CONVERGENCE OF THE HETEROGENEOUS MULTISCALE FINITE
ELEMENT METHOD FOR ELLIPTIC PROBLEM WITH NONSMOOTH
MICROSTRUCTURES

RUI DU AND PINGBING MING

ABSTRACT. We propose a condition under which the heterogeneous multiscale finite element
method converges for elliptic problem with nonsmooth coefficients, and obtain the optimal
convergence rate for elliptic problem with nonsymmetric periodic coefficients that allow for
nonsmooth microstructures.

1. INTRODUCTION

Consider the elliptic problem
{ —div (a‘(z)Vus(x)) = f(=x) xeDCRY

(1) u(x) =0 x € 0D,

where € is a small parameter that signifies explicitly the multiscale nature of the coefficient a,
which is not necessarily symmetric. We assume a® belongs to a set M(\, A, D) that is defined as

M, A, D) = {B e [L=(D)]" | (B@)e,€) = N, |B(x)€] < Al€]
for any &€ € R? and a.e. x in D }7

where D is a bounded domain in R?, and (-,-) denotes the inner product on R? while |-| the
corresponding norm.

On the analytic side, the following fact is known about (1.1). In the sense of H-convergence
due to MURAT AND TARTAR [27], for every a¢ € M(X, A, D) and f € H~ (D) the sequence {u¢}
the solutions of (1.1) satisfies

u® = Up weakly in  Hg (D),
a‘Vu® — AVU, weakly in  [L?(D)]%,
where Uy is the solution of
{ —div (A(z)VUy(x)) = f(x) x €D,

(1.2) Up(x) =0 x € 0D,

and A € M(\ A%/X, D). Here Hg(D),L*(D), and H~'(D) are standard Sobolev spaces [1].
We denote the L?(D) inner product by (-,-), and the L?(D) inner product by (-, ')L2(b) for any

measurable subset D C D.
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The heterogeneous multiscale method (HMM) introduced by E AND ENGQUIST [13] is a general
methodology for designing sublinear scaling algorithms by exploiting scale separation and other
special features of the problem. Sublinear scaling algorithm is an algorithm whose computational
cost scales sublinearly with that of a brute force solver. It consists of two components: selection of
a macroscopic solver and estimating the missing macroscale data by solving locally the microscale
problem. The finite element method is frequently employed as the macroscopic solver in HMM
(HMM-FEM for short). The convergence behavior of HMM-FEM applied to (1.1) was well-
understood (see [13] and [14]). The error between Uy and the HMM-FEM solution also consists
of two parts: one is the approximation error of the macroscopic solver; the other is the error
committed in estimating the effective matrix (the missing macroscale data), which is referred to
as e(HMM).

E, MING AND ZHANG [14] obtained the optimal estimate of e(HMM) when a€ is a locally peri-
odic matrix. The optimality of the estimate was confirmed by the numerical examples in [23, 12].
Their main assumptions are: 1) a€ is a symmetric matrix; 2) each entry of a€ is a smooth function;
3) the microscale problem is subject to the Dirichlet boundary condition. Moreover, they im-
plicitly used a regularity assumption that was never proved; see (3.5). Although DU AND MING
recently extended this result to the case when a° is a nonsymmetric matrix [12], it is still un-
known under which condition e(HMM) converges to zero if there is no further assumption on the
coefficients beyond a® € M(A, 4, D) and to what degree the smoothness assumption on the coef-
ficients is weakened while keeping the optimal convergence rate of e(HMM). Besides the Dirichlet
boundary condition, the microscale problem may be supplemented with other boundary condi-
tions such as periodic and Neumann boundary conditions. They are often used in practice [26]
and the Neumann microscale problem appeared in the original formulation of HMM-FEM [13].
However, the estimate of e(HMM) has not been justified yet when the microscale problem is
subject to either of the two boundary conditions.

This paper is aimed at answering the above questions and could be viewed as a follow-up
of [14]. First we shall propose a condition under which e(HMM) converges to zero. Second we
shall prove the optimal convergence rate of e(HMM) with the very weak smoothness assumption
on a¢ that allows for nonsmooth microstructures when it is a locally periodic matrix. The proof
equally applies to the three types of microscale problems. It will be found that the regularity as-
sumption (3.5) is unnecessary, which, however, was used explicitly or implicitly in all the previous
works for HMM-FEM and also for other numerical homogenization methods; see e.g. [19].

It is worth mentioning that E, MING AND ZHANG [14] also estimated e(HMM) when a€ is a
stationary random field. We shall not discuss this case since the proof is much more involved, but
some technical results established in this paper may be helpful to improve the estimates in [14].

The remaining part of this paper is as follows. We formulate HMM-FEM in § 2 and present
a condition under which e(HMM) converges to zero. In § 3, we estimate the convergence rate of
e(HMM) when af is a locally periodic matrix. In the last section we summarize our results and
discuss certain extensions.

2. HMM-FEM FORMULATION AND CONVERGENCE

We only present the simplest version of HMM-FEM in this section and refer to [14] for more
details. The linear finite element method is employed as the macroscopic solver and the finite
element space is denoted by Xy corresponding to the triangulation 7y with mesh size H. For
each V € Xy, we can see that VV is a piecewise constant vector. This fact will be frequently
used throughout this paper.
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The HMM-FEM solution Uy € X g satisfies
(2.1) > IKIVV - Ap(xx)VUy = (f,V)  forall V € Xg,
KETH

where x i is the barycenter of the element K.
The missing macroscale data is the effective matrix Ag (€ ) which can be evaluated by

(2.2) Ag(zx) (Vo) = (Vo)
where I5 = xx +0Y with Y = (—1/2,1/2)%, and § is the size of the cell. We use ()1, to denote
the integral mean over I5. Here v¢ — V € V satisfies

(2.3) (a*Vve, V@) 2,y =0 for all ¢ € V.

We call (2.3) the Dirichlet cell problem if V = V{§ = H}(I5). We call (2.3) the periodic cell
problem if

V=V ={¢eHy(ls) | (¢);,=0},
where H!, (Is) is the closure of CS9 (I5) for the H! norm, and C2,(I5) is the subset of C°°(I5)

per per per

of Is—periodic functions [9]. We call (2.3) the Neumann cell problem if
V=W={oecH ()| (V) =0}.

In the numerical computation, we choose the boundary data V in the cell problem (2.3) as
e; - x where {ei}le are the canonical basis. Denote by ¢$ the solution of the corresponding cell
problem. Using the definition (2.2) and the constraint (2.4), we obtain

An(zk)ei = Ag(x)V(ei - x) = Ap(xk) (Vi) = (a Vi), .

Therefore, the effective matrix is given by

An(zk) = ((aVe5),, ..., (aVeg),, )

We consider the above three types of cell problems in this paper, and refer to [29, 11, 12] for
their implementation details. The discussion on the other types of cell problems can be found
in 29, 17].

It may be easily checked that the solutions of the above three cell problems satisfy the following
constraint:

(2.4) (Vo) =VV.
Indeed, if V = V{ then the identity is true by the definition; if V = V§ or V{ then integrating

by parts we obtain

‘ _ b ¢ _
Vi, = A : V(@ =V)dz = 0| 815(U V)ds = 0.

It follows from the definition of the cell problem (2.3) that

(Vv =V

(2.5) @V, Vo) o g,y = (@ VU, VV) 1o

for v¢ the solutions of the cell problems subject to any one of the three boundary conditions.
Using (2.4), we write the above relation as

(Vo -aVo), = VV - (Vo) = (Vo) - (Vo) ,

which is nothing but the so-called Hill’s condition [18]. This is actually the starting point for
analyzing HMM-FEM, which has been extensively exploited in [14].
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The original definition of the effective matrix in [13] and [14, (1.7)] is based on the energy,
which reads as:

<Vw6>15 - Ap(xr) <VU€>L; = (Vw* - aevve>1§ )

where w€ is defined in the same manner with v¢ except that the boundary value V is replaced

by any W € Xp. This definition is equivalent to the flux-based definition (2.2) due to the

relations (2.4) and (2.5). It seems that the definition (2.2) could simplify the proof considerably.
It follows from (2.5) that

. A
(2.6) Vol 2,y < 3 IVVI 21y -
Using (2.4), we have
(27) 196 g = 19V sz + IV = Vs
Using (2.7) and (2.6), and proceeding along the same lines of [12, Lemma 3.1], we obtain, at each
TK,
(2.8) (Ar(zr)€€) > MEP and  |Ap(zx)E] < 1€l forall§ € RY,

which gives the existence and uniqueness of the HMM-FEM solution.

The following error estimate is based on the theorem of BERGER, SCOTT AND STRANG [5],
and can be found in [14, Theorem 1.1] except explicit constants in the estimate. We give a proof
for the readers’ convenience. In order to state this result, we define

e(HMM) = pax | (A) g — Ar(zx)| F,

where || - || is the Euclidean norm.

Lemma 2.1. Let Uy and Uy be the solutions of (1.2) and (2.1), respectively. Then,

(2:9) I~ Un)ligaioy < 5 08I0~ Vlgagpy + 20l oy (MM,
where ¢, is the constant in the following discrete Poincaré’s inequality
Vil o) < o9Vl oy for all V € X,
Proof. Let (70 € Xy be the solution of
(Avﬁo, vv) — (AVU, VV)  forall V € Xy
Defining W = Uy — [70 and using the above equation we obtain
(AVW, VW) = (AVUy, VIV) — (Avﬁo,vw) — (AVU, VW) — (AVUy, VIV)
= (AVUE, VW) = Y |K|VW - Ay(2k)VUs

KeTy
= 3 (A — An (@) VU, VW) e,
KeTy
Therefore, we obtain
HV(UH - ﬁo)‘ (D) < ATHE(HMM) [[VUg 2 () -
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ot

By Céa’s lemma [8]!, we have

[V =80 .., < 5 o0 190 = V)l

Using (2.8), we obtain
c
IVUk | 2(p) < XprHH*l(D)-
Combining the above three inequalities, we come to (2.9). O
By [8, Theorem 3.2.3], we have

lim _in = V) =
Ay 2, 1700 = Vo) =0

since Uy € HY(D).
Next we prove é(HMM) — 0 as €, — 0.

Lemma 2.2. For any K € Ty, if xx is a Lebesgque point of A and

(2.10) s || (A = Azl 0 a5 H =0,
then
(2.11) ;in%) liH(lJ e(HMM) = 0.

Proof. By H-convergence theory [27], the H—limit of Problem (2.3) satisfies
(2 12) (A(w)vvb7 V(‘O)LQ(I,;) =0 for all ) = V7
. (V(Vo = V), =0.

By (2.6),

A
< =
A
Using the definition of H-convergence and (2.12)2, we obtain

(Ar(xx) = (A) )VV = (@ V) [ = (A) VV
= (A@)VV0) 1, — (A TV
= ((A() — A(zk))VVo) 1, + (Alxk) — (A) ) VV.

The right hand side of the above equation is bounded by

IVVolla(ryy < lim inf VUl 2 ry) IVV 21y -

(2.13) S UAG) — Al 3037 19V 4 11 (A)  ~ Al £V

Since x is a Lesbegue point of A, by [15, Corollary 1 in §1.7], we have
tim (| A@) — Ar)[[2),, = 0.

Hence the first term of (2.13) tends to zero as 6 — 0. The second term of (2.13) tends to zero
due to the condition (2.10). This implies (2.11) by the definition of é(HMM). O

If each entry of A is a continuous function, then (2.10) holds true. However, if any entry of A
is discontinuous at the quadrature node g, then (2.10) is invalid.

Lemma 2.2 is actually a reformulation of the so-called principle of periodic localization in
H-convergence [30, (5.15)]. The above proof seems more direct.

IThe present form can be found in XU AND ZIKATANOV [28]
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3. ESTIMATE OF ¢(HMM) WITH NONSMOOTH PERIODIC MICROSTRUCTUTE

So far we make no assumption on the form of the coefficient except that a¢ € M(A, A, D).
In order to obtain the quantitative estimate of é(HMM), we assume that a€ is a locally periodic
matrix, i.e., a®(x) = a(x,x/e) and a(x,y) is periodic in y with period Y. By [4], the effective
matrix A is given by

J

(31) AZ](:E) = ][ (aij + aikX> ("va) dy Z?] = 17 oo ada
Y Ok

where x(,y) = {} (x,y)}9_, is periodic in y with period ¥ and it satisfies

0 o’ 0 .
32) o (a5 ) @y) = (5-0) (@y) Y (@,y) dy = 0.
52 (w3 )@ = (o) @) myo [ Ve
This problem is solvable and an integration by parts gives: for j =1,...,d,
, A
(3.3) IVyx? (x, y) | L2v) < 3 forallz € D and y € Y.

We further assume that a(z,y) € C%'(D;L>*(Y)). By (3.1) and Lemma 2.2, we have if
H — 0 then
e(HMM) = &(HMM).
Therefore, we change the definition of é(HMM) to its original form [13]:
c(HMM) = max [[(A — An)(@x)| -

When af is a locally periodic matrix and the cell problem is subject to the Dirichlet boundary
condition, E, MING AND ZHANG [14] proved

(3.4) e(HMM) < C (g + 6) :

If the periodic boundary condition is used for the cell problem and the cell size is an integer time
of the period, then
e(HMM) < C6.

However, the exact period is usually unknown due to the uncertainty of the input data [10, 3].
This means that the cell problems are usually posed over a cell whose size is not necessarily an
integer time of the period.

Their proof depends on the following assumptions: 1)a® is symmetric; 2)the gradient of x is
uniformly bounded, i.e., there exists C' such that for i,5 =1,...,d,

(3.5) 10, X (x,y)] < C forallz € Dandy €Y.

Both assumptions are unrealistic. On the one hand, the symmetry assumption on a¢ is not
appropriate in the conductivity problem when a magnetic field is present: Hall effect is the
consequence of an anti-symmetric part in the conductivity tensor (see [21] for a discussion); on
the other hand, the assumption (3.5) has not been thoroughly studied. L1 AND VOGELIUS [22]
proved that the gradient of x is indeed uniformly bounded in the interior of the domain for the
Dirichlet boundary value problems. However, less is known about the assumption (3.5) for the
periodic, the Neumann, and the mixed boundary value problems which are often used in practice.
Moreover, the result obtained in [22] does not apply to many important composite materials
such as the fibre-reinforced composites with a touching angle for the neighboring fibres [2]; see
also [7, 20] for more examples.

In this section, we shall prove (3.4) without the above assumptions. In order to remove the
symmetric assumption on a¢, we resort to the dual problem of the cell problem as in [12]; in
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order to remove the smoothness assumption on x, we shall derive some new a priori estimates
for the solutions of the cell problems. We shall give a unified proof for the cell problem of the
Dirichlet, the periodic and the Neumann type, while the latter two were not considered in [14].
The proof is different from that in [14, 24, 12] since we employ the flux-based definition of the
effective matrix.

Let ©¢ be the solution of the cell problem (2.3) with a¢ replaced by a% = a(xk,z/€). Pro-
ceeding along the same lines that lead to (2.4) and (2.5), we have

(3.6) (Vf)e)IJ =VV

and

(3.7) (agx V<, V{)E)L2(I(;) = (ax V1, VV)L?(IJ) ‘
Define

(3.8) VE=Vtelxg V)V,

where xx = x(®x,x/€). By (3.1) and (3.2)2, a straightforward calculation gives
(3.9) <a§(V‘7€> = A(zx)VV  and <v176> -V,

where I,. = zx + ekY and « is the integer part of d/e, ie., K = |0/€]. The above relation
immediately implies

(Ax — A)(x)VV = (@ Vo) — <G%V‘7€>

(3.10) = (a°Vv* = aje V%), + (alc VO) , + <<“3<V‘7€>15 —{a5VV), ) ’

where 6¢ = ©¢ — V¢, This is the starting point to estimate e(HMM).
The following estimates of V¢ are old [14], while the proof is new and without using the

assumption (3.5). In order to prove the estimates in (3.11), we define a cut-off function p¢ €
C§°(I5) that satisfies [Vp| < C/e, and

. 1 if dist(zx, 015) > 2e,
() = .
0 if dist(x, 0Is) <.

Lemma 3.1. Let V¢ be defined as (3.8). Then

(3.11) vae s S V2T 1% (g)m VvV 1)
Hv[(ffé -V)(1- pf)]\ . c% (g)l/z IV V]2 1y -

Proof. Tt follows from (3.2) and the definition of V¢ that

(3.12) (a;vve,w) gy =0 forall we He o (Tes1ye\ o)

Taking ¢ = V¢ — V in (3.12) we obtain
(a;vf/a vf/e) - (a;vffﬁ, vv)

b
L2(I(nt1)e\re) L2(I(ut1)e\re)

which immediately implies
i A re1/2
vV < V2 =15 (5) IV, -
H L2(Is41ye\Ire) A \d H ||L2(15)
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This inequality together with

99, <57
L2(15\1K,€) LZ(I(N+1)5\Ine)
leads to (3.11);.
Using (3.3), we obtain
N C i~
Ve vV - pf <—V€—V‘ <C vV
|7 —wvva-m|, . <% vy < CIXllzaag, 19V
<

Clixxlr2(rsnynie YV
C(5d Le)l/? IxkllL2vy IVV]
< (C—=

) IV ey

IA

It follows from (3.11); that

[CErSUE%]

<o)
L2(Is)

A € 1/2
< /24— ) (= .
L2(Is\Ixe) — 201 (1 + )\) (5) IVVlz2rs)

Combining the above two inequalities we get (3.11)s. O

Using the above estimates for ‘A/e, we shall bound the corrector 6¢. It can be easily checked
that

(3.13) (a% VO, V)12, =0 for all ¢ € Hy(Is).

The estimate of §¢ arising from the Dirichlet cell problem can be found in [14, (3.9)]; see also
Remark 3.3. The proof therein is an analogy of the so-called corrector estimate in the homoge-
nization theory [30], and relies on the assumption (3.5) which is not used in our proof. We also
estimate ¢ arising from the periodic and Neumann cell problems. Such estimate is new and
key to bound e(HMM). A simple analogy of the corresponding corrector estimate does not work
since the cell problem (3.7) with V = Vy is not a standard Neumann boundary value problem
dealt with in [30].

Lemma 3.2. Let 0¢ be the solution of (3.7) and 8¢ = o¢ — V<. Then
. A2 reN1/2
(3.14) VO L2 g5y < Oz (3) IVVIlL2 ) -

Proof. Define P¢ = a5, VV¢ and P° = A(xzx)VV. Using (3.7), we obtain

(a;(vv \W'& )L2(15 = (Q%Vﬁe,V(V — VE)) L2(Is)
= (akcver v =79 -+ (VTN - T)

By (3.13) and (3.12), we have
(a;vee, vV - V€)p€])L2(m —0, (a%VVE, v(V - VE))LQ(I =0

It follows from the above three equations that

(a5 Vo, VO) 2 g, = (a;vee, VIV - V91— pE)})LZ(m + (aw?e, (V- 176))“([5\] .

Using (3.6), (3.9)2, and the fact that P is a constant vector over Is, we obtain

0 € — 0 _Ve = 0 —Ve
(P , Vo )Lz(Izs) o (P V-V ))L2(Ia) N (P Vv ))LZ(IJ\INe) .
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Combining the above two equations, we have

(a5 VO = P2,VO%) o) = (a;vaf, VIV =vo( - pe)])m(m
€ i€ _ PO — Ve .
+ (a5 9V V-V ))L%\,m)

Using the estimates (3.11), we have

(G%V{)E _ PO7 VQE)Lz(]é) ’

<afviy -v9a -,

(A va/e
L2<15\1m>

€\ 1/2 .
B15) <RIV + O (5) I ) 19V s -

Next, we define

" VO 121,

+ HV(V— V)

A2
L2(I5\I,ec) T ”VV|L2<15\IM)>

9] ov
€\, — 0y . Y k:i €
(Pr)s = (P )1+68xj (aljaxkp )7

where ; ;

Tk — g5 = ()i + (@5 G~ A(en), ol = o
By [30, (1.12)], the tensor « exists and satisfies
(3.16) el oy + 192y < C lgll oy < CA2/A

A direct calculation gives

d ov oal. ov oV 9p°
Pe s — Pe ;= €— k 1— — v Zr 1— €\ _ ki .
(P = (P = e (a1 ) = G0 =) = oy O

Using (3.16), we obtain
| P — Pf||L2(15) < ||Vya||L2(1§\1m) VV|+C ||a||L2(15\1,“) VV|
VVi+C Ha“Lz(I(NH)(\]NE) VV|

S ||vya||L2(I(n+1)e\IN€)
< O )2 (IVal pagyy + el 2V V]
AQ

(3.17) <C~ (5> IVV 215 -
Integrating by parts and using the anti-symmetry of a;, we obtain
(3.18) (Pf — P°, W’)Lz(m =0 forall ¢e H(Is),

which implies
(ag VO, VO) o,y = (agc VO« = P VO) o+ (PF = PV oy, -
Using the estimates (3.15) and (3 17), we obtain

. A2 se\1/2 .
196N ryy < O vanpmw (5) " 190Ny 19V 2gry

23§
A3 €2 A €
< )\3 (5 Hv‘/HL2 Is) P ||V9 ||L2(I5) )\4 5 ||VVHL2(15)
1

5 V0N T2z, + o HVVHLz (Is)

[\)

P
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which leads to (3.14). O

Remark 3.3. When the cell problem is of the Dirichlet type, we may proceed as follows. Taking
=0+ (Ve =V)(1 - p) € H(Is) in (3.13), we have

(a%veé, VGE)L2([5) = (a%V@E, V[(V - ‘76)(1 - pﬁ)]>L2(18) ’

which gives

190y < 5 [ V1P = V)1 = )

L2(Iy)
This inequality together with (3.11)q implies (3.14).

Using (3.10) and (3.14), we come to the main result of this paper.

Theorem 3.4. If a° = a(z,x/¢) with a(xz,y) € CO1(D;L>*(Y)), and a(z,y) is periodic in y
with period Y , then

/14
(3.19) e(HMM) < CF ((5 + g) for all the three boundary conditions.

Proof. By a standard perturbation result (see [14, Lemma 1.8]), we have
€ ~E — € A
(3.20) IV (v =0 pagry) < CATOVO N by < C20IVVliLay) -
It follows from (2.6) and (3.20) that
[(a*Vo© —ag Vi) | < [((a° — af) Vo) | + Kak V(0T = 09)) |
< O 2 (8 IVl ryy + ANV = ) 2(ry))
/12
(3.21) < vV

Using (3.11)1, (3.9)1 and the ellipticity of .4, we obtain

=N ~ = | Tc | ][ V4
T vATCA N v v < - ‘ e viela 1— AVAT|
‘<aK >15 <aKV >Im = |Ls| S, 2 e ( 15 ImaK v
I\ Lee|? || oo €
< pHoMrel 77 H e 35 \VA%s
- |I§| L2(Is\Iye) + ) |A(mK) |
A2 e
3.22 <o Svv.
(322) < SV

Let @° be the solution of (2.3) with a¢ replaced by a5 and subject to the boundary value W,
and define

We=W +e(xXx - VIW,
where X is defined in the same manner as xj with a5 replaced by its transpose (a%)".
VW - {a%VO); = (VW - aj: V)
(VW = W) a5V >15 +(VIV<- a5V >15

(VW =W )1 - p)] a%V9€>15 + (V0 (a5) VW)

(3.23) .
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Using (3.11)2 and (3.14), we have

USSRV

=R (USSR N 8 P

A
)\3 6

We define P¢, P? and Pf exactly in the same way as P, P? and Pf, respectively, provided
that we replace V by W and a5, by its transpose (a%)!. By (3.18), we obtain

(3.24) SwvIv).

€. (€ \EXTTAT € _ pe _ pOy . € 50 €
<ve (a5 )t VW >15 <(P P9 ve >15 +<P Vo >15
-~ 1 -
= P — P& .Vo° = _ 1/€ PO
<( -V >15+ |5 (V(V Ve, )LQ(I,s\IM)
where we have used (3.6) and (3.9).
Using (3.14) and (3.17), we obtain
DeE _ DeEY . € < -1 (- De _ pe
(7 H>V9%J_knvmumma ...
/1
)\3 5\VV||VW|

Invoking (3.11); again, we have

1 ey poO —1/12 e
|15 (V(V “VO.P )L2<Is\1m) <l HV(V - V)‘ sepa 1 ez
/1
)\2 5|VV||VW|
It follows from the above two inequalities that
—~ A
(3.25) ’ (Vo - (age)y o) ‘ < OS5 5IVVI[VWL.

Substituting (3.24) and (3.25) into (3.23), we obtain

| (a5 VO, | < o Sivv),

A3 5
which together with (3.21) and (3.22) leads to (3.19). O

Remark 3.5. If the cell problem (2.3) is of the Dirichlet type, then we may estimate the second
term of (3.23) as follows. Using 0+ (V< — V) (1 — p°) € Hi(I5) and (3.11)2, we have

= | {717 = 71 = - s V)

< AL VIV = 7)1 - )

Lg 16

‘ <vef : (a;)thG>

€

L2(1Is) L2(Is\Ixe)
/1

/\2 6\VV||VW|

which gives (3.25).

Our result, i.e., Theorem 3.4 allows for nonsmooth microstructures inside the unit cell, and
suggests that the error committed in estimating data (the so-called resonance error) depends
weakly on the smoothness of the microstructures. However, the corresponding estimates in [14,
12] and also [19] in the context of the multiscale finite element method require the smooth
microstructures. The methods tailored to resolve the microstructures hence are in great demand
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to improve the overall accuracy of HMM-FEM. We refer to [16, 2, 6, 25] and the references
therein for such methods.

4. CONCLUSION

In this paper we have clarified the condition under which e(HMM) converges to zero, and
proved the optimal convergence rate of e(HMM) for the locally periodic coefficients under very
weak and natural smoothness assumption when the cell problem is subject to the Dirichlet, the
periodic, or the Neumann boundary condition.

The present work can be naturally extended to HMM for the parabolic homogenization prob-
lem; see [24, Theorem 1.2]. The most challenging issue is to prove the sharp bound for e(HMM)
under the minimal smooth assumption on the random coefficients. The analysis of the cell prob-
lem of the mixed type is also very promising and deserves a further exploration since it is easy
to realize in the experiment. It is also very interesting to derive the same estimates for the
multiscale finite element method and the related methods; see [19].
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