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Large eddy simulation (LES) coupled with the transported probability density function
(PDF) model has become a promising strategy for modelling turbulent combustion.
For solving the high-dimensional PDF transport equation numerically, deterministic
quadrature-based moment methods have arisen as an alternative choice besides stochas-
tic particle and stochastic field methods. In this work, we propose a new quadrature-
based moment method called linear Quadrature Method Of Moments (LQMOM) for
the univariate PDF case. This method assumes that the underlying PDF distribution is
smooth and it uses a set of predefined quadrature nodes and weights in the sample space
to establish a linear system of equations for the PDF values at the quadrature nodes from
the moments. The LQMOM is more efficient than the original QMOM which needs to
solve a nonlinear system of equations for the moment inversion. However, it may gen-
erate negative PDF values for non-smooth PDF distributions. To remedy this flaw, we
construct the LQMOM-QMOM hybrid algorithm by using detectors to detect single-
and two-peak distributions. Furthermore, we extend the LQMOM to the multivariate
PDF case by utilizing the main idea of the conditional QMOM (CQMOM) to obtain the
linear CQMOM (LCQMOM), and then reduce it to the simplified version (LCQMOM-
S) to gain efficiency. The LQMOM-QMOM hybrid algorithm for univariate PDFs is
tested in a typical example and the LCQMOM-S-CQMOM hybrid algorithm for multi-
variate PDFs is checked in compressible turbulent reactive 2D shear layer flow and 3D
air/H2 jet. It is shown that the hybrid algorithms can reduce 20–35% simulation time
and produce similar results compared with the respective QMOM and CQMOM.

Keywords: turbulent combustion; large eddy simulation; probability density function;
quadrature-based moment method; linear inversion; hybrid algorithm

1. Introduction

Turbulent combustion is an interdisciplinary research topic across fluid mechanics, engi-
neering thermophysics, and chemical kinetics [1–3]. The flow turbulence, fuel atomiza-
tion, interaction between flow turbulence and chemical reactions, heat transfer and soot
formation, etc, greatly increase the difficulty of research on turbulent combustion. Nowa-
days large eddy simulation (LES) has become a popular method for studying turbulent
combustion [4,5]. LES is usually implemented with a turbulent combustion model for
defining a suitable representation of the mean reaction rates. Commonly used combus-
tion models include the flamelet model [6], transported probability density function (PDF)
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model [7–10], conditional moment closure model [11,12], linear eddy model [13,14], and
thickened flame model [15–17], to name a few.

The hybrid LES/PDF method has been found to be highly effective for modelling tur-
bulent reacting flows [7–10,18–20] albeit with a high computational cost. The LES part
solves the hydrodynamic equations to provide the filtered velocity field and the turbulent
diffusivity to the PDF part. In the PDF part, a set of thermo-chemical variables (called
compositions) are represented in terms of a one-point one-time joint probability density
function which provides all the information for calculating the filtered compositions and
the filtered chemical reaction rates required by the LES part. The joint PDF is governed
by a high-dimensional (time, space, and compositions) transport equation. The chemical
reaction source terms in this equation are in a closed form, which is the main advantage of
the PDF turbulent combustion model [7].

Traditional numerical methods like finite volume methods cannot be used to solve the
PDF transport equation due to the curse of dimensionality. Usually, stochastic methods
are more effective for the numerical approximation of the PDF equation. Two kinds of
stochastic methods, the Lagrangian Monte Carlo (MC) particle methods [7,9,20–23] and
the Eulerian stochastic field methods [24–27], have been successfully applied to low Mach
number turbulent combustion problems with the former kind being more popular. How-
ever, for high Mach number problems with shocks, the MC particle methods may generate
significant statistical fluctuations across shocks and even lead to numerical instability [28].
Besides, stochastic methods must have enough number of notional particles/stochastic
fields in each grid cell to reduce the statistical error to a reasonable tolerance, which may
incur a high computational cost.

An alternative, deterministic Eulerian approach for solving a high-dimensional PDF
equation is the quadrature-based moment methods (QBMMs) [29,30]. The main idea of
QBMM is to solve the moment transport equations of the PDF, and then use the moments
to reconstruct the PDF distribution (called moment inversion process) for the closure of
chemical reaction source terms or other nonlinear source terms in the moment transport
equations. There are different variants of QBMMs. In the original quadrature method of
moments (QMOM) [29], the PDF is approximated by the weighted sum of a finite number
of Dirac delta functions. The weights and abscissas of the Dirac delta functions are inverted
and then used for the closure of the source terms which cannot be expressed in terms of the
moments. Base on the QMOM, the extended quadrature method of moments (EQMOM)
[31] and conditional quadrature method of moments (CQMOM) [32,33] were developed
for the population balance equation (PBE) describing discrete particles in a carrier fluid
with aggregation and breakup, and evaporation and condensation processes. These meth-
ods can achieve good accuracy, but the moment inversion process is expensive. On the
other hand, the direct quadrature method of moments (DQMOM) [30,34] solves the trans-
port equations for the weights and weighted abscissas, which avoids the moment inversion.
This method has been applied to solving the PBE [33] and simulating turbulent reacting
flows [34,35]. However, the weights and abscissas are not conserved quantities, which
will lead to low accuracy in non-premixed combustion. Later, the semi-discrete quadrature
method of moments (SeQMOM) [28,36] was developed in which the weight and moment
transport equations are solved and Jacobian matrices are used to convert the time changes
of weights and of moments to the time change of weighted abscissas. The SeQMOM com-
bines the advantages of QMOM and DQMOM, but it cannot work well if the Jacobian
matrix is ill-conditioned, and does not guarantee the physical bounds.
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In this work, a new QBMM called linear quadrature method of moments (LQMOM) is
developed. The unknown PDF distribution is assumed to be smooth and thus the moments
as integrals in the composition space are approximated by a quadrature rule with a set
of predefined quadrature nodes and weights. In this way, a linear system of equations are
established for the PDF values at the quadrature nodes. Therefore, the moment inversion
process only needs to solve a linear system of equations, which can reduce the computa-
tional cost. However, when the underlying PDF distribution is not smooth like a weighted
sum of Dirac delta functions, the LQMOM may return negative PDF values. To remedy this
flaw, we construct a hybrid LQMOM-QMOM algorithm by using a switch function based
on the one- and two-peak distribution detectors. Further, in order to extend the LQMOM to
the multivariate PDF case for modelling multi-species reactive flows, we refer to the idea
of the CQMOM [33] and construct the linear CQMOM (LCQMOM) and its simplified
version, LCQMOM-S.

The rest of the paper is organised as follows. In Section 2, the governing equations
for the LES/PDF method and the QMOM are reviewed. In Section 3, the LQMOM for the
univariate PDF case is proposed and then tested in some simple examples. In Section 4, the
two detectors and the LQMOM-QMOM hybrid algorithm are designed. in Section 5, the
LQMOM is extended to the multivariate PDF case to get the LCQMOM and LCQMOM-S
as well as the hybrid algorithm. In Section 6, the reacting shear layer and air-hydrogen
jet problems are used to test the effectiveness of the proposed hybrid algorithms. Finally,
conclusions are given in Section 7.

2. LES/PDF hybrid method and quadrature method of moments

2.1. Governing equations for LES/PDF hybrid method

In the framework of LES, the filtering of a quantity Q is defined as

Q(x, t) =
∫ ∞

−∞
Q(x′, t)G�(x′ − x)dx′, (1)

where G�(y) is the filter function with the filter width �. For variable density flows, the
Favre filtering or density-weighted filtering is preferred, which is defined as

Q̃(x, t) = ρQ(x, t)

ρ(x, t)
, (2)

where ρ(x, t) is the fluid density. Applying the filter to the compressible reactive Navier–
Stokes equations for a gas mixture composed of Ns species, we can obtain

∂ρ

∂t
+ ∂(ρũi)

∂xi
= 0,

∂(ρũj)

∂t
+ ∂(ρũiũj)

∂xi
= − ∂p

∂xj
+ ∂τ ij

∂xi
− ∂τ

sgs
ij

∂xi
,

∂(ρẼ)

∂t
+ ∂

(
ũi(ρẼ + p)

)
∂xi

= −∂ q̃i

∂xi
+ ∂(ũjτ̃ij)

∂xi
− ∂E sgs

i

∂xi
,

∂(ρỸα)

∂t
+ ∂(ρũiỸα)

∂xi
= −∂ J̃i,α

∂xi
+ ρ ˜̇ωα − ∂Y sgs

i,α

∂xi
, α = 1, . . . , Ns − 1, (3)
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where ũi, Ẽ, and Ỹα are the Favre filtered velocities, total energy, and mass fractions,
respectively. The filtered pressure p is calculated from the equation of state as p = ρR̃T̃ ,
where the mixture gas constant is defined as R̃ = ∑Ns

α=1 ỸαRα , and the temperature T̃
is iteratively calculated from the basic thermodynamical relation, h(Ỹ1, . . . , ỸNs , T̃) =
Ẽ − 1

2 ũiũi + R̃T̃ , where h is the mixture enthalpy. The filtered shear stress tensor τ ij, the
resoled heat flux q̃i, species diffusion flux J̃i,α , and shear stress work ũjτ̃ij, are determined
by the respective laminar formulas with the resolved variables,

τ ij ≈ τ̃ij = 2μ̃

(
S̃ij − 1

3
δij
∂ ũk

∂xk

)
, where S̃ij = 1

2

(
∂ ũi

∂xj
+ ∂ ũj

∂xi

)
, (4)

q̃i = −λ̃ ∂T̃

∂xi
−

Ns∑
α=1

h̃αρD̃α

∂Ỹα
∂xi

, (5)

J̃i,α = −ρD̃α

∂Ỹα
∂xi

. (6)

Here, μ̃ = μ(T̃), λ̃ = λ(T̃), D̃α = Dα(T̃), and h̃α = hα(T̃) are the molecular viscosity,
thermal conductivity, species diffusivity, and species enthalpy respectively.

The subgrid scale (SGS) stress tensor is modelled using the Smagorinsky model [37,38]
as

τ
sgs
ij := ρũiuj − ρũiũj = −2ρνt

(
S̃ij − 1

3
δij
∂ ũk

∂xk

)
+ 1

3
δijτ

sgs
kk , (7)

where νt = (CS�)
2|2S̃ijS̃ij|1/2 is the subgrid scale viscosity, � is the filter width usually

set to the representative mesh size, and CS is the model parameter. The sum of the SGS
convective total enthalpy flux, heat flux, and shear stress work, E sgs

i , and the sum of the
SGS species convective flux and diffusive flux, Y sgs

i,α , are modelled as [39]

E sgs
i :=

(
ui(ρE + p)− ũi(ρẼ + p)

)
+ (qi − q̃i

)− (ujτij − ũjτ̃ij
)

≈ −λt
∂T̃

∂xi
−

Ns∑
α=1

h̃αρDt
∂Ỹα
∂xi

+ ũjτ
sgs
ij ,

Y sgs
i,α := (

ρũiYα − ρũiỸα
)+ (J i,α − J̃i,α

) ≈ −ρDt
∂Ỹα
∂xi

,

where λt is the turbulent thermal conductivity and Dt the turbulent mass diffusivity.
The chemical reaction rate ω̇α is a nonlinear function of species concentrations and

thermodynamic variables. The modelling of the filtered chemical reaction rate ˜̇ωα in
Equation (3) is accomplished by using the PDF method as described below.

For compressible turbulent reactive flows, the filtered mass density function (FMDF)
[9] is preferred and is defined as

F(ψ ; x, t) =
∫ ∞

−∞
ρ(x′, t)ξ

(
ψ − φ(x′, t)

)
G�(x′ − x)dx′, (8)

where φ = (φ1, . . . ,φNs) = (Y1, . . . , YNs−1, h) is a random vector composed of the species
mass fractions Yα and mixture enthalpy h, ψ is the sample space corresponding to φ,
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ξ(ψ − φ(x, t)) = ∏Ns
α=1 δ(ψα − φα(x, t)) is the ‘fine grained’ density function, and δ is

the Dirac delta function. The transport equation for F(ψ ; x, t) can be derived from the
conservation equations of species mass and mixture enthalpy [9,10]. In particular, under
the assumption of equal diffusivity Dα ≡ D, ∀α and unit Lewis number, and using the
interaction by exchange with the mean (IEM) model [9,28] for the conditional diffusion
terms of the mass and heat and the gradient model for the conditional convection term, the
PDF transport equation can be written as the form:

∂F

∂t
+ ∂ (ũiF)

∂xi
= ∂

∂xi

[
ρ(D + Dt)

∂(F/ρ)

∂xi

]
+ ∂

∂ψα

[
�(ψα − φ̃α)F

]
− ∂

∂ψα

[
Sα|ψF

]
,

(9)
where the repeated indices i and α indicate summation over all the relevant dimensions.
The source terms Sα|ψ = ω̇α(ψ)|ψ = ω̇α(ψ), 1 ≤ α ≤ Ns − 1 represent the species mass
production rates due to chemical reactions. Note that these terms are in a closed form,
which is the main advantage of the PDF method. However, the enthalpy source term
Sα = Sh|ψ , α = Ns is not closed. It includes the effects of pressure material derivative,
viscous dissipation, and their SGS components. We ignore the pressure fluctuation and the
SGS component of the viscous dissipation as done by [27,28], thus

SNs |ψ = Sh|ψ = 1

ρ

(
Dp

Dt
+ τij

∂uj

∂xi

)
|ψ ≈ 1

ρ

(
Dp

Dt
+ τ̃ij

∂ ũj

∂xi

)
. (10)

The filtered compositions and the mixing frequency in Equation (9) are given by

φ̃α(x, t) = 1

ρ(x, t)

∫ ∞

−∞
ψαF(ψ ; x, t)dψ , � = C�

D + Dt

�2
, C� = 2.0 (as [28]).

2.2. Quadrature method of moments ( QMOM )

Since the PDF equation (9) is high-dimensional, Lagrangian Monte Carlo particle methods
(cf. [7]) or Eulerian stochastic field methods (cf. [24]) are often employed to solve it.
Recently, QBMMs were also applied to solve Equation (9) [28,34]. As the original QMOM
[29] is the basis of QBMMs, we briefly introduce it in this subsection.

The main idea of the QMOM is to solve a finite number of moment transport equations
and use the moments to reconstruct an approximate PDF represented by a set of weighted
Dirac delta functions centred at quadrature nodes in the sample space. Define the (unmixed)
moments of the joint PDF f (ψ ; x, t) := F/ρ as (we take unmixed moments as an example;
mixed moments can be defined similarly)

Mn,α(x, t) =
∫ ∞

−∞
ψn
α f (ψ ; x, t)dψ = 1

ρ̄

∫ ∞

−∞
ψn
αF(ψ ; x, t)dψ , (11)

where the moment orders n are typically non-negative integers. The moment transport
equations can be obtained by multiplying Equation (9) with ψn

β and integration,

∂
(
ρMn,β

)
∂t

+ ∂
(
ρũiMn,β

)
∂xi

= ∂

∂xi

[
ρ(D + Dt)

∂Mn,β

∂xi

]
+ nρ�

(
M1,βMn−1,β − Mn,β

)
+ nρ

∫ ∞

−∞
ψn−1
β Sβ(ψ)f (ψ)dψ , β = 1, . . . , Ns, n = 0, 1, . . . . (12)

yuanli
铅笔
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The last term on the right-hand side of Equation (12) contains the unknown f (ψ) and thus
it requires closure. In the QMOM [28–30], the PDF is approximated by a sum of weighted
Dirac delta functions:

f (ψ ; x, t) =
Nq∑
j=1

wj

Ns∏
α=1

δ
(
ψα − ψαj(x, t)

)
, (13)

where wj is the weight of the jth Delta function, ψαj are the abscissas, and Nq is the number
of quadrature nodes in the sample space. Using Equation (13), the integral in Equation (12)
can be written as∫ ∞

−∞
ψn−1
α Sα(ψ)f (ψ)dψ =

Nq∑
j=1

wjψ
n−1
αj Sα

(
ψ j

)
, α = 1, . . . , Ns, (14)

where ψ j = (ψ1j,ψ2j, . . . ,ψNsj). Equation (14) means that the closure of chemical source
terms is transferred to the calculation of weights wj and abscissas ψαj. The form of
PDF (13) also enables the moments to be expressed in terms of wj and ψαj:

Mn,α =
∫ ∞

−∞
ψn
α f (ψ)dψ =

Nq∑
j=1

wj(ψαj)
n. (15)

At every point and time, a set of Nq(1 + Ns) nonlinear equations (15) are solved for the
unknowns wj and ψαj, j = 1, . . . , Nq,α = 1, . . . , Ns, with the same number of moments
given from the numerical solution of Equation (12). The solution of Equation (15) is
called moment inversion. For the univariate PDF case (Ns = 1), the product-difference
(PD) [29,40] or Wheeler algorithm [41] can be used to calculate wj and ψαj efficiently.
Unfortunately, these algorithms cannot be directly extended to the multivariate PDF case.
Thus alternative QBMMs, such as DQMOM [28,30] which directly solves the transport
equations for weights wj(x, t) and weighted abscissas wjψαj(x, t), and CQMOM [32,33]
which first solves a small nonlinear system of equations with the PD or Wheeler algorithm
and then solves multiple linear systems, were developed.

3. Linear quadrature method of moments for univariate PDF

In this section, we propose a new QBMM for the univariate PDF case. In this method, the
shape of PDF is no longer presumed. Instead, we assume that the PDF f (ψ) and the source
function S(ψ) are smooth so that we can use a conventional quadrature rule to approximate
the moment definition and the source integral term as

Mn =
∫

Rψ

ψnf (ψ)dψ ≈
NL∑
j=1

ωjψ
n
j fj, (16)

∫
Rψ

ψn−1S(ψ)f (ψ)dψ ≈
NL∑
j=1

ωjψ
n−1
j S(ψj)fj, (17)

where ψj and ωj are NL predefined quadrature nodes and weights in the sample space
Rψ , and fj = f (ψj) are the PDF values at the quadrature nodes. For a finite domain Rψ =
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Table 1. Gauss quadrature points and weights in the domain [0,1].

NL Quadrature point Weight

2 (0.2113, 0.7887) (0.5, 0.5)
3 (0.1127, 0.5, 0.8873) (0.2778, 0.4444, 0.2778)
4 (0.0694, 0.3300, 0.6700, 0.9306) (0.1739, 0.3261, 0.3261, 0.1739)
5 (0.0469, 0.2308, 0.5000, 0.7692, 0.9531) (0.1185, 0.2393, 0.2844, 0.2393, 0.1185)
6 (0.0338, 0.1694, 0.3807, 0.6193, 0.8306, 0.9662) (0.0857, 0.1804, 0.2340, 0.2340, 0.1804, 0.0857)

[0, 1], ψj and ωj can be Gauss points and weights as shown in Table 1, which is used
throughout this paper. We choose Gauss points because the Gauss–Legendre quadrature
rule can achieve the highest order of accuracy for a smooth PDF over a finite interval. If
the PDF is smooth over the interval Rψ = [a, ∞) where a is finite, the Gauss-Laguerre
rule may be more preferable. If it is singular at one or two ends, the Gauss-Jacobi rule or
Gauss-Chebyshev rule may be more suitable.

We see that the only unknowns in Equation (16) are the PDF values fj at the preset
quadrature nodes. Similar to the moment inversion idea of QMOM, the pointwise values fj
can be solved from the linear system (16) given NL moments.

Taking the number of quadrature nodes NL = 4 as an example, we can write
Equation (16) as the following linear system of equations,⎡⎢⎢⎣

ω1 ω2 ω3 ω4

ω1ψ1 ω2ψ2 ω3ψ3 ω4ψ4

ω1ψ
2
1 ω2ψ

2
2 ω3ψ

2
3 ω4ψ

2
4

ω1ψ
3
1 ω2ψ

3
2 ω3ψ

3
3 ω4ψ

3
4

⎤⎥⎥⎦
⎡⎢⎢⎣

f1
f2
f3
f4

⎤⎥⎥⎦ =

⎡⎢⎢⎣
M0

M1

M2

M3

⎤⎥⎥⎦ . (18)

Generally, the size of this linear system is NL, thus we need to solve NL moment transport
equations in order to provide {M0, . . . , MNL−1} (M0 ≡ 1 need not be solved). The computer
time for solving the linear system (18) of size NL is much smaller than that for solving the
nonlinear system (15) of size 2Nq = NL in the QMOM.

We call this new method as Linear Quadrature Method Of Moments (LQMOM) as
the moment inversion only involves a linear system. In the followings, we test the PDF
reconstruction ability of the LQMOM.

Firstly, the LQMOM is used to reconstruct a Beta distribution PDF given by [42]

f (ψ) = 1

B(α,β)
ψα−1(1 − ψ)β−1, 0 ≤ ψ ≤ 1, (19)

where the parameters α = 2 and β = 4, and B is the Beta function. The input moments
are exactly defined with (19) as Mn = ∫ 1

0 f (ψ)ψndψ = B(α+n,β)
B(α,β) . The inverted results from

the LQMOM and QMOM are shown in Figure 1. It is seen that even the LQMOM with
NL = 4 can obtain accurate results. The weights and abscissas inverted by the QMOM with
Nq = 2 and 3 are plotted as vertical lines (wj-height, ψj-position).

To quantify the concerned quadrature accuracy for the chemical source integral, we use
the source function

S(ψ) = 21830ψ(1 − ψ) exp(−20/(1 + 3ψ)) (20)
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Figure 1. Reconstructed PDF values by the LQMOM (symbols) and weights and abscissas by the
QMOM (vertical lines) for the Beta distribution (19) with α = 2,β = 4 (blue line).

Table 2. Time costs for doing 107 times moment
inversions for the uni-variate PDF (19) with
α = 2,β = 4.

Method CPU time (seconds)

QMOM with Nq = 2 10.314
QMOM with Nq = 3 41.587
LQMOM with NL = 4 0.233
LQMOM with NL = 6 0.482
LQMOM with NL = 8 0.838
LQMOM with NL = 20 6.068

to check the errors of the two QBMMs for the integral
∫ 1

0 ψ
n−1S(ψ)f (ψ)dψ :

error =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

∣∣∣∣∣∣
NL∑
j=1

ωjψ
n−1
j S(ψj)fj −

∫ 1

0
ψn−1S(ψ)f (ψ)dψ

∣∣∣∣∣∣ , LQMOM,

∣∣∣∣∣∣
Nq∑
j=1

wjψ
n−1
j S(ψj)−

∫ 1

0
ψn−1S(ψ)f (ψ)dψ

∣∣∣∣∣∣ , QMOM,

(21)

where the ‘exact’ integral can be obtained by a very accurate Gauss integration. The errors
of LQMOM with NL = 4 and 6 and QMOM with Nq = 2 and 3 for the moment order
n = 3 are 4.72 × 10−2, 5.98 × 10−5, 5.13 × 10−2 and 2.80 × 10−2 in turn, indicating that
the LQMOM is more accurate than the QMOM under NL = 2Nq.

Table 2 compares the time costs of QMOM and LQMOM. In the QMOM, the PD
algorithm [29,40] is used to compute the elements of the related Jacobi matrix, and the
eigenvalue problem of this matrix for obtaining the weights and abscissas is solved using
the standard QR algorithm with the iteration tolerance 10−14. It is seen that the LQMOM
is several 10 times faster than the QMOM under the same system size 2Nq = NL, and
LQMOM with NL = 20 is still faster than QMOM with Nq = 2.

Secondly, we take α = 15 and β = 30 in the Beta distribution (19) to give a sharper
distribution. The results by the LQMOM with NL = 6, 12, 16, 20 and by the QMOM with
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Nq = 2, 3 are shown in Figure 2. It can be seen that the results by the LQMOM improve
with increasing NL. For NL = 6, 12 there are evidently negative reconstructed PDF val-
ues, but for NL = 16, 20 the results get closer to the exact distribution. This implies
that the LQMOM cannot reconstruct properly the PDF with a narrow peak distribution.
On the other hand, the QMOM with Nq = 2, 3 reconstructs normally the weights and
abscissas (the bottom in Figure 2). Again, the quadrature errors as defined in (21) for
n = 3 are 7.35 × 10−2 (NL = 6), 7.60 × 10−7(NL = 12) and 7.06 × 10−8 (NL = 20) for
the LQMOM, and 3.42 × 10−3 (Nq = 2) and 1.11 × 10−4 (Nq = 3) for the QMOM. We
see that the LQMOM (NL = 12) has advantage in both accuracy and efficiency over the
QMOM (Nq = 3).

Thirdly, we compute the beta distribution (α = 1.5,β = 10) similar to the presumed
PDF in chapter 5 of reference [38] used to describe practical non-premixed flame, as see in
Figure 3. The recovered PDF values are in fair agreement with the exact solution in spite
of having small negative values in the upper side (fully burnt side).

Finally, we admit that the present LQMOM will generate negative and oscillatory PDF
values for more extreme distributions such as the sum of two weighted Dirac delta func-
tions. In order to treat more general PDF distributions, we will develop a LQMOM-QMOM
hybrid algorithm in Section 4.

4. Hybrid algorithm of LQMOM and QMOM for univariate PDF

4.1. Detector and LQMOM-QMOM hybrid algorithm

To build the LQMOM-QMOM hybrid algorithm, a detector to judge whether the unknown
PDF distribution is centralized is needed. A natural idea is to use the variance of PDF as the
detector. The smaller the variance, the more centralized the distribution is. The variance
can be expressed in terms of the first and second moments as

σ 2 =
∫

Rψ

(ψ − M1)
2 f (ψ)dψ = M2 − M 2

1 . (22)

It follows that if the PDF is a single Dirac delta function, f = δ(ψ − ψ0), then σ = 0.
Thus we can simply set a small threshold like ε1 = 0.02 such that when σ 2 < ε1, the
PDF distribution is judged as centralized and the QMOM applies, otherwise the LQMOM
applies. However, the branch σ 2 ≥ ε1 can not rule out other extreme cases. For example,
for the two-peak distribution f = 0.4δ(ψ − 0.3)+ 0.6δ(ψ − 0.9), we have M1 = 0.66,
M2 = 0.522 and thus σ 2 = M2 − M 2

1 = 0.084 > ε1 = 0.02. But this case cannot be treated
by the LQMOM. So we also consider how to detect the case with two-peak PDF distribu-
tion. Assuming that the two-peak PDF has the form f (ψ) = ω1δ(ψ − ψ1)+ ω2δ(ψ − ψ2),
we have Mn = ω1ψ

n
1 + ω2ψ

n
2 , and the moments M0(= 1), M1, M2, M3 should satisfy the

following nonlinear system, ⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

M0 = ω1 + ω2,

M1 = ω1ψ1 + ω2ψ2,

M2 = ω1ψ
2
1 + ω2ψ

2
2 ,

M3 = ω1ψ
3
1 + ω2ψ

3
2 .

(23)
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Figure 2. Reconstructed PDF values by the LQMOM with NL = 6, 12, 16, 20 (symbol) for the
exact β distribution with α = 15,β = 30 (curve). The bottom frames show weights and abscissas
reconstructed by the QMOM with Nq = 2 and 3 (vertical line height for wj, location for ψj).

Here, ω1, ω2, ψ1, ψ2 can be uniquely determined by M0, M1, M2, M3. It can be shown that
the higher-order moment M̂4 can be represented in terms of M0, M1, M2, M3 as

M̂4 =
2∑

j=1

ωjψ
4
j = −M 3

2 + 2M1M2M3 − M0M 2
3

M 2
1 − M0M2

. (24)
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Figure 3. Reconstructed PDF values by the LQMOM with NL = 6, 12, 16, 20 (symbol) for the
exact β distribution with α = 1.5,β = 10 (curve). The bottom frames show weights and abscissas
reconstructed by the QMOM with Nq = 2 and 3 (vertical line height for wj, location for ψj).

Equation (24) is specific to the two-peak PDF distribution. Thus we can build our hybrid
algorithm using the detectors for one-peak and two-peak distributions as follows:⎧⎪⎨⎪⎩QMOM, if

∣∣M 2
1 − M2

∣∣ < ε1 or

∣∣∣∣M4 − −M 3
2 + 2M1M2M3 − M0M 2

3

M 2
1 − M0M2

∣∣∣∣ < ε2,

LQMOM, otherwise,

(25)
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where ε1 = 0.02 and ε2 = 5 × 10−4 are empirical threshold values set in default, and
M0, . . . , M4 are the transported moments. It is hoped that at most times and grid points
the PDF distribution is smooth and thus the LQMOM is more frequently used than the
QMOM, making the hybrid algorithm gain efficiency over the QMOM alone.

In practice, use of a smaller value of ε1 or ε2 will allocate more work to the LQMOM.
If the LQMOM still reconstructs negative PDF values, we go back to use the QMOM
to ensure the realizability. In fact, peak distributions only occur in the boundary (such as
incoming streams) and initial conditions. After a short time of transition, a large portion of
the flow domain can be calculated by the LQMOM.

In the following, a one-dimensional moment transport equation example is used to
demonstrate the performance of the LQMOM-QMOM hybrid algorithm.

4.2. Testing LQMOM-QMOM in plug-flow reactor with imperfect mixing

A simple one-dimensional reaction benchmark [43,44] is used to check the performance of
the hybrid algorithm. It describes the evolution of a reaction progress variable φ(x, t) in the
domain x ∈ [0, 1] (φ = 0 means unburnt gas and φ = 1 burnt gas). A scalar ψ ∈ [0, 1] cor-
responding to φ(x, t) is the internal coordinate of the PDF. For simplicity, we assume that
the density and velocity are constant, ρ(x, t) = v(x, t) ≡ 1. The boundary conditions are
f (ψ ; 0, t) = δ(ψ) at the inlet boundary and ∂2f

∂ψ2 (ψ ; 1, t) = 0 at the outlet boundary. The ini-
tial condition is f (ψ ; x, 0) = δ(ψ − 1). The moment transport equation (cf. Equation (12))
is given by

∂Mn

∂t
+ ∂Mn

∂x
= ∂

∂x

(
D
∂Mn

∂x

)
+ n�(M1Mn−1 − Mn)+ n

∫ 1

0
ψn−1S(ψ)f (ψ)dψ , (26)

where D = 0.1 is the total diffusion coefficient and � = 10 the mixing frequency. Two
different formulas for the chemical source term as used in [44] are considered here.

First, we consider a linear source term as given by

S(ψ) = a1(1 − ψ), (27)

where a1 = 3. Assuming ∂Mn
∂t = 0, we can get the exact solution of the first-order moment

equation (26) with the source term (27) as follows,

M1 = 1 − exp(−bx), where b = 1

2
{
√

1 + 4a1D − 1}/D.

In the numerical solution of Equation (26) with the source (27), we use the WENO-Z5
finite difference scheme [45] for the convective term and the third-order TVD-Runge Kutta
method [46,47] for time marching. A second-order central scheme is used for the diffusion
term, and the source terms and mixing terms are treated explicitly.

We use 101 grid points and a time step �t = 2.5 × 10−4, and the end time is T = 2
which can guarantee that the steady state is reached. We compare the QMOM (Nq = 2) and
the hybrid LQMOM (NL = 4)-QMOM(Nq = 2) algorithm. The computed mean φ̄ = M1

and standard variance σ are shown in Figure 4. It can be seen that the M1 results by the
two methods are in good agreement with the exact solution, and the σ results between
the two methods are nearly same. Figure 5 shows the M1 profiles at four different times
computed with the hybrid algorithm. We can see that at the initial time the hybrid algorithm
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Figure 4. Comparison for the first-order moment M1 and standard variance σ among the QMOM,
hybrid algorithm, and exact solution for the plug-flow reactor problem with the linear source (27) at
time T = 2.

uses QMOM at every grid point due to the initial peak distribution. As the time goes on,
the hybrid algorithm uses LQMOM at more and more grid points except near the inlet and
the remanent initial state regions. The total computational time of the hybrid algorithm is
65.44% that of the QMOM alone.

Second, we consider a more stiff exponential reaction source term (20) for Equation (26).
To solve this case, we adopt the Strang splitting method [48] with two flow steps and one
reaction step in between, i.e.

Mn(t +�t) = Lf

(
�t

2

)
Lr(�t)Lf

(
�t

2

)
Mn(t),

where Lf is the convection-diffusion-mixing operator and Lr the chemical reaction oper-
ator. Lf is solved with the same schemes as in the linear source case, and Lr is marched
with the forward Euler scheme with 10 sub-steps. We take 41 grid points, a time step
�t = 2.5 × 10−4, and a larger threshold ε1 = 0.05 for Equation (25) for more use of
the QMOM in the hybrid algorithm. We tested various hybridizations of Nq = 2, 3 with
NL = 4, 6, 8, 10, 12, 14, 16 to see the influence of different numbers of quadrature points
on the numerical results. It is found that the difference between Nq = 2 and Nq = 3 with
same NL is small, but that between different NL with same Nq is large when NL ≤ 8. So we
finally choose the LQMOM (NL = 14)-QMOM (Nq = 3) hybrid algorithm. The computed
first-order moment at t = 0.5 and t = 1.5, and standard variance at t = 1 are shown in
Figure 6. We see that the hybrid algorithm and the single QMOM (Nq = 3) can produce
results close to the reference solution computed with the single QMOM on 201 grid points.

Figure 7 shows the first-order moment profiles at different times. We see that the spatial
domain calculated by the LQMOM is smaller than that in the linear source case (Figure 5).
Nevertheless, the total computational time of the hybrid algorithm is still 68.75% that of
the stand-alone QMOM.
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Figure 5. Profiles of the first-order moment M1 at different times calculated by the LQMOM-Q-
MOM hybrid algorithm for the plug-flow reactor with the linear source (27). Blue and red dots
indicate points at which the QMOM and LQMOM are used, respectively.

5. Extension of LQMOM and hybrid algorithm to multivariate PDF

Like the QMOM, the LQMOM can not be directly applied to the multivariate PDF case.
Fortunately, the QMOM has already been extended to multivariate PDF as the Conditional
Quadrature Method Of Moments (CQMOM) [32]. In this section, we extend the LQMOM
to multivariate PDF by referring to the basic idea of CQMOM.

For ease of description, we take the bivariate PDF case as an example. Extension to
multivariate PDF cases will be described later. Let the two internal coordinates of PDF be
the mixture fraction ξ and reaction progress variable Y, where 0 ≤ (ξ , Y ) ≤ 1. The joint
scalar ξ -Y PDF transport equation is given as [35]:

∂F

∂t
+ ∂ (ũiF)

∂xi
= ∂

∂xi

[
ρ(D + Dt)

∂ (F/ρ)

∂xi

]
+ ∂

∂ξ

[
�(ξ − ξ̃ )F

]
− ∂

∂Y
[S(ξ , Y )F] . (28)

Denote Mnm as the mixed moments of the PDF f̃ = F/ρ, where n and m represents the
order of moments. The mixed moments are defined as:

Mnm =
∫

RY

∫
Rξ

ξ nY mf̃ (ξ , Y )dξdY , n, m = 0, 1, . . . . (29)



Combustion Theory and Modelling 159

Figure 6. Comparison of the first-order moment M1 and standard variance among the hybrid
algorithm, QMOM and reference solution for plug-flow reactor with the exponential source (20).
The reference solution is obtained with the stand-alone QMOM (Nq = 3) on 201 grid points.

Figure 7. M1 profiles at different times computed by the LQMOM-QMOM hybrid algorithm for
the plug-flow reactor with the exponential source case (20). Blue and red dots indicate spatial
positions where the QMOM and LQMOM are used, respectively.

From now on, we suppress the integration domain for brevity. The moment transport
equations can be derived via integration of Equation (28) in the ξ -Y space and are given as

∂ (ρMnm)

∂t
+ ∂ (ρũiMnm)

∂xi
= ∂

∂xi

[
ρ(D + Dt)

∂Mnm

∂xi

]
+ nρ� (M10Mn−1m − Mnm)

+ mρ
∫∫

ξ nY m−1S(ξ , Y )f̃ (ξ , Y )dξdY . (30)

The CQMOM [32] can be used to close the integral term as briefly reviewed below.
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5.1. CQMOM

Take ξ as the primary internal coordinate. Define f (Y |ξ) as the conditional density function
of Y conditioned at ξ . The bivariate PDF f̃ can be expressed equivalently as

f̃ (ξ , Y ) = f (ξ)f (Y |ξ). (31)

As per the classical QMOM, each of the two density functions in the right-hand side of
Equation (31) can be approximated by the sum of weighted Dirac delta functions, thus

f̃ (ξ , Y ) =
N1∑
α=1

wαδ(ξ − ξα)

N2∑
β=1

wα,βδ(Y − Yα,β). (32)

Here, N1 and N2 are the numbers of quadrature nodes in the ξ (primary) and Y (secondary)
directions, wα and ξα are the primary weights and abscissas, and wα,β and Yα,β are the
secondary ones. All the weights and abscissas are unknowns.

Using Equations (31) and (32), the mixed moments (29) can be expressed as

Mnm =
∫

f (ξ)ξ n

(∫
f (Y |ξ)Y mdY

)
dξ

=
N1∑
α=1

N2∑
β=1

wαwα,βξ
n
αY m

α,β . (33)

And the chemical source term in the moment equations (30) can be closed as

Rnm = mρ
∫
ξ nY m−1S(ξ , Y )f̃ (ξ , Y )dξdY = mρ

N1∑
α=1

N2∑
β=1

wαwα,βξ
n
αY m−1

α,β S(ξα , Yα,β). (34)

It is evident from Equation (32) that the number of unknowns is 2(N1 + N1N2). If a
K-variate PDF in the conditional form f̃ (ψ) = f (ψ1)f (ψ2|ψ1) · · · f (ψK |ψ1, . . . ,ψK−1) is
approximated with the Dirac delta functions, the number of unknowns is 2(N1 + N1N2 +
· · · + N1N2 · · · NK), which is very large. Therefore, to reduce computational cost the
CQMOM always uses N2 = · · · = NK = 1, thus wα,β = wα,β,γ = · · · = 1, and the total
number of unknowns becomes 2N1 + (K − 1)N1 = N1 + N1K. For the bivariate case, we
take N1 = 2 as an example while N2 = 1. Now Equation (32) becomes

f̃ (ξ , Y ) =
2∑
α=1

wαδ(ξ − ξα)δ(Y − Yα), (35)

which has six unknowns. If we select a set of six low order mixed moments as⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
M00

M10

M20

M30

,

{
M01

M11

, (36)
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we have the following nonlinear equations from Equation (33),⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

w1 + w2 = M00

w1ξ1 + w2ξ2 = M10

w1ξ
2
1 + w2ξ

2
2 = M20

w1ξ
3
1 + w2ξ

3
2 = M30

,

{
w1Y1 + w2Y2 = M01

w1ξ1Y1 + w2ξ2Y2 = M11

. (37)

The basic idea of CQMOM is to solve the left nonlinear equations in (37) by the PD or
Wheeler algorithm to obtain {w1, w2, ξ1, ξ2} at first, and then take the results into the right
equations so that they become linear equations. {Y1, Y2} are solved out as⎧⎪⎪⎨⎪⎪⎩

Y1 = 1

w1(ξ2 − ξ1)
(ξ2M01 − M11) ,

Y2 = 1

w2(ξ2 − ξ1)
(−ξ1M01 − M11) .

(38)

Finally, the chemical source term (34) can be calculated as

Rnm = mρ
N1∑
α=1

wαξ
n
αY m−1

α S(ξα , Yα). (39)

The above CQMOM can be easily extended to Ns scalar joint PDF cases. Now
Equation (35) is replaced by f̃ (ψ1, . . . ,ψNs) = ∑N1

j=1 wjδ(ψ1 − φ1j)
∏Ns
β=2 δ(ψβ − φβj). So

we need to solve N1 + N1Ns mixed moment transport equations (actually less one because
M0...0 ≡ 1). If we properly choose a scalar as the primary coordinate ψ1, and adopt a set of
mixed moments similar to the form (36),⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

M00

M10

...

M(2N1−1)0

,

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

M010

M110

...

M(N1−1)10

, . . . ,

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

M001

M101

...

M(N1−1)01

, (40)

we can build a series of systems like Equation (37). To solve these systems, we first solve a
nonlinear system of 2N1 equations built upon the first moment vector in Equation (40)
for the primary weights {wj}N1

j=1 and abscissas {φ1j}N1
j=1 by using the PD or Wheeler

algorithm. With these results, we then solve Ns − 1 linear systems of N1 equations for
the subsidiary abscissas {φβj}N1

j=1,β = 2, . . . , Ns built upon the remaining moment vectors

in Equation (40), where the βth moment vector is composed of {Mk1k2...kβ ...kNs
}N1−1

k1=0 with
k2 = · · · = kNs = 0 except that kβ = 1.

5.2. LCQMOM ( linear CQMOM )

To extend the LQMOM to the multivariate PDF case, we refer to the conditional PDF idea
of the CQMOM [32,33]. We rewrite the bivariate PDF here as

f̃ (ξ , Y ) = f (ξ)f (Y |ξ).
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Here, the univariate PDF f (ξ) remains continuous and will be treated by the LQMOM
while the conditional PDF is approximated as f (Y |ξ) = ∑N2

β=1 ωξ ,βδ(Y − Yξ ,β). To reduce
computational cost as said in Section 5.1 we use N2 = 1 and thus ωξ ,β = 1.

The mixed moments can be approximated as follows:

Mnm =
∫
ξ nf (ξ)

(∫
Y mf (Y |ξ)dY

)
dξ

≈
N1∑
α=1

[
f (ξα)ξ

n
αωα

∫
Y mf (Y |ξα)dY

]

=
N1∑
α=1

ωαξ
n
α f (ξα)Y

m
α , (41)

where ξα and ωα are the preset quadrature nodes and weights, and f (ξα) and Yα are the
unknowns. Once they are solved out, the chemical source term can be closed as

Rnm = mρ
∫
ξ nY m−1S(ξ , Y )f̃ (ξ , Y )dξdY

= mρ
∫
ξ nf (ξ)

(∫
Y m−1S(ξ , Y )f (Y |ξ)dY

)
dξ

≈ mρ
N1∑
α=1

ωαξ
n
α f (ξα)Y

m−1
α S(ξα , Yα). (42)

In order to show how to solve for (f (ξα), Yα),α = 1, . . . , N1 from Equation (41), we take
N1 = 4 as an example. The number of unknowns is 2N1 = 8. We choose a set of eight low
order mixed moments as follows, ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

M00

M10

M20

M30

,

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
M01

M11

M21

M31

. (43)

Given the two moment vectors, we can establish two systems of equations as:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

N1∑
α=1

ωαfα = M00,

N1∑
α=1

ωαξαfα = M10,

N1∑
α=1

ωαξ
2
α fα = M20,

N1∑
α=1

ωαξ
3
α fα = M30.

,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

N1∑
α=1

ωαfαYα = M01,

N1∑
α=1

ωαξαfαYα = M11,

N1∑
α=1

ωαξ
2
α fαYα = M21,

N1∑
α=1

ωαξ
3
α fαYα = M31.

(44)
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Figure 8. Sketch of initial velocity profile of the 2D shear layer flow.

We first solve for fα ,α = 1, 2, . . . , N1 from the left linear system by using the LQMOM.
Substituting the solved results to the right system in Equation (44), we can obtain a linear
system, and then we solve it for Yα ,α = 1, 2, . . . , N1. Finally, the solved values of fα and
Yα are taken into the source integral term (42) for closure.

To extend the above procedure to a Ns-variate PDF, we preset N1 quadrature nodes and
weights in a properly chosen primary internal coordinate direction ψ1. The PDF is approx-
imated as f̃ (ψ1, . . . ,ψNs) = f (ψ1)

∏Ns
β=2 δ(ψβ − φβ |ψ1). In order to establish Ns linear

systems of size N1, we select N1Ns mixed moments similar to the set (43), i.e. the first
moment vector is {Mk10, k1 = 0, . . . , N1 − 1}, involving only the primary direction, while
the βth moment vector for β = 2, . . . , Ns is {Mk10kβ0, k1 = 0, . . . , N1 − 1, kβ = 1}, involv-
ing both the primary direction and the subsidiary βth direction. The number of moment
transport equations to solve is N1Ns (actually less one because M0 ≡ 1). We call this
method as Linear Conditional Quadrature Method Of Moments (LCQMOM). Although
this method has lower computational cost in the moment inversion stage, it may be more
time consuming than the CQMOM because it needs a larger N1 and thus more moment
transport equations need to be solved.

To reduce the computational cost of LCQMOM, we make an assumption that the N1

conditional PDFs conditioned at the primary nodes can be reduced to two. Take N1 = 4 as
an example. For the preset quadrature nodes ξ1 < ξ2 < ξ3 < ξ4 in the primary direction,
two Dirac delta functions can be assumed as:

f (Y |ξ1) = f (Y |ξ2) = δ(Y − Ŷ1), f (Y |ξ3) = f (Y |ξ4) = δ(Y − Ŷ2). (45)

Then, only the first two equations associated with M01 and M11 in the right system in
Equation (44) are needed:{

M01 = (ω1f1 + ω2f2) Ŷ1 + (ω3f3 + ω4f4) Ŷ2,

M11 = (ω1ξ1f1 + ω2ξ2f2) Ŷ1 + (ω3ξ3f3 + ω4ξ4f4) Ŷ2.
(46)

This is a linear system and is solved for (Ŷ1, Ŷ2), and then we use Y1 = Y2 = Ŷ1, Y3 =
Y4 = Ŷ2 in evaluating the chemical source terms (42). We call this simplified method as
LCQMOM-S. Compared with the LCQMOM, the LCQMOM-S can (i) reduce the number



164 Y. Wang et al.

of moment transport equations from N1Ns to N1 + 2(Ns − 1), and (ii) reduce the size of the
Ns − 1 linear systems from N1 to 2.

For robustness reason as said in the end of Section 3, we use the hybrid LCQMOM(-S)
and CQMOM algorithm for multivariate PDFs according to the switch function (25) with
(M1, M2, M3, M4) replaced by (M10, M20, M30, M40).

6. Numerical results

Two- and three-dimensional benchmark problems are used to test the performance of the
present LCQMOM(-S)-CQMOM hybrid algorithm used in the LES/PDF method for tur-
bulent combustion. The spatial and temporal schemes for the LES equations (the first three
equations in Equation (3)) are same as introduced in Section 4.2. Further, the WENO-
Z5 scheme [45] is implemented in the characteristic fields and the global Lax-Fridriches
flux splitting [49] is used. The moment transport Equations (30) and (12) are treated with
the Strang splitting method as described in Section 4.2. The exception is the enthalpy
source term, Equation (10), which is not stiff and is treated explicitly together with the
convection–diffusion-mixing operator. For the discretization of Equation (10), the forward
Euler scheme is applied to ∂p/∂t, the second-order MUSCL-TVD scheme [50] to ũi∂p/∂xi,
and the second-order central scheme to the viscous dissipation term.

6.1. Two-dimensional compressible reactive shear flow

The spatially developing shear layer flow includes two parallel flows with different veloc-
ities. The flow field can form a complex vortex structures and avoid the influence of wall
boundary layer. Therefore, it is a benchmark problem in turbulence research [51,52]. As
shown in Figure 8, u1 and u2 are the velocities of the upper and lower infinities of the shear
flow, and generally one takes u1 = 1 and u2 = 1/3. The initial mean velocity profile and
thermodynamic variables can be constructed by the hyperbolic tangent function as follows
[53,54],

u = (1 + R tanh(2y))/(1 + R),

v = 0,

p = 1

γMa2 ,

T = 1 + 1

2

√
Pr(γ − 1)Ma2(1 − u)(1 − u2), (47)

where the velocity ratio parameter (u1 = 1 is as the reference velocity) is

R = 1 − u2

1 + u2
.

We take Re = 600, Ma = 0.8, γ = 1.4, Pr = 0.75. The computational domain is [0, 150] ×
[−20, 20]. By adding random disturbances with the amplitude of 0.2u(y) to the velocity
components u and v on the left boundary, the shear instability can be promoted to form
complex vortex structures. In this example, the LES equations (the first three equations
in Equation (3)) are assumed to be decoupled from the species mass equations as done
in [18,35], therefore the flow variables (ρ, ũ, ṽ, T̃) can be obtained by solving the LES
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equations for a single-species ideal gas. A uniform 300 × 80 Cartesian grid is used, CFL =
0.5, and the Smagorinsky model parameter CS = 0.14.

In order to test the QBMMs in the reactive shear flow, the moment transport
equation (30) of the bivariate PDF for the mixture fraction Z = ξ ∈ [0, 1] and reaction
progress variable Y ∈ [0, 1], are solved with the quantities (ρ, ũ, ṽ, D, Dt) provided from
the decoupled numerical solution of the LES equations. The initial values of Z and Y are
given as follows: {

Z = 0.5 (tanh(2y)+ 1.0) ,

Y = 0.
(48)

A simple reaction source term [35,52] for Equation (30) is given as

S(Z, Y ) = K

(
Z

Zst
− Y

)(
1 − Z

1 − Zst
− Y

)
, (49)

where the reaction rate coefficient K = 0.1 and the stoichiometric mixture fraction Zst =
0.5. In the CQMOM and LCQMOM(-S), the mixture fraction Z is chosen as the pri-
mary internal coordinate, and the CQMOM takes the number of nodes N1 = 2 while the
LQMOM(-S) takes NL

1 = 4. The switch function (25) for the LCQMOM(-S)-CQMOM
algorithm uses the parameters ε1 = 0.02 and ε2 = 5 × 10−4 (ε2 is not used since M4 is not
solved due to NL

1 = 4).
As a comparison to the QBMMs, the ‘LES scalar’ method as in [35] is used here, which

solves the LES equations with the three scalar transport equation (50) for the filtered mix-
ture fraction Z̃, second moment Z̃2, and reaction progress variable Ỹ respectively. Z̃2 is
used to compute the variance Z̃′′2 for comparison with the variance σ 2 = M20 − (M10)

2

calculated via Equation (22). The three scalar transport equations are

∂
(
ρZ̃
)

∂t
+ ∂

(
ρũiZ̃

)
∂xi

= ∂

∂xi

[
(D + Dt)

∂Z̃

∂xi

]
,

∂
(
ρZ̃2

)
∂t

+
∂
(
ρũiZ̃2

)
∂xi

= ∂

∂xi

[
(D + Dt)

∂Z̃2

∂xi

]
− ρχ̃ ,

∂
(
ρỸ
)

∂t
+ ∂

(
ρũiỸ

)
∂xi

= ∂

∂xi

[
(D + Dt)

∂Ỹ

∂xi

]
+ S(Z̃, Ỹ ), (50)

where the sub-filter fluctuation of the reaction source term S is neglected as in [35].
To keep consistency with the mixing frequency � = Cφ

D+Dt
�2 in the moment transport

equation (30), the scalar dissipation rate of the second moment, χ̃ , is taken as

χ̃ = Cφ
D + Dt

�2
Z̃′′2, where Z̃′′2 = Z̃2 − (Z̃)2. (51)

And

D = μ

ρSc
, Dt = μt

ρSct
, Sc =Sct = 1.0, Cφ = 2. (52)

Figure 9 compares the contours of the filtered reaction progress variable Ỹ at the
non-dimensional time t = 400 computed by the four methods: LES scalar, CQMOM,



166 Y. Wang et al.

Table 3. Computer times for marching 1000 steps for the
2D reactive shear layer flow.

Method Time (s)

LES scalar 173.962
CQMOM (N1 = 2) 513.329
LCQMOM(NL

1 = 4)-CQMOM (N1 = 2) 577.333
LCQMOM-S (NL

1 = 4)-CQMOM (N1 = 2) 407.141

LCQMOM-CQMOM, and LCQMOM-S-CQMOM. All these methods use one-way cou-
pling, i.e. the LES part provide information to the scalar/PDF part but not vice versa. We
see that the formation of shear vortices begins around x = 50 and the reaction happens
mostly in vortex centres. The LES scalar method predicts an earlier chemical reaction
(larger Ỹ ), while the CQMOM, LCQMOM-CQMOM, and LCQMOM-S-CQMOM results
are close, particularly between CQMOM and LCQMOM-S-CQMOM. Notice that the LES
scalar result looks like Figure 2 in [35].

Since the shear vortices have moved outside the right boundary for t> 400, we con-
ducted time-averaged statistics from t = 800 to the final time tend = 2000 for the four
sections x = 20, 30, 50, 100. Figure 10 compares sectional profiles of the time-averaged
variables Ỹ , Z̃ and Z̃′′2 computed by the four methods. It is seen that the Ỹ result by the
LES scalar method is the largest. The Ỹ result by LCQMOM-CQMOM is between LES
scalar and CQMOM. Interestingly, the result by LCQMOM-S-CQMOM is more close to
CQMOM than LCQMOM-CQMOM. The reason may be that both the LCQMOM-S and
CQMOM (N1 = 2) use two Dirac delta functions to approximate the conditional PDF but
the LCQMOM uses four (NL

1 = 4). The Z̃ and Z̃′′2 results in the right frame in Figure
10 between the four methods are close to each other, and are comparable to Figure 3 in
[35]. However, as the computational parameters used are different from those in [35], the
numerical results have difference, and thus we do not plot their results in this figure.

Lastly, we compare computational costs of the four methods in Table 3. The LES scalar
method is the fastest, which solves the three scalar transport equation (50). The LCQMOM-
S-CQMOM hybrid algorithm is the second fastest, which solves six moment transport
equations as the CQMOM (NL

1 + 2(Ns − 1) = 6 = N1 + N1Ns), and the size of Ns − 1
linear systems is only 2. However, the computer time is reduced by 20% compared to
the CQMOM, this is due to two reasons: (1) the cost for the moment inversion is small
compared with that for solving the moment transport equations; (2) the fraction of com-
putational domain calculated by LCQMOM-S is small. This is clearly seen in Figure 11.
The LCQMOM-CQMOM is the slowest, mainly due to solving NL

1 Ns = 8 moment trans-
port equations, two more than that in the CQMOM. Although the moment inversion of
LQMOM can reduce the time cost partially, it is not enough to offset the increased time
cost for solving the two more moment transport equations.

6.2. Three-dimensional high-speed reacting air/H2 jet

We consider the reacting air/H2 jet problem in LAERTE experimental data (see [55] and
references therein), which has been simulated by Karaca et al. [56]. The physical param-
eters used are given in Table 4. The computational domain is 250 × 30 × 30 mm3 from
the round nozzle exit plane (x = 0) to the downstream plane (x = 250) and encompassing
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Figure 9. Instantaneous contours of the reaction progress variable Ỹ at t = 400 for the 2D reac-
tive shear layer flow computed on the 300 × 80 grid using four methods: LES scalar, CQMOM,
LCQMOM-CQMOM and LCQMOM-S-CQMOM.

the jet centreline (x, 0, 0). The computational domain and the inflow velocity profile u(y)
on the jet centreline section z = 0 are illustrated in Figure 12(a,b). The C + + function
rand generated random numbers are multiplied with 7.5% u(y) and added to the velocity
(ũ, ṽ, w̃) on the inlet plane. The chemical reaction mechanism with 9 species and 19 reac-
tions [57] are adopted. It takes about 0.2 ms for the jet to flow from the nozzle exit to the
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Figure 10. Distributions of time averaged reaction progress variable Ỹave, mixture fraction Z̃ave

and variance Z̃ ′′2
ave along the y direction at x = 20, 30, 50, 100 stations for the 2D reactive shear layer

flow.
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Figure 11. The detection result at t = 400 by the detector (25) in the LCQMOM-S-CQMOM
hybrid algorithm for the 2D reactive shear layer flow. The dark region marks where the LCQMOM-S
is applied.

Figure 12. Computational domain and inlet velocity profile for reacting air/H2 LAERTE jet prob-
lem [55]. (a) Perspective of the computational domain and (b) Inlet velocity profile taken from
[56].

Table 4. LAERTE experimental conditions [55].

H2 jet Air co-flow

U (m/s) 1970 1366
T (K) 160 1170
P (kPa) 84 92
µ (kg m−1s−1) 0.729 × 10−5 4.604 × 10−5

ρ (kg m−3) 0.127 0.259

downstream boundary. Therefore, we conduct time average statistics from time t = 0.2 ms
to the simulation end time tend = 0.4 ms.

The numerical simulation uses 256(x)× 64(y)× 64(z) Cartesian grid points. The grid is
clustered to the nozzle centreline and the inlet plane (see Figure 12(a)) and CFL number is
set to 0.5. The governing equations are transformed in generalized curvilinear coordinates
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Figure 13. Reacting air/H2 LAERTE jet. Instantaneous iso-surfaces of the mixture fraction
Zst = 0.0297 at tend = 0.4 ms computed on the 256 × 64 × 64 grid with (a) LES alone, (b)
LCQMOM-S-CQMOM.

and discretized with the numerical schemes mentioned in the beginning of Section 6. The
Smagorinsky model parameter CS = 0.1 is used for this problem.

The number of quadrature nodes for the CQMOM is taken as N1 = 2, and that for the
LCQMOM(-S) is taken as NL

1 = 4. The mass fraction of hydrogen is selected as the pri-
mary internal coordinate ψ1. The scalar joint PDF contains the mixture enthalpy and eight
chemical species excluding nitrogen (Ns = 9).

As a comparison, the LES alone method is also used for this problem. It solves the
full Equation (3) including the total energy and species mass conservation equations. The
chemical reaction source terms are implicitly modelled by substituting the Favre filtered
variables directly into the Arrhenius law to compute ˜̇ωα .

To compare the computational costs of the four methods, we count the number
of transport equations which need to be solved. The LES alone method solves the
mass, momentum, total energy and species equations, totalling 5 + (Ns − 1) = 13 equa-
tions. The LES/CQMOM (N1 = 2) solves the mass and momentum equations but the
energy and mass fractions are calculated using the moment transport equations, totalling
4 + N1 + N1Ns − 1 = 4 + 2 + 2 × 9 − 1 = 23 (less one due to M0 ≡ 1) equations. The
LES/LCQMOM (NL

1 = 4) solves 4 + NL
1 Ns − 1 = 4 + 4 × 9 − 1 = 39 equations, and the

LES/LCQMOM-S (NL
1 = 4) solves 4 + NL

1 + 2(Ns − 1)− 1 = 23 equations. It can be
seen that the latter three methods need to solve more transport equations than the first
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Figure 14. Time-averaged temperature contours in the z = 0 plane at tend = 0.4 ms for reacting
air/H2 LAERTE jet on the 256 × 64 × 64 grid with the LES alone (top), CQMOM (middle), and
LCQMOM-S-CQMOM (bottom).

method, however, they can yield similar results as the LES alone with coarser grids. Notice
that the LCQMOM-S has a much lower inversion cost than the CQMOM even if both have
the same number of moment transport equations.

We follow [56] to look at the mixture fraction defined by Z = (sYH2 − YO2 +
Y∞

O2
)/(sY∞

H2
+ Y∞

O2
), where s = WO2/(2WH2) is the mass stoichiometric ratio, and WH2 and

WO2 are the molecular weights. The stoichiometric mixture fraction Zst = 1/(sY∞
H2
/Y∞

O2
+

1) results from the condition YH2 = YO2 = 0. In this problem, Y∞
H2

= 1 in the hydrogen jet
and Y∞

O2
= 0.2447 in the air co-flow [56], so Zst = 0.0297. Figure 13 shows the perspective

view of the instantaneous Zst iso-surface at tend = 0.4 ms. It is seen that the LCQMOM-S-
CQMOM has clearer vortical structures in the upstream zone than the LES alone due to
later reactions. The results by the CQMOM and LCQMOM-QMOM are similar to the
LCQMOM-S-CQMOM and thus are not shown.

Figure 14 shows time-averaged temperature contours in the z = 0 centreline plane at
tend = 0.4 ms computed with the three methods: LES alone, CQMOM and LCQMOM-
S-CQMOM. It is seen that high temperature zones due to exothermic chemical reactions
appear on surfaces of the jet. Unlike instantaneous contours, the time-averaged temperature
contours by the various methods are more similar to each other.

The inconsistency issue of a LES/PDF hybrid method is a concern. in the present
work, the temperature is a redundant variable because it can be computed from either
f1(T , eles, Ypdf) = 0 or f2(T , hpdf, Ypdf) = 0, where e, h and Y are the mixture internal
energy, enthalpy, and species mass fractions with the subscripts labelling the LES or PDF
side. The relative inconsistent error of temperature is defined as |TM/Tles − 1|, where Tles

is calculated from the f1 = 0 relation and TM from the f2 = 0 relation. Figure 15 shows
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Figure 15. Contours of the temperature inconsistency error averaged over t ∈ [0.2, 0.4] ms in the
z = 0 plane for reacting air/H2 LAERTE jet on the 256 × 64 × 64 grid with the CQMOM (up) and
LCQMOM-S-CQMOM (down).

Figure 16. Reacting air/H2 LAERTE jet. Time-averaged velocity (left) and temperature (right)
profiles on the line (x, z) = (0.21, 0) computed by three different methods on the 256 × 64 × 64 grid
compared with Karaca’s numerical [56] and ONERA’s experimental [55] results. The Smagorinsky
model parameter CS = 0.1.

contours of the inconsistent errors of CQMOM and LCQMOM-S-CQMOM. It can be seen
that the two methods have similar results, with the maximum error 20% initializing at
x ≈ 0.1 and dropping down to 10% at x ≈ 0.2. How to reduce the inconsistent error will
be our future task.

Figure 16 shows distributions of the time-averaged axial velocity component u and tem-
perature T in the spanwise line (x, z) = (0.21, 0). It can be seen that the results with LES
alone, CQMOM, and LCQMOM-S-CQMOM are comparable to the numerical result in
Figure 23 by Karaca et al. [56], but differ much from the experimental result by ONERA
group [55]. On the whole, the temperature peaks and their locations computed by CQMOM
and LCQMOM-S-CQMOM are more comparable to Karaca et al. [56] than the LES alone.

Finally, to give the flame lifting height, we first conduct time average of the temperature
field in the interval t ∈ [0.2, 0.4] ms, and then we find the position of T = 1220 K (50 K
higher than the temperature of co-flow) in the time-averaged temperature contours and take
its most right front as the flame lifting height. We compare the numerical result with the
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Table 5. Flame lifting height in the air/H2 reacting jet flow.

Method Height (cm)

LES alone 5.589
CQMOM (N1 = 2) 8.089
LCQMOM-S (NL

1 = 4)-CQMOM (N1 = 2) 10.281
ONERA’s LAERTE experimental result 17

experimental data [55] in Table 5. It can be seen that results of the flame lifting height cal-
culated with CQMOM and CQMOM-LCQMOM-S are closer to the experimental results
than the LES alone. The slightly better agreement between the LCQMOM-S-CQMOM
result and the experiment one compared to the CQMOM may be due to that more quadra-
ture nodes (NL

1 = 4) are used in the primary direction than the CQMOM with two nodes
(N1 = 2), thus enhancing accuracy.

7. Conclusion

The linear quadrature method of moments (LQMOM) for the univariate PDF case and its
extension to the multivariate PDF case are presented. The LQMOM assumes that the PDF
distribution is smooth and uses a set of preset quadrature nodes and weights for approxi-
mating the moment definition. In this way, a linear equation system is established for the
PDF values at the quadrature nodes, and the inversion cost is much less than the non-
linear moment inversion in the QMOM. However, the LQMOM does not work well for
non-smooth PDF distributions, and thus we use the LQMOM-QMOM hybrid algorithm
for the time being. Numerical tests show that the hybrid algorithm is still more efficient
than the QMOM. The LQMOM is extended to the multivariate PDF case by referring to
the main idea of the conditional quadrature method of moments (CQMOM). To reduce
the computational cost of the resultant LCQMOM, we develop the simplified version,
LCQMOM-S. Finally, the LCQMOM-S-CQMOM hybrid algorithm is applied to two- and
three-dimensional turbulent reactive flows. The numerical results show that this hybrid
algorithm can produce comparable results and reduce the overall time by about 20%
compared with the CQMOM.

The major shortcoming of LQMOM or LCQMOM is that it is prone to generate negative
PDF values for non-smooth PDF distributions. In the follow-up work, we shall study how
to erase this deficiency. Finally, how to reduce the inconsistency error of the LES/PDF
hybrid method and how to select the primary internal coordinate for the LCQMOM and
CQMOM are worthy of further study.

Disclosure statement
No potential conflict of interest was reported by the author(s).

Funding
This work is supported by National Natural Science Foundation of China [Grant Nos. 12071470,
12161141017]. The computations are carried out on high performance computers of the State Key
Laboratory of Scientific and Engineering Computing (LSEC), Chinese Academy of Sciences.



174 Y. Wang et al.

References

[1] J.B. Staubach, Multidisciplinary design optimization, MDO, the next frontier of CAD/CAE in
the design of aircraft propulsion systems, Tech. Rep., AIAA/ICAS International Air and Space
Symposium and Exposition: The Next 100 Year, 2003

[2] F.T. Johnson, E.N. Tinoco, and N.J. Yu, Thirty years of development and application of CFD at
Boeing commercial airplanes, Seattle, Comput. Fluids 34 (2005), pp. 1115–1151.

[3] A. Abbas-Bayoumi and K. Becker, An industrial view on numerical simulation for aircraft
aerodynamic design, J. Math. Ind. 1 (2011), pp. 1–14.

[4] J. Janicka and A. Sadiki, Large eddy simulation of turbulent combustion systems, Proc.
Combust. Inst. 30 (2005), pp. 537–547.

[5] H. Pitsch, Large-eddy simulation of turbulent combustion, Annu. Rev. Fluid Mech. 38 (2006),
pp. 453–482.

[6] N. Peters, Laminar diffusion flamelet models in non-premixed turbulent combustion, Prog.
Energy Combust. Sci. 10 (1984), pp. 319–339.

[7] S.B. Pope, PDF methods for turbulent reactive flows, Prog. Energy Combust. Sci. 11 (1985),
pp. 119–192.

[8] S.B. Pope, Computations of turbulent combustion: Progress and challenges, Proc. Combust.
Inst. 23 (1991), pp. 591–612.

[9] F.A. Jaberi, P.J. Colucci, S. James, P. Givi, and S.B. Pope, Filtered mass density function for
large-eddy simulation of turbulent reacting flows, J. Fluid Mech. 401 (1999), pp. 85–121.

[10] P. Givi, Filtered density function for subgrid scale modeling of turbulent combustion, AIAA J.
44 (2006), pp. 16–23.

[11] A.Y. Klimenko and R.W. Bilger, Conditional moment closure for turbulent combustion, Prog.
Energy Combust. Sci. 25 (1999), pp. 595–687.

[12] W.K. Bushe and H. Steiner, Conditional moment closure for large eddy simulation of
nonpremixed turbulent reacting flows, Phys. Fluids 11 (1999), pp. 1896–1906.

[13] P.A. McMurtry, S. Menon, and A.R. Kersteinet, Linear eddy modeling of turbulent combustion,
Engery Fuels 7 (1993), pp. 817–826.

[14] S. Menon and W.H. Calhoon, Subgrid mixing and molecular transport modeling in a reacting
shear layer, Symp. Combust. 26 (1996), pp. 59–66.

[15] T.D. Butler and P. O’Rourke, A numerical method for two-dimensional unsteady reacting flows,
Proc. Combust. Inst. 16 (1976), pp. 1503–1515.

[16] O. Colin, F. Ducros, D. Veynante, and T. Poinsot, A thickened flame model for large eddy
simulations of turbulent premixed combustion, Phys. Fluids 12 (2000), pp. 1843–1863.

[17] G. Wang, M. Boileau, and D. Veynante, Implementation of a dynamic thickened flame model
for large eddy simulations of turbulent premixed combustion, Combust. Flame 158 (2011), pp.
2199–2213.

[18] P. Givi, Model-free simulations of turbulent reactive flows, Prog. Energy Combust. Sci. 15
(1989), pp. 1–107.

[19] S.B. Pope, Turbulent Flows, Cambridge University Press, Cambridge, UK, 2000.
[20] V. Raman and H. Pitsch, A consistent LES/filtered-density function formulation for the sim-

ulation of turbulent flames with detailed chemistry, Proc. Combust. Inst. 31 (2007), pp.
1711–1719.

[21] A. Hsu, Y.L. Tsai, and M. Raju, Probability density function approach for compressible
turbulent reacting flows, AIAA J. 32 (1994), pp. 1407–1415.

[22] V. Raman, R.O. Fox, and A.D. Harvey, Hybrid finite-volume/transported PDF simulations of a
partially premixed methane-air flame, Combust. Flame 136 (2004), pp. 327–350.

[23] T. Hasret, S.B. Pope, and M. Metin, A LES/PDF simulator on block-structured meshes,
Combust. Theory Model. 23 (2019), pp. 1–41.

[24] L. Valiño, A field Monte Carlo formulation for calculating the probability density function of a
single scalar in a turbulent flow, Flow Turbul. Combust. 60 (1998), pp. 157–172.

[25] W. Jones and V. Prasad, Large eddy simulation of the Sandia flame series (D–F) using the
Eulerian stochastic field method, Combust. Flame 157 (2010), pp. 1621–1636.

[26] C. Gong, M. Jangi, X.S. Bai, J.H. Liang, and M.B. Sun, Large eddy simulation of hydrogen
combustion in supersonic flows using an Eulerian stochastic fields method, Int. J. Hydrog.
Energy 42 (2017), pp. 1264–1275.



Combustion Theory and Modelling 175

[27] T. Pant, U. Jain, and H. Wang, Transported PDF modeling of compressible turbulent reactive
flows by using the Eulerian Monte Carlo fields method, J. Comput. Phys. 425 (2021), 109899.

[28] P. Donde, H. Koo, and V. Raman, A multivariate quadrature based moment method for LES
based modeling of supersonic combustion, J. Comput. Phys. 231 (2012), pp. 5805–5821.

[29] R. McGraw, Description of aerosol dynamics by the quadrature method of moments, Aerosol
Sci. Technol. 27 (1997), pp. 255–265.

[30] R.O. Fox, Computational Models for Turbulent Reacting Flows, Cambridge University Press,
Cambridge, 2003.

[31] C. Yuan, F. Laurent, and R. Fox, An extended quadrature method of moments for population
balance equations, J. Aerosol Sci. 51 (2012), pp. 1–23.

[32] S. Salenbauch, A. Cuoci, A. Frassoldati, C. Saggese, T. Faravelli, and C. Hasse, Modeling soot
formation in premixed flames using an extended conditional quadrature method of moments,
Combust. Flame 162 (2015), pp. 2529–2543.

[33] E. Madadi-Kandjani, Quadrature-based models for multiphase and turbulent reacting flows,
Ph.D. diss., Iowa State University, 2017

[34] H. Koo, P. Donde, and V. Raman, A quadrature-based LES/transported probability density
function approach for modeling supersonic combustion, Proc. Combust. Inst. 33 (2011), pp.
2203–2210.

[35] V. Raman, H. Pitsch, and R.O. Fox, Eulerian transported probability density function sub-filter
model for large-eddy simulations of turbulent combustion, Combust. Theory Model. 10 (2006),
pp. 439–458.

[36] P. Donde, V. Raman, M.E. Mueller, and H. Pitsch, LES/PDF based modeling of soot-turbulence
interactions in turbulent flames, Proc. Combust. Inst. 34 (2013), pp. 1183–1192.

[37] J. Smagorinsky, General circulation experiments with the primitive equations: I. The basic
experiment, Mon. Weather Rev. 91 (1963), pp. 99–164.

[38] T. Poinsot and D. Veynante, Theoretical and Numerical Combustion, RT Edwards, Inc., 2005.
[39] P.S. Volpiani, Modèle de plissement dynamique pour la simulation aux grandes échelles de la

combustion turbulente prémelangée, Ph.D. diss., Université Paris-Saclay, 2017
[40] R.G. Gordon, Error bounds in equilibrium statistical mechanics, J. Math. Phys. 9 (1968), pp.

655–663.
[41] C. Blumstein and J.C. Wheeler, Modified-moments method: Applications to harmonic solids,

Phys. Rev. B 8 (1973), pp. 1764–1776.
[42] G. Athanassoulis and P. Gavriliadis, The truncated Hausdorff moment problem solved by using

kernel density functions, Probab. Eng. Mech. 17 (2002), pp. 273–291.
[43] S.B. Pope, A Monte Carlo method for the PDF equations of turbulent reactive flow, Combust.

Sci. Technol. 25 (1981), pp. 159–174.
[44] M. Pollack, F. Ferraro, J. Janicka, and C. Hasse, Evaluation of quadrature-based moment

methods in turbulent premixed combustion, Proc. Combust. Inst. 38 (2021), pp. 2877–2884.
[45] M. Castro, B. Costa, and W.S. Don, High order weighted essentially non-oscillatory WENO-Z

schemes for hyperbolic conservation laws, J. Comput. Phys. 230 (2011), pp. 1766–1792.
[46] S. Gottlieb and C.W. Shu, Total variation diminishing Runge–Kutta schemes, Math. Comput.

67 (1998), pp. 73–85.
[47] S. Gottlieb, C.W. Shu, and E. Tadmor, Strong stability-preserving high-order time discretization

methods, SIAM Rev. 43 (2001), pp. 89–112.
[48] Z. Lu, H. Zhou, S. Li, Z. Ren, T. Lu, and C.K. Law, Analysis of operator splitting errors for

near-limit flame simulations, J. Comput. Phys. 335 (2017), pp. 578–591.
[49] F. Hu, The 6th-order weighted ENO schemes for hyperbolic conservation laws, Comput. Fluids

174 (2018), pp. 34–45.
[50] E.F. Toro, Riemann Solvers and Numerical Methods for Fluid Dynamics: A Practical Introduc-

tion, Springer Science & Business Media, 2013.
[51] D. Papamoschou and A. Roshko, The compressible turbulent shear layer: An experimental

study, J. Fluid Mech. 197 (1988), pp. 453–477.
[52] M. Mungal and P. Dimotakis, Mixing and combustion with low heat release in a turbulent shear

layer, J. Fluid Mech. 148 (1984), pp. 349–382.
[53] D. Fu and Y. Ma, Numerical simulation of coherent structure in two-dimensional compressible

mixing layers, Sci. China Ser. A Math. 39 (1996), pp. 1183–1192.



176 Y. Wang et al.

[54] S.K. Lele, Direct numerical simulation of compressible free shear flows, in 27th AIAA
Aerospace Sciences Meeting. AIAA Paper 89-0374, 1989

[55] E. George, P. Magre, and V. Sabel’Nikov, Numerical simulation of self-ignition of hydrogen-
hydrocarbons mixtures in a hot supersonic air flow, AIAA J. 80 (2013), pp. 243–254.

[56] M. Karaca, N. Lardjane, and I. Fedioun, Implicit large eddy simulation of high-speed non-
reacting and reacting air/H2 jets with a 5th order WENO scheme, Comput. Fluids 62 (2012),
pp. 25–44.

[57] J. Li, Z.W. Zhao, A. Kazakov, and F.L. Dryer, An updated comprehensive kinetic model of
hydrogen combustion, Int. J. Chem. Kinet. 36 (2004), pp. 566–575.


	1. Introduction
	2. LES/PDF hybrid method and quadrature method of moments
	2.1. Governing equations for LES/PDF hybrid method
	2.2. Quadrature method of moments ( QMOM )

	3. Linear quadrature method of moments for univariate PDF
	4. Hybrid algorithm of LQMOM and QMOM for univariate PDF
	4.1. Detector and LQMOM-QMOM hybrid algorithm
	4.2. Testing LQMOM-QMOM in plug-flow reactor with imperfect mixing

	5. Extension of LQMOM and hybrid algorithm to multivariate PDF
	5.1. CQMOM
	5.2. LCQMOM ( linear CQMOM )

	6. Numerical results
	6.1. Two-dimensional compressible reactive shear flow
	6.2. Three-dimensional high-speed reacting air/H2 jet

	7. Conclusion
	Disclosure statement
	Funding
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /PageByPage
  /Binding /Left
  /CalGrayProfile ()
  /CalRGBProfile (Adobe RGB \0501998\051)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.5
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings false
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects true
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /ENU ()
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [493.483 703.304]
>> setpagedevice




