Aug 22, 209

J"(!)"WI:&;Q:M! of de couse (Math 23] - Differeatsal Eguatiias )
- W/g/- efferedsal equedions !
- coppeats uéﬁ%ui{mw h e mathematical models Xeva(apez{ Yo
L add . the understa, GQL'#‘&S&@[ "f/leﬂomeng i

Emwple > Kao{ﬁoaclfua 0@%
| Assume Hhat %m»‘equv(eay{ ﬁ]ﬁ o sabstance. 3% «;r_pio;gghlqu,/
to e amount Qf substance ﬁ@eﬂﬁ- -

%—«-—-k/& , Q)

where At) 3 dhe. unkiown amound of- radivacive Substnce o fne
£, k& a posshve constant . |
 Equatba 1) hwvolves dhe Joef ceriuve of A so o3 a D&,

Example : Fa[[»h@. éw@

I A object of mass . falls uwdlor Jhe acken
L - “»\ae,se‘gr(
f gravsly - e (o
Newdon’s second daw @ F = mq
a (acceleratvs) = tate of CA"’Va o speed

bt = 8 drinkie of specd = By

| peed = denimihe of poshien (teght) = G
bo i o= oo A s Fema sbeglies

g el = g o

E@wdz‘em €3} ﬂavoAJes Hhe second. dervative ehc A . %0 ]fntaz also a DE ‘




| bokg %Wak%f;é{f/&éus +  Questlons

e Whed 53 a diffrudial oquation cuol wlaf cbes - mean 4o sclve one?
@) The defhillon af a oéaﬁ’ere/ué&[ equatbn (DE) 5= Hhat H's an
e@w‘@r\ zkvolu;lg some_ oF ol %ﬁ M([DWJ% ¢ An asknoun Junedson

‘of one or more Varables such as Yit), dersvafloes of Jhaf firchon
such as Y, Y7, and 50 04 ancl ohlerunchias of [Hie same
Warsable () such as shH) and 4%

DE mush shvolve #hx _ ofker
- ol
e kA A s wbrown e of +
Bhl 4 5 R whown fackion of #

WA R b &S urkun duclen of @ f
iigolq_%-— xﬁg’(&: = XY Sh(Y) o Y B udkown Juncdbn f X
R A YU = Y I s W uaknown fncho of XK. -

:
. f:aILqu Legg with  Jrction conpared 4o l

..... Y
==

@f? ey & et sttt assames]
7 be-prapattinal 4o A veloctly Fere

& =k vk Lz%gdgu/w«g
fom F=ma , we got

-kl s kv -mg = nbh > g kdh o)

1 3) L R unksown duscl of 4.

TIHIT 7777 77 7777777 8"6’{'10{




“' Vibrxlim. QF a & 2 Y

i \4'»‘@—- 5

N P < 4 = ——L;xz ()
M ‘ __~ N —

(-
| Veral iplaconent af X & dix) g
) .U % uskown Junckba of 4 and x .

' He“'é e@g‘!\@g« : et w L&#&M’Qfa@rg a\l 'pm%m (2. 4, t)
| N a Yeom Llen
—gﬁf‘ = Ji_ | U % _ s

)
MO S
Ta(3) . u S I«MAADWA g(ﬂnaéﬁm O(F +, %, Y. &
Fepordeat variables ool deleperdont aiables -

| Zf aftejg,@%a Aolves one bartable  w.vd. acher varalle
| Yen o former 2o dependand, folaflor 5 Idlopeded .

() Gclaip. o & ecus fuobhg @ usctbn which mokes dhe D& bae
| Uhea gou plug Yhaf |

Eumgles . L) = et 5 a soldbe do dhe D Ju) - S =0 .
$)= 4% o o soldoe &y dle DE fi4) & ¥t = W)
Fug)= x* 25 nof o soludbs o de s xflx) = fiy

J’M as Yeﬁu(qr QWA&S (on ﬁoxUQ MDY&.#,M one_ 50&6&%« (X%‘Q:O
| Fas o solutos) 2o can o DB . Fi foct DE witl Fave

| Dufhitely magyf- solufiins .

=231l 5 o slbbn 4o gy~ gt} o dact ety = CoF



:iWngcW\LC& &%M&n-éb'daﬂl' D& .

'« Assocsodedd lafislipas >, coafficderts
@ A D= 2 called ora(zlw
funckon b\%\t CL(@AM%VL _One, \}ah‘)ué(e e, #@rg Py} enéf

Oerwsse s Pk (8o & PD&) . Idhh course we
| 4 say P& we wwoly mear ODE .
M' @'7 =0 Obe; %{ %-x 24 e
(b) The orler ef o D& & He %Aem‘ dersvedive that asppreqrs
D Wes M’&A&M se ’OPJPFado(Sova.
Extamyles - x7 i) + cas@z)étx) t X=X ¢ Lasl—onley

b+ L) == = - Sh

Co) A e ﬁs «&Mea z‘ﬁc N car be whsllea as o sum o( some_
or all

1) A unbaouin &mc&n o mubbpled b4 o coaffxsod .

() Dervatives qf Ao (M/vwwil {f— multxpbed !QL coef{tedacts
(i) Coedfesents Eéf coglficdets we mean ‘g(e& an be ofler ety
9{ Lo Ide 016’4\‘ wargbles . élw.cltw/l}@. guﬂ‘ corstants cnd O .

b0 a -&Jxear D& cma[mds LQ Yewrifferd Qs

(<) & Lx) +a4-{£"){f 06)“T -~ a,fx)‘{f@f}-f C(O(x}{f—.-ql%g
ij%ehwbe a De 3 nonlhear .




Ea(amf;(es : |

154 Jh)t L)) =5+ Ahear

(ant) Yoy - 42 Y+ TY"L)=] : Adear

| &()‘)J)—( + Q—x)&"/[x = &/(x) o Aheay

LdE e ) =T nombhear Lle {4 53 not permibed
. %(&’)—{- YW-Y=X : nrodmear blc Sdily’) % not ‘{ﬂemM

8’&'? g's— Xd’ ¢ nonbhear Ia/c Qf’ﬂ' D) nﬂf‘ﬁermé{{eo(
Asg 2T

(Oe) A 5{{6<(em. qf PEs o ONcml o eolloedba o(F more_ ko one D&

M:{%__ X - 24 d —
| \’Z%:‘-"l{f-'x I{-ﬁ%—? w- u’

L2 Solublons anol. shikb uelue problems (2VP)

o Exyglxst soluflon 2 swppose our degedledt varsable 3 andl
| hdependent- Vartalle 2 X . Tea $ix) me,zp@u%{l;&%zk
Q{: Suk%% Y = $x) makes<dhe DE bue for X 2 same Hkerval .

Bl $0 = 13- xT @ ac explssd sobdon of
| >G&”=— 24 on deberual (0.00) .
(Check « )= x2= x7 dafhed oa (o, o0)

x> = 2x4 3'@' ©On (o, =9)
+”(x) = 2~ 2 on (o ,00)

S50 on 10,89) , we fape
i
)Llif” 371



Aug 2, 20(9
%i:wtnbrt[ G{][ Yo cowse (Math 23] - Dz{]%h?d'{&-t{ E%um%as)

Wfd- ffrnciel equabies
_Z-é ay Pears ulob%uz-éecw 2)1 -{4&_”&/46.%4‘84&4[ mode(s a(eveﬁ)pec{ <o
add dn the understondig ol WS%[ c{o/teﬂomem

E.Nvmple Raddoachye o@c%f

Assune Hhat Yo rede gﬁ Q,L o subslance 35 propo Hevaal
o He amount of substonce. ‘?"esefu‘- -

—%—a—kA , )

wlwne, AH/) 25 *ﬂue, W/mou/rt amou/nl Gga Md»bafffve %@ce ch{J,.e_
+, k & a posshve constant . |
 Equathen () Dvolves Hhe fef clersuedie of A. so sty a De.

E)‘a"ff’(& : Fa([»hﬁ LOGQ'

An object of mass . Jalls urdler he Glul\brL

f gy - pallbirey
Newdn’s second Naw F‘ =mq_,
& (acceraon) = tate of chaye af speed

—— @wwo %ﬁ deradise. 0& SPeeo(, %—

épeeo( dervathye 6(][ “PO’J’(& (fe%—gé\L) %—
b0 OL"%&L 'd‘ﬁ“ M‘{{““Fm’)’”f“{“e’s

g Y = A —g o

%adz‘m(e,) zlmvolves the second. oichyaﬁ\m— ebc A, 50 M ctho a DE



&o&ﬁ%mqk%e%llaéus +  Quosfons
A,a-l' 3 a d‘fger&l@a[ e@u@@ﬂm a/w( Wé@f o(oes %mem 4o SolUgoqe,
(@) The. dafhilion af o dfferectinl equads (DE) 52 Haf 5 an
e@w‘@n 2)\\10[0&‘6 Some_ Or a/ Qf %Q,G[O(ZDWJL An uskaown Juncdon

of one or more Variables such as Yl¥), _ﬁm__#&ﬁg@ﬂégq
such as é{— H’ ond] 50 o4 ond ObherJunchlias egﬁﬂe. Same.

Variable ) such as sh(f) and 4+

DE mush shvolve they  offer
e Yerms mentoaec] here are

L e A A & o funchin of +

‘%“' -G R % whown Juckon of
R =6 d S wboun el of @t
049 B~ XL i sny) 5 Y 0 sk funchon ef

&M i) qu = ¢° Iegh > 1% unkrown fuckier of X -
Ei(nmtp(eé cﬁﬂm '17/%5%2[ %eaam,e/m
MIA@' L@@— W&/{\, éh,dl*’n

., J/Q@{ "G ((:y ; (F”u‘lébl\ OPPO&%Q,O[JYQCABA aﬁﬁM ‘J‘O
¢ be ﬁmyeh%ml 4 Hhe Ue(oa%f— Fere

T

- & = —/<U*(4/L4Zj-‘» JWWaLaC
e e e we get =
—k%m**kv ng = ML= B g odh

,:I’Lu) o R 3 unksowin @"C‘/&’L@(F 4.

177 7 77 7



Vbbb of a6 S

A%\J/‘\\J 4= = ‘3%? &,
I . | Lf 3 4dme
Vereal obir/ncenemé at X & Ux)

150 . w % usbown fuckbs of 4 and x|

' Hea-é e@uml&?rt o At w L&#&‘l‘eﬁwm d\l 12%%« (2. ¢, )
| N a Yeom , hen : |

; 2 2
Y= Fe s St o )

L (3) . W & urhrown Junetbsr of 4. %. 4.3

Vopw{%{ varsbles cudl doleperdent Veriables -
Zf a0 equatba wolves one varable w.vd. acher verlle .

| Yen Ao former 5 dpendurd, fodblor 3y hcloporod

(b/:: 504&)% o VB peans Jholtg o funchha which mokes dhe D& e
I U/}@/L You ‘17% M 2

Eramples . fd)= et 5 a soluthe 4o Hhe De Juot) - L1=0 .
)= 1t e 5 a soludoy dy He DE i) € b = %)
)= x> 5 pof e solutba 4 de [ xf'og) = iy

| Just as vequlr equatitns con fave move dhaq one solelon (x:9=0
Aas o soludons) 20 can o DB . Fu fock DE witl fove

| ufhifely g soluthns .

deh=—23teX 5o soludin o—Jtty=d o dact-ety=—caF



bl gngf coslrd C 5 o soledn 4o Aot DE

f“Aﬁéoch‘eo( 0@‘%’648 . /f&m€ﬁlﬂu\a}@7€S
(@) A D= 32 colled orda

Otherwsse s YA (8o a PD&) . Idh course we

I .5 say P& we wuoly mear ODE .
_Eanples : AL ¢ ()% =0 ove; Lo - 3% - 24 PoE

(b) The owler of o DE S He Aglest dervadive Hhat asppears
o] We sqy Hkgs Bho st -order . secoud-order aaol so o,
Bstangles . KT fix) + cost)fo) £ X=X < Lostoorde

+ H)+ et o= =br—= Secoudl- oty

Co) A De &= Livear zﬁc I car be whsflea as a sam ‘90() seme_

lor al .
LG) A uabrowin. Juachm & mulbplded by o co%&a@ﬁ{\

L({}) Dervatives e(f fle. urhrown {[— mulipbod %L cogffécands
(1)) CBGM : E& c::%:}aﬂé we mmead Ke# can be Galéerqlt}aca{&;

#‘fl‘e ’)‘Je?e”[e’"é vangbles . heluddyg Just constants cnd O .
"4 { .
So o -&Jtear D& L%D-Aiﬁdﬁ LQ‘YeWré/(M as
(ale) &WL") t A ) {'fwlgx) + -t )Y+ ey = 4w

:'%’Wzﬁe . a De =2 nonbhear .




..Eaawp(es i

15t f)+ L)) =S + bhear

(k) Yty - 43 g1y + Ty =] - Aear

Cdodx 4 QX)) 0 = $) 0 Ahear

L dd?®+ 1) =7 5 nombhear Lle Jt4° % nof permibed

I 59}&(&')* H'/-' Y=X : nolinear bl 5&11[{[’) 3 not "femﬂéd:/

YWYt Y= 2y o nmblear Lo Y'Y % not permted

Aug 257
u&(oﬁ ) A system of VEs 5 O%esq‘ o colleeton o(F more_dlas one Ds.

Exooples. . B ¥ 2y —ﬁfzv
i b~ o % ;Jl%l%-; w— o’

L2 Solekbns caol hobsal usue problems (ZVP)
+ Exglxst solubb s suppose our cleporclent vatsnble N U anol

Ma«pm&e«u/- Vatwéle 2 X . Tea $ix) 5 cenexyé?u%ﬁ;&%«
Ruﬁ subsboid = $(x) mahes e DE %Iue_q[olr X 2h some dervaf .
( We ha d 49 2 anewple‘icir’ solubim or 406¢) X an exf/ es{ Saluﬁm)

B[ ) = X xT B an explisd sohdon ef

L XY= 24 on Jderval (0.0) .

(Check . bte) = x2= x71 dafred oa (0, 00)

2tx) = 2)(—{- 3’21 On (o,=9)
‘-‘f’/(x) :;(,5 on (0 ,¢)

50 on (0,69) , we fape
o e B B L.
I I



B dx) = € snl) « Coocoslx) B a soludeq 4o Yeg =0
o oy chotce of ¢ ¢ |

C/‘“A\ Flx) = ¢4 oslxy- Cy 5htx) | lx) = —¢, Shtz) - ¢, ts(x)
.,50 &{”fg = ( Shtx) Tt (los(x) + (-—C, 9h“)-c,_¢°’£"’)

= (Ci-¢)) 8 « (Cu-¢,) s =0

Dseusts Ahsa-part-aftee IVP
11 Imt@ﬂ" Solwgam L Sppase gar ol E uarulle 2 <{ cui;,lde,@ué.yf
Warmble & X . Yieq a veladbd lér(x,q)ﬂ% an amplest solublo
ZQ(&LW e1e or smore explaﬁl— soludg, on T . -

ireun Havm-kl{{rsrew(& o reldlon_

| Gle.d) = X+4q+ e =0 @)
| dafhes an ewlocst soludba or not
s - (bhg Toplsst B Funchion Dhesremn. |

{Revsew) ‘

(ExercSe v Use dmpliait Juackton deoren Ho ol out ’jlf: Jor
Ozbte. )= Y« g+ ot  Ylo) = -] .

olubion s TJust dake domvatve H— for Gl ygs O

A et ) s s
Shee d’{:(lﬁﬂf Q/Kf) = | # ﬁ-f(. e’(d ((‘2";&))&-& Xéf)

=4 et ye xd)
= (14 xe”“)% t 1+ gt = o,



”50 b o= -1 (Xeo, Yo-[) we fave
Q - S u)) f‘fi_, r Tr et
> 7&'-1— I+ (- =0 >%'§x4‘—90aé<o,—:>.

;_1 Show Hod Xt 4t =0 2 an daplicH soludon Lo

o opabion (14 xe*t) g + 1ty oo
Choch . Mohe fhe exercie above . nke otemﬂ.,eﬁ& o bolh sictes

%J&Wm & o d'f' CY&"O ou,,olgp;(

-gé;(uq-e ety _ ¢

= [+%+6(&€1‘%‘LJ-’0
mengedﬂ.e,w and  gef

L—c—XeM)—%g;.( + = &few-—- O

fhode L« 4+ €40 2 a dnplest solifon o dho Jve 005,

ek, o may worder uhy-we- vk 4o 4alh abouet uplocs sobelin
InJock, S well nm‘um@' ave I sec 2.2 (Sepaalle e@méms)
\aod, somednos we mﬁ\ﬂt 5 as a/Leoop(éuﬁ( solcflon .

Hshe o example above  we do wot hew Few 45 wiste
| o expresscon «E{; F(x) /f%m He rlalon X+ Y+ @X\‘f = ()

B explicst solubins sud nticot solulons ctre called. solictions



'+ Zboal Valve (1V) ,  Tubal Volue Problew (zvP)
We. effer solve ODES —ée@efﬁu with IVs . For an ODE wsth,

dependent varsable X and_dopeacled varcuble if dhe ovs 2
Qiet-ordey , Hhea IV @ Doke ¢

L Y= Yy (%o oo gien, fir cample o) =7)
A dhe Ovs B Secod -ovoler , dhor TV S ke

Yo) = 4o ﬁx» o, 4 ore gve . for example 4l =2
L )= 4 $w=-1/ -
e ﬁm@(w@ Jor fug/mer oder .

The differentinl equectbn (DE) ond Yo TV tegethor {o;m an TYP .

i"mfle’ (7){764)‘: = 3¢ 26 an TVP ( Lwst- ovoler )
I Yo) =7
Y= Yoo =284 =0
Cz)i

W aa ZVP (second-ovder)
do)~2, lo)=-3
+ More on He examples abose_
Bfem:se,& One con check Hot &= €™ 8 a solutton & ;ﬁ— >4
$rag €. Fud 4e Valuao{» C Aot makes 4o T o (7) abo sabebed
dat o Yo -= z«ce . plug Hi Mo e IV gio)=7 .

lwe gt J= 020 F=&—Sbo—C=F—

¢ General, solufdon : a[ soluflon 40 o DE & a soludeq th@-
w«a#wés and. v %‘xk a‘&ﬁ&'«é consvunks il gve all soluhbons
|Comment W% r an ODE wh order n, Yere are. N dipredd
N s g&(em( solufon . ‘



jw,%- Y= ce* » agmmlso&#m Yo —%ﬁt = 3Y
"44(1).—— Cobhtx) « ( Cos(x) B3 o gwm( Soladion o Y+ Y=0
< Spucfic (ko) Sk specifc solatin or . puskir

Soluton. D a solufdon Sy u/lu,/‘ a 9pe¢2((:9<, chosce Ckl[ consdtis)
| has beea macle .

Eanple | 4= 7eX x a speeafsc soluta 4o %%:ﬂéf.

‘m‘SOIlM& an IYP : Ho solve an TVP |, we Foost sclve He Ds f gef
ML&@L@LM#& use o IV o @#(77«@%%

We. will dein. 4 Aater, jusk ke o gorsal soludbs i grntecd s,

ﬁmﬂe : Kecal(zae,examﬂofl -(op cq[ (17“69'6 ., We Awu/

4(1)—- Ci oty + C, Co5(x) ﬁ& a @enera( solutlon o &”-&{{:O‘

L Solve 4he IVP 21 Y’ +

I C—”'-) =2, YZ)=190

solufon « Plx)= (4 4nt) + €y tos (x) , Fix) = ¢ coslx) — QSA(X)

Pgghg-Hao difo Aho TVP we get

jatEle G oedE) = 2 {Lc, +d ¢, =2
Ilc,ws(%)—c,_&%-?-{_)f-o £C,—£CL O

(blorg oguathes gives us G = Go= i Terefe b porbedar

olstlon 6& Ho TVP 5 4Lx)_— o Shix) + o2 Cos(x)



[0

' Theorem o4 ExSterce cnd. an%ue/\.w
For an TVP (fast-order) of e dollowehg form
’ﬁ%{ '-"'Q(U"?“ > H%);&o ;

-’é Mg&c&ﬂé ﬁzta(';g) a"ﬂ( "%‘E“agﬁ («.4) ove (ortduous ﬁ_&gaao(_ (s(,,{fa)‘
| Alen Me,»frvue«n has a undgue soutlon 46¢) . gome deberva| arowed Lo

| Rgorously , our bedkbook. says dere 5 o vechugle R s{. if”‘“é%‘ are

Never mand. %ﬁ You (ot widestond 4@4&9}@4) Lot's Lok af- e‘%PL&

gési Y'-4d = s, Y(a) =5
| To use dhe Heorem P qlﬁswL wite_Hhe Ope dobo %e&m %"q&x,{{)\

‘ﬂe @ g V_\"_\ﬁ_ Notee feore + 2 our

Il : <H'£,G Sdeperdeptvaable nst X
Secoudd Step 52 4o dake yakl deriatsve u? rd. 4 (atefeamg Z%f
0 X- oy

st glop | Jpom TV, S0d ke poiet o g o aod
z“()c'y\em««/er .Y Wea‘aleqtz‘aee(.anlﬂd' M,Jﬁeﬂ‘ﬁeﬂteom%
..be@();?(it&ow{ ﬂem,ea@k o Wﬂwﬁdw%f\ . Oflerwde we e
rot sure uhelher Hlo soufin exts or 5B wisgue .

@ Freme IV . Ylx)=5 . 3o ‘PL@' (7,s) %&Mi%‘@—:/
“b0<{‘. are Wumcmla%s . S0 Wema%ﬂd/%ﬂwmﬂq-‘b concludo
dere o o unsque soludon . |



I

~ Y
| - 3¢ 40y =

| Now W#ﬂe culure, .

| @ *—L—*— z—éﬂmd) , we,are_-&ol%u@,obnﬁlnmlvéa(o%
% - _L
@ ’gﬁﬁz .-3-&3 l:. 1&3

@ Froncfe IV ye)=0. ue ned o plag (2. g)= (2 o) oo
& aM('%‘%:‘ . For e d) . we gef %(,.10)4‘-3 0% =0 _
| which % o {1‘@4& number /wweverq%r i#
-t
| —a%%’u,w = 1-?"’ 25 not defhed
I Jerm
e =428 negele, Yor'ss ke b 505 2 ok well-clafed

Hhorafore We carnof apply Y Hooren

:i‘{ou wi see ah#e,/wm@wor/g‘pmé% [.2.929 4hat o soludon o o
LIV 2 ot uidgue dh 4 exanple

1.5 | Divecton rolds
o i) ollhg s dheSlope of Hhe. soludeon oot ever posek-

%%‘Qf‘#«b Jdvnnm%nen»(oésr:(f Pohds goves us aOL?real@«\(ﬁe[o( or
Sb'pe,&e(a( |

Gendie Bl , we. can pace
%ﬁo(u{@b& WI'JJL q[o%«ls ‘M&




e

A, 1. i;l
= i
M- E“‘am?l&- ‘2’#,‘= 3’%—
o B I

e/ Sheloh Mgl carve :
\\. \Ml : Py H©) =2

\; 0 ond Yoy = | .
{4 Observe s X > 409 . Y —> +eq

/ | ted




