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1 Laguerre Polynomials/Functions

1.1 (Generalized) Laguerre Polynomials

e Laguerre polynomials, denoted by L,,(z), are orthogonal w.r.t.
w(x)=e"", on the half line Ry := (0, +0), i.e.

+00
/0 Ly(x)Lm(x)e ™" dx = man. (1)

e The Generalized Laguerre polynomials (GLPs), denoted by
E%O‘)(x),oz > —1 are orthongal w.r.t. wy(z)=2%e " on R, i.e.

+0o0
/ L0() Lo (2)we () dz =78, (2)
where 0
a I'n+a+1
= tntatl) g

n!



Basic properties of GLPs

1. Three-term recurrence formula
(n+ 1LY (@) =@2n+a+1-2)L (@) - (n+a) Ly, (2),
Ega)(x) =1, Ega)(x) =—x+a+l.

2. Leading coefficient: kfla) = ﬂv

n!
o I'n+a+1
E'l(z)(o): 7’L(!F—(|_a—|-+1))

value at O:



3. Sturm—Liouville equation (A, =n!)

x—aewax(xaﬂe—w axﬁif‘)(az)) o L) =0,

x 82[,5;)‘)(33) +(a+1—1x) 5’x£7(1a)(x) + )\nﬁfla)(x) =0.

4. {&cﬁq(f)} orthogonal w.r.t. we1

+0o0
/ 5’3357(10‘)(@ 5’;,;57(7?)(@ Wat1(z)dr= )\n’yfla) Omn.-
0



5. Rodrigues’s formula

L (z) =

Explicit expression

@/~ (=D rn4a\
L () = k! (n—k)
k=0
6. Derivatives
0.L () = —LL D (z Z L3 (x

L) = 0,£) -0 ﬁffﬁl

(),
20.L ) = nL'2) = (n+a)l™

1(2),

)



7. Asymptotic properties of the GLPs.

For large =, Eff‘ )(a:) is dominated by leading term
(=" n
x
n!

Theorem 8.22.5 of Szeg6 (1975)

1

o —

L5 ()= [ [ cos (2v/nz — 25 m) + SLL] (9)

for all x € [¢/n,b].

upper bounds

[,Ela)(()) e/, if >0,

E(a) ‘<
‘ n (2) (2—[,5:)‘)(0))633/2, if a <0.

(10)
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1.2 Generalized Laguerre Functions (GLFs)

Definition:
LY(z):=e 20 (2), z€R., a>-1.

GLFs are orthogonal w.r.t weight function w, =z, i.e.
+oo .
/ L) (@) £, (@)da(w) dz = 7,8 m. (11)
0

Introducing
(12)

then
0, LY (2) = e7/20,L ) (2). (13)



Basic properties of GLFs

Three-term recurrence relation
(n+ 1)L ()= 2n+a+1-2)L"(2) — (n+a) L)Y, (),

Eéa)(x) —e /2, ﬁ{a)(az) =(a+1—x)e /2

EA(O‘)(az) —0, T— 400 (14)

ﬁ(a)(x) <1, Vxel0,+00) (15)

Sturm—Liouville equation

x_aex/%’x(azo“rl e_w/QéxfT(la)(x)) +n Efla)(az) =0. (16)



Orthogonality

10

(18)



1.3 Laguerre—Gauss Type Quadarature

Theorem 1. Let {x?‘,w?‘}éyzo be the set of LG or LGR nodes and weights.

e Laguerre-Gauss (LG): {x$}}_¢ are zeros of Eg\?_),_l(a:),

e _ _D(N+a+1) !
; N+ £ (29)9,£58) 1 (29) 19
I'(N+a+1) i) 0<J<N. "

(N tat)(N+1) [553)(33?)]2,

e Laguerre-Gauss—Radau (LGR): z§ =0 and {z}}}_, are zeros of axcﬁil(x);

w8‘:(a+1)r2(a+1)N!, b (N +a-+1) 1
I'(N +a+2) J N!(N+a+1)[a$£§\?)(x?)}2 o
I'(N4+a+1) 1 1<j<N. (20)
NI(N+4+a+1) [55\?)(%?)}2
with d =1,0 for LG and LGR quadrature, respectively, we have
N
/O+oo p(x)x*e % dx = Z p(x§)w§, Vp€ Pangs, (21)

J=0

11



Remark 2. Denote {z;,w;})—¢ the usual (o = 0) Laguerre-Gauss
type nodes and weigths

e LG case: {x;};—¢ zeros of Ly 1(x),

Lj

W, = , 0< g N. (22)
(N + 1)L ()

e LGR case: z9=0, {z;};~ zeros of 9,Ln11(x),

1
Wwj= :
T (N1 LR ()

0<j<N. (23)
We find from (9) that weights are exponentially small for large x ;.
L j

Ln(x)~ em/Q(Nx)_l/‘léij e~ T ~

12



Theorem 3. Let {x?‘,w?‘}?f:o be the LG or LGR quadrature nodes
and weights. Define

WF=e"w?, 0<j<N, 24
J J

and
Py:={¢:p=e""/2, Yy Py }. (25)

Then we have the modified quadrature formula

+00 N R
/ p(x)x*dr = Z p(z§)wj, VpePangs, (26)
0 :
7=0

where 0 =1,0 for the modified Laguerre—Gauss rule and the modified
Laguerre—Gauss—Radau rule, respectively.

Remark 4. For o = 0, w; = = 0 <)< N =

A (N +1D)[Ln(z;)]*
CL)j:O<\/xj/N>.

13



Computation of Nodes and Weights

Eigenvalue method to calculate the nodes {z%}1_

[ a0~V \
VB ar /B

_\/Z;-N—l aN..—l —Vbn
\ —vVbn  an )

Any1=

a;j=2j+a+1, 0<j<N; bj=j(j+a), 1<j<N.
First calculate weights {&§}7_0, then compute {w$ }7_¢ by
w?:e_x?cbf, 0<j<N.

Nodes distribution:

min; {5}~ N"Y max; {z$} ~4N, min; |23, — 2|~ N1

14
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1.4 Interpolation and Discrete Laguerre Transform
{2,051~ modified LG or LGR nodes and weights, define

(w, V)N 0= ul@Pv@)DF,  (ulln o.=v/{u, u)N o,

The exactness of the Gauss quadrature implies

(0, N0 = (P, Qiar YD qE Panys, (27)

where 6 =1, 0 for the modified LG and LGR quadrature, respectively.
Define interpolation f](\,a): C0, +00) — Py as

(i) @) Z 3L (1

(I5u) @) =u(z$), 0<j<N,

sucht that

16



Given the physical values {u(z%)}}=0, the coefficients {i5}n—o can
be determined by the forward discrete transform:

tn (a)zu [’(a) J)C‘A}Ja Osn<N.

Backward discrete transform calculates {u(x$)}2_ using {ag }rn—o:
N
=Y agLiM(@g), 0<j<N.

The above definitions extends to usual Laguerre-Gauss transform
directly (by removing “*”).

17



1.5 Differentiation

Differentiation in Physical Space

Differentiation in Laguerre polynomials space Py
{h;} Lagrange polynomials assoc. with LGR points {z5}}_.
u € Py, '™ = (v (2§),...,u™ (z%))7, u:=u®, then

u™ =D"u, m>1, (28)
where D = (dkj)k:,jzo,...,Na dkj:hé'(xk:)-

Differentiation in Laguerre function space Py:

A

hi(z)=e"/2/e %/2h (). (29)
then

f;j(azz‘):ékj, 0<k,j<N; pN:span{ fzj:OéjéN}.
Moreover fZ; € pN and

ka:}Z;(xc];)ze—m%/Q/e—m}"/Qdkj_%5]{:], 0<],]€<N (30)

18



Differentiation in spectral space

+o0
u(@) =3 L), = 7(1@ / w(@) L9 (2)wa(z) de,
n=0 n

N

N
=3 el = 3 AL € Py, =0

The coefficients {ﬁfll)}ﬁ;_l can be calculated from {7, }2_; by

itV =alV —d,, n=N,N—1,..,1, (31)
Q) =0.
Similarly, for the Laguerre function case (in space Py)
~(1 ~ (1 1,4 A
B¢ )—véll—g(vn+vn+1), n=N-1,...,0, 3
A(1)_ 1. (32)

'UN — _EIUN

19



2 Hermite Polynomials/Functions

2.1 Hermite polynomials
1. H,,(x) defined on R :=(—o00, +00), weight w(x)=e~*

/ H,, (¥)w(x)dr=n 0mn, Yn=+/72"n!. (33)

2

2. Three-term recurrence relation
Hoi1(x)=2xH,(z) —2nH,_1(z), n>1, (34)
Ho(x)=1, Hi(z)=2xz.
Leading coefficient k,, =2".

3. Connection with Laguerre polynomials

Hon(z) = (=1)m22nplei 3 (42),
Hopir(z) = (—1)m22n+1inl g £(/2)(22),

20



. Values at 0:

Hgn(O) — (—2)”(2% — 1)!!, H2n+1(0) =0.

. Sturm—Liouville equation:

e (e " H)\(x)) + \Hy(z) =0, \,=

H)/(x)—2x H)(x) + N, Hp(z) =0.

. Rodrigues’ formula

21

(36)

(37)

(38)

(39)

(40)



7. Upper bound
|H,(z)| < c2?/nle*™ /2, ¢~1.086435.

8. Derivatives
H)(z)= oHp_1(x), n>1.

H)(z)=2x H,(x)— Hp11(x), n=0.

9. Asymptotics

['(n/2+1) e~ 2H (1) = cos (\/m:c _ ﬂ)

n! 2
3

T nm
4+ sin<\/2n+1x——)+0 n— 1.
6v/2n + 1 2 (™)

22



2.2 Hermite functions
a Hermite polynomials b Hermite functions

~ 1

=i e ?H,(x), n>0, z€R (45)

e Orthogonality

/ B (2)H(2) da = 6, (46)
R



o Three-term recurrence

. 9 .
H,i1(zx)=2x n+1Hn(x)— n+1

Ho=m"Y4%"%2  Hi(z)=v2r Yz e /2

e Differentiation equation

H, (x)+(2n+1—2*)H,(x)=0. (48)

24



Derivatives

Hy(z) = V2nH,_1(z)—x H,(z)

_ \gﬂn_l(x) — /L g (2)
leads to
)

—”n(g_l), m=n—2,

! ol n—!—l m=n

/ Bl (@) (2 de=4 "t =" (50)

R _\/(n+12)(n+2), m=n+2,
L0, otherwise.

25



: —1/4

e Asymptotic (H,(x)~n"""% n— o0)

[n/2]

o) =m V21D e n”k%) (an=2he %), (51)

26



2.3 Hermite-Gauss Quadrature

Theorem 5. (Hermite-Gauss Quadrature) Let {z;}7—q be zeros of
Hyi1(z), and let {w;}_q be given by

N AT
wj=—VT2ZNL e (52)
(N +1)Hy(z;)

Then,

+00 N
| p@etda=3" plaes VpePovin (53)

27



Theorem 6. (Modified Hermite-Gauss Quadrature) Let {xj,Wj}y:O
be the Hermite-Gauss quadrature nodes and weights, Define

2 1

W =e"w,= - , 0<j<N. (54)
] T (N+1)HR(x;)
Then
+00 N .
/ p(x)gq(x)dz="> " p(x;)q(z;)0;, Vp-q€ Pany, (55)
oo =
where

Py:={¢:p=e"/%p, Vip€ Py} (56)

28



Compuation of Nodes and Weights

o Zeros {z;}5_gof H,i1(x) are eigenvalues of

[ a0 VB \
Vb ax Vba
ANy1= : (57)
VON—1 an—1 VbN
\ VN an )

a;=0, 0<j<N; b;=3/2, 1<j<N.

e Computing {w;};~, using (52) is not stable. Instead using

2
—Xr; ~

w; are given by (54).

e Node distribution:
max; ||~ V2N, min; |x; —2z;_1|~1/VN

29
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2.4 Interpolation and Discrete Hermite Transforms

e Using Hermite polynomials in Pjy:
I € Py intepolates v € C'(R) at Hermite-Gauss pts {z; }_o:

N
Iv=>Y  nHu(z); (Iiw)(z;)=v(z;), 0<j<N.
n=0

Forward discrete transform:

N
=N vz ) Ho()ws, 0<n< N (58)

an:O

Backward discrete transtorm

N
()= GnHu(z;), 0<j<N. (59)
n=0

31



Using Hermite functions in Py
I e Py intepolates u € C(R) at Hermite-Gauss pts {z;} 0

N
=" Hu(z); ([fu)(z))=u(z;), 0<j<N,

Up=—>Y u(xj)Hy(zr;)w;, 0<n<<N (60)

u(xj) = Z UnHn(2z;), 0<j<N. (61)

32



2.5 Differentiation

Differentiation in Physical Space

e Hermite polynomials case (space Py):
ul™ =Dy, m>1,

where the entries of D are given by

Hn(zk) 1
dys = Tntep o=z K70

Tk, k=j.

e Hermite functions case (space Py ):

A o—Th/2 Hy(zk) 1
drj=—Zk0kj+ 2/2dk:]— Hy(xj) Tk = @5
e~ 0,

33

k#7,
k=7.

(62)

(63)

(64)



Differentiation in Frequency Space
For ue Py, u' € Py_1:

u(@) =Y dnHa(x), u(@)= . Hi(@)=Y i\ Ha(),

a\W=0; aY=2(n+1)tns1, n=N—-1,N—2,...,0. (65)

n

For v € Py, v' € f’N+1:

N N N+1

(@)= GuHu(z), v(2)= GuHa(x)=Y 08 Hy(z)
n=0 n=0 n=0

o) ="t /Do, m=N4LN,0.(66)

with ’0_1 — ’(7]\[+1 — ?3]\]+2 =0.

34



3 Approximation Estimates

3.1 Inverse Inequalities

For Laguerre approximation, w,=x% "% and w, = z“.
Theorem 7. For a>—1 and any ¢ € P,

107 Nlwas e SN™2 ¢l m20. (67)

Corollary 8. For a>—1 and any 9 € pN,

102" ¢, <N™2|Yllo,, m>0. (68)

Theorem 9. For a>0 and any ¢ € Py,

102" ¢ lwe S N[ @ llwe,  m2=0. (69)

35



Corollary 10. For >0 and any EpM
10" ]|, SN™ ¥ ls., m=0.

For the Hermite case, only one weight w(x)

Theorem 11. For any ¢ € Py,
1020w S Nl ¢]],

moreover, let o= O, +x. Then for any v € f’N,
6.l S NI,

36

2
—e *. We have

(70)



3.2 Orthogonal Projections
Laguerre polynomial L2 _ projection: Iy o: L3, (Ry)— Py

Iy ou —u,vN)w, =0, Voy€ Py (71)
we have
N ~ (o o Aoz 1 o
My =52 020 w), il =, 2)
Define
BM™(Ry):={u: 0fu e L?

Wa+k
lullr = (3o 105ulZ, )2 Julsy = 107t lwa 4.

Theorem 12. Leta>—1. Ifue B} (Ry) and 0<m <N +1, then

(R—I-)v O<k<m}, (72)

N—m+1l, ..
||5’§;(HN,aU—U)||wa+z<\/((N _n;+ 1)) 102 | ey s - (73)

37



Laguerre function case: W, =z
For u € L2 (R,), we have ue®*/? € L2 _(R,). Define

f[N,au:e_xﬂHN,a(uex/Q). € Py (74)
Clearly
(ﬂN’au—u,vN)@a:O, VvNef’N.
Define
Bo (Ry):={wdjuel? (Ry), 0<k<m}, (75)

3k 1/2 §m
lull g = (g [05ul2, )% Julgr =10l

Theorem 13. Let a>—1. IfUEEZI(R+) and 0<m< N +1, then

A (N—m+1)!

21

(76)

dl,
x Wa+m

38



Remark 14. Remarks on Laguerre approximation:

1.

The convergence rate is about NU=")/2 ig only half of the
classical Jacobi approximation. This is a direct consequence
of the linear growth of the eigenvalues in the Sturm—Liouville
problem.

. BJ'(R4) includes functions that do not decay at infinity. A

fast convergence rate in |||, ,, norm does not mean that the
error would decay rapidly for large x.

. u € By (Ry) requires u decays at infinity. So theorem (13)

doesn’t apply to functions like sin (). On the other hand, for
w(z)=(1+x) " and u(x) =sin (kz)/(1+z)", we have for both

é;%un ., < oo if m<2h —a—1, so we have

m

SN_(Qh_a_l)/Q. (77)

H’LL _HNaO‘u wa

39



Hl-type projections (Here we only consider the case a=0)
Let w(z) =e~". Denote

Hp o(Ry) ={u€ Hy(Ry):u(0) =0}, Py={¢€ Py:¢(0)=0}.
Define TTy": H{ (R, ) — Py as

((u—TIN"),vN), =0, VoyePR. (78)
Theorem 15. If u € H{ (Ry) and O,u € By '(R.), then for
1<m<N+1,
N—-m+1! ..,
!!H}V’?au—uuwﬁ N Do, (79)
Proof: Let ¢(x) = [ Hy_1,0u'(y) dy. Then u — ¢ € Hp ,(R4).
(B.35b)

[Ty =l , <

< C)|0x(¢ —u)llw

40



Laguerre function case
For u € H}(R.), we have ue®? ¢ H{ ,(Ry). Define

f[}\}ou:e_f’jmﬂ}\}o(uexﬂ) e Px.
Theorem 16. For any v € Hj(R.), we have
((u — f[}\}ou)’, ’U}V> + i(u — f[}\}ou, ’UN) =0, Vounye f’j(\);
Let O, =0, + % If ue HY(R,) and d,ue Bl (Ry), then

ﬂ}\,{OU_qugc\/(N—m—i—l)'

where ¢ is a positive constant independent of m, N and u.

21N
Oz unm X

41

(80)

(81)



H?-type orthogonal projections
Define

Hf o(Ry)={ve Hi(Ry):v(0)=0'(0)=0}, Xy=Hg,(Ry)N Py,
H§(Ry) ={ve H*(Ry):v(0)=v"(0)=0}, Xy=Hg(Ry)N Py.
Define T15": HZ ,(R.) — X, as
((v—l_[?\}ou)",v]’\’;)wzo, Von € Xn. (82)
Define II3": H3(Ry)— Xy as

N u= e_z”’/zl—[?\}o(u ex/2). (83)

42



Theorem 17. If v € HE ,(Ry) and 0%v € B *(Ry) with 2<m <
N +1, then we have

N — 1)!
3ol <oy B ozl 89

For ue H3(R.) and all uy € Xy, we have

((u—T13%u) ", ufe) + 5 ((w—T03"u)’, uhe) + 7 (= T, un ) = 0. (85)

Moreover, if ue H3(R.) and Opuc BY" *(Ry) with 2<m <N +1,

then
22,0 (N —m+1)!
HNu_uH2,w<C\/ (N —1)!

Oy unm R (86)

43



Hermite projections (w(x) = e_mz)
Iy: L2 (R) — Py:

(U—HNU,UN)w:O, Vun € Py (87)
Clearly N
() =St Ho(@), i =——(u, Hy)..
n=0 n

Theorem 18. For any u € H'(R) with 0 <m < N +1,

N—m+1)!
(N —=1+1)!

||aé<nw—u>||w<2<l—m>/2¢ ( 107, 0<I<m. (88)

Reamrks: The LZ2(IR)-orthogonal projection is simultaneously
optimal in the H'(R)-norm with [ > 1.
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Hermite function approximation
For v € L%(R), we have ue® /% L?(R), define

f[Nu::e_meHN(uer/Q) € Py, (89)
which satisfies

(u — ﬂNu, UN) = (u e® /2 _ HN<u ex2/2), vNe“2/2)w =0,Vuy € f’N.

Theorem 19. Letd, =0, +x. For é;nuELQ(R) with 0<m<N +1,

NV o N—-—m+1)!
(it — )| g 20— [ D

Op ul|, 0<I<m. (90)

Theorem 20. For any 9, uc L2(R) with 2<m < N +1,

. N _—m+1)
Joh (v — )] /a1

[=0,1,2. (91)
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3.3 Interpolations

Theorem 21. (Laguerre-Gauss interpolation/Guo et al 2006b])
Let o > —1. If u € C(Ry) N B™(R,) and d,u € BT (Ry) with
1<m<N+1, then

N—-—-m+1!, .. m
At o, VEN |97l ,..)

H]](\?)u—u‘

Wa

Theorem 22. Let a > —1. If u € C(Ry) N B. (Ry) and dyu €
B(T_l(IRjL) with 1<m <N +1 then

oy ey

LM
Oz uH@aJ,m)

éfu”camrm_l + v/ InN

A](Va)u — u|

46



Hermite Interpolation

Theorem 23. ([Guo and Xu 2000/)For v € C(R) N HJ'(R) with
m =1, we have

l—m

0L (T — ) S NF*

Tullw, 0<<I<m. (92)

Theorem 24. Let 533 — 0, +x. ForueC(R) and O, ue LA(R) with
fizred m > 1, we have

Ny

0, U

(T )| SN

Y

. 0<I<m. (93)
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4 Spectral Methods Using Laguerre and Hermite Functions
4.1 Laguerre-Galerkin Method

_uxw—i_’yu:fv ZCER_|_,’7>O;

u(0)=0, lim wu(x)=0. (94)
T—r+00

Weak formulation (for f € (Hj(R4))")

Find u € Hj(IR, ) such that (95)
a(u,v):=(u',v") +y(u,v)=(f,v), Yve&H(Ry)
Laguerre spectral-Galerkin approximation to (94)
Finduy € f’](\)f such that (96)
a(un,vn)=(Inf,vN), Yun € Py

48



Define
or(x) = (L(x) — Lrs1(z)) e/ = Li(x) — Liga(2) (97)

then p](\)[:SpaIl{ gbAO, gbAl, e gbAN_l}. By setting

uN=3"1_o kb, w=(do,d1, ..., 0N 1)7;

fi=(Inf, ¢;), :( S fn—1)t

sik= (0 &), S=(sjr)o<j k<N-1;
M

mi g — <¢k7 ¢j)

= (Mjk)o<)j k<N —1

we find M is a symmetric tridiagonal matrix and S =1 — %M , S0 (96)
reduces to

(I+(y—7)M)u=f. (98)

49



Theorem 25. If u € H(Ry), d,u € By '(Ry), f € C(Ry) N
BY(R,) and 9,f € B 7' (R4) with 1<k,m <N +1, then we have

!
Ju—unll S /=t )5

N —k+1)!
A - )<

(99)

\k
x

++vIn N

5., )

Proof. Let ey =un — ﬂ}\}ou and ey =u — f[}\}ou, then by
a(uy —u,vN) = (fo— f,’UN), Yoy € Py
a(en,vn) =a(én,vN) + (fo — f.uNn), Yone Py.
Taking vy =epn, we find

lenlli<c(llen i+ Inf = £I])- [
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4.2 Hermite—Galerkin Method
—Uyy +yu=f, z€R, v>0; lim wu(z)=0. (100)

|z | — o0

Weak formulation

Find u € H'(IR) such that (101)
(0w, O,0) + y(u,v)=(f,v), Yve H(R).
Hermite—Galerkin method
Finduy € ]5N such that (102)
(Opu, 020) + y(u,v) = (IA]}\L;f, vN), Yon € Py.
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Theorem 26. Let v > 0 and 0, = 0, + x. If u € HY(R) with
Op ue L2(R), and f € C(R) with OF f € L*(R) and fized k,m>1, then

lun —ully SN2 (|05 ul| + No 2|0k (103)
4.3 Numerical Results

Exact solutionu(x) | =€ (0,00) x € (—00,00)
u1(x) e "sin(k x) e~ %" sin (k)
s () 1 1

’ (1+x)" (1+22)h

sin (k x) sin (k x)

”UJ3($) (]_—'—Zlf)h (1+$2)h
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Numerical vs. exact

Exact ||
o N=32
N=48
*  N=64
9 )i Sealale
4 6

Error

53

10{] T

1079

'Eﬂﬁ'

10°;

Max. & L2- errors

-
-

=

]

Max.—

o

ol | \.._""

T2

T T
-

80 130 180
N

230 280

Figure 1. (Laguerre) Exponetial decay solution ui(x) with k=4, ~v=1.
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(Laguerre) Algebraic decay solution ug(x): different h and N.
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log,, (Error)

u(x)=sin(kx) exp{-x‘?}

o : L2—ermor with k=2
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Figure 3. (Hermite) Exponetial decay ui(x), Algebraic deacy ua(z).
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4.4 Scaling Factor

Assume that

lu(z)| <e forz> M.
Scaling factor (xy is the largest L-G-R point)

6N:xN/M7

Scaled equation

—BRvyy +yv=29(y); v(0)=0, lim v(y)=0. (104)
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5 Mapped Spectral Methods

5.1 Mappings
r=g(y;s), ye(-1,1), xe€A:=(0,4+00)or(—o0,+00) (105)

with s >0 and

g(—155) =0, g(1;5) = +o0, ifA=(0,+00) (106)
g(£1; s) = to0, if A = (—o00,+0)
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1. Mapping between x € (—o0,+00) and y € (—1,1) with s > 0.

Algebraic mapping;:

Sy x
xr= , Y= : 107
/1 — y2 A /.%’2 + 82 ( )
Logarithmic mapping:
s, 1+uy T
— 2] —tanh = 1
x 2n1—y’ y = tan - (108)
Exponential mapping:
x =sinh (s y), yz%ln(m+\/x2+1), (109)

where y € (—1,1), x € (—Ls, L), and Ls=sinh (s).
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2. Mapping between = € (0, 4+00) and y € (—1,1) with s > 0:
e Algebraic mapping:

14y T —S
= = : 110
e Logarithmic mapping
s, 34y (:13)
=—1 =1—2tanh( — ). 111
x 2n1_y, Y tan : (111)

e [Exponential mapping

:E:SHﬂ1(81;@C> y::%hﬂx%—Vx2+J)——l, (112)

where x € (0, L), Ls=sinh (s).
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5.2 Approximation by Mapped Jacobi Polynomials

For the algebraic mapping, we define rational Jacobi polynomials:

gy (@)= T3 (y) (113)

n

then
Py de =428 mn, (114)

0

[ @il
where vn’ﬂ—(Jo"ﬁ JO"’B) ..s and
~1
a, — 0B 2 — .8 _
) = () = o) () >0 (115)
Note that for mapping (107) and (110), we have respectively

dx S _3 .3  dx 2s
= =Sw 2 2 = =2s5w™ 20

dy /11— ¢2° Cody (1-y)?
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Rational functions in (—ee,=) Rational functions in (0,=)

n=_8

Figure 5. (Left) Graph of jg’f{(ac) with n = 8, 12 using mapping (107).
(Right) Graphs of jg:g(:ﬂ) with s =0.2,0.6, 1 using mapping (110).
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Approximation

Vil =span{j¢f(2):in=0,1,..,N}, s>0.

Consider the orthogonal projection 7y, L2a s(A) — Vﬁf f

(WN’BSU—U vN) o5 =0, V/UNEV]%:SB.

For a given mapping == g(vy, s), define

0.(2) :=j—‘§<>o>, Ud(y) i=u(z) =u(g(y, 5)).

Then by defining D, u:= as%, we have

d*U

dUs du
=D, u, 3

_ Pk
dy (s =D u.
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Define space
~m

B, s(A) = { u: uismeasurablein A and ull gm, < 0o} (120)

equipped with the norm and semi-norm

1/2
HUHB;’TB:<ZZ%:0 HDI:ZUHEJSM,&M) ,ulgr = 1D7ull yorm sem.

Theorem 27. Leto, 3> —1. [fueégf/g(./\), then for 0O<m< N +1,

a,B 3
W (N 4+ 1)!

(N +m) " F| DI s, (121)

ﬁ)g"ﬁ S (N —]’:]rl!+1)! (N+m)(l_m)/2||D;n’U/||w;:x+m,5+m, (12:

where &P (2) =wtbB+1g/(y:s), y=h(z;s).
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For algebraic mapping on (0, 400)

1. For u(z)=——

m, |’D?u|’w?+m,ﬁ+m< oo if m<2h+a+1:

lu =75 2] s S N=EPHOED () = (142) ") (123)

2. For u(x) :%, | Dz ul] yo4m.p4m <00 if m < 2h+3a+1:
by sin (k x
Hu TN una s SN—@htatD/3 (u(az): (14533)2) (124)

For algebraic mapping on (—oo, +00)

1. Algebraic decay
ot — 55 2] s S N=CRHED, () = (1422)7) (125)
2. Algebraic decay with oscillation

lu =7 s S NTERFOEN2 (u(z) = 20 (126)
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Remark 28.
1. For u=(1+2)""and u=(1+22)""

a. if h positive integer, expressed exactly by finite sum of
mapped rational functions

b. for other case, algebraic convergence rate but faster
than approx. by Laguerre functions or Hermite func-
tions.

sin (kx) sin(kx)

Aroh (Traz3r Lhe
convergence rates are much slower than solution without oscil-
lations. And also slower than Laguerre functions and Hermite

functions methods.

2. For solutions with oscillation u(x) =

3. For solutions with exponetial decay at infinity, the conver-

gence rate is faster than any algebraic rate. ~e— VN,
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Mapped Interpolation
Given Jacobi-Gauss points {fN’B N , define CN,J ¢ 1= g(fN,j, )
and mapped Jacobi-Gauss 1nterpolat10n I N’B C(A) — VN7S

IveVy? st (Inw) (¢ ) =u(¢R ), 1=0,1,...,N. (127)

Theorem 29. Leto, 5> —1. IquEZB(A) with 1<m <N +1, then

Haﬂj(lﬁ:gu o U) Wy

(128)

_ |
S \/(N ]7\7;'4— 1). (N—i—m)(l_m)/QHD:TUHw?er,Ber.
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Distribution of x;e (~c0,c0) Distribution of x;& (0,0)

n=20 n=20
& & Ssoammmmmee o [ T 7 o

2 O e 2 O 2 0 0 0 0 R0
n=16

¢ ,'_._.-__,._.T O * n=12 Eﬁ] * n=12

. & seese 8 ¢ nN=8 e # N=8
D O (e
—10 —9 0 5 10 0 100 200 300
X X

Figure 6. (Left): Hermite-Gauss points (“0”) vs. mapped Legendre—
Gauss points using the algebraic map (107) with s=1 (“‘e”).
min; |z ;41 — x| ~O(N 1) for mapped Legendre-Gauss points.

(Right) Laguerre—-Gauss—Radau points (“0”) vs. mapped Legendre—
Gauss-Radau points using the algebraic map (110) with s=1 (‘“4”).
min|z ;11— ;| ~O(N~?) for mapped Legendre-Gauss—Radau points.
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5.3 Spectral Methods Using Mapped Jacobi Polynomials
yu — Ox(a(x)0pu)=f, xze€A=(—00,+0), ~v>0 (129)

For a given map = = ¢g(y; s), the weighted weak form

Find u € By s(A) such that (130)
V(w,v) o8+ (a(z)0zu, 8w<vw?’3)) =(f,v) 08, Vv E B s(A).
The corresponding mapped Jacobi—Galerkin method is
Find uy € V3P such that Yoy € Vi’
N N,s N N,s (131)

V(un, ON), 00+ (a(z)0un, 033(va§"'8)) — (Iﬁ‘,’ﬁf, UN )08

S
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A second approach: Jacobi approximation for transformed problem:

1 a(g(y;s)) _
vUs(y) g'(y; 5) ay( g'(y; 5) 3yU3(y)> = Fi(y), (132)
where Us(y) =u(g(y; s)) and Fi(y) = f(9(y; 5))-

Let 0P (y) =w®P(y)g'(y; s). Jacobi-Gelerkin method for (132) is

Finduy € Pys.t. Vony € Py

Vi, ) oo + (LEED Y i, 0 (305 P) ) = (I Py B ) o s

(133)

This approach is in general more difficult to analyze, but can be easily
implemented using the standard Jacobi—collocation method.
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Error Estimates for a Model Problem

yu(x) — 02u(z) = f(z), z€A=(0,00), v>0; u(0)=0. (134)
Weak formulation
Findu € Hg ,(A) such that
{ a,(u,v) = (}",v)w, k= H&jw(A), (135)
where w:=w" H¢ ,={uec HL(A):u(0) =0}, and
aw(t,v) =Y(u,v)y + (0w, Ox(vw)), Vu,v € Hy ,(A). (136)

Denote Xy = {u cVy SB :u(0) = O}. Jacobi-Galerkin approximation is

(137)

Find un € X such that
ap(un,vN) = (I]‘i‘,ff, ’UN)w, Vony € X,
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Lemma 30. Assume that

di=max |w™ ! (2)d,w(x)|, do=max |w™!(z)dw(z)]
rEA rxeAN

are finite. Then, for any u,v € HL(A),

ay(u,v) < (di+1)|ul1e

V10 + vllullellv]lw.
If, in addition v*(x)w'(2)|s=0=0 and lim,_, cv*w'(z) >0, then
au(v,v) 2 [v[i,o+ (v —d2/2)v]Z, Vv e Hy(A). (138)

Theorem 31. Assume that the condition of Lemma 30 are satisfied

and v —da/2>0. Then the problem (137) admits a unique solution.
We have

lu—unliwS inf flu—onliw+]|[f— I8N0 (139)
vNEXN
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For mapped Legendre method (d; <2, dy <6)

Corollary 32. Let u and uy be respectively the solution of (135) and
(137) with (o, ) =(0,0) and the mapping (110) with s=1. Assume
that w € By o(A) and f € B5o(A), k,m>1 and v> 3, we have

lu—un

1,000 SN Dl grm 4+ NTFIDEF || ek (140)
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For mapped Chebyshev method. We have d;, do = co. but a,(-, ) is
still continuous and coercive [cf. Guo et al. 2002].

Corollary 33. Letu and uy be the solution of (135) and (137) with
(o, B)=(—1/2,—1/2) and the mapping (110) with s=1. Assume that

'U/EBTl/Q’_l/Q(A) and fEBSTl/g,_l/g(A) and that ’y>1—7, we have
HU_UNHLwl—l/Q,—l/Q

141
SN'DE U y-172.m 172+ NTFIDES | s-1/2.0 172, )
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Implementation and Numerical Results

Take ¢x(x) 92,2(:1;) + jg:2+1 with s =1 as basis of Xy,
2
then (JJ(Z’) = m

(137) leads to a non-symmetric sparse system
(M tridiagonal, S seven diagonal )

(YM+S)u=f
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Figure 7. (Left) u(z)=sin (2z)e~%; (Right) u(z)=1/(1+z)°/2.
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Figure 8. (Left) u(x)=sin (2z)/(1+z)"/2; (Right) u(z)=sin (2z)e~*".
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Figure 9. (Left) u(z)=1/(1+22)%/?; (Right) u(x) =sin (2x) /(14 z2)"/2.
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Conclusion
1. Two approaches to solve problem in unbounded domain
a. Laguerre/Hermite method
b. Mapped Jacobi method
2. The convergence rates of two approaches are compatible

3. Scaling parameter affects the convergence rates.
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