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is that many high-order numerical schemes based on hyperbolic conservation law can
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Allen-Cahn Navier-Stokes model is used for the viscous and surface tension terms. The system of equations is then solved
Artificial compressibility using the Beam-Warming approximate factorization technique. For validation, the effects
WENO scheme of both single- and double-mode sinusoidal perturbations on the Kelvin-Helmholtz

Dual time-stepping

instability dynamics are analyzed. When there is a single-mode sinusoidal perturbation,
ADI scheme

the interface roll-up at the center of the domain. Additionally, the role of the surface
tension parameter in the instability’s dynamics is investigated. The development of
Kelvin-Helmholtz instability is shown to be sensitive to the surface tension value. The
analysis of grid convergence is also performed to capture the interface dynamics at
varying resolutions. The comparison of the computed results is in good agreement with
those from the literature. It is observed that the proposed technique effectively resolves
the dynamics of the chaotically distorted interfaces of the Kelvin-Helmholtz instability
in two-phase flow.
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1. Introduction

When there is a substantial velocity/density difference between two immiscible fluids, a phenomenon known as the
Kelvin-Helmholtz (KH) instability arises. Because of the gravity and surface tension, the interface for which the lighter
fluid is on top of the heavier fluid remains stable. However, the KH instability arises when the destabilizing effects of
the shear surpass the stabilizing effects of the gravity or surface tension. The KH instabilities may be seen in a variety
of different natural settings. In the lower atmosphere, billowing clouds are a well-known manifestation of KH instability.
Kelvin [1] and Helmholtz [2] are credited for conducting the initial work on this instability. Different techniques, including
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analytical [3], experimental [4], and numerical [5-8], have been used to analyze the linear and nonlinear stabilities of the
KH instability.

Funada and Joseph [9] used the viscous potential flow analysis to investigate the Kelvin-Helmholtz instability in a
channel. They performed an analysis of the planar interface without taking into account heat and mass transport. Funada
and Joseph [10] tested the validity of the theory of viscous potential flow by comparing the fully viscous flow theory for
a stationary cylindrical liquid with the capillary instability criterion suggested by the theory of viscous potential flow.
The exact normal mode solution of the linearized Navier-Stokes equations is found in the fully viscous flow theory.
With varying Reynolds numbers, they determined the instability growth rates. The linear Kelvin-Helmholtz instability
of the interface between two viscous and incompressible fluids was investigated by applying the Viscous Correction of
the Viscous Potential Flow (VCVPF) theory developed by Joseph and Wang [11] when the phases are enclosed between two
horizontal cylindrical surfaces coaxial with the interface and mass and heat transfer across the interface are present [12].

Shadloo and Yildiz [ 13] used the smoothed particle hydrodynamics method to explore numerically the dynamics of the
two-phase incompressible KH instability. They have shown that the Richardson number is the key factor in determining
how fast the KH instability develops. By using the lattice Boltzmann multi-phase model, Zhang et al. [ 14] examined the
impact of surface tension on the dynamics of the interface between two immiscible fluids. When the surface tension is
high, formation of many pinch-offs at the interface and tiny droplets are observed. Atmakidis and Kenig [15] examined
the unstable wavy structures (viscous fingering and roll-ups etc.) of the interface using the Level Set and Volume of Fluid
approaches. The disappearance of the finger-like shape was noted as a result of larger surface tension. Shin et al. [16]
analyzed the long-time behavior of the KH instability using the vortex sheet model. They have studied the rolling of the
interface by varying the density ratio. When the KH instability is simulated over a long period of time using an adaptive
vortex approach, Sohn et al. [17] found that the internal roll-up is distorted and the KH instability finally develops into
a disordered structure and a secondary instability is formed. Using the front tracking method, Tauber et al. [18] found
that the interface between two sheared immiscible fluids takes on a finger-like structure at high Reynolds and low Weber
numbers. By using the vortex-sheet approach, Rangel and Sirignano [19] numerically investigated an initially perturbed
interface and examined the impact of both surface tension and density ratio. By increasing the surface tension or density
ratio, they observed, the disturbance could be slowed down. Pressure-driven displacement flow in an immiscible two-fluid
system was analyzed in two [20] and three [21] dimensions by Redapangu et al. using the multiphase lattice Boltzmann
technique. They concluded that, on average, the flow is more uniform in a three-dimensional channel than in a two-
dimensional channel, and that screw-type instabilities are more easily noticed in the former. Ceniceros and Roma [22]
used the immersed boundary method to simulate the long-term development of a sheared two-phase immiscible fluid
system with the same density and viscosity.

The problem of interfacial dynamics in multi-phase flows is associated with several industrial applications. In recent
years, several numerical techniques are competing for multi-phase flows. The moving interface problems, in which the
interface acts as a discontinuity separating one fluid from the other, is also known as the moving boundary problems.
The tracking of moving interface is a challenging task both theoretically and numerically. One type of moving interface
method is characterized as a sharp interface, while the other types are described as a phase-field or diffuse interface
method. In contrast to the phase-field method, where the interface is taken with a nonzero finite thickness, the sharp
interface method assumes that the interface has a zero thickness [22]. For multi-phase flows, the phase-field method is
getting attention more and more due to its several computational advantages over the sharp interface method such as
the interface can be updated as part of the numerical solution without any re-initialization as in the case of the level-set
method or complicated geometry as in the VOF method [15]. Also, it is a physically consistent approach that is based on
the minimization of the free energy functional. The governing equations for the two-phase flow are the Navier-Stokes
equations coupled with the nonlinear Cahn-Hilliard [23] or the Allen-Cahn equations.

The objective of the current study is to simulate the KH instability problem using a high-order finite difference method
which applies the artificial compressibility method to the mass-conserving Allen-Cahn equation and the incompressible
Navier-Stokes equations [24]. Unlike the projection-type methods in which the velocity field and pressure are decoupled,
the current method solves the governing equations implicitly in a coupled way by recasting the original equations into
a conservative form. With the artificial compressibility approach, the dual time-stepping technique [25] is used for time
discretization in which physical time is discretized with a second-order accurate backward formula whereas the pseudo-
time is discretized with the forward difference formula. The spatial part is discretized using the finite difference method
whereas the convective term is discretized using the fifth-order WENO scheme [26] and viscous terms by the standard
fourth-order central difference scheme.

The main advantage of the artificial compressibility approach is the ease of using many high-order numerical
schemes developed for hyperbolic conservation laws so that the Kelvin-Helmholtz problem can be investigated with
high resolution and without generating spurious numerical oscillations. Since the AC method is widely used in the
numerical simulation of incompressible flows in engineering, it is interesting to see if it works fine for the combined phase
field model and the INS equations [27]. Since KH instability is often encountered in atmospheric and oceanic sciences,
geophysics, and engineering, this study may be useful in such areas of research. When compared to the fourth-order
Cahn-Hilliard equation, the discretization of the Allen-Cahn equation is straightforward because only the second-order
derivative term is present. A significant drawback of the Allen-Cahn equation is that it is not mass-conservative. However,
the Lagrange multiplier has been included in our studies to circumvent the mass loss at each physical time step, allowing
for the mass-conserving simulation of the KH instability problem.
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Fluid 2

Fig. 1. Schematic diagram of a two-phase flow domain.

The paper is structured as follows: In Section 2, we provide the physical assumptions and the governing equations
that the flow of two incompressible immiscible fluids. The KH instability of a two-fluid system is described in detail in
Section 3. The numerical scheme is elaborated in Section 4. The numerical experiments are carried out in Section 5. The
conclusion is given in Section 6.

2. Allen-Cahn Navier-Stokes model for mixture of two immiscible fluids

Consider a two-dimensional domain £2 = £2; U £2; € R? filled with two different fluids having density and viscosity
P1, M1, P2, and u, respectively as Fig. 1. By introducing a smooth but nearly piece-wise function ¢(x, t) = 41 to label
the two fluids e.g., ¢(x,t) = +1 in one fluid and ¢(x,t) = —1 in the other with ¢(x, t) = 0 as the interface. In the
phase-field model, the two fluids are separated by a thin transitional layer of thickness 0 < ¢ < 1 so that the interface
can be represented by ¢(x, t) = tanh(x, t)/e as given below:

—1, Fluid 1 _ X
Pxt) = { ' Fuig 2 ~ tanh (g) . 2.1)
An expression for the free energy of a system with two fluids is as follows:
1
€= f (f(qb) +5 |V¢>|2> dx, (2.2)
o 2
where
1 2 2
@) =45 (@ 1) (2.3)

is the double well potential function.
Using the variational derivative with respect to the phase-field variable, we can determine the time evolution of the
convective Allen-Cahn equation, which is given by

8 ,
¢+ UV = —V% =y (4¢ —F (¢)). (2.4)
3&
In Eq. (2.4), % denotes the variational derivative of the free energy, F' (¢) = ¢>—¢ and y is the elastic relaxation time. By

coupling the Allen-Cahn equation with the incompressible Navier-Stokes equations through velocity and surface tension,
the dynamics of the two fluid system is examined with the following system [28]:

plU+ U-V)U] = -Vp+ V- [v(VU+(VU)) ]+ V-S(@), (2.5a)
V.-U=0, (2.5b)
¢ +UVo =y (Ap—F (9)). (2.5¢)

In system (2.5), U is the velocity-field, p is the pressure, S (¢) = —AV¢ ® V¢ is the surface tension force, and p, v are
the density and kinematic viscosity respectively. Since

A
V-S(¢p) = —2ApVp — V (5 |v¢|2> ) (2.6)
Combining the last term in Eq. (2.6) with the pressure term in Eq. (2.5), we obtained the modified pressure P = p—i—% IVo|?

by simplifying the momentum equation. We employed the same density and viscosity for both fluids in the current study
i.e, p1=p2=p,v1 =1y = V.
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Fig. 2. Schematic diagram of a two fluid system with evolving interface.
As
V- (VU4 (VU)') = AU+ V - (VU)'
=AU+ V (V-U)
= AU. (2.7)

U- VU=V (UU)
U-V¢ =V-(U¢)

Now using the identities (2.6), (2.7) in the system (2.5) and taking p = 1 we obtain the governing model of two-phase
flow of immiscible incompressible fluids in conservative form which is given by

vu=0, (2.8a)
U, + V- (UU) —vAU+ VP = —LA¢pV¢ , (2.8b)
G+ V-Up)—yAp =y (—F () + Lm (D)) , (2.8¢)
d

dt fg ¢dx =0, (2.8d)

with the following initial conditions

U|[:O = Uy, ¢|r:0 = ¢07

and suitable boundary conditions. The Lagrange multiplier £, (t) is responsible for the accumulation of the mass loss. We
have used the following formula for the calculation of Lagrange multiplier

Jo F () dx
Jo (1—¢?)dx

3. Problem description

L () = (2.9)

When two horizontally parallel fluids of different densities or velocities come into contact, the two-phase KH instability
can develop. We consider the flow of two immiscible and incompressible fluids that are constrained by two horizontal
boundaries of height H (0 <y < H) as illustrated in Fig. 2. The velocity distribution is taken in such a way that it is
opposite on both sides of the interface. The domain is composed of two regions filled with Fluid 1 and Fluid 2 separated
by a moving interface. The fluid-fluid interface is subjected to initial sinusoidal perturbations.

4. Artificial compressibility method

This section is devoted to the analysis of the artificial compressibility method. Satisfying the incompressibility con-
straint poses the greatest challenge in solving the incompressible Navier-Stokes equation. In this method, the continuity
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equation is modified by adding the pseudo-time derivative of pressure. The dual time-stepping approach is then used to
march both in pseudo and physical times together. In this method, we add the artificial compressibility terms to each
equation in system (2.8) such as

P,+B8(VU =0, (4.1a)
U, +U; + V. (UU) — vAU + VP = —L APV , (4.1b)
P+ +V-Up)—yAp =y (—F (¢) + Ln (1)) . (4.1c)

In component form the system (4.1) can be expressed as

P. + B (ux +vy) =0, (4.2a)
Ur + U+ (1 +P) + W), — v (e + Uyy) = —Adx (b + Byy) - (4.2b)
Ve 4 v+ )+ (V2 +P), — v (v + vyy) = —Ady (b + ) » (4.2¢)
b + G + WP + WD)y — ¥ (b + Byy) = ¥ (=F (§) + Ln (D)) - (4.2d)
In matrix form the system (4.2) can be written as
Qr +InQ: + (C—Clx + (V= W)y =R, (4.3)
with
P Bu 7 Bv ] 0 00O
Q= :)l » €= uzu—zp’vz vzu—iP’Im: 8 (1) (1) 8’
¢ ug | 0] 0 0 0 1
and
0 C 0 [ ) 0
com |l s i me| Sl
o Ly ¢y Ly (—F (@) + Lm (1))

In Eq. (4.3), Q stands for the solution vector, u and v are Cartesian velocity components, P is the modified pressure, ¢ is
the phase variable, v is the viscosity constant, 8 is the artificial compressibility constant, 7 is the pseudo-time, and ¢ is
the physical time. Matrix Z,, is a special case of the identity matrix. The nonlinear component in the phase field equation
and the capillary effect, contribute R.

The equations have taken on a hyperbolic type result of the inclusion of artificial compressibility terms. Using
hyperbolic theory, we can find the eigenvalues and eigenvectors of the convective fluxes. To do this, we start by
determining the Jacobian matrices .4 and B from the flux vectors given by

0 B 0O 00 g O
A_ELC_ 1 2u 0 O B_al_ 0 v u O
990 |0 v u 0”90 |1 0O 2v O

0 ¢ 0 u 0 0 ¢ v

Similar to this, the Jacobian matrices 4, and B, of the viscous flux vectors C, and V, are provided by

v

acC aV, .
A, = 30 = diag(0, v, v, ¥)dy, and B, = E = diag(0, v, v, y)d,. (4.4)

5. Numerical discretization
This section is devoted to the discretization of the governing equations.
5.1. Spatial discretization

In this section, Eq. (4.3) is discretized in spatial coordinates. A high-order finite difference scheme for hyperbolic
conservation laws is used for the discretization of the inviscid flux derivatives. The uniform meshes are employed in each
direction. As the model is nonlinear and stiff, therefore an effective discretization of the convective and source terms is a
major challenge. Therefore, we used a variant [29] of the weighted essentially non-oscillatory (WENO) scheme [26] for the
discretization of the convective terms to circumvent the difficulty posed by the stiffness of the interface. The conventional
2nd-order central finite difference schemes are used to discretize the diffusion and surface tension terms (see Ref. [28]
for details).
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Let the mesh size in the x—direction is h and denote x; = jh. We will approximate the convective flux C at x; using the
WENO fifth-order scheme as

. 1 ._l
C, = Jtz s (5.1)

=

where (fj 1 and c}_ 3 are the numerical fluxes. The Lax-Friedrichs split fluxes in the sth characteristic field are given by:

s S
st fk + aku

p S k=i-2+ 3, (52)

with
s __ S . s _ s A
fk - LJ+% Ck, Wk Lj+% Qk,

where L , is the sth left eigenvector, and o5 is the maximum magnitude of the sth eigenvalue of Jacobian matrix A, 1
5 2

2 ~
over the range of (k =j — 2, ...,j+ 2) for the local flux splitting. The positive part of the WENO numerical flux j;:*l is
2

2 1
— ")0 (6 s+ fs+> (_6 fs+ ]+1>
1
;( I/ + ;+1 6 ﬁ:rz) (5.3)
where

+

O

wﬁzﬁ, k=0,1,2

oy oy +a,

0 = 15 (e +55) 7 ot = e+ T af = g (e 57) e =107

10 10 10
and
+ 13 s+ s+\2 1 s+ s+ s+\2
So=ﬁ(f =26 +57) +Z(fj‘—2_4fj—1+3f§‘ )
13 1 2
St = 1 (5 =2+ 50 + 5 07— f5)
13 2 1
+ _ + + + +
5 = ﬁ(fj‘s =264 + 1) "‘*(3]3‘3 — 4 55

In a similar manner the numerical flux fs for the negative part is

1
2

Al _ 1 . _ 2 _ 5 1 .
fji% = (‘gﬂ‘s fs j+l> +op ( =+ jfn 6;‘12)

_"_— ES—_ZS—_"_ZS— (54)
&) 6j+] 6j+2 6]+3 .
where
wr—— % k012
Kk — T _ ) =uU, 1,
(x0+(x1 +Ol2
_ 3 N 6 N 1 -2 _
aozﬁ(s‘i‘so) aalzﬁ(g‘*‘sl) ’“ZZE(8+52) L e=107°
and
_ 13 , _ 2 1, _ _\2
So = 5 U =26 +5) "+ 2 (5 -4 +36%)
B 13, _ 2 1, N2
S = ﬁ(f? = 2f'5 + ) "‘Z(fj‘s — i)
_ 13 1
S, = 5 (5 — 2%+ )+Z(3jgs — a5, 1)
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The obtained numerical fluxes are transformed back to the physical space by

4

4
5 _ £s s _ s+ £s— s
Gy = X0 Ry = 2 ()R, 55)

s=1 s=1

where R]?Jrl represent the sth right eigenvector of the Jacobian matrix A1
2

2

5.2. Time discretization

Consider Eq. (4.3) that contains pseudo-time and the physical time derivative term, therefore both terms well be
discretized using different formulas. Using 1st-order forward difference formula for the pseudo-time derivative term and
second-order three points formula for the physical time derivative term in Eq. (4.3), we have

AQn—H,m _3Qn+1,m+l + 4Qn _
+Im
At 2At

The superscripts n, m signify the level of physical time and pseudo-time respectively in Eq. (5.6), where AQ™!'™ =
grtlm+l_gn+lm Here At and At represent the pseudo and physical time steps, respectively and R is the residual terms
containing the surface tension terms and phase field source terms as in Eq. (4.3). The pseudo-time is used to marched
until the divergence free velocity is attained. The nonlinear terms C, V at the pseudo-time m + 1 are linearized using
Taylor series expansion as given below

n—1
Q + [(C _ Cv)x + (V _ Vv)y]n+1,m+1 — ,Rn+1,m'

(5.6)

ac\"
cm+1 ~ C(Qm)+ <7> (Qm+l _ Qm) (5.7)
09
=C" 4+ A"AQ™.
and

v\"
Vm-H ~ V(Qm) + (BQ) (Qm+l _ Qm) (58)
=V"+B"AQ™

Using Eqs. (5.7) and (5.8) in Eq. (5.6) and omitting the superscript n+ 1, we have the following linear system of equations
At m m
T+ 15— Tn+ AT (A= A+ (B=B),) | AQ

A
= AT (C—Cy+ (V=Vy), —R)" — X:Im (1.5Q™ — 20" +0.50"")
— R™. (5.9)

It is possible to diagonalize A = XA 4X~!,and B = Y AgY~! due to the hyperbolic nature of Eq. (4.3), where x and ) are
matrices of the corresponding eigenvectors respectively. Further, the matrices A, and B can be partitioned into positive
and negative parts based on the sign of the eigenvalues, when first-order upwind scheme is used.

At m

[z+ 1.5A—tzm + AT (85 AT + 87 A7 — 8, A,) + AT (8, BY + 5B — 6va)] AQ™ = R™, (5.10)
Denoting H = (1 + 1.5 %) T, um = max(u, y) and making use of the denationalization which save time we replace Z,
by 7 and diag(0, u, w, y) by max(u, y)Z in the LHS of Eq. (5.10), we obtain the following equation

[H+ At 8y ¥ AKX + 8T X AZXT — unT62) + AT (8, VALY + 85V ARY T — umz8?)]" AQ™ =R™. (5.11)
Now adding the cross derivative term to the LHS, we have the following approximate factorization form

[H+ AT (S x A x T+ 8T x A X — unZ8}) | 1 x

[H+ AT (8, VALY 48V AzY ™" — umZ8})] AQ™

=R™. (5.12)

The linear system (5.12) is solved for AQ™ = Q™! — Q™ using the Alternating Direction Implicit (ADI) technique in each
direction, yielding a solution to a tri-diagonal system of the form

ajAUi_1 + bj AU + ;AU =15, j=1,...,jmax — 1.
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(d) (e) (f)

Fig. 3. Temporal evolution of the phase-field perturbed sinusoidaly at (a) t =0 (b) t =05 (c)t =08 (d)t =1 (e) t = 1.2 (f) t = 1.3 for case (i)
when v = 0.0001 and y = 0.0001.

6. Results and discussions

In this section, multiple numerical experiments are presented to demonstrate the dynamics of the two-phase KH
instability. For each example, parameter values are provided. For each problem, we provide both the velocity-field and
phase-field variable in the domain £2 = [0, 1] x [0, 1]. The compressibility parameter 8 = 200 and the thickness of the
interface ¢ = 0.02 are used to enable pseudo-time marching, respectively, at a maximum number of sub-iterations of
100. The mesh size is chosen comparable to the thickness of the interface to capture the interface’s dynamics effectively.
Four examples are simulated for the validation of the method given in the subsection below.

6.1. Dynamics of single mode sinusoidal perturbation

This example shows the dynamics of a sinusoidal perturbation between two fluids with a single mode. The grid points
on the x— and y—axes are 513 each. The time step is set to 0.001, and the other parameters are fixed as follows:
Case (i)

A =0.0001, v =0.0001, 0.001 and y = 0.0001, 0.001.
The initial velocity-field and phase-field variable are given by

(y — 0.5 — 0.01sin (27x))
V2¢e

W (x, y) = tanh[ } VW x ¥ =0, ¢°xy)=u'x y).

Case (ii)
A =0.0001, v =0.001, and y = 0.001.
The initial velocity-field and phase-field variable are given by
(y — 0.5 — 0.01sin (27x))
V2e } '

Fig. 3 shows the dynamics of the interface’s temporal evolution at different times. The initial perturbation grows gradually
and there is a rolling up of the interface at the center of the domain. This rolling up of the interface gets a spiral shape
at a later time as shown in Fig. 3. The vorticity evolution is given in Fig. 4. The top and bottom fluid flow in opposite

WO y)=0, ¥ y)=0 ¢ y):tanh|:
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(d) (e) ()

Fig. 4. Single mode vorticity dynamics at time (a) t =0 (b) t =05 (c)t =0.8 (d)t =1 (e) t = 1.2 (f) t = 1.3 for case (i) when v = 0.0001 and
y = 0.0001.

directions and the vorticity moves to the center of the domain. Fig. 5 depicts the dynamics of the flow field with the
evolving interface. The dynamics of the interface and vorticity profile is qualitatively comparable with the results given
in Ref. [8]. It is observed from Fig. 6 that rolling of the interface is slow when the viscosity is increased. Fig. 7 shows
the vector plot of dynamic of the interface for case (ii) when the velocity is zero. A slight variation in the velocity is
observed near the interface. We need to do several experiments to determine a rule of thumb for selecting the artificial
compressibility factor 8, which determines the convergence rate and stability of the artificial compressibility approach.
As such, the literature provided a variety of methods for determining the optimal B. See, for instance, the works cited in
Refs. [30-34]. In particular, Ref. [34] provided a precise lower bound of 8 to prevent viscous effects from coupling the
pseudo-pressure waves, and a reasonable upper bound for the approximation factorization errors not to screw up the
accuracy of the computations. In most cases, however, it is not possible to predict in advance which option will out to be
the best. Convergence rates vary when g is varied; optimal rates are achieved at § = 150 and 200. The convergence for
several values of § is shown in Fig. 8. If the optimal CFL number is selected for each value of 8 in the range of 50-250,
it is clear that these choices do not significantly alter the convergence rate. Hence, we can save a lot of time fine-tuning
B. In most cases, a B value of 200 is acceptable.

6.2. Grid convergence study

For numerical convergence of the scheme with respect to grid size, we computed with different grid points. We take
one sample initial condition of a single mode sinusoidal perturbation and perform the simulation using 65 x 65, 129 x
129, 257 x 257, and 513 x 513 grid points. Fig. 9 shows the dynamics of the interface obtained using 65 x 65 (red),
129 x 129 (blue), 257 x 257 (pink), and 513 x 513 (green). It is clear that the results of grid refinement have converged
for 129 x 129 and above grids by considering solution at 513 x 513 grids as a true solution (green line) in Fig. 9.

6.3. Dynamics of double mode sinusoidal perturbation

In this example, we have taken a double mode sinusoidal perturbation at the interface. The domain and parameter
values are same as in the previous problem. The dynamics of the interface and vorticity profiles are given in Figs. 10 and
11 respectively. Instead of one rolling-up of the interface as in previous problem, now two rolled vortices of the interface
formed and it takes the spiral shape. Fig. 12 shows the dynamic of the velocity-field around the moving interface.
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Fig. 5. Vector plot of the single mode sinusoidal perturbation at (a) t =0 (b) t = 0.5 (c) t =0.8(d) t = 1(e) t = 1.2 (f) t = 1.3 for case (i) when
v = 0.0001 and y = 0.0001.

Fig. 6. Temporal evolution of the phase-field perturbed sinusoidaly at (a) t =0 (b) t =05 (c)t=0.8 (d)t =1 (e) t = 1.2 (f) t = 1.3 for case (i)
when v = 0.001 and y = 0.001.
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Fig. 7. Vector plot of the single mode sinusoidal perturbation at (a) t = 1.0 (b) t = 1.2 (c) t = 1.3 for case (ii).
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Fig. 8. Residual plot of the single mode sinusoidal perturbation at (a) 8 = 50 (b) 8 = 150 (c) = 200 (d) 8 = 250.

11



A. Shah, M. Sohaib and L. Yuan Communications in Nonlinear Science and Numerical Simulation 125 (2023) 107334

(a) (b)

Fig. 9. Dynamic of the interface using 65 x 65 (red), 129 x 129 (blue), 257 x 257 (pink), and 513 x 513 (green) at t = 1 (a) present results (b)
results in [8]. The agreement is good.

(b) (c)
(e) )
Fig. 10. Phase-field dynamics with a double mode sinusoidal interface perturbation at time (a) t =0 (b)t =0.1(c)t=0.2(d)t =03 (e) t =0.4

(f) t = 0.5.

6.4. Effect of the surface tension

In this subsection, we investigate the surface tension effects on the dynamic of the KH instability. The domain and
initial condition for velocity and phase-field variable are same as in the case of double mode sinusoidal perturbation. In
first simulation, we take the parameters value as Ny = N, = 513, At = 0.0005, A = 0.001, y = 0.001. In the second part

12
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(a) (b) (c)

(d) (e) ()

Fig. 11. Double mode vorticity contour dynamics at time (a) t = 0 (b) (b) t =0.1(c)t =02 (d)t =03 (e) t =0.4 (f) t = 0.5.

Fig. 12. Vector plot simulation of the double mode sinusoidal perturbation at (a)t =0 (b)t=0.1(c)t=0.2(d)t=0.3(e)t=0.4 (f)t =0.5.
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7=N —
=

Fig. 13. Dynamics of the interface for A = 0.001 at time (a) t =0 (b) t =0.1(c)t=0.2(d) t =0.3 (e) t =0.4 (f) t =0.5.

of simulation, we take the Ny = N, = 257, At = 0.005, A = 0.01, y = 0.01, where Ny, N, denotes the number of grid
points in x and y direction. The simulation results are given in Figs. 13 and 14 for first and second part of the simulations
respectively. It is observed that when the surface tension is increased the rolling up of the interface is slow down.

Some of the limitations of the current studies are as follows; First, the convergence is slow when the interfacial width
€ is small which is in fact, common to the diffusive interface method. The interfacial width cannot be arbitrarily small, but
it should be comparable to the mesh size to form a regular (not stiff) problem and is also true for other numerical methods
like projection method, fully coupled method. Second, the numerical scheme is the traditional approximate factorization
scheme like the ADI method. In 2D, it is unconditionally stable only for linear convection equations. However, due to
nonlinear effects with the addition of surface tension terms and nonlinear terms occurring in the phase-field equation,
the sub-iteration number used is as large as 100 for the residuals to reduce by two orders of magnitude in the initial stage
of simulation and 4 orders of magnitudes in most times of the simulation. The 100 iterations are not efficient. We expect
it can be reduced to a few sub-iterations if using other algebraic solvers like the GMRES method or the line Gauss-Seidel
relaxation method.

7. Conclusion

The artificial compressibility approach has been implemented to study the two-phase KH instability problem. The
governing system composed of the conserved Allen-Cahn and incompressible Navier-Stokes equations was adopted for
studying the KH instability numerically. The implicit solution to the resulting linear system of equations was found using
the Beam-Warming approximation factorization scheme. Different simulations for the single/double mode sinusoidal
perturbation of the interface were carried out. The grid convergence study and the effect of the surface tension on the
dynamics of the interface. The rolling up of the interface was observed to have a spiral-like shape at a later time. It was
also noted that by increasing the value of surface tension the rolling of the interface is slowed down.
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(e)

Fig. 14. Dynamics of the interface for A = 0.01 at time (a) t =0 (b)t=1(c)t=15(d)t =2 (e) t =2.5 (f) t = 3.
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