
2021 M 6 � 5)#Dt#D�`d � 42 _� 2 U
Jun., 2021 Journal on Numerical Methods and Computer Applications Vol.42, No.2

doi: 10.12286/szjs.s2020-0714t PHG jn℄`ebmhopaig_\d^squ[rlfk*1)PXU
(�PfmfWj<4<g<<�, �P 100091)WQV � ZRS � Y�T

(2℄g<�4<s�_g<BW�"C4<I, g<sGQ"C℄*7��F%, �P 100190;2℄g<�j<4<g<<�, �P 100090)G <��"C"U�<�;1J"C|4k, Æn�q/.L#_j�yQ9�SLPHG (Par-

allel Hierarchical Grid)���(EO<>Uk=
kGi?G"O}$Q|-�j�y /.kGZ�Libdgphg q�. 7kGZRC++e4q|,��4($ 2A�IJ. ���CNÆNa-�j�y, 9�j�|MLP (Multi-dimensional Limiting Process) �/Z�T/-�5O|4(�t. hnMLP�/Z4LIjsr`oyM���|�Ooy|)�, CÆ=v, �CQ9�"k�N
|yF. {9[a[}/?��+�M���|Ijoy2|Rj�R oy�*Sa(, /[1woy4℄EO
, �PHGH�|[)�/�MPI*m-|)�9�. [a�?4(C��)�Libdgphg q|4(E_R�/.1J. C�+�: 7kGZJzw�0R�Ao=;*%,, ℄�j�h|/.1J, �℄m�)2ihw 60%R
|/.",	in"UxS|jYC"C.x�j: 7o.w*; /."C; PHGSL; MLP�/Z; -�j�y .

MR (2010) L&t: 65D17.

A PARALLEL DGM SOLVER FOR THE EULER EQUATIONS

ON UNSTRUCTURED TETRAHEDRAL GRIDS BASED

ON THE TOOLBOX PHG

Du Yulong

(School of Mathematical Sciences, Beihang University, Beijing 10091, China)

Xu Kaiwen Zhao Kunlei Yuan Li

(LSEC and Institute of Computational Mathematics, Academy of Mathematics and Systems Science,

Chinese Academy of Sciences, Beijing 100090, China;

School of Mathematics Sciences, University of Chinese Academy of Sciences, Beijing 100090, China)

Abstract

We develop a C++ library libdgphg for solving the Euler equations on unstructured

tetrahedral grids with a discontinuous Galerkin method (DGM), based on the 3D finite
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element code development toolbox PHG (Parallel Hierarchical Grid). The solver uses C++

classes for different modules of the DGM. We have implemented the modal base P 1 DG

method. The multi-dimensional limiting process (MLP) technique is applied to suppress

numerical oscillations near discontinuities. To overcome the drawback of the non-compact

stencil of the MLP limiter, we develop a strategy in which an auxiliary vector is introduced to

collect the max-min values from cell averages of all vertex-sharing neighbour cells. Then, we

distribute the max-min values in the auxiliary vector to the element object of PHG. In this

way, we can realize the MPI communication automatically through the neighbour interface

of PHG. Finally, we show that the MLP limiter can obtain expected accuracy and superior

resolution, and the solver can attain 60 % parallel efficiency on 1024 cores.

Keywords: Hyperbolic conservation law; Parallel computing; Multi-dimensional limit-

ing process; Parallel hierarchial grid; Discontinuous Galerkin method.
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1. =��;h>F!N|#P{3'jF!!B!T�; (CFD, Computational Fluid Dynamics){l'AVGz%M [1–3]. QN���L~{AV*?, BK1�!�wR�:�#����#�{!B!+n!^Ke�y�. ��:Q�3'#�Nn�D_CFD{AV7�. V1,�i�x#� (Discontinuous Galerkin Method, DGM)fVyv�CFDAV�{W"6&. DGM�T�℄^i�x#� (FEM){e�, y|�i�T�� (FVM){3'Z�n�.Y}:�, ^iZ6-v�I\�,��"q1��plw�"q.-!Bn h-pK"^}e� [4–8]. r_\�s�FP^b{�pf+!s1�{, 'DNj<{�p"^0~~emDNj<, �Ns�, K��P�:, zUM-K"^+: [9–15]. Y_m'DNj<{DGM^i6K{^b_T, PSNnCFD^b�w{v6kR [16–18].
i�T��1��X~{MLP (Multi-dimensional Limiting Process) [19–21] �.Y!�℄^MUSCL *�.Y [22–26] {M>6K8M. MLP�.Y�3'F3O�!�p�i'z� (MUSCL*�.Y,3O=�Y1{�i'z���hI���pwR{�'),b�3O�!�p{Z6�'�/z (Local Extremum Diminishing, LED) [19]. Y_, MLP �.YhQEi!{S.�p�s, 3FE:)${�p1DN, �m�p!�iE:{!B)$+nEs�. p! MLP �.YBÆ�Hir�nxL���{�Ynx, ��,b=�Ynx (von Neumann �Ynx){DGM{BKus�,.-!B1Æ+Z(1�0,
�pf+�6wREnbW. n�<MLP�M#nx{61&w, �u�!�M5&{��<-, Z`Z|M��3i�{.>��, M`&
nx*�L���Ynx`'1{Qi�Q�',.Z0vnx{3\DN	. �H
 >B�1,Æ�=�Ynx(�, b��T�DGM{BKd0, I�bPHG {Z(>n, ��PHG{Jj< (MPI )l) %,{(�8�.n����p1�lw	!�{iXB!B, z8m1f�!B3;HA.{�p.-K"^i�x~2b�RKPHG [27–30], b��,�i�x#�jF-v) (bN|#P){C++jFY (Libdgphg). 6jFY�bPHGQJ{:!{.-K"^i�x+:HI,fV!\:.-���C{>n, bC++=��� P��,�i�x#�1Fb{E#��3'Z���.Y��,eM�}:Kp. Libdgphg{�!D(!Qd3p{+�QJM>HIh{�{,�i�x!TF�Y�, �b}hQ#"{X+&{JBrQ��&{HI
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2. �|��o�1Dsr��z8e(�p6n-v)#P
∂U

∂t
+∇ ·F(U) = 0, (2.1)V1U(x, t) = (u1, u2, · · · , um)T ∈ Rm!	W
Ω× [0,∞]	{F, F = (F1(U), F2(U), F3(U))!Z�d3. Ω!jFlw�x = (x, y, z) ∈ Ω. B	V�Y2

U(x, 0) = U0(x), (2.2)n"	{�HY2.,	, 4 >jFlwΩ�)N'DN;=Tnx Ωj {�q Th, �Ω =
Ne
⋃

j=1

Ωj ,Ωj ∈ Th,V1Ne!j<nx>3. �P k(Ωj)!nxΩj	{Z6i�xl,,pV k ≥ 0`����q
(�u,UvP 1`���). 
,�i�xl,

Vh = {vh ∈ L∞ : vh|Ωk
∈ P k(Ωj), ∀Ωj ∈ Th} (2.3)1i�xN=Fn

Uh(x, t) =

Nb
∑

l=1

U
j
l (t)v

j
l (x), x ∈ Ωj , (2.4)V1 v

j
l (x) ∈ Vh!d3, Nb*�d3{>3 (�u1Nb = 4).V`, �?(d3l,}mFd3l,, 4#P (2.1)OQHi?(d3 v

j
l (x) ∈ Vh.bK=�{N=FUh(x, t)VlQsF, 
nxΩj	�), g:9�)K�yv�+�

d

dt

∫

Ωj

Uhv
j
l dΩj −

∫

Ωj

∇v
j
l ·F(Uh)dΩj +

∮

∂Ωj

v
j
l

̂F(Uh) · nds = 0, j = 1, 2, · · · , Nb, (2.5)V1n = (nx, ny, nz)n F̂ · n = F̂ (U−

h , U+
h ,n)),!nxΩjH=ntf��n3'Z�. �uLibdgphgpIP��LF�HLLC�AUSM�Roe}Fb3'Z�<�.Qz�Hinx	{����^ (2.5)hQ%N���Fl)#PP

Mj

dUj(t)

dt
= Rj (Uh(t)) , j = 1, · · · , Ne, (2.6)V1Uj(t) = (U j

1 (t), · · · , U
j
Nb

(t))T , MjnnxΩj	{0�[�:

Mj =

∫

Ωj

V T (x)V (x)dΩj , V (x) =
(

v
j
1(x), · · · , v

k
Nb

(x)
)

. (2.7)4Fl)#PP (2.6)�b�,<���jF,Xyv� (2.1){3'F. �u
Libdgphgp1z88b^i SSP (strong-stability-preserving)00{ 1-3�Runge-Kutta #� [31, 32].
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3. ~Aa8gk)w (PHG)�$mLibdgphg��

PHG{:KHI!QJ�7�#"b} %.-K"^i�xP8{CuD3\DNnd3>n [27, 28]. b}Z`�#3\DNnd3>n, hK��j<M-)l��M2�RtnZ6K"^+:, \�#"{U�Kg�3\�d3�3'�)�jF�0#PPnP�'�!BzE�CQ!J�!BD^h&�/W}. PHG\:j<�.-�C [29, 30], pQJa?{�M2�RtHI, b},3�bRKQJ{�M2�Rtd3, "hK�gNj<6&�)�nxnb}3\{^OQ�&Jj<6N.z8mPHGP8RKb��b,�i�x�jF-v) (P) {Libdgphgp, VD(!
iXB;=Tj<	!B6n-v)#P. Libdgphgp8bC++uD %, 4\-v)#P�3'Z���,��#�}<-`g4\{�*g. ��C++{Fb�!z, �hQ)n�>n�r����. �m,S'�b��4���&<-{�b��hQ.nZ`4\{�AL:�4\{<-��,3S'�����. ��m�K�	W&<-{b}, �3�F�>n�� (5�), �&	W{<-,qLibdgphg {>n, b�4&<- q|Libdgphgp.

d 1 Libdgphgq;L�T�d. ��w+ 6�, ��wm+��. A→B + A 'S B, “B}A” + 
A � B

d 2 Libdgphgq|oy'�?o�oA?��T�d
Libdgphgp{:K�S�{ 1H�. V1, ��[+*�5�, ��	W1bi^5Kd3, ��[+*����. 1`�*�&RS�, izk*��bS�.  2��� Libdg-

phgpbmnx&
{>n�n�>���. �=BW�>�:KHI{I�.
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Field 	W�jFlw	{#�E�!� PHG {j< (grid) �S{6)HI{+A. 6�QJnx	Kg��nx�H{3'Z����nx{Kg�}3\{&w>n,\��b�HY2�BoundaryCondition, \�B	�HY2.

Solver ! libdgphgp{l', ��M>�,5H{jF`P, Vl'! Solver::TimeStep d3. �1N{�b: #�EField�, DGKg�V��`P (DG init ���), �.`P (LimiterProcess ���), 3'Z�!BY (FluxCalculator ���), �,5H!BY (TimeStepCalculator ���), nxT�)!BY (VolumeIntegration), Runge-Kutta�,eM<� (TimeStepElemProcess ���)} (0 1).

ElemProcess 5�, n&
Hinx{>n (0 2). &RJ{J�i
DGKg�V��`P (DG init���),�.`P (LimiterProcess���),3'Z�!BY (FluxCalculator���), �,5H!BY (TimeStepCalculator���), nxT�)!BY (VolumeInte-

gration), Runge-Kutta �,eM<� (TimeStepElemProcess ���) }. 6�QJ5Kd3Do, VJ�
Do d31��
5>nx	&-{;V.

BoundaryCondition n�HY2���, h
p�HZ�'. �4\�*�HY20pnx�H=4\{Z�'.

Limiter 5�, n4\{�.d3<-QJ>n. J��z���MLPLimiter}.

FluxFunction 5�, n4\{3'Z�d3QJ>n. VJ��z��� HLLCFlux,

HLLFlux, RoeFlux}, hQ!B4\{3'Z�.

RealFlux 5�, n4\#P{Z�QJ>n, J��bEuler RealFluxn Scalar RealFlux),��Euler#PPn(�-v)#P{�/Z�{!B.

VertMinMax ���, !5�ElemProcess{J�, VDod3��MLP�.Y1.>3P
V min
max{&
E&.

4. MLP5�1K���/mu�e��pf+�!E{(�hI�wV#�℄0, nEg{j��p!E00, �u{BMd3�0xDGF{$+8buÆ [20] 1{MLP $+�.Y. MLPBn�bHirD(nxL���{nx�0 3 (ndZX0��Q�p�:j<nÆ).e(v�0xF{Qi�Q�',IW�
nx��	�Y_,�.nx��\{F'�h. $V(Ωj)nnxΩj	Hi��{�q, ũj(x) !s�.-v#�)�{3'F, ũj(x)

= ūn
j + α∇un

h · (x− xj) !�.z{F. MLP�.YJα!B{�
αj = min

∀vi∈V(Ωj)































min

(

1,
ūmax
vi

− ūn
j

ũj,vi − ūn
j

)

, if ũj,vi > ūn
j

min

(

1,
ūmin
vi

− ūn
j

ũj,vi − ūn
j

)

, if ũj,vi < ūn
j

1 otherwise

, (4.1)
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d 3 �;,k=MLPCÆ d 4 MLP ��)�[�V1 ũj,vi = u
j
h(xvi), ū

max
vi

n ūmin
vi

!L��� vi{Hinx`'1{QinQ�'.

MLP�.Y3KHirD(nxL���{�Ynx{R`'(��Y�3K&w�A�Ynx. p!
'DNj<P81�&w�A�Ynx	Æ+!B�,b��6�!B!+��m�pf+fVbW. gmu [19,20]4iBW.-���C��uBW{���<-.z8Z|H�nN (PHGq_Jj<C�M3){.>3PV min
max . 63P{5>x?f[�>-�*#�, bm),$&L�6C�{Hinx`'1{Qi�Q�'. %z43PV min

max 1{'0B�Snx3\DN1,�HXh�bPHGG
{Jj<,Z(�.,K���MPI.-)l{(�8�. L3&wq_nx3\DN1f[{Qi�Q�'XgN�.`P. ^T��59{�:

(1) V��.>3PV min
max��
V max
vi

= FLT MIN, V min
vi

= FLT MAX, ∀vi ∈ V(T ).V1FLT MINnFLT MAX*�CuD{Q��Qi-�3.

(2) &
q_Jj<1Hi;=Tnx, 
pnx1Hi��
PHGJj<1{Z6 k,4nxR`'r V min
max
�# k��\{Qi�Q�'M-�<�D\�<D^E&V min

max (0 4).

(3) 	`&
q_Jj<1Hi;=Tnx�45>nx1����^{3PV min
max 1{Qi�Q�'Q���{rZ k0'vPHG3\DN{nxKg�	.

(4) �bPHGZ(>n
p=�Ynx��{Qi�Q�'Q��#��{rZ k, 4q_Jj<H=nx	rZ kn>*{�\rZ�� k\{Qi�Q�'M-�<,gNq_MPH=��{3\E&.

(5) �bnx3\DNQJ{��Qi�Q�'(�, b (4.1)�!BMLP�.YJ, �nx{$+Kg�M-2!.

5. !I"Æ�CBW�M#3'BÆ, ?(jFYLibdgphg{.-!+�!BQ��Q�MLP�.Y{e�. z8pCFLY23n 0.3, ^bHLLC3'Z� [2], ,�i�xl,8bP 1`��
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1\f;�!B�j1(�1'J�!B��x�	M-{. “x” {5>C�i 2>\�Y�\�Y*k! Intel Xeon E5-2680 V3 CPU(2.5GHz�12 l). Y 5.1f�Hi3'BÆ1{'DN;=Tj<`!gj<�N�Gmesh�N.n?(P8{.-!+, z8e(ah{�0.-!+ [34], 	Wn
E =

N1 × T1

Np × Tp

, (5.1)V1T1!bN1>l{!B�,, Tp!bNp>l{!B�,.

5.1. �*29^�-%n?(8bMLP�.YnMinimod�.Y{!BQ�, e(�p�0wR [35]

ut + 0.8ux + 0.9uy + uz = 0, 0 ≤ x, y, z ≤ 1.0. (5.2)F�Fnu(x, y, z, t) = sinπ(x − 0.8t) sinπ(y − 0.9t) sinπ(z − t), !B3*�,!T = 0.5�B	Qs�HY2nV�Y2. 8b!#TM)n#�N{X;=Tj<, 0 5.

d 5 �q�1xSIk=* 1
���p�0wR),bMinimod�.Y [22] nMLP�.Yfx�{Q�*�fx. z8/W!Blw!#T�:�	{ 100>8H�', !BJ8{ ‖u − uexact‖1n ‖u −

uexact‖∞*�Q�. g* 1hQdW, Minimod �.Y�m ‖ · ‖1 n ‖ · ‖∞, W�6�fx, *�Q�
M�4N. �MLP�.Y*�Q�gv��/��Q�.

5.2. �*�by-%e(|<Ux�1UwR [19], V�Y2{�
U |t=0 =

{

UL if x ≤ 0,

UR if x > 0
(5.3)
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Grid

Minimod Limiter MLP Limiter

‖ · ‖1 EOC ‖ · ‖∞ EOC ‖ · ‖1 EOC ‖ · ‖∞ EOC

384 1.412E-01 4.322E-02 1.127E-01 3.749E-01

3072 7.279E-02 0.96 2.762E-01 0.65 3.974E-02 1.50 1.206E-01 1.64

24576 3.457E-02 1.07 1.342E-01 1.04 1.070E-02 1.89 3.789E-02 1.69

196608 1.734E-02 1.00 6.718E-02 1.00 2.772E-03 1.95 1.045E-02 1.86

1572864 8.594E-03 1.01 3.352E-02 1.00 6.795E-04 2.03 2.627E-03 1.99

12582912 4.267E-03 1.04 1.605E-02 1.06 1.610E-04 2.08 6.279E-04 2.06V1
UL :=

















ρL

uL

vL

wL

pL

















=

















1

0

0

0

1

















, UR :=

















ρR

uR

vR

wR

pR

















=

















0.125

0

0

0

0.1

















.!Blwn�U r = 0.1, H� l = 1.0{�p|<T, X(z�!!Blw{1'�. �1UG�8bR��HY2, Sk���b�L�HY2, !B3*�,T = 0.2. �1UwRX!Mp{RiemannwR,QsFgRiemannjFYyv. 8bGmsh~2�N'DN;=Tj<{ 6H�.

d 6 �+�z.&#?(v 7:p�|<T1'�x = 0	 100>8H�', 
���bMinimod�.YnMLP�.YjF�p�1UwR:� ρ,>� p��f+.b1hQdW,�5�.Y!BD^rQsF��<, MLP�.Yi�0E�, !BQ�EEs, !^Eg.* 2
��LibdgphgSm�1UwR{ah{�0?(D^, HbnxM3n 1198244.b*1hQdWEHCPUl3{Æ+, M!B�,/�, .-!+�6. ql3n 512Q��,
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d 7 �q�2VxSMinimod�/ZoMLP�/Z"C|;� ρ, ?� p|��d. "C4+�-T =

0.2, k=oyN4 125265.-!+
 60%�Q	. � 1024>l�, .-!+�6n 50%, �!gm!BXB�., )Pv5>l{nxLn 1170>, !B��u-._ 2 �z.&�`7��H:f��{, lCN : 1198244

Np Wall time (seconds) wall time/step Efficiency Es cells/proc

24 2107.0071 2.3516 1.000 49927

64 799.2690 0.8920 0.989 18772

128 415.7601 0.4640 0.950 9361

256 304.0475 0.3393 0.650 4680

512 166.8158 0.1862 0.592 2340

1024 98.7096 0.1102 0.500 1170

5.3. �*�ph\E-%e(h�L��wR [19], V�BM�!Blw{l'6)n:>::�l, fmn�>�:�l. �	!Blwn�Un R = 1.0 {hT, l'6)lw�UnRe = 0.4, !B3*�,nT = 0.5, V�Y2{�
U |t=0 =

{

Uint if r ≤ Re,

Uext if r > Re

(5.4)
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Uint :=

















ρint

uint

vint

wint

pint

















=

















1

0

0

0

1

















, Uext :=

















ρext

uext

vext

wext

pext

















=

















0.125

0

0

0

0.1

















.8bGmsh~2�N{'DN;=Tj<0 8.

d 8 i�M��xSIk= (o� H7k=oyEO, Bq�?iU) 9:p�!BhT�U	 100>H��', 
��),8bMinimod�.YnMLP �.Y!Bh�L��wR:� ρ, >� p�I�E��fx. b1hQdW, MLP�.Y��mMiniMod�.Yi�E�, !B!^Eg.* 3 
�Libdgphgp!Bh�L��wR{ah{�0.-!+, nxM3 10,691,458.b*1hQdW, EH!Bl3Æ+, !B�,/�, .-!+�6. p!, \lQ�.-!+�3�T
 60% Q	, 8?Libdgphgp"q1iXB.-!B.

5.4. �*�bBM'4}O>-%n�?(Libdghphp!B�b1�1DN{�p!�!^, z8e(�1r|CT�{VbwR [19, 36]. q�1U�|C*=�, 	D�!�1, .
|Cz�zD��py!DN. 6wR!Blw�z
x#�l, [−1.5, 3]	{M>�|<, V
 y − zR=	{�UnR = 2.25. �|<G6�zM>:�! 1{�|CT, J{���U! 0.02,�=�U! 0.5,��
z�. V�Y2!2r3Ms = 1.3 {���1, {�
U |t=0 =

{

UL if x < −1.0,

UR if x ≥ −1.0
(5.5)
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d 9 �qi�M��xS*-Minimod�/ZoMLP�/Z|;� ρo?� p ��d. "C4+�-
T = 0.25, k=oyN4 10691458_ 3 �qi℄F.&�`7��H:f��{, lCN : 10,691,458

Nproc Wall time (seconds) wall time/step Efficiency Es cells/proc

24 45103.2156 21.8735 1.000 445478

64 17110.7469 8.2981 0.989 167054

128 8820.2380 4.2775 0.959 83528

256 4544.2773 2.2028 0.931 41764

512 3206.0347 1.5541 0.660 20882

1024 1643.8064 0.7968 0.643 10441

V1
UL :=

















ρL

uL

vL

wL

pL
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8bGmsh~2�N'DN;=Tj<0 10. 11
��6wR),bMinimod�.YnMLP�.Y!B{�p:��{��,!B3*�,),n 2.0 n 2.5. b1!BD^hQdW, MLP�.Y{}'���P�?
,Y_��mMinimod�.Y, MLP �.YIP3FE:)${�p�1DN.
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d 10 �2s}DU�|WxSIk= (o� H7k=oyEO, Bq�?}=U)

d 11 �2s}DU�|WxS�Minimod�/ZoMLP�/Z|;� ρ�d>'d. T�:

Minimod �/Z, l�: MLP�/Z�
>: "C4+�-T = 2.0, �>: 4+�- T = 2.5. k=oyN4 5,868,572
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6. �����u.2�mPHGRKb�{
�p;=Tj<	b,�i�x#�jFN|#P{.-jFYLibdgphg, ���bBM P 1x��53'Z�{3'jF. 8b^i�p)$P0{MLP�.Y. n�FMLP�.YB`i{wR, Z`Z|.>3Pn&
nx~*�L���Ynx`'{Qi�Q�'{<-, �<�.�61&wL���Ynx, .4�#Qi�Q�'0pPHG{nxKg�, 3O�PHGJj<%,Z(>n{Kj. 3'BÆE$�MLP�.Y�℄^{MUSCL�.YiE:{)$+�LibdgphgF�Yi�g{.-h{�0I,
\hnx�\l?(1^i 60%Q	{.-!+,hbmjFiXBwR. �M5, z84b�4Libdgphgp{�v:�Q�,�i�x,\��,jF, Navier-Stokes#P}FV.J6. �u1{!B!
1\f;�f;rFP!B\)6��E$:0I!B��^,Q�1\f;�!B�j1(�1'J�!B�	gN{.d 
 , 0
[1] Anderson J D, JK�, 8b (!X). "C"U�<}7 [M]. e~j<X��, �P, 2010.

[2] Toro E F. Riemann Solvers and Numerical Methods for Fluid Dynamics[M]. Springer-Verlag,

Berlin Heidelberg, 2009.

[3] Blazek J. Computational Fluid Dynamics: Principles and Applications[M]. Elsevier Science, Ox-

ford, 2005.

[4] Shu C W. Discontinuous Galerkin methods: General approach and stability[J]. Numerical Solu-

tions of Partial Differential Equations, Adv. Courses Math. CRM Barcelona, 2009, 149–201.
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