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Abstract. In this paper, an energetic variational method is employed to derive a set of ion
transportation and electrostatic models of general electrolyte solution with a locally and mathemat-
ically rigorously determined dielectric permittivity of the dipolar solvent under certain assumptions.
The model could be called the local dielectric Poisson--Nernst--Planck (LDPNP)/Poisson--Boltzmann
(LDPB) model, which couples the Poisson--Nernst--Planck and Poisson--Boltzmann equations with
a novel moment equation of dipolar molecules. A feature of this new model is that the system con-
sistently determines the dipole moment distribution, thereby the local dielectric permittivity of the
ionic aqueous solution, whereas this information is lacking and a constant assumption is usually
adopted for the dielectric permittivity in traditional PNP simulations. We investigate the energy
dissipation law of the derived LDPNP equations. For a planar bounded radially symmetric domain,
we prove the existence and uniqueness of the equilibrium solution of LDPNP equations.

Key words. dipolar media, local dielectric Poisson--Nernst--Planck (LDPNP) model, local
dielectric Poisson--Boltzmann (LDPB) model
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1. Introduction. The Poisson--Boltzmann (PB) equation and Poisson-Nernst-
Planck (PNP) equations are two commonly used PDE models in the electrolyte
solution system. The PB equation serves as a physically reasonable and efficient math-
ematical description of the equilibrium state of the electrolyte solution [2, 13, 14, 15, 19].
It models the electrostatic interactions involving charged solutes, mobile ions, and a
polarized solvent which influences the stability and dynamics of biological molecules
in aqueous solutions [13, 26, 30, 35, 36]. In a nonequilibrium state (i.e., unbalanced
ionic flow exists), the PNP model, which couples the electrostatic potential equation
with convection-diffusion equations, describes the electrodiffusion process of ions in an
electrolyte solution. It has been widely used in the biological ion channel [25, 28, 31]
and nanopore systems [10, 12, 52]. In both models, a basic hypothesis is that the
background solute and solvent molecules can be treated as dielectric media character-
ized by their dielectric permittivity. Though the dielectric permittivity in electrolytes
was often assumed as constant or piecewise constant in many electrostatic modelings,
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A LOCAL DIELECTRIC PNP/PB MODEL 2111

such as in PB/PNP calculations, it is usually not a constant and has a complicated
dependence on the density of surface/interface charge, domain geometry, and the ionic
strength of the solution [22, 24, 29, 30, 38].

Dielectric decrement, referring to the reduction in the dielectric constant (or per-
mittivity) of a solution, is a general phenomenon observed in electrolytes which results
from the ordering of the polarized water due to the presence of ions or polar molecules
in a solution (see Figure 1). A number of experimental and numerical measurements
have confirmed that the dielectric properties of the fluid close to interfaces drastically
differ from the bulk properties [6, 16, 46]. The low dielectric region can reach dis-
tances of a few nanometers from the interface (such as water-membrane, water-protein
interfaces and others), which is independent of the sign of the surface charges [11].
This phenomenon is significant in various contexts, including electrochemical pro-
cesses, biological systems, and transport phenomena. For instance, the low dielectric
permittivity of water at the membrane interface affects the protonmotive force (the
transmembrane difference in electrochemical potential of protons), and thereby the
proton motion which drives adenosine triphosphate (ATP) synthesis in bacteria, mi-
tochondria, and chloroplasts. Nevertheless, when simulating interfacial phenomena,
using a homogeneous dielectric constant of water in calculations leads to an underes-
timation of the occurrence of electrostatic forces [11]. Investigations were conducted
for dielectric modulation of ion transport near interfaces [3], as well as the effects
on electrokinetic phenomena, including electroosmosis and electrophores [53]. The
heterogeneity of the dielectric constant also has a significant influence on the struc-
ture of the electric double-layer region [5, 18, 23, 29, 37, 44] and charge transfer [27].
Additionally, a good understanding of the dielectric properties of a solvent is crucial
for an accurate description of molecular-level studies of macrobiomolecules [17].

As for ion channel studies, besides many factors like quantum effects [9, 45, 50],
protein conformation dynamics [7, 4, 21], ion size effects [8, 33, 43], and correlation
effects [34, 42, 41] to be considered, the dielectric permittivity is also an influential
parameter in continuum modeling. It is not entirely clear what dielectric value should
be used in continuum studies of biological ion channels. The quantity is hard to mea-
sure experimentally, with very few studies known to date [20, 40], and the complicated
geometries and composition of the proteins makes this value difficult to compute ana-
lytically. A number of attempts have been made to determine the dielectric constant
of liquid water [1, 39, 47], water inside an artificial narrow pore [48, 49], and water
within the channel protein/pore [40].

In this paper, we consider diffusion and migration of positively and negatively
charged particles in a general electrolyte solution (not limited to ion channel) with
a dipolar medium. This work aims to present a general model to calculate the het-
erogeneous dielectric coefficient in electrolytes (not limited to ion channel systems)
that is locally determined by an interplay of dipole distribution, surrounding charges,
electric fields, and domain geometry. A particularly interesting case of this work is to
consider the situation that the dielectric coefficient is dependent on ionic concentra-
tion and polarization of water molecules. The general free energy functional includes
additional energy terms of the interaction between dipole and electric field. The varia-
tional approach is employed to derive the local dielectric PNP (LDPNP)/PB (LDPB)
equations in dipolar medium under boundary conditions.

The dielectric permittivity \epsilon has complicated local dependence on the ionic den-
sities and polarization of the media, and these quantities and relations are usually
difficult to determine and experimentally measure in inhomogeneous material. The
main point of this work is to treat the dielectric permittivity as a generic function
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2112 SHENG GUI, BENZHUO LU, AND WEILIN YU

Fig. 1. A diagram of the heterogeneous dielectric implicit solvent model in an ionic solvent.

of polarization and ionic densities. The function forms were widely studied and can
be seen elsewhere; for instance, the dependence of \epsilon on polarization P has a common
physical relation, \epsilon = (1+\chi e)/\epsilon 0, where the electric susceptibility \chi e describes a pro-
portional relation between the polarization and the strength of the electric field as
P= \epsilon 0\chi eE, and \epsilon 0 is the vacuum permittivity.

It is worth noting here that if \epsilon assumes an explicitly given function of position x,
\epsilon (x), this is the usual treatment as in commonly used PNP/PB modeling, and is not
the focus of the current work. If \epsilon depends only on the ionic densities and the general
free energy does not depend on the dipole effect, \epsilon (ci), this resumes our previously
studied ionic density-dependent dielectric model [31]. Our LDPNP model couples
the PNP equations with a dipole moment equation describing the interactions and
dynamics among electrostatic potential \phi = \phi (x, t), the density of the ith ion species
ci = ci(x, t), and the dipole polarization field p = p(x, t). In the microscopic scale,
there are polarized charges due to dipole polarization, \nabla \cdot p. But in the macroscopic
scale we still regard a water molecule as an electrically neutral particle, and hence
in Gauss's law the field sources are all the ions, which implies that the electrostatic
potential \phi is formed only by all ions and the boundary layers.

We organize the rest of the paper as follows: In section 2, we give a complete
free energy functional with dipole moment. In section 3, we derive the first variations
of the free energy functional, the generalized Boltzmann distributions, the LDPB
model, and the LDPNP model. Furthermore, we prove the energy dissipation law of
the LDPNP model, and the existence and uniqueness of the solution for the stationary
LDPNP model. Finally, in section 4, we draw our conclusions.

2. The mean field free energy functional. In this section, we will derive
the free energy functional with dipole moment. When considering charged ions in a
water medium in a domain \Omega \subset \BbbR N , N = 2,3, and the dielectric permittivity \epsilon local
dependence on the ionic densities, the Gibbs free energy of the charged system is
usually written as

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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A LOCAL DIELECTRIC PNP/PB MODEL 2113

F [c] =

\int 
\Omega 

1

2
\rho (c)\phi (c)dV + \beta  - 1

K\sum 
i=1

\int 
\Omega 

ci[log(\Lambda 
3ci) - 1]dV  - 

K\sum 
i=1

\int 
\Omega 

\mu icidV.(2.1)

Here, \rho is the total charge density, K is the number of diffusive ion species in the
solution that are considered in the system, \phi = \phi (c) is the electrostatic potential with
c= (c1, . . . , cK), ci is the concentration for the ith ionic species, \beta = 1/kBT is inverse
Boltzmann energy, where kB is the Boltzmann constant and T the temperature, \Lambda 
is the thermal de Broglie wavelength, and \mu i is the chemical potential of the ith
ion species. The classical PB equation and PNP equations can be derived by the
variational method from this energy form [32, 51].

However, this free energy is not complete. When a potential is given on a bound-
ary, this means (1) if the boundary is a physical boundary identified as a certain type of
material interfaces, there must be a mount of ``effective"" surface charges \sigma eff

D = - \epsilon \partial \phi \partial n ,

which then causes an additional surface interaction energy  - 1
2\epsilon 

\partial \phi 
\partial n\phi ; (2) the bound-

ary is artificial, and the influence can be approximated by ``effective"" surface charges
\sigma eff
D = - \epsilon \partial \phi \partial n , which leads to a similar energy term. Based on these two observations,

Liu, Qiao, and Lu [31] put forward a complete free energy functional form for the
Dirichlet boundary condition:

F [c] =

\int 
\Omega 

1

2
\rho (c)\phi (c)dV  - 

\int 
\partial \Omega 

1

2
\epsilon (c)

\partial \phi (c)

\partial n
\phi 0dS

+ \beta  - 1
K\sum 
i=1

\int 
\Omega 

ci[log(\Lambda 
3ci) - 1]dV  - 

K\sum 
i=1

\int 
\Omega 

\mu icidV.

(2.2)

Using this energy form, they derive a generalized self-consistent PB equation/PNP
equations.

In the present paper, we further add the polarization effect to this system, in which
the dielectric permittivity \epsilon has local dependence not only on the ionic densities, but
also on the polarization of the media.

For a dipole moment p= (p1, . . . , pN ) in a electric field E = - \nabla \phi , the total energy
includes two parts: one is the electric potential energy of the outside electric field E
given by U1 =  - p \cdot E = p \cdot \nabla \phi , and the other is the electric potential energy given

by U2 =  - k\ast q1q2
l = k\ast | p| 2

l3 where k\ast is Coulomb's constant, l = | d| is the length of
a dipole, and d is the vector that represents a dipole (see Figure 2). Therefore, we
present the free energy functional as follows:

F [a] =

\int 
\Omega 

1

2
\rho (c)\phi (a)dV  - 

\int 
\partial \Omega 

1

2
\epsilon (a)

\partial \phi (a)

\partial n
\phi 0dS

+ \beta  - 1
K\sum 
i=1

\int 
\Omega 

ci[log(\Lambda 
3ci) - 1]dV  - 

K\sum 
i=1

\int 
\Omega 

\mu icidV(2.3)

+

\int 
\Omega 

\rho \omega p \cdot \nabla \phi (a)dV +

\int 
\Omega 

k\ast 

l3
\rho \omega | p| 2dV,

where the electrostatic potential \phi (a) satisfies the Poisson equation:\Biggl\{ 
 - \nabla \cdot (\epsilon (a)\nabla \phi (a)) = \rho (c) in \Omega ,

\phi (a) = \phi 0 on \partial \Omega .
(2.4)

Here, a= (c1, . . . , cK ;p1, . . . , pN ), c= (c1, . . . , cK), ci is the density of ith ion species,
\beta = 1/KBT is inverse Boltzmann energy, \Lambda is thermal de Broglie wavelength, \mu i is

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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2114 SHENG GUI, BENZHUO LU, AND WEILIN YU

Fig. 2. A diagram of the dipole in the external electric field.

the chemical potential of the ith ion species, \rho w is the number density of water, and
\rho = \rho (c) is the total charge density, defined by

\rho (c) =

K\sum 
i=1

qici, qi = zie, i= 1, . . . ,K,

where zi is the valence of the ith species and e is the charge of one electron. In
(2.3), The first two terms together represent the electrostatic potential energies, and
the second term is the boundary interaction. The third term represents the ideal-gas
entropy, and the fourth term represents the chemical potential of the system that
results from the constraint of the total number of ions in each species. The last two
terms represent the total energy of dipoles.

3. Energetic variational approach. In this section, we will use the energetic
variational approach from the energy functional form (2.3) to derive LDPNP/LDPB
models. For this purpose, we need the following basic assumptions:
(i) a\in \BbbX , where

\BbbX =
\bigl\{ 
a= (c1, . . . , cK , p1, . . . , pN ) : ci > 0, ci \in W 1,\infty (\Omega ), pi \in L2(\Omega )\cap W 1,\infty (\Omega )

\bigr\} 
.

(ii) The dielectric coefficient function \epsilon (a) \in C1(\BbbR K+N

+ ,\BbbR ). Moreover, there are two
positive numbers \epsilon min and \epsilon max such that

0< \epsilon min \leq \epsilon (a)\leq \epsilon max \forall a\in \BbbX ,

where \BbbR + = [0,\infty ).
(iii) The boundary electrostatic potential \phi 0 belongs to H

3
2 (\partial \Omega ).

Before deriving the first variation of F with respect to a, we state the following
results for Poisson equation (2.4).

Theorem 3.1. Poisson equation (2.4) has a unique solution \phi = \phi (a) \in H2(\Omega ).

Moreover, by the trace theorem, \phi (a)\in H
3
2 (\partial \Omega ).

Proof. Let us decompose \phi (a) as follows:

\phi (a) = \phi 1(a) + \phi 2(a),

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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A LOCAL DIELECTRIC PNP/PB MODEL 2115

where \phi 1(a) satisfies \Biggl\{ 
 - \nabla \cdot (\epsilon (a)\nabla \phi 1(a)) = 0 in \Omega ,

\phi 1(a) = \phi 0 on \partial \Omega ,
(3.1)

and \phi 2(a) satisfies \Biggl\{ 
 - \nabla \cdot (\epsilon (a)\nabla \phi 2(a)) = \rho (c) in \Omega ,

\phi 2(a) = 0 on \partial \Omega .
(3.2)

It is well known that for \phi 0 \in H
3
2 (\partial \Omega ), there exists a unique harmonic function

\phi 1,1 \in H2(\Omega ), such that \phi 1,1 = \phi 0 on \partial \Omega . If we take \phi 1(a) = \phi 1,1 + \phi 1,2(a), then
\phi 1,2(a) satisfies

\left\{    - \nabla \cdot (\epsilon (a)\nabla \phi 1,2(a)) =
K\sum 
i=1

\partial \epsilon (a)
\partial ci

(\nabla ci \cdot \nabla \phi 1,1) +
N\sum 
i=1

\partial \epsilon (a)
\partial pi

(\nabla pi \cdot \nabla \phi 1,1) in \Omega ,

\phi 1,2(a) = 0 on \partial \Omega .

(3.3)

Define the bilinear form

B(u, v) =

\int 
\Omega 

\epsilon (a)\nabla u \cdot \nabla v dV \forall u, v \in H1
0 (\Omega ).

It follows from assumption (ii) that B is a bounded, coercive bilinear form. Since a\in \BbbX 
and \phi 1,1 \in H2(\Omega ), by our assumption (ii) again, the right-hand side of (3.3) belongs
to L2(\Omega ) and hence H - 1(\Omega ). Using the Lax--Milgram theorem, (3.3) has a unique
solution \phi 1,2(a) in H1

0 (\Omega ). Using the elliptic regularity theorem, \phi 1,2(a)\in H2(\Omega ). As
a result, (3.1) has a unique solution \phi 1(a)\in H2(\Omega ).

Since a\in \BbbX , we have \rho (c)\in H - 1(\Omega ). Using the Lax--Milgram theorem again, (3.2)
also has a unique solution \phi 2(a) in H1

0 (\Omega ). The elliptic regularity theorem implies
that \phi 2(a)\in H2(\Omega ).

Hence, we have proved that the boundary-value problem of Poisson equation (2.4)
has a unique solution \phi = \phi (a)\in H2(\Omega ).

Based on Theorem 3.1, the complete free energy (2.3) is well-defined. We now
begin to calculate the first variation of F with respect to a.

3.1. First variations. Let a = (c1, . . . , cK , p1, . . . , pN ) \in \BbbX and \=a = (\=c1, . . . , \=cK ,
\=p1, . . . , \=pN )\in X. We define the Gateaux derivative by

\delta F [a][\=a] = lim
t\rightarrow 0

F [a+ t\=a] - F [a]

t
.(3.4)

To get the expression of \delta F [a][\=a], some lemmas are needed.
For t\in \BbbR and t \not = 0, we define

\Phi t[a][\=a] =
\phi (a+ t\=a) - \phi (a)

t
.(3.5)

Then we can state the first lemma.

Lemma 3.2. We have \Phi t[a][\=a]\in H1
0 (\Omega ). As t\rightarrow 0,\bigm\| \bigm\| \Phi t[a][\=a]
\bigm\| \bigm\| 
H1(\Omega )

\leq C.(3.6)

As a consequence,

\phi (a+ t\=a)\rightarrow \phi (a) strongly inH1(\Omega ) as t\rightarrow 0.(3.7)

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

10
/0

9/
24

 to
 5

8.
25

0.
99

.2
6 

. R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/te

rm
s-

pr
iv

ac
y



2116 SHENG GUI, BENZHUO LU, AND WEILIN YU

Proof. Since \phi (a) solves (2.4) and \phi (a+ t\=a) is a solution of\Biggl\{ 
 - \nabla \cdot (\epsilon (a+ t\=a)\nabla \phi (a+ t\=a)) = \rho (c+ t\=c) in \Omega ,

\phi (a+ t\=a) = \phi 0 on \partial \Omega ,
(3.8)

we have \phi (a+ t\=a) - \phi (a)\in H1
0 (\Omega ) (hence \Phi t[a][\=a]\in H1

0 (\Omega )) and

 - \nabla \cdot 
\bigl( 
\epsilon (a)\nabla (\phi (a+ t\=a) - \phi (a))

\bigr) 
= \rho (c+ t\=c) - \rho (c) +\nabla \cdot 

\bigl( 
(\epsilon (a+ t\=a) - \epsilon (a))\nabla \phi (a+ t\=a)

\bigr) 
in \Omega .

(3.9)

Testing \phi (a+ t\=a) - \phi (a) to (3.9) and the integral in \Omega , we get\int 
\Omega 

\epsilon (a)| \nabla (\phi (a+ t\=a) - \phi (a))| 2dV

=

\int 
\Omega 

\bigl( 
\rho (c+ t\=c) - \rho (c)

\bigr) \bigl( 
\phi (a+ t\=a) - \phi (a)

\bigr) 
dV

+

\int 
\Omega 

\bigl( 
\epsilon (a+ t\=a) - \epsilon (a)

\bigr) 
\nabla \phi (a+ t\=a) \cdot \nabla 

\bigl( 
\phi (a+ t\=a) - \phi (a)

\bigr) 
dV.

(3.10)

Since \phi (a+ t\=a) - \phi (a)\in H1
0 (\Omega ), by the Poincar\'e inequality we have

\| \phi (a+ t\=a) - \phi (a)\| L2(\Omega ) \leq C\| \nabla (\phi (a+ t\=a) - \phi (a))\| L2(\Omega ).(3.11)

Then the first term on the right-hand side of (3.10) has the following estimate:\int 
\Omega 

\bigl( 
\rho (c+ t\=c) - \rho (c)

\bigr) \bigl( 
\phi (a+ t\=a) - \phi (a)

\bigr) 
dV =

K\sum 
i=1

qit

\int 
\Omega 

\=ci
\bigl( 
\phi (a+ t\=a) - \phi (a)

\bigr) 
dV

\leq C| t| \| \phi (a+ t\=a) - \phi (a)\| L2(\Omega )

\leq C| t| \| \nabla (\phi (a+ t\=a) - \phi (a))\| L2(\Omega ).

On the other hand, fixing \delta > 0, for any | t| < \delta , \| \nabla \phi (a+ t\=a)\| L2(\Omega ) \leq C via the
elliptic regularity theory. Thus, the second term on the right-hand side of (3.10) has
the estimate\int 

\Omega 

\bigl( 
\epsilon (a+ t\=a) - \epsilon (a)

\bigr) 
\nabla \phi (a+ t\=a) \cdot \nabla 

\bigl( 
\phi (a+ t\=a) - \phi (a)

\bigr) 
dV

=

\int 
\Omega 

\Biggl( 
K\sum 
i=1

\partial \epsilon (a+st\=a)

\partial ci
t\=ci+

N\sum 
i=1

\partial \epsilon (a+st\=a)

\partial pi
t\=pi

\Biggr) 
\nabla \phi (a+t\=a) \cdot \nabla 

\bigl( 
\phi (a+t\=a) - \phi (a)

\bigr) 
dV

\leq C| t| \| \nabla (\phi (a+ t\=a) - \phi (a))\| L2(\Omega ),

where 0\leq s\leq 1.
Hence, we obtain that

\epsilon min

\int 
\Omega 

| \nabla (\phi (a+ t\=a) - \phi (a))| 2dV \leq 
\int 
\Omega 

\epsilon (a)| \nabla (\phi (a+ t\=a) - \phi (a))| 2dV

\leq C| t| \| \nabla (\phi (a+ t\=a) - \phi (a))\| L2(\Omega ),

which gives

\| \nabla (\phi (a+ t\=a) - \phi (a))\| L2(\Omega ) \leq C| t| .(3.12)

The conclusion (3.6) follows from (3.11) and (3.12).

Furthermore, we have the following.
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A LOCAL DIELECTRIC PNP/PB MODEL 2117

Lemma 3.3. As t\rightarrow 0,

\Phi t[a][\=a]\rightarrow v0 strongly in H1
0 (\Omega ),(3.13)

where v0 is a solution of

\left\{    - \nabla \cdot (\epsilon (a)\nabla v0) =
K\sum 
i=1

qi\=ci +\nabla \cdot 
\biggl( \biggl( 

K\sum 
i=1

\partial \epsilon (a)
\partial ci

\=ci +
N\sum 
i=1

\partial \epsilon (a)
\partial pi

\=pi

\biggr) 
\nabla \phi (a)

\biggr) 
in\Omega ,

v0 = 0 on \partial \Omega .

(3.14)

Proof. Note that \Phi t[a][\=a]\in H1
0 (\Omega ) satisfies

 - \nabla \cdot 
\bigl( 
\epsilon (a)\nabla \Phi t[a][\=a]

\bigr) 
=

K\sum 
i=1

qi\=ci +\nabla \cdot 
\biggl( 
\epsilon (a+ t\=a) - \epsilon (a)

t
\nabla \phi (a+ t\=a)

\biggr) 
in \Omega .(3.15)

By Lemma 3.2, \Phi t[a][\=a] is bounded in H1
0 (\Omega ). So there exists v0 \in H1

0 (\Omega ) such that

\Phi t[a][\=a]\rightarrow v0 weakly in H1
0 (\Omega ) as t\rightarrow 0.

By letting t\rightarrow 0 in (3.15), we have

 - \nabla \cdot (\epsilon (a)\nabla v0) =

K\sum 
i=1

qi\=ci +\nabla \cdot 

\Biggl( \Biggl( 
K\sum 
i=1

\partial \epsilon (a)

\partial ci
\=ci +

N\sum 
i=1

\partial \epsilon (a)

\partial pi
\=pi

\Biggr) 
\nabla \phi (a)

\Biggr) 
in \Omega ,

which, together with (3.15), gives

 - \nabla \cdot 
\bigl( 
\epsilon (a)\nabla (\Phi t[a][\=a] - v0)

\bigr) 
=\nabla \cdot 

\Biggl( 
\epsilon (a+ t\=a) - \epsilon (a)

t
\nabla \phi (a+ t\=a) - 

\Biggl( 
K\sum 
i=1

\partial \epsilon (a)

\partial ci
\=ci +

N\sum 
i=1

\partial \epsilon (a)

\partial pi
\=pi

\Biggr) 
\nabla \phi (a)

\Biggr) 
in \Omega .

(3.16)

Testing \Phi t[a][\=a] - v0 to (3.16) and the integral in \Omega , we get from assumption (ii) and
Lemma 3.2 that\int 

\Omega 

\epsilon (a)| \nabla (\Phi t[a][\=a] - v0)| 2dV

= - 
\int 
\Omega 

\epsilon (a+ t\=a) - \epsilon (a)

t
\nabla \phi (a+ t\=a) \cdot \nabla (\Phi t[a][\=a] - v0)dV

+

\int 
\Omega 

\Biggl( 
K\sum 
i=1

\partial \epsilon (a)

\partial ci
\=ci +

N\sum 
i=1

\partial \epsilon (a)

\partial pi
\=pi

\Biggr) 
\nabla \phi (a) \cdot \nabla (\Phi t[a][\=a] - v0)dV

= - 
\int 
\Omega 

\Biggl( 
K\sum 
i=1

\partial \epsilon (a+ st\=a)

\partial ci
\=ci +

N\sum 
i=1

\partial \epsilon (a+ st\=a)

\partial pi
\=pi

\Biggr) 
\nabla \phi (a+ t\=a) \cdot \nabla (\Phi t[a][\=a] - v0)dV
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2118 SHENG GUI, BENZHUO LU, AND WEILIN YU

+

\int 
\Omega 

\Biggl( 
K\sum 
i=1

\partial \epsilon (a)

\partial ci
\=ci +

N\sum 
i=1

\partial \epsilon (a)

\partial pi
\=pi

\Biggr) 
\nabla \phi (a) \cdot \nabla (\Phi t[a][\=a] - v0)dV

= - 
\int 
\Omega 

K\sum 
i=1

\biggl( 
\partial \epsilon (a+ st\=a)

\partial ci
 - \partial \epsilon (a)

\partial ci

\biggr) 
\=ci\nabla \phi (a+ t\=a) \cdot \nabla (\Phi t[a][\=a] - v0)dV

 - 
\int 
\Omega 

K\sum 
i=1

\partial \epsilon (a)

\partial ci
\=ci\nabla 
\bigl( 
\phi (a+ t\=a) - \phi (a)

\bigr) 
\cdot \nabla (\Phi t[a][\=a] - v0)dV

 - 
\int 
\Omega 

N\sum 
i=1

\biggl( 
\partial \epsilon (a+ st\=a)

\partial pi
 - \partial \epsilon (a)

\partial pi

\biggr) 
\=pi\nabla \phi (a+ t\=a) \cdot \nabla (\Phi t[a][\=a] - v0)dV

 - 
\int 
\Omega 

N\sum 
i=1

\partial \epsilon (a)

\partial pi
\=pi\nabla 

\bigl( 
\phi (a+ t\=a) - \phi (a)

\bigr) 
\cdot \nabla (\Phi t[a][\=a] - v0)dV

\leq ot(1)
\bigm\| \bigm\| \nabla (\Phi t[a][\=a] - v0)

\bigm\| \bigm\| 
L2(\Omega )

,(3.17)

where ot(1) denotes that ot(1)\rightarrow 0 as t\rightarrow 0. Since \epsilon (a)\geq \epsilon min > 0, we finally obtain
that

\| \nabla (\Phi t[a][\=a] - v0)\| L2(\Omega ) \leq ot(1).(3.18)

It follows from the Poincar\'e inequality that

\| \Phi t[a][\=a] - v0\| L2(\Omega ) \leq ot(1).(3.19)

We complete the proof.

Let G\epsilon (a)(y,x) be the Green's function for  - \nabla (\epsilon (a)\nabla ) in \Omega , such that\Biggl\{ 
 - \nabla y \cdot (\epsilon (a)\nabla yG\epsilon (a)(y,x)) = \delta (y - x) in \Omega ,

G\epsilon (a)(y,x) = 0 on \partial \Omega ,

where \delta is the Dirac function. Then G\epsilon (a)(y,x) has the form

G\epsilon (a)(y,x) =G(y,x) +R\epsilon (a)(y,x),

where G(y,x) is the Green's function for  - \Delta in \Omega with zero boundary condition
and R\epsilon (a)(y,x) is a correction term. Using the Green's function G\epsilon (a)(y,x), we can
represent v0 as follows:

v0(x) =

\int 
\Omega 

G\epsilon (a)(y,x)

\Biggl[ 
K\sum 
i=1

qi\=ci +\nabla \cdot 

\Biggl( \Biggl( 
K\sum 
i=1

\partial \epsilon (a)

\partial ci
\=ci +

N\sum 
i=1

\partial \epsilon (a)

\partial pi
\=pi

\Biggr) 
\nabla \phi (a)

\Biggr) \Biggr] 
(y)dy.

(3.20)

Based on the above discussions, we are ready to calculate \delta F [a][\=a]. Let us de-
compose the free energy F as

F [a] = Fpot[a] + Fentropy[c] + Fdipole[a],

where
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A LOCAL DIELECTRIC PNP/PB MODEL 2119

Fpot[a] =

\int 
\Omega 

1

2
\rho (c)\phi (a)dV  - 

\int 
\partial \Omega 

1

2
\epsilon (a)

\partial \phi (a)

\partial n
\phi 0dS,(3.21)

Fentropy[c] =

K\sum 
i=1

\int 
\Omega 

\{ \beta  - 1ci[log(\Lambda 
3ci) - 1] - \mu ici\} dV,(3.22)

Fdipole[a] =

\int 
\Omega 

\rho \omega p \cdot \nabla \phi (a)dV +

\int 
\Omega 

k\ast 

l3
\rho \omega | p| 2dV.(3.23)

By the definition of (3.4), we have

\delta Fentropy[c][\=c] = lim
t\rightarrow 0

Fentropy[c+ t\=c] - Fentropy[c]

t
=

K\sum 
i=1

\int 
\Omega 

\=ci[\beta 
 - 1 log(\Lambda 3ci) - \mu i]dV.

(3.24)

We now deal with the derivative of electrostatic potential energy. Clearly,

\delta Fpot[a][\=a] = lim
t\rightarrow 0

Fpot[a+ t\=a] - Fpot[a]

t

= lim
t\rightarrow 0

1

2t

\biggl( \int 
\Omega 

\bigl( 
\rho (c+ t\=c) - \rho (c)

\bigr) 
\phi (a+ t\=a)dV +

\int 
\Omega 

\rho (c)
\bigl( 
\phi (a+ t\=a) - \phi (a)

\bigr) 
dV

\biggr) 
 - lim

t\rightarrow 0

1

2t

\int 
\partial \Omega 

\biggl( 
\epsilon (a+ t\=a)

\partial \phi (a+ t\=a)

\partial n
 - \epsilon (a)

\partial \phi (a)

\partial n

\biggr) 
\phi 0dS

= lim
t\rightarrow 0

1

2

K\sum 
i=1

\int 
\Omega 

qi\=ci\phi (a+ t\=a)dV + lim
t\rightarrow 0

1

2t

\int 
\Omega 

\rho (c)
\bigl( 
\phi (a+ t\=a) - \phi (a)

\bigr) 
dV

 - lim
t\rightarrow 0

1

2t

\int 
\partial \Omega 

\biggl( 
\epsilon (a+ t\=a)

\partial \phi (a+ t\=a)

\partial n
 - \epsilon (a)

\partial \phi (a)

\partial n

\biggr) 
\phi 0dS.

(3.25)

By (3.7),

lim
t\rightarrow 0

1

2

K\sum 
i=1

\int 
\Omega 

qi\=ci\phi (a+ t\=a)dV =
1

2

K\sum 
i=1

\int 
\Omega 

qi\=ci\phi (a)dV.(3.26)

Since \phi (a) is a solution of (2.4), we can test (2.4) by \phi (a) to get that

\int 
\Omega 

\epsilon (a)\nabla \phi (a) \cdot \nabla \phi (a)dV  - 
\int 
\partial \Omega 

\epsilon (a)
\partial \phi (a)

\partial n
\phi 0dS =

\int 
\Omega 

\rho (c)\phi (a)dV.(3.27)

Similarly, testing (3.8) by \phi (a) we have

\int 
\Omega 

\epsilon (a+t\=a)\nabla \phi (a+t\=a) \cdot \nabla \phi (a)dV  - 
\int 
\partial \Omega 

\epsilon (a+t\=a)
\partial \phi (a+t\=a)

\partial n
\phi 0dS=

\int 
\Omega 

\rho (c+t\=c)\phi (a)dV.

(3.28)
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2120 SHENG GUI, BENZHUO LU, AND WEILIN YU

Combining this with (3.27) and (3.28), one sees

 - lim
t\rightarrow 0

1

2t

\int 
\partial \Omega 

\biggl( 
\epsilon (a+ t\=a)

\partial \phi (a+ t\=a)

\partial n
 - \epsilon (a)

\partial \phi (a)

\partial n

\biggr) 
\phi 0dS

= lim
t\rightarrow 0

1

2t

\int 
\Omega 

\bigl( 
\rho (c+ t\=c) - \rho (c)

\bigr) 
\phi (a)dV

 - lim
t\rightarrow 0

1

2t

\int 
\Omega 

\bigl( 
\epsilon (a+ t\=a)\nabla \phi (a+ t\=a) - \epsilon (a)\nabla \phi (a)

\bigr) 
\cdot \nabla \phi (a)dV

=
1

2

K\sum 
i=1

\int 
\Omega 

qi\=ci\phi (a)dV  - lim
t\rightarrow 0

1

2t

\int 
\Omega 

\bigl( 
\epsilon (a+ t\=a) - \epsilon (a)

\bigr) 
\nabla \phi (a+ t\=a) \cdot \nabla \phi (a)dV

 - lim
t\rightarrow 0

1

2t

\int 
\Omega 

\epsilon (a)\nabla 
\bigl( 
\phi (a+ t\=a) - \phi (a)

\bigr) 
\cdot \nabla \phi (a)dV.

(3.29)

It follows from Lemma 3.2 that

lim
t\rightarrow 0

1

2t

\int 
\Omega 

\bigl( 
\epsilon (a+ t\=a) - \epsilon (a)

\bigr) 
\nabla \phi (a+ t\=a) \cdot \nabla \phi (a)dV

=
1

2

\int 
\Omega 

\Biggl( 
K\sum 
i=1

\partial \epsilon (a)

\partial ci
\=ci +

N\sum 
i=1

\partial \epsilon (a)

\partial pi
\=pi

\Biggr) 
| \nabla \phi (a)| 2dV.

(3.30)

Since \phi (a+ t\=a) - \phi (a) = 0 on \partial \Omega , we have

lim
t\rightarrow 0

1

2t

\int 
\Omega 

\epsilon (a)\nabla 
\bigl( 
\phi (a+ t\=a) - \phi (a)

\bigr) 
\cdot \nabla \phi (a)dV

= lim
t\rightarrow 0

1

2t

\int 
\Omega 

 - \nabla \cdot 
\bigl( 
\epsilon (a)\nabla \phi (a)

\bigr) \bigl( 
\phi (a+ t\=a) - \phi (a)

\bigr) 
dV

= lim
t\rightarrow 0

1

2t

\int 
\Omega 

\rho (c)
\bigl( 
\phi (a+ t\=a) - \phi (a)

\bigr) 
dV.

(3.31)

Then by (3.25), (3.26), (3.29), (3.30), and (3.31), we obtain

\delta Fpot[a][\=a] =

K\sum 
i=1

\int 
\Omega 

qi\=ci\phi (a)dV

 - 1

2

\int 
\Omega 

\Biggl( 
K\sum 
i=1

\partial \epsilon (a)

\partial ci
\=ci +

N\sum 
i=1

\partial \epsilon (a)

\partial pi
\=pi

\Biggr) 
| \nabla \phi (a)| 2dV.

(3.32)

Finally, we deal with the derivative of the dipole's energy. We have

\delta Fdipole[a][\=a] = lim
t\rightarrow 0

Fdipole[a+ t\=a] - Fdipole[a]

t

= lim
t\rightarrow 0

1

t

\int 
\Omega 

\rho \omega p \cdot \nabla 
\bigl( 
\phi (a+ t\=a) - \phi (a)

\bigr) 
dV

+ lim
t\rightarrow 0

\int 
\Omega 

\rho \omega \=p \cdot \nabla \phi (a+ t\=a)dV

+

\int 
\Omega 

2k\ast 

l3
\rho \omega p \cdot \=pdV.(3.33)

By (3.7), we have

lim
t\rightarrow 0

\int 
\Omega 

\rho \omega \=p \cdot \nabla \phi (a+ t\=a)dV =

\int 
\Omega 

\rho \omega \=p \cdot \nabla \phi (a)dV.(3.34)
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On the other hand, by Lemma 3.3 we have

lim
t\rightarrow 0

1

t

\int 
\Omega 

\rho \omega p \cdot \nabla 
\bigl( 
\phi (a+ t\=a) - \phi (a)

\bigr) 
dV = lim

t\rightarrow 0

\int 
\Omega 

\rho \omega p \cdot \nabla \Phi t[a][\=a]

=

\int 
\Omega 

\rho \omega p \cdot \nabla v0 dV

= - 
\int 
\Omega 

\rho \omega (\nabla \cdot p)v0 dV.

(3.35)

From the expansion (3.20), we obtain that\int 
\Omega 

\rho \omega (\nabla \cdot p)v0 dV =

\int 
\Omega 

\int 
\Omega 

G\epsilon (a)(y,x)
\bigl[ 
\rho \omega (\nabla \cdot p)

\bigr] 
(x)

\cdot 

\Biggl[ 
K\sum 
i=1

qi\=ci +\nabla \cdot 

\Biggl( \Biggl( 
K\sum 
i=1

\partial \epsilon (a)

\partial ci
\=ci +

N\sum 
i=1

\partial \epsilon (a)

\partial pi
\=pi

\Biggr) 
\nabla \phi (a)

\Biggr) \Biggr] 
(y)dxdy

=

\int 
\Omega 

H\varepsilon (a)

\Biggl[ 
K\sum 
i=1

qi\=ci +\nabla \cdot 

\Biggl( \Biggl( 
K\sum 
i=1

\partial \epsilon (a)

\partial ci
\=ci +

N\sum 
i=1

\partial \epsilon (a)

\partial pi
\=pi

\Biggr) 
\nabla \phi (a)

\Biggr) \Biggr] 
dV

=

K\sum 
i=1

\int 
\Omega 

\biggl( 
qiH\varepsilon (a)  - 

\partial \epsilon (a)

\partial ci
\nabla \phi (a) \cdot \nabla H\varepsilon (a)

\biggr) 
\=ci dV

 - 
N\sum 
i=1

\int 
\Omega 

\partial \epsilon (a)

\partial pi

\bigl( 
\nabla \phi (a) \cdot \nabla H\varepsilon (a)

\bigr) 
\=pi dV,

(3.36)

where

H\varepsilon (a)(x) =

\int 
\Omega 

G\epsilon (a)(y,x)
\bigl[ 
\rho \omega (\nabla \cdot p)

\bigr] 
(y)dy.(3.37)

Hence we obtain that

\delta Fdipole[a][\=a] = - 
K\sum 
i=1

\int 
\Omega 

\biggl( 
qiH\varepsilon (a)  - 

\partial \epsilon (a)

\partial ci
\nabla \phi (a) \cdot \nabla H\varepsilon (a)

\biggr) 
\=ci dV

+

N\sum 
i=1

\int 
\Omega 

\biggl( 
2k\ast 

l3
\rho \omega pi + \rho \omega 

\partial \phi (a)

\partial xi
+

\partial \epsilon (a)

\partial pi

\bigl( 
\nabla \phi (a) \cdot \nabla H\varepsilon (a)

\bigr) \biggr) 
\=pidV.

(3.38)

Combining (3.24), (3.32), and (3.38), the derivative \delta F [a][\=a] can be stated as
follows.

Theorem 3.4. Suppose (i)--(iii) hold and \=a\in \BbbX . Then

\delta F [a][\=a] =

K\sum 
i=1

\int 
\Omega 

\biggl( 
qi
\bigl( 
\phi (a) - H\epsilon (a)

\bigr) 
 - 
\biggl( 
1

2
| \nabla \phi (a)| 2  - \nabla H\epsilon (a) \cdot \nabla \phi (a)

\biggr) 
\partial \epsilon (a)

\partial ci

+ \beta  - 1 log(\Lambda 3ci) - \mu i

\biggr) 
\=cidV

+

N\sum 
i=1

\int 
\Omega 

\Biggl( 
2k\ast 

l3
\rho \omega pi + \rho \omega 

\partial \phi (a)

\partial xi

+

\biggl( 
 - 1

2
| \nabla \phi (a)| 2 +\nabla H\epsilon (a) \cdot \nabla \phi (a)

\biggr) 
\partial \epsilon (a)

\partial pi

\Biggr) 
\=pidV.

(3.39)
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That is,

\delta F [a]

\delta ci
= qi

\bigl( 
\phi (a) - H\epsilon (a)

\bigr) 
 - 
\biggl( 
1

2
| \nabla \phi (a)| 2  - \nabla H\epsilon (a) \cdot \nabla \phi (a)

\biggr) 
\partial \epsilon (a)

\partial ci

+ \beta  - 1 log(\Lambda 3ci) - \mu i

(3.40)

and

\delta F [a]

\delta pi
=

2k\ast 

l3
\rho \omega pi + \rho \omega 

\partial \phi (a)

\partial xi
+

\biggl( 
 - 1

2
| \nabla \phi (a)| 2 +\nabla H\epsilon (a) \cdot \nabla \phi (a)

\biggr) 
\partial \epsilon (a)

\partial pi
.(3.41)

From the definition of H\varepsilon (a), we have the following remark.

Remark 3.5. The function H\varepsilon (a) introduced in (3.37) satisfies\Biggl\{ 
 - \nabla \cdot (\epsilon (a)\nabla H\epsilon (a)) = \rho \omega (\nabla \cdot p) in \Omega ,

H\epsilon (a) = 0 on \partial \Omega .

Thus, H\varepsilon (a) is the electrostatic potential of the dipole and its equivalent charge dis-
tribution is \rho \omega (\nabla \cdot p).

3.2. Generalized Boltzmann distributions with dipole moment and lo-
cal dielectric Poisson--Boltzmann Model. For a \in \BbbX , we call it an equilibrium
if the first variation \delta F [a][\=a] exists and equals zero for any \=a \in \BbbX . If a \in \BbbX is an
equilibrium, then \delta F [a][\=a] = 0 for all \=a\in \BbbX , which means

\mu i = qi
\bigl( 
\phi (a) - H\epsilon (a)

\bigr) 
 - 
\biggl( 
1

2
| \nabla \phi (a)| 2  - \nabla H\epsilon (a) \cdot \nabla \phi (a)

\biggr) 
\partial \epsilon (a)

\partial ci
+ \beta  - 1 log(\Lambda 3ci),

(3.42)

2k\ast 

l3
\rho \omega pi + \rho \omega 

\partial \phi (a)

\partial xi
+

\biggl( 
 - 1

2
| \nabla \phi (a)| 2 +\nabla H\epsilon (a) \cdot \nabla \phi (a)

\biggr) 
\partial \epsilon (a)

\partial pi
= 0.(3.43)

A straightforward calculation implies that

ci =\Lambda  - 3e\beta \mu i exp

\biggl\{ 
\beta 

\biggl( 
 - qi
\bigl( 
\phi (a) - H\epsilon (a)

\bigr) 
+

\biggl( 
1

2
| \nabla \phi (a)| 2  - \nabla H\epsilon (a) \cdot \nabla \phi (a)

\biggr) 
\partial \epsilon (a)

\partial ci

\biggr) \biggr\} 
= c\infty i exp

\biggl\{ 
\beta 

\biggl( 
 - qi
\bigl( 
\phi (a) - H\epsilon (a)

\bigr) 
+

\biggl( 
1

2
| \nabla \phi (a)| 2  - \nabla H\epsilon (a) \cdot \nabla \phi (a)

\biggr) 
\partial \epsilon (a)

\partial ci

\biggr) \biggr\} 
,

(3.44)

where as r \rightarrow \infty , ci \rightarrow c\infty i and \phi (a) \rightarrow 0. Compared with the classical Boltzmann
distributions ci = c\infty i e - \beta qi\phi , this is the generalized Boltzmann distributions. Plug-
ging the generalized Boltzmann distributions (3.44) into the Poisson equation, and
combining with (3.43), we then obtain an LDPB model under an arbitrary Dirichlet
boundary condition:

 - \nabla \cdot (\epsilon (a)\nabla \phi (a)) =

K\sum 
i=1

qic
\infty 
i e

\beta 

\Bigl( 
 - qi

\bigl( 
\phi (a) - H\epsilon (a)

\bigr) 
+( 1

2 | \nabla \phi (a)| 2 - \nabla H\epsilon (a)\cdot \nabla \phi (a))
\partial \epsilon (a)
\partial ci

\Bigr) 
in \Omega ,

2k\ast 

l3
\rho \omega pi + \rho \omega 

\partial \phi (a)

\partial xi
+

\biggl( 
 - 1

2
| \nabla \phi (a)| 2 +\nabla H\epsilon (a) \cdot \nabla \phi (a)

\biggr) 
\partial \epsilon (a)

\partial pi
= 0 in \Omega ,

\phi (a) = \phi 0 on \partial \Omega .

(3.45)
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A LOCAL DIELECTRIC PNP/PB MODEL 2123

3.3. Local dielectric Poisson--Nernst--Planck model. According to the con-
stitutive relations, the flux Ji and the electrochemical potential \~\mu i of the ith species
satisfy

Ji = - mici\nabla \~\mu i,

where mi is the ion mobility that relates to its diffusivity Di through Einstein's
relation Di = \beta  - 1mi, and \~\mu i is the variation of F with respect to ci:

\~\mu i =
\delta F

\delta ci
.

Then the following transport equations are obtained from the mass and current con-
servation law:

\partial ci
\partial t

= - \nabla \cdot Ji =\nabla \cdot (\beta Dici\nabla \~\mu i)

=\nabla \cdot 
\biggl( 
\beta Dici\nabla 

\biggl( 
qi
\bigl( 
\phi (a) - H\epsilon (a)

\bigr) 
 - 
\biggl( 
1

2
| \nabla \phi (a)| 2  - \nabla H\epsilon (a) \cdot \nabla \phi (a)

\biggr) 
\partial \epsilon (a)

\partial ci

\biggr) \biggr) 
+\nabla \cdot 

\bigl( 
\beta Dici\nabla 

\bigl( 
\beta  - 1 log(\Lambda 3ci)

\bigr) \bigr) 
=\nabla \cdot 

\biggl( 
\beta Dici\nabla 

\biggl( 
qi
\bigl( 
\phi (a) - H\epsilon (a)

\bigr) 
 - 
\biggl( 
1

2
| \nabla \phi (a)| 2  - \nabla H\epsilon (a) \cdot \nabla \phi (a)

\biggr) 
\partial \epsilon (a)

\partial ci

\biggr) \biggr) 
+\nabla \cdot (Di\nabla ci) .

Next, we want to drive the equations corresponding to the dipole moment field p
via the conservation law of spin angular momentum. As an approximation model, we
assume that the masses of positive charge q2 and negative charge q1 in the dipole p
are equal to each other, that is, 1

2mw, where m\omega is the mass of a molecule of water,
and they rotate around the center O of the line between the positive charge and the
negative charge. Thus the spin angular momentum L of dipole p is given by

L= r1 \times m1v1 + r2 \times m2v2

= - 1

2
d\times 1

2
mw

d

dt

\biggl( 
 - 1

2
d

\biggr) 
+

1

2
d\times 1

2
mw

d

dt

\biggl( 
1

2
d

\biggr) 
=

mw

4
d\times dd

dt
=

m\omega 

16e2
p\times dp

dt
,

where for i = 1,2, ri is the vector from O to qi, mi is the mass of qi, and vi is the
rotation velocity of qi.

On the other hand, for a dipole moment p in an electric field E, the moment of
force is given by

M = p\times E.

When we consider the permittivity coefficient \epsilon not depending on p, the electric field
E = - \nabla \phi  - 2k\ast 

l3 p and it equals  - 1
\rho w

\nabla pFdipole, where \nabla p = ( \delta 
\delta p1

, . . . , \delta 
\delta pN

). But for \epsilon 

depending on p, we amend the electric field to  - 1
\rho w

\nabla pF . So we have

M = - p\times 1

\rho \omega 
\nabla pF [a].

By the conservation law of spin angular momentum, we have

M =
dL

dt
,
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2124 SHENG GUI, BENZHUO LU, AND WEILIN YU

namely,
m\omega 

16e2
p\times d2p

dt2
= - 1

\rho \omega 
p\times \nabla pF [a],

since

d

dt

\Bigl( 
p\times dp

dt

\Bigr) 
=

dp

dt
\times dp

dt
+ p\times d2p

dt2
= p\times d2p

dt2
.

Collecting all those above equations, we get a set of generalized self-consistent
LDPNP equations:

 - \nabla \cdot 
\bigl( 
\epsilon (a)\nabla \phi (a)

\bigr) 
=

K\sum 
i=1

qici in \Omega ,(3.46)

\partial ci
\partial t

=\nabla \cdot 
\biggl( 
\beta Dici\nabla 

\biggl( 
qi
\bigl( 
\phi (a) - H\epsilon (a)

\bigr) 
 - 
\biggl( 
1

2
| \nabla \phi (a)| 2  - \nabla H\epsilon (a) \cdot \nabla \phi (a)

\biggr) 
\partial \epsilon (a)

\partial ci

\biggr) \biggr) 
+\nabla \cdot (Di\nabla ci) in \Omega ,

(3.47)

p\times d2p

dt2
= - 16e2

m\omega \rho \omega 
p\times 

\Biggl( 
2k\ast 

l3
\rho \omega p+ \rho \omega \nabla \phi (a)

+

\Biggl( 
 - 1

2
| \nabla \phi (a)| 2 +\nabla H\epsilon (a) \cdot \nabla \phi (a)

\Biggr) 
\nabla p\epsilon (a)

\Biggr) 
in \Omega ,

(3.48)

with the boundary conditions

\phi = \phi 0 on \partial \Omega ,

ci = cbi on \partial \Omega ,

pi = pbi on \partial \Omega ,

Ji \cdot n= 0 on \partial \Omega .

It is easy to see that (3.48) is equivalent to

d2p

dt2
= - \gamma p - 16e2

m\omega 
\nabla \phi (a) - 16e2

m\omega \rho \omega 

\biggl( 
 - 1

2
| \nabla \phi (a)| 2 +\nabla H\epsilon (a) \cdot \nabla \phi (a)

\biggr) 
\nabla p\epsilon (a)(3.49)

for some function \gamma .

3.3.1. Energy dissipation law. In this section, we show the energy dissipation
law as follows.

Theorem 3.6 (energy dissipation law). If (c,p, \phi ) is a solution of the LDPNP
equations (3.46)--(3.48) so that | p| = 2le, then we have

d

dt
Etotal[a] = - 

K\sum 
i=1

\int 
\Omega 

mici
\bigm| \bigm| \nabla \~\mu i

\bigm| \bigm| 2dV \leq 0,

where Etotal[a] is given by Etotal[a] := F [a] + \rho \omega m\omega 

32e2

\int 
\Omega 

\bigm| \bigm| \bigm| dpdt \bigm| \bigm| \bigm| 2dV.
Proof. It is clear that

d

dt
F [a] = \delta F [a]

\biggl[ 
da

dt

\biggr] 
=

K\sum 
i=1

\int 
\Omega 

\delta F

\delta ci

dci
dt

dV +

N\sum 
i=1

\int 
\Omega 

\delta F

\delta pi

dpi
dt

dV
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A LOCAL DIELECTRIC PNP/PB MODEL 2125

= - 
K\sum 
i=1

\int 
\Omega 

\delta F

\delta ci
\nabla \cdot JidV +

N\sum 
i=1

\int 
\Omega 

\delta F

\delta pi

dpi
dt

dV

= - 
K\sum 
i=1

\int 
\partial \Omega 

\delta F

\delta ci
n \cdot JidS +

K\sum 
i=1

\int 
\Omega 

\nabla \delta F

\delta ci
\cdot JidV +

N\sum 
i=1

\int 
\Omega 

\delta F

\delta pi

dpi
dt

dV

= - 
K\sum 
i=1

\int 
\Omega 

mici

\bigm| \bigm| \bigm| \nabla \delta F

\delta ci

\bigm| \bigm| \bigm| 2dV +

N\sum 
i=1

\int 
\Omega 

\delta F

\delta pi

dpi
dt

dV

= - 
K\sum 
i=1

\int 
\Omega 

mici
\bigm| \bigm| \nabla \~\mu i

\bigm| \bigm| 2dV +

N\sum 
i=1

\int 
\Omega 

\delta F

\delta pi

dpi
dt

dV.

By (3.49), for \gamma 1 = \gamma  - 32k\ast e2

m\omega l3 we get

N\sum 
i=1

\int 
\Omega 

\delta F

\delta pi

dpi
dt

dV = - \rho \omega m\omega 

16e2

\int 
\Omega 

\Bigl( d2p
dt2

 - \gamma 1p
\Bigr) 
\cdot dp
dt

dV = - \rho \omega m\omega 

32e2
d

dt

\int 
\Omega 

\bigm| \bigm| \bigm| dp
dt

\bigm| \bigm| \bigm| 2dV,
since from | p| 2 = 4l2e2 we have p \cdot d

dtp= 0.

3.3.2. Analysis of stationary models. In order to demonstrate the new model
of mathematical posedness, we will investigate the analysis of the stationary LDPNP
model. In this section, we mainly focus on the existence of stationary LDPNP equa-
tions in a bounded domain \Omega . For simplicity, we assume that K = 2, q1 = 1, q2 = - 1,
\beta = 1, Di = 1, e= 1, \rho \omega = 1, m\omega = 16, and \epsilon = \varepsilon 2, where \varepsilon > 0 is a small constant. We
also denote \phi = \phi (a), H =H\epsilon (a). Then the stationary LDPNP system can be stated
as follows:

 - \varepsilon 2\Delta \phi = c1  - c2 in \Omega ,(3.50)

\nabla \cdot 
\bigl( 
\nabla c1 + c1\nabla (\phi  - H)

\bigr) 
= 0 in \Omega ,(3.51)

\nabla \cdot 
\bigl( 
\nabla c2  - c2\nabla (\phi  - H)

\bigr) 
= 0 in \Omega ,(3.52)

\gamma p+\nabla \phi = 0 in \Omega ,(3.53)

 - \varepsilon 2\Delta H =\nabla \cdot p in \Omega ,(3.54)

with the boundary conditions

\phi = \phi 0 on \partial \Omega ,(3.55)

H = 0 on \partial \Omega ,(3.56)

ci = cbi on \partial \Omega ,(3.57)

pi = pbi on \partial \Omega ,(3.58) \bigl( 
\nabla c1 + c1\nabla (\phi  - H)

\bigr) 
\cdot n= 0 on \partial \Omega ,(3.59) \bigl( 

\nabla c2  - c2\nabla (\phi  - H)
\bigr) 
\cdot n= 0 on \partial \Omega .(3.60)

Based on the mass conservation law, we may assume that\int 
\Omega 

c1 dx= \alpha > 0,

\int 
\Omega 

c2 dx= \beta > 0.(3.61)

Theorem 3.7 (existence). Let \Omega be a planar bounded, radially symmetric do-
main. We assume that \phi 0 = constant on each connected component of \partial \Omega . We further
assume that \gamma is a radially symmetric function, \gamma \in C1(\=\Omega ), and M1 < \gamma < +\infty with
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2126 SHENG GUI, BENZHUO LU, AND WEILIN YU

M1\varepsilon 
2 > 1. Then there exist boundary data cbi , p

b
i such that the system (3.50)--(3.54)

with boundary conditions (3.55)--(3.60) and constraint (3.61) has a classical solution
(\phi ,H, c1, c2, p1, p2), namely, \phi ,H, c1, c2 \in C2(\=\Omega ) and p1, p2 \in C1(\=\Omega ).

We will prove Theorem 3.7 by reducing the stationary LDPNP system to an
elliptic equation with Dirichlet boundary condition. Let us outline its proof.

We note that the equilibrium solution of LDPNP is

c1 = \alpha 
e - (\phi  - H)\int 

\Omega 
e - (\phi  - H)dx

, c2 = \beta 
e\phi  - H\int 

\Omega 
e\phi  - Hdx

,(3.62)

which satisfies (3.51)--(3.52), the boundary conditions (3.59)--(3.60), and the con-
straint (3.61). Thus, the system (3.50)--(3.54) with boundary conditions (3.55)--(3.60)
and the constraint (3.61) can be reduced to the following system:\left\{           

 - \varepsilon 2\Delta \phi = \alpha e - (\phi  - H)\int 
\Omega 
e - (\phi  - H)dx

 - \beta e\phi  - H\int 
\Omega 
e\phi  - Hdx

in \Omega ,

\gamma p+\nabla \phi = 0 in \Omega ,

 - \varepsilon 2\Delta H =\nabla \cdot p in \Omega ,

\phi = \phi 0, H = 0 on \partial \Omega .

(3.63)

Since \gamma >M1 > 0, from the second equation of (3.63) we have

p= - 1

\gamma 
\nabla \phi .(3.64)

Inserting it into the third equation of (3.63), one sees

\varepsilon 2\Delta H =\nabla \cdot 
\biggl( 
1

\gamma 
\nabla \phi 

\biggr) 
.(3.65)

Let u= \phi  - H. Then by (3.65) we have

\nabla \cdot 
\biggl( \biggl( 

\varepsilon 2  - 1

\gamma 

\biggr) 
\nabla H  - 1

\gamma 
\nabla u

\biggr) 
= 0.(3.66)

If we want to find radial solutions \phi ,H, then there exists a radially symmetric function
f = f(r) with r= | x| so that\biggl( 

\varepsilon 2  - 1

\gamma 

\biggr) 
\nabla H =

1

\gamma 
\nabla u+\nabla \bot f,

where \nabla \bot = (\partial 2, - \partial 1). Since \gamma \varepsilon 2 >M1\varepsilon 
2 > 1, we obtain that

\nabla H =
1

\gamma \varepsilon 2  - 1
\nabla u+

\gamma 

\gamma \varepsilon 2  - 1
\nabla \bot f.(3.67)

As a result,

\Delta H =\nabla \cdot 
\biggl( 

1

\gamma \varepsilon 2  - 1
\nabla u

\biggr) 
+\nabla \cdot 

\biggl( 
\gamma 

\gamma \varepsilon 2  - 1
\nabla \bot f

\biggr) 
=\nabla \cdot 

\biggl( 
1

\gamma \varepsilon 2  - 1
\nabla u

\biggr) 
,(3.68)

since

\nabla \cdot 
\biggl( 

\gamma 

\gamma \varepsilon 2  - 1
\nabla \bot f

\biggr) 
=\nabla 

\biggl( 
\gamma 

\gamma \varepsilon 2  - 1

\biggr) 
\cdot \nabla \bot f +

\gamma 

\gamma \varepsilon 2  - 1
\nabla \cdot \nabla \bot f

=

\biggl( 
\gamma 

\gamma \varepsilon 2  - 1

\biggr) \prime 

(r)f \prime (r)
\Bigl( x1

r
,
x2

r

\Bigr) 
\cdot 
\Bigl( x2

r
, - x1

r

\Bigr) 
+

\gamma 

\gamma \varepsilon 2  - 1
\nabla \cdot \nabla \bot f

= 0.
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A LOCAL DIELECTRIC PNP/PB MODEL 2127

Hence, the system (3.63) becomes\Biggl\{ 
 - \varepsilon 2\nabla \cdot 

\Bigl( 
\gamma \varepsilon 2

\gamma \varepsilon 2 - 1\nabla u
\Bigr) 
= \alpha e - u\int 

\Omega 
e - udx

 - \beta eu\int 
\Omega 
eudx

in \Omega ,

u= \phi 0 on \partial \Omega .
(3.69)

Note that if we find a radial solution u of (3.69), then H can be recovered by

H(x) =

\int 
\Omega 

G(y,x)

\biggl[ 
\nabla \cdot 
\biggl( 

1

\gamma \varepsilon 2  - 1
\nabla u

\biggr) \biggr] 
(y)dy,

\phi = u+H, and p is given by (3.64), where G is the Green's function of  - \Delta with zero
Dirichlet boundary condition.

The proof of Theorem 3.7 can be derived directly from the following result.

Theorem 3.8. Under the assumptions of Theorem 3.7, problem (3.69) has a
unique solution u\in C2(\=\Omega ), which is radially symmetric.

Proof. Let \eta be the unique solution of the following equation:

\nabla \cdot 
\biggl( 

\gamma \varepsilon 2

\gamma \varepsilon 2  - 1
\nabla \eta 

\biggr) 
= 0 in \Omega , \eta = \phi 0 on \partial \Omega .(3.70)

We replace u by u+ \eta . Then (3.69) becomes\Biggl\{ 
 - \varepsilon 2\nabla \cdot 

\Bigl( 
\gamma \varepsilon 2

\gamma \varepsilon 2 - 1\nabla u
\Bigr) 
= \alpha e - (u+\eta )\int 

\Omega 
e - (u+\eta )dx

 - \beta eu+\eta \int 
\Omega 
eu+\eta dx

in \Omega ,

u= 0 on \partial \Omega .
(3.71)

Let us point out that (3.71) is the Euler--Lagrange equation of the energy

E(u) =
\varepsilon 2

2

\int 
\Omega 

\gamma \varepsilon 2

\gamma \varepsilon 2  - 1
| \nabla u| 2dx+ \alpha log

\biggl( \int 
\Omega 

e - (u+\eta )dx

\biggr) 
+ \beta log

\biggl( \int 
\Omega 

eu+\eta dx

\biggr) 
.

We first show that E is a coercive functional bounded from below. By the con-
vexity of the exponential and by the Poincar\'e inequality,

E(u) =
\varepsilon 2

2

\int 
\Omega 

\gamma \varepsilon 2

\gamma \varepsilon 2  - 1
| \nabla u| 2dx+ \alpha log

\biggl( \int 
\Omega 

e - (u+\eta )dx

\biggr) 
+ \beta log

\biggl( \int 
\Omega 

eu+\eta dx

\biggr) 
\geq \varepsilon 2

2

\int 
\Omega 

\gamma \varepsilon 2

\gamma \varepsilon 2  - 1
| \nabla u| 2dx - \alpha 

\int 
\Omega 

(u+ \eta )dx+ \beta 

\int 
\Omega 

(u+ \eta )dx

\geq \varepsilon 2

2

\int 
\Omega 

| \nabla u| 2dx - C\| u\| L2(\Omega )  - C \geq \varepsilon 2

2
\| \nabla u\| 2L2(\Omega )  - C\| \nabla u\| L2(\Omega )  - C,

where C > 0 is a constant. Thus, E(u)\geq  - 1
2\varepsilon 2C

2  - C, and E(u)\rightarrow +\infty as \| u\| H1 \rightarrow 
+\infty . We now define

c\varepsilon = inf
u\in H1

0 (\Omega )
E(u).(3.72)

Let \{ un\} \subset H1
0 (\Omega ) be a sequence so that E(un)\rightarrow c\varepsilon as n\rightarrow +\infty . It is clear that un

is bounded in H1
0 (\Omega ). Up to a subsequence, we may assume that as n\rightarrow +\infty ,

un \rightharpoonup u weakly inH1
0 (\Omega ),

un \rightarrow u strongly inL2(\Omega ),

un \rightarrow u a.e. \Omega .
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2128 SHENG GUI, BENZHUO LU, AND WEILIN YU

By Fatou's lemma,

c\varepsilon \leq E(u)\leq lim
n\rightarrow +\infty 

E(un) = c\varepsilon .

Thus, E(u) = c\varepsilon and u is a minimizer. By the Ekeland variational principle, E\prime (u) = 0,
namely, u is a solution of (3.71).

Next we show that the solution of (3.71) is unique. To do this, we only need to
show that E is a strictly convex functional on H1

0 (\Omega ).
Let u1, u2 \in H1

0 (\Omega ) so that u1 \not \equiv u2. Then \nabla u1 \not \equiv \nabla u2. As a result, for each
\lambda \in (0,1) we have

\varepsilon 2

2

\int 
\Omega 

\gamma \varepsilon 2

\gamma \varepsilon 2  - 1
| \nabla (\lambda u1 + (1 - \lambda )u2)| 2dx

< \lambda 
\varepsilon 2

2

\int 
\Omega 

\gamma \varepsilon 2

\gamma \varepsilon 2  - 1
| \nabla u1| 2dx+ (1 - \lambda )

\varepsilon 2

2

\int 
\Omega 

\gamma \varepsilon 2

\gamma \varepsilon 2  - 1
| \nabla u2| 2dx.

Otherwise, by the H\"older inequality we have

log

\biggl( \int 
\Omega 

e - (\lambda u1+(1 - \lambda )u2+\eta )dx

\biggr) 
= log

\biggl( \int 
\Omega 

e - 
\bigl( 
\lambda (u1+\eta )+(1 - \lambda )(u2+\eta )

\bigr) 
dx

\biggr) 
\leq log

\Biggl( \biggl( \int 
\Omega 

e - (u1+\eta )dx

\biggr) \lambda \biggl( \int 
\Omega 

e - (u2+\eta )dx

\biggr) 1 - \lambda 
\Biggr) 

= \lambda log

\biggl( \int 
\Omega 

e - (u1+\eta )dx

\biggr) 
+(1 - \lambda ) log

\biggl( \int 
\Omega 

e - (u2+\eta )dx

\biggr) 
,

and similarly,

log

\biggl( \int 
\Omega 

e\lambda u1+(1 - \lambda )u2+\eta dx

\biggr) 
\leq \lambda log

\biggl( \int 
\Omega 

eu1+\eta dx

\biggr) 
+ (1 - \lambda ) log

\biggl( \int 
\Omega 

eu2+\eta dx

\biggr) 
.

Thus, we get that

E(\lambda u1 + (1 - \lambda )u2)<\lambda E(u1) + (1 - \lambda )E(u2).

So, E is a strictly convex functional on H1
0 (\Omega ).

Hence, u+ \eta is a unique solution of (3.69).

4. Conclusion. In this paper, an energetic variational method is applied to de-
rive a set of ion transport and electrostatic models of the general electrolyte solution
(not limited to ion channel) with a locally and mathematically strictly determined
dielectric permittivity of the dipolar solvent under certain assumptions. The main
feature of the LDPNP model is that the system consistently determines the dipole
moment distribution and hence the local permittivity of the ionic aqueous solution,
whereas in traditional PNP simulations this information is lacking and a constant
assumption is usually made for the permittivity. Furthermore, in order to demon-
strate the reasonableness of our model, we investigate the energy dissipation law of
the derived LDPNP model, and the existence and uniqueness of the solution for the
stationary LDPNP model. A quantitative comparison between the dipole effects and
other effects has not been conducted in the current work due to the lack of model sim-
ulations; this, as well as tackling the numerical challenges in solving the complicated
model equations, is our next goal.
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