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ABSTRACT

When using the conventional direction splitting method to calculate multidimensional high speed gas-
dynamical flows, Riemann solvers capable of resolving contact surface and shear wave accurately will
suffer from different forms of shock instability, such as the notorious carbuncle phenomenon. The stabil-
ity analysis shows that the lack of dissipation in the direction transverse to the shock front leads to the
shock instability of low-dissipation HLLEM solver. To overcome this defect, an accurate and carbuncle-
free genuinely two-dimensional HLL-type Riemann solver is proposed. Using Zha-Bilgen splitting method,
the flux vector of two-dimensional Euler equations is split into the convective flux and pressure flux. An
algorithm similar to AUSM+ scheme is adopted to calculate the convective flux and the pressure flux is
calculated by the low-dissipation HLLEM scheme. Following Balsara’s idea, the genuinely two-dimensional
properties of the new solver are achieved by solving the two-dimensional Riemann problem that consid-
ers transversal features of the flow at each vertex of the cell interface. Numerical results of benchmark
tests demonstrate that the new solver has higher resolution and better robustness than the conventional
HLLEM solver implemented in dimension by dimension.

© 2020 Elsevier Ltd. All rights reserved.

1. Introduction

At present, the Godunov-type numerical method based on ap-
proximate Riemann solvers has been widely used in simulations
of compressible flows in both research and engineering applica-
tions. Some renowned Riemann solvers include Roe [1], HLL [2],
HLLE [3], HLLEM [4], HLLC [5] and AUSM-family schemes [6-9],
etc. Among them, the HLL-type Riemann solvers are favored by
many researchers due to their advantages in calculations, such as
simplicity, positivity, entropy satisfying property and so on [10].
Although almost all HLL-type schemes can satisfactorily capture
non-linear waves, shock wave or rarefaction wave, they can be di-
vided into two categories according to their ability to resolve linear
waves. The incomplete-wave HLL-type solvers, including HLL, HLLE,
HLL-CPS [11], HLLEC and HLLES [12], omit one or both of these lin-
ear waves and thus are incapable of resolving contact discontinu-
ity or shear wave. The complete-wave HLL-type Riemann solvers,
including HLLEM, HLLC, HLLE+ [13], HLLI [14], are capable of re-
solving contact wave and shear wave and thus can accurately cal-
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culate flow problems involving shear-dominated phenomena, vor-
tices, flame fronts, material interfaces, mixing layers, etc [10].

Nevertheless, when calculating multidimensional strong shock
wave problems these complete-wave HLL-type Riemann solvers
will suffer from different forms of shock instability, includ-
ing the infamous carbuncle phenomenon. Some attempts to
save these low-dissipation HLL-type schemes from shock anoma-
lies include hybridizations with dissipative schemes [15-18],
dissipation-controlling technologies [10,12], selective wave modifi-
cation method [19], artificial viscosity method [20,21], addition of
shear viscosity [22], normal velocity reconstruction strategy [23],
etc. These strategies have successfully cured the shock instability
by increasing the numerical dissipation of the original schemes.
However, they should be used with caution in calculations since
the numerical dissipation out of place could sacrifice the accuracy
for contact surface and shear layer.

In calculations of multidimensional problems, these conven-
tional low-dissipation schemes implemented in dimension by di-
mension only consider the waves travelling orthogonal to the cell
interface and fail to provide sufficient crossflow dissipation to
dampen the perturbations that trigger the shock instability. Thus,
constructing the genuinely multidimensional Riemann solvers that
also consider the waves transverse to the cell interface has become
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a good strategy to improve the resolution and robustness of nu-
merical schemes [24,25]. Early attempts include the introduction
of multidimensionality into one-dimensional solvers [26,27], cor-
ner transport method by Collela [24], Leveque’s multidimensional
wave propagation algorithm [28], weighted average flux method
proposed by Billet and Toro [29], Wendroff’'s HLLE solver for mul-
tidimensional hypersonic conservative laws [30], multidimensional
linearized Roe schemes by Fey [31] and Brio [25]. Although these
multidimensional schemes exhibit some advantages over the con-
ventional one-dimensional schemes, they do not enjoy great pop-
ularity in practice due to their mathematical complexity and thus
unsatisfactory computational efficiency.

Recently, Balsara [32] proposes a genuinely two-dimensional
HLLE solver which is simple and easy to implement due to its
closed form. The multidimensionality of the solver is achieved by
defining and solving a two-dimensional Riemann problem at each
vertex of the cell interface. A three-dimensional version is also pro-
posed later by the author in [33]. In order to restore the con-
tact wave omitted by the multidimensional HLLE solver, Balsara
[34] proposes a genuinely two-dimensional HLLC solver capable of
resolving contact wave accurately by following the conventional
one-dimensional HLLC scheme. To avoid specifying the direction
of contact discontinuity in calculations, Balsara later constructs
the multidimensional Riemann solver with self-similarity variables
to solve hyperbolic conservation laws [35,36]. Following Balsara’s
idea, Gallardo et al. adopt the AVM (Approximate Viscosity Ma-
trix) method to construct a class of genuinely two-dimensional
incomplete-wave Riemann solvers and apply them to the numeri-
cal simulations of magnetohydrodynamic flows [37]. Adopting Zha-
Bilgen convective-pressure flux splitting method [38], Mandal and
Sharma [39] propose a two-dimensional HLL-CPS scheme and the
version in curvilinear coordinates is implemented successfully by
Qu et al. [40]. The genuinely two-dimensional HLL-CPS solvers
based on Toro-Vazquez convective-pressure flux splitting method
are developed in Cartesian coordinates [41] and curvilinear coordi-
nates [42]. These multidimensional HLL-CPS Riemann solvers based
on convective-pressure flux splitting method are simple and inex-
pensive but their capabilities to resolve shear wave should be fur-
ther improved due to the incomplete wave structure of HLL-CPS
scheme.

In this paper, an accurate and carbuncle-free genuinely two-
dimensional HLLEM Riemann solver based on Zha-Bilgen splitting
procedure, called GT-HLLEM-Z, is proposed. The convective flux is
calculated by an algorithm similar to AUSM+ scheme and the pres-
sure flux is calculated by the complete-wave HLLEM solver. Follow-
ing Balsara’s idea, the two-dimensional Riemann problem that con-
siders the transversal features of the flow at each vertex of the cell
interface is solved to achieve the multidimensionality. The outline
of the paper is as follows. After some preliminaries in Section 2,
the capability of two HLL-type Riemann solvers to capture invis-
cid shear wave is investigated in Section 3. In Section 4, the sta-
bility analysis to explore the causes of shock instability is con-
ducted. Section 5 introduces the construction of a genuinely two-
dimensional HLLEM Riemann solver. The results of several numer-
ical tests are presented in Section 6. Finally, the conclusions are
drawn in Section 7.

2. Preliminaries

The two-dimensional Euler equations that describe inviscid
compressible flows can be expressed as

9U  9F(U)  9G(U) _

8t+ Ix + 3y 0, (21)
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with
o) gu pv
| pu | put+p _ puv
U= p F(U) = o | G(U) = o24p | (2.2)
E u(E +p) v(E +p)

where p, u, v, p and E denote density, x-velocity, y-velocity, pres-
sure and total energy. The system is closed through the equation
of state for ideal gas

1 2, .2
p:(y-1)[£-§p(u +u)], (23)
where the specific heat ratio y = 1.4.
2.1. Finite volume discretization
The integral form of (2.1) is
i/ Ud9+f [(F.G) - n]dl =0, (2.4)
dt Jo 99

where 2 denotes a control volume bounded by 92, dl denotes an
infinitesimal line element on 92 and n is the outward unit normal
vector to 0.

Using the uniform Cartesian grid with mesh spacings Ax and
Ay to partition the computational domain, the finite volume dis-
cretization for (2.4) can be written as
d(l;tl’J = —ﬁ(Fm/z.;’ —Fi1pj) - Aiy(ci,jJrl/Z —Gij_1p). (25)
where U;; is the volume-averaged value of U, Fi , ; and F;_q ;
denote numerical fluxes at cell interfaces (i+1/2,j) and (i-—
1/2,)), Gij412 and G; j_1 o are numerical fluxes at cell interfaces

(i,j+1/2) and (i, j — 1/2). In the following, the flux functions of
two HLL-type Riemann solvers are reviewed in brief.

2.2. HLLEM solver

Einfeldt et al. [4] propose a complete-wave HLLEM solver that
is capable of capturing contact discontinuity and shear wave. The
flux function is as follows
SRFL —SiFr | SiSk

Sk =51 Sr—=St
where S; and S are the smallest and largest wave speeds, Rj3
denote the right eigenvectors corresponding to linear degenerate
fields, a3 denote the wave strengths and 8,3 are coefficients to
control the amount of dissipation. Their expressions are as fol-
lows

(Ug — Uy — 60Ry — 8303R3), (2.6)

Fip=

St =min(0,u; —ay, 4 —d), Sg=max(0,ug+ag, i+ 4a),

1~ 0
R, = g ., R3= (l) ,
oy = Ap—%, a3 = PAV,
8, =083 = &+a|ﬁ|’ (2.7)

where A(-) = (-)g — (). and the Roe’s averaged variables ) are
given by Roe [1],

D = /P.Lr:

i NP+ J/Pru
JPL+ VPR

b= mVL‘F«/[TRVR’

NN
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4 _ J/PUHL+ DRHy
NCEN

a:\/(y—l)[ﬁ—;(aZHﬂ)], (2.8)

with H = (E + p)/p being the total enthalpy.

2.3. HLL-CPS solver

Mandal and Panwar [11] propose a new incomplete-wave HLL-
CPS Riemann solver based on convective-pressure splitting method.
Adopting Zha-Bilgen splitting procedure [38], the flux vector is
split into convective flux and pressure flux as follows

pu pu 0
_| p2+p | _ | pr? p|_
FU) = ot = | puv +lol= Fi +F,. (2.9)
u(E+p) uE up

The convective flux of the HLL-CPS solver is evaluated as fol-
lows

0
u
Fia2) = M. ,i))v a,, (2.10)
E k
where
u _
= =0,
i-s if u>0
M.=q_H if @<0, (211)
u-— SR
u — S if 1>0,
a, = { ug — Sy if <0, (212)
and
L if u>0,
k= {R if 4<0 (213)

with @ = (up +ug)/2.

The pressure flux of the HLL-CPS solver is evaluated based on
HLL solver but using the isentropic condition a2 = §p/8p, the den-
sity difference in the numerical diffusive term is replaced with the
pressure difference for resolving contact discontinuity. The pres-
sure flux can be expressed as

1
Fya2) = E(FZL + For) + 60Uy, (2.14)
where
_ S+ St
U, = ) (Fr — Fap)
PL — Dr
SiSk (pu)L — (pu)r

N (pv)L — (pV)r
757 (pr = pr) + S1(pu? + pv?)r — (pu? + pv? )]
(2.15)

OED)

The choices of wave speeds S; and Si are the same as HLLEM
solver, defined in (2.7). Thus, the total flux of HLL-CPS solver at
a cell interface can be written as

1
Fip =Fiap) + E(FZL + Far) + 8Uy. (2.16)
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3. Numerical dissipation analysis of HLL-type Riemann solvers

In this section, we discuss the ability of HLLEM and HLL-CPS
solvers for preserving inviscid contact since it is a prerequisite for
accurate resolution of viscous flows. For this purpose, a simple
two-dimensional inviscid shear wave model is set up, i.e.,

K=1,
K=I1+1.

(pL. 0, VL, po)
(pr. 0, Vg, po)

In order to investigate the dissipative property of HLLEM and HLL-
CPS solvers for this simple model problem, we rewrite the flux
function into a form that shows dissipation term explicitly

(Io’u’v7 p)KJ = { (31)

1
Fip= E(FL +Fr) + D12, (3.2)

where Dy, denotes the numerical diffusion term.
3.1. Numerical dissipation of HLLEM scheme

For the flux function of HLLEM solver in (2.6), the numerical
diffusion term Dy, can be written as

_ SR+SL SiSr
D = m(ﬁ —Fp) + Si—5S, (Ug — U, — 8702R; — §303R3).
(3.3)
For the model problem (3.1), we have
0 oL PR
| po]| B 0 _ 0
F, = 0 |= Fr, U= pLUL , Ug= OrlR
0 721+ 3 721+ 3PRVR
(34)
and
Sp=83=1,
ay=Ap, o3=pAD,
1 0
0 0 (3.5)
Ro=| Ri=||
72 ~
L D
Substituting (3.4) and (3.5) into (3.3), we obtain
0
S.S 0
D= F (3.6)

(prVR — pLV) — (DA P + pAV)
3 (0rV2 — pv?) — 3 (2 Ap + 2pDAY)

Considering the definitions of Roe’s averaged variables given by
(2.8), we have

- - VPrVL + /PrVR
DA+ pAY = Y= " VERR A0+ JPLPR - AV
pP+p B+ VPR P PLPR
(VoL + /PrVr) (VPR — /PL)
= AP+ -Av
NN N R
VR—PLVL — 4/ Vg — V|
_ PRUR—PLVL A;L,OR(R L).Ap_i_ BiPR - AV
= PRVR — LV (3.7)
and

ORVE — o1V = (VDRVR + ~/PLVL) (V/PRUR — v/PLVL)

- % (VP + /P (VBRVR — /i)

= U[prVR — PLVL + /OLPR (VR — V1) ]
=U([@Ap + pAV+ pAV)
=2 Ap +2p0Av, (3.8)
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then D;,; =0 in (3.6) and thus HLLEM solver can resolve this in-
viscid shear wave exactly.

3.2. Numerical dissipation of HLL-CPS scheme

For the flux function of HLL-CPS solver in (2.16), the numerical
diffusion term Dy, can be written as

Sk + S
D) = #—ti) (Fyp — Fag)
DL — Pr
_ SLSR (PU)L - (PU)R
@Sk-S) | (pv)L — (pV)R
755 (b — pr) + S1(pu? + pv?)r — (pu? + pv* )]
(3.9)
For the model problem (3.1), we have
0
F= |0 =F (3.10)
0

Substituting (3.10) and the initial distribution (3.1) into (3.9), we
can obtain

0
S.Sk 0

Dip=— R , 3.11

2= a26p =S | po(vr —v1) (3.11)

3P0 (Vg —17)
then Dy, # 0 in (3.11) and thus HLL-CPS solver fails to capture
this inviscid shear wave. Therefore, the genuinely two-dimensional
Riemann solvers based on HLL-CPS method in [39-42] need to be
further improved for the resolution of shear wave, which is also
demonstrated by results of numerical experiment in Section 6.7.

4. Mechanism analysis of numerical shock instability

The above numerical dissipation analysis shows that the HLLEM
solver can capture contact discontinuity and shear wave accurately.
However, the disgusting shock instability will occur when using
it to calculate multidimensional strong shock wave problems. In
what follows, the causes of shock instability in the HLLEM scheme
will be analyzed in depth.

4.1. Local stability analysis

The odd-even decoupling problem proposed by Quirk [15] is a
benchmark test for robustness of numerical schemes and thus the
capability to dampen perturbations with saw-tooth initial profile
has become a standard for judging the shock stability of schemes.
Different from analyses conducted in [10,12,15,43] where only the
evolution patterns of perturbations in the transverse direction are
discussed, the evolution patterns of perturbations in both stream-
wise and transverse directions are sought for in the present work.

Suppose at t", a plane uniform flow travels in the x-direction
with velocity ug = Mpag while the velocity in the y-direction vg =
0, where My and ag are Mach number and sound speed. The den-
sity and pressure of the fluid are pg and pg, respectively.

4.1.1. Evolution patterns of perturbations in the streamwise direction

Firstly, the perturbations with saw-tooth profile are introduced
in the x-direction (streamwise direction). The perturbed flow field
is set as

()07 u,v, p)i*],j = ()00, Up, Oa pO) _A(ﬁriﬁ ﬁi? 1’}1’1: ﬁn)’
(p,u, v, p)ij = (o, Uo, 0, po) + (", u", ", p"),
(o, u,v, p)iy1,j = (oo, Up, 0, po) — (P", 4", 9", p),

(4.1)
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where p", 4", 7" and p" are perturbation variables at t". Since
there is no perturbation in the y-direction, both G;;_;, and
G j+1,2 are equal to zero. Using the forward Euler method to dis-
crete time, then the semi-discrete Eq. (2.5) can be written as

Uﬁl =U}; - UX(FiH/Z,j - Fi71/2,j),

where ox = At/Ax and At is the time step.

Calculating numerical fluxes F;_q,,; and Fi,; with the
HLLEM solver and substituting them into (4.2), the evolution pat-
terns of perturbation variables can be obtained.

In the case of supersonic condition (My > 1), the evolutionary
equations of perturbation variables are as follows

(4.2)

! 1-20xup —20xPo 0 0 Rk
i B 0 1 - 20xug 0 —% i
D - 0 0 1 — 20%Up 0 D
p 0 —20xpo03 0 1-20u0/ | D
(4.3)
The eigenvalues of the amplification matrix in (4.3) are
kiUP =1- 2oy, )\,ZUP =1-20y(ug + ao), (44)

}L;’UD =1- ZO'XUO, )LZUP =1- ZO'X(UO - ao).

Eq. (4.4) indicates that |A;"P| < 1(i=1,2,3,4) and thus each per-
turbation variable can be effectively damped if ox < 1/(ug + ag).

In the case of subsonic condition (0 < My < 1), the evolutionary
equations of perturbation variables are as follows

/:5 n+1 1 — 204U _ ZUxu%;oUo 0 ZUx(Lal%*GU) /?

u _ 0 1 — 20yaq 0 —20%0 u

v 0 0 1= 20310 v

p 0 —20y Pollolo 0 1-20xay) LP

(4.5)

The eigenvalues of the amplification matrix in (4.5) are
ASU =1 2041, ASYP =1 — 20y (ag + o),

! i 2 i (4.6)

)Lgub =1 - 20Uy, )‘fllm =1- ZO'X(ao - UO).

Eq. (4.6) indicates that |)\is”b| <1(i=1,2,3,4) and each perturba-
tion variable can be effectively damped if ox < 1/(ag + ug).

4.1.2. Evolution patterns of perturbations in the transverse direction

The perturbations with saw-tooth profile are introduced in the
y-direction (transverse direction) and the perturbed flow field is
set as

(o, u, v, p)ij_1 = (Po. Uo. 0, po) —A(,@"; ﬁ’z f’"; ),

(p,u. v, p)ij = (o, to, 0, po) + (", 4", ", p"),

(0, U, v, pi j+1 = (po, Uo, 0, po) — (P", 0", D", p").
Since there is no perturbation in the x-direction, both F;_q; ;

and Fi, j are equal to zero. After time discretization, the semi-
discrete Eq. (2.5) becomes

n+1 n
Uit =uj; - Uy(Gi,j+1/2 - Gi,j—1/2),

(4.7)

(4.8)

where o, = At/Ay.

Calculating numerical fluxes G;;_;,, and G; 1, with HLLEM
solver and substituting them into (4.8), then the evolutionary
equations of perturbation variables are as follows

n+1 n

p 10 0 -~ p
e o 1 0 0 u (4.9)
v 0 0 1-20ya9 0 v
b 0 O 0 1-20ya0 p
The eigenvalues of the amplification matrix in (4.9) are
)\,1 = )\.2 =1, )\,3 = )\,4 =1- 20ya0. (410)
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Eq. (4.10) indicates that ¥ and p can be damped effectively if
oy < 1/ag while p and @ will not be damped since their ampli-
fication factors are equal to 1.0 for any oy.

To sum up, all perturbations in the streamwise direction can be
effectively damped but perturbations of density and shear velocity
in the transverse direction will not be damped. These accumulated
errors in the transverse direction will trigger the shock instability
and ultimately destroy the calculation of strong shock waves.

4.2. Global stability analysis

The above local stability analysis is based on a uniform flow
that does not involve the shock wave and only considers the evo-
lution of perturbations at a local cell. To reflect the effect of shock
wave and consider the evolution of perturbations in the whole
flow field, a global stability analysis of the HLLEM scheme for a
steady standing shock is carried out.

4.2.1. Steady standing shock problem

The domain [0, 1] x [0, 1] is covered by 20 x 20 uniform
Cartesian grid. A steady standing shock with Mach number My = 7
is located at the cell interfaces shared by the tenth and eleventh
columns. The upstream states of the shock are given as

1 1\
Ug =(1.10— > 41
© ( y(y—l)M§+2)

and the downstream states are obtained through the Rankine-
Hugoniot relations

(4.11)

T
_ g(Mo) 1
-1
2 1 y—1
f(Mp) = ( +1M2 +J/+1> ,
_ 2y v v—1
g(Mo) = )/—I—]MO vl (4.12)

The following random perturbations are introduced into the en-
tire flow field through conserved variables

= +a;-107)UY (4.13)

1, ]’
where UOJ is the vector of perturbed conserved variables, U0
the initial states given by (4.11) and (4.12), a;; is a random num-
ber between 0 and 1. The exact upstream and downstream condi-
tions are imposed at the left and right boundaries, and the periodic
boundary conditions are used for the top and bottom. In what fol-
lows, a global matrix-based stability analysis for this steady stand-
ing shock with random perturbations is implemented.

4.2.2. Global matrix-based stability analysis

The implementation procedure of the matrix-based stability
analysis method is described detailedly in the creative paper by
Dumbser et al. [44]. Here we give a brief introduction for conve-
nience. The flow field given by (4.13) can be rewritten as the fol-
lowing form

Uy = U9 + 68U, (4.14)

where U? and 8Up, denote the steady mean value and the error,
respectively, the subscript m represents the global cell index. The
flux function at the interface shared by cells with index m and k
can be linearized as follows

3, 9
30, 29" T Ty

@i (U, Uy) = D (UG, UD) + ’"kwk (4.15)
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Substituting the linearized flux function (4.15) into the integral
form (2.4) of Euler equations, we can obtain the evolution equa-
tions of the error

d@Un) 1
d = [Qnl

Z |ka|

k€ 0Qm

where |Qn| is the area of cell Qn and |I'y;| is the length of cell
interface I";;. The matrix form of (4.16) is as follows

J Uy U,
— . =S . s
de| - .

38Uy 8Uq
where q = 20 x 20 is the total number of cells, S denotes the sta-
bility matrix. Solving Eq. (4.17), we can obtain the evolutionary
equations of initial errors

0Dy L 0D
[ 30, 2V 0

mk 8Uk}, (4.16)

(4.17)

U, U,
: (t) =e% : (4.18)
8Uq 3Uq ],
which is bounded if
max(Re(A(S))) <0 (4.19)

where Re(A(S)) represents the real part of eigenvalues of the sta-
bility matrix S.

Fig. 4.1 shows the distribution of eigenvalues of the stability
matrix S in a complex plane. The maximum value of the real part
of eigenvalues obtained from the HLLEM solver is 14.9204, which
is corresponding to a destabilized solution. If the transverse flux
is replaced by the dissipative HLLE flux but the longitudinal flux
is still calculated by the HLLEM scheme, a stable solution will be
obtained. However, it is worth noting that if the longitudinal flux
is replaced by the HLLE flux and the HLLEM flux is used in the
transverse direction, it still gives an unstable pattern. The density
profiles shown in Fig. 4.2 also illustrate that the insufficiency of
transverse dissipation in the HLLEM solver leads to the occurrence
of shock instability.

5. Genuinely Two-dimensional HLLEM solver based on
Zha-Bilgen splitting procedure (GT-HLLEM-Z)

A local cell (i, j) and its neighbors in 2D Cartesian grid
are shown in Fig. 5.1(a). The conventional direction splitting
method only considers the one-dimensional flux at the mid-
point of a cell interface involving states L (Left) and R (Right),
but Balsara’s genuinely two-dimensional framework also consid-
ers the flux at each vertex of a cell interface [32]. For ex-
ample, there is a two-dimensional Riemann problem at vertex
C; where four states (named as LU, LD, RU, RD) interact with
each other and the solution of this Riemann problem contributes
the genuinely two-dimensional flux. The evolution of this two-
dimensional Riemann problem with time is shown in Fig. 5.1(b),
where S;, Sg, Sy and Sp are the fastest ‘left’, ‘right’ ‘up’ and
‘down’ moving waves whose definitions are given in Section 5.3.3.
In this paper, Fi,1,5; and G;j,1,, denote numerical fluxes in
the x- and y-directions at the midpoint of the cell interface,
Fii1/2,j112 and Gipqjp ji1/2 represent numerical fluxes in the x-
and y-directions at the vertex of the cell interface.

5.1. Zha-Bilgen splitting

Zha and Bilgen [38] split the flux vector of Euler equations into
convective part and pressure part as follows

pu 0
_ | pu? P | _g. g
F(U) = ouv + 0 =F +FP. (5.1)
uE pu
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Fig. 4.1. Distribution of eigenvalues of the stability matrix S in complex plane.

The Jacobian matrix of convective flux F¢ is
0 1 0 O

—u2 2u 0 O
M=|_w v u o
ukE E

-5 5 0 u

Four eigenvalues of M are as follows

c C C

_3C _9C _9cC _
1=Ay=A3=Ag=1U.

The Jacobian matrix of pressure flux FP is

0 0
N 2w +12) ~(y - Du
- 0 0

(y = Du@? +v* - £)

Four eigenvalues of N are as follows

-1 y -1
Mo—a /Y =" a_iP—0 A=qa ,
1 y 2 3 4 V

where a = ,/y p/p is the local speed of sound.

(v = D(E - 32— 317)

5.2. Calculation of interface flux at the midpoint

After Zha-Bilgen splitting procedure, the interface flux at the

(5.2) midpoint can be written as
Fiiipj= Fic+1/2,j + F1P+1/2,j’ Gijrip = G{j+1/2 + ijﬂ/z' (5.6)
5.2.1. Calculation of convective flux at the midpoint
(53) The upwind method similar to AUSM+ [6] scheme is adopted to
calculate the convective flux at the midpoint
0 0
-y-Hrvr  y-1
0 0 (5.4)
-(y-Duv (y-Du
pa
(5.5) pau
Fiipj=Myp| pav | . (5.7)
aE
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Fig. 4.2. Density profiles of two-dimensional steady standing shock with random perturbations at t = 10.

M2 = M + Mg, (5.8)
and

s JErME1)2EiM?-1)? if |[M| <1,

M —{;(Miuvu) it (M| =1, (5.9)

where M = u/a is Mach number. The subscript k denoting the state

selected for upwinding is given as

Kk L if My, >0,
R

lf Ml/Z < 0. (510)

5.2.2. Calculation of pressure flux at the midpoint
An algorithm similar to the conventional HLLEM solver is used
to calculate the pressure flux at the midpoint

SMFP — SMFE  SMsM
(Ug — U — 8a5R; — 8303R3).
T

p —
it1/2.j =

(5.11)

The expressions of 8,3, o3 and Ry3 are given in (2.7). The
wave speeds SQ” and Sﬁ” are selected according to the conventional
HLLEM scheme

SM — max (0, ug + ag, i + d).
(5.12)

SM = min(0, uy — a;, il — @),
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Fig. 5.1. Two-dimensional Cartesian grid and the wave model for the 2D Riemann problem at a vertex.

5.3. Calculation of flux at the vertex of cell interface

After Zha-Bilgen splitting procedure, the fluxes at the vertex of
cell interface can be written as

R p
Fiiizjiz =Fip e R e

_c p
Gi+1/2,j+1/2 = Gi+1/2,j+1/2 + Gi+1/z,j+1/2' (5.13)

5.3.1. Calculation of convective flux at the vertex

An algorithm similar to AUSM+ scheme is also used to calculate
the convective flux at the vertex and the influence of waves from
transverse cells is also considered. Take the x-flux as example,

pa pa
pau pau
Su oav Sp oav
F¢ M ak kq ak ko 514
i+1/2,j+1/72 = Vlx Su—Sp , (5.14)
with
My = M; + Mg, (515)
_ [FEMED2 £GP -1 if M| <1
M* = 1 3 (M+ M) if M| > 1, (5.16)
where
M= 2L W= 2E, (5.17)
a
- uySy—upSp - UpuSu — UrpSp
TS =S T s =S (5.18)

USSR TS =s
Subscripts k; and k, denoting the states selected for upwinding are
given as follows

if My >0,

kl = LU, kz =LD
{ if My <O. (520)

k] =RU, kz =RD

Similarly, the convective flux in the y-direction at the vertex is
calculated as follows

oa oa
pau pau
SR =S

pav pav
e g,k o i, (5.21)
i+1/2,j+1/2 Yy SR _ SL ’ .
with
M, = M} + My, (5.22)
) £ (M 1) &+ F(M? - 1)? if M| <1,
M= =1 1M+ M) if [M|>1, (5.23)
where
L R v (1
Mp = T u=g (5.24)
- UppSR—UpSL - VruSr— VwSL
Up = SR — 5[_ = SR — SL s (525)
- GrpSR—0a;pSL - AruSk — AwSL
D= Si—S, ay = Si—S, (526)
and
ki =RD, ky=LD  if M, >0,
{lq =RU, k, =LU if M, <0. (5.27)

5.3.2. Calculation of pressure flux at the vertex

Following ideas of genuinely two-dimensional HLL solver by
Balsara [34] and AVM (Approximate Viscosity Matrix) solver by
Gallardo et al. [37], a genuinely two-dimensional HLLEM solver is
proposed here to calculate the pressure flux at the vertex. Take the
x-flux as example,

Sy FLp.* +FRp.* B 1
Su—5So 2 2

—85ayRY) + by (Fp* — Ff’*)))
B SD Flpw +FRp.*

Su=5p 2
—80afR?) + by (Fp* — F{-*)))

L
2(Sy - Sp)

Fopjin = (bo(Ury — Uy — 85 Y RY

1
— i (bo (URD — ULD — 55&?‘{9

(G — Gfj, + G, — GRp), (5.28)
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where 8Y,. oY, and RY, that denote dissipation-controlling co-
efficients, wave strengths and right eigenvectors corresponding to
linear degenerate fields are calculated between states Uy and Ugy,
833,. af 5 and R?; are calculated between states Uyp and Ugp. Co-
efficients by and bq are given as
SiS Sk+S
bo = —2 LOR b= R+ L
Sk =St Sg =St
The essential three steps in calculations of transverse fluxes

FZ‘*(ﬂ =L, R) are as follows

(1) Calculate the resolved states Uz between states Ugp and

U,BU

(5.29)

_ Suuﬁu — SDUﬁD + G/SD - Gﬁu
B Su—5Sp '
(2) Calculate one-dimensional HLLEM fluxes GE between states
UﬁD and UﬂU

(5.30)

Us

 SuGep— oGy SoSu
Cs="5, "5, S-S

(Ugy —Ugp — 6202R; — S303R3).
(5.31)

(3) The required x-velocity u’k and pressure p’;; for FZ’* are ob-
tained as follows
G;(2)

U;(3)
uh = —— P -
PGy

Uy (1)’
where U}‘3 (k) and G}} (k) represent the kth components of U/*3 and
G*ﬂ, respectively.

Similarly, the pressure flux in the y-direction at the vertex is
calculated as follows

Sk ( Gg’* + GLPJ'* 1

Pi =G3(3)~Gjy(1)- (5.32)

GP

— R, RRR
i+H1/2j412 = 5.5, — 5 (co(Ury = Upo — S5eRS

2 2
~88aSRE) + c1 (G — GB’*)))

SL ( Gg* +G5,*

1
_SR — SL 5 — E(CO (ULU - ULD — 5’2“0(12'le

—855RS) + ¢1 (G — cg’*))>

Y
+ 365, =5y Fru — Flu + Fip — Frp).

where 8%, of , and RE, are calculated between states Ugp and

L L L
Urus 62:3, o 3 and R; 5 are .calculated between states U;p and Upy.
Coefficients cg and c; are given as

_ SpSu c _Su+SD
Su—-S" ' Sy=Sp

The mechanism analysis of shock instability in
Section 4 demonstrates that the conventional HLLEM solver
implemented in dimension by dimension fails to provide suffi-
cient dissipation in the direction transverse to the shock front
to dampen perturbations and these perturbations will trigger the
shock instability and produce the spurious solutions for multidi-
mensional strong shock waves. By contrast, the flux of genuinely
two-dimensional GT-HLLEM-Z solver includes the contribution
from transverse cells. For example, in (5.14) for the x-directional
convective flux at the vertex, the average fluid velocity and sound
speed defined in (5.18) and (5.19) consider the information from
transverse cells. The pressure flux at the vertex of the GT-HLLEM-Z
solver also includes the contribution from transverse cells. For
example, in (5.28) for the x-directional pressure flux at the vertex,

(5.33)

Co =

(5.34)
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the pressure in Fg‘* is from the transverse HLLEM flux G;% and

the last term on the right hand side consists of cross derivative
of transverse pressure flux Gk;. GF,. GI, and GL). Therefore,
the genuinely two-dimensional GT-HLLEM-Z solver can success-
fully suppress the shock instability by virtue of the effect from
transversal waves, which is demonstrated later through a series of

numerical experiments.

5.3.3. Selection of wave speeds for 2D Riemann problem at the vertex

With respect to wave speeds for calculating the convective
flux and pressure flux at the vertex, the choices in [39] are
adopted

S = min (0, A2(Uw), A (Urp), A2 (Upy, Ugy), A2 (Uip, Ugp)),

Sg = max (0, A} (Ugy), A} (Ugp). A} (U, Ury). A} (Upp, Ugp) ).

Sp = min (0, A9(Ugp). A9(Upp). 19 (Ugp. Ugy). A9 (Upp. Uw)).

Sy = max (0, A} (Ugy). A} (Upy). 1} (Ugp. Ugy). A} (Upp. Uyw)).
(5.35)

where,

A(Uyy) is the smallest x-directional wave speed calculated in
state Upy;

Al(Ugy) is the largest x-directional wave speed calculated in
state Ugy;

A%(Uyy, Ugy) is the smallest x-directional wave speed calculated
in Roe averaged state between U;y and Ugy;

A (Upy, Ugy) is the largest x-directional wave speed calculated
in Roe averaged state between Uy and Ugy.

The remaining terms can be defined in a similar way.

5.4. Calculation of total normal flux at a cell interface

As shown in Fig. 5.1(a), the total normal flux through the cell
interface (i + 1/2, j) consists of conventional one-dimensional flux
at the midpoint and the x-directional two-dimensional fluxes at
vertices C;(i+1/2,j+1/2) and C4(i+1/2, j—1/2). Simpson for-
mula is used to assemble these three fluxes and obtain the total
normal flux at the cell interface
- 1 4
Fii10j= gFi+1/2.j+1/2 + éFiH/Z.j + éFi+1/2.j—1/2~ (5.36)
Similarly, the total normal flux through the cell interface (i, j +
1/2) is given by

1 4
Giji12 = éci+1/2,j+1/2 + EGi.jH/Z + éci—l/z,jﬂ/l (5.37)

6. Numerical results

In this section, several multidimensional test problems are
calculated to validate the accuracy and robustness of the new
solver. Since the higher order accuracy can stabilize the shock
to some extent [45], some test cases showing the improve-
ment of robustness are calculated with plain first-order accu-
racy while others are calculated with second-order accuracy. In
order to achieve the second-order accuracy, the solution de-
pendent weighted least squares (SDWLS) reconstruction method
[46] is implemented in space discretization and the second-
order TVD Runge-Kutta method is implemented in time discretiza-
tion. Unless specifically noted, the plain first-order accuracy is
adopted.

6.1. Two-dimensional steady standing shock problem

A two-dimensional steady standing shock with Mach number
M =7 is calculated [47]. The computational domain [0, 1] x [O,
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Fig. 6.1. Density profiles of Mach 7 two-dimensional steady standing shock.
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Fig. 6.2. Maximum magnitude of y-velocity of the steady standing shock problem.

1] is covered by 20 x 20 Cartesian grid and the standing shock
is initially located at the cell interfaces shared by the tenth and
eleventh columns. The initial states on the supersonic side are
set as (p,u,v,p). = (1,1,0,0.014573) and the states on the sub-
sonic side are (p,u, v, p)gr = (5.44,0.183673, 0, 0.830903). There is
no perturbation on the initial conditions and the round-off er-
rors act as the trigger for instability. The supersonic and sub-
sonic conditions are imposed at the left and right boundaries while
the top and bottom use the periodic boundary conditions. The
density profiles at t = 20 are plotted in Fig. 6.1. The shock front
given by HLLEM solver is completely destroyed while the gen-
uinely two-dimensional GT-HLLEM-Z solver gives a stable solution
with clean shock front. The destabilized behaviour of HLLEM solver
is also confirmed by the spurious tangential velocity v shown
in Fig. 6.2.

6.2. Moving normal shock problem

A normal shock with Mach number 10 initially located at x =5
propagates in a duct that covers a domain [0, 1500] x [0, 20].
The uniform cells with mesh spacing Ax = Ay =1 are adopted.
The upstream conditions are set as (g, Ug, Vg, po)r = (1.4,0,0,1)
and the downstream conditions are given by the relation between
shock wave and Mach number. Different from Quirk’s moving nor-
mal shock problem [15] where the shock instability is triggered by
the small perturbation of gridline, numerical random noise ranging
from —0.5 x 1076 to 0.5 x 105 is introduced into the initial up-
stream states while the gridline is free from any perturbation. The
density profiles at t = 150 are plotted in Fig. 6.3. The conventional
one-dimensional HLLEM solver produces an unstable solution and
the shock front is distorted completely while the genuinely two-
dimensional GT-HLLEM-Z solver eliminates the instability and ob-
tains the clear shock front. The tangential velocities v shown in
Fig. 6.4 also confirm the instability of HLLEM scheme and the ro-
bustness of GT-HLLEM-Z scheme.

6.3. Double Mach reflection problem

A well-known benchmark test problem called double Mach re-
flection problem is calculated to examine the robustness of the
proposed scheme against shock anomalies. Woodward and Colella
[48] formulate this problem and provide suitable initial conditions
so that the problem can be simulated in a rectangular domain. A
Mach 10 oblique shock, making a 60° angle with the bottom wall
at x = 1/6, propagates through the domain [0, 4] x [0, 1]. For the
present test, 480 x 120 Cartesian grid is adopted. The initial con-
ditions of the whole domain are set as

(1.4,0,0,1)
(8, 33, -4.125,116.5)

if VIx -1,
(o, Uo, Vo, P0)={ y<V3x-3)
else.

(6.1)

The post-shock conditions are maintained at the left bound-
ary while all gradients are set to zero at the right boundary. The
boundary conditions at the top are set to follow the propagation
of the shock. As for the bottom, post-shock conditions are assigned

10



L. Hu, L. Yuan and K. Zhao

Computers and Fluids 213 (2020) 104719

SN I

1500 1600

X(m)

(a) HLLEM

1
1700

L 1 L I 1 L L |
1500 1600 1700
X(m)

L I L 1 I
1300 1400

(b) GT-HLLEM-Z

Fig. 6.3. Density profiles of Mach 10 moving normal shock.
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Fig. 6.4. Maximum magnitude of y-velocity of the moving normal shock problem.

from x = 0 to x = 1/6 while reflective conditions are adopted from
x=1/6 to x = 4. The density profiles of HLLEM and GT-HLLEM-Z
solvers are displayed in Fig. 6.5. Like other complete-wave Riemann
solvers, the conventional one-dimensional HLLEM solver gives rise
to severely kinked Mach stem and a spurious triple point while
the GT-HLLEM-Z solver eliminates these unphysical features and
gives a solution without any instability. It is worth noting that the
CFL number adopted by the conventional HLLEM solver can not be
more than 0.5 while the genuinely two-dimensional GT-HLLEM-Z
solver performs well with CFL number up to 0.9. This also con-
firms another advantage remarked in [32,37] that the genuinely
two-dimensional schemes allow the use of a maximal CFL number
of unity while the conventional solvers applied in dimension by
dimension only allow the maximal CFL number of 0.5 [24,37]. Al-
though the CPU time of the GT-HLLEM-Z solver in a single timestep
is about 1.89 times that of the HLLEM solver, its computational
efficiency is comparable to that of the one-dimensional HLLEM

Eosf
> | =
oL . ‘
0 05 1 15 2 25 3 35
X(m)
(a) HLLEM

solver since it permits a larger CFL number and therefore larger
timesteps.

6.4. 2D Sedov blast wave problem

A spherically symmetric explosion, known as Sedov blast wave
problem, is calculated here to examine the robustness of GT-
HLLEM-Z solver in calculation of problems involving high pres-
sure ratio and strong shock waves. The computational domain [0,
2.4] x [0, 2.4] is covered by 480 x 480 uniform cells. The initial
conditions are set as (g, Ug, Vo, Po) = (1,0,0,10710) except the
pressure of the central domain that consists of one cell in each
of four quadrants is 3.5 - 10°. All four boundaries adopt the re-
flective conditions. The pressure profiles of HLLEM and GT-HLLEM-
Z solvers with second-order accuracy are shown in Fig. 6.6. Four
visible carbuncles are produced by the conventional HLLEM solver
while the genuinely two-dimensional GT-HLLEM-Z solver elimi-
nates these unphysical carbuncles and gives a clear shock front.
The CFL number adopted by the conventional HLLEM solver can
not be more than 0.4 but it can be up to 0.95 in GT-HLLEM-Z
solver.

6.5. Forward facing step problem

This problem, extensively studied by Woodward and Colella
[48], involves a Mach 3 supersonic flow passing through a domain
[0, 3] x [0, 1] including a step with the corner locating at (x,y) =
(0.6,0.2). The 240 x 80 uniform Cartesian grid is adopted. The
initial conditions of the whole domain are set as (g, Ug, Vg, Pg) =
(1.4,3,0,1). The inflow conditions are imposed at the left bound-
ary while the outlet conditions with all gradients vanishing are
used at the right boundary. The top and bottom boundaries are in-
viscid walls where the reflective conditions are imposed. The den-
sity profiles of HLLEM and GT-HLLEM-Z solvers with second-order
accuracy are shown in Fig. 6.7. The oscillations at the front of the
step and the normal shock stem near the top are clearly visible in
the solution obtained from the conventional HLLEM scheme while
the genuinely two-dimensional GT-HLLEM-Z scheme eliminates the
instability and produces a stable solution without any oscillation.
The CFL number adopted by the conventional HLLEM solver can
not be more than 0.5 but it can be up to 0.9 in the GT-HLLEM-Z
solver.

00 ™05 1 15 2 25 3 35
X(m)

(b) GT-HLLEM-Z

Fig. 6.5. Density profiles of the double Mach reflection problem at t = 0.2.
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Fig. 6.9. Density profiles and the density distributions at x = 0.5 of the two-dimensional supersonic shear flow problem.

6.6. Two-dimensional Riemann problem

A two-dimensional Riemann problem described in [25] is cal-
culated here to examine the resolution of the proposed solver.
The computational domain [-1,1] x [-1,1] is partitioned into
2000 x 2000 uniform cells and the initial conditions are set as

(0.5313,0.0,0.0,0.4) if x>0, y>0,
~](1.0,0.0,0.7276,1.0) if x>0, y<0,

(Po Uo. Vo. Po) =\ (1'0'07276,0.0.1.0) if x<0. y=0. (02)
(0.8,0.0,0.0,1.0)  if x<0, y<0.

Free-flow conditions are used at all four boundaries. The compu-
tation lasts until t = 0.5. The density profiles of HLLEM and GT-
HLLEM-Z solvers with second-order accuracy are shown in Fig. 6.8.
It can be clearly observed that the genuinely two-dimensional GT-
HLLEM-Z solver can resolve the flow features with greater details

13

and exhibits the visible Kelvin-Helmholtz instability roll-up as re-
ported in [39,40] while the conventional one-dimensional HLLEM
solver fails to do so even on the finer grid of size 4000 x 4000.
The Kelvin-Helmholtz instability is caused by the discontinuity in
the flow field and it can be regarded as valid and accurate solu-
tions to the Euler equations [49]. So this test case highlights the
higher resolution afforded by the genuinely two-dimensional GT-
HLLEM-Z solver over the conventional one-dimensional solver. The
CFL number adopted by the conventional HLLEM solver can not be
more than 0.5 but it can be up to 0.95 in the GT-HLLEM-Z solver.

6.7. Two-dimensional supersonic shear flow problem

This test case is calculated to examine the capability of a given
scheme to capture the inviscid shear wave. It is an invaluable prop-
erty for accurately resolving the shear layer in calculations of vis-
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cous flows. The computational domain [0, 1] x [0, 1] is covered by
20 x 20 uniform cells and the initial conditions of two fluids in
the upper and lower parts of the domain are set as

(1,2v/14,0,1)  if y> 025,
, Uo, Vo, = . 6.3
(PO U, Vo pO) {(105 _/116694, 0. 1) if y< 05. ( )

Fig. 6.9 shows the density profiles and the density distribution at
x = 0.5 after 1000 iterations. As analyzed in Section 3.2, two gen-
uinely two-dimensional schemes based on HLL-CPS solver, i.e., GM-
HLL-CPS-Z [39] and MULTV [42], fail to preserve the shear wave
while the present GT-HLLEM-Z solver can capture it exactly.

7. Conclusions

This work proposes a genuinely two-dimensional HLLEM Rie-
mann solver based on Zha-Bilgen splitting procedure. Using Zha-
Bilgen splitting method, the flux vector of two-dimensional Euler
equations is split into two parts, the convective flux and the pres-
sure flux. An algorithm similar to AUSM+ scheme is used to calcu-
late the convective flux and the pressure flux is calculated by the
low-dissipation HLLEM scheme. Following Balsara’s idea, the mul-
tidimensionality of the new solver is achieved by solving a two-
dimensional Riemann problem involving four states at each vertex
of the cell interface and thus the total flux through a cell inter-
face is constructed by assembling a one-dimensional flux at the
middle point with two genuinely two-dimensional fluxes at ver-
tices. Stability analysis shows that the genuinely two-dimensional
flux at the vertex that consider transversal features of the flow can
effectively suppress the shock anomalies in the vicinity of strong
shock waves. The performance of the new solver has been assessed
in a number of test problems. The calculations of several strong
shock wave problems fully demonstrate the robustness of the new
solver and the capability to capture the Kelvin-Helmholtz instabil-
ity in the 2D Riemann problem also indicates its higher resolution
than the conventional HLLEM solver implemented in dimension by
dimension. The capability of the new solver to accurately resolve
contact discontinuities and shear waves makes it very suitable for
calculating viscous flow problems. In addition, numerical experi-
ments also confirm that the permissible CFL number of the present
solver is up to unity while that of the one-dimensional HLLEM
solver can not be more than 0.5. The present solver is easy to im-
plement and is promising to be applied to numerical simulations
of compressible flows that involve complex flow phenomena, such
as strong shock waves, shock-shock interactions and shear layers.
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