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force and random initial data. The PDF modeling method can provide the mean and high order
moments of the random solution variable which are useful for the characterization of Burgers
turbulence. Firstly, an exact one-point PDF transport equation is derived from the Burgers equa-
tion with a stochastic external force, and then the conditional advection and diffusion terms are
modeled for closure by using two respective models. Secondly, three numerical methods are em-
ployed to solve the modeled PDF transport equation: the mesh-based Lagrangian particle Monte
Carlo (MC) method, the original quadrature method of moments (QMOM), and the linear QMOM
(LQMOM) as modified in this work. The numerical tests verify the viability of using the PDF mod-
eling method to study Burgers turbulence and show that the MC method, LQMOM and QMOM
can yield results comparable to the DNS solution, and the LQMOM is more efficient than the
QMOM and MC method. However, the MC method has less dissipation for turbulence in high
wavenumber regimes.

1. Introduction

The nonlinear and the Laplacian terms in the one-dimensional (1D) Burgers equation can be seen to mimic the convective and
dissipative mechanisms of real fluid flows. Therefore the Burgers equation is extensively used as a prototype model to investigate
different characteristics of turbulence [1-8], to test different averaging and closure models for turbulent flows [9-16] and to validate
different novel computational schemes [17-19].

The Burgers turbulence resulting from the solution of the 1D Burgers equation with stochastic forcing terms and/or random
initial conditions exhibits random fluctuations in space and time. The statistical properties of Burgers turbulence depend strongly on
the probability distributions of both the initial data and the additive random forcing term [13]. Under specific conditions Burgers
turbulence may mimic some characteristics of compressible turbulent flows like shocks, intermittency and energy cascades. Similar
to cases with real turbulent flows, large-eddy simulation (LES) [9-12,14,15] and direct numerical simulation (DNS) [14,20] methods
have been employed to study Burgers turbulence. The transported probability density function (PDF) method belongs to another type
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\begin {equation}\label {burgerseq} \left \{ \begin {split} & \frac {\partial u}{\partial t}+u\frac {\partial u}{\partial x}= \nu \frac {\partial ^2 u}{\partial x^2}+ S(u,x,t ), \quad -1 < x < 1, ~t > 0, \\ &u(x,0)=u_0(x),\\ &u(-1,t)=u(1,t), \end {split} \right .\end {equation}


$u_0(x)$


$S(u,x,t)$
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$u(x, t)$


$x$


$t$


\begin {equation}\label {fine} f^*\left (v, u(x,t)\right )=\delta \left (v-u(x,t)\right ) ,\end {equation}


$v$


$u(x,t)$


\begin {equation}\label {pr1} \langle f^*\left (v, u(x,t) \right ) \rangle { = } {\int _{-\infty }^\infty \delta (v-v')f(v';x,t)\,\mbox d v' =f(v; x,t )},\end {equation}


$\langle \cdot \rangle $


$u(x,t)$


$f(v;x,t)$


$u(x,t)$


$v$


$Q$


$R(u)$


\begin {equation}\label {pr2} \langle Q f^*\left (v, u({x,t})\right ) \rangle = \langle Q | u = v \rangle f(v; x, t), ~~ \text {and the corollary:~~} \langle R(u) f^*\left (v, u(x,t)\right ) = R(v) f(v; x, t).\end {equation}


$Df^*/Dt:=f^*_t+uf^*_x$


$f^*$


$t$


$x$


\begin {align}\label {eq:ft} & \frac {\partial f^*}{\partial t}=\frac {\partial f^*}{\partial u}\frac {\partial u}{\partial t} = -\frac {\partial f^*}{\partial v}\frac {\partial u}{\partial t}, \\ \label {eq:fx} & \frac {\partial f^*}{\partial x}=\frac {\partial f^*}{\partial u}\frac {\partial u}{\partial x} = -\frac {\partial f^*}{\partial v}\frac {\partial u}{\partial x}.\end {align}


$(\ref {eq:ft})+u\times (\ref {eq:fx})$


\begin {equation}\label {eq:f1*} \frac {\partial f^*}{\partial t}+{u}\frac {\partial f^*}{\partial x}=-\frac {\partial f^*}{\partial v} \left (\frac {\partial u}{\partial t}+u\frac {\partial u}{\partial x}\right ) \stackrel {\eqref {burgerseq}}{=} -\frac {\partial f^* }{\partial v} \left (\nu \frac {\partial ^2 u}{\partial x^2}+S(u,x,t)\right ) = -\frac {\partial }{\partial v}\left (f^* \nu \frac {\partial ^2 u}{\partial x^2}+f^*S(u,x,t) \right ).\end {equation}


$t$


\begin {equation}\label {eq:f*} \frac {\partial f}{\partial t}+\left \langle u \frac {\partial f^*}{\partial x}\right \rangle = \left \langle -\frac {\partial }{\partial v}\left ( f^*\nu \frac {\partial ^2 u}{\partial x^2}+f^*S(u,x,t) \right ) \right \rangle .\end {equation}


$\partial f^*/\partial x$


$\partial f^*/\partial x$


\begin {equation}\label {unclosed-convetion} \left \langle u\frac {\partial f^*}{\partial x}\right \rangle =\left \langle \frac {\partial (uf^*)}{\partial x}\right \rangle -\left \langle \frac {\partial u}{\partial x} f^*\right \rangle \stackrel {\eqref {pr2} }{=}\frac {\partial (vf)}{\partial x}-\left \langle \left .\frac {\partial u}{\partial x}\right |{u=v}\right \rangle f.\end {equation}


\begin {equation}\label {eq:condiff} \begin {aligned} \left \langle -\frac {\partial }{\partial v}\left ( f^* \nu \frac {\partial ^2 u}{\partial x^2}+f^*S(u, x,t)\right )\right \rangle & =-\frac {\partial }{\partial v}\left ( \left \langle \nu \left . \frac {\partial ^2 u}{\partial x^2}\right | u= v \right \rangle f+S(v,x,t) f\right ). \end {aligned}\end {equation}


\begin {equation*}\nabla ^2 f^*=-\frac {\partial }{\partial v}\left (f^*\nabla ^2 u\right ) + \frac {\partial ^2}{\partial v^2}\left ( f^* \nabla u \cdot \nabla u \right )\end {equation*}


$\nu $


\begin {equation}\label {diffu-condi} -\frac {\partial }{\partial v} \left ( \left \langle \nu \left . \frac {\partial ^2 u}{\partial x^2}\right | u = v \right \rangle f \right )= \nu \frac {\partial ^2 f}{\partial x^2} - \frac {\partial ^2}{\partial v^2}\left ( \left \langle \nu \frac {\partial u}{\partial x} \left .\frac {\partial u}{\partial x} \right |u=v\right \rangle f \right ) .\end {equation}


\begin {equation}\label {eq:f-better} \frac {\partial f}{\partial t}+ \frac {\partial (vf) }{\partial x} - { \left \langle \left .\frac {\partial u}{\partial x} \right |u=v \right \rangle f}= \nu \frac {\partial ^2 f}{\partial x^2} - \frac {\partial ^2}{\partial v^2}\left ( \left \langle \nu \frac {\partial u}{\partial x} \left .\frac {\partial u}{\partial x} \right |u=v\right \rangle f \right )-\frac {\partial }{\partial v}\bigl ( S(v,x,t) f \bigr ).\end {equation}
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$x$


$v$


$S$


$v$


$S$


$u$


$\langle u\rangle =\int _{-\infty }^\infty v f(v) \text \, \text d v$


$u'$


$u=\langle u \rangle +u'$


\begin {align}\label {eq:fm2-parts} \frac {\partial f}{\partial t}+\frac {\partial (v f)}{\partial x} -{\frac {\partial \langle u \rangle }{\partial x} f}- {\left \langle \left .\frac {\partial u '}{\partial x}\right |u=v\right \rangle f}=& \nu \frac {\partial ^2 f }{\partial x^2} -{ \frac {\partial ^2 }{\partial v^2} \left (\left \langle \nu \left .\frac {\partial u }{\partial x }\frac {\partial u }{\partial x } \right |u=v \right \rangle f \right ) } -\frac {\partial }{\partial v}\bigl ( S(v,x,t) f\bigr ) .\end {align}


$v$


$v$


\begin {equation}\label {m1-temp} \begin {split} & \frac {\partial \langle u \rangle }{\partial t}+ \frac 12\frac {\partial \langle u^2 \rangle }{\partial x} + \underline {\frac 12\frac {\partial \langle u^2 \rangle }{\partial x} - \frac 12 \frac {\partial \langle u\rangle ^2 }{\partial x} - \int _{-\infty }^\infty \left \langle \left . \frac {\partial u'}{\partial x} \right |u=v \right \rangle v f\,\mbox {d}v} = \nu \frac {\partial ^2 \langle u\rangle }{\partial x^2} \\ & - \left . v\frac {\partial }{\partial v}\left (\left \langle \left . \nu \frac {\partial u}{\partial x}\frac {\partial u}{\partial x} \right |u=v\right \rangle f\right ) \right |^{v=\infty }_{v=-\infty } + \left \langle \left . \left . \nu \frac {\partial u}{\partial x}\frac {\partial u}{\partial x} \right |u=v \right \rangle f \right |^{v=\infty }_{v=-\infty } +\int _{-\infty }^\infty S(v,x,t) f \mbox {d}v . \end {split}\end {equation}


$f(v; x, t)$


\begin {equation}\label {cond3} - \int _{-\infty }^\infty \left \langle \left .\frac {\partial u'}{\partial x}\right |u=v\right \rangle vf \mbox {d} v =\frac 12 \frac {\partial \langle u\rangle ^2 }{\partial x} - \frac 12\frac {\partial \langle u^2 \rangle }{\partial x} ,\end {equation}


$(\tau _{\rm sgs})_x$


$\langle u\rangle _t + \frac 12 \left ( \langle u \rangle ^2 \right ) _x = \nu \langle u \rangle _{xx} + (\tau _{\rm sgs})_x +\langle S \rangle $


$\tau _{\rm sgs}=\frac 12 \left ( \langle u \rangle ^2 - \langle u^2 \rangle \right )$


\begin {equation}\label {mixmodel} -{ \frac {\partial ^2 }{\partial v^2} \left (\left \langle \nu \left .\frac {\partial u }{\partial x }\frac {\partial u }{\partial x } \right |u=v \right \rangle f \right ) } \approx \frac {\partial }{\partial v} \left [\Omega _m \left (v- \langle u\rangle \right )f\right ].\end {equation}


$\Omega _m$


$x$


$0.5\left (\langle u \rangle ^2 -\langle u^2 \rangle \right )$


\begin {equation}- \left \langle \left .\frac {\partial u '}{\partial x}\right |u=v\right \rangle f \approx \frac {\partial }{\partial x}\left (\Gamma _{t1} \frac {\partial f}{\partial x} \right ), \label {deru1}\end {equation}


$\Gamma _{t1}\geq 0$


$\langle u\rangle $


$f$


\begin {align}\label {eq:pdf-final-bad} \frac {\partial f}{\partial t}+\frac {\partial (v f)}{\partial x} - \frac {\partial \langle u \rangle }{\partial x} f + \frac {\partial }{\partial x}\left (\Gamma _{t1} \frac {\partial f}{\partial x} \right ) =& \nu \frac {\partial ^2 f }{\partial x^2} + \frac {\partial }{\partial v} \bigl [\Omega _m \left (v- \langle u\rangle \right )f\bigr ] -\frac {\partial }{\partial v} \bigl ( S(v,x,t ) f \bigr ).\end {align}


$\Gamma _{t1}<0$


$\frac {\partial (vf)}{\partial x} = \frac {\partial \langle u \rangle f}{\partial x} + \frac {\partial (v - \langle u \rangle ) f}{\partial x}$


$\frac {\partial (v - \langle u \rangle ) f}{\partial x} \approx -\frac {\partial }{\partial x}\left (\Gamma _{t2} \frac {\partial f}{\partial x}\right )$


$\Gamma _{t2} \geq 0$


\begin {align}\label {new-gradient} \frac {\partial \left (v- \langle u \rangle \right ) f}{\partial x} - \Bigl \langle \left .\frac {\partial u'}{\partial x} \right |u=v \Bigr \rangle f \approx -\frac {\partial }{\partial x}\left [\left (\Gamma _{t2} - \Gamma _{t1}\right ) \frac {\partial f}{\partial x} \right ] = -\frac {\partial }{\partial x}\left (\Gamma _t \frac {\partial f}{\partial x}\right ),\end {align}


$\Gamma _t=\Gamma _{t2}-\Gamma _{t1}$


$\Gamma _{t1}$


$\Gamma _{t2}$


$\Gamma _t$


\begin {align}\label {eq:fm5} \frac {\partial f}{\partial t}+ \langle u \rangle \frac {\partial f}{\partial x} =& \frac {\partial }{\partial x}\Bigl ( \left (\nu +\Gamma _t\right ) \frac {\partial f }{\partial x}\Bigr )+\frac {\partial }{\partial v} \bigl [\Omega _m \left (v-\langle u \rangle \right ) f \bigr ] -\frac {\partial }{\partial v} \bigl ( S (v,x,t) f\bigr ).\end {align}


$v^n$


\begin {equation}\label {eq:moment transport} \begin {split} \frac {\partial M_{k}}{\partial t}+{M_1} \frac {\partial M_k}{\partial x} =& \frac {\partial }{\partial x}\Bigl ( \left (\nu +\Gamma _t\right ) \frac {\partial M_k}{\partial x}\Bigr )+k\Omega _m(M_1 M_{k-1}-M_k) + k\int _{-\infty }^\infty S(v,x,t) v^{k-1} f \text d v, k=0,1,\cdots , \end {split}\end {equation}


$k$


$M_k=\int _{-\infty }^\infty v^k f(v) \,\text d v$


$S(v,x,t)=S(x,t)$


$k M_{k-1} S(x,t)$


$\Omega _m$


$\Gamma _t$


\begin {align}\label {diffu-coef} &\Omega _m=C_\Omega \frac {\nu +\Gamma _t}{\Delta ^2},~~ \Gamma _{t}=(C_S\Delta )^2 \left | \frac {\partial \tilde u }{\partial x}\right |.\end {align}


$\nu =8\times 10^{-5}$


$C_{\Omega }=4$


$C_S=0.17$


$\Delta $


$\tilde u$


$\langle u \rangle $


$M_1$


$X^{(n)}(t)$


$u^{(n)}(t)$


$n$


$~C_0=2.1$


$k=\frac 12 \left (\langle u^2\rangle -\langle u \rangle ^2\right )$


$*$


$\langle u\rangle $


$\nabla ^2 \langle u\rangle $


$k$


$\Omega _m$


$X^{(n)}(t)$


$t$


$\mbox {d} {W}(t)$


\begin {align}\label {MCforX} X^{(n)}(t_{i+1}) =\,& X^{(n)}(t_{i} ) + u^{(n)}(t_i)\Delta t, \\ u^{(n)}(t_{i+1})=\, &u^{(n)}(t_{i} ) + \left [ S\bigl (u^{(n)}(t_{i}), X^{(n)}(t_i), t_{i}\bigr ) + \nu \left ( \frac {\partial ^2\langle u\rangle }{\partial x^2}\right )^* - \left ( \frac {1}{2} +\frac {3}{4} C_0 \right )\Omega _m^* \left ({u}^{(n)}(t_i)-\langle u \rangle ^*\right )\right ]\Delta t \nonumber \\ &+ \left ( C_0 k^* \Omega _m^*\Delta t \right )^{1/2} \xi ^{(n)}_{i+1}, \label {MCforu}\end {align}


$i$


$\Delta t=t_{i+1}-t_i$


$\xi ^{(n)}_{i+1}$


$\langle u \rangle $


$\langle u^2 \rangle $


$N_{E}$


$\Delta V_j=[x_{j-1},x_{j+1}]$


$x_j$


$\Delta V_j$


$x_j$


$\Delta x$


$x_j$


$\Delta V_j$


\begin {equation}\label {tent_function}B_j(x)=\left \{ \begin {array}{ll} \displaystyle 1-\frac {|x-x_j|}{{\Delta x}} & \text {if} \quad |x-x_j|<\Delta x, \\ 0 & \text {otherwise}. \end {array} \right .\end {equation}


$\langle u \rangle $


$\langle u^2 \rangle $


\begin {equation}\langle u \rangle _j = \frac {\sum _{n \in {\Delta V_j}} B_j\left (X^{(n)}\right ) u^{(n)}}{\sum _{n \in {\Delta V_j}} B_j\left (X^{(n)}\right )} ,\quad \langle u^2 \rangle _j = \frac {\sum _{n \in {\Delta V_j}} B_j\left (X^{(n)}\right ) \left ( u^{(n)}\right )^2} {\sum _{n \in {\Delta V_j}} B_j \left (X^{(n)} \right )}, \label {Xeqn18-26}\end {equation}


\begin {equation}k_j=\frac 12 \left ( \langle u^2\rangle _j - \langle u \rangle _j ^2\right ) . \label {Xeqn19-27}\end {equation}


$\langle u \rangle _{j}$


$\nabla \langle u \rangle $


$\nabla ^2 \langle u\rangle $


$x_j$


\begin {equation}\label {central-difference} \left (\frac {\partial \langle u \rangle }{\partial x } \right )_j = \frac {\langle u \rangle _{j+1}- \langle u \rangle _{j-1} }{2 \Delta x }, \quad \left (\frac {\partial ^2 \langle u \rangle }{\partial x^2}\right )_j =\frac {\langle u \rangle _{j-1}-2\langle u \rangle _{j} + \langle u \rangle _{j+1} }{\Delta x^2}.\end {equation}


$(\Omega _m)_j$


$\tilde u= \langle u \rangle $


$\Delta =\Delta x$


$\langle u \rangle ^*, ( \nabla ^2 \langle u\rangle )^* , k^*$


$\Omega _m^*$


$X^{(n)}(t)$


\begin {equation}\label {mom-delta} f(v; {x},t)\approx \sum _{j=1}^{N_q}w_j (x,t) \delta \bigl (v -{v}_j ({x},t)\bigr ),\end {equation}


$w_j$


$v_j$


$N_q$


\begin {equation}\label {qmom-quad} \int _{-\infty }^\infty v^{k-1} S (v) f(v)\,\text {d} v = \sum _{j=1}^{N_q} w_j v_j^{k-1} S \bigl ( v_j \bigr ).\end {equation}


$w_j$


$v_j$


$w_j$


$v_j$


\begin {equation}\label {nonlinear-mom} {M_k} = \int _{-\infty }^\infty v^k f(v)\,\text {d} v = \sum _{j=1}^{N_q}w_j v_{j}^k.\end {equation}


$2N_q$


$w_j$


$v_{j},j=1, \ldots , N_q$


$N_q$


$(M_0,M_1,\ldots , M_{2N_q-1})$


$w_j$


$v_j$


$S(v)$


$v$


$v\in \mathbb R$


\begin {align}\label {linear-mom-define} M_k= \int _{-\infty }^\infty v^k f(v)\,\text {d}v & \approx \sum _{j=1}^{N_L}\omega _j v^k_j f_j, \\ \int _{-\infty }^\infty v^{k-1}S(v)f(v)\,\text {d}v & \approx \sum _{j=1}^{N_L}\omega _j v^{k-1}_j S(v_j) f_j, \label {linear-quad}\end {align}


$v_j$


$\omega _j$


$N_L$


$f_j= f(v_j)$


$f(v)$


$(N_L-1)$


$N_L=4$


\begin {equation}\label {lqmom-lineareq} \renewcommand {\arraystretch }{1.1} \begin {bmatrix} \omega _1 &\omega _2 & \omega _3 & \omega _4 \\ \omega _1 v_1 &\omega _2 v_2 & \omega _3 v_3 & \omega _4 v_4 \\ \omega _1 v_1^2 &\omega _2 v_2^2 & \omega _3 v_3^2 & \omega _4 v_4^2 \\ \omega _1 v_1^3 &\omega _2 v_2^3 & \omega _3 v_3^3 & \omega _4 v_4^3 \\ \end {bmatrix} \begin {bmatrix} f_1 \\ f_2 \\ f_3 \\ f_4 \end {bmatrix}= \begin {bmatrix} M_0 \\ M_1 \\ M_2 \\ M_3 \end {bmatrix}.\end {equation}


$N_L$


$N_L$


$N_L$


$M_0 \equiv 1$


$N_L$


$f_1, f_2, \ldots , f_{N_L}$


$f_i$


$f_i<0$


$i=1,\ldots ,N_L$


$f_i$


$F_{i}=0$


$f_k$


$F_k$


\begin {equation}\label {scale-down} F_k = f_k \cdot \frac {M_0}{\sum \limits _{j=1}^{N_L}\omega _j f_j-\omega _i f_i} , \quad k=1,\ldots , N_L, k\ne i.\end {equation}


$F_k \to f_k, k=1,\ldots , N_L$


$i$


$N_L$


$f_k$


$\alpha =M_0/\left (\sum _{j=1}^{N_L}\omega _j f_j - \omega _if_i\right )\leq 1$


$F_k$


$f_k$


$F_1, \ldots , F_{N_L}$


$M_0$


\begin {equation*}\sum _{k=1}^{N_L}\omega _k F_k={\omega _i F_i} +\sum _{k=1,k\neq i}^{N_L} \left (\omega _k f_k \cdot \frac {M_0} {\sum _{j=1}^{N_L} \omega _j f_j -\omega _i f_i} \right )=M_0 \frac {\sum _{k\neq i}^{N_L} \omega _k f_k }{\sum _{j \neq i}^{N_L} \omega _j f_j} = M_0.\end {equation*}


$\Delta t= 10^{-4}$


$\Delta x=10^{-3}$


$N_q=2$


$N_L=8$


$v\in [0.8,1.2]$


$\Delta t$


$\Delta x$


$N_E= 20$


$\Delta t=10^{-4}$


$\Delta x = 2.5\times 10^{-4}$


$[-1,1]$


\begin {equation}\label {source-ex1} S(u,x,t)= 0.\end {equation}


$n$


\begin {equation}\label {initial_random_u} u(x,0) = \sum _{i=1}^{N}\left (2E_0(k_i)\right )^{\frac 12}\sin (k_i\pi x+\beta _i)+1,\end {equation}


$E_0(k)$


\begin {equation}\label {initial_spectrum}E_0(k)= \left \{ \begin {split} & A5^{-\frac {5}{3}}, \quad 1\leq k \leq 5, \\ & Ak^{-\frac 53}, \quad k>5. \end {split} \right .\end {equation}


$k_i$


$N=1280$


$k_i$


$u$


$\beta _i\in [-\pi ,\pi ]$


$A$


$u'/\bar {u}=0.7\%$


$u'=\sqrt { \sum _{i=1}^{N}(u_i-\bar {u})^2/N}, \bar {u}=1$


$t>0$


\begin {equation}\label {spectrum-formula} {E(\kappa ,t)= \frac {L}{ 2\pi } C \left | \hat { u} ( \kappa ,t) \right |^2= \frac {L}{ 2{\pi }} C \left | \frac {1}{L} \int _{-L/2}^{L/2} u'(x,t) e^{-i\kappa x} \text dx \right |^2 , \kappa =\frac {2\pi j}{L}, j=0, \ldots , \frac {N_x}{2}, C=\left \{ \begin {array}{l} \frac 12 \text {~~if~~} j=0 \\ 1 \text {~~otherwise~~} \end {array}, \right . }\end {equation}


$L$


$N_x$


$\hat {u}(\kappa ,t )$


${u}'( x, t)= {u}(x,t)-\langle {u} \rangle (t)$


$\langle \cdot \rangle $


$t_{\rm end}=0.05$


$t_{\rm end}=0.05$


$k$


$k=\kappa L/2\pi $


$\kappa $


$L=2$


$E_0(k)$


$\log _{10} k<2$


\begin {equation}\label {source-ex2} S(u,x,t)= S(x,t)= \frac {A}{\sqrt {\Delta t}} \sum _{n=1}^{N_c} \frac {Z_n(t)}{\sqrt {\pi n}} \cos \left (\frac {2\pi {n}}{L} x\right ),\end {equation}


$A$


$A=0.04$


$N_c$


$Z_n(t)/\sqrt {\pi n}$


$Z_n(t)$


$L=2$


$N_c=80$


$u(x, 0) = 1$


$t_{\rm end} = 600$


$A = 0.04$


$u = 1$


$t=200$


$t=600$


$\log _{10} k <1.5$


$N_q=2$


$\log _{10}k = \log _{10}N_c \approx 1.90$


$k<N_c$


$k>N_c$


$t_{\rm end}=600$


$x\approx -0.5$


$x\approx 0.3$


$u$


\begin {equation}\label {source-ex4} S(u,x,t)=\frac {Au(2-u)}{\sqrt {\Delta t}} \sum _{n=1}^{N_c} \frac {Z_n(t)}{\sqrt {\pi n}} \cos \left (\frac {2\pi {n}}{L} x\right ),\end {equation}


$A=0.04$


$Z_n(t)$


$t_{\rm end}=0.05$


$t_{\rm end}=0.05$


$t_{\rm end}=0.05$


$\log _{10} k \approx 2.7$


$\log _{10} k <2.2$


$\log _{10} k< \log _{10} N_c\approx 1.9$


$n<N_c$


$t=0$


$t=0.05$


$N_{\rm DNS}=8000$


$N_{\rm QBMM}=N_{\rm MC}=2000$


$\Delta t_{\rm DNS}=10^{-4}$


$\Delta t_{\rm QBMM}= \Delta t_{\rm MC}=\displaystyle 4 \times 10^{-4}$


$t_{\rm end}=0.05$


$\Delta x=2.5\times 10^{-4}$


$\Delta x=10^{-3}$


$0.25$


$N_L=8$


$N_q=2$


$C_\Omega $


$C_S$
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of turbulence modeling method and it has long been applied to model turbulent non-reacting [21-23] and reacting flows [24-27]. The
main advantage of the PDF method is that it enables exact closure of the nonlinear chemical source terms with Reynolds averaging
or LES filtering. Thus applying the PDF method to model Burgers turbulence is also suitable, particularly when the stochastic forcing
term in the Burgers equation is a nonlinear function of the solution variable. In the PDF method, the one-point PDF of the solution
variable (velocity) can provide the mean velocity and any order statistical moments of importance such as the turbulent kinetic
energy.

In the past decades the Monte Carlo (MC) method [28] has been applied to evaluate the path integral formulation for the stochastic
Burgers equation [18]. The MC method has also been used to sample a sufficiently large number of solutions to the stochastic Burgers
equation and the averaged results are compared with the discontinuous Galerkin solution to the reduced one-point and two-point
PDF equations of the solution field [13]. However, the conditional diffusion term even in the reduced one-point PDF equation in
[13] was computed by a separate MC method and thus the PDF equation is not autonomous. To the best knowledge of the present
authors, there is no closed one-point PDF transport equation for Burgers turbulence in the literature. The closure of the one-point
PDF equation will be the first focus of this work.

The second focus of this work is on developing an efficient solution method for the closed PDF transport equation. Generally, a PDF
transport equation is high-dimensional in the sense that it has multiple internal coordinates, and thus traditional numerical methods
like finite difference and finite volume methods are not suitable. In convention, Lagrangian MC methods employing an ensemble
of notional particles are widely used for numerically solving the PDF transport equation for turbulent reactive flows [29,30]. The
computational cost of Lagrangian MC methods increases linearly with the dimension of the PDF. However, the statistic error of
Lagrangian MC methods is inversely proportional to the square root of the number of notional particles. To reduce the statistic error,
more particles need to be used which may incur an increase in computational cost. Alternatively, Eulerian stochastic field (ESF)
methods using the average of sample solutions to the stochastic partial differential equations that are equivalent to the original PDF
equation for turbulent combustion are also used [25,31,32]. However, ESF methods need special attention to the discretization of
spatial terms. The efficiency and accuracy are generally inferior to Lagrangian MC methods.

In recent years, deterministic solution methods for PDF equations such as the quadrature based moment method (QBMM) have
emerged. In general, QBMMs solve the spatio-temporal moment transport equations corresponding to the original PDF transport
equation and thus traditional methods like finite difference method are applicable. The main idea of QBMM is to use the transported
moments to reconstruct an approximate PDF distribution (called moment inversion process), and the reconstructed information
can be used to compute the unclosed chemical reaction source terms and other nonlinear source terms appearing in the moment
transport equations. After the original quadrature method of moments (QMOM) was first introduced by Mcgraw [33] for describing
the aerosol dynamics, different variants of QBMMs were developed and applied to various kinds of PDF equations like population
balance equations in dispersive multi-phase flows [34,35], gas kinetic equations [36,37] and the PDF transport equation for turbulent
combustion [38-41]. So it is meaningful to study the pros and cons of QBMMs and MC methods in the relatively simple 1D Burgers
turbulence problem before these methods can be applied in more practical applications.

In this work, we develop a closed-form PDF transport equation for modeling the 1D Burgers turbulence and improve a numerical
method for solving this equation. Firstly, an exact one-point PDF transport equation with velocity as the internal coordinate is derived
from the 1D Burgers equation with a stochastic forcing term, and the conditional advection and diffusion terms, which require multi-
point information, are modeled for closure by using a lumped gradient model proposed in this work and the Interaction by Exchange
with the Mean (IEM) micromixing model from the literature [42-44], respectively. Secondly, we make a modification to the linear-
inversion-based quadrature method of moments (LQMOM) proposed in [45] to ensure the positivity of the reconstructed PDF values.
Thirdly, we apply three methods, i.e., the MC method [46], the original QMOM [33] and the presently modified LQMOM to solve
the modeled PDF transport equation and compare the numerical results and computational costs with DNS of the Burgers equation.
The numerical results confirm the effectiveness of the modeled PDF transport equation and the modified LQMOM.

The rest of the paper is organised as follows. In Section 2, we give the derivation of the PDF transport equation, the closure models,
the modeled PDF equation, and the corresponding moment transport equations. In Section 3, we give a brief introduction to the MC
method and QMOM and a detailed description of the presently modified LQMOM. In Section 4, we provide three numerical Burgers
equation examples with random initial conditions or random external forcing terms. Section 5 gives our concluding remarks.

2. Transported PDF model for Burgers turbulence

In this section, the derivation of an exact PDF transport equation and the closure of this equation are given.

2.1. Derivation of PDF equation

In this subsection, we derive an exact one-point velocity PDF transport equation for describing Burgers turbulence through the use
of fine-grained PDF. Let us consider the following canonical initial-boundary value problem for the Burgers equation with a random
external forcing term, a random initial condition and periodic boundary conditions,

ou ou 0%u
E+u£ =v§+S(u,x,1), -1<x<1,t>0,
u(x,0) = up(x),

u(=1,1) =u(l,1),

@
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where the initial condition u,(x) and the forcing term S(u, x,) are random fields with a given distribution in the respective sample
space. Notice that S(u, x,t) may nonlinearly depends on « in addition to x and 7.

The fine-grained PDF is defined for the stochastic solution variable u(x,r) which represents the velocity at a point x and a time ¢,
and is given by

fHulx,1) = 6(v —u(x, 1), )

where v denotes the sample space of u(x, ¢).
The fine-grained PDF (2) has the following property:

(f* (0, u(x, t))>=/ sw—=0fWix,nd = f(v;x,1), 3

where (-) denotes the probabilistic average over the sample space of u(x,t), and f(v;x,t) is the probability density function of the
random variable u(x, 7). The semicolon is used to separate the sample space variable v from the location and time variables.

For any random variable Q (or random variable function R(u)), there is the following important conclusion which is frequently
used in the derivation of the PDF equation:

(Of*(v,u(x,1)) = (Qlu =) f(v; x,1), and the corollary: (R(u)/f™(v,u(x,1)) = R()f (v;x,1). 4

Now we proceed to derive a one-point PDF transport equation for the Burgers equation (1). The method of derivation involves
directly calculating the probabilistic average of the material derivative Df*/Dt := f; + uf} following the method outlined in [44].
First, we take the derivatives of f* with regard to 7 and x,

Of* _of* qu __9f* u

= = = =, 5)
Jat du ot Jv ot
Of _f ou _ 0" ou ©
0x ou ox ov ox’
By manipulating (5) + u X (6) and using the Burgers equation (1), we have
* * * * 2 2
0(;; +"0;; =_6aj; (3—1; +ug—z>(2—aaj; <V§7L;+S(M,X,t)> =—aiv<f*v37;l +f*S(u,x,t)>. 2]

Next, we take the probabilistic average of Eq. (7). Using the interchangeability between the expectation and the derivatives with
regard to 7 and the property (3), we get

of [N\ [ o Pu
E+<u S >_<—5<f Iy S(u,x,r>>>. ®

For the second term on the left-hand side (LHS) of Eq. (8) with d/*/dx, we first rewrite it as a conservative term and a term without
0f*/dx and then apply the conclusion (4) to achieve

WO\ oS _(Qf*> @ owf) [ ou

ox ox ox ox ox

Notice that the last term on the right-hand side (RHS) of Eq. (9) is an additional term due to the unavailability of the continuity
equation, which vanishes for the case with real fluid flow. This term poses difficulty for the closure and requires special attention in

the subsequent modeling.
Using Leibniz integral rule and the properties (3) and (4), the RHS of Eq. (8) becomes

0 ;o Pu | . _a 0%u
<—$<f vﬁ +f S(u,x,t)>>——$<<vﬁ

Alternatively, by making use of the following result (Exercise 12.54 in Pope’s book [44])

u=u>f. 9

u=v>f+S(v,x,t)f>. (10)

s _0 (e P (o
sz'=—$(fv2u)+ﬁ(fVu~Vu)

and multiplying both sides of it with the constant v, and then taking the expectation, we can obtain

0 o%u _ _ 2*f 92 ou du|
_$<<Vﬁ”‘”>f>‘“ﬁ‘ﬁ<<vaa”‘”>f>- an

Here, the first term in the RHS is the diffusion in the physical space and the second term is the mixing in the velocity space due to
the conditional dissipation. Substituting Eqgs. (9) and (10) with (11) into Eq. (8), we arrive at the exact PDF transport equation

of . owf) du rf  o? ou du
— + - —lu=v)f=v——-—|(v——
ot ox 0x ox2  oduv? dx 0x
Eq. (12) is a high-dimensional transport equation with respect to #, x, and v. The two conditional expectation terms involve multi-
point information, thus requiring closure. The LHS conditional term is new while the RHS conditional term is similar to a part of
the conditional diffusion term in the scalar joint PDF transport equation for turbulent combustion [24,27,44]. The nonlinear term
is closed since .S depends on v explicitly. However, because .S contains some random parameter with a given distribution in the
corresponding sample space, Eq. (12) is a stochastic partial differential equation.

u= u>f> - %(S(u,x,t)f). 12)

3



Y. Wang and L. Yuan Journal of Computational and Applied Mathematics 484 (2026) 117464

For ease of closure, we decompose the velocity u into the probability-averaged mean (u) = /% vf(v)dv and the fluctuating part
W', u = (u)+u'. In this way, Eq. (12) becomes

£+_0(Uf)_Mf_ 0_ulu_v f—vaz_f_a_z ou du
ot 0x 0x ox | TUox2 a2 ¥ ox ox

Before making closure for Eq. (13), let us consider what constraints the two conditional terms should satisfy. The constraint on
conditional diffusion term in the RHS has been discussed in Fox’s book [47], so we focus on the constraint on the conditional term
in the LHS.

By multiplying Eq. (13) by v and integrating over the v space, we obtain the first-order moment equation:

owy 1042 1062 10w / o’ 0% (u)
ot +2 0x +2 0x 2 ox o Frl dev_vdxz

V=00
—Ui<<va—uﬂu=u>f) +<vQﬂu=U>f
ov 0x dx oo 0x dx
If we use the argument that f(v; x, 1) is a “well behaved” PDF and the other terms are “well behaved” functions (see P.247 in [47]),
the second and third terms on the RHS of Eq. (14) vanish. The remaining terms except the underlined terms represent the statistical

average of the Burgers equation (1). To make Eq. (14) identical with the statistical average of Eq. (1), the underlined terms should
vanish. Thus we have the constraint

_/ < o’ u= U>de = 1 6(14)2 1 B(uz)
—eo \ Ox

27ox 2 ox '
which states that the integral term in Eq. (15) is equal to the gradient of the Reynolds stress, (z,),, of the statistically averaged
Burgers equation, (u), + %((u)z) = V() yy + (Tygy)x + (S), where 7, = ((u>2 - W?)).

u= v>f> - 2 (S@x0f). 13)

14)

V=00

+/°° S(v,x,1) fdo.

v=—c0

(15)

2.2. Closure of the PDF equation

Following the literature [24-27,47], the second term on the RHS of Eq. (13) can be modeled using the IEM (the interaction by
exchange with the mean) micromixing model [42,43],

2
‘%«V%% u= v>f> ~ 20,0 - W] 16)

Here, Q,, is the mixing frequency to be given later.
For the fourth term on the LHS of Eq. (13), we see from Eq. (15) that its integral mimics the x-derivative of the Reynolds stress
0.5({u)? — (u?)). In analogy with the RANS/LES approach, we propose a naive gradient model:

ou af
<(3x >f~_< ’lax>’ a7

whereT’,; > 0is an eddy viscosity that depends on () and thus on f. Notice that this term plays a role of negative diffusion in Eq. (13).
We will modify this naive gradient model after introducing Eq. (18).
Thus, with the models (16) and (17), the PDF equation (13) can be closed as follows:
af  dwf) ou) 0 of *f 9 9
= - 2, =) == +Zo - Z (S, x.0f). 18
ot o an ) T \Tnax ) T ot g B ns] - 5 (S0 (18)
However, our experience indicates that numerical solution of Eq. (18) always diverges even if we artificially set I;; <0 to get a
positive diffusion term. To overcome this issue, we modify Eq. (18) as follows. We split the advection term as 0(:/ ) - dwf - <">)f

dx
and intentionally model the second term (which looks like the residual part in LES) by using an approximate gradlent model as

w & —% (F,2 = ) I';, > 0. Then we combine it with the model (17) to obtain a lumped gradient model:
ow—{u)f o'| 9 of 0 of
ox _<$ “—“>f~‘a[(“2‘rﬂ>a _6x ar (19)

where I', =T, —T';; is a lumped turbulent diffusion coefficient which must be constrained to be positive. Note that I',; and I';, are
no longer required; instead, only I', matters. By using the split advection terms and the lumped gradient model (19) in Eq. (18), we
obtain the final modeled PDF transport equation adopted in this work:

af
L =2 (v+r) L)+ Lo, - W] - £(sw.xn7). 0
The moment transport equations can be derived by multiplying Eq. (20) by v" and integration, which yields:
aM/c aMk _ 0 aMk o ol ~
M ‘&((”“)_ax )+k9m(M1Mk_1 —M,)+k/m S, x, 0% fdo,k = 0,1, -, @)

where the k-th order moment M, = f_°; v¥ f(v) dv. Notice that if the forcing term has the form S(v, x,t) = S(x,1), the last term on
the RHS of Eq. (21) reduces to kM,_; S(x,1), thus Eq. (21) is closed and can be solved using the classical moment method, and thus
QBMMs are unnecessary.
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Compared with Eq. (18), the Eq. (20) has two advantages: 1) the corresponding moment equations do not contain a higher order
moment in the advection terms which usually needs an extra closure; 2) it has better numerical stability as experienced.
The mixing frequency Q,, and turbulent viscosity I, can be calculated from the Smagorinsky model as follows:

v+ T il
Q, = CQT’, T, = (CgA)> i ) (22)

In this work, we take the viscosity constant v = 8 x 107> as in [14], the free parameter Cy, = 4, the Smagorinsky constant Cg = 0.17,
and the filtering width A to be the grid size in the mesh-based Lagrangian MC method [29] and QBMMs. The filtered velocity & in
Eq. (22) is taken to be the ensemble-averaged solution (u) in the MC method or the first-order moment M, in QBMMs.

3. Implementation of MC and QBMMs
In this section, we introduce the Monte Carlo method [29] and two QBMMs (QMOM [33] and LQMOM [45]).
3.1. MC method

The mesh-based Lagrangian Monte Carlo algorithm [29,44,46] is employed for the numerical solution of Eq. (20). Particles move in
the physical space due to the particle velocity, which is governed by a simplified Langevin model (SLM) corresponding to the Burgers
equation (1). This SLM is directly adapted from the same-named model for the incompressible Navier-Stokes equations [44,48]. The
location X" (¢) and velocity u(¢) of the n-th particle in the computational domain are evolved according to the following stochastic
differential equations:

dx@) = u™(n)dr, (23a)
du™ (1) = [S(u(")(t), X0, 1) +v(V2u))" - (% + %C(,)Q;(u(”)(t) - (u)*)]dt
+H(Cok* Q) Paw o), (23b)

where the constant C,=2.1 and k = %((u2> — (u)?) is the turbulent kinetic energy. The superscript “+” on (u), V*(u), k, and Q,,
denotes that the values are taken at the particle location X (¢) and interpolated from their respective particle-field values (ensemble
averages) at grid points at the time 7, which will be introduced later. dW (r) denotes the Wiener process associated with a particle,
providing randomness to the velocity increment of the particle. The drift and diffusion coefficients are obtained by comparing the
Fokker-Planck equation corresponding to Eq. (23b) with the PDF transport equation (23).

The Egs. (24a) and (24b) are advanced in time by using a first-order explicit Euler scheme as follows:

XDt ) = XDt +u" ()AL, (24a)
n n n n 0% (u . 1 3 % [ (n *
W) =uP @) + | S (), XP),1,) +v< ajﬂ)) - (§+ ZCO)Qm(u( (1)) — (uy*) | At
* % 1/2 ()
+ (Cok*Qar) e, (24b)

where i indicates the time level, At =1, — 1, is the time step, and 55:)1 are Gaussian pseudo-random numbers following the standard
Gaussian distribution.

In order to obtain the interpolated quantities with “*” in Eq. (24b), the ensemble averages (u) and («?) at grid points are required.
Let N be the number of particles in a sampling volume AV; = [x;_;,x;,,] centered at the grid point x;. Particles within AV, are
collectively assigned to the grid point x;. Assume that the grid is uniform with the grid size Ax. The ensemble averages at the grid
point x; are estimated by taking the average of the particles within AV; using the "tent function" defined as follows [46]:

/L | <A
B(x) = Ax XTX =A% (25)
0

otherwise.

(u) and (u*) on the grid are estimated by using the weighted average of particles within the sampling volume:
n n 2
Zea, Bj(X®)u ) Zeav, Bj(X®)(u™)
_ u). =
EnEAVJ Bj (X(n)) ! ZneAVj Bj (X(n))
and the turbulent kinetic energy on the grid is given by [27]
1
k; = §(<u2>,- _<u>12_), (27)

Once all (u); on the grid have been computed, we can compute V() and V?(u) at the grid point x ; by using the central difference
scheme as follows:

(22 - o= (Pla) G =20 (29
J J

(26)

<“>j =

ox 2Ax 0x2 Ax?
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And the mixing frequency (Q,,); can be calculated using Eq. (22) with & = (u), A = Ax and the first equality of Eq. (28).

Values of (u)*,(V2(u))*, k* and Q at the particle location X®(t) as needed by Eq. (24b) are obtained by interpolating the cor-
responding values at grid points. In this work, the interpolations from grid points to the particle position is performed by using a
five-point Lagrange interpolation method.

3.2. QMOM and LQMOM

In the original QMOM [33,47], the PDF is approximated by a weighted sum of Dirac delta functions:
N,
fo:x,0) = ij(x,t)é(v—uj(x,t)), (29)
j=1
where w; is the weight, v; is the abscissa, and N, is the number of quadrature nodes in the sample space. Using Eq. (29), the source
integral term in the moment transport equations (21) can be written as

(e N'J
/ KLy f(v)dov = ijv;"lS(Uj). (30)
o o

Eq. (30) means that the closure of nonlinear source terms is transferred to the calculation of weights w ; and abscissas v ;- Eq. (29)
also enables the moments to be expressed in terms of w; and v;:

0 Nq
Mk=/ U"f(v)dvzz:wjuf. (31)

— s
At every grid point and every time, a set of 2N, nonlinear equations, Eq. (31), is solved for the unknowns w; and v;,j = 1,..., N,
given 2N, 4 integer moments (M,, M, ..., M, Nq_l) from the numerical solution of Eq. (21). The solution of Eq. (31) is called moment

inversion. For the univariate PDF case, the product-difference (PD) [33,49] or the Wheeler algorithm [50,51] can be used to solve
w; and v; efficiently. In this paper, we use the PD algorithm.

Very recently, we developed the linear quadrature method of moments (LQMOM) [45]. In this method, the shape of PDF is no
longer presumed and the PDF and source function .S(v) are assumed to be smooth in v such that a conventional quadrature rule can
be used to approximate the moments and source integral terms. For the 1D sample space v € R, we have

(o] NL
M, =/ vt fydo ~ ijvffj’ o
—oc0 Jj=1
o0 NL
/_ OV OLEED WA CAT >

j=1
where v; and w; are N, predefined quadrature nodes and weights in the sample space, and f; = f(v;) are the PDF values at the
quadrature nodes. In the special case when f(v) is a polynomial of degree (N; — 1), Eq. (32) is exact.

Take the number of quadrature nodes N; = 4 as an example. We can write Eq. (32) as the linear system of equations:

! @3 @3 oy | fi M,
wvp 0y @303 wgvg | o] | M,
2 2 2 2 - : C
oy 0vy w30y Uy f3 M,
o3 v? a)zug w3 ug w4vi 4 M,

If the size of the linear system is N, we need to solve N; moment transport equations in order to provide the N; moments in Eq. (34)
(M, = 1 need not be solved). The computer time for solving this linear system of size N; is much smaller than that for solving the
same sized nonlinear system (31) as in the QMOM.

In this paper, we fix the bug with the LQMOM [45] which may generate negative PDF values in the solution of Eq. (34) when
the underlying PDF distribution is sharp or discontinuous. This is done as follows. For the tentative solution f|, f5, ..., f N, » WE check
the sign of each element f; and make a correction to the whole solution if f; < 0, in the order of i = 1,..., N;. In this correction, we
modify the current element f; to zero and denote the new value as F; = 0, and modify all the other elements f, to new values F;
according to the formula

F.=f A k#i (35)
k=T Ny > =L....Np, L

Z wjfj -, f;

j=1
Then we assign F, - f;,k=1,..., N, and go to the next i. The above procedure will stop after at most N, steps.
Eq. (35) indicates that all the other elements f, are scaled down by a positive factor « = M,/ (ZjN:l o;f; —w; f,-) <1 and F; has

the same positivity/negativity as f;. The new Fy, ..., Fy, can keep the zeroth-order moment M, since
N
Ny Np M, Zk;, @ fy
Y oF=oF+ Y |ogfi- — = My— = M,.
k=1 k=1 ki Yl fi-of Y Lof
= =1, j=19jJ; = Piti j#i ©iti

6
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4. Numerical results

In this section we present three numerical examples with different forms of source terms in Eq. (1). The QBMMs solve the moment
transport equations (21) using the fifth-order WENO-MZ finite difference scheme [52] for the convection term, the second-order
central scheme for the diffusion term, and the third-order TVD-Runge Kutta method [53,54] for the time marching in which the
mixing and source integral terms are treated explicitly. The source integral term in Eq. (21) is calculated using Eq. (30) in the QMOM
or Eq. (33) in the LQMOM. The time step Az = 107, and the grid size Ax = 1073. The quadrature nodes N 4 =2 is adopted for the
QMOM, and the LQMOM predefines N; = 8 Gauss points in the interval v € [0.8, 1.2] as per experience. The above values of Ar and
Ax are also used for the mesh-based Monte Carlo method with the sampling number per mesh cell N = 20. To obtain a reference
solution we also carry out DNS for the Burgers equation with Ar = 10™* and Ax = 2.5 x 10~* by employing the same spatial and
temporal discretization schemes. In all the examples, the computational domain is [—1, 1] with periodic boundary conditions on both
ends. For consistency, the initial conditions given should have the periodicity.

4.1. Decaying Burgers turbulence with random initial conditions

First, we consider the decaying Burgers turbulence with a random initial condition. The source term in Eq. (1) is:
S(u, x,1) = 0. (36)

The initial condition is composed of » sin waves superimposed on unit velocity:

N
1
u(x,0)= Y (2Ey(k;)? sin(k,zx + ) + 1, 37)
i=1
which is periodic at the two boundaries. The initial energy spectrum E(k) is given in the Fourier space mimicking the turbulence
spectrum. In this work, the following initial spectrum is used as in [14],

5
A5T3, 1<k<5,
Eo(k) = (38)

Here, the reduced wavenumber k; is taken to be an integer varying from 1 to 1280 and N = 1280. For each k;, the velocity u has
a uniformly random phase angle f§; € [-x, x]. The constant A is determined to make the turbulence intensity u’/ii = 0.7%, where
W =/3N @ —-@?/Na=1.

For ¢ > 0, the instantaneous turbulent kinetic energy spectrum is computed as follows:

L/2 P o2 N L j=
l/ ' (x, e **dx ,K:ij,jzo,...,—x,C: 2 B 0 R (39)
LJ_ip 1 otherwise

E(c,1) = %cm(m)ﬁ = %c

where L is the length of the computational domain, N, is the total number of grid cells, i(x,7) is the Fourier transformation of the
fluctuating velocity u’(x, 1) = u(x, 1) — (u)(¢), and the operator (-) denotes the space average.

The computation is processed to the end time ¢, = 0.05 when the solution is still smooth [14]. Fig. 1 shows the turbulent kinetic
energy spectrums computed with DNS, MC, QMOM and LQMOM. Hereafter k is a reduced wavenumber defined as k = k L/2x as in
[19] where « is the original wavenumber in Eq. (39) and L = 2 is the length of the domain. It is seen that all the results deviate from
E,y(k) at high wavenumbers but agree very well with it at low wavenumbers. The MC result shows remarkably smaller dissipation
at high wavenumbers. This is probably due to the fact that the Monte Carlo method is essentially a Lagrangian method with low
dissipation, and the stochastic Wiener process in each update of the particle velocity may help maintain the turbulent intensity. The
results by QMOM and LQMOM are close to each other and agree well with the DNS result for the wavenumber range log,, k < 2.

4.2. White-in-time random force-driven Burgers equation

Second, we consider the randomly forced Burgers equation problem as studied in [19,55-57]. The source term in Eq. (1) is an
additive forcing term which takes the specific form [19,58],

Su,x,t) = S(x,t) = — —x
Varist a0k
where A is the amplitude of the fluctuations, for which we have adopted the value A = 0.04 as used by Manzanero [59]. This source
term results from the sum of N, harmonic modes, whose amplitude, Z,(1)/ \/ﬁ, includes a standard normal distribution Z,(¢). L =2
is the length of the computational domain. The number of modes N, = 80.
The initial condition is u(x, 0) = 1 which satisfies the periodicity. The end time is 7,4 = 600. Due to the low amplitude of the source
term, A = 0.04, the solution remains positive, and its average is close to u = 1.
We compare the energy spectrums in Fig. 2. The energy spectrum is computed using Eq. (39) and time-averaged from ¢ = 200 to
t = 600 as done in [58]. It is seen that the present LQMOM result is in good agreement with the DNS for wavenumbers in the range

(40)

N,
A O Z,0 (27rn )
cos s
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Fig. 1. Comparison of turbulent energy spectrums at time ¢,,, = 0.05 among DNS, Monte Carlo, QMOM and LQMOM for decaying Burgers turbulence

with the zero source (36) and the random initial condition (37).
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Fig. 2. Comparison of time-averaged turbulent energy spectrum among the DNS, Monte Carlo, QMOM and LQMOM for the forced Burgers turbulence

problem with the source (40).
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Fig. 3. Comparison of the solution snapshots between the DNS and the two QBMMs (QMOM (a), LQMOM (b)) for forced Burgers turbulence problem
with the source (40) at time 7,4 = 600. “JS3/JS5” means third-order/fifth-order WENO-JS scheme [60].

log;o k < 1.5 but it is more dissipative at high wavenumbers. The QMOM has rather lower values at low frequencies than the LQMOM.
The reason is that it only uses two quadrature nodes (N, = 2) and thus the approximation accuracy is not good. The MC result predicts
higher values at low wavenumbers. The reason may be that the frequent operations of adding and/or deleting particles are carried
out independently within a sample volume in the present implementation, which may inappropriately introduce turbulent motion
at low wavenumbers. Notice that there is an evident drop at log;, k = log;y N, = 1.90 for all the simulation results. This drop marks
the dividing line between the low wavenumber range (k < N,.) in which the turbulent motion is directly affected by the forcing term
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Fig. 4. Comparison of turbulent energy spectrums among DNS, Monte Carlo, QMOM and LQMOM for the Burgers equation with the nonlinear
source (41) at the time 7,4 = 0.05.

(40) and the high wavenumber range (k > N,) in which the turbulent motion is mainly controlled by the intrinsic mechanism of the
discretized Burgers equation.

Fig. 3 compares the final-time solution profiles between the two QBMMSs with various WENO schemes [52,60] and the DNS with
the WENO scheme [52]. From Fig. 3a we can observe that the QMOM results with three different WENO schemes are similar, however,
they deviate much from the DNS result. The velocity profile computed by the MC method fluctuates similarly but has very different
phases so we do not plot it. Fig. 3b shows that the LQMOM results with three different WENO schemes match fairly well with the
DNS result. However, larger discrepancies occur at x ~ —0.5 and x ~ 0.3, which may be attributed to shock waves formed at these
positions.

4.3. Nonlinear random force-driven Burgers equation

Third, we consider a nonlinear random forcing term, which explicitly depends on the solution u and is also white-in-time,

N,

— S Z,(t

S, x,1) = Au@ —uw) "()COS(Zﬂx)’
Var 2 y/an L

where A = 0.04 and Z,,(7) is a standard normal distribution in order to bring randomness process in time to the Burgers equation (1).
The initial condition is the same as Eq. (37) with Eq. (38). The simulation end time 7,4 = 0.05.

The energy spectrums at 7,y = 0.05 computed with different methods are compared in Fig. 4. It is seen that the results computed
by QMOM and LQMOM match with the DNS result up to the wavenumber log;, k = 2.7, but the MC result matches with the DNS result
only for the range log,, k < 2.2. It is noted that all the computed results in the range log,, k < log;y N, ~ 1.9 have larger fluctuations
as the external forcing is only available for n < N, in (41).

Finally, Table 1 shows CPU times taken by various methods for running this example to 7,4 = 0.05, in which the DNS uses a fine
grid of Ax = 2.5 x 10~* and the MC and QBMM use a coarse grid of Ax = 10~3, and the time steps roughly correspond to a CFL. number
of 0.25. We see that the LQMOM takes less CPU time than the QMOM and DNS. The DNS method solves only one transport equation
on a four times finer grid, while the LQMOM with N, = 8 quadrature nodes solves 8 equations, and the QMOM with N, = 2 solves
4 equations on a coarse grid. All the compared methods are implemented with OpenMP on a single node. However, the MC method,
which is not well parallelized, runs slower than the others.

(41)
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Table 1

CPU times in seconds by different methods for
computing the Burgers equation (1) with the
nonlinear source term (41) from 1 =0 to 7 =
0.05. Grid cells Npys = 8000, Nogym = Nyc =
2000, time step sizes Atpyg = 1074, Atgpyy =
Atye =4 x 1074

LQMOM QMOM DNS Monte Carlo

15.460 18.984 27.920  31.523

5. Conclusion

We have developed a transported PDF model and one of its numerical methods for simulating one-dimensional Burgers turbulence
driven by random forces and random initial data. An exact one-point one-time velocity PDF transport equation for the one-dimensional
Burgers equation with a nonlinear stochastic source term is derived first, and then the conditional advection and conditional diffusion
terms are closed by using two respective models. The lumped gradient model is proposed to close the conditional advection term,
enabling the corresponding moment transport equations to be strictly hyperbolic. Numerical solutions of the modeled PDF equation
are carried out by employing the Lagrangian Monte Carlo particle method, the original quadrature method of moments and the linear
quadrature method of moments with positivity-preserving modification. Comparisons between the numerical results with the above
three methods and with the DNS for the considered Burgers turbulence problems demonstrated that 1) the present transported PDF
model is viable for studying statistic properties of the Burgers equation with a stochastic driving force, and 2) the modified LQMOM
is more efficient than the QMOM and Monte Carlo particle method employed.

There are some limitations of the transported PDF approach. The conditional advection and diffusion terms still require phe-
nomenological closure models (e.g., lumped-gradient and IEM-type models), whose generality remains to be assessed. In addition, the
one-point PDF framework cannot directly capture multi-point spatial correlations, and thus spectral/intermittency/shock-clustering
information is only indirectly captured via modeling and numerical resolution. Finally, the method involves model parameters (e.g.,
C, and Cy) that may need calibration, and extensions to higher dimensions and joint PDFs demand sophisticated numerics. Dealing
with these limitations are our future work.
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