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Penalty Functions
Penalty Idea

Consider the nonlinear optimization problem:

min f(x)
subjectto cj(x) =0, i=1,....Me;
ci(x) >0, i=me—+1,.....m.

Feasible Set X
X ={x| ¢i(x)=0,i=1,...me;Ci(x)>0,i=me+1,...,m.}
Objective: Find the best point in X.

Questions How about the points that are not belong to X?
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Penalty Functions Courant(simple) Penalty Function

Constraint Violation

Consider the simple case:
m = me > 0 (Equality Constrained Optimization)

A point is feasible if and only if ||c(x)||. =0
llc(x)|l2 is a Constraint Violation.

A penalty term is a hon-negative term that is zero if and only if the
variable is feasible.

A penalty function normally consists of the objective function and a
penalty term. For example

Po(x) = f(x) + ollc(x)[3

The above function is called the Courant Penalty Function
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Penalty Functions Courant(simple) Penalty Function

Properties of the Courant Penalty Function

Assume that there exists a og > 0 such that P,,(x) is bounded below
(we call that the constrained problem can be well-penalized.)

Let x(o) be the solution of

min Py (x) = f(x) +oflc(x)]2.

Theorem Let0 < o1 < o0,. Then
f(x(o1)) < f(x(02))

le(x(e2))ll2 = lle(x(a2))ll2
Theorem Letd = |[c(x(0))||2. X(o) is also the solution of
Sl
subject to ||c(x)|2 < 6.
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Penalty Functions Courant(simple) Penalty Function

Theorem
lim [lc(x(e)) ]2 = min [[c(x)]l2-
— xeRn

Proof If the theorem is not true, there exists X such that
lc(x(@)ll2 = v > [le(X)[]2 > min e (x)]2-

holds for all ¢ > oy.
Therefore, for all ¢ > og, we can show that

f(R) +olle®)E > f(x(0)) +olle(x(0))]2
= [t(x(0)) + s0le(x(2))E] + (o — oo)[e(x (o)) 3

[f(x(00)) + a0llc(x(o0))E] + (o = o0)7

v

Dividing both sides by ¢ and letting ¢ — oo we obtain a contradiction.
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Penalty Functions Courant(simple) Penalty Function

A Penalty Function Method Based on Courant PF

Algorithm (A penalty function method)

Step 1l Givenxg e R", 01 >0,e>0,k =1
Step 2 Solve(starting from x):

min P, (x)

obtaining X (o).

Step 3 If |[c(x(ok)]||2 < e then stop.
Set Xk 41 := X(0k), ok41 = 100%;
k :=k + 1, go to Step 2.
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Penalty Functions Courant(simple) Penalty Function

Convergence of Penalty Function Method

Theorem If ¢ > min ||c(X)||2, the penalty function method will
terminate after finitely many iterations.

Theorem If oy — oo, any accumulation point x* of xy is a solution of

in f
g 9

subject to [|lc(x)[|2 = minyexn [[c(y)]2-

Assume that ||c(x*)|| = O (feasible), we have
® [lc(ura)ll = O(L/ k).
® [[Xit1 — x| = O(1/0x).
® [[Akg1 — A" =O(1/a).
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Penalty Functions Barrier Functions/Interior Point Penalty Functions
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Penalty Functions Barrier Functions/Interior Point Penalty Functions

Consider the inequality constrained problem:
min f
xe?IR” (X)
s. t. ci(x)>0, i=1,..m.

A barrier term is a term that approaches to positive infinity if the
variable approaches to the boundary of the feasible region.

A Barrier Function normally consists the objective function and a
barrier term.

P(x) = f(x) + ~h(e(x))
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Penalty Functions Barrier Functions/Interior Point Penalty Functions

Some Barrier Functions

@ Inverse barrier function

@ Logarithmic barrier function

1
ci(x)

Pu(x) =f(x) + 1) log(—7=)
i=1

Homework
NLP-HW4: Could you give another barrier function, and compare it
with the Log-barrier function?
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Penalty Functions Multiplier Penalty Functions

How to Avoid Infinite Penalty Parameter?

Another look of the simple penalty function: P,(x) = f(x) + o|lc(x)||3:

when x(o) — x*, —oCi(x(0)) — A"
If \j = O forall i, we may not require o — oo!
Consider the equivalent problem: "
minf(x) — > Arci(x)
i=1

s.t. c(x)=0.

The Lagrange multipliers for the above problem are all zero!
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Penalty Functions Multiplier Penalty Functions

Augmented Lagrangian Function

The multiplier penalty function:
P(x,\ o) = f(x Z)\C Ezm:a-c-(x)z
| 2 — (|
Powell’s modification to the S|mple penalty function: Compare
Vi (x*) Z)\ vei(x*) (KKT)
)+ JZC, (0))Vei(x(c)) =0  (Simple Penalty)

Gradient is correct, but the function value is not — shifting ¢;(x)!
m
X)+ oY (ci(x) -
i=1

which also leads to the Augmented Lagrangian Function.
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Penalty Functions Multiplier Penalty Functions

Question: How to choose proper multipliers A;?

Given A\(K) and #(), obtain x,, 1 by minimizing the above function.

m
fFowr1) — (AW = 086 (x411)) Vei(xuq1) = 0
i=1

Thus, it is natural to let

A 230 o ).
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Penalty Functions Multiplier Penalty Functions

Fletcher’s Differentiable Penalty Function

Idea: multipliers depends on x instead of as parameters.
what we wish:

Vi(x) — zm:Achi(x) =0
i=1
Least Square Solution:
A(x) = argmin,cqn [[VE(X) — A(X) A2
A(x) = Vc(x)T: Jacobian of c(x)
Fletcher’s differentiable penalty function:
P(x,0) =f(x) = A(x)"c(x) + aflc(x)|

Exact Penalty Function!
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Penalty Functions Nonsmooth Exact Penalty Function
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Penalty Functions Nonsmooth Exact Penalty Function

Nonsmooth Exact Penalty Functions

Two commonly used exact penalty functions

@ L, penalty function:

P1(x) = f(x) + alle(x)l1

@ L., penalty function:

Poo(x) = f(x) + alle(X)]l

Advantages: 1) Simple; 2) Exact.

Generalized to Inequality constraints:
¢ =c(x)(i=1,..,m); ¢ =min{0,ci(x)}(i = mMe +1,....m)
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Sequential Quadratic Programming (SQP) Method Lagrange-Newton Method
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Sequential Quadratic Programming (SQP) Method Lagrange-Newton Method

Lagrange-Newton Method

Consider the equality constrained problem:

1
s. t. c(x)=0,
KKT conditions (Stationary point to the Lagrangian):
Vi(x) —Ve(x)TA = 0,
—c(x) = 0.
Apply Newton’s Method

() () (")
—A(Xk k —C(Xxk

where A(x) = Ve(x)T, W(x,\) = V2f(x) — 3, (k)i V2¢i (Xk ).
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Sequential Quadratic Programming (SQP) Method Lagrange-Newton Method

Lagrange-Newton Step as a QP step

(5 (1) (8)
Thus d is the solution of

min d' Vf(xy) + %dTWkd

s. t. Ck —{—Ald =0

with X being the corresponding multipliers.
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Sequential Quadratic Programming (SQP) Method SQP Method
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Sequential Quadratic Programming (SQP) Method SQP Method

SQP method

For general NLP, at each iteration, solve the following QP:

1
; T T
d+ =d Byd
dnglggj Ok +2 kd,

S. L ai(xk)Td + Ci(Xk) =0, i=1,.. Mg,
ai(xk)Td +ci(xk) >0, i=meg+1,..,m.

Let d¢ be a solution of the above QP, then

Ok + Bkdk — Al )X = O,
(M) = 0, i=me+1,...m;
Mileit) +ai(x)Td] = 0, i=me+1,...m.

Note: dy is a descent direction of many penalty functions!
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Sequential Quadratic Programming (SQP) Method SQP Method

Lemma Let dx be a K-T point of the QP subproblem and \¢ be the
corresponding Lagrange multiplier. Consider the L, penalty function

P(x,0) = (%) +olc(x)]l1,
we have that
Pl (X + adk,0)| _y < —dy Bedy — o |c (%) [l + Af e (xk)-

If d] Bxdx > 0 and o > || A« ||, then di is a descent direction of the
penalty function P(x, o).
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Sequential Quadratic Programming (SQP) Method SQP Method

Wilson-Han-Powell Method

Step 1. Givenx; € R",0 >0, >0,B; e R"™", ¢ >0,k :=1;

Step 2. Solve QP subproblem giving dy;
if ||dk|| < e then stop;
find ax € [0, ] such that

P (x dyg,0) < min P(x d, .
(k+ak ka)*ogagé (k—i-Oé K U)+6k

Step 3. Xki11 = Xk + axdy; Generate By 1;
k :=k + 1; go to Step 2.
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Sequential Quadratic Programming (SQP) Method SQP Method

update of ¢

Question: How to ensure

o> ”)\k ||oo?

Powell(1978) suggested

P(x,01) = F(x) + > (@)ile (%))

i=1
with the update

(c1)i = (M),

(ox)i = max{|[>\k]i|a;[(0k_1)i+|()\k)i|]}a k>1,
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Sequential Quadratic Programming (SQP) Method SQP Method

Update of By

Because By should approximate the Hessian of the Lagrangian, it is
reasonable to require By, 1Sk = yk with

Sk = Xk+1 — Xk,
m
Yo = V(1) = V) = Y (w)ilVei () — Vei(xo)].
i=1
sy Yk > 0 may not be true. :(
Therefore, yy is replaced by
_ vk if ] yk > 0.2s] Bysk,
Yie= Oiyk + (1 — 6¢)Bysk, otherwise.

where 0 = (0.8s] Bxsk)/(S) BkSk — Sy Yk)-
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Sequential Quadratic Programming (SQP) Method SQP Method

Superlinearly Convergence of SQP method

Theorem dy is a superlinearly convergent step, namely
. Xk + dg — x*
i It de—xl
k—oo |[xk — x*||

if and only if
im I1Pk(Bx = W (x*, A%))di|| _
im =
k=00 [

where Py is a projection from R" onto the null space of A(x)':

0,

Pr = (I = A ) (A) TAMX)) HAMX)T).
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Sequential Quadratic Programming (SQP) Method Maratos Effect
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Sequential Quadratic Programming (SQP) Method Maratos Effect

Maratos Effect

Example:

min f(x) =3v2 —2u,
x=(u,v)eR?

s.t. c(x)=u—-v2=0.
It is easy to see that x* = (0,0)" is the unique minimizer. Initial point:
X(e) = (u(e),v(e)" = (&, ¢)7

where ¢ > 0 is a small parameter.
Let B = W (x*, \*), the quadratic programming subproblem is

. r(-2) . 1[0 0
i d<ee 34 1o 2%

T 1 _
s. t. d (_2€>—O.

The solution of the above QP is d(e) = (—2¢2, —e)
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Therefore, we have that
_ - - 2
[X(€) +d(€) —x*[| = O([|X(e) —x*[|).

Thus, d(e) is a superlinearly convergent step. Direct calculations
indicates that

(%) +d() = 22
c(X(e) +d(e)) = —é2.

Because f(X(¢)) = €% and c(X(¢)) = 0, we have that

f((e) +d(9))
e(%(e) +d(e))

This example shows that a superlinearly convergent step can not
ensure a reduction in the penalty function (Maratos Effect)
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Sequential Quadratic Programming (SQP) Method Maratos Effect

Techniques to overcome Maratos Effect

@ Watch-dog
Reducing the Lagrange function instead of the L, penalty.

@ Second Order Correction Step
Another step to the feasible set from the failed point.

@ Smooth Exact Penalty Functions as merit
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Trust Region Methods for Constrained Problems

How to combine trust region to SQP?

SQP subproblem:
1
: T - TB —
min gy d + 5d " Byd = ¢x(d)
subject to
ci(xk) +dTVei(x) =0 i=1,2,...,me
Ci(Xk)—FdTVCi(Xk)ZO i=me+1,...,m

How to combine the above QP with Trust Region ||d| < Ag?
@ Null Space
@ Exact penalty function
@ Two ball subproblem
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Trust Region Methods for Constrained Problems
Null Space TR Algorithm

1
U | AT _
min gd + 5d " Brd = ¢x(d)
subject to
GCi(Xk)—I—dTVCi(Xk):O i=12,...,me

oci(x) +dTVei(x) >0 i=me+1,....m
where 6y € (0,1]
@ range space step, Cauchy step

@ null step, quasi-Newton step
@ geometrically move feasible region towards to the current iterate

* Quadratic Program,
* A TRS problem in the Null Space.
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Trust Region Methods for Constrained Problems
Exact Penalty TR algorithm

. 1 -
min g7d + 5d"Bed + oi|(ck + ALd) || = S (d)

s.t. ||d]]eo < Ax.
Advantages:
@ trial step closed related to the merit function
@ subproblem always feasible
@ automatically update penalty parameter
@ no need for approximating Lagrange multipliers

Difficulties: — nonsmooth subproblem
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Trust Region Methods for Constrained Problems
Two Ball TR Subproblem

Celis, Dennis and Tapia(1985):
min gg d + 1dTBkol = ¢y (d)
desn ~K 2

st [l(ce+ATd) ||z < &
dlls < Ay

where ¢ = c(xk) = (C1(x), ., cm(X))", Ak = A(xx) = Ve(xk)T, & >0
is a parameter and the superscript “-” means that
vi =Vi(i=1,...,me), v, =min[0,V;](i = me +1,...,m).
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Filter Methods

liberation of Newton Movement —
ai = 1 for line search, Xk+1 = Xk + Sk for trust region.
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Definition of Filter

Definition | A pair (f, hy) is said to dominate another pair (fi, h;) if
and only if both fy <f, and hy < h;.

Definition Il A filter is a list of pairs (fj, h;) such that no pair dominates
any other. A pair (fx, hy) is said to be acceptable for inclusion in the
filter if it is not dominated by any pair in the filter.
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Filter Methods
Geometric representation of a filter

1Ly
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Filter Methods

Filter vs. Penalty (A filter view of Penalty)

+ slope of penalty contour: —c
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Filter Methods

Generalized Filter — Geometric

— penalty

«— standard filter

«— generalized filter
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Subspace Algorithms

General Subspace Model for Unconstrained Opt.

At each iteration, a subspace Sy is available.

Try to construct a quadratic model Qy(d) ~ f(xx +d) for d € S
Solve(obtaining dy):

ggigk Qx(d)

Do not carry line search — nor trust region
Either continue the process xx,1 — Xk = Sk = dk
or modify the model (and the subspace):

Qi (di) = f(xk +dy), Sk :=SkU{dx}\{some old v}
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Subspace Algorithms
Choices for Subspaces

Unconstrained Optimization:
@ Subspace

Span{_gl7_927"'7_gk} = Span{_gkvyk—lv“'vyl}
= Span{_gkask—lv'“vsl}

@ Subspace Span{—0k, Sk—_1,---sSk—m}
@ Subspace Span{—gk, Yk—1, s Yk—m}

Constrained Optimization:
A possible choice:

Sk = Span{—g. S1, ..., Sk, —VC }

Adding (a few) random directions to the subspace.
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Discussions
Discussions

Challenges and Opportunities

@ Literature Driven / Problem Driven

@ No significant advances /Difficult

@ Popular / Recover

@ Special Features / Special Applications
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Discussions

THANK YOU!
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