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1 Generalized Jacobi Polynomials(GJPs)

e Intuition

Oh(@) = Lu(@) = Loy 2(@) = S50 (1 = 2) 11 (@),

{¢1} are orthogonal w.r.t. w—1 ~1(x)

e Definition.

w™ k(g )J—"’ ), ifk,1<
TP @) = w kR O@) S R (1), k< —1,0>—1, (1)
| WO @) T (), ifk>—1,1<

n—no

where n > ng with ng:= —(k +1), —k, —I for the three cases



e Simplified Notation

A _ka kg_l) . _k7 kg_l)

k'_{o, k> —1, k'_{k, k> —1. (2)
then
TNy =k L) T8 (1), n=no=k+[, kl€Z (3)

e Properties (k,l € Z)

{Jf;’l} form a complete orthogonal system in Lik,l([ ).

1
/ TR @) T k) de =T Sn. (4)
—1

o Compact combination of Legendre polynomials k,[ > 1.

n

J;k’_l(a:): Z a;Li(x), n=>k+lL (5)
j=n—k—1



o Boundary conditions

otg F~t1)y=0, i=0,1,..,k—1. k>1.

oLg k-~ —1)=0, i=0,1,....1—1. I>1. (6)
o Differentiation
Oud ! (w) = CR IV T (), (7)
([ 2(n+k+14+1), ifk, 1< —1,
ck=) n e i ®
| (n+k414+1)/2, ifk,I>—1.




2 Galerkin Methods for Even-Order Equations

2.1 Fourth-Order Equations

’U,(4)—CY'U/N+/Bu:f7 fI}EI:(—l,l), (9)
u(+1) =u'(+£1)=0. «>0,8>0.
Weak form:
FinduEHg(I) s.t. for any UEH(%(I) (10)
a(u,v):= (u",v") + a(u’,v") + B(u,v) = (f,v).

Legendre—Galerkin approximation (/p: interpolation use LGL pts)

Finduy € Viy:= Py N HE(I) s.t. (11)
a(un,vn)={UNf,vN), Von€VnN.



Choise of basis

VN:span{ Jk—z,—2: k=4,5, ...,N}.
Pk = Yk Jk_f[Q(a:) choose 7y, suchthat (¢!, ¢7) = 1.

Thanks to
B B 2(2k +5) 2k + 3
b= a0) - 22 o)+ B @) ). G2)
We have
arj:= (07, o) = (057", dr) = (5, ok") = i

chji= (95, o) =0, if k#+j,5£2.
Sparse linear algebraic system (also well-conditioned)

(I+ BB+ aC)u=f. (14)



2.2 General Even-Order Equations

2m —1

bo02™u(x) + Z bom — kO%u(z) = f(x), z€(=1,1),m>1
k=0

Ofu(+1)=0, 0<k<m—1.

(15)

Bilinear form

am(u,v) = (=1)™(07"u, 07" (bov)) + (—1)™ (05"~ 'u, 9 (b1v))
(=)™ N7, 0T (bav) ) + - + (bamu, v)

Assume that {b;} are such that

|am(u, v)| < Ciflul[ml[v]lm, Yu,ve Hy(I),

16
am(u,u)>C’o||u||gna Vue HY'(I). (16)



Weak form
{ Findu € Hy*(I) such that

am(u,v)=(f,v), VYve Hy (). (17)

Legendre—Galerkin approximation (I interpolation with LGL pts)

{ Finduy € Vy:= Py N H{*(I) such that

18
am(un,vn)=(UINf,vN), Yun€VNn. (18)

Basis
Vn=span{Jy, " =", Jo " L I T
() = cl,mJp i om (%), (02" bk, 03 d1) = 1.
Sparse system (bandwith 2m + 1, cond(A) < C1/Cy),
Au=f,
where

ak; = am(Pj, ¢x), fx=UNS, or)



3 Dual-Petrov-Galerkin Methods for Odd-Order Equations

3.1 Third-Order Equations

au— Puy — YUpr+Urez=Ff, xz€l=(—-1,1),
{ (1) = up(1) =0, (19)

Let

V={uePyiu(£l)=ugy(1)=01},

Vi={u€ePn:u(£l)=uy(—1)=0}. (20)

The Legendre dual-Petrov-Galerkin approximation
Find u € Vi such that

a(un,vn) — B(Ozun,vN) + Y(Ozun, OzvN) + (Ozun, O2vy)  (21)
=({Unf,vN), Yon€EVR



Equivalent weigthed formulation (v € Viy <= w~11v € V{)

Find upn € Vv such that
a(un,v) 11— B(Ozun,v) 11+ ¥ (Opun, w10 (vw™b ) 11 (22)
+ (Opun, wh T2 (vw b)) 1= (INSf,v)-11, YveEVp.

The odd terms in (22) are now coercive !
Basis

or(@) =k Jo s (@), Yr(@) = ety (@), (dh, v =1
VN =span{¢o, ¢1,..., pn -3}, Vx =span{ ¥o, Y1, ..., YN —3}.

Linear system

(aM+BP+~vQ+S)u=f.
Sparsity
mij:O |i—j|>3; pij:O |i—j|>2;
qi; =0 |i—j|>1; Si5=0 Z#]
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3.2 General Odd-Oder Equations

(— 1)“””“6’2m+1 () +6(=1)m07™ " tu(x) + yu(z) = f(a), (23)
OFu(£1)=0"u(1)=0, 0<k<m—1.
Define

Vy ={v€PyN:0ku(£1)=0, 0<k<m—1, 97u(1)=0},
Vi ={v € Pn:Oku(£1) =0, 0<k<m —1, 9y u(-1)=0}.

Legendre dual-Petrov—Galerkin approximation

Findupy € Vi s.t. for Yoy € Vi
—(07  un, 0F'on) — 8(05 un, 9"~ ton ) + v(un, vn) = (INF, ).

—m—1,— o —m,—m—1
Sparse system (¢,: :dm,an_Ir_an " b —dm,an—IT-rLQmm )

(I+~+B+6C)u=f (24)
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High Odd-Order Equations with Variable Coefficients

Legendre-Galerkin, and dual-Petrov—Galerkin methods can be
extended to equations with variable coefficients.

1.

Exact inner products replaced by numerical quadruatres

. Linear algebraic system are dense

2
3.
4

Iterative solvers are preferred

. Fast matrix-vector multiplication with computational cost

O(N?) or even O(N log N) can be built.

If the coefficients are bounded from both sides, the condition
number of the resulting linear system are bounded, thus the
convergence of CG type iteration solver doesn’t depend on V.

12



4 Collocation Methods

Generalized Gauss—Lobatto quadrature ( {z;} zeros of J};,’l_l )

1—1 r—1

1 N-—-1
/ f(z)de~ Z f(ivj)wj—I—Z f(”)(—l)w(_”)+ Z f(“>(1)w(+“>
- v=0 ©w=0

j=1
DOF=N +r+1—1, DOP=2N +r+1 — 3.

Corresponding interplating
. N—1 l—1 r—1
(1)@ =3 fihi@+ 3 FOR @)+ 3 98 @),
j=1 =0 pn=0

_ It (@) C(+2)l(1—a2)"
Oedt () (x —z;) (L+z)Hl—ay)"

Reference: Huang and Sloan 1992, SINUM

hj(z)

1<j<N—1.
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Collocation method for a fifth-order equation

u®)(2) + a1 () (2) + ao()u(z) = f(z)
u(:l:l):ulézlzl):u”(l)oz (25)

Let XN {uePnys,u(£l)=u'(£1)=u"(1)=0}, {x;} be zores
of Jx N 1, then the collocation methods is

Finduy € Xys.t. for I<j< N —1,
{ N N J X (26)

uSP (@) + a1 (@) ul(z5) + ao(zj)un(z,) = f(zy).

It is clear that Xy =span{ h;: 1 < j< N — 1}, Setting

UNZZ;V ujh;(z), d(k) g-k)(xi), Ay, =diag(am(x1), -, am(zN—1))

we get

(D(5)+A1D(1)+Ao)u:f (27)
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Properties
1.
2.

Evaluation of matrices D(¥) £ Dk

The matrices {D(k)} are full with cond(D(k’)) ~ N2k

of {D(k’)} is subject to severe roundoff errors.

Condition numbers of COL and GIJS

. When N is large, the accuracy of the nodes and of the entries

apy = 0 g = 10 ap = 50 ap = 100x ap = 10(’.1()'\-

N Method a; =0 a; =0 a; =1 a; =50 ay = sin(10x)
16 COL 3.30E+05 3.77E+05 4.46E+05 249E+05 4.09E+05

16 GIS 1.00 1.07 1.42 1.62 33.05

32 COL 2.70E+08 2.78E+08 3.36E+08 1.37E+08 8.22E+08

32  GIS 1.00 1.07 1.42 1.62 33.05

64 COL 2.58E+11 2.64E+11 443E+11 S8.11E+10 1.37E+11

64 GIS 1.00 1.07 1.42 1.62 33.05

128 COL 2.05E+14k 2.10E+14 2.39E+14 1.86E+14 2.64E+14
128 GIS 1.00 1.07 1.42 1.62 33.05
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5 Error Estimates
5.1 Projection
Define 75" L2ei(I) — Q= span{]ﬁ’(lk+l), LIy as

(u—mk\flu,vzv)wk’lzo, Vo € Qi (28)

Theorem 1. For any k, | € Z and u € By (1), we have that for
oS<pusm<N+1,

(it —u)

Remark 2. Li_m,_m projection is also a H3™ projection

(N—m+1)!
Wkt ltu (N _|_1)|

(N +m) =0 | et

(8;”(7T]§m’_mu — u), &TUN) =0, VYuny€ePnynN Hgm.

16



5.2 Even-Order Equations

Theorem 3. Let u and uy be the solution of (10) and (11),
respectively. If oo, 8 > 0 and v € HE(I) N B™. 9,—2(I) and f €
B’il,_l()wzth2<m<N—|—1 and 1< k< N+1, then

N—-m+1 pomo
10— un) | < \/((N—u+1))' (N )7 7 oo

N—k+1)! RS
( N ) (N+k) g ”8];3:f||wk—1,k—1,

+

where n=20,1, 2.

Remark 4. The proof is straightforward by using the error equa-
tion, and the fact that W&Q’_Q is also a projection in HE(I).

Remark 5. Similar results can be proved for the case of general
even-order equations.
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5.3 Odd-Order Equations

2,—

Lemma 6. Let 7y ! be the orthogonal projector defined in (28).

then
(8m(u — W&Q’_lu), 8%1)]\7) =0, YueV,vnyeVy

Theorem 7. Let u and uyn be the solution of (19) and (22), rep-
sectively. If o, 8 > 0 and —= < Y<5 u€eVN B™y _1(I) and
feB™ _1(1) wzth2<m<N—i—1 andl k<N +1, the we have

allenlly-11+ N7 Ozen [|o-10

N-—m-+1 +m
<c(1+|’7|N)\/( m ><N+m 29 [

(N —k+1)!

+c N

(N +k)~ |}a’ff||wk et

18



6 Application
6.1 Cahn-Hilliard Equation
ut:_’)/(ua:w_g_2(u2_1)u)xa:7 xe(_171)7 t>07 7>07

u(xl,t)=u'(£1,t)=0, ¢t=>0,
u(z,0)=up(x), xe[-1,1].

Crank—Nicolson leap-frog and Legendre—Galerkin Method

( E;ind ukT e Viyi={u € Py: u(£l) =u/(£1) =0} s.t.
(fu’]]{\f—i_l o U’IJCV_17 UN) =+ %(ag(u]]{\f—i_l + ulf\f_l)7 8:%UN)

27
= (In[(wk)* ~ k], 0%un), Von € Vi,

N\

\

At each time step we need to solve a forth order equation.

(u?\ﬁ'l,w\r)—|—’y7'(8§u?v+1,8§v]\r) = rhs(vy), VunE€EVN.
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Numerical Results

0.1
0
=041
0.2}

03}
0.4}
05}
06}
0.7}
08}

B e
-1 -08 -0.6 -04 02 0 02 04 06 08 1

Figure 1. For € =0.02,7v=0.01, N =64,7=2x 1076,
uo(x) = sin? (wx). Left: time evolution of the numerical solution;
Right: steady state solution.
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6.2 Korteweg—de Vries (KdV) Equation

U+UUzp+Uzp2=0, U(x,0)=Up(x). (29)
Exact soliton solution
U(z,t) = 12k2%sech?(k(x — 4 k%t — x0)). (30)

U — 0 exponentially as |z| — co, domain truncation =z € (—L, L).
y=xz/L, u(y,t)=U(x,t), wuo(y)=Uo(z), a=1/L3, pB=1/L

ut"‘ﬁuuy‘}‘auyyyzoy yE(—l,l),tE(O,T),
u(y,0)=ug(y), u(+1,0)=u'(1,t)=0

Crank—Nicolson leap-frog and Legendre dual-Petrov—Galerkin

Find u?\f"l € Vns.t. for Voy € V3,
uktt — kot uXt ul ) 42 B k)2
(527 ) {5, ) 2o o)
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Examples 1. Single soliton solution

. . ' -1
Time evolution 10

1078

Error

1075

1077

Max. errors at t=1,50

@\\
*®_0.
\‘\.EN
¥®, O~
\-\@.
t=1 * :\G\.ESO
‘\klhﬁ
\.
. 0
<
=
80 100 120 140 160

Figure 2. xk=0.3,20=—20, L =50 and 7=0.001, N < 160.
Left: Time evolution of the numerical solution.
Right: the maximum errors at t =1, 50 with different N.
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Example 2. Interaction of five solitons

Profiles at t=0,600

Time evolution

t=600

t=0
150

150 0 150
X

Figure 3. Initial value up(z)= Z?:l 12 k3sech?(kj(z —x;)), with
z;=30j — 150, ;= .35 — .053.
Solver parameter: L =150, 7 =0.02 N = 256.
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Example 3. Solitary waves generated by a Gaussian profile

Profiles at t=0,100

Time evolution
=00
150 t=0 /\
A . . .
-150 -150 0 150
X
—1.5(7z)%

Figure 4. up(x)=¢€
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