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 a b s t r a c t

The Poisson-Nernst-Planck (PNP) model, which characterizes the electro-diffusion process, is 
widely used in ion channel simulations. However, generating qualified body-fitted meshes for 
membrane-channel protein systems and applying them to numerical methods remain a signifi-
cant challenge. The existing mesh generation methods, such as those used to construct tetrahedral 
meshes for the ion channel protein, membrane, and ionic solvent regions, as well as interface-
fitted irregular meshes for the simulation box, are highly complex and technically demanding. 
This difficulty in mesh generation has hindered the further development and application of nu-
merical methods in this field. Currently, the only available mesh generation software for ion 
channels has been developed by our group. In this work, we propose a significant breakthrough 
in computational methods by introducing an interface-penalty finite element method (IPFEM), a 
typical unfitted finite element method, to solve the PNP equations avoiding mesh generation for 
membrane-channel protein systems. Our approach significantly mitigates the challenges and la-
borious tasks associated with mesh generation for membrane-channel protein systems. The Flood 
Fill Algorithm (FFA) is employed to effectively identify the ion channel protein, membrane, and 
ionic solvent regions. In this work we show for the first time some examples to handle multipore 
systems using FFA, such as a membrane with an embedded  ion channel protein tilted with re-
spect to the 𝑧-axis, a membrane containing an ion channel protein with a two-branch pore, and 
a membrane  with two embedded ion channel proteins. Numerical examples demonstrate the ac-
curacy of our method on benchmark problems and illustrate its good performance in solving the 
PNP equations for both the Gramicidin A (gA) system and the voltage-dependent anion channel 
(VDAC) system.

1.  Introduction

Electro-diffusion describes the diffusion process of charged particles in a self-induced electric field (sometimes along with an 
external electric field), a phenomenon that is prevalent in fields such as electrochemistry, biology, nanofluidics, and semiconductor 
physics. The dielectric continuum implicit solvent model, defined by the Poisson-Nernst-Planck (PNP) equations, is widely used to 
characterize the electro-diffusion process of ions in electrolyte solutions [1–4]. Compared to discrete models, such as the molecular 
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\begin {equation}\left \{\begin {aligned} -\nabla \cdot &\mathbf {J}_i=0, \quad \text { in } \Omega _s, \text { } i=1,2, \ldots , K, \\ &\mathbf {J}_i=-D_i\left (\nabla c_i+\beta q_i \nabla \phi c_i\right ), \end {aligned}\right . \label {eq NPE}\end {equation}
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\begin {equation}\rho ^f=\sum _{j=1}^N q_j \delta \left (\mathbf {x}-\mathbf {x}_j\right ), \label {eq charge distribution}\end {equation}
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\begin {equation}\label {eq PNP boundary conditions} \left \{ \begin {aligned} \phi = V_m \quad \quad & \text {on } \Gamma _t, \quad \phi = 0, \quad && \text {on } \Gamma _b, \\ c_i = c_{it}^{\text {bulk}} \quad & \text {on } \Gamma _t,\quad c_i =c_{ib}^{\text {bulk}}, && \text {on } \Gamma _b, \\ \frac {\partial \phi }{\partial \mathbf {n}} = 0 \quad & \text {on } \Gamma _n \cup \Gamma _m, \quad \mathbf {J}_i \cdot \mathbf {n} = 0, \quad && \text {on } \Gamma \cup \Gamma _n, \end {aligned} \right .\end {equation}
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\begin {equation}\phi =\phi _r + G, \quad G\left (\mathbf {x}\right ) = \frac {1}{4 \pi \epsilon _m \epsilon _0} \sum _{j = 1}^{N} \frac {q_j}{||\mathbf {x}-\mathbf {x}_j||} \quad \text { in } \Omega _m , \label {eq PNP decomposition}\end {equation}
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\begin {equation}\left \{ \begin {aligned} -\nabla \cdot \left (\epsilon \nabla u\right ) &=\lambda \frac {e_c^2 \beta }{\epsilon _0} \sum _{i=1}^{K} z_{i} c_{i}, \quad &&\text {in } \Omega , \\ \jm {u} &= - e_c \beta G := g_{\text {D}}, \quad &&\text {on } \Gamma , \\ \jm {\epsilon \frac {\partial u}{\partial \mathbf {n}}} &= e_c \beta \epsilon _m \frac {\partial G}{\partial \mathbf {n}} := g_{\text {N}},\quad &&\text {on } \Gamma . \\ \end {aligned} \label {eq R-Poisson} \right .\end {equation}


\begin {equation}\left \{\begin {aligned} -\nabla \cdot &\mathbf {J}_i =0, \quad \text { in } \Omega _s, \text { } i=1,2, \ldots , K, \\ &\mathbf {J}_i=-D_i\left (\nabla c_i+ z_i \nabla u c_i\right ). \end {aligned}\right . \label {eq R-NPE}\end {equation}
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dynamics model [5] and the Brownian dynamics model [6], the PNP model offers higher computational efficiency and is more 
convenient for extracting macroscopic properties of certain biological systems, such as current-voltage characteristics and conductance 
rectification.

The molecular surface geometry of an ion channel, which is usually highly irregular, significantly affects the transport behavior of 
ions in the channel. In the last two decades, PNP ion channel models were solved numerically by using finite difference method (FDM) 
[7,8] and finite volume method (FVM) [9,10] in either a simplified one-dimensional or a complex three-dimensional framework. The 
finite element method (FEM) [11–16] is also a choice for discretization of the PNP model in ion channel simulations. However, the 
performance of the above methods in simulating three-dimensional ion channels is always hindered by poor mesh quality. The FDM 
is most suitable for regular, structured meshes, the FVM requires body-fitted Delauney meshes, while the traditional FEM usually 
works with body fitted tetrahedral meshes.

In ion channel simulations, the construction of high-quality meshes continues to pose a significant challenge for the implemen-
tation of finite element methods (FEM), primarily due to the highly irregular shapes of membrane-channel protein systems. This 
task becomes even more complex as it involves accurately capturing the irregular molecular surfaces of the protein and membrane 
regions, as well as the solvent region, which has a complicated geometric structure influenced by the membrane. These mesh gen-
eration methods are highly complex and technically demanding, often requiring significant manual intervention. Currently, the only 
available mesh generation software [17] for membrane-channel protein systems is developed by our group, which consists of surface 
meshing, quality improvement, volume mesh generation, and membrane-protein mesh construction. The process begins by gener-
ating a manifold triangular mesh of the Gaussian surface of the channel protein molecule using our program TMSmesh [18–20]. In 
the subsequent step, the SMOPT [21] software package is used to optimize the protein surface triangular mesh while maintaining 
manifoldness. A tetrahedral volume mesh is then generated using TetGen [22] based on the surface mesh. One of the key challenges 
for meshing membrane-channel protein system is to correctly distinguish the pore and membrane regions, as they are interconnected 
after being generated by TetGen. A walk-and-detect algorithm [17] is employed to numerically detect the inner surface of the ion 
channel pore, enabling the creation of a body-fitted mesh for membrane-channel protein systems, which can be used for 3D finite 
element simulations. More details can be found in the literature [17]. To improve mesh quality and reduce CPU time, Xie’s group has 
updated two versions of the mesh generation software package [23,24] based on TMSmesh and SMOPT. Although this toolchain has 
successfully generated meshes for some systems, the overall process is labor-intensive and involves substantial manual intervention 
[21,25,26].

Thus, we aim to find a new strategy that does not rely on high-quality body-fitted mesh for membrane-channel protein system 
while ensuring the accuracy of numerical results. The singularities of PNP, like those in Poisson-Boltzmann equation (PBE), can be 
addressed using a solution decomposition scheme to handle Dirac delta distributions and ensure numerical accuracy. That is, the 
electrostatic potential 𝜙 can be split into two components: 𝜙 = 𝐺 + 𝜙𝑟. 𝐺 collects all singularities from the Dirac delta distributions 
with available analytical formula, 𝜙𝑟 is the solution of a typical elliptic interface problem. Over the past decades, various unfitted 
mesh methods, in which the interface is allowed to cross mesh elements, have been proposed for solving elliptic interface problems. 
Examples of such methods are the multiscale finite element methods [27], the immersed interface methods [28], the immersed finite 
element methods [29], the extended finite element methods [30] and the penalty finite element methods [31]. Unfitted mesh methods 
involving penalty terms can be traced back to the penalty finite element methods proposed by Babuška [32]. A. Hansbo and P. Hansbo 
[33] presented an unfitted finite element method, in which through the introduction of a geometry-dependent average of flux at the 
interface, they established a stable discretization and proved that the linear finite element scheme is nearly optimal in two dimensions. 
This approach has motivated many follow-up works, e.g., the cut finite element methods [34], the unfitted finite element methods 
[35], the unfitted discontinuous Galerkin methods [36]. Wu et al. [31] proposed an ℎ𝑝-unfitted discontinuous Galerkin method for 
solving the linear elliptic interface problem and Liu et al.[37] proved that, for the general interface problem in 𝐻1, 𝑯(curl) and 
𝑯(div), the method converges in broken 𝐻1 norm at an optimal rate with respect to ℎ and at a suboptimal rate with respect to 𝑝 by 
a factor of 𝑝.

In our previous work, we applied interface-penalty finite element methods (IPFEM) to solve Poisson-Boltzmann equation without 
requiring molecular mesh generation [38]. Motivated by that, we propose IPFEM for the PNP equations in ion channel system. In 
this paper, the PNP equations are decoupled using the Gummel iterative method [39], and we present the IPFEM scheme for the 
Poisson equation, along with the corresponding numerical scheme for the Nernst-Planck equations. A significant contribution of 
our approach is the introduction of the Flood Fill Algorithm (FFA), a classic graph-based region-growing (filling) technique [40], to 
identify and mark the ion channel protein, membrane, and solvent regions. Using FFA we can effectively deal with complex protein 
systems which can not be handled with existing approaches, such as a membrane with an embedded ion channel protein tilted with 
respect to the z-axis, a membrane containing an ion channel protein with a two-branch pore, and a membrane with two embedded 
ion channel proteins. Our method significantly reduces the complexity associated with numerical simulation and mesh handling, 
thereby enhancing its applicability to more complex ion channel models.  The accuracy of our method is validated through numerical 
examples on benchmark problems, and it exhibits good performance in solving the PNP equations in the examples, gramicidin A (gA) 
system and the voltage-dependent anion channel (VDAC) system.

The rest of the paper is organized as follows. In Section 2, we introduce the PNP model in ion channel system and its regularization 
form. Our method is presented in Section 3, including the strategy of handling the membrane-channel protein system, and the IPFEM 
for PNP equations in ion channel simulation. Benchmark tests are provided to show the accuracy of our method in Section 4, as well 
as the performance of our method on gA system and VDAC system, including comparisons with traditional FEM. In Section 5, we 
conclude our paper.
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Fig. 1. A cut plane through the center of the simulation box along the z axis.

Table 1 
Parameters of the PNP model in SI units.
 Parameter  Name  Value  Unit
𝜖0  Vacuum permittivity  8.854187817× 10−12  F/m
𝑒𝑐  Elementary charge  1.602176565 × 10−19  C
𝑘𝐵  Boltzmann constant  1.380648813 × 10−23  J/K
𝑇  Absolute temperature  298.15  K

2.  The Poisson-Nernst-Planck equations

In this work, the PNP model is used to describe the electrostatics, density distributions, and electro-diffusion processes of mobile 
ions in solvated biomolecular systems under non-equilibrium conditions. The computational region is an ion channel embedded in 
membrane proteins (see Fig. 1). We consider an open domain Ω ⊂ ℝ3, with Ω = Ω𝑠 ∪ Ω𝑚, Ω𝑠 ∩ Ω𝑚 = ∅, where Ω𝑚 ⊂ Ω represents the 
solute region, i.e., the protein and membrane region, and Ω𝑠 ⊂ Ω represents solvent region, including the solvent reservoirs and the 
channel region. The Ω𝑚 and Ω𝑠 are separated by the molecular surface Γ. Γ𝑡 and Γ𝑏 are the top and bottom boundaries, respectively. 
We also let Γ𝑚 = 𝜕Ω𝑚∖Γ and Γ𝑛 = 𝜕Ω∖(Γ𝑡 ∪ Γ𝑏 ∪ Γ𝑚).

The steady-state PNP model couples the Nernst-Planck (NP) equations
{

−∇⋅𝐉𝑖 = 0,  in Ω𝑠, 𝑖 = 1, 2,… , 𝐾,

𝐉𝑖 = −𝐷𝑖
(

∇𝑐𝑖 + 𝛽𝑞𝑖∇𝜙𝑐𝑖
)

,
(1)

and the electrostatic Poisson equation with the interface Γ

−∇ ⋅ 𝜖𝜖0∇𝜙 = 𝜌𝑓 + 𝜆
𝐾
∑

𝑖=1
𝑞𝑖𝑐𝑖,  in Ω. (2)

where 𝜙 is the electrostatic potential, 𝑐𝑖 is the concentration of the 𝑖-th ion species carrying charge 𝑞𝑖 = 𝑧𝑖𝑒𝑐 , 𝑧𝑖 is the valence of the 
𝑖-th ion species and 𝑒𝑐 is the elementary charge. 𝐾 is the number of diffusive ion species, 𝐷𝑖 denotes the spatial-dependent diffusion 
coefficient. The constant 𝛽 = 1∕

(

𝑘𝐵𝑇
) is the inverse Boltzmann energy with the Boltzmann constant 𝑘𝐵 and the absolute temperature 

𝑇 . The characteristic function 𝜆 is equal to 0 in Ω𝑚 and 1 in Ω𝑠, which implies that the solute region is impenetrable to mobile ions. 
The relative permittivity 𝜖 is defined as 𝜖 = 𝜖𝑚 in Ω𝑚 and 𝜖 = 𝜖𝑠 in Ω𝑠, where 𝜖𝑚 (or 𝜖𝑠 ) usually takes 2 (or 80 ) and 𝜖0 is the vacuum 
dielectric constant. In the permanent charge distribution

𝜌𝑓 =
𝑁
∑

𝑗=1
𝑞𝑗𝛿

(

𝐱 − 𝐱𝑗
)

, (3)

𝛿
(

𝐱 − 𝐱𝑗
) is the Dirac delta distribution at point 𝐱𝑗 , 𝑁 is the number of particles with singular atomic charges 𝑞𝑗 located at 𝐱𝑗 inside 

biological membrane proteins. The values and units of physical parameters 𝜖0, 𝑒𝑐 , 𝑘𝐵 and 𝑇  are listed in Table 1.
This PNP system is augmented with the following boundary conditions:

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜙 = 𝑉𝑚 on Γ𝑡, 𝜙 = 0, on Γ𝑏,
𝑐𝑖 = 𝑐bulk𝑖𝑡 on Γ𝑡, 𝑐𝑖 = 𝑐bulk𝑖𝑏 , on Γ𝑏,
𝜕𝜙
𝜕𝐧

= 0 on Γ𝑛 ∪ Γ𝑚, 𝐉𝑖 ⋅ 𝐧 = 0, on Γ ∪ Γ𝑛,

(4)
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where 𝐧 is the unit normal vector at Γ (pointing from Ω𝑚 to Ω𝑠) or Γ𝑁 . There are two conditions on Γ needing to be satisfied from 
the dielectric theory:

J𝜙K = 0,
s
𝜖
𝜕𝜙
𝜕𝐧

{
= 0,  on Γ,

where the jump J𝑣K of 𝑣 on Γ is defined as J𝑣K = 𝑣|Ω𝑚
− 𝑣|Ω𝑠

.

2.1.  Regularization

The permanent charge distribution 𝜌𝑓  in (3) implies that the electrostatic potential 𝜙 is not with full regularity. A regularization 
scheme [11,41] can remove the singular component of the potential such that the remaining component can be solved. The potential 
is decomposed into a singular component 𝐺 and a regular component 𝜙𝑟,

𝜙 = 𝜙𝑟 + 𝐺, 𝐺(𝐱) = 1
4𝜋𝜖𝑚𝜖0

𝑁
∑

𝑗=1

𝑞𝑗
||𝐱 − 𝐱𝑗 ||

 in Ω𝑚, (5)

with −∇ ⋅ (𝜖𝑚𝜖0∇𝐺) =
∑𝑁

𝑗=1 𝑞𝑗𝛿
(

𝐱 − 𝐱𝑗
)

.
For convenience, we let 𝑢 = 𝑒𝑐𝛽𝜙𝑟, which is dimensionless. Then, we can get the regular component 𝑢 from

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

−∇ ⋅ (𝜖∇𝑢) = 𝜆
𝑒2𝑐𝛽
𝜖0

𝐾
∑

𝑖=1
𝑧𝑖𝑐𝑖, in Ω,

J𝑢K = −𝑒𝑐𝛽𝐺 ∶= 𝑔D, on Γ,
r
𝜖 𝜕𝑢
𝜕𝐧

z
= 𝑒𝑐𝛽𝜖𝑚

𝜕𝐺
𝜕𝐧

∶= 𝑔N, on Γ.

(6)

Accordingly, the dimensionless NP equations are as follows,
{

−∇⋅𝐉𝑖 = 0,  in Ω𝑠, 𝑖 = 1, 2,… , 𝐾,

𝐉𝑖 = −𝐷𝑖
(

∇𝑐𝑖 + 𝑧𝑖∇𝑢𝑐𝑖
)

.
(7)

3.  Unfitted finite element method

In this section, we present the interface-penalty finite element method for solving the PNP equations in membrane-channel system. 
The interface-penalty finite element method belongs to the class of unfitted finite element methods, in which the finite element mesh 
is not required to be fitted with the interface (Γ in Fig. 1). In unfitted finite element methods, an element which intersects with the 
interface is called an interface element or cut element. In the case of a molecular surface, an interface element is divided into two 
parts by the molecular surface, one in Ω𝑚 (the molecular and membrane part) and the other one in Ω𝑠 (the solvent part). The basic 
idea of the IPFEM consists of using two sets of degrees of freedom in each interface element to define two finite element functions 
which approximate the solution in the solvent part and the molecular part respectively, and handling the interface conditions on the 
molecular surface by penalizing them in the finite element discretization. A formal and more detailed description of the IPFEM will 
be given in Section 3.2.

3.1.  The computational mesh

Fig. 2 shows a cross-section of a membrane-channel protein system. The system consists of the channel protein, the membrane 
and the solvent region. The channel protein region and the membrane region constitute the solute region Ω𝑚. The membrane-protein 
is located in a solvent box which is separated into two parts. The up and down parts are connected by the open channel pore. The part 
of the solvent region between the two white dotted lines is the pore region.  The presence of the membrane renders the geometries 
of the entire solute and solvent regions more complex.

In this subsection, we describe our algorithms and implementations for generating these meshes, which are based on the Flood Fill 
Algorithm (FFA). Fig. 4 illustrates the flow chart of FFA. First, we divide the computational domain into three parts, Ω = 𝐷𝑡 ∪𝐷𝑚 ∪𝐷𝑏:

𝐷𝑡 = {(𝑥, 𝑦, 𝑧) ∈ Ω | 𝑧 > 𝑧𝑡m}, 𝐷𝑚 = {(𝑥, 𝑦, 𝑧) ∈ Ω | 𝑧𝑏m ≤ 𝑧 ≤ 𝑧𝑡m}, 𝐷𝑏 = {(𝑥, 𝑦, 𝑧) ∈ Ω | 𝑧 < 𝑧𝑏m},

with the membrane of bottom surface at 𝑧 = 𝑧𝑏m and top surface at 𝑧 = 𝑧𝑡m. Then, we use the unfitted mesh generation algorithm with 
interface (Gaussian molecular surface) resolving, which is proposed in our previous work [38]. After this step, we assign each element 
a mark: the elements entirely in the ion channel are marked as 𝙿𝚛𝚘𝚝𝚎𝚒𝚗_𝙼𝚊𝚛𝚔, those intersecting with the molecular surface are marked 
as 𝚂𝚞𝚛𝚏𝚊𝚌𝚎_𝙼𝚊𝚛𝚔 and those not intersecting with the channel protein region are marked as 𝚂𝚘𝚕𝚟𝚎𝚗𝚝_𝙼𝚊𝚛𝚔.  The computational mesh 
for the unfitted finite element method typically contains three types of elements: solution elements (entirely in Ω𝑚), solvent elements 
(entirely in Ω𝑠), and interface elements (intersecting the interface Γ). The task for exactly marking these elements is non trivial due 
to the irregular shape of the solvent region caused by the membrane-channel protein system.

One of the key challenges in traditional methods for meshing membrane-channel protein systems is correctly distinguishing 
between the pore and membrane regions. To this end, we introduce the Flood Fill Algorithm (FFA) [40], a region-filling technique 
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Fig. 2. 2D schematic picture for the cross section of a membrane-channel protein system. The solvent region is colored cyan, the channel protein 
is colored red and the membrane is colored blue. The solvent part between the white dotted lines is the pore region. (For interpretation of the 
references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 3. An iterative search process for the elements that belong to the membrane region (in blue). (For interpretation of the references to colour in 
this figure legend, the reader is referred to the web version of this article.)

based on the principle of connectivity, widely used in image processing and computer vision. The core idea of the FFA is to start from 
a specified initial point and iteratively expand, via breadth-first search or depth-first search, to fill adjacent regions satisfying certain 
conditions until encountering a boundary or obstacle. In this work, we adapt this concept by starting from a “seed” element and 
progressively identifying all elements in 𝐷𝑚 that either are entirely contained within or intersect the membrane region, subsequently 
re-marking them as 𝙼𝚎𝚖𝚋𝚛𝚊𝚗𝚎_𝙼𝚊𝚛𝚔. Since the membrane region is a connected domain, we arbitrarily select one element 𝑒𝑠 entirely 
contained in the membrane region (e.g., satisfying 𝑒𝑠 ∈ 𝐷𝑚 and 𝜕𝑒𝑠 ∩ 𝜕Ω ≠ ∅) as the seed element, and then recursively traverse the 
entire membrane region from 𝑒𝑠 according to the following rules: 

• do nothing if the element is not in 𝐷𝑚, has been traversed, or is marked as 𝙿𝚛𝚘𝚝𝚎𝚒𝚗_𝙼𝚊𝚛𝚔;
• mark the element as 𝙼𝚎𝚖𝚋𝚛𝚊𝚗𝚎_𝙼𝚊𝚛𝚔 and traverse all its neighborhood elements.

Algorithm 1 outlines the recursive neighbor traversal algorithm MARK_MEMBRANE, while Fig. 3 depicts the corresponding recursive 
traversal process. 

Algorithm 1 Recursive neighbor traversal procedure.
1: procedure mark_membrane(𝑒𝑠)
2:  if 𝑒𝑠 ∉ 𝐷𝑚 or has been traversed or has 𝙿𝚛𝚘𝚝𝚎𝚒𝚗_𝙼𝚊𝚛𝚔 then
3:  return
4:  end if
5:  assign 𝙼𝚎𝚖𝚋𝚛𝚊𝚗𝚎_𝙼𝚊𝚛𝚔 to 𝑒𝑠
6:  for all face neighbor 𝑒 of 𝑒𝑠 do
7:  mark_membrane(𝑒)
8:  end for
9:  return
10: end procedure
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Fig. 4. Pipeline of computational mesh generation for unfitted finite element method of membrane-channel protein system.

Fig. 5. The final computational mesh generated by FFA on gA system.

Fig. 6. The unfitted mesh generated by FFA on a membrane with an embedded  ion channel protein tilted with respect to the 𝑧-axis.

At this stage, the elements marked as 𝙼𝚎𝚖𝚋𝚛𝚊𝚗𝚎_𝙼𝚊𝚛𝚔 and 𝙿𝚛𝚘𝚝𝚎𝚒𝚗_𝙼𝚊𝚛𝚔 are designated as solute elements, those marked as 
𝚂𝚞𝚛𝚏𝚊𝚌𝚎_𝙼𝚊𝚛𝚔 are designated as interface elements, and those marked as 𝚂𝚘𝚕𝚟𝚎𝚗𝚝_𝙼𝚊𝚛𝚔 are designated as solvent elements, thereby 
yielding the final unfitted finite element computational mesh for the membrane-ion channel protein system. Fig. 4 illustrates the 
schematic diagram of the entire generation process.

In Fig. 5 the gA (PDB ID: 1MAG) system is used as an example to demonstrate the results of the proposed method, where the first 
subfigure is a computational mesh of the membrane-channel protein system, the second is a mesh of the membrane region, the third 
is a mesh of the solvent region, and the last is a mesh of the solute region consisting of the ion channel and the membrane region. 
Recently, Xie’s group has been dedicated to developing mesh generation package [23,24] that yields smoother membrane region. 
It is noteworthy that the membrane region in the computational mesh generated by our method is notably smooth, a feature that 
was missed in our previous work. Notice FFA can also be applied to marking elements in body-fitted meshes for traditional FEM, to 
overcome some limitations of existing algorithms.

In order to test the robustness of our method, we have carried out further tests with examples which cause difficulties or can not 
be handled with the algorithms proposed in previous works. The first test is an embedded ion channel protein tilted with respect to 
the 𝑧-axis. Specifically, the gA channel is rotated by 20◦ around the 𝑥-axis to simulate this tilt and Fig. 6 demonstrates the unfitted 
mesh generated by FFA.
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Fig. 7. The unfitted mesh generated by FFA on an ion channel molecular structure featuring a two-branch pore.

Fig. 8. The unfitted mesh generated by FFA on our two-channel proteins systems.

Next we conduct a test on an ion channel molecular structure featuring a two-branch pore, which is created by rotating the 𝛼-helix 
of VDAC by 80◦ along the 𝑧 axis at the hinge region (Gly-21-Tyr-22-Gly-23-Phe-24-Gly-25), the results of the unfitted mesh generated 
by our method are presented in Fig. 7.

In the final test, we translate the coordinates of the gA channel in the 𝑥 direction by 25 𝐴̊ to obtain new coordinate data, resulting 
in a new PQR file. This PQR file is then merged with the initial coordinate information to generate a two-channel system and its 
corresponding PQR file. The two-channel PQR file is subsequently used as the input of the FFA, and Fig. 8 displays the results of the 
unfitted mesh generated by our method. To the best of our knowledge, we are the first to generate an unfitted mesh for a membrane 
with two embedded ion channel proteins, showing the robustness of FFA.

3.2.  The interface-penalty finite element method (IPFEM)

This section introduces the interface-penalty finite element method for the PNP equations. We decouple the nonlinear system (6) 
and (7) by Gummel iteration [39] with relaxation technique. In each iteration, the Poisson equation and each NP equation are solved 
successively, with the ionic concentrations treated as known functions when solving the electrostatic potential, and vice versa. The 
process is repeated until the change of the solutions in two adjacent iterations becomes smaller than a given tolerance. 

In this paper, we adopt the standard notation for Sobolev spaces 𝑊 𝑠,𝑝(Ω). Specifically, when 𝑝 = 2, we use 𝐻𝑠(Ω) = 𝑊 𝑠,2(Ω). To 
facilitate the derivation of the equations, we simplify some notations with, Ω1 = Ω𝑚,Ω2 = Ω𝑠,Γ1 = Γ𝑡,Γ2 = Γ𝑏,Γ3 = Γ𝑚,Γ4 = Γ𝑛. Let 
{

ℎ
} be a family of conforming and shape-regular partitions of the domain Ω into closed tetrahedra. For any 𝑇 ∈ ℎ, we define 

ℎ𝑇 ∶= diam(𝑇 ), ℎ ∶= max𝑇∈ℎ ℎ𝑇 . ℎ represents the partition induced by {ℎ}  of the interface (molecular surface) Γ,
ℎ =

{

𝑒 ∶ 𝑒 = 𝑇 ∩ Γ, |𝑒| > 0, 𝑇 ∈ ℎ
}

,

where |𝑒| denotes the area of 𝑒. Let 𝑇 𝑒 ∈ ℎ be one of the element(s) containing 𝑒. It is reasonable to assume that each 𝑒 ∈ ℎ belongs 
to  one of the two cases:

• the interior of 𝑒 is entirely included in the interior of 𝑇 𝑒, and 𝑇 𝑒
1 ∶= 𝑇 𝑒 ∩ Ω1, 𝑇 𝑒

2 ∶= 𝑇 𝑒 ∩ Ω2,
• 𝑒 ∈ 𝜕𝑇 𝑒

1 ∩ 𝜕𝑇 𝑒
2  for two tetrahedras 𝑇 𝑒

1 , 𝑇
𝑒
2 ∈ ℎ.

So for both cases, we have
𝑒 ∈ 𝜕𝑇 𝑒

1 ∩ 𝜕𝑇 𝑒
2 , 𝑇 𝑒

𝑗 ⊂ Ω̄𝑗 , 𝑗 = 1, 2.

In addition, we define the set of boundary surfaces 𝑘,
𝑘 =

{

𝑒 ∶ 𝑒 = 𝜕𝑇 ∩ 𝜕Γ𝑘, |𝑒| > 0, 𝑇 ∈ ℎ, 𝑘 = 1, 2, 3, 4
}

.

The energy space is defined as follows,

𝑉 ∶=
{

𝑣 ∶ 𝑣|Ω𝑗
= 𝑣𝑗 ,  where 𝑣𝑗 ∈ 𝐻1(Ω), 𝑣𝑗

|

|

|𝑇
∈ 𝐻2(𝑇 ),∀𝑇 ∈ ℎ, 𝑗 = 1, 2

}

, (8)
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and the continuous finite element space 𝑈 𝑝
ℎ ,

𝑈𝑝
ℎ ∶=

{

𝑣ℎ ∈ 𝐻1(Ω) ∶ 𝑣ℎ||𝑇 ∈ 𝑝(𝑇 ),∀𝑇 ∈ ℎ
}

, (9)

where 𝑝(𝑇 ) denote the set of polynomials with total degree less than or equal to 𝑝.
We define our interface-penalty finite element approximation space 𝑉 𝑝

ℎ  as the space of piecewise continuous finite element func-
tions:

𝑉 𝑝
ℎ ∶=

{

𝑣ℎ ∶ 𝑣ℎ||Ω𝑗
= 𝑣𝑗ℎ ∈ 𝑈𝑝

ℎ , 𝑗 = 1, 2
}

. (10)

That is, for any 𝑣ℎ ∈ 𝑉 𝑝
ℎ , the restriction of 𝑣ℎ onto Ω𝑗 is a continuous piecewise polynomial for 𝑗 = 1, 2, respectively. Clearly, 

𝑉 𝑝
ℎ ⊂ 𝑉 ⊂ 𝐿2(Ω) but 𝑉 𝑝

ℎ ⊄ 𝐻1(Ω). In fact, the functions in 𝑉 𝑝
ℎ  are allowed to be discontinuous across the interface Γ. We also define 

the average {𝑣} of 𝑣 on the interface Γ as

{𝑣} ∶=
𝑣|Ω1

+ 𝑣|Ω2

2
.

Testing (6) by any 𝑣 ∈ 𝑉  , using Green’s formula and the identity J𝑢𝑣K = J𝑢K{𝑣} + J𝑣K{𝑢}, we obtain
2
∑

𝑗=1
∫Ω𝑗

𝜖∇𝑢 ⋅ ∇𝑣 −
∑

𝑒∈1∪2
∫𝑒

𝜖 𝜕𝑢
𝜕𝐧

𝑣 −
∑

𝑒∈ℎ
∫𝑒

{

𝜖 𝜕𝑢
𝜕𝐧

}

J𝑣K =
𝑒2𝑐𝛽
𝜖0

𝐾
∑

𝑖=1
∫Ω2

𝑧𝑖𝑐𝑖𝑣 + ∫Γ
𝑔N{𝑣} − ∫Γ3

𝑒𝑐𝛽𝜖𝑚
𝜕𝐺
𝜕𝐧

. (11)

Define

𝑎0,poissonℎ (𝑢, 𝑣) ∶=
2
∑

𝑗=1
∫Ω𝑗

𝜖∇𝑢 ⋅ ∇𝑣 −
∑

𝑒∈1∪2
∫𝑒

𝜖 𝜕𝑢
𝜕𝐧

𝑣 −
∑

𝑒∈ℎ
∫𝑒

{

𝜖 𝜕𝑢
𝜕𝐧

}

J𝑣K,

and

𝑓 0,poisson
ℎ (𝑣, c) ∶=

𝑒2𝑐𝛽
𝜖0

𝐾
∑

𝑖=1
∫Ω2

𝑧𝑖𝑐𝑖𝑣 + ∫Γ
𝑔N{𝑣} − ∫Γ3

𝑒𝑐𝛽𝜖𝑚
𝜕𝐺
𝜕𝐧

,

where c = (𝑐1,… , 𝑐𝐾 ). We refer to the symmetric interface penalty finite element method in the literature [31] and define the bilinear 
form 𝑎poissonℎ (⋅, ⋅) on 𝑉 × 𝑉 :

𝑎poissonℎ (𝑢, 𝑣) ∶= 𝑎0,poissonℎ (𝑢, 𝑣) − 𝑆(𝑢, 𝑣) + 𝐽0(𝑢, 𝑣) + 𝐽1(𝑢, 𝑣), (12)

where

𝑆(𝑢, 𝑣) ∶=
∑

𝑒∈1∪2
∫𝑒

𝜖 𝜕𝑣
𝜕𝐧

𝑢 +
∑

𝑒∈ℎ
∫𝑒

J𝑢K
{

𝜖 𝜕𝑣
𝜕𝐧

}

,

𝐽0(𝑢, 𝑣) ∶=
∑

𝑒∈1∪2

𝛾0𝑝2

ℎ𝑇 𝑒 ∫𝑒
𝑢𝑣 +

∑

𝑒∈ℎ

𝛾0𝑝2

ℎ𝑇 𝑒 ∫𝑒
J𝑢KJ𝑣K,

𝐽1(𝑢, 𝑣) ∶=
∑

𝑒∈3∪4

𝛾1ℎ𝑇 𝑒

𝑝2 ∫𝑒

(

𝜖 𝜕𝑢
𝜕𝐧

)(

𝜖 𝜕𝑣
𝜕𝐧

)

+
∑

𝑒∈ℎ

𝛾1ℎ𝑇 𝑒

𝑝2 ∫𝑒

r
𝜖 𝜕𝑢
𝜕𝐧

zr
𝜖 𝜕𝑣
𝜕𝐧

z
,

and the linear form 𝑓poissonℎ (⋅) on 𝑉  with the ionic concentrations c regarded as known functions:

𝑓poissonℎ (𝑣, c) ∶= 𝑓 0,poisson
ℎ (𝑣, c) − 𝑆𝑓 (𝑣) + 𝐽𝑓

0 (𝑣) + 𝐽𝑓
1 (𝑣), (13)

where

𝑆𝑓 (𝑣) ∶= ∫Γ1
𝜖 𝜕𝑣
𝜕𝐧

(𝑒𝑐𝛽𝑉𝑚) + ∫Γ
𝑔D

{

𝜖 𝜕𝑣
𝜕𝐧

}

,

𝐽𝑓
0 (𝑣) ∶=

∑

𝑒∈1

𝛾0𝑝2

ℎ𝑇 𝑒 ∫𝑒
(𝑒𝑐𝛽𝑉𝑚)𝑣 +

∑

𝑒∈ℎ

𝛾0𝑝2

ℎ𝑇 𝑒 ∫𝑒
𝑔DJ𝑣K,

𝐽𝑓
1 (𝑣) ∶=

∑

𝑒∈3

𝛾1ℎ𝑇 𝑒

𝑝2 ∫𝑒

(

−𝑒𝑐𝛽𝜖𝑚
𝜕𝐺
𝜕𝐧

)(

𝜖 𝜕𝑣
𝜕𝐧

)

+
∑

𝑒∈ℎ

𝛾1ℎ𝑇 𝑒

𝑝2 ∫𝑒
𝑔N

r
𝜖 𝜕𝑣
𝜕𝐧

z
.

In (12), 𝑆(𝑢, 𝑣) is to maintain the symmetry of the formulation, that is 𝑎poissonℎ (𝑢, 𝑣) = 𝑎poissonℎ (𝑣, 𝑢), 𝐽0 and 𝐽1 are penalty terms, with 
penalization parameters 𝛾0 and 𝛾1 respectively, for enforcing continuity of the numerical solution across Γ. We refer to [31] for more 
detailed explanations about their roles. The parameters 𝛾0 and 𝛾1 are chosen to be large enough in order to ensure the convergence 
and accuracy of IPFEM, but we also found in numerical experiments that too large values of them can lead to difficulty or even 
failure in solving PNP. We usually choose 𝛾0 = 10 and 𝛾1 = 1 which perform well in most cases. These techniques in  dealing with 
the discontinuities are from the interior penalty discontinuous or continuous Galerkin methods [42,43], with 𝑆𝑓 (𝑣), 𝐽𝑓

0 (𝑣) and 𝐽
𝑓
1 (𝑣)

corresponding to 𝑆(𝑢, 𝑣), 𝐽0(𝑢, 𝑣) and 𝐽1(𝑢, 𝑣) respectively.
Notice that in (12) and (13), we need to calculate both volume integrals in complex curved regions (intersection of an element 

with the subdomains) and surface integrals on complex curved surfaces (patch of the Gaussian molecular surface within an element), 
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which is done using the open source library for high order numerical integration developed by our group [44], available in our finite 
element toolbox PHG, see http://lsec.cc.ac.cn/phg/index_en.htm and doc/quad-XFEM.pdf in the source code of PHG for related 
documentations. 

Similarly, we define
𝑉 NP ∶=

{

𝑣 ∶ 𝑣 ∈ 𝐻1(Ω2)
}

and

𝑉 NP
ℎ ∶=

{

𝑣ℎ ∶ 𝑣ℎ ∈ 𝑉 NP, 𝑣ℎ||𝑇∩Ω2
∈ 𝑝(𝑇 ∩ Ω2),∀𝑇 ∈ ℎ

}

.

Testing (7) by any 𝑣 ∈ 𝑉 NP and using the same techniques, we can define the bilinear form 𝑎NP𝑖,ℎ (⋅, ⋅) on 𝑉 NP × 𝑉 NP with the 
electrostatic potential 𝑢 regarded as known function:

𝑎NP𝑖,ℎ (𝑐, 𝑣, 𝑢) = ∫Ω2

(

−𝐷𝑖(∇𝑐 + 𝑧𝑖𝑐∇𝑢)
)

⋅ ∇𝑣 − ∫Γ1∪Γ2

(

−𝐷𝑖(∇𝑐 + 𝑧𝑖𝑐∇𝑢)
)

⋅ 𝐧𝑣 +
∑

𝑒∈1∪2

𝛾0𝑝2

ℎ𝑇 𝑒 ∫𝑒
𝑐𝑣

+
∑

𝑒∈ℎ∪4

𝛾1ℎ𝑇 𝑒

𝑝2 ∫𝑒

((

−𝐷𝑖(∇𝑐 + 𝑧𝑖𝑐∇𝑢)
)

⋅ 𝐧
)((

−𝐷𝑖(∇𝑣 + 𝑧𝑖𝑣∇𝑢)
)

⋅ 𝐧
)

, 𝑖 = 1,… , 𝐾,
(14)

and the linear form 𝑓NPℎ (⋅) on 𝑉 NP:

𝑓NP𝑖,ℎ (𝑣) =
∑

𝑒∈1

𝛾0𝑝2

ℎ𝑇 𝑒 ∫𝑒
𝑐bulk𝑖𝑡 𝑣 +

∑

𝑒∈2

𝛾0𝑝2

ℎ𝑇 𝑒 ∫𝑒
𝑐bulk𝑖𝑏 𝑣, 𝑖 = 1,… , 𝐾. (15)

The interface-penalty finite element approximation to the Poisson Eq. (6) reads: find 𝑢ℎ ∈ 𝑉 𝑝
ℎ , such that

𝑎poissonℎ
(

𝑢ℎ, 𝑣ℎ
)

= 𝑓poissonℎ
(

𝑣ℎ, 𝐜
)

∀𝑣ℎ ∈ 𝑉 𝑝
ℎ , (16)

with the ionic concentrations c are treated as given functions, and the corresponding approximation to the NP Eq. (7) reads: find 
𝑐𝑖,ℎ ∈ 𝑉 NP

ℎ , such that

𝑎NP𝑖,ℎ
(

𝑐𝑖,ℎ, 𝑣ℎ, 𝑢
)

= 𝑓NP𝑖,ℎ
(

𝑣ℎ
)

∀𝑣ℎ ∈ 𝑉 NP
ℎ , 𝑖 = 1,… , 𝐾. (17)

with the electrostatic potential 𝑢 is treated as given.

4.  Numerical experiments

In this section, we carry out numerical experiments to test the accuracy and robustness of our IPFEM. For simplicity, we set 
𝜖𝑚 = 2.0, 𝜖𝑠 = 80.0, 𝑇 = 298.15 K, and unless otherwise specified, 𝑐bulk𝑖𝑡 = 𝑐bulk𝑖𝑏 = 𝑐𝑖,bulk = 0.1 M, 𝛾0 = 10.0, 𝛾1 = 1.0.

Our method is implemented using the finite element toolbox Parallel Hierarchical Grid (PHG) [45], in which the integrals in the 
cut elements are computed using the corresponding numerical quadrature functions [44] provided in PHG. All numerical experiments 
were done on the high performance computer of State Key Laboratory of Scientific and Engineering Computing, Chinese Academy of 
Sciences, which consists of dual Intel Gold 6140 CPU nodes (2 × 18 cores, 2.30GHz) and 100Gbps EDR Infiniband network.

4.1.  Benchmark problem

A simple test (a sphere in a cube) is carried out in this subsection to check the accuracy of the IPFEM for PNP model. We assume 
that the solute region is an atom of radius 𝑅 𝐴̊. Taking the center of the sphere as the coordinate origin, a test analytical solution for 
the electrostatic potential is defined as follows.

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑢𝑚(𝑥, 𝑦, 𝑧) = 𝑥2 + 𝑦2 + 𝑧, in Ω𝑚,
𝑢𝑠(𝑥, 𝑦, 𝑧) = 𝜏2 cos (𝜋𝑥) cos (𝜋𝑦) cos (𝜋𝑧) + 𝑒𝑐𝛽𝜏3𝑧, in Ω𝑠,
𝑐1(𝑥, 𝑦, 𝑧) = 𝜏1 +

𝜏1
2 cos (𝜋𝑥) cos (𝜋𝑦) cos (𝜋𝑧), in Ω𝑠,

𝑐2(𝑥, 𝑦, 𝑧) = 𝜏1 −
𝜏1
2 cos (𝜋𝑥) cos (𝜋𝑦) cos (𝜋𝑧), in Ω𝑠,

(18)

where 𝜏1 = 0.1M, 𝜏3 = 0.1V and 𝜏2 can be obtained by (6). Substituting (18) into (7), the source term and the corresponding boundary 
conditions can be calculated accordingly.

Here, we select the calculation region as a cube Ω = [−2 𝐴̊, 2 𝐴̊]3 and the solute region as a sphere {𝑥2 + 𝑦2 + 𝑧2 ≤ 1}.
The results are displayed in Table 2 with Ω uniformly divided into several tetrahedrons as the initial mesh for the calculation 

(see Fig. 9). The results are displayed in Table 2, which shows that that the relative errors decrease as times of refinement increase, 
verifying the accuracy of IPFEM to the three-dimensional PNP equations. The first column represents the mesh size relative to the 
initial mesh, and 𝑢, 𝑐1, 𝑐2 represent the analytical solutions while 𝑢ℎ, 𝑐1,ℎ, 𝑐2,ℎ represent the numerical solutions of IPFEM. The 
numerical errors in 𝐿2 norm are second-order accurate, respectively.
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Fig. 9. Calculation area for benchmark problem.

Table 2 
The 𝐿2 norms of the relative errors of the IPFEM.
ℎ ||𝑢ℎ − 𝑢||𝐿2∕||𝑢||𝐿2  order ||𝑐1,ℎ − 𝑐1||𝐿2∕||𝑐1||𝐿2  order ||𝑐2,ℎ − 𝑐2||𝐿2∕||𝑐2||𝐿2  order
 1  3.28E-3  -  9.73E-2  -  9.73E-2  -
 1/2  9.59E-4  1.77  5.33E-2  0.86  5.36E-2  0.86
 1/4  2.40E-4  1.99  2.29E-2  1.21  2.28E-2  1.21
 1/8  5.76E-5  2.05  7.41E-3  1.62  7.40E-3  1.62
 1/16  1.58E-5  1.86  2.00E-3  1.88  2.01E-3  1.88
 1/32  3.94E-6  2.00  5.10E-4  1.97  5.09E-4  1.97

Fig. 10. Molecular structure of 1MAG (sticks for the molecular structure and cartoons for the two helical subunits).

4.2.  Simulations of membrane-channel protein systems

4.2.1.  Gramicidin A system
The gA channel (PDBID: 1MAG) is widely recognized as one of the most thoroughly studied ion channels, forming aqueous pores 

in lipid bilayers that allow selective passage of monovalent cations like Na+ and K+ [46]. The gA peptide consists of a small, 15-
amino acid 𝛽-helical structure with a narrow pore. Its compact size and extensive experimental characterization have made it a 
popular subject for numerous theoretical models. Fig. 10 presents two views of its molecular structure. In this study, we use the 
PNP equations to compute the current as a function of the voltage applied across the channel. Initial coordinates for 1MAG were 
downloaded from the PDB website (https://www.rcsb.org/) and then converted to PQR files by the tool PDB2PQR [47].

We suppose that there are two kinds of ions in the solvent region, K+ and Cl−, and the diffusion coefficients for them in the 
bulk region are set to their experimental values: 𝐷Cl = 0.203𝐴̊2∕ps, 𝐷K = 0.196𝐴̊2∕ps. Although experimental measurements for the 
diffusion coefficients inside the channel are unavailable, it is established that the diffusion coefficients differ between the bulk region 
and the channel pore region, especially for narrow pores [48]. With a diameter of approximately 4 𝐴̊, gA is a narrow ion channel. In 
this study, we present a case where the diffusion coefficients of ions vary continuously inside the channel. The diffusion coefficient 
function is as follows [49]:

𝐷(𝐫) =
⎧

⎪

⎨

⎪

⎩

𝐷bulk , 𝐫 ∈  bulk region, 
𝐷chan +

(

𝐷chan −𝐷bulk 
)

𝑓 (𝐫), 𝐫 ∈  buffering region, 
𝐷chan , 𝐫 ∈  channel region ,
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Fig. 11. The electrostatic potential 𝜙 (V) and the concentrations of K+ and Cl− ions (M) in color mapping on a cross section (𝑥 = 0) of the solvent 
region for 1MAG. Here the protein and membrane regions are colored in green and yellow, respectively. (For interpretation of the references to 
colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 12. K+ (left) and Cl− (right) concentrations at the center of 1MAG plotted along 𝑧-axis obtained from the PNP calculation with 𝑐𝑖,bulk = 0.5 M.

where the function 𝑓 (𝑟) is given by

𝑓 (𝐫) = 𝑓 (𝑧) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑛
(

𝑧−𝑧𝑡chan 
𝑧𝑡bulk −𝑧𝑡chan 

)𝑛+1
− (𝑛 + 1)

(

𝑧−𝑧𝑡chan 
𝑧𝑡bulk −𝑧𝑡chan 

)𝑛
, 𝑧 ∈ [𝑧𝑡chan , 𝑧𝑡bulk ]

𝑛
(

𝑧−𝑧𝑏chan 
𝑧𝑏bulk −𝑧𝑏chan 

)𝑛+1
− (𝑛 + 1)

(

𝑧−𝑧𝑏chan 
𝑧𝑏bulk −𝑧𝑏chan 

)𝑛
, 𝑧 ∈ [𝑧𝑏chan , 𝑧𝑏bulk ]

where 𝑛 is an integer and we set 𝑛 = 9 in our computations. 𝑧𝑏chan = −11, 𝑧𝑡chan = 11 are the boundary values of channel region on 
𝑧 axis and 𝑧𝑏bulk = −13, 𝑧𝑡bulk = 13 are the boundary values of bulk region. We set 𝐷chan = 1

18𝐷bulk  and this profile for the diffusion 
coefficients ensures that 𝐷(𝑟) is differentiable in the Nernst-Planck equation.

We solve the Eqs. (6) and (7) to obtain the steady-state ion concentrations and electrostatic potential. Fig. 11 displays a cross 
section view of the potential and ion concentration of the whole domain region, under the given boundary condition (𝑉𝑚 = 0.2 V and 
𝑐𝑖,bulk = 0.2 M). It can be seen that the concentration of K+ is higher than that of Cl− in the pore.

In order to clearly demonstrate that gA system allows selective passage of monovalent cations, Fig. 12 shows K+ and Cl− con-
centration profiles for five different applied voltage values, while the bulk concentration is the same (𝑐𝑖, bulk = 0.5M). It is seen that 
although different voltage values as boundary condition are applied, the changes of concentrations have almost the same tendency.

The PNP equations are computed for a variety of voltages and concentrations to get 𝐼 − 𝑉  curves which are compared with the 
experimental data. The current across the pore can be calculated as

𝐼𝑧 = −
∑

𝑖
𝑞𝑖 ∫𝑆

𝐷𝑖

(

𝜕𝑐𝑖
𝜕𝑧

+
𝑞𝑖

𝑘B𝑇
𝑐𝑖
𝜕𝜙
𝜕𝑧

)

d𝑥d𝑦, (19)

where 𝑆 is a cut plane inside the ion channel. Due to the conservation of the total flux, 𝑆 can be any cut plane located either inside 
or outside of the ion channel. For convenience, we take 𝑆 as the top surface Γ𝑡 of our computational region [50].

The experimental 𝐼 − 𝑉  data are obtained from Cole et al. [51], which are used as the reference data. Comparisons between the 
simulation results and experimental data are shown in Fig. 13.

Table 3 shows the relative difference of the current between the simulation results and experimental data. It is seen that while 
some discrepancies are evident, the overall agreement between the two datasets remains satisfactory.
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Fig. 13. Comparisons of the computed 𝐼 − 𝑉  curves of 1MAG with experimental data (the dashed lines represent the simulation data and the stars 
represent the experimental data).

Table 3 
The relative difference between the simulation results and experimental data.
Ion concentration
(M)

Voltage
(mV)

Experimental data
(pA)

Simulation results
(pA)  Relative difference

0.1

 50  0.65  0.61  0.06
 100  1.2  1.21  0.01
 150  1.71  1.80  0.05
 200  2.12  2.38  0.12

0.2

 50  1.06  0.95  0.10
 100  1.89  1.90  0.01
 150  2.72  2.84  0.04
 200  3.53  3.74  0.06

0.5

 50  1.66  1.61  0.03
 100  3.46  3.20  0.08
 150  4.94  4.79  0.03
 200  6.55  6.32  0.04

Fig. 14. Calculated distributions of ion concentrations in KCl electrolyte solution with 𝑐𝑖,bulk = 0.1 M. Left: 𝐾+ concentration, the percentage of 
positive numerical solutions is 100%; Right: 𝐶𝑙− concentration, the percentage of positive numerical solutions is 100%.

To check the positivity of ion concentrations in our gA simulation, we design a test case in which the applied voltage 𝑉𝑚 is 
set to its maximum value, namely 𝑉𝑚 = 0.2 V. The bulk concentration of the KCl electrolyte solution is chosen to be 0.1 M, 0.2 M, 
0.3 M, respectively. The corresponding computed ion concentration distributions are shown in Figs. 14–16. The numerical results 
obtained in this test case indicate that the proposed scheme preserves the positivity of the numerical solution for this example under 
consideration. Although several recent studies have focused on the development of positivity-preserving algorithms [12,52–54], our 
work does not specifically address the construction of positivity-preserving schemes; this aspect is not the focus of our study. This 
example is intended to illustrate the reasonableness of the IPFEM results for solving the PNP equations. 
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Fig. 15. Calculated distributions of ion concentrations in KCl electrolyte solution with 𝑐𝑖,bulk = 0.2 M. Left: 𝐾+ concentration, the percentage of 
positive numerical solutions is 100%; Right: 𝐶𝑙− concentration, the percentage of positive numerical solutions is 100%.

Fig. 16. Calculated distributions of ion concentrations in KCl electrolyte solution with 𝑐𝑖,bulk = 0.3 M. Left: 𝐾+ concentration, the percentage of 
positive numerical solutions is 100%; Right: 𝐶𝑙− concentration, the percentage of positive numerical solutions is 100%.

Table 4 
The number of Gummel iterations for the gA system.
 Voltage(mV)  0  20  40  60  80  100
 Gummel Iteration  25  19  19  19  19  18
 Voltage(mV)  120  140  160  180  200  -
 Gummel Iteration  18  18  18  18  17  -

Table 4 shows the numbers of Gummel iterations for the gA system under 𝑐𝑖,bulk = 0.1M at different applied voltages. It is observed 
that the Gummel iteration typically converges in approximately 17-25 iterations for the gA system, to a specified tolerance of 10−6
in relative change. 

In order to compare performance of the IPFEM solver with traditional FEM solvers, we have simulated the case 𝑉𝑚 = 0 V and 
𝑐𝑖,bulk = 0.1 M using both our IPFEM solver and the conventional FEM solver from [13]. For comparable accuracy, the unfitted mesh 
for the IPFEM solver consisted of 9,504,338 tetrahedra and 1,963,848 vertices, whereas the body-fitted mesh for the FEM solver 
contained 9,149,056 tetrahedra and 1,523,013 vertices. When run on 32 MPI processes, the wall-clock times were respectively 7710 s 
for IPFEM and 837 s for FEM. Although the IPFEM solver’s computational time is approximately an order of magnitude longer, we 
consider this entirely acceptable given its fully automated workflow, which requires no human intervention. In contrast, the FEM 
solver’s reported time excludes mesh generation, which cannot be automated.

4.2.2.  Voltage-dependent anion channel system
To demonstrate the performance of our IPFEM, we perform numerical tests using a crystallographic molecular structure of a 

voltage-dependent anion channel (VDAC), with two ionic species K+ and Cl−. VDAC is the most abundant protein on the outer 
mitochondrial membraneas the main conduit for the entry and exit of ionic species, playing a crucial role in regulating cell survival 
and cell death and characterizing health and diseases. Initial coordinates for VDAC (PDBID: 3EMN) were downloaded from the PDB 
website and then converted to PQR files by the tool PDB2PQR. The molecule 3EMN contains 4313 atoms, and two views of its 
molecular structure are given in Fig. 17.
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Fig. 17. Molecular structure of 3EMN.

Fig. 18. The final computational mesh generated by FFA on channel protein 3EMN.

Fig. 19. The electrostatic potential 𝜙 (V) and the concentrations of K+ and Cl− ions (M) in color mapping on a cross section (𝑥 = 0) of the solvent 
region for 3EMN. Here the protein and membrane regions are colored in green and yellow, respectively. (For interpretation of the references to 
colour in this figure legend, the reader is referred to the web version of this article.)

In our simulation, the diffusion coefficients are the same as those in the gA channel, and the boundaries are set as 𝑧𝑏chan = −12, 
𝑧𝑡chan = 12 for the channel region and 𝑧𝑏bulk = −15, 𝑧𝑡bulk = 15 for the bulk region along the 𝑧 axis.

Fig. 18 shows the final computational mesh generated by our method on channel protein 3EMN, where the first graph is a 
computational mesh of the membrane-channel protein system, the second is a mesh of the membrane region, the third is a mesh of 
the solvent region, and the last is a mesh of the solute region consisting of the ion channel and the membrane region.

For the given boundary conditions (𝑉𝑚 = 100 mV and 𝑐𝑖,bulk = 0.2 M), Fig. 19 illustrates the potential and ion concentration cross 
sections of the entire domain area.

Fig. 20 shows K+ and Cl− concentration profiles for five different applied voltage values, while the bulk concentration is the same 
(𝑐𝑖, bulk = 0.2M). It is seen that although different voltage values as boundary condition are applied, the changes of concentrations 
have almost the same tendency.

The 𝐼 − 𝑉  data of simulation are shown in Fig. 21 and it can be seen that the current and voltage are nonlinearly related.
Table 5 shows the numbers of Gummel iterations for the VDAC system under 𝑐𝑖,bulk = 0.1M at different applied voltages. It is 

observed that the Gummel iteration typically converges in approximately 38-47 iterations for the VDAC system, to a specified tolerance 
of 10−6 in relative change. 
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Fig. 20. K+ (left) and Cl− (right) concentrations at the center of 3EMN plotted along 𝑧-axis obtained from the PNP calculation with 𝑐𝑖,bulk = 0.2 M.

Fig. 21. The computed 𝐼 − 𝑉  curves of 3EMN.

Table 5 
The number of Gummel iterations for the VDAC system.
 Voltage(mV)  0  20  40  60  80  100
 Gummel Iteration  47  38  40  42  43  43
 Voltage(mV)  120  140  160  180  200 −
 Gummel Iteration  43  43  42  42  42 −

5.  Conclusion

In this paper, we develop an unfitted-mesh solver for the PNP equations in ion channel simulations based on  the IPFEM. A key 
contribution of our method is eliminating the need for body-fitted mesh generation, which is traditionally required for membrane-
channel protein systems. Traditional methods involve constructing complex, irregular meshes for regions such as the ion channel 
protein, membrane, and ionic solvent, which are computationally demanding and labor-intensive. We propose to use the FFA to 
efficiently identify and mark the ion channel protein, membrane, and ionic solvent regions, which allows us to successfully generate 
for the first time  an unfitted mesh for more complex membrane-channel protein systems. This includes systems such as membranes 
with an embedded  ion channel protein tilted relative to the 𝑧-axis, membranes containing a two-branch pore, and membranes with two 
embedded ion channel proteins. Our approach significantly reduces the complexity associated with numerical simulations and mesh 
handling, making it highly applicable to more intricate ion channel models. The accuracy of the method is validated through numerical 
examples on benchmark problems, demonstrating good performance in solving the PNP equations for both the gA system and the 
VDAC system. The proposed method can be easily adopted to other types of unfitted meshes, including adaptive Cartesian meshes 
with hanging nodes. In the future, we will further improve the computational efficiency and stability of unfitted mesh generation 
and numerical integration over surface elements, and extend our method to more complex models, including transport simulations 
in complex or multiple channel system, nanopore sequencing, etc.
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