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Abstract

The effect of an oscillating external electric field on ion transport in nanoscale channels

is investigated within the framework of the classical Poisson-Nernst-Planck (PNP) model.

Three cases are analyzed by multiscale method: (1) an externally applied time-oscillating

electric field along the channel direction; (2) a time-oscillating electric field coupled with

a spatially periodic electric field along the channel; (3) an oscillating electric field applied

along the channel direction in the presence of periodic surface charge distributions on the

channel walls. An effective model for high oscillation frequencies is derived by considering the

leading order approximation, which shows that the ion distribution and average transport

properties within the channel depend only on the time and space averaged properties of the

external oscillating electric field. Numerical simulations on a two-dimensional single-channel

nanoscale model confirm the validity of these analytical results.
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1. ����ML�\TF }�
 7�℄�E!EEUu�)�.
�Gp�(>℄FO?E:nbR/< [1–4], �}F }n&<�Y24>℄. Y�)��
 7G�n4�
5, ML\�)��F }�nxFO?E [5] :�^JIDYr, \�CG�v/anCn [6, 7]�
�ZSC�n1� [8, 9] pd�)y>℄p7. �
G, xV:�F �:ML�k.
nz:YrC�_`(V$"Y [10–13]. )��k�#�nxV:�?�<
5"�ML�knUgzK, ��p7ML\�nl���:JR�K.�F }�xV:�ML\�+z�
n4XYr
5n5�VKx$, ^�1�b}ML\�n�vU#!�CGxHm^JF x9^p{/_OnbR. v���vK�+, xV:�ML\�9FnÆ6�m-t�., C��`-xyF x?Ei�z:
5n>℄V$�:.�|_ML\�n!v�G:, Poisson-Nernst-Planck (PNP) �E�9�mr. PNP �G�L_ML�+I�~�x:0�Yr+n�~:j, �:x:)�
D
.Itnx:,\
DML�~?E:N�9Fnx:. !�G
C.mr}F ML�kJxYS'�n�� [14–17], 
2y�|_x:JE=:�ML\�n0�p7, ���QF }':nML\�
5. �O�Mrmr:, xV:<<)y"ezK, �5
�ML\�9F��"ex:�0)�np7. jW, �"ex:k7 PNP �E$V$��ML\�np7, �}D7O�F }�xV:�ML\�+zn4XYr)y>℄fh.�76W, �}%�"ex:, ��k�%}MLnE=KzK�, ,	�"ex:n?�Y�KzK��J`-��zb(^nnm1=. jW, �_y�TO�`�|, M℄�
PNP �G�J}Y, 0rLUn�i�
G(I"ex:np7, Y��%�%A+�J%�n`-��.�K��/Y�$T�,WK�|ny��
+`. �?�)�KzK�?�'��J�/YTO, !�

2�)D7V$Æ6)Æn%A+, �Q'�nS6J� [18]. �`OnUr}�K����Rvn O?E, 
2|_Æ6?E�S6/<+zn4XYr.b}�`�
, �t�gO�
t"ex:Yr+,PNP �En�/Yp�IP, �#V$_d+;<%I: (1) Y7k�:ItKz"ex:; (2) Y7k�:ItKz"ex:, $�7z?�K�+nx:|t; (3) �7k�Z�?�K!zxG�+n%A+, ItY7k�:nKz"ex:. �$!�, �Z
��+, 7k�ML�+J\�K7D℄w
t"ex:nKz�/-,}, �x:n"e�k�4. ℄*[f, �7
tx:T~v�Yn, 
"ex:n�k$�.E"�MLn�/\�J�.W
, ���?�Mr�vK�+n`-M[�On�=�J_['. `-�=!�, �)�x:�kC��^n%A+, ML���+J�?7knQxf(:}�Kz�/Ynp��G`3,�`-/2_�3ix:JE=:,~nML\�'�:, ?%�x:n"e�k�ML\�K7np75dWm)n. !M[�=)G_�t4} PNP �GZ
��nOn, !�"ex:n�k�MLn�/\�J�)`9F.Ep7.���1��6+: �s
Æ:, �t}℄�A_ Poisson-Nernst-Planck (PNP) �Ei
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. �s;Æ:, �tr�K��/YOn�$_?_;<%I+nML\�J�, $+O_��%A+�/Ynp��G. �sgÆ:, �t6)|__`-��s0rnK7M=J2KY�
. $�s�Æ:,  �s;Æ:�$n;<%I�#�J_`-��,M[�=�Q_)�x:�k+ML���+iQxfn�Y%A, ODr['_On�$n�=. VV`Æ, �t���n�5�J_Q�.

2. Poisson-Nernst-Planck |kWD(���t�ÆZ-}℄�A!v PNP �E, i�:*( O\nAhJM�-~�. 0V,�t��E�J�\$YTO, d�}VQn�$Jnm.

2.1. Poisson-Nernst-Planck {j
PNP �E|__`(
A N <_xULn'�, �BULn�~Tw+I�~J)��nQx:,~n. )��nQx:
A_'�
tx:J�BULnN�x:. �t3i`()y Lipschitz VQ��ny�)� Ω ⊂ R

d (d = 2, 3) JKz)z [0, T ], � PNP �E6+:






























∂ci
∂t

+∇ · Ji = Ri, in Ω,

Ji = −Di (∇ci + βqici∇Φ) , i = 1, 2, . . . , N,

−∇ · (ε∇Φ) =

N
∑

i=1

qici +Q0, in Ω.

(2.1)

�:*�Es!Q O\nAhi�<r;ra�56+:

• ci(x, t) Ts i <_xULn��, <ra�� M = mol/L = 1000NAm
−3;

• Φ(x, t) T)��nQxS, <ra�� V;

• Ji(x, t) Ts i <_xULICnx�f, <ra�� M ·m/s;

• Di Ts i <_xULnE='`, <ra�� m2/s;

• qi = ziec Ts i <_xULs_nxG\. �: zi Ts i <_xULnYLw, T�\$\.ec Ta�xG, <ra�� C;

• Ri Ts i <_xULn�m�FCa�L�lk, <ra�� M/s;

• ε > 0 T�x<`, <ra�� C2/(J ·m);

• Q0(x, t) T'�
.xGx�, <ra�� C/m3;

• β = 1
kBTK

, �: kB T Boltzmann <`, TK T-���, β n<ra�� J−1;?_ PNP �E<rnM�-~�6+. M-~�1M+}_xUL��nM-, k
ci(x, 0) = c0i (x), i = 1, 2, . . . , N. (2.2)



168 a.on�ondns 2025 ÆxS Φ �<+}n��~�� Dirichelet ��~�J Neumann ��~�, k






Φ = ΦD(x, t), on ΓD ⊂ ∂Ω,

ε
∂Φ

∂n
= σs(x, t), on ΓN ⊂ ∂Ω.

(2.3)

�:, ΦD T+}n
txU,n T)���na�

:\, σs T+}n!zxGx�. _xUL�� ci n��~��<� Dirichelet ��~�a}f\��~�, k
{

ci = ci,D(x, t), on ΓD,i ⊂ ∂Ω,

Ji · n = gi(x, t), on ΓN,i ⊂ ∂Ω.
(2.4)�:, ci,D T+}ns i <ULn��, !Q'��!��J`(�Rvn^UL�V�, jW ci,D �<�`(3}<` cbulki , kT
.UL�s i <ULn}��. � gi Ts i <UL�!��nf�\, z#n, 6= gi ≡ 0, �!Q!��)
Os i <ULf�, B�T:��. �VQn�$:, �t3innm)�|_nTV	Z(^_xUL<n7k, kUL�� ci �7knZ�J7k�n��~�6+:

{

ci = cbulki , on ΓD,i ⊂ ∂Ω,

Ji · n = 0, on ΓN,i ⊂ ∂Ω.
(2.5)

2.2. {jqC&���_��VQn�$Jnm, �tM℄�?_ PNP �E (2.1) �J�\$Y. �<�tR�^UL<:nUL�� cbulki Y���nbH, ��EnD�\GY� ci J cbulki n�-
c∗i , ÆQr<1` β J ec �xS Φ �\$Y, k�}n�\�℄�

c∗i =
ci

cbulki

, Φ∗ = ecβΦ,

J
∗
i =

Ji

cbulki

, zi =
qi
ec
, εr =

ε

ε0
.

(2.6)

� (2.6) `7�E (2.1) i�M�-~� (2.2), (2.3), (2.5) :, 5dmi�\$YVn
PNP '�, k







































































































∂c∗i
∂t

+∇ · J∗
i = R∗

i , in Ω,

J
∗
i = −Di (∇c

∗
i + zic

∗
i∇Φ∗) , i = 1, 2, . . . , N,

−∇ · (εr∇Φ∗) = κ
N
∑

i=1

cbulki zic
∗
i +Q∗

0, in Ω,

c∗i (x, 0) =
c0i (x)

cbulki

, in Ω,

c∗i = 1, on ΓD,i,

J
∗
i · n = 0, on ΓN,i,

Φ∗ = ecβΦD(x, t), on ΓD,

εr
∂Φ∗

∂n
=
ecβ

ε0
σs(x, t), on ΓN .

(2.7)
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i = Ri

cbulk
i

, Q∗
0 = ecβ

ε0
Q0, εr T�7n4��x<`, ε0 T�7�x<`,κ =

e2cβ

ε0
. ��E}�, �VQ�Æ:, �tHm (2.7) :�\$�\n? ∗.W
, �`-M[:, 3ii�;ra�5+n*< O\)y�<^n\l7, 6! 1sQ,�tM℄�`-� (2.7):n O\�Ja��℄, ���`iLUna�+,d�y`-nm:O/�<^J�<?n O\+nm_GC�. N0r, �t�<R�a�>� UL�)� Ω nz$>�, a�Kz UT �E=?EnKzK�.
 1 E '
_NI!P℄ �F =s<sb�6,oa.b�yH ec 1.602× 10−19 CF>(a (K+) DK+ 1.96× 10−9 m2/sF>(a (Cl−) DCl- 2.03× 10−9 m2/s
o5��y=a (25◦C) εr 80.1�8�y=a ε0 8.854× 10−12 C2/(J ·m)&	Kq=a kB 1.381× 10−23 J/K

25◦C �no.��� TK 298K

3. wlu-��!)�Æ:, �t)}3i`(nm)�� Ω = [0, Lc] × [0, dc] n'I7k, 6+� 1 sQ,�: Lc J dc �#T7kn>�J>�. b}!nm)� Ω, 
t"ex:n PNP �E6+:



























































































∂ci
∂t

= ∇ · {Di [∇ci + zici (∇Φ−Eex)]} , in Ω,

−∇ · (εr∇Φ) = κ

N
∑

i=1

cbulki zici +Q0, in Ω,

ci(x, 0) =
c0i (x)

cbulki

, in Ω,

ci = 1, on ΓD = ΓD1 ∪ ΓD2 ,

Ji · n = 0, on ΓN = ΓN1 ∪ ΓN2 ,

Φ = 0, on ΓD1 ,

Φ = ecβΦD, on ΓD2 ,

εr
∂Φ

∂n
=
ecβ

ε0
σs(x), on ΓN = ΓN1 ∪ ΓN2 .

(3.1)

� 1 on*� Ω K��LHRg��:, M-~� c0i (x) T Eex = 0 %A+�v PNP �En�, ��~� ΓD2 J ΓD1 �#!



170 a.on�ondns 2025 ÆQ7knO7;, ��Z(��? ci,Φ /C4� Dirichlet ��~�, xS Φ �W�C4�
0, �{�C47kZ�+}n<-�U\ ΦD. ΓN1 J ΓN2 �#!Q7kn?+��, 4} ciC4T:��~�, 4}xS Φ C4 Neumann ��~�, σs !Q7k�s_n!zxGx�. Eex T
t"ex:. +z, �t�Nr�K��/YOn��E (3.1) �J���$, �#3i_d+;<%I: (1) Eex �
AY7k�:nKz"ex:; (2) Eex 
AYJ7k�:nKz"ex:J7z?�x:; (3) Eex 
AY7k�:nKz"ex:$7k�?n)y?�n!zxG�+._ 1. A
℄.Q��ti�℄.Qt�qsÆQ: vC Eex �
A e1 �:n
t?�x:, k:

Eex = −g
(x1
δ

)

e1, (3.2)M℄Ffi�E (3.1) :nxS Φ )TQxS, �T�
t!ex: Eex Yr"�v%I+nxS. 6=�t��E (3.1) :�\-℄�QxS Φtot = Φ + Φex, �: Φex T
tx:�mnxS, pS −∇Φex = Eex, Φex|ΓD1
= 0 , �)�gOJ (3.1) pwn6+ HIPn PNP�E







































































































∂ci
∂t

= ∇ · [Di (∇ci + zici∇Φtot)] , in Ω,

−∇ · (εr∇Φtot) = κ

N
∑

i=1

cbulki zici +Q0 + g̃
(x1
δ

)

, in Ω,

ci(x, 0) =
c0i (x)

cbulki

, in Ω,

ci = 1, on ΓD,

Ji · n = 0, on ΓN ,

Φtot = 0, on ΓD1 ,

Φtot = ecβΦD, on ΓD2 ,

εr
∂Φtot

∂n
=
ecβ

ε0
σs(x), on ΓN .

(3.3)

�: g̃
(

x1

δ

) w Eex :n g
(

x1

δ

) �.,}, � OfhT)�:� e1 �:??�K�+n3}xGx�. jW, �t5d2�
t?�K7zx:J?�KxGn�=Tpwn.

3.1. 1PT: Eex �^�6�Yoti�tq�E (3.1) :�
AY7k�:nKz"ex: Eex �
Eex(t) = −f

(

t

δ

)

e1, (3.4)�:, δ T"e?�, f T4} t
δ
n?�C`, e1 T x1 A&:na�:\.vC"e?� δ S2?, Nm�E (3.1) n� ci,Φ /5d4} δ X���1, k

ci = c
[0]
i (x, t, τ) +

∞
∑

n=1

δnc
[n]
i (x, t, τ), i = 1, 2, . . . , N

Φ = Φ[0](x, t, τ) +

∞
∑

n=1

δnΦ[n](x, t, τ).

(3.5)
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δ
�k7nCnKz1`. w} δ T`(?\,qJKz tn�Y, τ n�Y4�} t�X�<=, jW τ �<�B�Kz=�\. W
, pP{�*9'`/�=�\ τ n?�C`,$?�� 1. wYP
�, pP{�*9'`�}Kz tng`5d!Q� ∂

∂t
= Dt+

1
δ
Dτ ,�: Dt,Dτ T�}s
(Js;(�\'g`nmL.� (3.5) `7 (3.1) :, w}M-~�J��~�)Bi=�\ τ , �t�+OD�E9n���1IP, k















































(

Dt +
1

δ
Dτ

)

(

∞
∑

n=0

δnc
[n]
i

)

=∇ ·

{

Di

[

∇

(

∞
∑

n=0

δnc
[n]
i

)

+ zi

(

∞
∑

n=0

δnc
[n]
i

)

∇

(

∞
∑

n=0

δnΦ[n]

)]

−DiziEex(τ) · ∇

(

∞
∑

n=0

δnc
[n]
i

)}

, i = 1, 2, . . . , N,

−∇ ·

[

εr∇

(

∞
∑

n=0

δnΦ[n]

)]

= κ

N
∑

i=1

cbulki zi

(

∞
∑

n=0

δnc
[n]
i

)

+Q0,

(3.6)Z-, 3i (3.6) :nZ
9'`, k
Dτ c

[0]
i = 0, i = 1, 2, . . . , N. (3.7)!�E!�,c

[0]
i T`(� τ �4nC`, k ∂c

[0]
i

∂t
= Dtc

[0]
i . �`-, �t3i+`
�1, k



















Dtc
[0]
i +Dτ c

[1]
i = ∇ ·

(

Di∇c
[0]
i +Dizic

[0]
i ∇Φ[0]

)

−DiziEex(τ) · ∇c
[0]
i , i = 1, 2, . . . , N,

−∇ ·
(

εr∇Φ[0]
)

= κ
N
∑

i=1

cbulki zic
[0]
i +Q0.

(3.8)w} c
[0]
i T`(� τ �4nC`, �w (3.8) :s
(PL5* Φ[0] ^� τ �4. jW, �

(3.8) :s`(PL4} τ �>��`(?�n)z?f�, 5m
∂c

[0]
i

∂t
= ∇ ·

(

Di∇c
[0]
i +Dizic

[0]
i ∇Φ[0]

)

+Dizi
∂c

[0]
i

∂x1
〈f(τ)〉, i = 1, 2, . . . , N, (3.9)�:, �tQr_ c

[1]
i 4} τ n?�K,〈f(τ)〉 =

∫ 1

0
f(τ) dτ . !�E!�_xUL�\nK71J"ex:n�/-y4, J+}n�k�4.w?_�$5*, 6=
t"ex:n�k��%, k δ O?, ��nZ
9 (c

[0]
i ,Φ[0])pS6+p��i�E























∂c
[0]
i

∂t
= ∇ ·

[

Di

(

∇c
[0]
i + zic

[0]
i ∇Φ[0]

)]

+Dizi
∂c

[0]
i

∂x1
〈f(τ)〉, i = 1, 2, . . . , N,

−∇ ·
(

εr∇Φ[0]
)

= κ

N
∑

i=1

cbulki zic
[0]
i +Q0.

(3.10)

�:, w}M�-~�J"e?� δ �4, sd c
[0]
i J Φ[0] pSn��~�JM-~�J�E (3.1) :`3.
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3.2. 1Px: Eex ^�R`�p{Mq6�Yoti���℄.ti�tq�E (3.1) :n
tx: Eex 
AYJ7k�:nKz"ex:J7z?�x:,k

Eex(x1, t) = −

[

f

(

t

δ

)

+ g
(x1
δ

)

]

e1, (3.11)Ki%I`:n�$, vC δ S2?, PNP �E (3.1) n� (ci,Φ) 54}"e?� δ X���1, k
ci(x, t; δ) = c

[0]
i (x, t,X1, τ) +

∞
∑

n=1

δnc
[n]
i (x, t,X1, τ), i = 1, 2, . . . , N,

Φ(x, t; δ) = Φ[0](x, t,X1, τ) +

∞
∑

n=1

δnΦ[n](x, t,X1, τ).

(3.12)

�:,τ = t
δ
,X1 = x1

δ
�=�\, �?PpP{�n*9 {

c
[n]
i (x, t,X1, τ),Φ

[n](x, t,X1, τ)
}∞

n=0/�4} τ J X1 n?�C`, $?�� 1. 4mn�t5dmiKz7zÆ�mLn�16+:
∂

∂t
= Dt +

1

δ
Dτ ,

∇ = ∇x +
1

δ
e1

∂

∂X1
,

(3.13)

�:,∇x,Dt,
∂

∂X1
,Dτ �#T4} x, t,X1, τ n�s(�\�4ng`mL.� (3.12)`7 (3.1):, w}M-~�J��~�)B=�\ X1, δ, �tÆXHm, �+OD�E96+



















































































(

Dt +
1
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Dτ

)

(

∞
∑

n=0

δnc
[n]
i

)

=

(

∇x +
1

δ
e1

∂

∂X1

)

·

{

Di

(

∇x +
1

δ
e1

∂

∂X1

)

(

∞
∑

n=0

δnc
[n]
i

)

+Dizi

(

∞
∑

n=0

δnc
[n]
i

)[

(

∇x +
1

δ
e1

∂

∂X1

)

(

∞
∑

n=0

δnΦ[n]

)

−Eex(τ,X1)

]}

,

i = 1, 2, . . . , N,

−

(

∇x +
1

δ
e1

∂

∂X1

)

·

[

εr

(

∇x +
1

δ
e1

∂

∂X1

)

(

∞
∑

n=0

δnΦ[n]

)]

=κ

N
∑

i=1

cbulki zi

(

∞
∑

n=0

δnc
[n]
i

)

+Q0,

(3.14)3iZ
9






















Di

(

∂2c
[0]
i

∂X2
1

+ zic
[0]
i

∂2Φ[0]

∂X2
1

)

= 0, i = 1, 2, . . . , N,

− εr
∂2Φ[0]

∂X2
1

= 0.

(3.15)

w} Φ[0] T4} X1 n?�C`, pS?�K��~�, w (3.15) ns
P5dgO Φ[0] )bH}�\ X1. k (3.15) ns`P5d ∂2c
[0]
i

∂X2
1

= 0. |j� c
[0]
i ^T4} X1 n?�C`, pS?�K��~�, sd!P5,	gO c

[0]
i ^)bH} X1.
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Dτ c
[0]
i = Di

[

2
∂2c

[0]
i

∂X1∂x1
+
∂2c

[1]
i

∂X2
1

+ zi

(

∂c
[0]
i

∂x1

∂Φ[0]

∂X1
+
∂c

[0]
i

∂X1

∂Φ[0]

∂x1
+ 2c

[0]
i

∂2Φ[0]

∂x1∂X1

)

+ zi

(

∂c
[0]
i

∂X1

∂Φ[1]

∂X1
+ c

[0]
i

∂2Φ[1]

∂X2
1

+
∂c

[1]
i

∂X1

∂Φ[0]

∂X1
+ c

[1]
i

∂2Φ[0]

∂X2
1

)

+ zi

(

∂c
[0]
i

∂X1
(f (τ) + g (X1)) + c

[0]
i g′ (X1)

)]

, i = 1, 2, . . . , N,

− εr

(

∂2Φ[0]

∂x1∂X1
+
∂2Φ[1]

∂X2
1

)

= 0.

(3.16)

� Φ[0], c
[0]
i � X1 �4n�n`7 (3.16) :, �t5d��Y}�
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[0]
i = Di
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∂2c
[1]
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∂X2
1

+ zic
[0]
i

∂2Φ[1]

∂X2
1

+ zic
[0]
i g′ (X1)

)

, i = 1, 2, . . . , N,

− εr
∂2Φ[1]

∂X2
1

= 0.

(3.17)

Ki}?_yn, �t5dY (3.17) ns
PgO Φ[1] ^)bH} X1. �`-, (3.17) ns`(PL5�`-}Y�
Dτ c

[0]
i = Di

(

∂2c
[1]
i

∂X2
1

+ zic
[0]
i g′ (X1)

)

, i = 1, 2, . . . , N. (3.18)� (3.18) 4} X1 �`(?�?f�, Qr c
[1]
i J g(X1) 4} X1 n?�K5m

Dτ c
[0]
i = 0, i = 1, 2, . . . , N. (3.19)!�E!�, c

[0]
i T`(� τ �4nC`. 0V, �tÆ3i+`
�1, k
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Dtc
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i +Dτ c

[1]
i = Di
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∆xc
[0]
i + 2

∂2c
[1]
i

∂x1∂X1
+
∂2c

[2]
i

∂X2
1

)

+ zi

[

∇x ·
(

c
[0]
i ∇xΦ

[0]
)]

+ zi

(

∂c
[0]
i

∂x1

∂Φ[1]

∂X1
+
∂c

[0]
i

∂X1

∂Φ[1]

∂x1
+ 2c

[0]
i

∂2Φ[1]

∂x1∂X1

)

+ zi

(

∂c
[0]
i

∂X1

∂Φ[2]

∂X1
+ c

[0]
i

∂2Φ[2]

∂X2
1

+
∂c

[2]
i

∂X1

∂Φ[0]

∂X1
+ c

[2]
i

∂2Φ[0]

∂X2
1

)

+ zi

(

∂c
[1]
i

∂x1

∂Φ[0]

∂X1
+
∂c

[0]
i

∂x1

∂Φ[1]

∂X1
+ 2c

[1]
i

∂2Φ[0]

∂x1∂X1

)

+ zi

(

∂c
[1]
i

∂X1

∂Φ[1]

∂X1
+ c

[1]
i

∂2Φ[1]

∂X2
1

)

+ zi

[(

∂c
[0]
i

∂x1
+
∂c

[1]
i

∂X1

)

(f (τ) + g (X1)) + c
[1]
i g′ (X1)

]}

, i = 1, 2, . . . , N,

−∇x ·
(

εr∇xΦ
[0]
)

− εr

(

2
∂2Φ[1]

∂x1∂X1
+
∂2Φ[2]

∂X2
1

)

= κ

N
∑

i=1

cbulki zic
[0]
i +Q0.

(3.20)
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[0]
i ,Φ[0],Φ[1] � X1 �4, �t5�?_�E (3.20) }Y�
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Dtc
[0]
i +Dτ c

[1]
i = ∇x ·

[

Di

(

∇xc
[0]
i + zic

[0]
i ∇xΦ

[0]
)]

+Di

[

2
∂2c

[1]
i

∂x1∂X1
+
∂2c

[2]
i

∂X2
1

+ zi

(

c
[0]
i

∂2Φ[2]

∂X2
1

+
∂c

[0]
i

∂x1

∂Φ[1]

∂X1

)

+ zi

(

∂c
[0]
i

∂x1
+
∂c

[1]
i

∂X1

)

(f (τ) + g (X1)) + zic
[1]
i g′ (X1)

]

,

i = 1, 2, . . . , N,

−∇x ·
(

εr∇xΦ
[0]
)

− εr
∂2Φ[2]

∂X2
1

= κ
N
∑

i=1

cbulki zic
[0]
i +Q0.

(3.21)

�?_�E (3.21) 4} τ,X1 �#�>�� 1 n)z?f�. Qr c
[n]
i ,Φ[n] 4} τ,X1 n?�K, �t5dmi
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Dtc
[0]
i = ∇x ·

[

Di

(

∇xc
[0]
i + zic

[0]
i ∇xΦ

[0]
)]

+Dizi
∂c

[0]
i

∂x1
[〈f(τ)〉+ 〈g (X1)〉] , i = 1, 2, . . . , N,

−∇x ·
(

εr∇xΦ
[0]
)

= κ
N
∑

i=1

cbulki zic
[0]
i +Q0.

(3.22)

�:, 〈f(τ)〉 =
∫ 1

0
f(τ) dτ, 〈g (X1)〉 =

∫ 1

0
g (X1) dX1.wW5�, d
tx: Eex �K
AKzJ7zZ�zn?�KK, &Z
���X, !v PNP '�:_xULn�\K71bH} Eex �Kz7z?n�/-, ����k�4.w?_�$5*, 6=
t"ex:n�k��%, k δ O?, ��nZ
9 (c

[0]
i ,Φ[0])pS6+p��i�E
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∂c
[0]
i

∂t
= ∇ ·

[

Di

(

∇c
[0]
i +Dizic

[0]
i ∇Φ[0]

)]

+Dizi
∂c

[0]
i

∂x1
[〈f(τ)〉+ 〈g (X1)〉] , i = 1, 2, . . . , N,

−∇ ·
(

εr∇Φ[0]
)

= κ

N
∑

i=1

cbulki zic
[0]
i +Q0.

(3.23)

�:, w}M�-~�J"e?� δ �4, sd c
[0]
i J Φ[0] pSn��~�JM-~�J�E (3.1) :`3.
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3.3. 1P2: Eex ^�R�p{Mq6�Yoti0�p`4q�V℄.qb*t�}d"zZ<%I, �t�$_
x:�}_xUL�\np7, �Mr�|:, 7k�n!zxS�}_xULn�\^y>℄p7 [19]. ��?Æ:, �t3i7k�n!zxSx�pS?��+n%A, �G6+

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∂ci
∂t

= ∇ ·

{

Di

[

∇ci + zici

(

∇Φ+ f

(

t

δ

)

e1

)]}

, in Ω,

−∇ · (εr∇Φ) = κ

N
∑

i=1

cbulki zici +Q0, in Ω,

−Di (∇ci + zici∇Φ) · n = 0, on ΓN ,

εr
∂Φ

∂n
=
ecβ

ε0
σs

(x1
δ

)

, on ΓN .

(3.24)

�:, �}Y+_!℄, �tWm+}n<-��~�9.Ki"Z<%An�$, �t�}!�|�J�K��1. w}7k� �nx:5
)y��5, �tM℄��E�#��.J�� ��#�J���1. ��M��n)��., �$?EJ%I`�.4�, �t5dmi4�n�n, k�nZ
9 c
[0]
i ,Φ

[0] pS�E (3.23). ��7k�n�� �, �tM℄���5X���1.+z�td7kn+�� ΓN1  �n��5�S, +O6)n���$?E, 7k?��
ΓN2 %AKGKi. ��� ΓN1  �, Q_ X1 J τ +
, �tM℄k7Cn=�\ X2 = x2

δ
,k5dq X = [X1,X2]

T
. �)#}�.n���1, �tk7CnqE, r (c̃i, Φ̃) !Q�� ��En�, k�mn���16+

c̃i = c̃
[0]
i (x, t,X, τ) +

∞
∑

n=1

δnc̃
[n]
i (x, t,X, τ), i = 1, 2, . . . , N,

Φ̃ = Φ̃[0](x, t,X, τ) +

∞
∑

n=1

δnΦ̃[n](x, t,X, τ).

(3.25)

�:, pP{�*9 {

c̃
[n]
i (x, t,X, τ), Φ̃[n](x, t,X, τ)

}∞

n=0
/�4} X1, τ n?�C`, $?�� 1. �mn, �t5d�*<Æ�mLX6+�1

∂

∂t
= Dt +

1

δ
Dτ ,

∇ = ∇x +
1

δ
∇X .

(3.26)

�:,∇x,Dt,∇X ,Dτ �#T4} x, t,X, τ n�s(�\�4ng`mL. � (3.25) (3.26) `7 (3.24) :, �t5dmi�En6+�1IP
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∂X2
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∑
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δnΦ̃[n] =
ecβ

ε0
σs (X1) , on ΓN1 .

(3.27)�_�g�.�|n��~�, �t+z13i x2 = 0 n%I. Z-, �t3iZ
9,k
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)

= 0, i = 1, 2, . . . , N,

− εr∆XΦ̃[0] = 0,

Di

(

∂c̃
[0]
i

∂X2
+ zic̃

[0]
i

∂Φ̃[0]

∂X2
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= 0, i = 1, 2, . . . , N, on ΓN1 ,

− εr
∂Φ̃[0]

∂X2
= 0, on ΓN1 .

(3.28)

�KM℄pS,�.n��~�, k
lim

X2→∞
c̃
[0]
i (x1, 0, t,X) = lim

X2→∞
c
[0]
i ,

lim
X2→∞

Φ̃[0] (x1, 0, t,X) = lim
x2→0

Φ[0],

lim
X2→∞

∂Φ̃[0]

∂X2
(x1, 0, t,X) = 0,

lim
X2→∞

(

∂Φ̃[0]

∂x2
+
∂Φ̃[1]

∂X2

)

(x1, 0, t,X) = lim
x2→0

∂Φ[0]

∂x2
.

(3.29)

w} c
[0]
i ,Φ

[0] /)bH} X1,X2, w?_�EJ��~�, �t5dmi c̃
[0]
i , Φ̃[0] ^)bH} X1,X2.
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

















































































































































Dτ c̃
[0]
i = Di

[ (

2∇x · ∇X c̃
[0]
i +∆X c̃

[1]
i

)

+ zi

(

∇xc̃
[0]
i · ∇X Φ̃[0] +∇X c̃

[0]
i · ∇xΦ̃

[0] + 2c̃
[0]
i ∇x · ∇X Φ̃[0]

)

+ zi

(

∇X c̃
[1]
i · ∇XΦ̃[0] + c̃

[1]
i ∆XΦ̃[0] +∇X c̃

[0]
i · ∇XΦ̃[1] + c̃

[0]
i ∆XΦ̃[1]

) ]

,

i = 1, 2, . . . , N,

− εr

(

2∇x · ∇X Φ̃[0] +∆XΦ̃[1]
)

= 0,

Di

[

∂c̃
[0]
i

∂x2
+
∂c̃

[1]
i

∂X2
+ zi

(

c̃
[0]
i

∂Φ̃[0]

∂x2
+ c̃

[0]
i

∂Φ̃[1]

∂X2
+ c̃

[1]
i

∂Φ̃[0]

∂X2

)]

= 0,

i = 1, 2, . . . , N, on ΓN1 ,

− εr

(

∂Φ̃[0]

∂x2
+
∂Φ̃[1]

∂X2

)

=
ecβ

ε0
σs (X1) , on ΓN1 .

(3.30)

w c̃
[0]
i , Φ̃[0] )bH} X1,X2, �t5d�?P�`-Y}



































































Dτ c̃
[0]
i = Di∆X c̃

[1]
i , i = 1, 2, . . . , N,

∆X Φ̃[1] = 0,

Di

(

∂c̃
[0]
i

∂x2
+
∂c̃

[1]
i

∂X2
− zic̃

[0]
i

ecβ

ǫrǫ0
σs(X1)

)

= 0, on ΓN1 ,

− εr

(

∂Φ̃[0]

∂x2
+
∂Φ̃[1]

∂X2

)

=
ecβ

ε0
σs (X1) , on ΓN1 .

(3.31)

3i (3.31) :ns
JsgP, Ffi limX2→∞
∂Φ̃[1]

∂X2
= 0, jW� (3.31) :s
(�E�)� {0 < X1 < 1, 0 < X2 <∞} ?f�, �t5d�gO ∫ 1

0
∂Φ̃[1]

∂X2
|X2=0 dX1 = 0. �} (3.31) :nsg(�E� X1 n`(?��f�, $!f��=5m

−εr
∂Φ̃[0]

∂x2
=
ecβ

ε0
〈σs (X1)〉, on ΓN1 . (3.32)Qr Φ̃[0] J Φ[0] n��~� (3.29), �t5dmi:

εr
∂Φ[0]

∂n
=
ecβ

ε0
〈σs (X1)〉, on ΓN1 . (3.33)Æw (3.29) :4} c̃

[0]
i n��~�5* c̃

[0]
i � τ �4, jW (3.31) :n`(�E5d}Y�
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Di

(

∂c
[0]
i

∂x2
+ zic

[0]
i

∂Φ[0]

∂x2

)

= 0, i = 1, 2, . . . , N, on ΓN1 . (3.34)?�� ΓN2 n%AKi, P?s_, �t5dmi&Z
9���X, d δ S2?nKU,�/YVnp��E6+






















































∂c
[0]
i

∂t
= −∇ · J

[0]
i +Dizi

∂c
[0]
i

∂x1
〈f(τ)〉, i = 1, 2, . . . , N, in Ω,

−∇ ·
(

εr∇Φ[0]
)

= κ

N
∑

i=1

cbulki zic
[0]
i +Q0, in Ω,

J
[0]
i · n = 0, i = 1, 2, . . . , N, on ΓN ,

εr
∂Φ[0]

∂n
=
ecβ

ε0
〈σs (X1)〉, on ΓN .

(3.35)

�:,J
[0]
i = −Di

(

∇c
[0]
i + zic

[0]
i ∇Φ[0]

)

〈f (τ)〉 !Q� τ n�/, 〈σs (X1)〉 !Q� X1 n�/.w}M-~�J ΓD n��~�J"e?� δ �4, sd c
[0]
i J Φ[0] M-~�J� ΓD pSn��~�J�E (3.1) :`3.

4. ;[|z�)}|_`-�
+", �t-+O`BqEnH/Ah. �t0r Sobolev 7z
W s,p(Ω) n H�E, 
D�44n�` ‖ · ‖s,p,Ω J��` | · |s,p,Ω

[20]. )}�X, d p = 2K, �tNr Hs(Ω) =W s,2(Ω), $q H1
0 (Ω) = {v ∈ H1(Ω) : v|∂Ω = 0}, �: v|∂Ω = 0 T�gnfh+. �` ‖ · ‖s,2,Ω r ‖ · ‖s,Ω !Q.

4.1. 6��3w} Nernst-Planck �ETKz���E, �tM℄� PNP �E�K�JKzJ7znM=Y. �}s i <_xULe ci 4W7z� H1
D,i(Ω) = {v ∈ H1(Ω) : v = 0, on ΓD,i}, �: ΓD,i ⊂ ∂Ω !Q ci - Dirichlet ��~�n��. �}xS, e Φ n4W7z� H1

D(Ω) =

{v ∈ H1(Ω) : v = 0, on ΓD}, �: ΓD ⊂ ∂Ω !Q Φ - Dirichlet ��~�n��, ��t5dmi PNP �En9IP






























' ci ∈ L2(0, T ;H1(Ω)),Φ ∈ L2(0, T ;H1(Ω)) Nm ci|ΓD,i
= 1,Φ|ΓD

= ecβΦD, $
∫

Ω

∂ci
∂t
vi dx = −

∫

Ω

Di (∇ci + zici∇Φ) · ∇vi dx+

∫

Ω

Rivi dx, ∀vi ∈ H1
D,i(Ω),

∫

Ω

εr∇Φ · ∇ψ dx =

∫

Ω

κ

N
∑

i=1

cbulki ziciψ dx+

∫

Ω

Q0ψ dx+

∫

ΓN

ecβ

ε0
σsψ dS, ∀ψ ∈ H1

D(Ω).

(4.1)�t0rlP Euler �
� PNP �E�JKzM=. �+}Kz)z [0, T ] �Jp��k 0 = t0 < t1 < · · · < tM = T , $e δt = tm+1 − tm, ���� �, �tq1fC` f(x, t)



3 � h~8 q: #fy;� Poisson-Nernst-Planck �F�oq8: �L��%ja.\( 179�K6 tm n-� fm. � PNP �E-Cs m+ 1 (Kz-nKz�M=IP�






































































' cm+1
i ∈ H1(Ω),Φm+1 ∈ H1(Ω) Nm cm+1

i |ΓD,i
= 1,Φm+1|ΓD

= ecβΦ
m+1
D , $

∫

Ω

cm+1
i − cmi

δt
v dx = −

∫

Ω

Di

(

∇cm+1
i + zic

m+1
i ∇Φm+1

)

· ∇v dx

+

∫

Ω

Rm+1
m v dx, ∀v ∈ H1

D,i(Ω), i = 1, 2, . . . , N,

∫

Ω

εr∇Φm+1 · ∇ψ dx =

∫

Ω

κ
N
∑

i=1

cbulki zic
m+1
i ψ dx+

∫

Ω

Qm+1
0 ψ dx

+

∫

ΓN

ecβ

ε0
σm+1
s ψ dS, ∀ψ ∈ H1

D(Ω).

(4.2)

�`-,�t3i�?_�M='��J7zM=. �tk7y1�7z Vh, Uh ⊂ H1(Ω),$e Vh,D,i = Vh ∩H
1
D,i(Ω),Uh,D = Uh ∩H

1
D(Ω). �t� cm+1

i J Φm+1 �7z Vh, Uh ?n�i��#q� cm+1
i,h J Φm+1

h , ��t5dmi PNP �En.M=IP






































































' cm+1
i,h ,Φm+1

h Nm cm+1
i,h |ΓD,i

= 1,Φm+1
h |ΓD

= ecβΦ
m+1
D , $

∫

Ω

cm+1
i,h − cmi,h

δt
φl dx = −

∫

Ω

Di

(

∇cm+1
i,h + zic

m+1
i,h ∇Φm+1

h

)

· ∇φl dx

+

∫

Ω

Rm+1
i φl dx, ∀l, i = 1, 2, . . . , N,

∫

Ω

εr∇Φm+1
h · ∇ψl dx =

∫

Ω

κ

N
∑

i=1

cbulki zic
m+1
i,h ψl dx+

∫

Ω

Qm+1
0 ψl dx

+

∫

ΓN

ecβ

ε0
σm+1
s ψl dS, ∀l.

(4.3)

�s�Æn`-M[:, �t/0r��2K Lagrange y1�7z�J7zM=.

4.1.1. KQ�{yw} PNP �E (4.3) T#℄Ln�2K�EU, �'�!'�M℄0r2KY�
, �t0r Newton {`
�J'�. )}r, vC�t
*?`(Kz-n� (cmi,h,Φ
m
h ), !�2K'�5d}ar!Q�

{

Fi(c
m+1
i,h ,Φm+1

h ; cmi,h) = 0 i = 1, 2, . . . , N,

F0(c
m+1
1,h , cm+1

2,h , . . . , cm+1
N,h ,Φ

m+1
h ) = 0.

(4.4)

�:, Fi Ts i <_xULn Nernst-Planck �E, F0 T Poisson �E. Newton {`
)}-B6+:
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Require: ?`(Kz-n� Φm

h , cmi,h, i = 1, 2, . . . , N , XW H tol, kJjL η;

Ensure: +`(Kz-n� Φm+1
h , cm+1

i,h , i = 1, 2, . . . , N ;

1: q Φ
(0)
h = Φm

h , c
(0)
i,h = cmi,h, i = 1, 2, . . . , N ;

2: while k = 1, 2, . . . do

3: '� Jacobian ``'�:













∂F1

∂c1
|k−1 . . . 0 ∂F1

∂Φ |k−1

...
. . .

...
...

0 . . . ∂FN

∂cN
|k−1

∂FN

∂Φ |k−1

∂F0

∂c1
|k−1 . . . ∂F0

∂cN
|k−1

∂F0

∂Φ |k−1

























δc1
...

δcN

δΦ













= −













F1|k−1

...

FN |k−1

F0|k−1













�:, |k−1 !Q�s k − 1 X{`� Φ
(k−1)
h , c

(k−1)
i,h , i = 1, 2, . . . , N T--;

4: -C�\:

c
(k)
i,h = c

(k−1)
i,h + ηδci,h, Φ

(k)
h = Φ

(k−1)
h + ηδΦh�:, η TkJ1`;

5: nm4�37 r = max
i=1,2,...,N

‖Fi(c
(k)
i,h

,Φ
(k)
h

;cmi,h)‖

‖Fi(c
(k−1)
i,h

,Φ
(k−1)
h

;cm
i,h

)‖
. 6= r < tol, ��0{`, $�_�:

cm+1
i,h = c

(k)
i,h , Φm+1

h = Φ
(k)
h

6: �t{`X` k = k + 1

7: end while

5. ;[?$��Æ:, �t+}"ex: Eex n)}IP, $r`-�
�#'��E (3.1) J�K��/YVnp��E, ��d"e?� δ (}
KZ��n7i. wW['s;Ænpw�Gny�K.

5.1. �=+O�	me95\Z-, �te�E (3.1) :n"ex: Eex pS6+IP
Eex = −

[

B +At sin

(

2π

δ
t

)

+Ax cos

(

2π

δ
x1

)

, 0

]T

, (5.1)�:,B,At, Ax, δ �#T!Q"ex:n�/x:�Kz"��7z"�J?�n<`. $℄'7k>� Lc T δ n�`.Ffi, �}I6 (5.1) n"ex: Eex, �t5d5er�i`(xS Φex Nm Eex =

−∇Φex, k
Φex =

[

B + At sin

(

2π

δ
t

)]

x1 +Ax

δ

2π
sin

(

2π

δ
x1

)

(5.2)
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













































−∇ · (εr∇Φex) = Axεr
2π

δ
sin

(

2π

δ
x1

)

, in Ω,

Φex = 0, on ΓD1 ,

Φex = BLc +AtLc sin

(

2π

δ
t

)

, on ΓD2 ,

εr
∂Φex

∂n
= 0, on ΓN .

(5.3)

jW, �t5d-7z:CnQxSY�C�\ Φtot = Φex + Φ, �5miCn PNP �E6+














































































































∂ci
∂t

= ∇ · [Di (∇ci + zici∇Φtot)] , in Ω,

−∇ · (εr∇Φtot) = κ

N
∑

i=1

cbulki zici +G
(x1
δ

)

, in Ω,

ci(x, 0) =
c0i (x)

cbulki

, in Ω,

ci = 1, on ΓD = ΓD1 ∪ ΓD2 ,

Ji · n = 0, on ΓN ,

Φtot = 0, on ΓD1 ,

Φtot = ecβΦDF

(

t

δ

)

, on ΓD2 ,

εr
∂Φtot

∂n
=
ecβ

ε0
σs

(x1
δ

)

, on ΓN .

(5.4)

�:,F
(

t
δ

)

= 1 + BLc

ecβΦD
+ AtLc

ecβΦD
sin
(

2π
δ
t
)

G
(

x1

δ

)

= Q0 + Axεr
2π
δ
sin
(

2π
δ
x1
)

. W
, w}�t\x$_7k�n!zxGx�^D?��+n%A,(5.4) :q σs = σs
(

x1

δ

)

.�_
'`-M[T��M:#K�n��, +_mS+}nz$>�� UL = 10nm,z$Kz� UT = 10ns. Mr��n'��
A K+, Cl− Z<MLn'�. �t1`C4�� OM[:<r1`C4, 6! 1 sQ. �
'4_x:K, �tC4Z<MLn}��4p, k cbulkK+ = cbulkCl- = cbulk.w}+_`-M[/�Kz���E, Q_s`(Kz-�t5dr L2(Ω) J H1(Ω)�`�\, �t\�r l2([t1, tM ],H1(Ω)) J l∞([t1, tM ]; L2(Ω)) �Z<�`�\syKz-nQ"7. �: l2([t1, tM ],H1(Ω)) J l∞([t1, tM ]; L2(Ω)) �`}h�
‖u‖l2([t1,tM ],H1(Ω)) =

(

δt
M
∑

m=1

‖um‖2H1(Ω)

)

1
2

,

‖u‖l∞([t1,tM ];L2(Ω)) = max
m=1,2,...,M

‖um‖L2(Ω),

(5.5)

W
,�}� �,+_mS:�)6_a�nTOry+O)}a�n�\/��\$a���`iz$a� UL,UT +n�\.
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5.2. ="T: �G�g7Z-, �tr�$�|[`-�
n&/K. 3i`(
�&�I)� Ω = [−L

2 ,
L
2 ] ×

[−L
2 ,

L
2 ], $vC!)��nxS Φ JML�� cK+, cCl- pS6+�E























∂cK+

∂t
= ∇ · [DK+ (∇cK+ + zK+cK+∇Φ)] +RK+, in Ω,

∂cCl-

∂t
= ∇ · [DCl- (∇cCl- + zCl-cCl-∇Φ)] +RCl-, in Ω,

−∇ · (εr∇Φ) = κcbulk (zK+cK+ + zCl-cCl-) +Q0, in Ω.

(5.6)

�:,-'�
.3}xGx�Q0 = 0, zK+ = 1, zCl- = −1,$+}Udn�mC`RK+, RCl-JM�-~�, Nm'�)y6+�$�






















































cK+ = 1 +
1

2
cos

(

2π
t

Tp

)

cos
(

π
x1
L

)

cos
(

π
x2
L

)

,

cCl- = 1 +
1

2
cos

(

2π
t

Tp

)

cos
(

π
x1
L

)

cos
(

π
x2
L

)

,

Φ =
L2

2π2

κcbulk

εr
cos

(

2π
t

Tp

)

cos
(

π
x1
L

)

cos
(

π
x2
L

)

+ ecβΦD

[

1 +
1

2
sin

(

2π
t

Tp

)](

x2
L

+
1

2

)

.

(5.7)

�M[:, �t- L = 1, Tp = 2, T = 0.5, ΦD = 0.01V, cbulk = 0.1mM. �mS�#��(/	
'?�Jnm
'a�nK\�#� 0.08, 0.04, 0.02, 0.01, 0.005. `-M[�=6! 2 J� 2 sQ, `-�J�$�� l2([t1, tM ],H1(Ω)) �`fh+n4�"7℄iVuXW
 O(DOF
1
2 ), !�=f�_`-�
n&/K.


 2 :Z���H�rLvFh�/,�8%� (>#U)Ox�)a l2([t1, tN ], H1(Ω)) �a,o5�#8 �0YX�
cK+ cCl- Φ

788 3.0009E-02 3.4839E-02 1.7599E-03 -

3014 1.4964E-02 1.7528E-02 8.8525E-04 0.4977

11827 7.4632E-03 8.7828E-03 4.4349E-04 0.4996

46679 3.7275E-03 4.3985E-03 2.2208E-04 0.4995

185703 1.8620E-03 2.2001E-03 1.1107E-04 0.5001

5.3. ="x: 6�Yoti��mS:, �t3i`(
�>�I7k, nm)�J��KG6� 1 sQ, �: Lc =

5, dc = 1, $vC!)��nxS Φ JML�� cK+, cCl- i���~�pS�E (5.4) �:
RK+, RCl-, Q0 /� 0. +}1` T = 0.8, cbulk = 1mM, ΦD = 0.1V, σs = 0C/m2, F

(

t
δ

)

=

γ1 + γ2 sin
(

2π
δ
t
)

. +}MO~�� t = 0 K6nMLn�v�+, k cK+ = cCl- = 1. M[�=!�, )7T�ItKz"ex:, "ex:?� δ T�-)�-, "e�� γ2 -��, Z



3 � h~8 q: #fy;� Poisson-Nernst-Planck �F�oq8: �L��%ja.\( 183<ML���)� Ω :/�<` 1. d3}"e?� δ = 0.1, "� γ2 -)�-K, dKxfqKzn�Yn%A6� 3 sQ. 5d2O, p0dKxfn�Y��)�, 
�%(Kz)z [0, T ] ?f?!7knQxG\��Itn"ex:nKz�/y4, J"e��J�k�4. .0M[�=J�K��/On�$%I`:�n`3.

� 2 a.�K�%�o5�#8YX+3 (nTa)

� 3 *�#�oL{#fy;,oeLygrL{o�Z&B (nT�)

5.4. ="2: 6�Yoti��mS:, �t3i-Mrn
A.�_xULHna�k)�n`-��, )� ΩJ��KG6� 4 sQ, ΓNr

DQ)�W{Z�J7k?+��n�t��. 7kn>�



184 a.on�ondns 2025 Æ� Lc = 10, >�� dc = 1, _xULHn>> Lr = Hr = 5. w}7k�n!zxG σs �ML�\nJ�)yO^np7, $�MrF �kn7���Z�, �!mS:, �t3i�k7� ΓNc
Z��
!zxGn%A. vC! Ω �nxS Φ JML�� cK+, cCl- i���~�pS�E (5.6), �:, RK+, RCl- /� 0, G(x1

δ
) = γ3 + γ4κc

bulk sin
(

2π
δ
x
)

, �'`:
A
κcbulk T�_
'
.?�x:JMLN�x:�`\l?4�. +}��~�6+



































































cK+ = cCl- = 1, on ΓD = ΓD1 ∪ ΓD2 ,

JK+ · n = JCl- · n = 0, on ΓN = ΓNc
∪ ΓNr

,

Φ = 0, on ΓD1 ,

Φ = ecβΦDF

(

t

δ

)

, on ΓD2 ,

εr
∂Φ

∂n
=
ecβ

ε0
σs, on ΓNc

,

εr
∂Φ

∂n
= 0, on ΓNr

.

(5.8)

�:, cbulk = 1mM, ΦD = 0.1V, σs = −1E-3C/m2, F
(

t
δ

)

= γ1 + γ2 sin
(

2π
δ
t
)

. �/
nmnKz)z�
A%`("e?�$
'JKz->S2?, Nms("e?��nE&5d�y�(I, �t- T = 0.8, Kz-> δt = 0.005, 
'K\� 0.005. +}nM-T t = 0 n��~�+, '�n�v�, d δ = 0.4 K, M-6� 5 sQ.

� 4 �BNMIob�l*�K��LHRg�

� 5 NM�,o�wN.Rg� (nT<)

�!M[:, �t3} γ1 = 1, γ2 = 1, γ3 = 0, γ4 = 5, $�#- δ = 0.4, 0.2, 0.1, 0.05, x



3 � h~8 q: #fy;� Poisson-Nernst-Planck �F�oq8: �L��%ja.\( 185$d7k7z:Z�J"ex:4�?��+3}xGK, qJ?� δ n~?, ML���+J7kP�zf�?nQxG\n��(S. �tC4!"ex:�m�K��/YVnZ
���EY�1�, k1`-� γ1 = 1, γ2 = γ3 = γ4 = 0, 62)� δ +nML���+J7kP�zf�?nQxG\J!1�%An4�"7. M[�=6� 6 J� 7 sQ. w� 6 5d2O, 7k:nML���+%A`qJ δ n~?�(:}1�%A. � 7 :nN2!Q1�%A+n7kP�z�nmKz)z�f?nQxG\, 5d2O, 7kP�zf?nQxG\qJ δ n~?�(:}1�%A. Z�/['_�K��/On�$%I
:,Kz"ex:J7z?��+x:p7+, �nZ
����"ex:n�/y4n�n.

� 6 [=NM���,K2�&Bo�05�#8r δ o�Z&B (nT<)

� 7 *� δ ,, 8lQ
{�onL{*{	g�oRyH℄j��2�&B��o5�#8l (nT<)

5.5. ="<: 6�Yoti�a�℄.}db*t���mS:, �t�['Kz"ex:J��?��+n!zxG�}ML�\np7.�tnnm)�J��KGb0�mS;:4�, 6� 4 sQ. �tb0'��E (5.6), �
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

































































cK+ = cCl- = 1, on ΓD = ΓD1 ∪ ΓD2 ,

JK+ · n = JCl- · n = 0, on ΓN = ΓNc
∪ ΓNr

,

Φ = 0, on ΓD1 ,

Φ = ecβΦDF

(

t

δ

)

, on ΓD2 ,

εr
∂Φ

∂n
=
ecβ

ε0
σsH

(x

δ

)

, on ΓNc
,

εr
∂Φ

∂n
= 0, on ΓNr

.

(5.9)

�:, cbulk = 1mM,ΦD = 0.1V, σs = −1E-3C/m2, F
(

t
δ

)

= γ1 + γ2 sin
(

2π
δ
t
)

, H
(

x
δ

)

=

γ5 + γ6 sin
(

2π
δ
x
)

. �mS;4�, �t- T = 0.8, Kz-> δt = 0.005, 
'K\� 0.005. +}nM-T t = 0 n��~�+'�n�v�, d δ = 0.4 K, M-6� 8 sQ.

� 8 NM�,o�wN.Rg� (nTh)

� 9 [=NM���,K2�&Bo�05�#8r δ o�Z&B (nTh)

�!M[:, �t+} γ1 = γ2 = γ5 = 1, γ6 = 2, $�#- δ = 0.4, 0.2, 0.1, 0.05, x$d��Z�J"ex:4�?�n?��+!zxGK, qJ?� δ n~?, ML���+J7kP�zf�?nQxG\n��(S. �tC4!"ex:J?�!zxGx��m�



3 � h~8 q: #fy;� Poisson-Nernst-Planck �F�oq8: �L��%ja.\( 187K��/YVnZ
���EY�1�, k γ2 = γ6 = 0, γ1 = γ5 = 1, 62)� δ +nML���+J7kP�zf�?nQxG\J!1�%An4�"7. M[�=6� 9 J� 10sQ. w� 9 5d2O, 7k:nML���+%A`qJ δ n~?�(:}1�%A. �
10 :nN2!Q1�%A+n7kP�z�nmKz)z�f?nQxG\, 5d2O, 7k�?��+n!zxG|tKz"ex:np7, �"e?�(:} 0 n��fh+, b0(:}1�%A. Z�/['_�K��/On�$%I;:, �}Kz"ex:J?��+!zxGp7+, �nZ
����Kz7zn�/y4n�n.

� 10 *� δ ,, 8lQ
{�onL{*{	g�oRyH℄j��2�&B��o5�#8l (nTh)

6. a������!v Poisson-Nernst-Planck (PNP) �G?x+, '�V$_
t"ex:��vK�7k�ML\�K7np7.  �"ex:�kh%n%A, b}�K��/Y�
:n���$, �#1�$�g_;<vG~�+nZ
�ip��G:(1) Y7k�:ItKz"ex:;(2)Y7k�:ItKz"ex:, $�L7z?�K�+nx:;(3) 7k�Z�?�K!zxG�+n%A+, ItY7k�:nKz"ex:.On�$�=!�, �d?;<%I+,
t?%�"ex:�7k�ML�+J�/\�K7np7�-,}x:nKz�/-, ��"e�k�4. �['!p��Gn&/K,��1�_
��vK�a7knMr�G, 0ry1��
�J7zM=, :V Euler 
�Kz�JM=, $�? Newton {`�J2KY'�, �C_`-��. �=.Q, `-���On�$%�`3, �`-['_p��GnH/K.�V$�?On�$�`-��4�L, �Q_
t?%�"ex:+ML\�J�n:j, {O_`<}Ynp��G, �b} PNP �GnML\�V${/_On)A�13.f � B J
[1] Hille B. Ionic channels in excitable membranes. Current problems and biophysical approaches [J].

Biophysical journal, 1978, 22(2): 283–294.



188 a.on�ondns 2025 Æ
[2] Herzig S, Neumann J. Effects of serine/threonine protein phosphatases on ion channels in excitable

membranes [J]. Physiological reviews, 2000, 80(1): 173–210.

[3] Unwin N. The structure of ion channels in membranes of excitable cells [J]. Neuron, 1989,

3(6): 665–676.

[4] Alberts B, Johnson A, Lewis J, Raff M, Roberts K, Walter P. Ion channels and the electrical

properties of membranes [G]. In Molecular Biology of the Cell. 4th edition. Garland Science, 2002.

[5] Catterall W A. Structure and function of voltage-gated ion channels [J]. Annual review of

biochemistry, 1995, 64(1): 493–531.

[6] Daiguji H. Ion transport in nanofluidic channels [J]. Chemical Society Reviews, 2010, 39(3): 901–

911.

[7] Sparreboom W, van den Berg A, Eijkel J C. Transport in nanofluidic systems: a review of theory

and applications [J]. New Journal of Physics, 2010, 12(1): 015004.

[8] Shin DW, Guiver M D, Lee Y M. Hydrocarbon-based polymer electrolyte membranes: importance

of morphology on ion transport and membrane stability [J]. Chemical reviews, 2017, 117(6): 4759–

4805.

[9] Nikonenko V, Zabolotsky V, Larchet C, Auclair B, Pourcelly G. Mathematical description of ion

transport in membrane systems [J]. Desalination, 2002, 147(1-3): 369–374.

[10] Bo W, Guo L, Yang Y, Ma J, Wang K, Tang J, Wu Z, Zeng B, Gong Y. Numerical study of

voltage-gated Ca 2+ transport irradiated by terahertz electromagnetic wave [J]. IEEE Access,

2020, 8: 10305–10315.

[11] Li Y, Chang C, Zhu Z, Sun L, Fan C. Terahertz wave enhances permeability of the voltage-gated

calcium channel [J]. Journal of the American Chemical Society, 2021, 143(11): 4311–4318.

[12] Hu Z H, Lv W P, Hui D X, Wang X J, Wang Y N. Permeability enhancement of the KcsA channel

under radiation of a terahertz wave [J]. Physical Review E, 2022, 105(2): 024104.

[13] ��\, �[, 9J, ���, �>'. T�juNK��,*	�G!AnoW%�� [J]. !PTÆ,

2021, 70(24): 248707.

[14] Hollerbach U, Chen D P, Eisenberg R S. Two-and three-dimensional Poisson–Nernst–Planck

simulations of current flow through gramicidin A [J]. Journal of Scientific Computing, 2001,

16: 373–409.

[15] Lu B, Holst M J, McCammon J A, Zhou Y. Poisson–Nernst–Planck equations for simulating

biomolecular diffusion–reaction processes I: Finite element solutions [J]. Journal of computational

physics, 2010, 229(19): 6979–6994.

[16] Ciucci F, Lai W. Derivation of micro/macro lithium battery models from homogenization [J].

Transport in porous media, 2011, 88: 249–270.

[17] Richardson G, King J. Time-dependent modelling and asymptotic analysis of electrochemical

cells [J]. Journal of Engineering Mathematics, 2007, 59: 239–275.

[18] Holmes M H. Introduction to perturbation methods[M], volume 20. Springer Science & Business

Media, 2012.

[19] Daiguji H. Ion transport in nanofluidic channels [J]. Chemical Society Reviews, 2010, 39(3): 901–

911.

[20] Ciarlet P G. The finite element method for elliptic problems[M]. SIAM, 2002.


