The well posedness is interpreted through Young’s
integral or fractional calculus pathwisely; see Zähle (1998), Lyons et al. (2007), Friz & Victoir (2010)
and references therein.

The fBm Xl on the probability space (Ω ,F ,P) is a centred Gaussian process with continuous sample
paths. Its covariance satisfies

E

[
Xl

sX
l
t

]
= 1

2

(
t2H + s2H − |t − s|2H

)
, ∀ s, t ∈ [0, T], (1.2)
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where H ∈ (0, 1) is called the Hurst parameter. The fBm is a semi-martingale and Markovian process
only if H = 1

2 , that is, the standard Brownian motion. Otherwise, the process exhibits long-range or
short-range dependence when H ∈ ( 1

2 , 1) or H ∈ (0, 1
2 ), respectively. This brings in wide applications

of SDEs driven by fBms, such as the flows in porous media (Cao et al., 2017, 2018), the stochastic
volatility model (Chronopoulou & Viens, 2012; Garnier & Sølna, 2017), the simulation of transient noise
in circuit (Denk & Winkler, 2007), the rough Hamiltonian systems (Hong et al., 2018), the stochastic
modelling in nanoscale biophysics (Kou, 2008) and the range of cumulated water flows in hydrology
(Mandelbrot & Van Ness, 1968). However, there are many obstacles in both the simulation for noises
and analysis of strong convergence rate for numerical schemes.

On one hand the covariance of fBms causes difficulties in simulating Nth-level (N � 2) iterated
integrals in multi-dimensional case. For the standard Brownian case H = 1

2 Milstein & Tretyakov
(2004) give an approximation for iterated integrals, which can be simulated by specific independent
and identically distributed Gaussian random variables. For the case H �= 1

2 other techniques need
to be explored. An implementable choice is to substitute the Nth-level iterated integral of X by
1

N! (ΔXk)
N directly. The corresponding numerical schemes are called simplified step-N Euler schemes;

see Gradinaru & Nourdin (2009), Deya et al. (2012), Friz & Riedel (2014) and Bayer et al. (2016).
Another way is taking advantage of stages values to design Runge–Kutta methods, which are derivative
free and can be particularly chosen as structure-preserving methods; see Milstein & Tretyakov (2004),
Hong et al. (2018) and references therein.

On the other hand, since fBms with H �= 1
2 have no independent increments or martingale property,

approaches for the analysis of the convergence rate for schemes in the fractional setting are different
from those via the fundamental convergence theorem, which reveals the relationship between the local
error and the global error in Milstein & Tretyakov (2004) for the standard Brownian case. In Deya
et al. (2012) authors analyse the simplified step-2 Euler scheme by the Wong–Zakai approximations
and obtain the pathwise convergence rate (H − 1

3 )− in Hölder norm for any H ∈ ( 1
3 , 1). They conjecture

that the optimal convergence rate in supremum norm is 2H − 1
2 , based on the best probable rate for

implementable approximations of the Lévy area of fBms proposed in Neuenkirch et al. (2010) and
Neuenkirch & Shalaiko (2016). In Hu et al. (2016a, 2017) authors prove the optimal strong convergence
rate of the Crank–Nicolson scheme and the modified Euler scheme for H ∈ ( 1

2 , 1), respectively, by
combining the techniques of Malliavin calculus and fractional calculus.

The goal of this paper is to demonstrate that both simplified step-N Euler schemes and Runge–Kutta
methods satisfying order condition (3.10) achieve the same convergence rate as the best probable rate
2H − 1

2 for approximations of the Lévy area of fBms. Namely, denote by Yn the numerical solution
under study with time step size h = T

n , then

∥∥∥∥ sup
t∈[0,T]

|Yt − Yn
t |

∥∥∥∥
Lp(Ω)

� Ch2H− 1
2 , ∀ p � 1. (1.3)

For general Runge–Kutta methods we construct continuous versions of numerical solutions and
stage values, which are continuously dependent on the driving noises. This robustness coincides with
the property of the exact solution. Combining estimates for iterated integrals of fBms in Hu et al. (2016b,
2017) we utilize the property that numerical solutions are determined implicitly through stage values to
derive the order conditions for Runge–Kutta methods. Moreover, since the martingale inequality is not
valid for fBms, the Besov–Hölder embedding is used to prove the Lp(Ω)-estimate for the supremum
norm of the error.
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1610 J. HONG ET AL.

Further, to obtain the strong convergence rate for the simplified step-N Euler schemes, we introduce
‘stage values’ to interpret these explicit schemes as Runge–Kutta methods satisfying order condition
(3.10) with negligible high-order terms. This approach leads us to the same strong convergence rate
2H − 1

2 and avoids the estimation of the Wong–Zakai approximations. Our result gives an answer to
the conjecture in Deya et al. (2012) for H ∈ ( 1

2 , 1). Numerical experiments are performed to verify the
optimality.

For H ∈ ( 1
4 , 1

2 ) the optimal strong convergence rate for the simplified step-2 Euler scheme is still an
open problem, in which case equation (1.1) is understood via the rough path framework in Davie (2007),
Lyons et al. (2007) and Friz & Victoir (2010). We refer to Bayer et al. (2016), Hong et al. (2018) and
Liu & Tindel (2019) for related results.

The paper is organized as follows. In Section 2 we recall some definitions and results about fractional
calculus and fBms. In Section 3 we prove the solvability of implicit Runge–Kutta methods, derive the
order conditions of the strong convergence rate 2H − 1

2 for Runge–Kutta methods and illustrate the
approach to view the simplified step-N Euler schemes as Runge–Kutta methods. In Section 4 we show
the continuous dependence of numerical solutions under study on the driving noises and then prove the
main theorems, Theorems 3.2 and 3.3. Numerical experiments are presented in Section 5.

2. Preliminaries

In this section we introduce some notations, definitions and results about fractional calculus and fBms.
We use C as a generic constant that could be different from line to line.

2.1 Fractional calculus

Denote by C ([0, T];Rd) the space of continuous functions from [0, T] to R
d. For any f ∈ C ([0, T];Rd),

0 � s < t � T and 0 < β � 1 the β-Hölder semi-norm of f on [s, t] is defined by

‖ f ‖s,t,β := sup

{ | fv − fu|
(v − u)β

, s � u < v � t

}
,

where | · | is the Euclidean norm on R
d. Especially, we use ‖ f ‖β := ‖ f ‖0,T ,β for short. The Hölder

semi-norm is estimated by the Besov–Hölder embedding, which is a corollary from Garsia–Rodemich–
Rumsey inequality.

Lemma 2.1 (see Friz & Victoir, 2010, Corollary A.2) Let q > 1, α ∈ ( 1
q , 1) and f ∈ C ([0, T];Rd).

Then there exists a constant C = C(α, q) such that for all 0 � s < t � T ,

‖ f ‖q

s,t,α− 1
q
� C

∫ t

s

∫ t

s

| fu − fv|q
|u − v|1+qα

du dv.

Let f ∈ C ([s, t];R) be β-Hölder continuous on [s, t] ⊆ [0, T] with 1/2 < β < 1 and g : [s, t] → R

be a step function defined by gt = gs1{s} + ∑n−1
k=0 gk1(tk ,tk+1] with s = t0 < t1 < · · · < tn = t. The

integral of g with respect to f can be defined as the Riemann sum

∫ t

s
gr dfr :=

n−1∑
k=0

gk
(

ftk+1
− ftk

)
.
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For 1 − β < α < 1, according to fractional calculus (see e.g., Zähle, 1998, Section 2), the integral has
the characterization

∫ t

s
gr dfr = (−1)α

∫ t

s
Dα

s+grD1−α
t− Fr dr. (2.1)

Here (−1)α = e−iπα , Fr := fr − ft, Dα
s+gr and D1−α

t− Fr are fractional Weyl derivatives of the order α

and 1 − α, respectively:

(Dα
s+g)r : = 1

Γ (1 − α)

(
gr

(r − s)α
+ α

∫ r

s

gr − gu

(r − u)α+1 du

)
,

(D1−α
t− F)r : = (−1)1−α

Γ (α)

(
Fr

(t − r)1−α
+ (1 − α)

∫ t

r

Fr − Fu

(u − r)2−α
du

)
.

2.2 A priori estimate for the solution and iterated integrals

In the sequel, we denote by C N
b (Rm;RM) the space of bounded and N-times continuously differentiable

functions V : Rm → R
M with bounded derivatives.

The following lemma shows the well posedness of (1.1). Since almost all sample paths of X are
β-Hölder continuous for any β ∈ (0, H), it implies that the solution Y· is continuously dependent on the
driving noises in Hölder semi-norm. The numerical solutions proposed in this paper will be shown to
possess a similar property in Section 4.

Lemma 2.2 (see e.g., Friz & Victoir, 2010, Theorem 10.14) Let 1/2 < β < H. If V ∈ C 1
b (Rm;Rm×d)

then there exists a unique solution of (1.1) satisfying almost surely that

‖Y‖β � C(V , β, T) max

{
‖X‖β , ‖X‖1/β

β

}
,

‖Y‖∞ � |y| + C(V , β, T) max

{
‖X‖β , ‖X‖1/β

β

}
,

where ‖Y‖∞ := sup
{|Yu|, 0 � u � T

}
. Moreover, for some C0 > 0 and 0 � s < t � T such that

‖X‖β |t − s|β � C0, the estimate can be improved to

‖Y‖s,t,β � C(V , β, T , C0)‖X‖β .

Several estimates for the Lévy area type processes and iterated integrals of X are introduced in the
following lemma, which plays an important role in the error analysis for numerical schemes.
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1612 J. HONG ET AL.

Lemma 2.3 (see Hu et al., 2016b, 2017) Denote tk = kh, k = 0, · · · , n with h = T
n and n ∈ N+. Let

X1
t = t and X2

t , · · · , Xd
t be independent fBms with H > 1

2 . Then it holds that for 0 � ti < tj � T and
p � 1,

∥∥∥∥
j−1∑
k=i

[ ∫ tk+1

tk

∫ s

tk
dX3

u dX2
s −

∫ tk+1

tk

∫ tk+1

s
dX3

u dX2
s

]∥∥∥∥
Lp(Ω)

� C|tj − ti|
1
2 h2H− 1

2 , (2.2)

∥∥∥∥
j−1∑
k=i

[ ∫ tk+1

tk

∫ s

tk
dX1

u dX2
s −

∫ tk+1

tk

∫ tk+1

s
dX1

u dX2
s

]∥∥∥∥
Lp(Ω)

� C|tj − ti|
1
2 hH+ 1

2 , (2.3)

where C = C(p) above is independent of n. Moreover, for any l1, · · · , lN′ ∈ {1, · · · , d}, it holds that

∥∥∥∥
j−1∑
k=i

∫ tk+1

tk

∫ u1

tk
· · ·

∫ uN′−1

tk
dX

lN′
uN′ · · · dXl2

u2
dXl1

u1

∥∥∥∥
Lp(Ω)

� C|tj − ti|
1
2 hr, (2.4)

where r = N′′H + N′ − N′′ − 1 when N′′ = �{li : li �= 1} is even, r = N′′H + N′ − N′′ − H when N′′ is
odd and C = C(p) is independent of n.

In particular, if N′ = N′′ = 2 then r = 2H − 1 < 2H − 1
2 . This implies that the convergence rate of

the first-level iterated integrals of X in the form of (2.2) is higher than that in the form of (2.4). We will
use the next lemma to connect the convergence rates above for iterated integrals of X with the numerical
errors.

Lemma 2.4 (Hu et al., 2016b, Proposition 8) Let f be a β-Hölder continuous stochastic process in
L2p(Ω) with 1

2 < β < H and p � 1, i.e.,

sup

{‖ fv − fu‖L2p(Ω)

(v − u)β
, 0 � u < v � T

}
< ∞.

If a sequence of stochastic processes {gn}n∈N+ satisfies gn(ti) = ∑i−1
k=0 ξn,k and

‖gn(tj) − gn(ti)‖L2p(Ω) � C|tj − ti|
1
2 , ∀ 0 � ti < tj � T ,

then

∥∥∥∥
j−1∑
k=i

ftkξn,k

∥∥∥∥
Lp(Ω)

� C|tj − ti|
1
2 , ∀ 0 � ti < tj � T .

All constants C = C(p, f ) above are independent of n.

3. Strong convergence rate

For a numerical scheme we apply the uniform partition of the interval [0, T] with step size h = T
n ,

n ∈ N+ and denote tk = kh, k = 0, · · · , n.
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3.1 Runge–Kutta methods

Consider an s-stage Runge–Kutta method applied to (1.1):

Yn
tk+1,i = Yn

tk +
s∑

j=1

aijV(Yn
tk+1,j)ΔXk, (3.1)

Yn
tk+1

= Yn
tk +

s∑
i=1

biV(Yn
tk+1,i)ΔXk (3.2)

with i, j = 1, · · · , s, k = 0, · · · , n − 1, ΔXk = Xtk+1
− Xtk ∈ R

d and Yn
t0 = y ∈ R

m. Here Yn
tk+1,i,

i = 1, · · · , s, are called stage values.
If the method is an implicit one, such as the midpoint scheme, the solvability of (3.1) and (3.2)

should be taken into consideration. For the classical case with H = 1/2 the increment Xtk+1
− Xtk is

usually replaced by ζ
√

h, with ζ being a bounded truncation of an N (0, 1)-distributed random variable.
However, for the case H ∈ (1/2, 1) considered in this paper, the covariance function turns out to be more
complicated, which makes it more difficult to get the error of the truncation. To avoid this we show that
the solvability of implicit Runge–Kutta methods can be obtained without using the truncation technique
if the coefficients are assumed to be bounded.

Proposition 3.1 If V ∈ C 0
b (Rm;Rm×d), then for arbitrary time step size h > 0, initial value y and

coefficients {aij, bi : i, j = 1, · · · , s}, the s-stage Runge–Kutta methods (3.1) and (3.2) has at least one
solution for every ω.

Proof. Fix ω ∈ Ω , h > 0 and Yn
tk ∈ R

m.
Let Z1, · · · , Zs ∈ R

m and Z = (Z�
1 , · · · , Z�

s )� ∈ R
ms. We define a map φ : Rms → R

ms with

φ(Z) := (φ(Z)�1 , · · · , φ(Z)�s )�,

φ(Z)i := Zi − Yn
tk −

s∑
j=1

aijV(Zj)ΔXk(ω), i = 1, · · · , s.

It suffices to prove that φ(Z) = 0 has at least one solution, which implies the solvability of (3.1) and thus
the solvability of the Runge–Kutta method. Let c := max{|aij| : i, j = 1, · · · , s}, ν := supy∈Rm |V(y)|
and

R = √
s|Yn

tk | + s
√

scν|ΔXk(ω)| + 1.

If |Z| = R then

Z�φ(Z) =
s∑

i=1

Z�
i

⎛
⎝Zi − Yn

tk −
s∑

j=1

aijV(Zj)ΔXk(ω)

⎞
⎠

� |Z| (|Z| − √
s|Yn

tk | − s
√

scν|ΔXk(ω)|) > 0.
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We aim to show that φ(Z) = 0 has a solution in the ball BR := {Z : |Z| � R}. Assume by
contradiction that φ(Z) �= 0 if |Z| � R. We define a continuous map ψ by ψ(Z) := −Rφ(Z)

|φ(Z)| . Since
ψ : BR → BR, ψ has at least one fixed point Z∗ such that Z∗ = ψ(Z∗) and |Z∗| = R. This leads to a

contradiction since |Z∗|2 = ψ(Z∗)�Z∗ = −Rφ(Z∗)�Z∗
|φ(Z∗)| < 0. Therefore, φ has at least one solution. �

To derive order conditions on coefficients of Runge–Kutta methods with the strong convergence rate
2H − 1

2 , we first construct the continuous versions (3.3) and (3.4) for the Runge–Kutta methods (3.1)
and (3.2), taking advantages of the stage values Yn

tk ,i. Denote t�n := tk+1 for t ∈ (tk, tk+1]. In particular,
t = tk if and only if t = t�n for some k = 0, · · · , n. The continuous version reads

Yn
t,i := Yn

(t−h)∨0 +
s∑

j=1

∫ t

(t−h)∨0
aijV(Yns�n,j) dXs, i = 1, · · · , s, (3.3)

Yn
t := y +

s∑
i=1

∫ t

0
biV(Yns�n,i) dXs, (3.4)

where s ∨ t := max{s, t}. Then the error is decomposed into

Yt − Yn
t =

[ ∫ t

0
V(Ys) dXs −

∫ t

0
V(Yn

s ) dXs

]

+
[ ∫ t

0
V(Yn

s ) dXs −
∫ t

0

s∑
i=1

biV(Yns�n,i) dXs

]

= : Lt + Rt.

For the first term the Taylor expansion yields

Lt =
∫ t

0
V(Ys) dXs −

∫ t

0
V(Yn

s ) dXs

=
d∑

l=1

∫ t

0

∫ 1

0
∇Vl(θYs + (1 − θ)Yn

s )(Ys − Yn
s ) dθ dXl

s.

For the second term, fix any t = t�n, we have

Rt =
∫ t

0
V(Yn

s ) dXs −
∫ t

0

s∑
i=1

biV
(

Yns�n,i

)
dXs

=
nt/T−1∑

k=0

∫ tk+1

tk

[
V(Yn

s ) −
s∑

i=1

biV
(

Yn
tk+1,i

) ]
dXs.
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For i = 1, · · · , s, q = 1, · · · , m, denote by Yn,q
t and Yn,q

t,i the qth component of Yn
t and Yn

t,i. We apply the
Taylor expansion to V(Yn

tk+1,i) at Yn
tk and at Yn

tk+1
, respectively, then

V
(

Yn
tk+1,i

)
= V

(
Yn

tk

) +
∫ 1

0

m∑
q=1

∂qV
(
θYn

tk+1,i + (1 − θ)Yn
tk

) (
Yn,q

tk+1,i − Yn,q
tk

)
dθ

and

V
(

Yn
tk+1,i

)
= V

(
Yn

tk+1

)
+

∫ 1

0

m∑
q=1

∂qV
(
θYn

tk+1,i + (1 − θ)Yn
tk+1

) (
Yn,q

tk+1,i − Yn,q
tk+1

)
dθ ,

where ∂q denotes the partial differential operator with respect to the qth variable. For simplicity we omit
the range of indices in summations in the sequel. Let η ∈ [0, 1], then for any s ∈ (tk, tk+1],

V(Yn
s ) −

∑
i

biV
(

Yn
tk+1,i

)

=η

[
V(Yn

s ) −
∑

i

biV
(
Yn

tk

) ]

− η
∑
i,q

bi

∫ 1

0
∂qV

(
θYn

tk+1,i + (1 − θ)Yn
tk

) (
Yn,q

tk+1,i − Yn,q
tk

)
dθ

+ (1 − η)

[
V

(
Yn

s

) −
∑

i

biV
(

Yn
tk+1

) ]

− (1 − η)
∑
i,q

bi

∫ 1

0
∂qV

(
θYn

tk+1,i + (1 − θ)Yn
tk+1

) (
Yn,q

tk+1,i − Yn,q
tk+1

)
dθ

= : ηR1
s + ηR2

s + (1 − η)R3
s + (1 − η)R4

s .

Applying the chain rule and (3.4) to V(Yn
s ), we get

R1
s = V(Yn

s ) −
∑

i

biV(Yn
tk)

=
[

V(Yn
tk) +

∑
q,i

∫ s

tk
∂qV

(
Yn

u

)
biV

q
(

Yn
tk+1,i

)
dXu

]
−

∑
i

biV(Yn
tk)

=
[

V(Yn
tk) +

∑
q,i

∂qV
(
Yn

tk

) ∫ s

tk
biV

q
(

Yn
tk+1,i

)
dXu + E1

s

]
−

∑
i

biV
(
Yn

tk

)
,
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where E1
s := ∑

q,q′,i,i′
∫ s

tk

[∫ u
tk

∂q′∂qV(Yn
u′)bi′V

q′
(Yn

tk+1,i′) dXu′
]

biV
q(Yn

tk+1,i) dXu represents the remainder

term of R1
s . Therefore, we propose the first condition

s∑
i=1

bi = 1

to obtain

∫ tk+1

tk
R1

s dXs =
∫ tk+1

tk

∑
q,i

∂qV
(
Yn

tk

) ∫ s

tk
biV

q
(

Yn
tk+1,i

)
dXu dXs +

∫ tk+1

tk
E1

s dXs. (3.5)

Similarly,

∫ tk+1

tk
R3

s dXs = −
∫ tk+1

tk

∑
q,i

∂qV
(

Yn
tk+1

) ∫ tk+1

s
biV

q
(

Yn
tk+1,i

)
dXu dXs +

∫ tk+1

tk
E3

s dXs (3.6)

with E3
s := ∑

q,q′,i,i′
∫ tk+1

s

[∫ tk+1
u ∂q′∂qV(Yn

u′)bi′V
q′
(Yn

tk+1,i′) dXu′
]

biV
q(Yn

tk+1,i) dXu. For R2
s and R4

s using

the definitions from (3.1) and (3.2) that

Yn
tk+1,i − Yn

tk =
∑

j

aijV
(

Yn
tk+1,j

)
ΔXk,

Yn
tk+1,i − Yn

tk+1
= −

∑
j

bjV
(

Yn
tk+1,j

)
ΔXk +

∑
j

aijV
(

Yn
tk+1,j

)
ΔXk,

we have

∫ tk+1

tk
R2

s dXs = −
∫ tk+1

tk

∑
i,q,j

bi∂qV
(

Yn
tk+1,i

) [ ∫ tk+1

tk
aijV

q
(

Yn
tk+1,j

)
dXu

]
dXs +

∫ tk+1

tk
E2

s dXs, (3.7)

∫ tk+1

tk
R4

s dXs = −
∫ tk+1

tk

∑
i,q,j

bi∂qV
(

Yn
tk+1,i

) [ ∫ tk+1

tk
(aij − bj)V

q
(

Yn
tk+1,j

)
dXu

]
dXs +

∫ tk+1

tk
E4

s dXs.

(3.8)
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The remainder terms E2
s and E4

s are defined by

E2
s =

∑
i,q,q′,j

bi

∫ 1

0

[∫ 1

0
∂q′∂qV

(
(θ ′θ + (1 − θ ′))Yn

tk+1,i + θ ′(1 − θ)Yn
tk

)
(θ − 1)

(
Yn

tk+1,i − Yn
tk

)
dθ ′

]
[∫ tk+1

tk
aijV

q
(

Yn
tk+1,j

)
dXu

]
dθ ,

E4
s =

∑
i,q,q′,j

bi

∫ 1

0

[∫ 1

0
∂q′∂qV

(
(θ ′θ + (1 − θ ′))Yn

tk+1,i + θ ′(1 − θ)Yn
tk+1

)
(1 − θ)

(
Yn

tk+1,i − Yn
tk+1

)
dθ ′

]
[ ∫ tk+1

tk
(aij − bj)V

q
(

Yn
tk+1,j

)
dXu

]
dθ .

Applying the Taylor expansion to both V(Yn
tk+1,i) and V(Yn

tk+1,j) at Yn
tk in (3.7) and (3.8), and choosing

η = 1
2 , we propose another condition

s∑
i=1

bi

⎛
⎝ s∑

j=1

bj − 2aij

⎞
⎠ = 0

such that

m∑
q=1

s∑
i=1

bi

s∑
j=1

∫ tk+1

tk
∂qV(Yn

tk)

∫ tk

tk
aijV

q(Yn
tk) dXu dXs +

∫ tk+1

tk
∂qV(Yn

tk)

∫ tk+1

tk
(aij − bj)V

q(Yn
tk) dXu dXs = 0.

This implies that the second-level iterated integrals of X in (3.7) and (3.8) vanish. Therefore, the leading
order term of Rt is shown to appear only in (3.5) and (3.6), which is in the forms of (2.2) and (2.3). More
precisely, recalling η = 1

2 and applying the Tayor expansion again to both V(Yn
tk) and V(Yn

tk+1
) at Yn

tk+1,i
in (3.5)–(3.6), we derive that the leading order term of Rt is

Rlead
t = 1

2

nt/T−1∑
k=0

m∑
q=1

s∑
i=1

bi

[ ∫ tk+1

tk

∫ s

tk
∂qV

(
Yn

tk+1,i

)
Vq

(
Yn

tk+1,i

)
dXu dXs

−
∫ tk+1

tk

∫ tk+1

s
∂qV

(
Yn

tk+1,i

)
Vq

(
Yn

tk+1,i

)
dXu dXs

]
. (3.9)

Note that the remainder Rt−Rlead
t contains the third-level iterated integrals of X in each interval (tk, tk+1]

in the form of (2.4).
Combining the two conditions above we obtain the strong convergence rate for the Runge–Kutta

methods, whose proof is postponed to the next section.
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Theorem 3.2 Suppose V ∈ C 3
b (Rm;Rm×d) and H > 1/2. Denote ci = ∑s

j=1 aij. If it holds that

s∑
i=1

bi = 1 and
s∑

i=1

bici = 1/2 (3.10)

then the strong convergence order of Runge–Kutta method for (1.1) is 2H − 1
2 . More precisely, there

exists a constant C independent of n such that

∥∥∥∥ sup
t∈[0,T]

|Yt − Yn
t |

∥∥∥∥
Lp(Ω)

� Ch2H− 1
2 , p � 1, (3.11)

where h = T
n and Yn

t is defined by (3.4).

Remark 3.1 Given Xtk , k = 1, · · · , n as the information of fBms the best approximation for the solution
Yt is the conditional expectation E

[
Yt | Xt1 , Xt2 , · · · , Xtn

]
. Neuenkirch & Shalaiko (2016) derive both the

upper and lower bounds of

n2H− 1
2
∥∥YT − E

[
YT | Xt1 , Xt2 , · · · , Xtn

]∥∥
L2(Ω)

for a two-dimensional linear equation, whose solution is the Lévy area of fBms. This implies that the
optimal strong convergence rate of implementable schemes for equations driven by multi-dimensional
fBms is 2H − 1

2 in general.

Remark 3.2 If the diffusion term satisfies the following commutative condition

∑
q

∂qVlV
q
l′ =

∑
q

∂qVl′V
q
l , 1 < l � l′ � d,

then Fubini’s theorem shows

Rlead
t = 1

2

nt/T−1∑
k=0

∑
i,q

∑
l �=1

bi

[
∂qVl

(
Yn

tk+1,i

)
Vq

1

(
Yn

tk+1,i

)
− ∂qV1

(
Yn

tk+1,i

)
Vq

l

(
Yn

tk+1,i

) ]
[ ∫ tk+1

tk

∫ s

tk
du dXl

s −
∫ tk+1

tk

∫ tk+1

s
du dXl

s

]
.

As a result the strong convergence rate in (3.11) is H + 1
2 according to (2.3). This indicates that a large

class of numerical schemes can achieve the best probable rate of convergence H + 1
2 for the scalar noise

case proved in Neuenkirch (2008).
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Remark 3.3 If the drift and diffusion terms satisfy the commutative condition

∑
q

∂qVlV
q
l′ =

∑
q

∂qVl′V
q
l , 1 � l � l′ � d,

then Rlead
t = 0 and the strong convergence rate is 2H based on (2.4). The order is optimal and reasonable

in the view that the order condition above coincides with the second-order condition for Runge–Kutta
methods in the deterministic case by taking H = 1 formally for Xt = t.

Remark 3.4 As H goes to 1
2 the convergence rate in (3.11) tends to 1

2 in general cases and to 1 in
commutative cases, respectively. This is consistent with classical results for Stratonovich SDEs driven
by standard Brownian motions.

Remark 3.5 If the Hurst parameter of Xl is Hl, l = 1, . . . , d, satisfying H1 � · · · � Hd > 1
2 , a similar

procedure as in Lemma 2.3 and Theorem 3.2 leads to the strong convergence rate Hd−1 + Hd − 1
2 .

3.2 Simplified step-N Euler schemes

Fix an integer N � 2. The simplified step-N Euler scheme applied to (1.1) is

Yn
tk+1

= Yn
tk +

N∑
w=1

d∑
lw,··· ,l1=1

Vlw · · · Vl1I(Yn
tk)

ΔXlw
k · · · ΔXl1

k

w!
, (3.12)

where Vl is identified with the first-order differential operator
∑m

q=1 Vq
l (y) ∂

∂yq , l = 1, · · · , d. Similar

to the Runge–Kutta method, we construct a continuous version for the simplified step-N Euler scheme.
For t ∈ (tk, tk+1] define �t�n := tk and for t = 0 define �t�n := 0. Then a continuous version of (3.12) is

Yn
t := y +

∫ t

0

∑
w,lw,··· ,l1

Vlw · · · Vl1I(Yn�s�n
)

(
Xlws�n − Xlw�s�n

)
· · ·

(
Xl2s�n − Xl2�s�n

)
w!

dXl1
s . (3.13)

For simplicity we take N = 2 in the following. Indeed, our approach gives the same strong
convergence rate 2H − 1

2 of simplified step-N Euler schemes for N � 2. We decompose the error by

Yt − Yn
t =

[ ∫ t

0
V(Ys) dXs −

∫ t

0
V(Yn

s ) dXs

]
+

[ ∫ t

0
V(Yn

s ) dXs −
∫ t

0
V(Yn�s�n

) dXs

]

= : Lt + Rt.
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If we apply the Taylor expansion V(Yn
s ) at V(Yn�s�n

) directly, the corresponding leading order term of Rt
contains second-level iterated integrals of X in the form of (2.4), i.e.,

Rlead
t =

nt/T−1∑
k=0

∑
q,l,l′

∫ tk+1

tk

∫ s

tk
∂qVl(Y

n
tk ,i)V

q
l′ (Y

n
tk ,i) dXl′

u dXl
s

= 1

2

nt/T−1∑
k=0

∑
q,l,l′

[ ∫ tk+1

tk

∫ s

tk
∂qVl(Y

n
tk ,i)V

q
l′ (Y

n
tk ,i) dXl′

u dXl
s +

∫ tk+1

tk

∫ tk+1

u
∂qVl(Y

n
tk ,i)V

q
l′ (Y

n
tk ,i) dXl

s dXl′
u

]

= 1

2

nt/T−1∑
k=0

∑
q,l,l′

[ ∫ tk+1

tk

∫ s

tk
∂qVl(Y

n
tk ,i)V

q
l′ (Y

n
tk ,i) dXl′

u dXl
s +

∫ tk+1

tk

∫ tk+1

s
∂qVl(Y

n
tk ,i)V

q
l′ (Y

n
tk ,i) dXl

u dXl′
s

]

�= 1

2

nt/T−1∑
k=0

∑
q,l,l′

[ ∫ tk+1

tk

∫ s

tk
∂qVl(Y

n
tk ,i)V

q
l′ (Y

n
tk ,i) dXl′

u dXl
s −

∫ tk+1

tk

∫ tk+1

s
∂qVl(Y

n
tk ,i)V

q
l′ (Y

n
tk ,i) dXl′

u dXl
s

]
,

t = t�n,

where the Fubini theorem is used in the second step. Roughly speaking it yields the convergence rate
2H − 1.

To gain a sharp convergence rate, our goal is to show the corresponding leading order term of the
error is in the forms of (2.2) and (2.3). The key idea is to compare it with the following 2-stage Runge–
Kutta method (the Heun’s method)

Zn
tk+1,1 = Zn

tk , (3.14)

Zn
tk+1,2 = Zn

tk + V
(

Zn
tk+1,1

)
ΔXk, (3.15)

Zn
tk+1

= Zn
tk + 1

2
V

(
Zn

tk+1,1

)
ΔXk + 1

2
V(Zn

tk+1,2)ΔXk, (3.16)

which satisfies condition (3.10). We introduce two similar stage values for Yn
tk+1

:

Yn
tk+1,1 = Yn

tk ,

Yn
tk+1,2 = Yn

tk + V
(

Yn
tk+1,1

)
ΔXk,

and define the continuous versions:

Yn
t,1 = Yn

(t−h)∨0, (3.17)

Yn
t,2 = Yn

(t−h)∨0 +
∫ t

(t−h)∨0
V

(
Yn

s�n,1

)
dXs. (3.18)

Notice that

Vl(Y
n
tk+1,2) = Vl(Y

n
tk) +

[ ∫ 1

0

∑
q,l′

∂qVl

(
θYn

tk+1,2 + (1 − θ)Yn
tk

)
dθ

]
Vq

l′ (Y
n
tk)ΔXl′

k
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and

∂qVl

(
θYn

tk+1,2 + (1 − θ)Yn
tk

)

= ∂qVl(Y
n
tk) +

∑
q′,l′′

[ ∫ 1

0
∂q′∂qVl

(
θ ′[θYn

tk+1,2 + (1 − θ)Yn
tk

] + (1 − θ ′)Yn
tk

)
dθ ′

] (
θVq′

l′′ (Y
n
tk)ΔXl′′

k

)

=: ∂qVl(Y
n
tk) + Gn

q,l,k(θ).

We have

Vl

(
Yn

tk+1,2

)
= Vl

(
Yn

tk

) +
∑
q,l′

[
∂qVl(Y

n
tk) +

∫ 1

0
Gn

q,l,k(θ) dθ

]
Vq

l′ (Y
n
tk)ΔXl′

k

= Vl

(
Yn

tk

) +
∑
q,l′

∂qVl

(
Yn

tk

)
Vq

l′
(
Yn

tk

)
ΔXl′

k +
∑
q,l′

[ ∫ 1

0
Gn

q,l,k(θ) dθ

]
Vq

l′
(
Yn

tk

)
ΔXl′

k

=: Vl

(
Yn

tk

) +
∑
q,l′

∂qVl

(
Yn

tk

)
Vq

l′
(
Yn

tk

)
ΔXl′

k − Gn
l,tk+1

.

Therefore, the simplified step-2 Euler scheme is rewritten in an implicit way:

Yn
tk+1

= Yn
tk + 1

2
V

(
Yn

tk+1,1

)
ΔXk + 1

2
V

(
Yn

tk+1,2

)
ΔXk + 1

2

∑
l

Gn
l,tk+1

ΔXl
k, (3.19)

Yn
t = y + 1

2

∫ t

0
V

(
Yn

s�n,1

)
dXl

s + 1

2

∫ t

0
V

(
Yn

s�n,2

)
dXl

s + 1

2

∑
l

∫ t

0
Gn

l,s�n dXl
s, (3.20)

where 1
2

∑
l

∫ t
0 Gn

l,s�n dXl
s contains third-level iterated integrals of X.

Based on (3.19) and (3.20), and arguments in Subsection 3.1, we obtain that the simplified step-2
Euler scheme has the same leading order term as scheme (3.14)–(3.16), i.e.,

Rlead
t = 1

4

nt/T−1∑
k=0

∑
i,q,l,l′

[ ∫ tk+1

tk

∫ s

tk
∂qVl

(
Yn

tk+1,i

)
Vq

l′
(

Yn
tk+1,i

)
dXl′

u dXl
s

−
∫ tk+1

tk

∫ tk+1

s
∂qVl

(
Yn

tk+1,i

)
Vq

l′
(

Yn
tk+1,i

)
dXl′

u dXl
s

]
. (3.21)

Thus, we get the same strong convergence rate for the simplified step-2 Euler scheme as in Theorem 3.2.

Theorem 3.3 If N � 2, V ∈ C N+1
b (Rm;Rm×d) and H > 1/2 then the strong convergence order of

simplified step-N Euler scheme for (1.1) is 2H− 1
2 . More precisely, there exists a constant C independent
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of n such that

∥∥∥∥ sup
t∈[0,T]

|Yt − Yn
t |

∥∥∥∥
Lp(Ω)

� Ch2H− 1
2 , p � 1,

where h = T
n and Yn

t is defined by (3.13).

Based on Theorem 3.3, we consider linear interpolation of Yn
tk , i.e.,

Yn,linear
t := Yn

tk + t − tk
h

(
Yn

tk+1
− Yn

tk

)
, ∀ t ∈ (tk, tk+1]. (3.22)

Then

∥∥∥∥ sup
t∈[0,T]

|Yt − Yn,linear
t |

∥∥∥∥
Lp(Ω)

�
∥∥∥∥ sup

t∈[0,T]
|Yt − Yn

t |
∥∥∥∥

Lp(Ω)

+
∥∥∥∥ sup

t∈[0,T]
|Yn

t − Yn,linear
t |

∥∥∥∥
Lp(Ω)

� Ch2H− 1
2 + C

∥∥∥∥ sup
t∈[0,T]

∣∣∣∣Xt − X�t�n
− t − �t�n

h

(
Xt�n − X�t�n

) ∣∣∣∣
∥∥∥∥

L2p(Ω)

� C

(
h2H− 1

2 + hH

√
log

T

h

)
, p � 1,

where the last inequality follows from Hüsler et al. (2003, Theorem 6). This result gives an answer to
a conjecture in Deya et al. (2012) for the simplified step-2 Euler scheme when H > 1

2 . Indeed, our
approach to determining the leading order term of the error of the simplified step-2 Euler scheme is
available for general schemes constructed by second-order Taylor expansion. As a consequence, these
schemes share the same strong convergence rate 2H − 1

2 .

Remark 3.6 Our result indicates that the simplified step-2 Euler scheme is superior to the classical
Euler method (Mishura & Shevchenko, 2008), whose convergence rate is 2H −1, H ∈ ( 1

2 , 1). Compared
with the optimal convergence rate γ of the modified Euler scheme Hu et al., (2016a) where γ = 2H − 1

2
when H ∈ ( 1

2 , 3
4 ), γ = 1− when H = 3

4 and γ = 1 when H ∈ ( 3
4 , 1), the simplified step-2 Euler scheme

has higher convergence rate for H ∈ [ 3
4 , 1).

4. Proof of Theorems 3.2 and 3.3

In the following we establish the continuous dependence of the numerical solutions on the driving
noises for Runge–Kutta methods in Section 4.1 and for simplified step-N Euler schemes in Section 4.2,
respectively. In Section 4.3 we combine the continuous dependence with the leading order term of the
error to prove the main theorems, Theorem 3.2 and 3.3.
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4.1 A priori estimates for Runge–Kutta methods

For f ∈ C ([0, T],Rd) we introduce the discrete Hölder semi-norm

‖ f ‖s,t,β,n := sup

{ | fv − fu|
(v − u)β

, s � u < v � t, u = u�n, v = v�n
}

and use ‖ f ‖β,n := ‖ f ‖0,T ,β,n for short.

Lemma 4.1 lf V ∈ C 0
b (Rm;Rm×d) then for any n ∈ N+ and 1/2 < β < H, ‖Yn· ‖β,n and ‖Yn·,i‖β,n are

finite almost surely, i = 1, · · · , s. More precisely

‖Yn· ‖β,n � C(d, m, n, c, ν, s)‖X‖β < ∞, a.s.,

‖Yn·,i‖β,n � C(d, m, n, c, ν, s)‖X‖β < ∞, a.s.,

with c := max{|aij|, |bi| : i, j = 1, · · · , s} and ν := supy∈Rm |V(y)|.
Proof. Recall that

Yn
t = y +

s∑
i=1

∫ t

0
biV(Yns�n,i) dXs,

Yn
t,i = Yn

(t−h)∨0 +
s∑

j=1

∫ t

(t−h)∨0
aijV(Yns�n,j) dXs, i = 1, · · · , s.

Due to the boundedness of V we have that for u = u�n = tk and v = v�n = tl,

|Yn
u − Yn

v | �
s∑

i=1

∣∣∣∣
∫ tk

tl
biV(Yns�n,i) dXs

∣∣∣∣
�

s∑
i=1

k−1∑
p=l

|bi|
∣∣∣V (

Yn
tp+1,i

)∣∣∣ |Xtp+1
− Xtp |

�
s∑

i=1

k−1∑
p=l

|bi|
∣∣∣V (

Yn
tp+1,i

)∣∣∣ ‖X‖βhβ ,

which implies

|Yn
u − Yn

v |
|u − v|β �

C(d, m, n, c, ν, s)‖X‖βhβ

|u − v|β � C(d, m, n, c, ν, s)‖X‖β .

The estimate for Yn
t,i can also be obtained by a similar procedure. �
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Inspired by Hu et al. (2016a) we give the following two lemmas as a priori estimates for the
continuous versions (3.3) and (3.4). Further, Proposition 4.1 shows the bounds for the stage values Yn·,i
and the numerical solution Yn· in terms of the driving noises in Hölder semi-norm.

Lemma 4.2 Let α, β and β ′ satisfy 1 − β < α < β ′. Then for any s, t ∈ [0, T] satisfying s < t and
s = s�n there exists a constant C = C(α, β, β ′, T) such that

∫ t

s
(t − r)α+β−1

∫ r

s

(r�n − u�n)β
′

(r − u)α+1
du dr � C(t − s)β+β ′

.

Proof. Without loss of generality suppose T = 1. By the definition of ·�n in Subsection 3.1, we have

∫ t

s
(t − r)α+β−1

∫ r

s

(r�n − u�n
)β ′

(r − u)α+1 du dr

=
∫ t

s�n+1/n
(t − r)α+β−1

∫ r�n− 1
n

s�n

(r�n − u�n
)β ′

(r − u)α+1 du dr

=
∫ t

s�n+1/n
(t − r)α+β−1

( ∫ r�n− 2
n

s�n
+

∫ r�n− 1
n

r�n− 2
n

)(r�n − u�n
)β ′

(r − u)α+1
du dr

=: I1 + I2.

For the first term, since r − u > 1
n and r�n − u�n < r − u + 1

n , we have

I1 =
∫ t

s�n+1/n
(t − r)α+β−1

∫ r�n− 2
n

s�n

(r�n − u�n
)β ′

(r − u)α+1
du dr

�
∫ t

s�n+1/n
(t − r)α+β−1

∫ r�n− 2
n

s�n

2β ′
(r − u)β

′

(r − u)α+1
du dr

� C
∫ t

s�n+1/n
(t − r)α+β−1(r − s)β

′−α dr

� C
∫ t

s�n+1/n
(t − r)α+β−1(t − s)β

′−α dr

� C(t − s)β+β ′
.
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For the second term

I2 =
∫ t

s�n+1/n
(t − r)α+β−1

∫ r�n− 1
n

r�n− 2
n

(r�n − u�n
)β ′

(r − u)α+1 du dr

� C(t − s)α+β−1
(

2

n

)β ′ ∫ t

s�n+1/n

(
r − r�n + 1

n

)−α

dr

� C(t − s)α+β−1
(

2

n

)β ′(
t − s

1
n

)(
1

n

)−α+1

� C(t − s)β+β ′
.

�
Lemma 4.3 Let β and β ′ satisfy β +β ′ > 1. Let g ∈ C 1

b (Rm;R), x ∈ C ([s, t];R) and z ∈ C ([s, t];Rm).
If ‖x‖β and ‖z‖β ′,n are all finite for any n ∈ N+ then for s = s�n and t = t�n,

∣∣∣∣
∫ t

s
g(zr�n) dXr

∣∣∣∣ � C(g, β, β ′, T)(1 + ‖z‖s,t,β ′,n(t − s)β
′
)‖x‖β(t − s)β .

Proof. Considering the equivalence of norms in R
m we suppose m = 1 without loss of generality. Let

α satisfy α < β ′ and β + α > 1. According to the characterization of the integral (2.1)

∫ t

s
g(zr�n) dXr = (−1)α

∫ t

s
Dα

s+g(zr�n)D1−α
t− (xr − xt) dr.

Combining the fractional Weyl derivatives, we have that for s < r < t,

∣∣∣∣Dα
s+g(zr�n)

∣∣∣∣ � C

(∣∣∣∣ g(zr�n)

(r − s)α

∣∣∣∣ +
∫ r

s

∣∣g(zr�n) − g(zu�n)
∣∣

(r − u)α+1
du

)

� C

(
1

(r − s)α
+

∫ r

s

∣∣zr�n − zu�n

∣∣
(r − u)α+1

du

)

� C

(
1

(r − s)α
+ ‖z‖s,t,β ′,n

∫ r

s

(r�n − u�n
)β ′

(r − u)α+1 du

)
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and

∣∣∣∣D1−α
t− (xr − xt)

∣∣∣∣ � C

(∣∣∣∣ xr − xt

(t − r)1−α

∣∣∣∣ +
∫ t

r

∣∣xr − xu

∣∣
(u − r)2−α

du

)

� C‖x‖β(t − r)α+β−1.

Using Lemma 4.2 we obtain

∣∣∣∣
∫ t

s
g(zr�n) dXr

∣∣∣∣ �
∫ t

s

∣∣∣Dα
s+g(zr�n)D1−α

t− (xr − xt)

∣∣∣ dr

� C
∫ t

s

(
1

(r − s)α
+ ‖z‖s,t,β ′,n

∫ r

s

(r�n − u�n
)β ′

(r − u)α+1
du

)
‖x‖β(t − r)α+β−1 dr

� C(1 + ‖z‖s,t,β ′,n(t − s)β
′
)‖x‖β(t − s)β .

�
Proposition 4.1 Let 1/2 < β < H. If V ∈ C 1

b (Rm;Rm×d), then for any n ∈ N+,

s∑
i=1

‖Yn·,i‖β � C(c, s, V , β, T) max

{
‖X‖β , ‖X‖1/β

β

}
,

s∑
i=1

‖Yn·,i‖∞ � s|y| + C(c, s, V , β, T) max

{
‖X‖β , ‖X‖1/β

β

}
,

‖Yn· ‖β � C(c, s, V , β, T) max

{
‖X‖β , ‖X‖1/β+1

β

}
,

‖Yn· ‖∞ � |y| + C(c, s, V , β, T) max

{
‖X‖β , ‖X‖1/β+1

β

}
,

where c = max{|aij|, |bi| : i, j = 1, · · · , s}.
Moreover, there exists some C0 > 0 such that 0 � s < t � T and ‖X‖β |t − s|β � C0 imply

s∑
i=1

‖Yn·,i‖s,t,β � C(c, s, V , β, T , C0)‖X‖β ,

‖Yn· ‖s,t,β � C(c, s, V , β, T , C0)‖X‖β .
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Proof. We first take s, t ∈ [0, T] satisfying s = s�n and t = t�n. Lemma 4.3 yields

∣∣Yn
t,i − Yn

s,i

∣∣ � s∑
j=1

∣∣∣∣
∫ (t−h)∨0

0
bjV

(
Ynr�n,j

)
dXr +

∫ t

(t−h)∨0
aijV

(
Ynr�n,j

)
dXr

−
∫ (s−h)∨0

0
bjV

(
Ynr�n,j

)
dXr −

∫ s

(s−h)∨0
aijV

(
Ynr�n,j

)
dXr

∣∣∣∣
�

s∑
j=1

∣∣∣∣
∫ (t−h)∨0

s
bjV

(
Ynr�n,j

)
dXr

∣∣∣∣ +
∣∣∣∣
∫ t

(t−h)∨0
aijV

(
Ynr�n,j

)
dXr

∣∣∣∣
+

∣∣∣∣
∫ s

(s−h)∨0
bjV

(
Ynr�n,j

)
dXr

∣∣∣∣ +
∣∣∣∣
∫ s

(s−h)∨0
aijV

(
Ynr�n,j

)
dXr

∣∣∣∣
�C(c, V , β, T)

⎛
⎝1 +

s∑
j=1

‖Yn·,j‖s,t,β,n(t − s)β

⎞
⎠ ‖X‖β(t − s)β .

Summing up above inequalities over i = 1, · · · , s and dividing both sides by (t − s)β , we have

s∑
i=1

‖Yn·,i‖s,t,β,n � (C(c, s, V , β, T) ∨ 1)

(
1 +

s∑
i=1

‖Yn·,i‖s,t,β,n(t − s)β
)

‖X‖β

=: C1

(
1 +

s∑
i=1

‖Yn·,i‖s,t,β,n(t − s)β
)

‖X‖β .

If n � 2T(2C1‖X‖β)1/β then there exist N0 ∈ N+ and N1 := N0T
n such that

(2C1‖X‖β)−1/β � 2N1 � 2(2C1‖X‖β)−1/β .

When t − s = N1, considering the choice for N1, we get

s∑
i=1

‖Yn·,i‖s,t,β,n � 2C1‖X‖β .

When t − s > N1,

s∑
i=1

∣∣Yn
t,i − Yn

s,i

∣∣ � C

([
t − s

N1

]
+ 1

)
sup

r=r�n�tn−1

s∑
i=1

‖Yn·,i‖r,r+N1,β,nNβ
1 ,
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where [t] means the largest integer that is not larger than t. Then we obtain

s∑
i=1

‖Yn·,i‖s,t,β,n � C

(
T

N1
+ 1

)1−β

C1‖X‖β

� C
(
‖X‖1/β−1

β + 1
)
‖X‖β

� C max

{
‖X‖β , ‖X‖1/β

β

}
,

where the second inequality is from the choice of N1. If n < 2T(2C1‖X‖β)1/β , the definition of Yn·,i
leads to

s∑
i=1

|Yn
t,i − Yn

s,i| � C(t − s)

(
T

n

)−1+β

‖X‖β ,

and thus

s∑
i=1

‖Yn·,i‖s,t,β,n � C‖X‖1/β
β .

Then for 0 � s < t � T , it holds that

s∑
i=1

‖Yn·,i‖s,t,β � C‖X‖β +
s∑

i=1

‖Yn·,i‖s�n,�t�n,β,n � C max

{
‖X‖β , ‖X‖1/β

β

}
.

Therefore,

‖Yn·,i‖β � C(c, s, V , β, T) max

{
‖X‖β , ‖X‖1/β

β

}
,

‖Yn·,i‖∞ � |y| + C(c, s, V , β, T) max

{
‖X‖β , ‖X‖1/β

β

}
.

Moreover, if C0 ∈ (0, 1/C1) then for 0 � s < t � T such that ‖X‖β |t − s|β � C0, it can be
improved to

s∑
i=1

‖Yn·,i‖s,t,β � C(C1, β, T , C0)‖X‖β .
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Considering the numerical solution Yn since

∣∣Yn
t − Yn

s

∣∣ � s∑
i=1

∣∣∣∣
∫ t

s
biV

(
Ynr�n,j

)
dXr

∣∣∣∣
�C

⎛
⎝1 +

s∑
j=1

‖Yn·,j‖s,t,β,n(t − s)β

⎞
⎠ ‖X‖β(t − s)β

�C(c, s, V , β, T) max

{
‖X‖β , ‖X‖1/β+1

β

}
(t − s)β ,

we obtain that

‖Yn· ‖β � C(c, s, V , β, T) max

{
‖X‖β , ‖X‖1/β+1

β

}
,

‖Yn· ‖∞ � |y| + C(c, s, V , β, T) max

{
‖X‖β , ‖X‖1/β+1

β

}
,

and for 0 � s < t � T such that ‖X‖β |t − s|β � C0 ∈ (0, 1/C1),

‖Yn· ‖s,t,β � C(c, s, V , β, T , C0)‖X‖β .

�
Remark 4.1 Note that Fernique’s lemma implies that

∥∥‖X‖N
β

∥∥
Lp(Ω)

< ∞ for any p � 1 and N ∈ N+;
see e.g., Hu et al. (2016a, Remark 3.2).

4.2 A priori estimates simplified step-N Euler schemes

Using similar arguments in the proof of Lemmas 4.1–4.3, we obtain Lemmas 4.4–4.6. Then we obtain
the bound for Yn· defined in (3.13).

Lemma 4.4 If V ∈ C N−1
b (Rm;Rm×d) then for any n ∈ N+ and 1/2 < β < H, ‖Yn· ‖β,n are all finite

almost surely.

Lemma 4.5 Let α, β and β ′ satisfy 1 − β < α < β ′. Then for any s, t ∈ [0, T] satisfying s < t and
s = s�n, there exists a constant C = C(α, β, β ′, T) such that

∫ t

s
(t − r)α+β−1

∫ r

s

(�r�n − �u�n)
β ′

(r − u)α+1 du dr � K(t − s)β+β ′
.

Lemma 4.6 Let β and β ′ satisfy β + β ′ > 1. Let g ∈ C 1
b (Rm;R), xl ∈ C ([s, t];R), l ∈ {1, · · · , d} and

z ∈ C ([s, t];Rm). If ‖xl‖β , ‖z‖β ′,n are all finite for any l ∈ {1, · · · , d}, n ∈ N+ then for w � 2, s = s�n
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and t = t�n,

∣∣∣∣
∫ t

s
g(z�r�n

)
(

xlwr�n
− xlw�r�n

)
· · ·

(
xl2r�n − xl2�r�n

)
dXl1

r

∣∣∣∣
� C(g, β, β ′, T)

(
1 + ‖z‖s,t,β ′,n(t − s)β

′) ‖xlw‖β · · · ‖xl1‖β(t − s)βw,

where l1, · · · , lw ∈ {1, · · · , d}.
Proof. Let Φr = g(z�r�n

)(xlwr�n − xlw�r�n
) · · · (xl2r�n − xl2�r�n

). Taking α such that α < β ′ and β +α > 1 we

estimate the left fractional Weyl derivative of Φ via

|Dα
s+Φr| �

∣∣∣∣ Φr

(r − s)α

∣∣∣∣ + α

∫ r

s

∣∣Φr − Φu

∣∣
(r − u)α+1 du.

For the first term we have

∣∣∣∣ Φr

(r − s)α

∣∣∣∣ � C‖xlw‖β · · · ‖xl2‖β

(
T

n

)β(w−1)

(r − s)−α .

For the second term we decompose Φr − Φu into

[
g(z�r�n

) · · ·
(

xl3r�n − xl3�r�n

) (
xl2r�n − xl2�r�n

)
− g(z�r�n

) · · ·
(

xl3r�n − xl3�r�n

) (
xl2u�n − xl2�u�n

) ]
+

[
g(z�r�n

) · · ·
(

xl3r�n − xl3�r�n

) (
xl2u�n − xl2�u�n

)
− g(z�r�n

) · · ·
(

xl3u�n − xl3�u�n

) (
xl2u�n − xl2�u�n

) ]
+ · · ·
+

[
g(z�r�n

)
(

xlwu�n − xlw�u�n

)
· · ·

(
xl2u�n − xl2�u�n

)
− g(z�u�n

)
(

xlwu�n − xlw�u�n

)
· · ·

(
xl2u�n − xl2�u�n

) ]
=: I1 + I2 · · · + Iw.

We analyse each of them by

|I1| � C‖xlw‖β · · · ‖xl2‖β

(
T

n

)β(w−2)[
(r�n − u�n)β + (�r�n − �u�n)

β
]
,

|I2| � C‖xlw‖β · · · ‖xl2‖β

(
T

n

)β(w−2)[
(r�n − u�n)β + (�r�n − �u�n)

β
]
,

· · ·

|Iw−1| � C‖xlw‖β · · · ‖xl2‖β

(
T

n

)β(w−2)[
(r�n − u�n)β + (�r�n − �u�n)

β
]
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and

|Iw| �
∣∣∣(g(z�r�n

) − g(z�u�n
))

(
xlwu�n − xlw�u�n

)
· · ·

(
xl2u�n − xl2�u�n

)∣∣∣
�C

∣∣∣(z�r�n
− z�u�n

)
(

xlwu�n − xlw�u�n

)
· · ·

(
xl2u�n − xl2�u�n

)∣∣∣
�C‖z‖s,t,β ′,n(�r�n − �u�n)

β ′ ‖xlw‖β · · · ‖xl2‖β

(
T

n

)β(w−1)

.

Combining Lemma 4.5 and arguments in Lemma 4.3 we conclude the proof. �
Proposition 4.2 Let 1/2 < β < H. If V ∈ C N

b (Rm;Rm×d), then for any n ∈ N+,

‖Yn‖β � C(N, V , β, T) max

{
‖X‖β , ‖X‖N−1+1/β

β

}
,

‖Yn‖∞ � |y| + C(N, V , β, T) max

{
‖X‖β , ‖X‖N−1+1/β

β

}
.

Moreover, there exists C0 > 0 such that 0 � s < t � T and ‖X‖β |t − s|β � C0 imply

‖Yn‖s,t,β � C(N, V , β, T , C0)‖X‖β .

Proof. Take s, t ∈ [0, T] such that s = s�n and t = t�n. Lemma 4.6 yields

∣∣Yn
t − Yn

s

∣∣ �C(N, V , β, T)

N∑
w=1

‖X‖w
β (t − s)βw[

1 + ‖Yn‖s,t,β,n(t − s)β
]

= : C1

N∑
w=1

‖X‖w
β (t − s)βw[

1 + ‖Yn‖s,t,β,n(t − s)β
]
,

since ‖Xlw‖β · · · ‖Xl1‖β � ‖X‖w
β . Dividing both sides by (t − s)β , we have

‖Yn‖s,t,β,n � C1

N∑
w=1

‖X‖w
β (t − s)β(w−1)

[
1 + ‖Yn‖s,t,β,n(t − s)β

]
.

If n � 2T(2NC1‖X‖β)1/β then there exist N0 ∈ N+ and N1 = N0T
n such that

(2NC1‖X‖β)−1/β � 2N1 � 2(2NC1‖X‖β)−1/β .

When t − s = N1 we get

C1‖X‖w
β (t − s)βw � 1

2N
, ∀ w = 1, · · · , N,
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which shows

‖Yn‖s,t,β,n � 2C1

N∑
w=1

‖X‖w
β (t − s)β(w−1).

When t − s > N1,

∣∣Yn
t − Yn

s

∣∣ � C

([
t − s

N1

]
+ 1

)
sup

r=r�n�tn−1

‖Yn‖r,r+N1,β,nNβ
1 .

We derive that if n � 2T(2NC1‖X‖β)1/β ,

‖Yn‖s,t,β,n � C max

{
‖X‖β , ‖X‖N−1+1/β

β

}
.

If n < 2T(2NC1‖X‖β)1/β the definition of Yn leads to

‖Yn‖s,t,β,n � C‖X‖1/β
β .

Therefore, for 0 � s < t � T ,

‖Yn‖s,t,β � C‖X‖N
β + ‖Yn‖s�n,�t�n,β,n � C max

{
‖X‖β , ‖X‖N−1+1/β

β

}
,

which we conclude the estimates

‖Yn‖β � C(c, s, V , β, T) max

{
‖X‖β , ‖X‖N−1+1/β

β

}
,

‖Yn‖∞ � |y| + C(c, s, V , β, T) max

{
‖X‖β , ‖X‖N−1+1/β

β

}
.

Moreover, if C0 ∈ (0, (C1N)−1) then for 0 � s < t � T such that ‖X‖β |t − s|β � C0, we obtain

‖Yn‖s,t,β � C(N, V , β, T , C0)‖X‖β .

�
The continuous dependence of two-stage values Yn

·,1 and Yn
·,2 introduced by (3.17) and (3.18) follows

from Proposition 4.2.
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Proposition 4.3 Let 1/2 < β < H. If V ∈ C N
b (Rm;Rm×d) then for any n ∈ N+,

‖Yn
·,2‖β � C(N, V , β, T) max

{
‖X‖β , ‖X‖N−1+1/β

β

}
,

‖Yn
·,2‖∞ � |y| + C(N, V , β, T) max

{
‖X‖β , ‖X‖N−1+1/β

β

}
.

Moreover, there exists some C0 > 0 such that 0 � s < t � T and ‖X‖β |t − s|β � C0 imply

‖Yn
·,2‖s,t,β � C(N, V , β, T , C0)‖X‖β .

4.3 Proof of Theorems 3.2–3.3

Now we are in position for the proof of our main theorems, Theorems 3.2 and 3.3.

Proof of Theorem 3.2. Notice that condition (3.10) deduces the expression of Rlead (3.9). Together with
Proposition 4.1, Lemmas 2.3 and 2.4 lead to

∥∥Rlead
t − Rlead

s

∥∥
Lp(Ω)

� C(t − s)
1
2 h2H− 1

2 , ∀ p � 1, t = t�n, s = s�n. (4.1)

Similarly, based on (2.4) and Hu et al. (2017, Lemma 6.2), we have

∥∥(Rt − Rlead
t ) − (Rs − Rlead

s )
∥∥

Lp(Ω)
� C(t − s)

1
2 h2H , ∀ p � 1, t = t�n, s = s�n.

Recall that

Lt =
∑

l

∫ t

0

∫ 1

0
∇Vl(θYs + (1 − θ)Yn

s )(Ys − Yn
s ) dθ dXl

s =:
∑

l

∫ t

0
Sl

s(Ys − Yn
s ) dXl

s.

We introduce two linear equations defined through Sl
s. Let matrices Λn and Γ n satisfy the linear

equations

Λn
t = I +

∑
l

∫ t

0
Sl

sΛ
n
s dXl

s,

Γ n
t = I −

∑
l

∫ t

0
Γ n

s Sl
s dXl

s,

where I ∈ R
m×m denotes the identity matrix. Using the chain rule one can check that ΛnΓ n = I.

Applying Proposition 4.1, Remark 4.1 and Hu et al. (2016a, Lemma 3.1 (ii)), we obtain

max

{
‖‖Λn‖∞‖Lp(Ω), ‖‖Λn‖β‖Lp(Ω), ‖‖Γ n‖∞‖Lp(Ω), ‖‖Γ n‖β‖Lp(Ω)

}
� C, ∀ p � 1. (4.2)
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Since Yt − Yn
t = Λn

t

∫ t
0 Γ n

s dRs the Hölder inequality implies that

‖‖Y − Yn‖∞‖Lp(Ω) �
∥∥∥∥‖Λn‖∞

∥∥∥∥
∫ ·

0
Γ n

s dRs

∥∥∥∥∞

∥∥∥∥
Lp(Ω)

� ‖‖Λn‖∞‖L2p(Ω)

∥∥∥∥
∥∥∥∥

∫ ·

0
Γ n

s dRs

∥∥∥∥∞

∥∥∥∥
L2p(Ω)

, ∀ p � 1.

Define f n
t := n2H− 1

2
∫ t

0 Γ n
s dRs. It suffices to prove that ‖‖ f n‖∞‖Lq(Ω) � C, for any q � 1.

For 0 � s < t � T if there exists some k ∈ {1, · · · , n} such that 0 � s < tk < t � T , we decompose∫ t
s Γ n

u dRu into

∫ t

s
Γ n

u dRu =
∫ s�n

s
Γ n

u dRu +
∫ �t�n

s�n
Γ n

u dRu +
∫ t

�t�n

Γ n
u dRu

=
∫ s�n

s
Γ n

u dRu +
∫ �t�n

s�n
Γ n�u�n

dRu +
∫ �t�n

s�n

∫ u

�u�n

dΓ n
v dRu +

∫ t

�t�n

Γ n
u dRu.

For the first term, combining the definitions of Yn
t and Rt, we have

∫ s�n

s
Γ n

u dRu =
∫ s�n

s
Γ n

u

[
V(Yn

u ) −
∑

i

biV
(

Ynu�n,i

) ]
dXu.

By the property of Young’s integral (see e.g., Lyons et al., 2007, Theorem 1.16 and Remark 1.17), we
obtain for 1

2 < β < H,

∣∣∣∣
∫ s�n

s
Γ n

u dRu

∣∣∣∣ �C(β, T)‖X‖β |s�n − s|β
[∥∥∥Γ n·

[
V(Yn· ) −

∑
i

biV(Yn·�n,i)
]∥∥∥∞ +

∥∥∥Γ n·
[
V(Yn· ) −

∑
i

biV(Yn·�n,i)
]∥∥∥

β

]

�C(β, V , T)‖X‖β |s�n − s|β[∑
i

(‖Γ n· ‖∞ + ‖Γ n· ‖β)‖Yn· − Yn·�n,i‖∞ +
∑

i

‖Γ n· ‖∞‖Yn· − Yn·�n,i‖β

]
,

where we use the assumptions V ∈ C 1
b and

∑
i bi = 1 in the last inequality. It follows from (3.1) to (3.4)

that

∣∣∣∣
∫ s�n

s
Γ n

u dRu

∣∣∣∣ � C(β, V , T)‖X‖2
β(‖Γ n‖∞ + ‖Γ n‖β)|s�n − s|βhβ

� C(β, V , T)‖X‖2
β(‖Γ n‖∞ + ‖Γ n‖β)|t − s| 1

2 −2(H−β)n−(2H− 1
2 ).
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For the second term, according to (4.1) and (4.2) and Lemma 2.4, we have

∥∥∥∥n2H− 1
2

∫ �t�n

s�n
Γ n�u�n

dRu

∥∥∥∥
Lq(Ω)

� C|t − s| 1
2 .

For the third term, combining the definitions of Γ n
t and Rt, we know that it contains the third-level

iterated integrals of X. Then

∥∥∥∥n2H
∫ �t�n

s�n

∫ u

�u�n

dΓ n
v dRu

∥∥∥∥
Lq(Ω)

� C|t − s| 1
2 .

For the fourth term, using similar arguments as the estimate for the first term, we get

∣∣∣∣
∫ t

�t�n

Γ n
u dRu

∣∣∣∣ � C(β, V , T)‖X‖2
β(‖Γ n‖∞ + ‖Γ n‖β)|t − s| 1

2 −2(H−β)n−(2H− 1
2 ).

If tk � s < t � tk+1 it holds that

∣∣∣∣
∫ t

s
Γ n

u dRu

∣∣∣∣ � C(β, V , T)‖X‖2
β(‖Γ n‖∞ + ‖Γ n‖β)|t − s| 1

2 −2(H−β)n−(2H− 1
2 ).

Therefore, for 0 � s < t � T and q � 1, we obtain

‖ f n
t − f n

s ‖Lq(Ω) � C
(|t − s| 1

2 + |t − s| 1
2 −2(H−β)

)
.

For q > 4 we take β such that max{ 1
2 , H − 1

2q } < β < H and take α = 1
2 − 1

q such that α ∈ ( 1
q , 1

2 ).
Lemma 2.1 yields that

E

[
‖ f n‖q∞

]
� Tαq−1

E

[
‖ f n‖q

α− 1
q

]

� C
∫ T

0

∫ T

0

E
[| f n

t − f n
s |q]

|t − s|1+qα
ds dt

� C
∫ T

0

∫ T

0

|t − s| q
2 + |t − s| q

2 −2q(H−β)

|t − s|1+qα
ds dt

� C.
�

Proof of Theorem 3.3. According to (3.21) we have that Rlead for the simplified step-N Euler scheme
is the same as that in (3.9) for the Runge–Kutta method in the proof of Theorem 3.2. Then similar
techniques yield

∥∥Rlead
t − Rlead

s

∥∥
Lp(Ω)

� C(t − s)
1
2 h2H− 1

2 , ∀ p � 1, t = t�n, s = s�n
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Fig. 1. Maximum mean-square error (MMSE) vs. step size.

and

∥∥(Rt − Rlead
t ) − (Rs − Rlead

s )
∥∥

Lp(Ω)
� C(t − s)

1
2 h2H , ∀ p � 1, t = t�n, s = s�n.

Repeating the arguments in the proof of Theorem 3.2 we conclude the result. �

5. Numerical experiments

In this section we give an example to verify our results. Consider

dYt = 3 sin(Yt)dt + 3 cos(Yt)dX2
t + 3 sin(Yt)dX3

t , t ∈ (0, 1],

Y0 = 5,
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where X2 and X3 are independent fBms with Hurst parameter H > 1
2 . We compare the following three

numerical schemes: simplified step-2 Euler scheme and two Runge–Kutta methods with coefficients
defined by the Butcher tableaus:

In other words the first Runge–Kutta method is the midpoint scheme and the second one is a four-
stage Runge–Kutta method satisfying conditions for order 4 in deterministic case. Both of them satisfy
condition (3.10). Theorems 3.2 and 3.3 indicate that their maximum mean-square convergence rate is
2H − 1

2 , i.e.,

∥∥∥ max
1�k�n

|Ytk − Yn
tk |

∥∥∥
L2(Ω)

� Ch2H− 1
2 ,

which is illustrated by numerical results in Fig. 1. For each scheme the numerical solution with time
step size h = 2−13 is taken as the approximated ‘exact solution’ for comparison and the average of 1000
sample paths is used as an approximation of the expectation.

Remark 5.1 As mentioned in the introduction the convergence rate 2H − 1
2 is optimal since only

increments of fBms are used in the methods under study. This fact is illustrated in Fig. 1 that the four-
stage Runge–Kutta method shows the same rate as the other two schemes. It is still an open problem to
construct numerical schemes with strong convergence rates higher than 2H − 1

2 , in which case efficient
simulation of iterated integrals of multi-dimensional fBms should also be taken into consideration to
make schemes implementable.
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