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Abstract

This paper studies the existence and uniqueness of the invariant measure for a class of stochastic Maxwell
equations and proposes a novel kind of ergodic numerical approximations to inherit the intrinsic properties.
The key to proving the ergodicity lies in the uniform regularity estimates of the exact and numerical so-
lutions with respect to time, which are established by analyzing some important physical quantities. By
introducing an auxiliary process, we show that the mean-square convergence order of the discontinuous
Galerkin full discretization is % in the temporal direction and % in the spatial direction, which provides the

convergence order of the numerical invariant measure to the exact one in L2-Wasserstein distance.
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1. Introduction

Stochastic Maxwell equations play an important role in many fields, including statistical ra-
diophysics and stochastic electromagnetism, whose stochasticity may come from the random
medium or the stochastic source (see e.g. [17]). In this paper, we consider the following stochas-
tic Maxwell equations in an isotropic conductive medium

dE(t) =V x H(t)dt — cE(t)dt — L {H@) o dW(t) + Ao dW5(2), (t,x) e Ry x D,

dH(t) = -V x E(t)dt —ocH()dt + ME(@) o dW1(2) + A2dWa (1), (t,x) e Ry x D,

E(0, x) = Eo(x), H(0, x) = Hp(x), xe D,

nxE=0 n-H=0, (t,x) e Ry x 9D,

(1.1)

where D = (xz,xg) x (y,Vr) X (zz,zr) C R? is a cuboid, n is the outer unit normal,
the notation o means Stratonovich integral, Vx is the curl operator, E = (E1, E,, E3) " and
H = (H;, H>, H3)" are the electromagnetic field, A; € R and A, = ()Lél), )»éz), )Lg))—r. Here,
{W1(#)}s>0 and {W2(#)};>0 are two independent Wiener processes with respect to a filtered prob-
ability space (2, F, {F;};=0, P), which characterize the randomness from the medium and the
source, respectively. The damping terms o E and o H may be induced by conductivity of the
medium or by the perfectly matched layer technique (see e.g. [16,19]). Due to the existence of
these damping terms, the properties of stochastic Maxwell equations change tremendously. The
aim of this paper is to analyze the longtime properties of (1.1) and further construct numerical
discretizations to inherit these properties.

As we all know, ergodicity is an important longtime property of stochastic partial differential
equations (SPDEs). There have been many works concentrating on the study of their ergodicity
and ergodic numerical approximations; see e.g., [15] for the stochastic nonlinear Schrodinger
equation and [8] for parabolic SPDEs. However, to our best knowledge, there is no result on
the ergodicity of stochastic Maxwell equations. The main difficulty lies in the uniform estimates
of the exact solution with respect to time. By analyzing some important physical quantities of
(1.1), we prove that the solution is bounded uniformly in L%(2, HY(D)®) in time. This result
ensures that the H'(D)%-norm of the solution is a proper choice for Lyapunov function, which
leads to the existence of the invariant measure for (1.1). Furthermore, we obtain the continuous
dependence of the solution on the initial data with exponential decay rate. As a consequence,
(1.1) possesses a unique invariant measure 7 * which is ergodic and exponentially mixing. More-
over, we show that the phase flow of (1.1) possesses the stochastic conformal multi-symplectic
structure.

It is meaningful and important to design structure-preserving numerical discretizations since
they have remarkable superiority in the longtime computation. In recent years, various sym-
plectic and multi-symplectic numerical methods have been proposed and analyzed for stochastic
Maxwell equations without damping terms. We refer the interested readers to [6,13,14] for the
stochastic multi-symplectic methods, to [4] for the symplectic Runge—Kutta method, to [1,21,20]
for the symplectic and multi-symplectic discontinuous Galerkin methods, to [3,7] for the semi-
implicit and exponential Euler methods. For stochastic Maxwell equations with damping terms,
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we do not find any relative works on constructing numerical discretizations to inherit the ergod-
icity up to now.

To this end, we first propose a novel temporal semi-discretization for (1.1) which is a mod-
ification of the midpoint method. This temporal semi-discretization is specially constructed to
preserve the ergodicity and the stochastic conformal multi-symplecticity simultaneously. Com-
pared with the continuous case, the proof of the ergodicity of the temporal semi-discretization
is more complicated since the curl and divergence of the numerical solution must be estimated
together. By establishing the uniform boundedness of the numerical solution in L>($2, H' (D)%)
with respect to time, we show that the temporal semi-discretization is ergodic with a unique in-
variant measure 7/, The mean-square convergence order of the temporal semi-discretization is
shown to be %, which provides the convergence order of the numerical invariant measure 72/ to
the exact one 77* in L2-Wasserstein distance.

Further, we apply the discontinuous Galerkin (dG) method to discretize the temporal semi-
discretization in space. The ergodicity of the dG numerical solution is obtained by establishing
the uniform boundedness of the numerical solution in L2(§2, H), where H := L2(D)3 x L2(D)3.
The mean-square convergence analysis of the dG full discretization is more challenging due to
the low regularity of the numerical solution. To solve this problem, we introduce an auxiliary
process in our convergence analysis, which allows us to take full advantage of the H'(D)°®-
regularity of the exact solution. We show that the mean-square convergence order of the dG full
discretization is % both in the temporal and spatial directions. As a byproduct, the L2-Wasserstein
distance between the numerical invariant measure 72" and the exact one 7* is estimated. We
remark that there exist many alternative choices of the spatial discretization. For example, we
also use a finite difference method to discretize the temporal semi-discretization in space. We
prove that this full discretization preserves the ergodicity by deriving the uniform boundedness
of the averaged discrete energy, and meanwhile it possesses the discrete stochastic conformal
multi-symplectic conservation law. Numerical experiments are given to verify the performance
of the proposed full discretization.

The rest of this paper is organized as follows. In Section 2, we first introduce some notations
and focus on studying the uniformly boundedness, ergodicity and stochastic conformal multi-
symplecticity of (1.1). In Section 3, an ergodic modified midpoint temporal semi-discretization
of (1.1) is proposed. We establish the mean-square convergence of the numerical scheme. Sec-
tion 4 is devoted to designing ergodic full discretizations. Finally, numerical results are shown
to support the theoretical analysis in Section 5. The details of the proof to a priori estimates of
some operators are provided in Appendices.

2. Properties of stochastic Maxwell equations

In this section, we investigate the regularities, ergodicity and the stochastic conformal multi-
symplecticity of the solution of (1.1), which make preparations for the numerical approximations
in the rest sections. Throughout this paper, C will be used to denote a generic positive constant
independent of time.

Let W5P(D) be the standard Sobolev space. Especially, we denote H k(D) := Wk2(D). De-
note the Euclidean norm in R® by | - |. We define the Maxwell operator by

0 V x
M:(—Vx 0 > 2.1)
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with domain

E E VxH
D(M):{(H) eH:M(H>= (—VXE) e H, anIaD=0} 22

= Hy(curl, D) x H(curl, D),
where the curl-spaces are defined by
H(curl, D) :={ve L>(D)*: V x v e L*(D)%}
and
Hy(curl, D) :={v € H(curl, D) :n x v|yp = 0}.

The corresponding graph norm is |[v|lpr) = (||v||%HI + ||Mv||%H)% and the Maxwell operator
M is skew-adjoint on H (see e.g., [3]). Denote by H S(U, H) the Banach space of all Hilbert—
Schmidt operators from one separable Hilbert space U to another separable Hilbert space H,
equipped with the norm

o0 1
IPlasw.m = (D ITal%)" ¥ eHSW, H),
j=1

where {g}jen, is an orthonormal basis of U. For the Wiener processes, we give the following
assumption.

Assumption 2.1. For i = 1, 2, assume that W;(¢) is a Q;-Wiener process on the filtered proba-
bility space (2, F, {F;}:>0, P), which can be represented as

o0

W)=Y \ndap®. 120,
k=1

where Qiqr = n,(f)qk with n,(f) > 0 and {g}ren, being the orthonormal basis of L*(D). In
1 )
addition, assume that Q7 € HS(L*(D), H" (D)) =: L}’ for some y; > 0.

Assumption 2.2. Assume that o € WI’OO(D) and o > o( > 0 for a constant oy.

Note that there exist some functions satisfying Assumption 2.2, such as the positive constant
functions, the positive piecewise constant functions and polynomials with positive lower bound
(seee.g., [19]).

Letu=E",H)T and uo = (E, Hg )T. We can rewrite (1.1) as a stochastic evolution
equation

du(r) = (Mu(t) _ au(t))dt A Jut) o dW (1) + XadWa(t), >0, o)

u(0) = uo,
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0
I
alent Itd formulation of (2.3) reads as

where o = (AJ ,A]) 7, J = _0’ 3) with /3 being the identity matrix on R3*3. The equiv-

du(t) = (Mu(t) —ou(t) — %X%FQlu(t))dl + M Ju@®AW (1) + adWa(t)  (2.4)

for 1 > 0, where Fo, = Y52, nt" (qx)2.
The following proposition states the well-posedness and the uniform boundedness in
L2($2, H) of the solution of (2.4).

Proposition 2.3. Let Assumption 2.1 hold with y1 > 0 and y; > 0, and let ug € Lz(QN, H). Then
the system (2.4) is well-posed. Moreover, there exists a positive constant C1 := C1 (00, A2, tr(Q2))
such that

E[llu()}] < e 2 E[fluoli3] + C1(1 — e72").

Proof. The well-posedness of (2.4) follows similarly to [3, Theorem 2.1]. By applying the Itd
formula to ||u ”%&I’ we have

dllu)N3 = = 2(u(r), ou(®))gdr + X2 tr(Q2)dr 4 2(u(r), kadWa (1))
< —200/|u(0)|35dr + [XaPtr(Q2)dt + 2(u(r), adWa (1)) ; (2.5)

due to the skew-adjointness of M. By taking the expectation on both sides of (2.5) and using the
Gronwall inequality, we have

20, X2?tr(Q2)

E[lu®)13] < e 2 E[lluolly] + (1 —e o0

= e 20 E[||ugl|3] + (1 — e7290)Cy.
Thus we finish the proof. 0O
2.1. Ergodicity

In this part, we investigate the ergodicity of (1.1), that is, the existence and uniqueness of the
invariant measure. Let Pro(x) := E[@(u(¢))], t > 0 which is the Markov transition semigroup
associated to the solution u of (1.1). Denote by P(H) the space of all Borel probability mea-
sures on H. A probability measure = € P(H) is said to be invariant for u if f]H[ Pio(x)m(dx) =
f]HI edrr =: m(¢) for any Borel bounded mapping ¢ and ¢ > 0. Further, u is said to be ergodic
on H if lim7_, o %fOTIE[ga(u(t))]dt =7 (p)in L2(H, 7r) for all ¢ € L2(H, 7); u is said to be
exponentially mixing on H if there exist a positive constant p and a positive function C(-)
such that for any bounded Lipschitz continuous function ¢ on H, all # > 0 and all ug € H,
\Ptcp(uo) — n((p)| < C(ug)Lye "' with L, being the Lipschitz constant of ¢.

In order to obtain the ergodicity, we first derive the uniform boundedness of the solution of
(1.1)in L?(2, H'(D)®) in the following lemma.
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Lemma 2.4. Let Assumption 2.1 hold with y1 > 3 and y, > 1, let ug € L*(Q, H'(D)®) and
Fg, € WLo(D). Then the solution of (1.1) is bounded uniformly in time, i.e.,

E[llu®131pye] < C2e~ " E[lluol3;1 pys] + Cs, (2.6)

where the positive constant Cy depends on |D|, and the positive constant C3 depends on
1 1

00, 1o llwi.oe(py 1Foy lwroe(py, Cro Elluollgg], 21, X2, IIQflll;;l and || Q3 I zz2-

Proof. Step 1. Uniform boundedness of the curl of the solution.
Applying the It formula to || Mu ”%&I’ we have

1
dE[IMu()|lfy]) = — 2E[(Mu(t), M((o + EA%FQl)u(t))m]dz

+3E[ Y [MUu®0F g0 | [ + Y [ME203 g0 . @)
k=1 k=1

We note that
1 1
~2E(Mu, M(( + EA%FQI)M»H] = —2E|(Mu, (o + EA%FQI)Mu>H]

V(o +123Fp,) xH
-2k [(M“ (—V(a +2%)»%Fél) x E >H] (2:8)

3
< —SooE[IMullfy] - 2E[(Mu. Fo, Mu)] +C.

where we use the fact that

V(o + i22Fp) xH 1.,
—2IE[<M , 2+ Fo, > ] AE[|M V(o +=22Fp)lls
! <—V<a+%FQ,)XE | S 4ENMulslulm]I V@ + 53 Fo)) L oy

1
< anE[nMun%I] +C

due to the Young inequality, the assumption o € W!°°(D, R) and Proposition 2.3.
By using the Sobolev embedding HY (D) < L°°(D) for y > %, the Holder inequality, the
Young inequality and Proposition 2.3, it holds that

> ! > ~ 1
WE[ D IMUuQi a0 ]+ D IM &2 03 a0l
k=1 k=1
1
V(Qfqn) x E
V(Qiq) xH

.

00 i 1
+zA§E[Z< ©{av xE | (V(Qja<E >} 00
S\ @iawvxn) \vioja <) [a

o
= ME[(Mu, Fo, Mu)y] + A%E|:
k=1
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> |
2 2
+2) 112 x V(Q3 40172y
k=1

< ME[(Mu, Fo, Mu)y | + %G()]E[HMMH%_H] +C.
Substituting (2.8) and (2.9) into (2.7), we obtain
dE[| Mu(®)ll3y] < —ooE [ Mu()llfg]dr + Cdr,
which combining the Gronwall inequality yields
E[IMu(t)3] < e ™ E[IMuolify] + C.

Step 2. Uniform boundedness of the divergence of the solution.

Applying the It6 formula to ||V - E||%2 D) and taking the expectation, we arrive at

dE[|V B0 ) = —2E[(V - E0), V- (@ + %A%F 0VEM)) 5 p 4

i 1 i 1
+ A%E[Z IV - (H(®)Q qu>||izw)]dt + D V- 20340172y d-
k=1 k=1
(2.10)

By the Sobolev embedding HY (D) < L*°(D) for y > %, the Holder inequality, the Young
inequality, the assumption o, F, € W1.2°(D) and Proposition 2.3, we have

—2E[(V-E. V- (0 + %A%FQI)E»LZ(D)]
=—2E[(V-E, V(o + %A%FQI) -E>L2(D)] —2E((V-E, (o + %A%Fgl)v : E>L2(D)] @.11)

3
< —SO0ELIY - El}s )| = 23E[(V-E. Fo, V- B2 | + €

and
el 32 2
ME[ IV Qa0 | = HE[(V B Fo, v -H) |, ]
k=1
ad 1
+3E[ Y IH-V(Q{ a0 )
k=1
e[ 3
+2AIIE[];<Q1qu.H,H.V(quk)>L2(D)]

1
<ME[(V-H, Fo,V-H) 2| + EGOE[”V M) +C
(2.12)
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Using the fact that Y oo |V - (A2 Q2 a0l
(2.12) into (2.10), we have

120y = < C(|Az], ||Q2 ||£y2) and substituting (2.11)—

3 1
AELIY - E0)l}20p)) < = JO0BIIY - B0}, Mt + S00ELIY -HO 7, 1dr

(D)]
_ A%ERV “E(t), Fo,V - E(t)>L2(D)]dt

+ A%E[(V “H(1), Fg,V - H(t)> ]dt +Cdr.
L2(D)
Similarly, one gets

3
dE[IV - HO)l2 )] < = S00ELIY - HO) 2 )11 + 5 aoE[nv E0)2,

(D) (D)

- A%E[(V H(1), Fg,V - H(t)>L2(D)]dt

+k2E[<V«Et,FQ V-Et> ]dt—i—Cdt.
1 @ ! @ L2(D)
Combining them together, we have

AE[ IV B0, + IV - HO 22 )| < —00E[ IV EOI22, + 1V - HOIZ ) Ja
+ Cdt,

which by the Gronwall inequality implies
E[IV O3 p) + IV - HO 22 )| <V E[I1V - Eols ) + IV - Holl3s ) | + C.
Step 3. Proof of (2.6).
By utilizing the fact that v € H (curl, D) N H(div, D) belongs to HY(D)} if n x v|yp =0

or m-v|yp =0, we can get the time-independent H'(D)%-regularity of the solution of (1.1).
Combining Step 1, Step 2 and Proposition 2.3, we obtain

E[lle®131 pye] < C(E[nu(r)nﬁﬁ] +E[IV X EDO72 ] +E[IV-EDI72 )]
+E[IV x HOI72 s ] +E[IIV - H<t>lle(D)])
< Coe™ " Elluoli 1 pys] + Ca-
Thus we finish the proof. O

By applying the It formula to ||u(f) ||%117 and || Mu(t) ”%117’ respectively, we can similarly obtain

the uniform boundedness of E[||u (1) ||§§ M)] in the following proposition.
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Proposition 2.5. Let Assumption 2.1 hold with y| > % and yy > 1, let Fg, € W1°(D) and
ug € L?P(Q, D(M)) with p € N. Then the solution of (1.1) is bounded uniformly in time, i.e.,

2 ~ — 2 ~
E[llu () 3537] < Ca.pe P E ol 7oy ] + Ca.p- 2.13)

where the positive constant 52, p depends on p,|D|, and the positive constant 53, p depends on
1 1

2 ~ = =
P00, llollwisepy 1Fo, llwieepy C1, Eflluollgy ], A1, A2, 107 Iz and 103 [yl
Let 7 € P(H) and denote the transpose operator of P; by P;*. Based on Lemma 2.4, we obtain
the ergodicity of stochastic Maxwell equations and the convergence of P,*z towards the invariant
measure in the L2-Wasserstein distance as t — oo in the following proposition.
Proposition 2.6. Under the conditions in Lemma 2.4, the following statements hold.
(i) The solution u of (1.1) possesses a unique invariant measure w* € Pr(H), where Pr(H) =

{uePH): f]HI ||x||%1/x(dx) < 00}. Thus u is ergodic. Moreover, u is exponentially mixing.
(ii) For any distribution w € P> (H),

Wh(Pm, ) < e "Wy (mr, ).

Proof. (i) Let u and & be solutions of (1.1) with initial data ug and ug, respectively. Similarly to
Proposition 2.3, we get

t
E[llu(t) — #(0)llf] < E[Ilu©0) — 7O [1}] - 2oo/IE[||u(s> — (s) I3y ]ds
0

which by the Gronwall inequality yields
E[lu(t) = @) 3] < e E[lluo — ol ]- (2.14)

By Lemma 2.4, we can choose || - || ;y1(pys as a proper Lyapunov function. We note that H L(D)®
is compactly embedded in H. Therefore, the level set Ky := {v € H : ||[v]| g1 (p)ys < @} is compact
for any constant « > 0. By using the Krylov—Bogoliubov theorem (see [9, Proposition 7.10]),
the general Harris’ theorem (see [11, Theorem 4.8]) and (2.14), we get the existence and the
uniqueness of invariant measure 7v*. By Proposition 2.3 and [10, Proposition 4.24], it holds that

/ Ieli3* (dr) < €1, 2.15)
H

which implies that 7* € P, (H).
For any bounded Lipschitz continuous function ¢ on H and all u¢ € H,

[Prptu) =70 =] [ ELptute.uo) = ptute. o) )|
H
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< Lq)/E[nu(n wo) — u(r, V)]t de) < L f (E[llut. wo) — utr, 0 ]) " (dr)
H H

< Loe™ [ o = rlpgr @)
H

< (IIMOIIH +/ III‘IIHﬂ*(dr))Lwe_UOt < (luollgr + C1)Lye "
H

due to the Holder inequality, (2.14) and (2.15). Hence the exponentially mixing property is
proved.

(ii) We fix initial values (1o, uo) € H x H and denote initial distributions by 8,,, and &z,. Let u
and & be solutions of (1.1) with initial data uo and g, respectively. Denote the joint distribution
of (u(t),u(t)) by J (P} 8uy, P*8i,)- By (2.14), we have

1

2
Wi (P 8uy, P['85iy) < ( / ey — r2lfg T (P g P} 83,) (dra, dl‘z))
H x H

1
2
= (/ llue(r) — ﬁ(t)llﬁﬂdP> < e lug — tollm = e~ 7 Wa(Bug» 8ity)-
Q

Combining with the convexity of L2-Wasserstein distance (see e.g., [22, Theorem 4.8]) and the
Holder inequality, we obtain that for any coupling y of 7 and 7 *,

Wa (P, Prn) < / Wa(P8e,, PFos,)y (dri, dry)
H xH

(SIS

< [ Wit syt = ([ e - iy arn.an)
H = H HxH

Thus we finish the proof. O
2.2. Stochastic conformal multi-symplecticity

This part is devoted to studying the stochastic conformal multi-symplecticity of (1.1). We set
S1(u) =5 (B> + [HJ?), () = X2 -E— 12 -Hand

(0 I _(Dy 0 .
P (O B) k(D 2)smras

with
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Then, (1.1) can be rewritten into the following form of damped stochastic Hamiltonian PDE:

Fdu + Ky0,udt + K»0yudt + K30 udt = —o Fudt + V,S1(u) o dW1 (1) + V,, S2(u) o dW3 ().

Theorem 2.7. The system (1.1) possesses the stochastic conformal multi-symplectic conservation
law

dw + 9xk1dt + dykodt + 9;43dt = —20wdt, P-a.s.,

Z1 Y1 X] Z1 Y1 i
///w(tl,x,y,z)dxdydz+///Kl(t,xl,y,z)dtdydz

20 Yo X0 Z0 Yo fo
f//xz(t X, yl,z)dtdxdz+f//K3(t X, y,z1)dtdxdy
20 X0 Yo Xo
1 Y1 x| zZ1 V11
—///w(to,x,y,z)dxdydz—/f/xl(t,xo,y,z)dtdydz
20 Yo X0 20 Yo fo
///Kz(l X, yo,z)dtdxdz—///lq(t X, ¥y, z0)drdxdy
20 X0 Yo X0
foz1 Y1 x|
=—2////aw(t,x,y,z)dxdydzdt,
o 20 Yo Xo

where w(t,x,y,27) = Lau n Fdu, ks(t,x,y,2) = Lau a Kidu (s = 1,2,3) are the differen-
tial 2-forms associated with the skew-symmetric matrices F and K, respectively, and (1, t1) X
(x0, x1) X (y0, ¥1) X (20, 21) is the local domain of u(t, x, y, z).

Proof. The proof is similar to that of [18, Theorem 1], thus we omit it here. O
3. Ergodic temporal semi-discretization

In this section, we propose a temporal semi-discretization to inherit the ergodicity and stochas-
tic conformal multi-symplecticity of (1.1). Moreover, the mean-square convergence order of the
temporal semi-discretization is derived.

By introducing a uniform partition in time interval [0, +00) with time step-size At, we pro-
pose a modified midpoint method to discretize (2.3) in the temporal direction

un—H +e—oAtun un+1 e—oAtun

UL oA A : +aJ : AW +XLAWE  (3.1)
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for n € N. Here, AW; = Wa(ty+1) — Wa(t,). Since the diffusion term of (3.1) is implicit and
the noise could be unbounded for arbitrary small time step-size, we truncate the noise AW/ by
another random variable

oo
1
_ on L
AW =varY V"0l q:,
i=1
where

1
Anr E,-( "> A,
1), 1), 1),
g =1 M gD < ay,,
1),
—An EVM<—Apn

with {éi(l)’"}ieN . being a family of independent standard normal random variables and Ax; =
/2b|In At|, b > 4. Similarly to [2], it holds that

1), 1), 1),
E[lg"" — "2 <E[1g""PP]ar® VpeN,,

1
which implies that for Q7 € £} with y; >0,

o7 2
E[IIAW] — AW} I}, (] SCAPTP VpeNy (3.2)
and
—k
E[I(AWD? = (AW [ (py] < CAPF2(1+ Aps + AR)) < CArPH! (3.3)

due to the fact that Az (1 + Aa; + Azm) < 1 for sufficiently small At.
The well-posedness and the uniform boundedness of the numerical solution of (3.1) in
L? (€2, H) are stated in the following proposition.

Proposition 3.1. Let Assumption 2.1 hold with y1 > 1 and vy, > 1, and let ug € L2P(Q, H) with
p € Ny. Then for sufficiently small At > 0, there uniquely exists a family of H-valued and
{Fi, YneN-adapted solution {u"},cN of (3.1), which satisfies

E[llu"[137] < e~ @P=DoonAE[|ug|3P] 4+ Cs )y YR EN, (3.4)

~ 1 1
where the positive constant Cy, , := C(p, 00, A1, A2, E[”MOHIZH?], 107 ||£;1 103 ||ng).
Proof. The proof of the existence and uniqueness of the numerical solution is similar to that of
[3, Lemma 4.1], so we omit it here. In the following we focus on proving the assertion (3.4).
Step 1: Case p = 1.
We apply (-, "1 4+ e~y on both sides of (3.1) to get

||un+1 ”%{[ _ efzaoAt”un”%I < (un+] +efcrAtun,’X2AW2n)H (35)
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due to the skew-adjointness of the Maxwell operator M. By taking the expectation and using the
fact that AWy is independent of F;,, we have

E[lu" 3] < e 20 ME[lu" 3] + E[ @ — e A u", Xo AW ] (3.6)

Substituting (3.1) into the second term of the right side of (3.6) leads to

At ~
E[ll"* ] < e ME[lu" I1F] + S E[(Mu" T, 1AW w]

A o~ ~
+ %E[(JM"HAWY, AW H]+E[IRAWY 1] (3.7)

For the second term on the right side of (3.7), using the skew-adjointness of M and the Young
inequality, we have

At ~ 00 ~
7E[(Mu"“,mwgm] < §AﬂE[nu"“ I131] + C(00) ATE[ | M A2 AWS) II3]

< %ArE[nu"“n%ﬂ] + CA2.

Based on the Holder inequality, the Young inequality and the Sobolev embedding H'(D) <
L*(D), the third term of the right side of (3.7) is estimated as follows

A ey~
%E[(]u”“ AW, AW ] < %AﬂE[Hu”“ %]
C (00, M,12) —
+ R IAW G ) |AWS I )] )

< %Aﬂ@[nun“nﬁﬂ] +CAr.
Noting that E[|[X; AW}| %] < C (X, tr(Q2)) At and combining (3.7)~(3.8), we get
_ (¢]
E[llu" M) < e ME[lu" I§] + 3 ACE[la" 1] + CAr.

There exists a At* > 0 (e.g., At* = U%), such that for any Ar € (0, At*],

1
— < 1+409At <A,
1 — ogAt/4

Then the Gronwall inequality implies the assertion for the case p = 1.

Step 2: Case p > 2.

We give the proof of the case p = 2 since the proofs for the cases p > 2 are similar. By
multiplying ||u"*! ||%HI on both sides of (3.5) and taking the expectation, it yields
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1 1 _ 1 _
SEQ i) = S N E[I" Ifg] + SE[A" gy — e 20 1 1]
§]E[<un+l —e_aAtu”,szW2n>H”Mn+1”%_H]d+2E[< —o At u” sz )H”un-l—l”%l]

=1+1I
(3.9)
For the first term [, we substitute (3.1) into it, and use the Holder inequality and the Young
inequality to get

At _
[(M(un+1+e oAt n) )\.2AW2>H||I/£”+1”2]

A o~ ~
+ EIIE[U(M”“ + e MU AW, AW a3 ]+ E[IR AW 13 e 3]
At n+l1 —o At n n+1
< 7E[||u + e MU g | M R AW I e 13 ]
+ CE[Ilu™™ + e A u" gl AWl oy | AW L4y 1™ T 13y ]
FE[IX AW 13l 13 ]
< %Aﬂa[nu"“ 4]+ T—gAte*4”0A11E[||u"||‘I}ﬂ] +CAr,
where in the last step we use the Sobolev embedding H L(D) < L*(D). For the second term I1,
it yields
11 =2E[{e "2 u", Lo AW g (lu" |13y — e 7208 [ 1]

=<

— 00 —
B[l Mg — 72708 " )" ] + S Are™ N E[lu" g ] + CAvr.

| =

Combining (3.9) and the estimates of 7 and /1, we obtain
E[llu" g ] <e O ME[lu" 5] + — 2 AR ]+ 2 1 20 Ate 40N E[ w1 ] + CAr.
There exists a At* > 0 (e.g., At* = 0%), such that for any At € (0, Ar*],

1+ 0pAt/4
1 —ooAt/4 =

<1+ 0pAt < e%0A,
By the Gronwall inequality, (3.4) holds for the case p = 2. Thus we complete the proof. O

3.1. Properties of the temporal semi-discretization

We are now in the position to study the ergodicity and stochastic multi-symplecticity of (3.1).
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3.1.1. Ergodicity
In order to show the ergodicity of (3.1), we first give the uniform boundedness of the numerical
solution in L2($2, H'(D)").

1
Lemma 3.2. Let Assumption 2.1 hold with y| > % and y» > 2, and let Y2 | || Q] e; lgn-1py <
00 and ug € L*(Q2, H' (D)6). Then there exist positive constants Cs5 and Cg such that for suffi-
ciently small At > 0,

supE[lu" |3,

n>0

(ys] = Cse™ " E[lluoll i 6] + Co, (3.10)

~ 1
where Cs depends on |D|, and Ce depends on oq, C4,1, C42, A1, A2, ]E[||u0||%1], ||Q12 |I£;| and
1
1031 2.

Proof. By utilizing the fact that v € H (curl, D) N H(div, D) belongs to H!(D)? ifn x v|3p =0
orn-v|yp =0, it is sufficient to show

E[|Mu" Iy + IV - E" 172 + IV -H'1I7 )]
< e E[IMuolifg + IV - Eoll 72 p, + IV - Holl 72 )] + C- (3.11)
We prove (3.11) in the following two steps.
Step 1. Estimate of E[||V - E" ||22(D) +|V- H"||§2(D)].
It follows from (3.1) that
At A —
En—H _ e—oAtEn — 7V x (Hn—H + e—UAtHn) _ %(Hn+l + E_JAZHH)AWT +A.2AW2n,
(3.12)
At A —
Hn+1 _ e—JAtHn — —7V x (En+l +e—UAtEn) + El(En—H +e—0AtEn)AW’1’ +)~2AW2n.
(3.13)

After applying V- on both sides of (3.12) and (3.13), we have

%V . [(Hn+1 + e—oAtHn)AW’ll]

v.E e—oAt(V E) = (Ve—aAt) R —
+2-V(AWD), (3.14)

V. " — e—aAt(V H') = (Ve—aAt) H 4 %V ) [(En+l 4 e—aAtEn)AW’ll]
+2-V(AWD). (3.15)

Next we apply (-, V- E"! + eV . E") 15 ) and (-, V- H"™ 4+ ¢79AV . H") > 15, on both
sides of (3.14) and (3.15), respectively, to get
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IV - B, + IV -H'H — e AV -ENII3a ) — e (V- HY17

I720) (D)
=((Ve "2 - E", V -E" + 772V . E") 2 p,
+ ((Ve_gm) .H", V- H ! + P v Hn>L2(D)
+ (A2 VAW,V -E"H 4 e 7MY EY) o ) (3.16)
+ (A2 V(AWS), V-H" 4 e 78V HY) 12

A —
_ %(V . [(Hn—H + E_OAtHn)AWlil], V. En+l + e—a’Atv . En)LZ(D)

A —
+ %(V . [(En-‘rl + e_GAtEn)AWT], V . Hn+1 +e—UA[V . Hn)LZ(D)
6
= ZAk.
k=1

For terms A and A;, by the Young inequality, Proposition 3.1 and Ve 2 = —Ate °%'Vg,
we have

E[A] + Az]
<E[II(Ve %) - EMl 120y IV - E" 120y + €72 (V- EN [ 12(py)]
+E[I(Ve "2 - H || 2oy (IV - B 2oy + ™72 (V - HY) || 12y ]

O
< %AtIE[IIV'E”“Hiz(D) VAN an + CAt

”%‘Z(D)]

oo _
t+1g¢ N AE[IV BT ) IV H -

By using the fact that AW'; and AWz" are independent of F; , and substituting (3.14) and (3.15)
into A3 and Ay, respectively, it yields

E[A3 + A4]
=2E[lA2- VAW )]

A _ _
- EI]E[()Q SV(AWY), AWV - - H™ L VAWD) 12 )]

A _ _
+ S E[(2- VWD), AW (V-E") + B VAW)) )]
+ ”V . Hl’l+1

o0
< — AtE[||V - E'H! CAt
<% [l 1+

2 2
||L2(D) ||L2(D)

in view of the Sobolev embedding HY (D) < L*°(D) for y > %, the Young inequality and
Proposition 3.1.
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For terms A5 and Ag, we note that
V. [(HnJrl + e*O‘AlHH)AWT]

= AW (V-H"T 4702 (V. HY)) + BT . v(AW))
+ e TAHY . V(AWY) + AW (Ve °2) . H"

and
V- [E" 4 e MEN AW
= AW (V-E"! 4778V . E")) + E" . V(AWY))
+ e OME" . V(AW]) + AW (Ve 2" . E",
Therefore,

A
E[As + Ag] = — 211E[H”+1 V(AW)), V. E™! 4 ¢~ (v . E" ))LZ(D)]

+ SE[(VE VAW + AWE" - (Ve "8), V- H™ ) 2|

=:As51+ As2+ As1 + A62

—oAtHn . V(AW;’) + AW’IHn . (Ve—O'Al‘)’ V. En+l>L2(D):|

'g

+ En-H V(AWl) V. H’l+l+e_0At(v'Hn)>L2(D):|

due to the fact that AW’; and A W; are independent of F; . First, we consider the term As 1,

A __
As =— EIE[(H"“ V(AW)), V-E — 708y E”))LZ(D)]
B[ - TMHY VAW, e (V)2 |
=:As511+As51,.

Substituting (3.14) into the term As 1 ; and using the Sobolev embedding H” (D) — L*°(D)
for y > % lead to

Al

Aspa == JE[ET VAW, (Ve - E' + 20 - VAWD) 20|

)\'2
+ 4”E|:(H”+1 (VAWl) AW (V Hn+ ))LQ(D)+||H”+ V(Awl)”LZ(D):I
)\'% 1 T BT A
—l—ZE[(H”JF VAW, AW e (V . H")
+ (e—"AfV(AW’f) + AW',’(Ve—”Af)) ~H”> ]
12(D)

1915



C. Chen, J. Hong, L. Ji et al. Journal of Differential Equations 416 (2025) 1899-1959

< CE[ 1AW} 111y 1Bl 2 (AT IE" 2y + 1AW 151 |
+ CE[IAW 1,1 I 20y (I 2y + 19 - B 2 )]
+ CE[ 1A, 11 IH 20y (1 ADIH 2 + €~ |V - HO 2 )

+ @Are—mmm[nv . H”||22(D)] +CAr

@ |t 2 ]
< ZAE[IV-HT I, |+ 22

where in the last step we use the Young inequality and Proposition 3.1. We substitute (3.13) into
As 1,2 and use a similar argument as As 1,1 to get

O O
Asiz = SSAE[IV < B2, ]+ €A+ ) Are 0 E[ IV B2, ) | + CA.

Combining the estimates of As 1 and As 12, it holds that

[of} 00 —
Asi = SAE[IV < BT s |+ (CAr 4+ 2 Ate 2 NE IV B,

+ ‘;—ng[nv 2, |+ f—gAte*Z‘mNE[nv H2 |+ CAr
Similar to the estimate of As 1 1, for the term As > we obtain
Asa= —)\2—‘]E[<e—”AfH" V(AW)), VB iy E”)Lz(D)]
- %‘]E[(AW’{(W—”AI) H", V. E”'H)Lz(D)]
< %AHE[HV : H”+1||i2(D)] + %Aze”ﬂomm[nv H ||izm)] 4 CAL.

Since terms Ag 1 and Ag 2 can be similarly estimated as terms As ; and As respectively, one
gets

E[As+ Aol = 35 AE | Mu"! |
+(CAr+ ) AT NE [V BN,y + 1V HY I |
+ %AtIE[HV B2, ) IV H"+1||iz(D)].
Combining the estimates of Aj—Ag, we arrive at
E[IV-H 2, ) + 1V B2, ]
< VNE[IVE D ) + IV B ) |+ P AE[IV BT ) 4 1V HR |

300 _ 00
+(CAL+ ) Are 2OAE[ |V B2 )+ IV B2 ]+ %At]E[MMu"“ I

+ CAt.
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Step 2. Estimate of ]E[HMM" ”%ﬂ]
We apply (-, M(u"T! — e=@24™)) g1 on both sides of (3.1) and get

||M(Mn+l ”%_]I _ ”M(e—o’Atun)”%I
A _ ET1a -
= =A@ AU AW, M = e )y (3.17)

2 o~
- A—thwg, M@ — e Ay .

By the skew-adjointness of the Maxwell operator M, we substitute (3.1) into the two terms on
the right side of (3.17) and take the expectation to obtain

E[ 1M 1 | =E[ 1My |+ B[ (M QoA W), M@ + =2 |

A —
+ %E[<M(J(un+l +€_GAtMn)AW7),M(Mn+1 +€—0Atun)>H]
=:B1+ B>+ Bs.

For the term By, we note that M (e °2'u") = e 2 Mu" + R2'u", where

RAt R 0 (Ve—o-At)X
o T\ (Ve 7R x 0 '

Since
IR u" ;g < 2Ate™ M ||o |ly1.00pyllu” [l < C Ate™ 0 [lu" |1y,
we derive that
B = E[ne—mm" ||§ﬂ] + E[||R§’u" ||§ﬂ] + 2E[<e—“AlMu", Rgu")H]
< e_ZGOA’IE[HMu” ||§{] + T—gAte_z"oA’]E[nMu" ||IZHI] +CAL
where we use the Young inequality and Proposition 3.1.

Using the fact that AW] is independent of F;,, the skew-adjointness of M and substituting
(3.1) into the term Bj, we get

By =E[ (MG AWS), M — e=75u") g |
At ~ ~
= — S E[(M@aawg). Mu™ g |+ E[ 1M @oawp) ]
A - _
— TI]E[(MZ()QAWS), Ju”“AW’f)H]

< %AI]E[HMM“ ||ﬁ] +CAr
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due the Young inequality, Sobolev embedding H? (D) < L*°(D) for y > % and Proposition 3.1.
(V(AW))) x 0

Let H vlv = —n . For the term B3, we have
0 V(AW )) x

A —
By = TI]E[(JAWTM(M"“ +eTTANU), MW e |
A
+ TIEI:(H‘}V(MH-FI _}_e—O'Alun)’ M(uﬂ-l—l +e—0Alun)>H:|
A
— ?IEI:<H1}V(MYI+1 _efoAlun)vM(uVH»] +670Alun)>Hi|

+)»1E|:(H‘}VE_GAtun, M(un+1 _ e—GAtun)>H]
=:B3,1+ B3p.

For the term Bj 1, we substitute (3.1) into it and obtain

B _K]Al‘
3,1 = 4

Ao —
+ZI]E <H‘}Vj(un+1+e*0Alun)AwY’M(uﬂ+l_i_e*UAfuﬂ))H:I

E

<H‘}VM(un+l +e—0Atun)7M(un+1 +e—0Atun))H]

A ~
n 711[4: (HL o AWD M@ + e*"mu")m]

=:B31,1+ B3,12+ B3,13.

It follows from the Sobolev embedding HY (D) — L*°(D) for y > %, the Young inequality and
Proposition 3.1 that

Bs.i1 = CATE[IAW] 1 1M g
+ CATE[ | AW -1 oy | M g (€702 | Mu" 51 + € Are ™0™ [ 1 ) |
< CAt%AA,E[HMu”HHIZHI]
+ CATE[ | AW -1y | M g (€702 | Mu" 51 + € Are ™0 [ 1)

1 —
since Y o) |Q7e; Il gri-1(py < oo implies AW < CAI%AA,. Therefore, using the Young
inequality and the fact that AWY is independent of F;,, we obtain

O
Byii< CAz%AA,E[nMu"“u%H] + —OAtE[uMu"“”IZm]

20
+ CAteiZJONE[HAW’l1 ||§1V1*1(D)]E[”M”n ”%—]I]
+ CAz3IE[||AW’f ||§IV,,1(D)]IE[IIM” IIIZHI]
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1 O
< (CAtT AN + 2—8)AtIE[||Mu”+1 ||§ﬂ] n CAtze_ZGOA’E[HMu" ||§{] L CA,
For terms B3, 12 and B3 1 3, we have

O O
B2+ B33 < %Aﬂﬁ:[um"“ 131+ TgAre—zgoA’JE[uMu” 131+ C At

Hence,
Bii < (CAt2Ap, + %)AzE[HMu”“ ||12m] +(CAt+ %)Ate‘z"oA’IE[HMu” ||§{] +CAr.
For the term B3 2, we use the skew-adjointness of M and then substitute (3.1) into it to obtain

B372 — _)\1]E|:<370AIM(H‘}VL£"),M"+1 _ e*O‘Alun)H:I _ )VI]EI:<R?Z(H‘}VL£")9M"+1>H]

hi At
= — S E[ (A M (") Mu g |
2

_M

2

— AIE[<R§Z(HV1VM"),M”+1>H].

]EI:<€70‘AIM(H‘}VM}1)’ J(un+] +670‘Alu}1)AW7)H]

Notice that

(V-H)V(AW)) > ( H" - V)V(AW)) )

1 ny__
MHy') = ( —(V-ENV(AW)) —(E" - V)V(AW))

+ (V- (VAW Ju" + (V(AW)) - V) Ju",
which leads to
My = CIAW W () (19 B 3y + IV - B7 1, + " g + 1M Iy )

due to the Sobolev embedding HY (D) — L°°(D) for y > % and the Young inequality. Thus,
one gets

L 00 —200At 2 2
By = (CAr? + ) At W ME[|V-E" 3 ) + IV - H' 2
@ n+1,2 @ —200At nn2
+20AtIE I Mu" g |+ (CAr+ 16)Ate E|Mu" |l | + CAt.
Combining the estimates of B3 | and B3 7, it yields
3 32 n+1)2 @ —200At nn2
B3 <(CAtzAx + 20)A:E Mu" g | + (CAr+ 8)Ate E||Mu" |5

1O
+ (CAﬁ + %)Ate—ZaoAt[E[HV . En”iz(D) + V- Hn”iz(D)] + CAt.
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Putting all estimates of Bj—Bj3 together, we arrive at

E[IMu" 3] <e 2 OME[IMu" 1] + (3% + CAt)Ate O NE[ | Mu" |1}

+(CAB An + ?)AtIE[HMu"“ 3] + CAr

+(CAL? + ) Are 2O NE[ IV - E" [, + IV - H'I

2
||L2(D) (D)]'

Step 3. Proof of (3.10).
Combining Step I and Step 2, it holds that

E[IMu™ g+ 1V - B2 + 19 B, |
< e ONE[ | M Iy + IV B2, ) + 1V BN |
1 O
+ (CAr? + Z2) Are  ONE[ MU g + IV - H' [, + IV - E I, |

1 00
+(CAtZ AN + Z)At]E[HMu"H I3 4+ |V - H" ! ||22(D) + ||V - E" ! ||§2(D)] + CAt.

Since lima;_,q At%AAt =0, there exists a At* > 0 such that for all At € (0, At*], we have

1 1 oy 00
C(AtZ + At2Ax (1 +0pAD)) + TA: =5

which implies that

1+ (CAL7 + %) A1
1= (CAI? Apr + %) At

<1+ 09At < ™A,

By the Gronwall inequality, we finish the proof. O

Remark 3.3. In view of the Sobolev embedding HY (D) < L°°(D) for y > %, it is clear that
1
Fg, e Wh(D)if Y02 Q7 eilluy < oo with y > 3.

For the fourth moment estimates of the curl and divergence of the numerical solution u”",

by multiplying ||V - E"*1||2, o IV H 12, () and | Mu" 1|2, on both sides of (3.16) and

(3.17), respectively, we can derive the following result. The proof is similar to that of Lemma 3.2.

1
Corollary 3.4. Let Assumption 2.1 hold with y; > % and y» > 2, and let ) o2, || Oiei l n-1p)

< ooandug € L4(§2, H! (D)6). There exist positive constants C7 and Cg such that for sufficiently
small At > 0,

E[Ile" 31 pys] < Cr¢ > E[lluol g1 ys] + Cs.
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~ 1
where C7 depends on |D|, and Cg depends on oy, C4,1,C4,2,)»1,)~2,]E[|Iu0||ﬁ], [Keks ||,;;| and
1
10, ||£;’2.

Let {P,},cn be the Markov transition semigroup associated to the numerical solution
{u"},eN. Based on Lemma 3.2, the ergodicity of {u"},cn and the convergence of P to the
numerical invariant measure in the L2-Wasserstein distance are similar to that of Proposition 2.6,
which are stated below.

Theorem 3.5. Under the conditions in Lemma 3.2, the following statements hold.

(i) The numerical solution {u"},eN of (3.1) has a unique invariant measure 7 e Py (H) for
sufficiently small At > 0. Thus {u"},cN is ergodic. Moreover, {u"},cN is exponentially mixing.
(ii) For any distribution w € P> (H),

Wa (P, w1y < e "Wy (r, T2,
Proof. Notice that u” — u" solves

(un _ ’ﬁ‘n) 4 efaAt(unfl _ ﬁnfl)
2

n__n —oAt,,n—1 _ 7n—1 o
fag e . W ) g

(un _’I/‘i’n) _ e*O‘Al(unfl _ﬁ'}’l*l) :AtM

We apply (-, (u" — ") + e~ (u"~! — #"~1)) g to both sides of the above equation and take
expectation to get

E[llu” — " |If] < e >PME[lu" ! =@ ] < - < e 2" E[lluo — ol ],

by which assertions (i) and (ii) can be obtained similarly to Proposition 2.6. Thus we finish the
proof. O

3.1.2. Stochastic conformal multi-symplecticity
Now we turn to the stochastic conformal multi-symplecticity of the temporal semi-discretiza-

tion (3.1). Let

o n un+1 _efaAtun o n un+1 +670Atu'1
81 =, At u = —2

Then (3.1) can be transformed into the following compact form

W) AW}
! +VuSz(Afu”)A—t2.

A
Fofu' + K\de A7u" + Kady A7u" + K30 A7 u" = Vi S (A7 u") ——

Similar to [6, Theorem 3.1] and [14, Theorem 3.1], we can obtain the following result.
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Proposition 3.6. The temporal semi-discretization (3.1) possesses the stochastic conformal
multi-symplectic conservation law

820" + dyk + dykh + k58 =0 P-as.,

that is,
21 Y1 X1 21 Y1 X1
///a)”“(x,y,z)dxdydz—/// —208 M (x, y, z)dxdydz
20 Yo X0 20 Yo Xo
z1 )1 z1 Y1
+At//xi’(x1,y,z)dydz—At///cf(xo,y,z)dydz
20 Y0 20 Y0
71 X1 71 X1
+At///cg(x,yl,z)dxdz—At///of(x,yo,z)dxdz
20 X0 20 X0
Y1 Xxp Y1 X1
+ At//icg'(x,y,z])dxdy — At//fcg'(x,y,z())dxdy =0,
Yo Xo Yo Xo

where @ = ldu A Fdu®, k] z(dA” u™)y A Ked(A7u"), s =1, 2,3 are differential 2-forms
associated wzth the skew-symmetric matrices F and Kj, respectively, and (xo, x1) X (0, y1) X
(20, z1) is the local domain of u" (x, y, ).

3.2. Error analysis of the temporal semi-discretization

In this section, we study the mean-square convergence order of the temporal semi-discretiza-
tion (3.1). To this end, we rewrite (3.1) into the following form

mH = S + M Tar JATU AW + Taka AWS,  n >0, (3.18)

where
A At -1 At oAl At -1
SA,=<I—7M> <I+7M)e , TA,:(1—7M> .
In order to derive the error estimate of (3.1), we need to introduce the following lemma, whose
proof is given in Appendix A.

Lemma 3.7. Let S'(Z) =e!'M=9D 't > 0. There exist positive constants C such that

) IIS(t)IIL(H ) Se ' and ||(SAt)n||£(]HI ) < e AL

@) 18(tn) = a0 Iy 1) < Ce™ A2 A2,

(3) 15(r) — Hiziponmy < Ct VYt >0and I1S(r) — e A ooy < CAt Yt e[0, At].
D NTacll gy <1 and | I — Tarll gy, |1y < CAL.

() 18t — ) = Sad)" " Tarll cpny.mry < Ce MR DMRALNZ Yy €[4, 1141, k =
0,....,n—1.
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The error of (3.1) is estimated in the following theorem.

Theorem 3.8. Under the conditions in Corollary 3.4, there exists a positive constant Cg such
that for sufficiently small At > 0,

max (E[lu(t) — ")) < Conr'’?,
n=

~ 1 1
where Co depends on 00, A1, A2, C1=C3, C4,1, C4.2, C5—Cg, E[||Mo||§,1(D)e], 1O e 103 1 22

”O' ”WI’OC(D)'
Proof. For n € N, we note that the mild solution of (1.1) is

In

A 1 A
u(tn) =S(tn)uo — EK%/S(tn —s5)Fp,u(s)ds
0

. § (3.19)
+ 2 / Sty — ) Ju(r)dW; (s) + / S(ty — $)AadWa(s).
0 0
From (3.18), we have
n—1 . n—1
u" = (Sar) w0+ 21y (Sar)' T Tad ATUF AW+ (8a0)" T T TadaAWE. (3220)
k=0 k=0

Let e, :=u(t,) — u". Subtracting (3.20) from (3.19), it yields

ep,=:1+11+111I
with

1 =[8tx) — (San)"Juo,
n n—1

A~ ~ A 717]( ~
11 =/ S(ty — r)AdWa(r) — Z (Sar)"™ " Tako AWS,
0 k=0

In In

~ 1 ~
111 =)\1/S(tn —r)Ju(r)dW(r) — EA%/S(I,Z —r)Fo,u(r)dr

0 0
n—1 .
— Y (Sa)" T T Ta T AT AW,
k=0
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By Lemma 3.7(2), we have

supE[[I7113] < CAt.

n>0

Using the It6 isometry and Lemma 3.7(5), it holds that

1 T+t
H h —r) — OAr Ar)A2d W (r
E[II771I%] (8¢ ) = (San)" ¥ 1 Ta )X dW()
k=0 ;,
n—1 Tk t1 .
=Y / | St =) = Ga 1 TaXa 03 |1 erz 1y d7
k=0 ;,

n—1
< Zcefao(nfkfl)AtAﬂ — CA1,
k=0
ognA
where in the last step we use the fact % < @.
For the third term 111, we substitute (3.1) into it and obtain

n—1 Tk41 | Tk41
=y [,\1 f Sty — r)Ju(r)dW, (r) — 4 / S(ty — r)Fo,u(r)dr
k=0 f f
4 n—1

—M(SAt)"_l_kTAzJAfukAwl] ZZ ik
i—1 k=0

where

1
2 k+1

A2 A i R
Al,kzjl[(sm)" e AR (AWE)? — / S(t,,—r)FQIM(r)dr],

13

Ang =11 (8ar)" " T Ta e MUk (AWE — AWY)

MAL & \n-1- —
-2 (Sa)! FTac T MR 4 e85 AT,
2
h & \n—l-k k+1 _ —o At kY AT7E )2
+3 (Sar) Tar(u e 7MUY (AWY)

2
n %(SA,)”*‘*"TAZe*"A’u"[(AW’I>2 —(AWH?],

Tkt
An= [ (St =) = Ba) ™ et Yawi ),

73
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Al n—l—k, o~ ok
Agg = —E(SA,) TarJAa AW AWK,

(i) Estimate of the term ZZ;(I) Al k.
Notice that

k1 r
tre=3t [ [ )™ ae bk aworaw )
Ie Ik
22 Tk+1
+71[(§At)nilikTAzFQ e MUk AL — /S(t,, r)FQlu(r)dr]
Tk
tet1 1
= / / (Sar)" ™ T Tare 21Uk aWy (0)d W (r)
o I
Tk+1

2
+ ?1 / [(SAz)n_l_kTAt — Sty — r)] (Fo,e "M ukydr

73

g Tl
- 71 / Sty —r)(Fg,e " e)dr
Tk
2 Tkt 1
-5 / S(tn — r)Fo, (u(r) — e A u(t))dr

73

=t A1+ A1k + A1 k3 + Al ks

For the term A x 1, it follows from the It6 isometry, Sobolev embedding H? (D) < L*°(D)
for y > %, Lemma 3.7(1)(4) and Proposition 3.1 that

eyl 1
Elilg] = / f]E[”(SAf)n_k_lTAe Ta kg sz m) Jdodr
e I
g1 1
<C / /]E[”(SAt)n_k_lTAte_aAt”k||%_]I]d,0dr§Ce_200("_k)AfAt2’

e I

which implies

| ] - Saflan]) <ca
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For the term A1 x 2, we use Proposition 3.1 and Lemma 3.7(5) to obtain

Tk+1
E[lA1r2lfg] < CAL f 1A " Tar = St = PN Z oy ELI Fore ™ u* 1 Jdr
Tk
< Ce 0=k A3
which leads to

n—1

SIDITURAES S CHSPHRIES SYCIIHAS STk
i,j=0 i,j=0
= (S (]E[||A1,k,2llﬁ]>%>2 = C(Atge_"‘)("_km’ﬂ)zm <CAt.
k=0 k=0

For the term Aj ¢ 3, the Holder inequality and Lemma 3.7(1) imply

Te+1
E[llA1x3lf] < CAt / E[||$(tn — r)(Fo e ex) || 3]dr < Ce 200 R AL [Jler 3],

T

by which we get

Sl = (Betme') =(Zeevateon’)

k=0

_ 2
< (E ! —oo(n—k)m/2>(At%e—ao(n—k)Az/z(]E[”ek”%H])%))
k=0
n—1 n—1
< ( Ate“")(” "’A’>(2Ate“’°(" OAE[ ek |13y ])5CAtZe‘“O("‘k)A’]E[IIekII%H].
k= k=0 k=0

For r € [, tr+11, by (3.19) we have

E[llu(r) — e uto)g]
r
A _ 2 A
<C|I8¢ = 1) = e~ 2 opan. m ELI @ 1y ] + C AL / E[IS(r — p)Fo,u(p)ll3]dp
173
. 1 . 1
+C / E[13¢ = 0)Ju(p) OF 512y 1 Jd0 + C / E[I13¢ = 0)%203 135120011, )99
t 173
< CAt,
(3.21)
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where we use the It6 isometry, Lemma 3.7(1)(3) and Proposition 2.3. Therefore, for the term
A1 k.4, one obtains

Tkt
E[|A1kallfy] < CAre7200 =04 / E[llu(r) — e~ u) g ]Jdr < Ce 20008 AL,

73

from which we have

n—1 5
E[| X Ara] ] s car
k; () <C

Combining the above estimates of Aj x 1—A1 k.4, it holds that

n—1 n—1
2
IE[H ) :Al,kHH] < CA+CALY e W RAE g 2],
k=0 k=0

(ii) Estimate of the term ZZ;(}) Ao k.
Substituting (3.1) into the third term of A ; and Lemma 3.7(1)(4), we have

— — —k
E[|| Azkllfg] < Ce 0 ONE[uf 3| AWE — AW 113, 5 )]
+ t7e u +e u w _
CA 2 —Zﬁo(n—k)At]E[HM( k+1 —o At k)”%l”AW]](”inl Z(D)]
- - — —k
+C€ 200(n k)Al]E[”(uk-‘rl +e GAtuk)(AW1)3||§{]
_ — ~ 7k
+ Ce 2 OMEIGAWS (AWl ]
—k
Ce—20’(n—k)Al]E k2 AW 2 _ AWk 202 ,
+ [l I N AWD® = (AWDT 1y ]

which along with Proposition 3.1, Lemma 3.2, Corollary 3.4 and (3.3), leads to

n—1 2
Sl zcan
ICHME

(iii) Estimate of the term Y"1 _ A3 k.
We use the Itd isometry, (3.21), Lemma 2.4 and Lemma 3.7(1)(4)(5) to obtain

Tk+1
n ~ 1 1
B1AvlE] =33 [ B[St~ a0 = Ba)' ™ Tt 0t 0] [, s 0
Tk
Tkt 1

<C / E[|[S —r)Jutr) — (Sar)" ™"

M Tacdu(r) |3 ]dr
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Tk+1
e f E[](Sar)" ™ T dur) - (Sr)

173

n—k=1 TarJe T2k || %I]dr

Tkl

”S(tn —r) = (SAt)n_k_lTAf ||2£(D(M),H)E[”M(r)||2D(M)]dr

Tk+1
+€ [ 1620 Tl g s L) = =t g + e e [ Jor

173

- Ce_aom—k)mm(m +E[I|€kl|ﬁ])7
by which

—1 n—1

[HZAskH ] Z [I43.13] < CAt+CArY . e HAE ey ],

k=0 k=0

(iv) Estimate of the term 31} A 1.
By the independence of increments of Wy and W5, we have

n—1

n—1
[”ZA“H | = EllAulf] = € Yo D AE[IR AW AW 1] < Car,
k=0 k=0

Combining (i)—(iv), it yields

n—1
E[I111§] < CAt+CAtY e " OAE g1 ].
k=0

Altogether, we conclude that

E[llex ;] < CAtexp (ZAte“’O(”_k)A’> <CAt
k=0

due to the Gronwall inequality. Thus we finish the proof. O

Similar to Proposition 2.6(ii), the error of the invariant measure between the exact solution
and the numerical solution in L2-Wasserstein distance can be estimated via Theorem 3.8.

Corollary 3.9. Under the conditions in Lemma 2.4 and Theorem 3.8, there exists a positive con-
stant Cyq such that

Wa(m*, m) < CoAt?.
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Proof. By Proposition 2.6 and Theorem 3.8, we have

Wa(m*, ) < Wh(Pra ™ PEn) + Wa(PEr ™, Pin®) < CoArZ + e W, (%, 1),
which leads to the assertion by letting n — co. O
4. Ergodic full discretizations

This section focuses on the study of ergodic full discretizations for (1.1) which are based on
the further discretizations on the temporal semi-discretization by the dG method and the finite
difference method in the spatial direction, respectively.

4.1. Ergodic dG full discretization

We first apply the dG method to discretize (3.1) in space and obtain a dG full discretization for
(1.1). For the dG full discretization, we prove the ergodicity based on the analysis of the uniform
boundedness of the numerical solution in L2(2, H). Moreover, the mean-square convergence
order of the dG full discretization in both temporal and spatial directions is shown. As a result, the
L?-Wasserstein distance between the numerical invariant measure and the exact one is estimated.

To this end, we introduce some basic notations and properties of the dG method. Let 7;, = {K}
be a simplicial, shape- and contact-regular mesh of the domain D consisting of elements K, i.e.,
D =|JK. The index h refers to the maximum diameter of all elements of 7. We denote the
restriction of a function v to an element K by vk := v|g. The dG space with respect to the mesh
Tr is taken to be the set of piecewise linear functions, i.e., Hj := {v, € LZ(D) tuplg € Py (K)}6,
where IP| (K) denotes the set of continuous piecewise polynomials of degree up to 1. The set of
faces is denoted by Gj, = Q}l“t U G, where g};“ and ggxt consist of all interior and all exterior
faces, respectively. We denote the unit normal of a face F € g}lm by nr, where the orientation
of ng is fixed once and forever for each interior face. For a face F € gg’“, nyg is the outward
normal vector. Jumps of vy on an interior face F' with normal vector ng pointing from K to Kr
are defined as [[v,]]F := (vk)|F — (vk)|F. Note that the sign of the jump on face F is fixed by
the direction of the normal vector nr. Define the broken Sobolev spaces by

H*(Ty) :={ve L*(D):vk € H*(K) forall K € T}, keN,
. . . k
with seminorm and norm being |U|%‘1k(7;,) = ZKeTh |v|§-1k(1<) and ||v||%{k(771) = ijo |v|§_”-(,rh),
respectively. Let 77, : H — H, be the L2-orthogonal projection operator on Hj,, where the pro-
jection acts componentwise for vector fields. For the projection operator 7, we have
Impvlla < llvllm YveH (4.1

and

(v—nhv,uh)H =0 Vuh GH},. (4.2)
Moreover, for all v € H'(7)°, it holds that
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lv—mpvllm < Chlv|gir,)s 4.3)

and

D o= mvlla s < ChlvIG 76 4.4)
Fegy

For the parameter o, we give the following assumption in this subsection.
Assumption 4.1. Suppose that o = oy is constant on D.

Now we are in the position to propose the following dG full discretization:

At
n1+1 —opAt n+1 —opAt
upth— ey = — (Mpuf ™ + e Myul)

2 (4.5)

A
+ 717”,[1( i M) AW |+ RoA W),
where the discrete Maxwell operator My, : H;, — H, is given as

(Mpup, va)m = Z ((V X Hp, Yn) 2k — (V X Ep, ¢h>L2(K)3>
KeT,

+ > (e X (HATe, ¥k + Vkp) 2y — F X [EAlE, 6 + brp) 20y
Fegml

— (mp X (Bl mr X ([l agey — e x (HATLE e  (@011F) 20y )

+ > ((HF X Ep, ¢n)2pys — (np X Ep,np X 1/fh)L2(p)3)
FeG

withuy, = B HD T, v, = [, ¢,)T € Hy.

1
Proposition 4.2. Let Assumption 2.1 hold with y > 1 and vy, > 1, and let Q5 € HS(L*(D),
H(;/z (D)) and ug € L*(2, H). There exists a constant C1y independent of time and h such that
for sufficiently small At > 0,

supE[[lufllfy] < Cu,

n>0

L L ~
where the positive constant C11 depends on oy, || le ool Q22 I 72, E[||u0||%ﬂ], A1 and A».
2 2
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Proof. We apply (-, u ”+1 + eo0A uj )| on both sides of (4.5) and take the expectation to get

E[lluy 1] — 2Bl IFy]
At
[(M (un+l+eftroAt n) un+l+efzroAtu;lz>H]

)»
+ LR [ G+ e AW, i 4 e ) o

+E[(7Th()\.2AW2) un+1+e—UQAtuZ>H]
= E[<7Th()~2AW2) u”""l + e*aoAtMZ)H]’

where in the last step we use the dissipative property of M}, (see e.g., [1, Proposition 4.4(ii)]) and
(4.2). By using the fact that AW}’ is independent of F;,, we substitute (4.5) into (4.6) to obtain

E[lluf M 1g] = e M E[luj 1] < E[G2AWS ! — e 0% )]
= %E[(XZAWQ, Mpu} ]
+E[(X AWy, Znh(Juh+‘AW1)+m,(x2AW2)) ]=: 41+ As.
For the term A1, we use [12, Lemma A.4] to obtain
At nbl n n+l 2
A= 7]E[(Mhu L M AWY)) ] < §AtJE[nu ]+ car.
For the term A;, we have

Az < CE[1AWS s o) 1AW Lol x| + E[1R2A W5 1]

< %AHE[HM"HH%I] + CA1

in view of (4.1) and the Sobolev embedding L*(D) — H'(D).
Combining Ay and A,, we have

E[Jul 2] < e 20N B[ 1] + 2 AﬂE[n 3]+ cAr.

Then the Gronwall inequality implies the assertion for any At € (0, %]. m|

We denote by {P;'},cn the Markov transition semigroup associated to the numerical solution
uy} . The following proposition gives the ergodicity of {u/ and the convergence of

nineN g prop g g y nineN g
(Py')*m towards the numerical invariant measure in the L?-Wasserstein distance.

Theorem 4.3. Under the conditions in Proposition 4.2, the following statements hold.
(i) The numerical solution {u}},cN of (4.5) has a unique invariant measure aAth e Py (H) for

sufficiently small At > 0. Thus {u},},eN is ergodic. Moreover, {u}},eN is exponentially mixing.
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(ii) For any distribution w € Py (H),
WQ((P],I:)*jT, nAl,h) S e—o'()l,,)/vz(j_[7 ﬁAt'h).

Proof. The proof is similar to that of Theorem 3.5. The main difference lies in the proof of the
continuous dependence of the solution on the initial data. Since u" — u" solves

() — i) +e 0N @ =i
2

ut — iy 4 emo0b gl gy
J(h h) Z(h h )Aerl 1:|7

W) =) — e @) T = Army,

+ A7y [
we apply (-, (u}, —u}) + e“’oA’(uﬁ_1 - u~”h_1))H and take the expectation to get
E[lluj, 3 l5g] = e > MEl ™ = ] <o = e O E g — 73y
due to the dissipative property of Mj, given in [1, Proposition 4.4(ii)]. O
4.1.1. Error analysis of the dG full discretization
In this subsection, we aim to give the mean-square convergence analysis of the dG full dis-

cretization (4.5). Let :ST;,,AI = - %Mh)_l(l + %Mh)e_"om, Thoar = — %Mh)_lnh,
then the dG full discretization can be rewritten as

n—1 n—1
-~ ~ g —k -~ o ~
ufy = (Shan)" ) + 21 Y Sha) T T ac JAT U AW + > " (Spoad)" ™ T aka AWS
k=0 k=0

forn e N,.
In order to estimate the mean-square error of (4.5), we need to introduce the following lemma,
whose proof is given in Appendix B.

Lemma 4.4. Let v = (vlT, v;—)T e HY(D)® withn x vi|lyp =0 and n - v2|3p = 0. There exist
positive constants C such that

(D) 1S, acll e, 1, < e %A and || Ty, adll oy, < 1.

@) 1200l g1 (pys < Ce 22w 41 pys.

o~ o~ 1
G3) G (Sa0)™ — Snad)"wn)vlE < Ch2e™ " A2 v 41 6.
@) 1St — Snad)"T)vllE < Ce=A2(ALT 4+ h2) 0]l 11 oy

(5) 18w = 1) = Gia 1Ty anvllg < CeB—k=DA2(ALS 4 h3)[[o]l 11 (s, for r €
[tk, tks1] and k=0,1,--- ;n — 1.

1 1
Theorem 4.5. Let Q7 € HS(L*(D), H}' (D)), Q5 € HS(L*(D), H}*(D)) hold with y; > 3
and yo > 1, and let ug € L4(Q, Hl(D)6) and Fg, € WL°(D). There exists a positive constant
C12 independent of At and h such that

n 2 % 1 1
sup (E[lluj — u(t)llgg])* < Cr2(Ar2 +h2),

n>0
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where the positive constant Cya depends on |D|, ||[Fg,llw1. ). C1, E[||uo||‘}11(D)6], Al 512,
1 1
1071l 2y and 1031 -

Proof. For n € N, we introduce an auxiliary process

n—1
~ - - —k—1 —k
iy = (Sh.ae)"uy +21 Y (Sna)"™ Tnad(JAPu(t) AWY)
k=0
n—1 i
+ 3 (Shar)" Thoai(R2AWS), 4.7)
k=0
that is,
~n+1 —ogAt~n At ~n+1 —ogAt ~n
u,  —e u, = 5 (Mh +e Mhuh)
A — ~
+ Elnh [J(u(t,,+1) + e—“OA’u(z,,))AW’f] +a(aAWD). (48
Let e .= =ull — u(ty) =&, + ey, where &, := u} — i} and e, := 1 — u(ty).

Step 1. Estlmate0f]E[||en+1||H||AW1||Hy1 1(D)] p=0,1,2.
We use e, = uh —u(th+1), (3.19) and (4.7) to obtain

E[1@n1 15| AW 150, 1 ]

< 3E[|(Sh.a0" 7 = Stws))uo | JE[I AW 37, -1 ]

" Int1
+3E[ | Yo T arBaa W) / St = RadWa)| JEDIAWHIY, )
k=0 0
. Tnt1
~ —k Wk K
+ 3IE[H)‘1 Z (Sh,ae)" " Ti e (A u(t) AWY) — g / SUpv1 — 1) Ju(r)dWi(r)
k=0 0
1 Int1
. 2
+ 34 / S(tnt1 — r)(Fo,u(r))dr ”AW'{”;H '<D>]
0

=L+hL+15

For the term 77, Lemma 4.4(4) yields

I < C(At+h)Ar?P.

1
For the term I, it follows from Lemma 3.7(5) and Q22 € HS(L*(D), ng(D)) that
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o Tkl

—~ —~ _ ~ L
12 < CAtp Z / || (S(tn+1 - r) - (Sh,At)n kTh,At))‘Q sz ” HS(LZ(D),H)dr
k=0 T

n
< CAt? Z emFIZOAN (AL 4 B At < CALP (At + ).
k=0

For the term I3, notice that

n Int1
MY (Shoar)" Thoai(JAPu () AWY) = Ay / Sty —r)Ju(r)dWy(r)
k=0 0
Iny1
1, [ =
+ 5)‘1 S(tuy1 —r)(Fo,u(r))dr
0
= [M(Sh,m)n_ Th,At(Je_UOAlu(tk)(Awl — AW{‘))]
k=0
n Tke+1
o~ —k _ —~
+3°[h1 [ (s ™ Broars (e uw0) = St = ) u Jawi )]
k=0 5
n
s - u(tie1) — e Mu(n)  —x
+ 3 [ G s (1S AW})
k=0
| Tk+1
+ EA% / Stps1 —r)(FQlu(V))dr]

Tk
n n n
=: Z Ak + ZAz,k + ZA3,1<-
k=0 k=0 k=0

Therefore,
n n 2
—n 2 —n 2
b= R[] 3 Al AT, B[ 3 s L 1WHE, )
k=0 k=0

n
2,
+C]E[HZA3*" HH”AWlHJVI”(D)]
k=0
= L1+ 652+ 133.

For the term /31, Lemma 4.4(1), Proposition 2.5, Sobolev embedding H? — L°°(D) for
y > 3 and (3.2) with b > 4 yield
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_ _ —k — _
E[|Arklifr] < Ce* " OME[lu@) gy JE[I AW} — AWy, 1 )] < Ce 40008 AL,

which implies
n 4 n I\ 4 n 3 4
E Avell 1< E[A «I1ED?) < Ce =AM A7) < C AL,
Kl >k NH
k=0 k=0 k=0
Hence

n 4 L L
1 4
el mL) G, ) ccare

For the term /32, notice that

n—1 I+l g .
<C) E / S I Ghar)” ™ Toard (6772 u(t)) = Sttust — ) Iu()] 02 i | 3ydr
k=0 i=l
n—1 oo .
< C<ZE f [ D1 Shae)"™ Taaed (7t = u () 0F i) 4
k=0 t i=1
o~ \n—k = 5o\2
+ ) [ ((Snar)" ™ Thoar = Sttars — 1) I () Qf qi) HH]dr)
i=1
n—1
<CY RO (Ar 4 h)AL < C(At+h),
k=0

where we use (3.21), Lemma 2.4, the Itd isometry, Sobolev embedding HY (D) — L*°(D) for
y > % and Lemma 4.4(1)(5). Similar to the estimate of (3.21), for r € [#,, t,+1], we have

E[llu(r) — e u(,)[I5F] < CArP. (4.9)

By utilizing the Burkholder—Davis—Gundy-type inequality for stochastic integrals, (4.9), Propo-
sition 2.5, Lemma 3.7(1) and Lemma 4.4(1), it yields that

E[llA2nlf] < CAF.
Consequently,
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n—1

2 ) 4
B2 = CE[IY Avkly [EDIAWIITE 1 1+ C(E[1A2ali])” (ELIAWS IR, . )]
k=0

D=

< C(At + h)Ar?.

For the term /3 3, we substitute (3.19) into A3 x and further split it to obtain

Az =A3p1+Ask2+ A3k 3+ A3 ks + A3k 5,

where

Al ~ ~ _
Asgi = El(Sh,At)n_kTh,At[J((S(Al) = e"OA’)u(m)AWT]

Tkt 1
ISP - _
= A Gha ™ Badd( [ St = n(Fou)ar) awi]
73

tk41
5 k+

Ad ~ —~ _
+ 2 G0 Thsa[ ([ S =3 ) = 0 u)aw ) a1
Ik
)\2 T4 1
+ G Thsa[ ([ St = (e uo)ami ) (AW} - aw) |
73
Az Tkt1
Ag,k,2=;(ﬁh,At)"‘kTh,A,[J( f (St =) = 1) (™2 utt0))dW1 (1)) AW ]
3
)\2 Tke41
- %(Eh,m)nikTh,At / Fo,(e™ 7% u(ty) — u(r))dr
73
)\2 Iy 1
31 / (Stat1 — 1) — Spoan)" ™ Th,ar) (Fo, (u(r) — e u(n)))dr,

73

+

tk+1
)“1 < n—k S ~ —k
Asks =5 S Th,m[J( S(ter1 — V)dewz("))Awl],

Tk

eyl 1
As it =33 a0 T, a0 / / A u()dW) (AW (1) ).
Ik Tk

et 1
A2 ~ ~ _ ~
As,k,5=71 / (S(tn+1 —r) = (Sp,an)" kTh,At)(FQle P08y (1)) dr.

Tk
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For the term A3 x 1, it follows from Proposition 2.5, Sobolev embedding H? < L*°(D) for
y > %, Lemma 3.7(1)(3), Lemma 4.4(1), (4.9), the Burkholder-Davis—Gundy-type inequality
and (3.2) that

E[1| A3 .11lFy]
2 —k
< Ce 2PN ALE[Ilu @) 1y JE[N AW 1]
Tk+1 )
—2(n—k)opA S k2
+ Ce2(n=k)ao I]E[ /S(tk+1—r)(FQ]u(r))dr H||AW1||H”_1(D)]
73
T4 1 5
—2(n—k)apA N —0pA K12
+ G2 hmig| /S(”‘“‘r“(“(r)—e N ua)) AW ()| NAW I, ]
73
Tk+1 )
—2(n— 3 - —k
+ Ce 2 k)ooAt]E[ /S(tk+1—r)](e aoAfu(;k))dWI(r)”HuAWl—AW{‘H%”,I(D)]
1
< Ce—Z(n—k)U()AtAt?)'
Similarly, we have
—n 2
E[ Az lE | AW, 1 )] < CAPTP.

Therefore,
n 2
—n :
B[] X Aska [ 1aWing, . p | < carter.
k=0

For the term A3 2, Lemma 3.7(3), (4.9) and the Burkholder—Davis—Gundy-type inequality
yield

E[||A3 23]
Tk41
| f (s =) = 1) 7N u@)awi )

173

4 4
AW, ]

Tkt 1
+ Ce_4(n_k)(mAtE[” / FQ1 (u@r) — e—UoAtu(tk))dr ”;I]
Tk
Te+1
+CAP / e HO=OMEN Fo (u(r) — e M u(n)) | 31dr
Tk

< C€_4(n_k)goAtAt6,
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which implies that

1
2

E[H/;A3”"2H ”AW‘”IM '<D)] ( [HZA3"2H ])2( [”AW‘”HV1 ‘(D)D
<CAr'tP,

For the term A3 x 3, notice that

Th+1

—~ ~ 4
EIAsaliy] = Ce 0 OmE[| [ Sy - naawa(r) [} JEDAT I 1]

< Ce—4(n—k)<70AtAt47

which leads to

n
4
E[HkZOAs,k,gj(H]<cZE 143.1.1%] +C§E 1 4.3130A3,5.31]
= 1]

n 1

12 " 2
< 3., 2) < e < .
<C( L Elat]) ) (e mvar) zcar

i=0 k=0

Hence

1 1

£l] S s [T ) (o S o)) ()

<CAr'tP,
For the term A3 x 4, it holds that
1 Tkt
[)(ZA3k4( Z / b | / “wduaw (o) Jar)
n—1
<CY e 2RAAZ < CAr
k=0
and
k41 1

E[I 4304 < CE[ / H / W o) | ar)’]
Tk

73
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Tk+1

<CAt f ]E[H/ru(tk)dW1(p)H;H]dr§CAt4,
3

3

which imply that

n
2
2
E[H > Aska H]HI”AWY”;” l(D)] SN
=0

For the term A3 x5, notice that

Tk+1
E[llA35ll%] < CAr / E[II(S(tnt1 — 1) — (Sh,a0)" ¥ Th,a0) (Fo, e u(t) I3y |dr
173

< CALA (At + h)e~0n—hAL

which yields

[H ZA3 L SH AW, l(D)] < C(A1 +h)ALP.

Hence

1%3<CZE[HZA%1”

i=1

N 1(D)] < C(At+h)ArP.
Combining /3 1—13 3, we have I3 < C(At + h) At?. Further, we have
E[lens1 13 1AW 30,1 ] < CAL + )AL, (4.10)

Step 2. Estimate of sup,cN ]E[HE,, ”%&I]'
Subtracting (4.8) from (4.5) leads to

~ AV Ay ~ no, - i
Cnp1 — € "OA’en=7Mh(en+1+e 0ALG )+77Th[-/(e,{j:1 e M AW, @11)
which is equivalent to
~ 5 o~ M wll | ully A 17
Cut1 = Sh.arln + 7Th,A,[J(e,{L + e MM AW (4.12)
We apply (-, €ny1 + e~ %2%, )i to both sides of (4.11) and take the expectation to get

~ _ - Al - - -
E[lGn+1l3y] <e 2”OA’lE[||en||ﬁ]+71E[<J<en+1+e MG YAWY, Cup1 + e 0N E, ) |
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due to the dissipative property of M}, in [1, Proposition 4.4(ii)].
By (4.12) and using the fact that AW'; is independent of F;, , we obtain

1 — Py ~
ZE[(J @1+ e M) AW, Tur1 + e M E, ) H |

Al . e Afme o =Tl ~ _ —
=7E[<J(en+1+e MG YAWY, Tt — e M E, ) |

+ ME[(J @it — e ) AW, e NG, g | + 20 E[(Jem MG, AW, e AT, )

)L
LE[(J @y — e M) AW, (Shar + €2, H ]

22 R R B _
+ L E[U @upt + TN AWY. T (U (e ) + e e) ") AW ]

=:I4+ Is.
Noticing that
ent1 — e_UOAt?n

= (§h,m - e_UOA[)(§h,At)nﬂhM0 - (§(At) - €_G°At)§(tn)uo
Iny1
+ / (Th,ar — Sltys1 — r))xdez(V)

In

n—1 T+l
+ Z / [(Eh,m - e_UOAt)(§h,At)n_l_kTh,Az - (§(AI) - e_GOAt)§(ln - r)]xzdwz(r)
k=0 ;

41
+ AlTh,A,(JAfou(tn)Aer) -2 / Sty — r)Ju(r)dWy(r)
tn

th1
1, [
+ Ekl S(th+1 —r)(FQlu(r))dr

th

n—1

> — n—k—1 —k

+ 21 (Shoar — e )Y " (Snar)" T Thoar(JAT un) AWY)
k=0

t)l
— 21 (S(Ar) — em0AY) f Sty — r)Ju()dW, (r)
0

+ %A%(ﬁ(m) - e*UON)/%n —r)(Fo,u(r))dr
0
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and using the fact that AW’: is independent of F;, and W>(¢), we get

Int1
Al — —~
14=7E[(J()\1Th,A,(JA;’Ou(tn)AW'f)—)\1 f S(tn1 — r)Ju(r)dWi (r)
In
In+1
[ St =)o)t ) 8T G+ e |

In

2
B
2

)\,2 r J— — -~ ~
=2LE [ (Thai[J A7 u ) (AW = AWD]) AW, (S0 +e_U°A’)en)H]
)\’2 ) Int1
?l]E (J / [Th,A,(Je*"OAfum))—S(th—r)Ju(r)]dWI(r)AW’f,(Sh,m+e*"°A’)a>H]
ty

T U(tynt1) — e 7 u(t,)

+2E[U[Tnar(d . AW{')]AW’I,(§h,m+e“’0A’)zn)H]
Int1
)‘? [ Q wt (< —0g A\~
2[00 [ Stwr = (o) AT S+ 2w

In

=iy 1+ 1s2+ 143+ 14.4.

For the term 14 1, it holds that

——n sy ) — ~
14,1 < CE[”A?OU(%)”H”AWI - AW?”HM*I(D)”AW] ||HV1*1(D)6 GOAt”ert”]HI]

o ~
- %e—ZUOAtAtE[“en “%—H] + CAZ‘Z

due to Proposition 2.5, the Sobolev embedding HY (D) — L*°(D) for y > %, Lemma 4.4(1)
and (3.2).

1
For the term 14 2, we use (3.21), Lemma 4.4(1)(5), Q]2 € HS(L2(D), Hg' (D)), Lemma 2.4
and Sobolev embedding HY (D) < L*°(D) for y > % to obtain

In+1

I < CE| / [Thac (Je~ (1))
tn

= Sttt = (Tu@) WO _NAW -1 pye ™ 1l
Int1

< CIE[H / [Th acd (€™ u(ty) — u(r)) + (T, ar = Syt — 1) Ju()[dWi (r) H;]
In

00

+ EAte_z"OA’IE[H?nH%ﬂ]
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tn+] o0 l
< cE| f 5 T d () — = uti) 0 ]
k=l
Int1 00 1
. ! o ~
+ C]E[ / D (St =) = T ar) Ju(r) Q7 g H%Idr] + TgAte‘zgoAtE[llenn%H]
Dok=1

< C(At+h)At + %Ate‘z""NIE[IIEnII%H]-

For the term I 3, Lemma 4.4(1), (4.9) and Sobolev embedding HY (D) — L*°(D) for y > %
yield

Is s < CE[uttur1) — e M u) I AW -1 oy IAWE | -1 pye ™ 120 1]

(o ~
< D At 20NE[[12, ]3]
16
C B _
+ B[l Car) = e ult) G N AW 1 ) AW 1))

< T—gAte’z"OA’E[IIEn 13] + CA.

For the term /4 4, one has

Int1

ta = CE[| [ Sttt = (Foyu)ar|  1AT 11y 1

n

< ‘lf—gme*%oAf]E[nzn 3]+ CAL,

where we use Sobolev embedding HY (D) < L*°(D) for y > %, Lemma 3.7(1), Lemma 4.4(1)
and Proposition 2.3. Altogether,

It < %Ate_ZGOAIIE[II?n 13] + CAt(AL + ).

For the term Is, we use (4.10) to obtain

Is < CE[[[@+1 + ¢~ G mlI AW 13,1 o1 + @t + P32 + e P82, | ]
o~ _ ~ —n (o] ~
< CE[[@ns1 + ™S Culligl AW 131 )] + - A (18011 1]
+ @Aze—Z"OA’]E[Hz 5] + £]E[||? L+ e R 1Z AW |1t ]
4 nllH At n+ nlIH 1 H"1~1(D)

< %Ate—zaom[@[llallﬁﬂ] + %Aﬂ@[nznﬂ 3] + CAt (AL +h).
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Combining /4 and I5, we have
E[12+1113] < e 20V E[I ] + 5 Are M E[ 12, 1]
+ ?At]E[HZnH 13+ CAt(At + ).
There exists a At* ;= Ulo such that for any Ar € (0, At*],

sup E[[1€,1l5] < C(At +h).
eN

n
Therefore, it concludes that

sup E[llef " 1] < 2 sup E[ 12, 13] + 2 sup E[[[6ul13] < C (At +h).

neN neN neN

The proof is thus finished. O
Similar to Proposition 2.6(ii), we state the following corollary.

Corollary 4.6. Under the conditions in Proposition 4.2 and Theorem 4.5, there exists a positive
constant C13 such that

Walr*, w0 < Cra(Ar +h7),
Proof. By Proposition 2.6 and Theorem 4.5, we have
Wa(r*, a8y < Wh (PR e 800, Pra 800y + Wh (P A0, PEc™)
< C(At? + ) + e MWy (¥, mAh),
which gives the desired result by letting n — co. O
4.2. Ergodic FD full discretization

For the temporal semi-discretization (3.1), we can apply many kinds of numerical methods to
discretize the spatial direction to obtain full discretizations. In this part, we use a finite difference
(FD) method to discretize the temporal semi-discretization in space.

We introduce a uniform partition with Ax, Ay and Az being the mesh sizes in x, y and z
directions, respectively. For i =0,1,...,1;, j=0,1,...,Jy and k =0,1,..., K;, we define
xi=xp +iAx,y; =y + jAy, zx =z +kAz,and Z;fj’k is the approximation of Z (¢, x, y, z)
at node (#y, X;, y;, zk) and let o; j x = 0 (x;, y;, zk). Denote

n n n n
Zi,j,k Zi,j,k Zi,j,k+l B Zi,j,k

Az

Z?,j+],k -
Ay

n
Zi+1,j,k -

n _
OeZi k= Ax

n _ n —
i v 062k = v 82k =

We now propose the following full discretization for (1.1) by applying the midpoint method
to (3.1) in the spatial direction:
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87" ;k(E L SyA?i’j’k(HS)?,j —34 AJUk(Hz)z Jok
—AlAUIJk(Hl)n (Wl)zl o +A(1)(W ) (4.13a)

8 (B < p = 8 AT (HDE > — 8: A k(H3)z Tk
AT ()1 . A9 4.13b
VAT ) - (WD )t (4.13b)

8BS < = 8 AL (HD) = p = 8y AT (HE
— AT (W i) (4.13¢)

(Sfl]k(Hl)?’l—Jz — 3ZA;71,]J€(E2):{/T 8 AUl ]k(E3)l /k
—i—)\,]A;'i’j.k(E])n (Wl)}_’l___‘_)\'(])(W )_ . (413d)

87 (HRY! - L= B AT (B! - — 8. AT B!
+ MAT"M (EZ),ZL (Wl)t ..k T )L(Z)(Wz)l_ ik (4.13¢)

87 (HRYY - ¢ = 8y AT (ED! | ¢ = 8u AT (D) ¢

AT B! S (W a8 (i) (4.13f)

wheref:i—l—%,f:j—l—%,lgzk—i—%and

(Awl)‘ P Wl(tn—i-ls V7 2R) — Wit X7, Y7 Zp)
(Wl) X ,
i At At
(AW2):{;I; Wa(tni1, x5, ¥55 25) — Waltn, X7, 5, 2¢)
(WZ)‘ _E = .
L At At

Denote the discrete energy by

®(1,) _AxAyAzZ<|E——— +|H;Jj’];|2), neN. (4.14)
i,j.k

Similarly to [6, Theorem 3.2], we obtain the following discrete energy evolution law for
(4.13a)—(4.131):

cp(r,m)—AxAyAzZe*zf’ka’QE” I )+2AxAyAzZ[ (A ]
i,j.k i,j.k
4.15)
under the periodic boundary condition. Here, T— - _kg g” k((E”j )T (H” - -) )T.

We now investigate the ergodicity and stochastlc multi- symplectlclty of (4. 1%)
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4.2.1. Ergodicity
To get the ergodicity, we first establish the uniform boundedness of the averaged discrete
energy in the following proposition.

Proposition 4.7. Assume that Eg, Hy € L2(Q; L¥(D)%), qm € CcY(D),m e N and let Assump-
tion 2.1 hold with yy > % and yy > % Then there exists a positive constant At* such that when
At € (0, At*], the averaged discrete energy is uniformly bounded under the periodic boundary
condition, i.e.,

E[@(ty)] < e " ME[®(t)] + C1as neN,
~ 1 1
where the positive constant C14 depends on oy, L1, X2, | D], || le ||£;1 and || Q22 ||£;2.

Proof. For the first term on the right side of (4.15), we have

AxAyAz ) e_zgi»f"m(lEl’f’j’ P+ Y - 7)< eT 0 D(1y). (4.16)
i,j,k

For the second term on the right side of (4.15), which contains six sub-terms, the estimate is
more technical. We consider the first sub-term. It holds that

. 1 o
E [ > oAl (El)?j’,;(sz);’j,,;} =-E [ > [(El):{;‘,; —e "tv-/*Af(El);?ﬁ](AWZ);{LJ.

i,j.k i,j.k
4.17)
Substituting (4.13a) into (4.17), we obtain

E[ D a2 awr ]

ij.k

1 i j, Oj j.k
= SE[ 20 - AT H gy (AW)Y o+ ALAT ) AW ]

ijk

1 » 2
+SE[ Y[ mal g jawng s cawr P [awr s P @)
i,j.k

where we use the fact

DSV AT H)! (AW - p == Y AT (Y 8 (AWD)?
i,j.k i,j.k

and

i, i,
DA (AW 5 == Y AT (HD)] S (AW
i,j,k i,j,k

due to the periodic boundary condition. Notice that
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AxAyAz Y E[[(AW2] ;]
i,j,k
= axayaz Y E[| Y Vi an (i 5 0 B i) - 8260 |
i,j.k m=1

o0 o0
< AxAYAZAL Y D 0P lgmliF e py < CIDIAL Y 0Pllgml3n py = CAL - (4.19)

i,j,km=1 m=1
and similarly
AxAyAZY (E[ INTA ] [|(AW Y ]) <CA (4.20)
i,j,k

where we use the Sobolev embedding HY (D) < L°°(D) fory > 3 Thus for (4.18), the Holder
inequality, the Young inequality and (4.19)—(4.20) lead to

AxAyAzkgl)IE[ZAfi’j’k(E1)? (AW k]
i,j.k
< %AtAxAyAzE[Z |:|A‘7¢ Ik (Hy )— - —} + |Am I (Hy )’ HI ]]
i,j.k

2"

o0

+ 2L araxayaE] 3 (18w P+ [sawr - P

i,j.k

1 M i
+2AxAyAz|A |§;{]E[|(AW2)”]( ]+ 4AtAxAyAzE[lX/;(|A TR CH, 07 7k ]

112"

+ dog At

axayaz Y E[[@awnr - PIE[|aw ]

i,j.k
i,j.k

s%AmxAyAzE[Z[—MH e |(H e |(H e P
i,j.k

00 —207 i kAt 1
+ZAtAxAyAzIE[Ze ik [—|(

sl P iy P+ Sl s o]

l_j_ i,j.k
i,j.k

L0
L 20’ AtAxAyAZIE[Z [\8},(AW2)’{].)E|2+ |5Z(AW2);-?’]T)k|2]] +CAL
i,j,k

Applying the similar approach to estimate the other five sub-terms on the second term on the
right side of (4.15), we get

AxAyAz Y IE[T;]-. RUNTSCE 1;]
i,j.k
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= TATE[®(ty1)] + 5 Are PN E[D(1,)] + CAr

x2)?
+—AtAxAyAzE[Z[|5x(AW2)ZM|2 8, (AW 1P+ |82(AW2)§"]-,’k|2]].

i,j,k

It follows from the Sobolev embedding HY < L°°(D) for y > 5 that

E[ Y [sccaway; 2]

i,j,k
00
) Gm (Xiy1, Vi Z/}) — qm(xi, Yi Z/}) ) o) 2
= [ XV — (B2 @ = B @) ]
i,j.k m=1
—ArZZmﬁMaxqm(xl +0:Ax, 7.2 <ArZZn<2>||qm||€V.,OO(D>
i,j,km=1 i,jkm=1

<CAtZZ77 ||C]m||HV2(D)<CAtI JyKz,
i,j,km=1

where 0; € [0, 1]. Therefore, we get

A2 no 2 2
TAtAxAyAZ]E[Z|5x(Aw2)iﬂ| ]gcm .
i,j,k
Estimating terms concerning |y (AWZ)" | and |4, (AWz) | similarly, we conclude that

AxAyAz Y E[YE; (AW ;o] < T AR )]+ 7 Ate OV E@ )] 4+ CAL
i,j.k

421

Consequently, combining (4.16) and (4.21) yields
E[®(ty41)] < e *PME[D(1,)] + ?Aﬂﬁ:[cb(tnm] + %Aze—z"oA’E[cb(rn)] + CAt.

By the Gronwall inequality, it can be shown that for any Ar € (0, U%], the conclusion of the
proposition holds. O

Remark 4.8. Especially, if the orthonormal basis of L>(D) is chosen as
G (%, ¥,2) = G, () (V)gimy (2, m = (m1,ma, m3) € N?
with
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m(2m17f(x —xL)),

le(x):
XR — XL

XR — XL

and g, (¥), gm, (2) being defined similarly, the assumption of Proposition 4.7 can be weakened
as y1 > 0 and y, > 1 since the condition ¢,, € C'(D) is automatically satisfied in this case.

Let
U™ = (D35 12 (BOL g foees (BO 3 5 (B 5 5o (O 5o (BO 2
.
(B oo (B 5 g (B 1o (V) 5o (CHOY o (Y 2 )

then the discrete energy @ given by (4.14) can be rewritten into

®(1y) = AxAyAz|U"*, neN. 4.22)

By taking (4.22) as a Lyapunov function, the ergodicity of (4.13) can be proved similar to that of
Proposition 2.6, which is stated below.

Theorem 4.9. Under the conditions in Proposition 4.7, for sufficiently small At > 0, the numer-
ical solution {U"},cN of (4.13) has a unique invariant measure w. Thus {U"},eN is ergodic.
Moreover, {U"},cN is exponentially mixing.

4.2.2. Stochastic conformal multi-symplecticity

Now we turn to the stochastic conformal multi-symplecticity of (4.13). By using the defini-
tions of skew-symmetric matrices F, K, s = 1,2, 3, the full discretization (4.13) can be read
as

F(o7 4w s ) + K (0cA7 " urs ) + Ko (8,474 1) + K (8474 )

_ i,j.k_ n n i,j.k n
= VS (A7l ) W2+ VS (A7 ) it
Performing the wedge product on both sides of the above equation yields the following result.

Theorem 4.10. The full discretization (4.13) preserves the discrete stochastic conformal multi-
symplectic conservation law

87 B ) T 8y ) T 48 (e) T =0, Pras.,

n,0i j k

and(Ks)ljk — ld(AO'ljk n k)/\Kd(AUljk n ) § =

wherew k—2du”k/\qu ui i

1,2,3.

i,j,k’
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5. Numerical experiments

In this section we provide numerical examples to illustrate several properties of the fully
discretization (4.13) of the stochastic Maxwell equations (1.1). In the sequel, we consider the
stochastic Maxwell equations (1.1) with A; = 0.5 and Xz =(,1,1,1,1, 1)T on the domain
D =[—1,1]°. We take the truncated parameter A ,, the eigenvalues {nl.(’";’)k}l-’j,keNJr, m=1,2,

and the orthonormal basis {g; j k}i, jxen, of L?(D)) in this section as

— RITAn m _ @ _ 1
Apar=+/8|InAt], ni,j,k—ﬂi,j,k—l.3+j3+k3,

gi,jk(x,y,z) =sin(inx)sin(jmwy)sintkwz), (x,y,2) € D.
5.1. Ergodic limit

This subsection provides numerical experiments to test the longtime dynamical behavior of
(4.13) for stochastic Maxwell equations with various coefficients 0. We take Ar = 2~% and
Ax = Ay = Az = %. Fig. 1 and Fig. 2 present the temporal averages % Z,]:]=1 E[f(U™M)]
for the full discretization (4.13) with various o for f being (a) f(U) = sin(U), (b) f(U) =
sin(|U|1?), and (¢) f(U) = sin(|U||*) starting from the following seven different initial val-
ues:

o Initial(1):

1, i=j=k=1,

(EVY = i (E2)° = (E3)° = (H))" = (H)° = (H3)" = (E1)°.

0, otherwise,

o Initial(2):

(EV)jp=1 ijkek,  (En’=(E"=(H)"=(H3)" = (E)".

o Initial(3):

sin(ZiAx), ieK,j=k=1,
(ED)j = 2 (E2)° = (E3)" = (Ey)°,
0, otherwise,
Y . .
0 cos(—iAx), ek, j=k=1, 0 0 0
(H); jx = 2 (H) = (H3)" = (H1)".
0, otherwise,
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o Initial(4):

(EN°? = (E3)? =rand(1013, 1), (H3)? = 3rand(1013, 1),

(EZ)?,j,k — e—(iAx—O.S)z—(jAy—O.S)z—(kAz—O.S)Z’ i, j. kel

o 2iAx, iek,j=k=1,
(Iyl)hjk = .
0, otherwise,

(Hg)?’j,k = x/icos(m'Ax) sin(wjAy)cos(tkAz), 1i,j,kek.

o Initial(5):

(ED); =0, ijkek,  (En’=(E),

T 1 . .
| — —ez—1)1—em<1—'m>, iek,j=k=1,
0, = (1-yFE -D) j

0, otherwise,

(H)? =rand(1013, 1), (H»)? =rand(1013, 1),

( )0 0.002, i=j=k=101,
H; ijk=

0, otherwise.
o Initial(6):

(ENf =0, ij.kek,  (E2)”=rand(101°, 1),

IAX
o sech(ﬁ)e’m/z, i€k, j k=1,
(123L'/k =
0, otherwise,
0 TN k=1,
(I{I)ij = .
0, otherwise,

(Hp));,=0. i.j.kek, (H3)? =rand(1013, 1).

o Initial(7):
0 5 . . . . ..
(El)i,j‘k = ——cos(wiAx)sinrjAy)sin(—3wkAz), i, j,kelk,

Jia

—4
(EZ)?,j,k = ——sin(wiAx)cosurjAy)sin(—3nkAz), i, j,kek,

J14

-1
(E3)?’j’k = ﬁ sin(mwi Ax) sin(2w jAy) cos(—3nwkAz), i,j, kel

(Hl)?,j,k =sin(mwiAx)cosmrjAy)cos(—3nkAz), i, j,kek,
(Hz)?’j‘k =cos(wiAx)sinRrjAy)cos(—3wkAz), 1i,j,kek,
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m s W %

(a) f(U) = sin(U) (b) f(U) = sin(||U]|*) (c) f(U) =sin(|JU[I*)
Fig. 1. The temporal averages % Zfl\’:] E[ f(U™)] for the full discretization (4.13) with (a) f(U) = sin(U), (b) f(U) =
sin(IIUHz), and (¢) f(U) = sin(HUH4) starting from different initial values over 100 realizations (o =1, T = 50). (For
interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

i é“ \‘\
o
o |

(a) f(U) = sin(U) (b) f(U) =sin(|U|*) (c) f(U) =sin(||U[*)

Fig. 2. The temporal averages % Zr11v=l E[f(U™)] for the full discretization (4.13) with (a) f(U) =sin(U), (b) f(U) =
sin(IIUHQ), and (c) f(U) = sin(||U||4) starting from different initial values over 100 realizations (o = 10, T = 20).

(H3)} j x = cos(i Ax) cos(2mj Ay) sin(—3mkAz), i, j k€ K.
Here, K ={1,2,---,101}.

We can observe from Fig. 1 and Fig. 2 that the temporal averages starting from different
initial values converge to the same value, which implies the ergodicity of the full discretization
for stochastic Maxwell equations.

5.2. Mean-square convergence

In this subsection, we provide the numerical experiment to test the mean-square convergence
order in temporal direction of the full discretization (4.13) given in Theorem 3.8. We fix the
spatial mesh sizes sufficiently small such that errors stemming from the spatial approximation
are negligible. We compute the errors at the final time 7 = 0.25 with mesh sizes Ax = Ay =
Az = ﬁ. The initial data read

(EN)Yjx=cosQu(iAx + jAy+kAz)), i.jkek,
(E2)° = —2(E)°, (E3)° = (E)°,
(H)° =v3(E)°, (H)° =0, (H3)"=—(H))",
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o=5

102 7
—O—Full discretization
=3 Slope 0.5

Mean-square Convergence Error

10 At 10°

Fig. 3. The mean-square convergence order in temporal direction of the full discretization for stochastic Maxwell equa-
tions with o =5.

where K = {1,---,513}. Since we do not know the explicit form of the solution to (1.1), we
take the full discretization with small time step-size Az = 2714 as the reference solution. We
then compare it with the full discretizations evaluated with time step-sizes {21At, 22At,23 At,
24At, 25 At, 20 At} in order to estimate the order of convergence. As is displayed in Fig. 3, the
mean-square convergence order of the full discretization is shown to be 1/2 which coincides with
the theoretical result.

Appendix A. The proof of Lemma 3.7

To derive the estimates of the operators, we introduce the following two deterministic systems:

du(t) =M —oDu(t)dt, t>0,

- (A.1)
u0)=v,
and
du(t) = —ou(t)dt, >0,
(A.2)
u(0) =v.
(1) Notice that 7i(r) = ¢!~y ¢t > 0. Then
lalm < le™ |l canmlle™ vl < e |vllm, (A3)

which leads to the first assertion of (1).
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Let #" :=[(I — 5*M)~'(I + 5. M)e=°2']"v,n € N. Then

At At N
= - 7M)—l(l + 7M)e—"mu"—l, n>1

implies
o _ o Atgn—l _ %M('ﬁn e oAy,
We apply (-, " + e~ 217"~y on both sides of (A.4) and get
I@" I3y — lle™ A"~ gy = 0.
Then we have
@ g < e A @ i < - < e,

which leads to the second assertion of (1).

(2) To estimate ||§(t,1) — (S’A,)” | c(p(a), H)» We proceed now in two steps.

Step 1. Estimate of ||[u" | puy and || (1) | pary-
Applying (-, M>(i" + e~25"~1)) i1 on both sides of (A.4) obtains

| M IiFg — 1M (™ 2" | = 0.

Hence

(A4)

1M gy = | M (e T" g < e [ MT" g + 2 Vo || Lo pys Ate™ 2 7" |

n
< e~ Atog ”MﬁO”H +2||Vo ||L°°(D)3At<z g~ O0kAL ,—(n—k)Atay ”ﬁOHH)
k=1
< Ce™ 2@ pa.

from which we get

1

~ _ _ 2 _
17" | poary < (Ce 20018701y + Ce "O”A’IIEOII%(M)) < Ce A2 @0 pay. (AS)

It follows from

Au(t)

a ~ ~ ~ ~
EIIMMU)IIIZHI =2M— "=, Mu(t))g = —2(M (ou(t)), Mu(t))n

that
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0 Vo x

Vox 0 ) u(t), M’zZ(t)>Hdt

d| M) |1} = —2(0 Mii(t), MT(t)) grdt — 2( (

< —200[| M () ||3dt + A MU l7O 15[ Vo | Lo pysdt
< —0ol| Mu(0)|[Fde + Ce 20" |[7(0)||Fydt.
By [5, Proposition A.6], we get

t

IMi(t) |35 < e | MTE©O0) | + C / e~ 072903 17(0) [[ggds < Ce™ " [TO) | py)-

0
(A.6)
Combining (A.3) and (A.6) yields
1T Dy < Ce T O) | pary.-
Step 2. Estimate of ||u(ty) — u" |-
Lete, :=u(t,) — u", then
Grt — e 7NE = [i(ty1) — e MiH(t) ] — [0 — 7 ME"]
n+1 At ~ —o Aty
=" 4 TM(en+l +e77%%,), (A7)
where £+ = (ty41) — e 7 Mii(ty) — 5 M (@(tar1) + €77 (10)).
Applying (-, €,41 + e~ 72'¢") g on both sides of (A.7) yields
12t 1 = lle 2 Eullfg + ", Gt ) + (€ e 728
Using the fact that #(t,11) = e~ 2T (1) + [;"*' €7 4175 Mii(5)ds, we obtain
{ n+1 In+1 Iyl
E e = 5 f / (e U= ME(r), M&,41)gdrds — f (@(s), R0 8, 11) mds
In § In
| 1l s
~5 /(e_‘m”“_')Mﬁ(r), Me, 1) mds
til tﬂ
1 Int1 Ing1
=5 le™ 1= M) |1 | M@ 41 [ prdreds
th S
! nt1 s
+t3 / / lle™ 1= ME(r) |l || M@yt [l prdrds
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In+1
+2¢" Vo || ooy / (tas1 — )17 15118041 1 1rds

In

< Ce™ "M AL @D g
Similarly, we have ("1, e=2% \yg < CAt2||E°||%(M)e_"0”A’. Thus,

—2o09nAt

l1—e
< Ce"MOALT |-

~ 2 —2nAtog 15112 2 _—op(n—1)At 1502
1213 < 120l + CAre T

which gives the assertion.
(3) It follows from (A.1) that

1
18 = Dvllg = I7¢) — vllg < / (M — o Dii(s)|lppds
0

1
=+ ||0||L°O(D))/ @ (s)llpands < Ctllvlpwmy YveDM),
0

which leads to the first assertion of (3).
For any ¢ € [0, At], we combine (A.1), (A.2) and Step I to get

” (¢! M—oD _ efaAf)v“H = ||u(t) — u(A) ||l m
At

t t
= H /Mﬁ(s)ds—i—/a(ﬁ(s) —ﬁ(s))ds+/oﬁ(s)ds
0 0

t

< CAt|viipm,
H

which yields the second assertion of (3).
(4) For the proof, see [1, Lemma 3.5, Lemma 5.2].
(5) From (1)—(4), it holds that

18ty — 1) — (Sa)" ! Tatll o, |
<18ty — trs 1) (Stxp1 — 1) — Dl zeoony.my + ISty — trs1) — (SAt)n_k_lnﬁ(D(M),]H[)

+ 1San)"* 1 - Tadll oo, 1)
< Cemo0n—k=DA1/2 A 172

Thus we finish the proof.
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Appendix B. The proof of Lemma 4.4

Proof. (1) For thE proof, see [1, Lemma 5.2].
(2) Let "1 := (Sa)" v with g™ := (@) T, (¢9) ") T and ¢° = v. Then

At
qn+l _e—aoAtqn _ 7(qu+1 +M(e_"°mq”)), (B.1)
which implies
Vgt =™V .qf,  V.ggt=e" MV g5

Hence we obtain

—2m70Al(

1V - a1 72py + 1V - a3 172, = € IV - vill72py + 1V - 020172 ))-

Combining (A.5) and using the fact that f € H(curl, D) N H(div, D) belongs to H'(D)3 if
nx flagp=0ormn- flyp =0, we have

lg" | 1 (pys < Ce_aonAt/ZHvHHl(D)ﬁ.
(3) Let pj := (.’S\h,A,)nnhv, that is,
At At _

ph= (1= Z-Ma) " (I + —-Mp)e™ % p~!

Py =mv,
which yields

At
pZ-H —ooAth — (Mhp"+1 + e_goAchPZ)- (B.2)

2
By applying 7, on both sides of (B.1) and using [1, Proposition 4.4(i)], we obtain

At
gt — e mng" = - (Mug" T + e Mig"). (B.3)

Let e¢j := p;; — mpq" and e, :=mpq" — g". Subtracting (B.3) from (B.2) leads to

At
Z+1 e—aoAteZ — 7I:]‘/I ( n+1 +e—aoAt n) + M, ( n+1 —l—e_UOAte;)]. (B.4)

We apply (-, e "+1 + e~ ¢!l gy on both sides of (B.4) to obtain

_ At B
n+1 ”H_e 2aoAz||eZ||12HI 5 (Mh(e”+1+e o0 At en), en+1 te aoAte;lz>H

lle,

At
+ 7<Mh(eg+l +e—o‘0At n) en+1 +€—00AIEZ>H
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It follows from [1, Proposition 4.4(iii)] that

(Mh(e;;-ﬁ-l +e—00At n) enJrl +€_U0At€Z>H

1

— 5 Z <<(en+l +e—(r()At nH)'KF +(en+1 +e—00At :lTH)lK
Fegint

—np x [l + e 0N gl mg x [l + e e gl ) )
LZ(F)3
1
_E Z <<(€n+l 700At n )|KF+(en+l+€7(70Al n )|K
Fegit

+nF X [[€n+1 +e (T()A[ n ]]anF X [[en+1 +€760At n ]]F> , 3)
L2(F)

_ Z (((en+l —U()At n ) np x (€n+1 _I_e—U()A eh E)>L2(F)3
FGgﬁXt

+ (np x (e"+] + eTO0A TE)NF X (e”+1 + ¢ O0A! e E)>L2(F)3)

where e = ((e;'[’E)T, (e;;,H)T)T and e} = ((ej ) (eZ,H)T)T. Then the Cauchy—Schwarz and
Young inequalities lead to

<Mh(€g+l+€_UOAt I‘l) en+1+e—0'0AleZ>H

1
§ : +1 —op At 2
S 5 ”nF X (en + e o EZ E)||L2(F)3
Fegexl

- Z > (|nF x [lef iy +e e qllFlla ey + InF x (e + e ep EJ]Fniz(F)s)
Feg}“‘

+ Z (||(en+1 —UoAt n )|KF +(en+l +e—00At n )lK —np
Fegmt

X [l +e e eTle a0

+ Z <||(€n+1 7(70At n )|KF+(eﬂ+1+€7(TUAI n )|K+nF
Feglnl

X [[e +e eyl I, )

§ 1 — 1 —
+ <||en+ +e UoAt n H”LZ(F)% + “nF X (en+ +e OoAt " E)||L2(F)3)
FeGiX

1
2<Mh(en+1+e oAt n) el’l+1+e op At n) +Che UonAt”U”Hl(D)ﬁy
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where in the last step we use [1, Proposition 4.4(ii)], (4.4) and the assertion (2). Hence, we have

+12 —200At 2 —oonAt 2 —oonAt 2
ey ™ g < e~ llep g + Che™ " Atl|vl i pye < Che™ ™" X vlly o

(4) Let p(ty) := S(t,)v. Notice that

1p(t) — Pl e = 1(S(t) — (Sp.a0)" T vl|
< [15(t2) = Sa™vll| + I = 71)Sa) " vIm
+ 1 Gth San)” = Shan) )l
< Ce—o‘onAt/Z(Atl/2 +h1/2)

due to Lemma 3.7(2), (4.3) and the assertion (3).
(5) We know that

Sty —1) = Snad)" 1T a0 = Sty — try ) S(txs —r) — 1)
+ (§(tn — tht1) — (§h,A:)"7k71ﬂh)
+ Spoad) G = Thoa)-
By Lemma 3.7(1)(3), one gets
ISty — k1) (St — ) — Dvllg

< N8 — e+ Dl o, ) 1S Crr1 — 1) — Ll ccoon, 1y llviiDan

< CAtre~o0n—k=DA vl g1 pyss
which by the assertion (4) leads to
1St — tie1) = G a)™ ™ vl < Cem 0O R=DAI2 (A2 4 13 |[oll 1 (pye-
Let ¥:= (I — (I — 5:My)~!)mpv, namely,

~ At At
vV — 7th = —TMhm,v. (B.5)

We apply (-, V) on both sides of (B.5) to obtain

191 =< =5 (Maav, B = = 5- (Mamw, )i < - (5101 + Cloly o)

due to [12, Lemma A.4]. For sufficient small A¢, we have
~ 1
IVl < CAL2 o]l g1 (ps-
Hence, it holds that
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o~ o~ 1 1
ISt — 1) = Sha) ™' Than)vllE < Ce 0D (AL 4 h2) 0]l g1 (pys. O
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