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We study the problem of estimating a rank-one signal matrix from a noisy
observed matrix corrupted by additive rotationally invariant noise. We de-
velop a new class of approximate message passing algorithms for this prob-
lem and provide a simple and concise characterization of their dynamics in
the high-dimensional limit. At each iteration, these algorithms leverage prior
knowledge about the noise structure by applying a nonlinear matrix denoiser
to the eigenvalues of the observed matrix, and utilize prior information re-
garding the signal structure by applying a nonlinear iterate denoiser to the
previous iterates generated by the algorithm. We derive the optimal choices
for both the matrix and iterate denoisers and demonstrate that the resulting
algorithm achieves the lowest possible asymptotic estimation error among a
broad class of iterative algorithms under a fixed iteration budget.

1. Introduction. We consider the problem of estimating a symmetric rank-one matrix
from a noisy N × N observed matrix 𝒀 generated from the spiked matrix model [33]:

𝒀 = θ

N
𝒙⋆𝒙

T
⋆ + 𝑾 ,(1)

where 𝒙⋆ ∈ℝ
N is the N -dimensional unknown signal of interest, θ ≥ 0 is the signal-to-noise

ratio (SNR) parameter and 𝑾 is a symmetric noise matrix. This model and its variants have
been used to study a broad range of statistical inference problems, including sparse PCA
[18, 34, 74], community detection [1, 17] and group synchronization [13, 28, 61, 68].

Wigner noise model. The most well-studied variant of the spiked model is the Spiked Wigner
Model [7, 18, 25, 26, 51, 62], which assumes that the noise matrix has i.i.d. Gaussian entries.
A rich line of work in high-dimensional statistics and random matrix theory has studied the
problem from various perspectives.

• Design and analysis of estimators. A natural estimator for the signal is the PCA estimator
or the leading eigenvector of the observed matrix. A line of work [2, 3, 10, 30, 37, 59, 60]
initiated by Baik, Ben Arous and Péché [2] has obtained a sharp asymptotic characteri-
zation of the performance of this estimator in the high-dimensional limit and uncovered
surprising properties of this estimator. One way to improve the performance of PCA is
to exploit prior structural information about the signal (e.g., sparsity). Approximate mes-
sage passing (AMP) algorithms are a popular class of computationally efficient iterative
algorithms designed to exploit such structural information. These algorithms were first
discovered in the context of compressed sensing [8, 11, 20, 35] and have been adapted for
the spiked Wigner model [31, 36, 44, 45, 51, 57]. A particularly attractive feature of these
algorithms is that their performance in the high-dimensional limit is characterized by a
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simple deterministic recursion known as state evolution, which makes it possible to assess
their information-theoretic optimality (or sub-optimality).

• Information-theoretic limits. Under the assumption that the signal is drawn from a known
prior distribution, the optimal estimator is the Bayes estimator 𝔼[𝒙⋆|𝒀 ]. Using the powerful
cavity method from statistical physics, Lesieur, Krzakala and Zdeborová [42] derived a
conjecture for the Bayes risk (or the asymptotic performance of the Bayes estimator) for the
spiked Wigner model. This conjecture has been proved rigorously in increasing generality
in a series of influential works [6, 7, 9, 18, 25, 38, 41, 49]. This formula for asymptotic
Bayes risk provides a fundamental information-theoretic limit on the performance of any
estimator for the problem.

• Computational limits. In general, computing the Bayes-optimal estimator is computation-
ally intractable in high dimensions. However, a suitably designed AMP algorithm called
Bayes-optimal AMP can attain the Bayes risk for the problem under sufficiently high
signal-to-noise ratios. For lower signal-to-noise ratios, the Bayes-optimal AMP algorithm
fails to do so, and no computationally efficient algorithm is known to achieve the Bayes
risk [6, 38, 43, 49]. This has led to a popular conjecture that the Bayes-optimal AMP al-
gorithm is the optimal polynomial time algorithm for this problem [43, 49]. Celentano,
Montanari and Wu [14], Montanari and Wu [53] and Montanari and Wein [52] (see also
the earlier work of Schramm and Wein [66]) have provided evidence for this conjecture by
showing that the Bayes-optimal AMP algorithm achieves the lowest possible estimation
error among a broad class of iterative algorithms and low-degree polynomial estimators.

Collectively, these works have enriched our understanding of the fundamental trade-offs be-
tween statistical optimality and computational efficiency in high-dimensional statistics.

Rotationally invariant noise model. In this paper, we study a natural generalization of the
i.i.d. Gaussian noise model known as the rotationally invariant noise model where one posits
that the eigenvectors of the noise matrix are given by a uniformly random orthogonal matrix
independent of the eigenvalues. The rotationally invariant noise model is intended to model
noise matrices with strong statistical dependence whose eigenvectors are generic [27]. Sev-
eral works (see, e.g., [19, 46, 56]) have observed that this can be a good model in some
applications. Benaych-Georges and Nadakuditi [10] analyzed the performance of PCA (or
spectral estimators) for this noise model. A line of work [27, 50, 54, 73] initiated by Opper,
Cakmak and Winther [54] and Fan [27] has developed AMP algorithms for this problem,
which can improve the performance of PCA by exploiting signal structure. Unlike AMP al-
gorithms for i.i.d. Gaussian noise, the dynamics of these algorithms are characterized by a
significantly more intricate state evolution, suggesting that analyzing the rotationally invari-
ant noise model requires new ideas beyond the i.i.d. Gaussian case. Our current understanding
of the fundamental information-theoretic and computational limits for the rotationally invari-
ant noise model is extremely limited. Recent work by Barbier et al. [4] studies the spiked
matrix model with rotationally invariant noise under the assumption that the noise matrix is
drawn from the trace ensemble. Under this model, the density of 𝑾 is given by

p(𝑾 ) ∝ exp

(︄
−N

2

N∑︂
i=1

V
(︁
λi(𝑾 )

)︁)︄
where (λi(𝑾 ))i∈[N] denote the eigenvalues of 𝑾 ,

and the potential function V : ℝ → ℝ is a functional parameter for the noise model. This
assumption ensures that the problem has a well-defined likelihood, enabling the study of
information-theoretic limits. Moreover, an appropriate choice of V can capture a wide range
of noise eigenvalue spectrums in different applications. Barbier et al. [4] make progress to-
wards understanding the information-theoretic limits of the problem and provide important
insights regarding the structure of the optimal computationally efficient algorithms.
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• Information-theoretic limits. Barbier et al. [4] develop a general (although nonrigorous)
recipe based on the replica method to derive conjectured formulas for Bayes risk under the
assumption that the potential V is a polynomial function, providing explicit conjectured
formulas for the asymptotic Bayes risk when V is a quartic (degree four) or a sestic (de-
gree six) polynomial. As the degree of V grows, the derivation and the resulting formulas
become increasingly complex and a general conjecture for the Bayes risk is unavailable.

• Optimal computationally efficient algorithms. Surprisingly, Barbier et al. [4] demonstrate
that a natural generalization of the Bayes-optimal AMP algorithm (this is the optimal iter-
ative algorithm for i.i.d. Gaussian noise and is conjectured to be the optimal polynomial-
time algorithm) to the rotationally invariant noise model is suboptimal. The authors de-
velop AMP algorithms that achieve improved performance by applying a nonlinear matrix
denoiser to the eigenvalues of the observed matrix 𝒀 and characterize their state evolution.
This is in sharp contrast to the i.i.d. Gaussian noise model, where such a matrix denoising
step is unnecessary. Based on nonrigorous statistical physics techniques [55], the authors
provide a procedure to derive good matrix denoisers for the problem. The authors propose
matrix denoisers with explicit formulas when V is a quartic or sestic polynomial (a general
formula is not available). However, the state evolution of the resulting AMP algorithm is
quite complicated; hence, the resulting algorithm’s optimality (or suboptimality) properties
are not understood.

Our contributions. We take inspiration from the insights of Barbier et al. [4] and study the
spiked matrix model with rotationally invariant noise from an algorithmic point of view. Our
results are not restricted to the trace ensemble with a polynomial potential V . Rather, they
apply to all rotationally invariant noise matrices that meet mild regularity conditions. Our
main contributions are:

• We develop a new class of AMP algorithms for this problem and provide a state evolu-
tion result that characterizes their dynamics in the high-dimensional limit (Theorem 1 in
Section 3.1). At each iteration, these algorithms exploit the noise structure by applying a
nonlinear matrix denoiser to the eigenvalues of the observed matrix and the signal structure
by applying a nonlinear iterate denoiser to the previous iterates. These algorithms can be
viewed as natural analogs of orthogonal [48] or vector AMP algorithms [64] developed for
compressed sensing.

• A key feature of the AMP algorithms proposed in this work is that their state evolution is
significantly simpler than that of existing AMP algorithms for this problem. Consequently,
we are able to exploit our result to derive the optimal choices for the matrix and iterate de-
noisers (Section 3.2). Interestingly, we find that the matrix denoisers that optimize the per-
formance of the AMP algorithm are closely related to the eigenvalue shrinkage estimators
discovered by Bun et al. [12] in a separate line of work on denoising high-rank and unstruc-
tured signal matrices corrupted with rotationally invariant noise [12, 39, 40, 47, 63, 67].

• Building on the techniques developed by Celentano, Montanari and Wu [14] and Monta-
nari and Wu [53] (in the context of i.i.d. Gaussian noise), we show that the AMP algorithm
with the optimal choices for the matrix and iterate denoisers achieves the smallest possi-
ble asymptotic estimation error among a broad class of iterative algorithms under a fixed
iteration budget (Theorem 2 in Section 3.3). This suggests that this algorithm might be the
natural candidate for the optimal polynomial-time estimator for this problem.

• Finally, our results also suggest a general and concise conjecture for a set of fixed-point
equations, which characterize the Bayes risk (Section 3.4) for the problem, which we hope
can be proved rigorously in the future.
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Related concurrent work. Independent work by Barbier et al. [5], which appeared shortly
after our arXiv submission, also studies this problem from a different and complementary
perspective. Using the replica method, the authors derive conjectures for the asymptotic
Bayes risk and mutual information for this problem, generalizing their prior work [4]. The
fixed-point equations characterizing the Bayes risk coincide with those derived in our paper,
providing further evidence supporting the conjecture. The authors also derive the Thouless–
Anderson–Palmer (TAP) equations for this problem. These are high-dimensional nonlinear
fixed-point equations that characterize the Bayes estimator 𝔼[𝒙⋆|𝒀 ]. Using the TAP equa-
tions, Barbier et al. [5] propose a natural algorithm to compute the Bayes estimator. While
a state evolution result for this algorithm is not available, based on simulations, the authors
conjecture that this algorithm achieves the Bayes-optimal performance whenever it is com-
putationally feasible to do so.

Organization. This paper is organized as follows. We start with some preliminary results in
Section 2. The main results of this paper are presented in Section 3. Section 4 highlights the
key ideas behind our results. Numerical experiments are presented in Section 5. The complete
proofs of our main results and additional numerical results not presented in the main paper
are provided in the Supplementary Material [22].

Notation. We conclude the Introduction by defining the notation used in this paper.
Some common sets. The sets ℕ, ℝ, ℂ represent the set of positive integers, real numbers and
complex numbers, respectively. For N ∈ ℕ, [N] is the set {1,2,3, . . . ,N} and 𝕆(N) denotes
the set of N × N orthogonal matrices.
Linear algebra. For vectors u, v ∈ ℝ

k , ∥u∥ is the ℓ2 norm of u, ⟨u, v⟩ = ∑︁k
i=1 uivi de-

notes the standard inner product on ℝ
k , and diag(u) represents the k × k diagonal matrix

constructed by placing the entries of u along the diagonal. For a matrix M ∈ ℝ
k×k , Tr[M],

∥M∥op, ∥M∥ represent the trace, operator (spectral) norm and Frobenius norm of M , respec-
tively. If M is symmetric, we denote the sorted eigenvalues of M by λ1(M) ≥ · · · ≥ λk(M).
We use 1k to denote the vector (1,1, . . . ,1) in ℝ

k , 0k to denote the zero vector (0,0, . . . ,0)

in ℝ
k , Ik denotes the k × k identity matrix and e1, e2, . . . , ek to denote the standard basis

vectors in ℝ
k . When the dimension is clear from the context, we will abbreviate 1k , 0k , Ik as

1, 0, I . We use the bold-face font for vectors and matrices whose dimensions diverge as N

(the dimension of the signal vector) grows to ∞. For example, the signal 𝒙⋆ ∈ ℝ
N , and the

noise matrix 𝑾 ∈ ℝ
N×N are bold-faced.

Probability. We use 𝔼[·], Var[·], Cov[·] to denote expectations, variances and covariances
of random variables. The Gaussian distribution on ℝ

k with mean vector μ ∈ ℝ
k and co-

variance matrix Σ ∈ ℝ
k×k is denoted by 𝒩 (μ,Σ). For a finite set A, Unif(A) represents the

uniform distribution on A. We will use Unif(𝕆(N)) to denote the Haar measure on the orthog-
onal group 𝕆(N). For any x ∈ ℝ, the probability measure δx on ℝ denotes the point mass at x.

We use
ℙ−→ and

d−→ to denote convergence in probability and distribution, respectively. For

a sequence of real-valued random variables (YN)N∈ℕ, we say that plimYN = y if YN
ℙ−→ y,

plim supYN ≤ y if for any ϵ > 0, limN→∞ ℙ(YN ≥ y + ϵ) = 0 and plim infYN ≥ y if for any
ϵ > 0, limN→∞ ℙ(YN ≤ y − ϵ) = 0.

2. Preliminaries. We begin by introducing our assumptions along with some concepts
that play an important role in this paper.

2.1. Convergence and asymptotic equivalence of high-dimensional vectors. We will rely
on the following notions of convergence and equivalence of high-dimensional vectors.
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DEFINITION 1. Let (𝒗1, . . . ,𝒗ℓ) be a collection of random vectors in ℝ
N . We say that the

empirical distribution of the entries of the vectors (𝒗1, . . . ,𝒗ℓ) converges to random variables
(V1, . . . ,Vℓ) as N → ∞ if, for any test function h :ℝℓ → ℝ which satisfies⃓⃓

h(v) − h
(︁
v′)︁⃓⃓ ≤ L

⃦⃦
v − v′⃦⃦ · (︁

1 + ∥v∥ + ⃦⃦
v′⃦⃦)︁ ∀v, v′ ∈ ℝ

ℓ,(2)

for some L < ∞, we have

1

N

N∑︂
i=1

h
(︁
v1[i], . . . , vℓ[i])︁ ℙ−→ 𝔼

[︁
h(V1, . . . ,Vℓ)

]︁
as N → ∞.

We denote convergence in this sense using the notation: (𝒗1, . . . ,𝒗ℓ)
W2−→ (V1, . . . ,Vℓ). We

refer the reader to [8, 27, 29] for more information on this type of convergence. We say that
two N -dimensional random vectors 𝒖 and 𝒗 are asymptotically equivalent if

∥𝒖 − 𝒗∥2

N

ℙ−→ 0 as N → ∞.

We denote equivalence in this sense using the notation: 𝒖
N → ∞≃ 𝒗.

2.2. Signal and noise models. Recall that our goal is to recover the signal vector 𝒙⋆ ∈
ℝ

N from the noisy observation 𝒀 = (θ/N) · 𝒙⋆𝒙
⊤
⋆ + 𝑾 . We will allow our estimators the

flexibility to exploit any side information 𝒂 ∈ ℝ
N×k available regarding the signal. We posit

the following assumptions on the signal 𝒙⋆, the side information 𝒂, and the noise 𝑾 .

ASSUMPTION 1 (Signal and noise models). The signal vector and side information sat-

isfy (𝒙⋆;𝒂)
W2−→ (X⋆;A) for some limiting random variables (X⋆,A) with joint distribution

π , which satisfies 𝔼[X2
⋆] = 1 and 𝔼[∥A∥2] < ∞. We model the noise matrix 𝑾 as a random

matrix sampled independently of (𝒙⋆;𝒂), with eigendecomposition:

𝑾 = 𝑼 · diag
(︁
λ1(𝑾 ), . . . , λN(𝑾 )

)︁ · 𝑼⊤,

where the matrix of eigenvectors 𝑼 ∼ Unif(𝕆(N)) is a Haar-distributed random orthogonal
matrix and the eigenvalues λ1(𝑾 ), . . . , λN(𝑾 ) are deterministic. We assume that ∥𝑾∥op is
bounded by a N -independent constant C and the spectral measure μN of 𝑾 :

μN
def= 1

N

N∑︂
i=1

δλi(𝑾 )

converges weakly to a compactly supported distribution μ on ℝ. We require the limiting
spectral measure μ to be absolutely continuous with respect to the Lebesgue measure. Fur-
thermore, the density of μ, which we denote using the same symbol μ : ℝ → ℝ, is assumed
to be Hölder continuous in the following sense:⃓⃓

μ(λ) − μ
(︁
λ′)︁⃓⃓ ≤ L · ⃓⃓

λ − λ′ ⃓⃓α ∀λ,λ′ ∈ ℝ,(3)

where L < ∞ and α > 0 are some constants.

2.3. Spectral measure in the signal direction. Let νN denote the spectral measure of the
observed matrix 𝒀 in the direction of the signal:

νN
def= 1

N

N∑︂
i=1

⟨︁
𝒖i (𝒀 ),𝒙⋆

⟩︁2 · δλi(𝒀 ),(4)
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where λ1(𝒀 ), . . . , λN(𝒀 ) denote the eigenvalues of 𝒀 and 𝒖1(𝒀 ), . . . ,𝒖N(𝒀 ) denote the cor-
responding eigenvectors. The measure νN and its weak limit ν play a key role in our analysis.
Expressing the state evolution of the proposed AMP algorithm in terms of ν leads to a concise
formula. The following lemma (proved in the Supplementary Material [22], Appendix A.1.1)
provides a formula for the density of ν in terms of the function ϕ :ℝ → ℝ:

ϕ(λ)
def= (︁

1 − πθHμ(λ)
)︁2 + π2θ2μ2(λ) λ ∈ ℝ.(5)

In the above display, Hμ :ℝ →ℝ denotes the Hilbert transform of μ, which is defined as the
Cauchy principal value of the following singular integral:1

(6) Hμ(z)
def= lim

ϵ→0

1

π

∫︂
|z−λ|≥ϵ

μ(λ)

z − λ
dλ ∀z ∈ ℝ.

The measure ν and the function ϕ will be frequently referenced in this paper.

LEMMA 1. We have:

1. The measure νN converges weakly in probability to a compactly supported probability
measure ν on ℝ as N → ∞.

Let ν = ν∥ + ν⊥ denote the Lebesgue decomposition of ν into the absolutely continuous part
ν∥ and the singular part ν⊥. Then, we have the following:

2. For Lebesgue-almost every λ, ϕ(λ) ≠ 0 and for ν⊥-almost every λ, ϕ(λ) = 0.
3. The density of the absolutely continuous part of ν is given by μ(·)/ϕ(·) where μ(·)

denotes the density of μ and the function ϕ(·) is as defined in (5).

REMARK 1. Consider a typical situation when μ is supported on a single interval
[λ−, λ+] with a positive density on (λ−, λ+). The results of Benaych-Georges and Nadakuditi

[10] show that when the SNR θ exceeds the critical threshold θc
def= 1/(πHμ(λ+)), λ1(𝒀 ), the

largest eigenvalue of 𝒀 , separates from the support of μ and converges to a limit λc ∈ (λ+,∞)

which is the unique root of the equation (in λ):

Hμ(λ) = 1

πθ

(5)⇔ ϕ(λ) = 0 on the domain λ ∈ (︁−∞, λ−] ∪ [λ+,∞)︁
.(7)

Moreover, the corresponding eigenvector satisfies

⟨𝒖1(𝒀 ),𝒙⋆⟩2

N

ℙ−→ − 1

θ2πH ′
μ(λc)

.

In light of the definition of νN (4), we expect that ν should have a point mass at λc with
weight − 1

θ2πH ′
μ(λc)

. This is consistent with Lemma 1, which shows that the singular part of ν

concentrates on the set {λ ∈ℝ : ϕ(λ) = 0} (cf. (7)), and hence consists of a point mass at λc.

2.4. Gaussian channels. We will also use some basic notions regarding Gaussian chan-
nels, introduced in the definition below.

DEFINITION 2 (Gaussian channel). A Gaussian channel is a collection of real-valued
random variables (X⋆,X1, . . . ,Xt ;A) where the signal X⋆ and the side information A are
drawn from the prior π from Assumption 1. The observations X1, . . . ,Xt are given by
Xi = αiX⋆ + Zi ∀i ∈ [t], where α1, . . . , αt are real numbers and (Z1, . . . ,Zt ) ∼ 𝒩 (0,Σ)

are zero mean and jointly Gaussian random variables, which are independent of (X⋆,A). We
introduce some important notions related to Gaussian channels.

1Under the Hölder continuity requirement (3) on μ, the limit in (6) exists and the Hilbert transform Hμ :ℝ →ℝ

is also Hölder continuous in the sense of (3); see [58], Section 2.1, and [32], Theorem 14.11a.
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MMSE and MMSE estimator. The minimum mean squared error (MMSE) for estimating
the signal X⋆ based on the observations (X1, . . . ,Xt ) and the side information A, denoted by
MMSE(X⋆|X1, . . . ,Xt ;A), is defined as

MMSE(X⋆|X1, . . . ,Xt ;A)
def= min

f ∈L2(X1,...,Xt ;A)
𝔼

[︁{︁
X⋆ − f (X1, . . . ,Xt ;A)

}︁2]︁
,(8)

where the minimum is over L2(X1, . . . ,Xt ;A), which denotes the set of all measur-
able functions f : ℝt+k → ℝ satisfying 𝔼[f 2(X1, . . . ,Xt ;A)] < ∞. The function f ∈
L2(X1, . . . ,Xt ;A) that minimizes the RHS in (8) is called the MMSE estimator for X⋆.
DMMSE and DMMSE estimator. The divergence-free minimum mean squared error
(DMMSE) for estimating the signal X⋆ based on (X1, . . . ,Xt ;A), denoted by DMMSE(X⋆|X1,

. . . ,Xt ;A), is defined as

DMMSE(X⋆|X1, . . . ,Xt ;A)

def= min
f ∈L2(X1:t ;A)

𝔼
[︁{︁

X⋆ − f (X1, . . . ,Xt ;A)
}︁2]︁

subject to 𝔼
[︁
Zif (X1:t ;A)

]︁ = 0,∀i ∈ [t],
(9)

where X1:t is a shorthand for the collection of random variables (X1, . . . ,Xt ). The constraints
𝔼[Zif (X1, . . . ,Xt ;A)] = 0, ∀i ∈ [t] in (9) require the estimator to be uncorrelated with the
noise and are called divergence-free constraints. The function f , which minimizes the RHS
in (9), is called the DMMSE estimator for X⋆.
Scalar Gaussian channels. A important role is played by scalar Gaussian channels, which
refers to a collection of real-valued random variables (X⋆,X;A) generated as follows:

(X⋆;A) ∼ π, X|X⋆;A ∼𝒩 (
√

ω · X⋆,1 − ω),

where ω ∈ [0,1] is called the signal-to-noise ratio (SNR) of the channel. Notice that a scalar
Gaussian channel is a Gaussian channel with a single observation X normalized to satisfy
𝔼[X2] = 1. For a scalar Gaussian channel (X⋆,X;A), we define several important functions,
which will play a key role in this paper.
MMSE function and MMSE estimator for scalar Gaussian channels. The function mmseπ :
[0,1] → [0,1] represents MMSE of a scalar Gaussian channel as a function of the SNR ω:

mmseπ(ω)
def= MMSE(X⋆|X,A).

The function φ(·|ω) : ℝ × ℝ
k → ℝ denotes the MMSE estimator for the scalar Gaussian

channel at SNR ω:

φ(x;a|ω)
def= 𝔼[X⋆|X = x,A = a] ∀x ∈ ℝ, a ∈ ℝ

k.(10)

DMMSE function and DMMSE estimator for scalar Gaussian channels. The function
dmmseπ : [0,1] → [0,1] represents DMMSE of a scalar Gaussian channel as a function
of the SNR ω:

dmmseπ(ω)
def= DMMSE(X⋆|X,A).

The function φ̄(·|ω) : ℝ × ℝ
k → ℝ denotes the DMMSE estimator for the scalar Gaussian

channel at SNR ω. Ma and Ping [48] have shown that the DMMSE estimator of a scalar
Gaussian channel at SNR ω is given by (see the Supplementary Material [22], Lemma 2,
Appendix A, for a self-contained proof):

φ̄(x;a|ω)
def=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

(︃
1 −

√
ω√

1 − ω
𝔼

[︁
Zφ(X;A|ω)

]︁)︃−1

×
(︃
φ(x;a|ω) − 𝔼[Zφ(X;A|ω)]√

1 − ω
x

)︃
ω < 1,

x ω = 1.

(11)
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Finally, we will impose the following regularity condition in our analysis.

ASSUMPTION 2. For any ω ∈ [0,1], the MMSE estimator φ(·|ω) : ℝ × ℝ
k → ℝ for

the scalar Gaussian channel (X⋆;A) ∼ π, X|A, X⋆ ∼ 𝒩 (
√

ω · X⋆,1 − ω) is continuously
differentiable and Lipschitz.2

3. Main results. We now present the main results obtained in this paper.

3.1. Orthogonal approximate message passing algorithms. We introduce a class of iter-
ative methods to estimate the signal 𝒙⋆ using observation 𝒀 generated from the spiked matrix
model (1), called Orthogonal Approximate Message Passing (OAMP) algorithms.

DEFINITION 3 (OAMP algorithms). An OAMP algorithm generates iterates 𝒙1,𝒙2, . . .

in ℝ
N according to the update rule:

𝒙t = Ψt(𝒀 ) · ft (𝒙1, . . . ,𝒙t−1;𝒂) ∀t ∈ ℕ,(12a)

where 𝒀 ∈ ℝ
N×N is the observed noisy matrix and 𝒂 ∈ ℝ

N×k denotes the side information
available for estimating 𝒙⋆. The estimate of 𝒙⋆ at iteration t is obtained by applying a post-
processing function ψt to the iterates 𝒙1, . . . ,𝒙t and the side-information 𝒂:

(12b) ˆ︁𝒙t = ψt(𝒙1, . . . ,𝒙t ;𝒂).

In the above equations, for each t ∈ ℕ, the matrix denoiser Ψt : ℝ → ℝ acts on the matrix
𝒀 in the following way: if 𝒀 = 𝑶 diag(λ1, . . . , λN)𝑶⊤ is the eigendecomposition of 𝒀 , then
Ψt(𝒀 ) = 𝑶 diag(Ψt(λ1), . . . ,Ψt (λN))𝑶⊤. Likewise, the iterate denoisers ft :ℝt−1 ×ℝ

k →
ℝ and the post-processing function ψt : ℝt × ℝ

k → ℝ act entrywise on the N components
of its vector inputs. We also require that the matrix denoisers (Ψt)t∈ℕ and iterate denoisers
(ft )t∈ℕ satisfy certain constraints, which we will introduce in equations (14) and (15) be-
low, after defining the notion of state evolution random variables associated with an OAMP
algorithm.
State evolution random variables. Each OAMP algorithm is associated with a collection
of state evolution random variables (X⋆, (Xt )t∈ℕ;A), which describes the joint asymptotic
behavior of the signal 𝒙⋆, the iterates (𝒙t )t∈ℕ, and the side information 𝒂. The distribution of
these random variables is given by

(X⋆,A) ∼ π, Xt = βtX⋆ + Zt ∀t ∈ℕ,(13a)

where (βt )t∈ℕ is defined via the recursion

βt
def= 𝔼

[︁
X⋆ft (X1, . . . ,Xt−1;A)

]︁ ·𝔼Λν∼ν

[︁
Ψt(Λν)

]︁
,(13b)

and (Zt )t∈ℕ are zero mean jointly Gaussian random variables, independent of (X⋆;A), whose
covariance matrix is given by the recursion

𝔼[ZsZt ] = 𝔼[X⋆Fs]𝔼[X⋆Ft ] · CovΛν∼ν

[︁
Ψs(Λν),Ψt(Λν)

]︁
+ (︁

𝔼[FsFt ] −𝔼[X⋆Fs]𝔼[X⋆Ft ])︁ · CovΛ∼μ

[︁
Ψs(Λ),Ψt(Λ)

]︁
.

(13c)

In the above display, Fs
def= fs(X1, . . . ,Xs−1;A) and Ft

def= ft (X1, . . . ,Xt−1;A).

2In the absence of any side information, a sufficient condition for Assumption 2 to hold is that the signal random
variable X⋆ is compactly supported (see [51], Remark 2.3, and [29], Lemma 3.8).
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Requirements on matrix denoisers. The matrix denoisers (Ψt)t∈ℕ used in the OAMP al-
gorithm should be continuous functions, which do not change with N , and are required to
satisfy the trace-free constraint

𝔼
[︁
Ψt(Λ)

]︁ = 0, Λ ∼ μ.(14)

Requirements on iterate denoisers and post-processing functions. For each t ∈ ℕ, the iterate
denoiser ft : ℝt−1 × ℝ

k → ℝ and the post-processing function ψt : ℝt × ℝ
k → ℝ used in

the OAMP algorithm should be continuously differentiable and Lipschitz functions, which
do not change with N . In addition, the iterate denoisers (ft )t∈ℕ are required to satisfy the
divergence-free constraint

𝔼
[︁
∂sft (X1, . . . ,Xt−1;A)

]︁ = 0 ∀s ∈ [t − 1], t ∈ ℕ,(15)

where ∂sft denotes the partial derivative of ft (x1, . . . , xs, . . . , xt−1;a) with respect to xs .

Our first main result is the following theorem, which provides a characterization of the
dynamics of an OAMP algorithm, in the high-dimensional limit, in terms of the associated
state evolution random variables.

THEOREM 1 (State evolution of OAMP). Consider a general OAMP algorithm of the
form (12) that satisfies the requirements stated in Definition 3, and let {X⋆, (Xt )t∈ℕ,A} be the
associated state evolution random variables. Then for any t ∈ℕ,

(𝒙⋆,𝒙1,𝒙2, . . . ,𝒙t ;𝒂)
W2−→ (X⋆,X1, . . . ,Xt ;A).(16)

We present a proof sketch of this result highlighting the key ideas in Section 4.1, and defer
the complete proof to the Supplementary Material [22], Appendix B.

REMARK 2 (Designing divergence-free denoisers). One can construct iterate denois-
ers that satisfy the divergence-free constraint (15) by designing them adaptively: once
divergence-free iterate denoisers f1, . . . , ft have been specified, any candidate denoiser˜︁ft+1 : ℝt ×ℝ

k → ℝ can be corrected to obtain a divergence-free denoiser,

ft+1(x;a)
def= ˜︁ft+1(x;a) −

t∑︂
i=1

𝔼
[︁
∂i

˜︁ft+1(X1, . . . ,Xt ;A)
]︁ · xi ∀x ∈ ℝ

t , a ∈ℝ
k,

which satisfies the divergence-free constraint (15) by construction. Here, (X⋆,X1, . . . ,Xt ;A)

are the state evolution random variables associated with the first t iterations of the algorithm.

REMARK 3 (Connections to AMP algorithms for compressed sensing). The OAMP al-
gorithm introduced in Definition 3 can be viewed as a natural analog of the orthogonal AMP
(OAMP) [48] or vector AMP (VAMP) algorithm [64] developed for compressed sensing (or
regularized linear regression). The key feature of these algorithms, which is shared by the al-
gorithm in Definition 1, is the use of trace-free matrix denoisers (cf. (14)) and divergence-free
iterate denoisers (cf. (15)). These features significantly simplify the algorithm’s state evolu-
tion. However, unlike the OAMP algorithm introduced in this work, the compressed sensing
algorithms compute a matrix-vector multiplication involving a rotationally invariant matrix
at each iteration. In contrast, only the observed matrix 𝒀 is available in the spiked matrix
model, not the rotationally invariant noise matrix 𝑾 . Although 𝒀 is a rank-1 perturbation of
𝑾 , Ψt(𝒀 ), the matrix used by the OAMP algorithm at iteration t cannot be expressed as a
simple perturbation of 𝑾 for a general matrix denoiser Ψt . This complicates the analysis of
these algorithms. We refer the reader to Fan [27], Remark 3.3, for related discussions.
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3.2. The optimal OAMP algorithm. Theorem 1 provides a characterization of the asymp-
totic mean squared error (MSE) of the estimator ˆ︁𝒙t computed by a general OAMP algorithm
(12) in terms of the associated state evolution random variables

plim
N→∞

∥𝒙⋆ − ˆ︁𝒙t∥2

N
= 𝔼

⃓⃓
X⋆ − ψt(X1, . . . ,Xt ;A)

⃓⃓2
.

The limiting value of the MSE depends implicitly on the functions (Ψt , ft ,ψt )t∈ℕ used in the
OAMP algorithm since these functions determine the joint distribution of (X⋆, (Xt )t∈ℕ;A).
As our second contribution, we use the above characterization to derive the optimal choice
for these functions, which minimizes the MSE. We call the resulting algorithm the optimal
OAMP algorithm, and introduce it below.

The optimal OAMP algorithm. We first introduce the optimal OAMP algorithm in some
simple corner cases, and then consider the typical case.
Corner cases. If mmseπ(0) = 𝔼Var[X⋆|A] = 0, then it is possible to reconstruct the signal
perfectly from the side information alone. Hence, the optimal OAMP algorithm outputs the
estimator

ˆ︁𝒙t = φ(𝒂|0) ∀t ∈ℕ,(17a)

where φ(·|0) is the MMSE estimator for the Gaussian channel (X⋆;A) (which operates at SNR
ω = 0). In this case, the optimal OAMP algorithm achieves zero asymptotic mean squared
error

plim
N→∞

∥𝒙⋆ − ˆ︁𝒙t∥2

N

Thm. 1= 𝔼
⃓⃓
X⋆ − φ(A|0)

⃓⃓2 (10)= 𝔼
⃓⃓
X⋆ −𝔼[X⋆|A]⃓⃓2 = 𝔼Var[X⋆|A] = 0 ∀t ∈ ℕ.

In the other extreme, if mmseπ(0) = 𝔼Var[X⋆|A] = 1 (recall 𝔼[X2
⋆] = 1 from Assumption 1),

the optimal OAMP algorithm returns the trivial estimator

ˆ︁𝒙t = 0 ∀t ∈ ℕ.(17b)

In this case, the asymptotic MSE of the optimal OAMP algorithm is

plim
N→∞

∥𝒙⋆ − ˆ︁𝒙t∥2

N
= plim

N→∞
∥𝒙⋆∥2

N
= 𝔼X2

⋆ = 1 by Assumption 1.

Typical case. In the typical situation when mmseπ(0) = 𝔼Var[X⋆|A] ∈ (0,1), the optimal
OAMP algorithm generates a sequence of iterates 𝒙1,𝒙2, . . . using the update rule:

𝒙t = 1√
ωt

(︃
1 + 1

ρt

)︃
· Ψ⋆(𝒀 ;ρt ) · φ̄(𝒙t−1;𝒂|ωt−1).(17c)

The estimator returned by the optimal OAMP algorithm at iteration t is

ˆ︁𝒙t
def= φ(𝒙t ;𝒂|ωt).(17d)

In the above equations:

• The matrix denoiser Ψ⋆ used by the optimal OAMP algorithm is given by

Ψ⋆(λ;ρ) = 1 −
(︃
𝔼

[︃
ϕ(Λ)

ϕ(Λ) + ρ

]︃)︃−1
· ϕ(λ)

ϕ(λ) + ρ
∀λ ∈ ℝ, ρ ∈ (0,∞),(17e)

where Λ ∼ μ and the function ϕ :ℝ→ ℝ was introduced in (5).
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• ωt and ρt are computed using the recursion

ρt = 1

dmmseπ(ωt−1)
− 1, ωt = 1 −

(︃
𝔼

[︃
ϕ(Λ)

ϕ(Λ) + ρt

]︃)︃−1
·𝔼

[︃
1

ϕ(Λ) + ρt

]︃
(17f)

initialized with ω0
def= 0.

• dmmseπ(ω) denotes the DMMSE for a scalar Gaussian channel with SNR ω, and φ(·|ω),
φ̄(·|ω) denote the MMSE and DMMSE estimators (Definition 2).

REMARK 4. The additional scaling factor 1/
√

ωt · (1 + 1/ρt ) in (17c) is introduced to

normalize the iterates so that ∥𝒙t∥2/N
ℙ−→ 1.

The following result characterizes the asymptotic MSE of the optimal OAMP algorithm in
this case. Its proof can be found in the Supplementary Material [22], Appendix C.

PROPOSITION 1. Assume that mmseπ(0) = 𝔼Var[X⋆|A] ∈ (0,1). Let (X⋆, (Xt )t∈ℕ;A) de-
note the state evolution random variables associated with the optimal OAMP algorithm (17).
Then:

1. For each t ∈ ℕ, ωt ∈ [0,1) and ρt ∈ (0,∞). Moreover, the state evolution random
variables (X⋆,Xt ;A) form a scalar Gaussian channel with SNR ωt and, the asymptotic MSE
of the estimator ˆ︁𝒙t returned by the optimal OAMP algorithm in (17) is given by

plim
N→∞

∥ˆ︁𝒙t − 𝒙⋆∥2

N
= mmseπ(ωt ).

2. The sequences (ωt )t∈ℕ and (ρt )t∈ℕ from (17f) are nondecreasing and converge to limit
points ω∗ ∈ [0,1) and ρ∗ ∈ (0,∞) as t → ∞. The limit points (ω∗, ρ∗) solve the following
fixed-point equation in (ω,ρ):

ω = 1 −
(︃
𝔼

[︃
ϕ(Λ)

ϕ(Λ) + ρ

]︃)︃−1
·𝔼

[︃
1

ρ + ϕ(Λ)

]︃
, ρ = 1

dmmseπ(ω)
− 1,Λ ∼ μ.(18)

Consequently, as t → ∞, the asymptotic MSE of ˆ︁𝒙t converges to

lim
t→∞ plim

N→∞
∥ˆ︁𝒙t − 𝒙⋆∥2

N
= mmseπ(ω∗).

REMARK 5. In the absence of side information, if the signal is drawn from a zero-mean
prior, mmseπ(0) = 1 and the optimal OAMP algorithm in (17) returns the trivial estima-
tor ˆ︁𝒙t = 0. Our optimality result (introduced as Theorem 2 in the following section) shows
that no iterative algorithm that runs for a constant (N -independent) number of iterations can
achieve a better performance. An interesting direction for future work is to analyze OAMP
algorithms with spectral initialization [50, 70, 73] or randomly initialized iterative algorithms
that run for T ≳ ln(N) iterations [44, 45, 65] in this situation.

3.3. An optimality result. Next, to discuss the optimality properties of the OAMP algo-
rithm introduced in (17), we introduce the following broad class of iterative algorithms.

DEFINITION 4 (Iterative algorithms). An iterative algorithm is any procedure, which
generates iterates 𝒓1, 𝒓2, . . . in ℝ

N according to an update rule of the form

𝒓 t = Ψt(𝒀 ) · ft (𝒓1, . . . , 𝒓 t−1;𝒂) + gt (𝒓1, . . . , 𝒓 t−1;𝒂) ∀t ∈ ℕ.(19a)
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At iteration t , an estimate ˆ︁𝒓 t of 𝒙⋆ is obtained by applying a post-processing function ψt to
the iterates 𝒓1, . . . , 𝒓 t and the side-information 𝒂:ˆ︁𝒓 t = ψt(𝒓1, . . . , 𝒓 t ;𝒂).(19b)

For each t ∈ℕ, the matrix denoiser Ψt :ℝ → ℝ is required to be continuous and the functions
ft : ℝt−1 ×ℝ

k → ℝ, gt : ℝt−1 ×ℝ
k → ℝ, and ψt : ℝt ×ℝ

k → ℝ are required to be contin-
uously differentiable and Lipschitz. Furthermore, (Ψt)t∈ℕ, (ft )t∈ℕ, (gt )t∈ℕ and (ψt )t∈ℕ do
not change with the dimension N .

The definition above extends the notion of general first-order methods (GFOMs) intro-
duced by Celentano, Montanari and Wu [14] (for the i.i.d. Gaussian noise model) to include
a matrix denoising step at each iteration. The class of iterative algorithms defined above
includes many commonly used estimators, such as those computed using gradient descent
or power method, and their proximal and projected generalizations. The following theorem
(proved in the Supplementary Material [22], Appendix D) shows that the optimal OAMP al-
gorithm achieves the minimum possible estimation error among all algorithms in this class
under a given iteration budget.

THEOREM 2. Let ˆ︁𝒓 t be the estimator returned by any iterative algorithm of the form (19)
after t ∈ ℕ iterations. Let ˆ︁𝒙t be the estimator returned by the optimal OAMP algorithm in
(17) after t iterations. Then

plim inf
N→∞

∥ˆ︁𝒓 t − 𝒙⋆∥2

N
≥ plim

N→∞
∥ˆ︁𝒙t − 𝒙⋆∥2

N
.

3.4. Information-theoretic vs. computational limits. A natural question is whether the
optimal OAMP algorithm introduced in (17) achieves the smallest asymptotic estimation
error among all estimators, not just estimators computable using efficient iterative algorithms.
To address this question, we begin by recalling the conjecture of Barbier et al. [4] regarding
the fundamental information-theoretic limits of this problem.

Replica conjecture for the Bayes risk. Under the assumption that the entries of (𝒙⋆,𝒂) are
drawn i.i.d. from a prior π , the information-theoretically optimal estimator is the Bayes es-
timator 𝔼[𝒙⋆|𝒀 ,𝒂]. Barbier et al. [4] provide a conjecture for the asymptotic MSE of this
estimator (also called the Bayes risk) assuming the noise matrix drawn from the trace ensem-
ble [4, 58] with density

p(𝑾 ) ∝ exp

(︄
−N

2

N∑︂
i=1

V
(︁
λi(𝑾 )

)︁)︄

where λ1:N(𝑾 ) denote the eigenvalues of 𝑾 ,

(20)

and the potential function V : ℝ → ℝ is a functional parameter for the noise model. The au-
thors develop a recipe to derive conjectured formulas for the asymptotic Bayes risk based on
the nonrigorous replica method for polynomial potentials V , providing explicit formulas for
quartic and sestic polynomials. As the degree of V increases, the complexity of the derivation
and resulting formulas also increases, with no general formula available. We state the replica
conjecture for the Bayes risk when the potential V :ℝ → ℝ is a quartic polynomial

V (λ) = γ λ2

2
+ κλ4

4

∀λ ∈ℝ where κ = κ(γ ) = 8 − 9γ +
√︂

64 − 144γ + 108γ 2 − 27γ 3

27
,

(21)
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and γ ∈ [0,1] is a parameter for the noise model. The choice of κ in (21) ensures that the
limiting spectral measure (μ) of 𝑾 drawn from the trace ensemble has unit variance [4].

CONJECTURE 1 (Replica conjecture for Bayes risk [4]). Suppose that the entries of
(𝒙⋆,𝒂) are drawn i.i.d. from a prior π with mmseπ(0) ∈ (0,1) and the noise matrix 𝑾 is
drawn from the trace ensemble (20) with the quartic potential function V from (21). Then

plim
N→∞

∥𝔼[𝒙⋆|𝒀 ,𝒂] − 𝒙⋆∥2

N
= mmseπ(ωIT),

for some ωIT ∈ (0,1) and ρIT ∈ (0,∞), which solve the following system of fixed-point equa-
tions3 (in ω, ρ):

m = 1 − mmseπ(ω), 𝔼[H] = 1 − m, χ = 𝔼[ΛQH],(22a)

ˆ︁m ≡ ω

1 − ω
= κθ2

(︃
m

1 − m
𝔼

[︁
Λ2H

]︁ + χ

1 − m
𝔼[ΛH] +𝔼

[︁
Λ2QH

]︁)︃ + γ θ2m,(22b)

where m ∈ ℝ, χ ∈ ℝ are two intermediate variables, Λ ∼ μ, and the random variables Q =
Q(Λ,m,χ), H = H(Λ,ρ) are defined by

Q
def= κθ2mΛ2 + κθ2χΛ − κθ2

1 − m
𝔼

[︁
mΛ2H + χΛH

]︁ + m

1 − m
,(22c)

H
def= (︁

ρ + θ2a2(︁
γ + 2a2κ

)︁2 + 1 − θ
(︁
γΛ − θκΛ2 + κΛ3)︁)︁−1

.(22d)

In the above equations, (γ, κ) are the parameters for the quartic potential function (21), θ

is the SNR for the spiked matrix model (1) and a2 def= (
√︂

γ 2 + 12κ − γ )/(6κ).

On the other hand, from Proposition 1 that the asymptotic MSE of the estimator ˆ︁𝒙t returned
by the optimal OAMP algorithm in (17) satisfies

lim
t→∞ plim

N→∞
∥ˆ︁𝒙t − 𝒙⋆∥2

N
= mmseπ(ω∗),

where (ω∗, ρ∗) denote the solution of the state evolution fixed-point equations (in ω ∈ (0,1),
ρ ∈ (0,∞))

ω = F1(ρ), ρ = F2(ω) with

F1(ρ)
def= 1 − 𝔼Λ∼μ[ 1

ϕ(Λ)+ρ
]

𝔼Λ∼μ[ ϕ(Λ)
ϕ(Λ)+ρ

] , F2(ω)
def= 1

dmmseπ(ω)
− 1,

(23)

found by the recursion ρt = F2(ωt−1), ωt = F1(ρt ). The following proposition (proved in
the Supplementary Material [22], Appendix E) shows that for the quartic potential, the replica
fixed-point equations (22) and the state evolution fixed-point equations (23) are equivalent.

PROPOSITION 2. Assume that the prior π satisfies mmseπ(0) ∈ (0,1). Any solution
(ω,ρ) to the state evolution fixed-point equations (23) with ω ∈ (0,1), ρ ∈ (0,∞) is also
a solution to the replica fixed-point equations (22), and vice versa.

3When the fixed-point equations in (22) have multiple solutions, the correct fixed point is the one that minimizes
a certain free energy function calculated in [4].
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FIG. 1. Plot of the fixed-point equation ω = F1(F2(ω)) for SNR θ = 0.46, quartic noise model (21) with γ = 0

and a three-point signal prior X⋆ ∼ ϵ2
1
2 δ 1

ϵ1
+ ϵ2

2
2 δ 1

ϵ2
+ (1 − ϵ2

1
2 − ϵ2

2
2 )δ0.

We remark that an analogous result holds for the sestic (degree 6) potential. Since the
replica equations for the sestic ensemble in Barbier et al. [4] are even more involved, we
do not provide the details here. We anticipate that the fixed-point equations in (23) are a
unified and concise reformulation of the replica fixed-point equations and characterize the
asymptotic Bayes risk for general potential functions V . This reformulation of the replica
conjecture for the asymptotic Bayes risk may be more amenable to rigorous proof than the
significantly more complicated replica formulas derived using the approach of Barbier et al.
[4].

Information-theoretic optimality and suboptimality of OAMP. We can simplify the fixed-
point equations in (23) (which are equivalent to the replica fixed-point equations (22)) by
eliminating ρ to obtain a single equation ω = F1(F2(ω)). In some cases, this equation has
a unique solution, implying the optimal OAMP algorithm matches the conjectured asymp-
totic MSE of the Bayes estimator and is expected to be information-theoretically optimal (see
Figure 1(a)). In other cases, the equation may have multiple solutions, as illustrated in Fig-
ure 1(b), where it has two stable fixed points. Here, the optimal OAMP algorithm converges to
the inferior fixed-point ω∗, while the Bayes risk corresponds to the superior fixed-point ωIT.
Since ω∗ < ωIT, the optimal OAMP or any iterative algorithm (in the form of (19a)) with a
constant (N -independent) number of iterations fails to achieve the Bayes-optimal MSE. Such
scenarios also occur in i.i.d. Gaussian noise models [14, 52, 53], and it is conjectured that no
polynomial time algorithm can achieve the information-theoretically optimal MSE in these
cases.

4. Proof ideas. We now present some important ideas used to obtain our main results.

4.1. Heuristic derivation of state evolution (Theorem 1). We begin by an intuitive deriva-
tion of the state evolution result (Theorem 1) for OAMP algorithms, highlighting the key
ideas involved in the proof. A formal proof of Theorem 1 is presented in the Supplementary
Material [22], Appendix B. Consider a general OAMP algorithm (Definition 3)

(24) 𝒙t = Ψt(𝒀 ) · ft (𝒙1, . . . ,𝒙t−1;𝒂) ∀t ∈ ℕ,

where (Ψt)t∈ℕ are trace-free (cf. (14)) and (ft )t∈ℕ are divergence-free (cf. (15)). For ease of
exposition, we present the key ideas assuming that the matrix denoisers (Ψt)t∈ℕ are polyno-
mials (the general case follows by a polynomial approximation argument). Let us decompose



480 R. DUDEJA, S. LIU AND J. MA

ft (𝒙1, . . . ,𝒙t−1;𝒂) into a component along the direction of 𝒙⋆ and a component perpendic-
ular to it:

ft (𝒙1, . . . ,𝒙t−1;𝒂) = αt𝒙⋆ + 𝒇 ⊥
t

where αt
def= ⟨𝒙⋆, ft (𝒙<t ;𝒂)⟩

∥𝒙⋆∥2 ,𝒇 ⊥
t

def= ft (𝒙<t ;𝒂) − αt𝒙⋆.

Using this decomposition, we can write the new iterate 𝒙t in (24) as

(25) 𝒙t = αt · Ψt(𝒀 )𝒙⋆ + Ψt(𝒀 )𝒇 ⊥
t .

As pointed out in Remark 3, the main difficulty in analyzing the algorithm above is that
the matrix Ψt(𝒀 ) is not rotationally invariant. To address this, we express the update equa-
tion (25) in terms of the rotationally invariant noise matrix 𝑾 by expanding the polynomial
Ψt(𝒀 ) in terms of 𝑾 using the fact that 𝒀 = (θ/N) ·𝒙⋆𝒙

T
⋆ +𝑾 . Although this expansion can

initially seem complicated, the key insight that makes it tractable is to show that the following
approximations hold:

(26) Ψt(𝒀 )𝒙⋆
N → ∞≃ ˜︁Ψt(𝑾 )𝒙⋆, Ψt (𝒀 )𝒇 ⊥

t

N → ∞≃ Ψt(𝑾 )𝒇 ⊥
t ,

where ˜︁Ψt : ℝ → ℝ is polynomial obtained by appropriately transforming Ψt ; we refer the
reader to the Supplementary Material [22], Appendix B, for additional details regarding these
approximations. The transformed matrix denoiser ˜︁Ψt is determined by Ψt via a complicated
recursion and is not necessarily trace-free. Substituting (26) into (25), we get

𝒙t
N → ∞≃ αt · ˜︁Ψt(𝑾 )𝒙⋆ + Ψt(𝑾 )𝒇 ⊥

t

= αt · Tr[˜︁Ψt(𝑾 )]
N

· 𝒙⋆ + αt ·
(︃˜︁Ψt(𝑾 ) − Tr[˜︁Ψt(𝑾 )]

N
· 𝑰N

)︃
𝒙⋆ + Ψt(𝑾 )𝒇 ⊥

t(27a)

def= αt · Tr[˜︁Ψt(𝑾 )]
N

· 𝒙⋆⏞ ⏟⏟ ⏞
Signal Component

+ 𝒛t⏞⏟⏟⏞
Eff. Noise

,

where the effective noise 𝒛t is defined as

𝒛t
def= αt · ˆ︁Ψt(𝑾 )𝒙⋆ + Ψt(𝑾 )𝒇 ⊥

t

where ˆ︁Ψt(𝑾 )
def= ˜︁Ψt(𝑾 ) − Tr[˜︁Ψt(𝑾 )]

N
· 𝑰N.

(27b)

We analyze the signal and noise components separately.

Signal component. Notice that the signal component in (27a) involves the factor
Tr[˜︁Ψt(𝑾 )]/N . Computing the limiting value of this factor is challenging because the trans-
formed matrix denoiser ˜︁Ψt does not have a convenient formula and is determined by Ψt

via a complicated recursion (see the Supplementary Material [22], Appendix B, for further
details). The key idea, which yields a concise formula for this factor, is to observe

Tr[˜︁Ψt(𝑾 )]
N

(a)≈ 𝒙T
⋆
˜︁Ψt(𝑾 )𝒙⋆

N

(b)≈ 𝒙T
⋆Ψt(𝒀 )𝒙⋆

N

(c)=
∫︂
ℝ

Ψt(λ)νN(dλ)
(d)≈ 𝔼Λν∼ν

[︁
Ψt(Λν)

]︁
,

(28)

where the approximation in (a) follows from standard concentration results for quadratic
forms of rotationally invariant matrices (see Fact A.1 in the Supplementary Material [22],
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Appendix A.1.2), (b) follows from the defining property of ˜︁Ψt(𝑾 ) in (26), (c) follows by
recalling the definition of the spectral measure in the signal direction (νN ) from (4) and (d)
follows from the weak convergence of the compactly supported measure νN to ν (Lemma 1,
item (1)).

Noise component. The update rule (27b) for the effective noise 𝒛t is written in a form for
which existing state evolution results apply [23, 24, 27, 48, 64, 69, 71]. Indeed, ˆ︁Ψt(𝑾 )

and Ψt(𝑾 ) are trace-free functions of the rotationally-invariant matrix 𝑾 ; and 𝒇 ⊥
t is a

divergence-free function of {𝒙i}i<t . By appealing to existing results on the dynamics of AMP
algorithms driven by rotationally invariant matrices, we show that the effective noise compo-
nent 𝒛t converges to a centered Gaussian random variable Zt . Moreover, the covariance of Zt

and Zs can be heuristically calculated based on a convenient property of OAMP algorithms.
Specifically, for G1(𝑾 ),G2(𝑾 ) ∈ {ˆ︁Ψt(𝑾 ),Ψt(𝑾 ),Ψs(𝑾 )} and 𝒗1,𝒗2 ∈ {𝒙⋆,𝒇

⊥
s ,𝒇 ⊥

t }, we
have

(29)
𝒗T

1G1(𝑾 )G2(𝑾 )𝒗2

N
≈ Tr[G1(𝑾 )G2(𝑾 )]

N
· ⟨𝒗1,𝒗2⟩

N
.

The intuition for the above property is that the random vectors 𝒗1, 𝒗2 behave as if they are
independent of the noise matrix 𝑾 , and the divergence-free and trace-free requirements im-
posed on OAMP algorithms are crucial for the validity of the above approximation. Using
the above property, we immediately have that

𝔼[ZsZt ] ≈ ⟨𝒛s,𝒛t ⟩
N

= ⟨αt
ˆ︁Ψt(𝑾 )𝒙⋆ + Ψt(𝑾 )𝒇 ⊥

t , αs
ˆ︁Ψs(𝑾 )𝒙⋆ + Ψs(𝑾 )𝒇 ⊥

s ⟩
N

≈ αsαt · Tr[ˆ︁Ψt(𝑾 )ˆ︁Ψs(𝑾 )]
N

· ∥𝒙⋆∥2

N

+ Tr[Ψt(𝑾 )Ψs(𝑾 )]
N

· ⟨𝒇 ⊥
t ,𝒇 ⊥

s ⟩
N

,

(30)

where the cross-terms vanish due to the orthogonality of 𝒙⋆ and 𝒇 ⊥
t (and 𝒇 ⊥

s ). The limit-
ing value of Tr[ˆ︁Ψt(𝑾 ), ˆ︁Ψs(𝑾 )]/N can be expressed in terms of ν (the spectral measure in
the signal direction) using the argument from (28). Replacing the various normalized inner
products by their limiting values eventually leads to the claimed state evolution (13).

4.2. Derivation of the optimal OAMP algorithm. Next, we present an intuitive derivation
of the optimal OAMP algorithm introduced in (17). While this derivation does not show that
this algorithm attains the smallest estimation error among all iterative algorithms (as claimed
in Theorem 2), it provides a simple and natural approach to derive the matrix denoisers and
the iterate denoisers used by the algorithm. For simplicity, we consider the class of simple
memory-free OAMP algorithms in which the iterate denoiser ft only depends on the most
recent iterate (cf. (12)):

𝒙t = Ψt(𝒀 ) · ft (𝒙t−1;𝒂) ∀t ∈ ℕ.(31)

We will use a natural greedy heuristic to design the matrix and iterate denoisers. Specifically,
we derive a good choice of Ψt and ft , assuming we have already specified the iterate and
matrix denoisers for the first t − 1 iterations. For any candidate Ψt and ft , the distribution of
the state evolution random variable Xt associated with the 𝒙t is given by (see Definition 3)

(X⋆,A) ∼ π, Xt = βtX⋆ + Zt ,(32a)
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where Zt is a centered Gaussian random variable independent of (X⋆,A), and

βt = 𝔼
[︁
X⋆ft (Xt−1;A)

]︁ ·𝔼Λν∼ν

[︁
Ψt(Λν)

]︁
, αt = 𝔼

[︁
X⋆ft (Xt−1;A)

]︁
,

𝔼
[︁
Z2

t

]︁ = α2
t · VarΛν∼ν

[︁
Ψt(Λν)

]︁ + (︁
𝔼

[︁
ft (Xt−1;A)2]︁ − α2

t

)︁ ·𝔼Λ∼μ

[︁
Ψ2

t (Λ)
]︁
.

A natural design principle is to choose ft , Ψt to maximize the SNR ωt of the Gaussian
channel (X⋆,Xt = βtX⋆ + Zt ;A), which is given by the squared cosine similarity between Xt ,
X⋆,

ωt
def= (𝔼[X⋆Xt ])2

𝔼[X2
⋆] ·𝔼[X2

t ]
= β2

t

β2
t +𝔼[Z2

t ]
= (𝔼[Ψt(Λν)])2

𝔼[Ψ2
t (Λν)] + δt

1−δt
·𝔼[Ψ2

t (Λ)] ,(33)

where δt
def= 1 − (𝔼[X⋆ft (Xt−1;A)])2/𝔼[ft (Xt−1;A)2]. We consider the two maximization

problems over Ψt and ft one-by-one.

Optimal choice of Ψt . Choosing Ψt to maximize ωt is equivalent to solving the following
optimization problem:

(34) max
Ψ

(𝔼[Ψ(Λν)])2

𝔼[Ψ2(Λν)] + ρ−1 ·𝔼[Ψ2(Λ)] subject to 𝔼
[︁
Ψ(Λ)

]︁ = 0

with the parameter ρ ∈ (0,∞) fixed at ρ = δ−1
t − 1 (notice δt does not depend on Ψt ). We

transform the optimization problem in (34) into a simple quadratic optimization problem,

min
Ψ

1 − (𝔼[Ψ(Λν)])2

𝔼[Ψ2(Λν)] + ρ−1 ·𝔼[Ψ2(Λ)] subject to 𝔼
[︁
Ψ(Λ)

]︁ = 0(35a)

(a)= min
Ψ

min
c∈ℝ 𝔼

[︁(︁
1 − cΨ(Λν)

)︁2]︁ + ρ−1 ·𝔼[︁
c2Ψ2(Λ)

]︁
subject to 𝔼

[︁
cΨ(Λ)

]︁ = 0(35b)

(b)= min
Ψ

𝔼
[︁(︁

1 − Ψ(Λν)
)︁2]︁ + ρ−1 ·𝔼[︁

Ψ2(Λ)
]︁

subject to 𝔼
[︁
Ψ(Λ)

]︁ = 0,(35c)

where step (a) can be verified by solving the inner quadratic minimization problem over c

explicitly, and step (b) is due to a change of variable Ψ ↦→ cΨ; note that cΨ also satisfies the
trace-free constraint. Note that any minimizer of (35c) is also a maximizer of (34) since the
objective function of (34) is invariant to a rescaling of Ψ . To solve this optimization problem,
we consider the Lebesgue decomposition ν = ν∥ + ν⊥, where ν⊥ is the singular part and ν∥
is the absolutely continuous part. Recall the definition of ϕ from (5) and let S denote the set

S
def= {︁

λ ∈ ℝ : ϕ(λ) ≠ 0
}︁

where ϕ(λ)
def= (︁

1 − πθHμ(λ)
)︁2 + π2θ2μ2(λ).(36)

Notice that μ(Sc) = 0. Lemma 1 (items (2–3)) shows that ν⊥(S) = 0 and the density of ν∥
with respect to the Lebesgue measure is given by μ(·)/ϕ(·) where μ(·) is the density of μ

(recall Assumption 1). Hence, the Lagrangian of the minimization problem (35c) is given by

𝔼
[︁⃓⃓
Ψ(Λν) − 1

⃓⃓2]︁ + 1

ρ
·𝔼[︁

Ψ2(Λ)
]︁ − 2γ𝔼

[︁
Ψ(Λ)

]︁
=

∫︂
ℝ

⃓⃓
Ψ(λ) − 1

⃓⃓2
ν(dλ) +

∫︂
ℝ

(︃
Ψ2(λ)

ρ
− 2γΨ(λ)

)︃
μ(λ)dλ

=
∫︂
Sc

(︁
Ψ(λ) − 1

)︁2
ν⊥(dλ) +

∫︂
S

(︃(︁
Ψ(λ) − 1

)︁2 · 1

ϕ(λ)
+ Ψ2(λ)

ρ
− 2γΨ(λ)

)︃
μ(dλ),
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where γ ∈ ℝ is the Lagrange multiplier. The Lagrangian is minimized by minimizing the
integrand pointwise, leading to the following formula for the minimizer Ψγ :

Ψγ (λ)
def= γ + 1

ϕ(λ)

1
ϕ(λ)

+ 1
ρ

= 1 + (ργ − 1) · ϕ(λ)

ρ + ϕ(λ)
∀λ ∈ S and Ψγ (λ) = 1 ∀λ ∈ Sc.

The solution of the constrained minimization problem (35c) is obtained by choosing γ so
that the constraint 𝔼Λ∼μ[Ψγ (Λ)] = 0 is fulfilled. Hence, the optimizer of (35c) and (34) is

Ψ(λ) = 1 −
(︃
𝔼Λ∼μ

[︃
ϕ(Λ)

ϕ(Λ) + ρ

]︃)︃−1
· ϕ(λ)

ϕ(λ) + ρ

def= Ψ⋆(λ;ρ) ∀λ ∈ ℝ.(37)

This is precisely the matrix denoiser used by the optimal OAMP algorithm in (17).

Optimal choice of ft . Notice from (33) that the iterate denoiser ft , which maximizes the
SNR ωt can be derived by minimizing δt with respect to ft , leading to the minimization
problem

(38) min
f

1 − (𝔼[X⋆f (Xt−1;A)])2

𝔼[f 2(Xt−1;A)] subject to 𝔼
[︁
f ′(Xt−1;A)

]︁ = 0.

In the above definition, Xt−1 = βt−1X⋆ + σt−1Z is the state evolution random variable for
𝒙t−1, Z ∼ 𝒩 (0,1) is independent of (X⋆,A) ∼ π , and βt−1 ∈ ℝ and σt−1 > 0 are fixed pa-
rameters (determined by the matrix and iterate denoisers used in the first t − 1 iterations).
Repeating the arguments used in (35), we obtain

min
f

1 − (𝔼[X⋆f (Xt−1;A)])2

𝔼[f 2(Xt−1;A)] subject to 𝔼
[︁
f ′(Xt−1;A)

]︁ = 0(39a)

= min
f

min
c∈ℝ 𝔼

[︁(︁
X⋆ − cf (Xt−1;A)

)︁2]︁
subject to 𝔼

[︁
cf ′(Xt−1;A)

]︁ = 0(39b)

= min
f

𝔼
[︁(︁

X⋆ − f (Xt−1;A)
)︁2]︁

subject to 𝔼
[︁
f ′(Xt−1;A)

]︁ = 0.(39c)

Recalling the definition of the DMMSE estimator from Definition 2 (see also Lemma A.2 in
the Supplementary Material [22], Appendix A.2), the minimizer of (39c) is

(40) ft (x;a) = φ̄
(︁(︁

β2
t−1 + σ 2

t−1
)︁− 1

2 · x;a|ωt−1
)︁

where ωt−1
def= β2

t−1

β2
t−1 + σ 2

t−1

.

Optimal OAMP algorithm. Using the matrix and iterate denoisers derived above, we obtain
the following memory-free OAMP algorithm (cf. (31)):

(41) 𝒙t = ct · Ψ⋆(𝒀 ;ρt ) · φ̄t (𝒙t−1;𝒂|ωt−1),

where we defined ct
def= 1/

√︂
β2

t + σ 2
t and made a slight change of variable by absorbing the

normalization factor (acting on the x input of φ̄) in (40) into the definition of 𝒙t . This scal-
ing parameter ct ensures state evolution random variable Xt corresponding to 𝒙t satisfies
𝔼[X2

t ] = 1. The resulting algorithm is precisely the optimal OAMP algorithm introduced in
(17). The recursions for ωt , ρt and the alternative formula ct = 1/

√
wt · (1 + 1/ρt ) is derived

by specializing the general state evolution equations in (32) to the optimal OAMP algorithm;
see the proof of Proposition 1 in the Supplementary Material [22], Appendix C, for details.
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FIG. 2. Performance (measured by the normalized overlap with signal) of PCA, the Bayes estimator and the
optimal OAMP algorithm in (17). (a) The spectral μ corresponds to the quartic noise model in (21) with parameter
γ = 0. The signal 𝒙⋆ is sampled from an i.i.d. two-point prior ϵ2δ1/ϵ +(1−ϵ2)δ0, where ϵ = 1/8. (b) The spectral
μ corresponds to the purely sestic noise model (see the Supplementary Material [22], (E.12)) and the the signal
is sampled from the two-point prior with ϵ = 1/

√
5.

5. Numerical experiments. We conclude the paper with some numerical experiments.
The Supplementary Material [22], Appendix F, provides additional numerical results.

Following [48, 64], we generate the noise matrix 𝑾 in a structured manner, making it
feasible to efficiently simulate the dynamics of iterative algorithms on very high-dimensional
matrices (N = 2 × 106). Specifically, we use the noise matrix 𝑾 = 𝑶diag(λ1, . . . , λN)𝑶T

with 𝑶 = 𝑺1𝑭𝑺2𝑭
T𝑺3, where 𝑺1, 𝑺2, 𝑺3 are independent random signed diagonal matrices,

and 𝑭 is the discrete cosine transform matrix. The eigenvalues {λi}i∈[N] are sampled inde-
pendently from a spectral μ. We remark that known universality results [21, 23, 71] guarantee
that using this structured noise matrix (instead of random rotationally invariant noise drawn
from the quartic model) does not change the asymptotic dynamics of AMP algorithms. The
signal 𝒙⋆ is sampled from an i.i.d. two-point prior ϵ2δ1/ϵ + (1 − ϵ2)δ0, where 0 < ϵ < 1.

Figures 2a and 2b compare the performance of the optimal OAMP algorithm with the state
evolution prediction from Theorem 1. In our simulations, the OAMP algorithm is initialized
by f1(𝒙0;𝒂) = ϵ · 1 (which is the mean of the two-point prior) and no side information is
provided. We also plot the performance of PCA and the Bayes-optimal estimator. In both
Figure 2a and Figure 2b, OAMP achieves much better estimation accuracy than the PCA
estimator and matches the Bayes-optimal performance at high SNR. Moreover, the perfor-
mance of OAMP closely matches its state evolution. Notice that, for Figure 2a, there ex-
ists a performance gap between the conjectured Bayes-optimal performance (as predicted
by the replica method) and the performance achieved by optimal OAMP (which has been
shown to be optimal among a broad class of iterative algorithms). On the other hand, no
such statistical-computational gap exists for Figure 2b where the signal is relatively “dense”
(namely, the fraction of the nonzero components is relatively large). Similar phenomena have
been observed in the context of spiked Wigner models [18, 51].

The theoretical prediction of the asymptotic performance of OAMP requires the noise
matrix to be rotationally-invariant. The noise matrix used in the experiments for Figure 2
is structured but still synthetic. We now consider a more realistic model where the noise
matrix is obtained from real datasets (while the signal is still randomly generated). Taking
inspiration from [72], we generate the noise matrix from the covariance matrix of real datasets
in bioinformatics, namely the 1000 Genomes Project (1000G) [15] and International HapMap
Project (Hapmap3) [16]. Both datasets undergo the preprocessing steps, producing a 2054 ×
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FIG. 3. Performance of a data-driven implementation of the optimal degree-D lifted OAMP algorithm (intro-
duced in the Supplementary Material [22], Appendix D) on noise matrices derived from real datasets and signals
randomly drawn from X⋆ ∼ 0.1𝒩 (0,10) + 0.9δ0. The results are averaged over 30 random realizations.

2054 symmetric matrix for 1000G and a 1397 × 1397 symmetric matrix for Hapmap3; see
the Supplementary Material for details of the data processing procedure.

Running the optimal OAMP algorithm requires estimating the spectral measure μ and the
associated optimal matrix denoiser (17e) from the observed data. While feasible, we found it
more convenient to design a data-driven implementation for an approximation to the optimal
OAMP algorithm, called the optimal degree-D lifted OAMP algorithm. This algorithm is in-
troduced in the Supplementary Material [22], Appendix D, and plays an important role in the
proof of our optimality result. At each iteration, the optimal degree-D lifted OAMP algorithm
computes D matrix-vector multiplications. Moreover, as D → ∞, this algorithm matches the
performance of the optimal OAMP algorithm (see Proposition D.3 in the Supplementary Ma-
terial [22], Appendix D). Figure 3 displays the MSE performance of this algorithm using the
above described realistic noise matrices and a randomly generated signal. We initialize the al-
gorithm by the signal mean as in Figure 2. The performance of the lifted OAMP improves as
the degree D increases, saturating around D ≈ 4, indicating that this algorithm can match the
performance of the optimal OAMP algorithm in a data-driven way at the cost of 3 additional
matrix multiplications per iteration. Figure 3 also displays the asymptotic MSE predicted
by the state evolution result for the corresponding rotationally invariant noise model with a
matching spectrum. The performance of the lifted OAMP algorithm closely aligns with the
state evolution prediction, suggesting an underlying universality phenomenon.

6. Conclusion and future work. In this paper, we introduced an OAMP algorithm for
spiked matrix models with rotationally-invariant noise and demonstrated that it obeys a sim-
ple state evolution characterization in the high-dimensional limit. We showed that the optimal
OAMP algorithm achieves the best performance among a broad class of iterative algorithms.

Several promising directions for future research remain. As a first step, our analysis fo-
cused on a stylized symmetric rank-one model, and it would be valuable to extend these
results to more practical settings, including asymmetric and multirank models. As discussed
in Remark 1, in the absence of side information, if the signal is drawn from a zero-mean
prior, no iterative algorithm that runs for a constant (N -independent) number of iterations
can achieve nontrivial estimation error. An interesting direction for future work is to analyze
OAMP algorithms with spectral initialization [50, 70, 73], or randomly initialized iterative
algorithms that run for a diverging (N -dependent) number of iterations [44, 45, 65]. Finally,
since the optimal OAMP algorithm relies on the knowledge of the signal prior and noise
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spectrum, it would be interesting to develop and analyze a practical procedure to estimate
these parameters from the data [72].

SUPPLEMENTARY MATERIAL

Supplement to “Optimality of approximate message passing for spiked matrix mod-
els with rotationally invariant noise” (DOI: 10.1214/25-AOS2575SUPP; .pdf). The sup-
plement [22] contains the omitted proofs and additional numerical experiments.
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