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Preface

Since the pioneering works of Ampere, Faraday, and Maxwell in the early days,
electromagnetism has become a fascinating area of physics, engineering, and
mathematics. Its mathematical description is provided by the Maxwell equations,
which form a system of partial differential equations expressed in terms of physical
quantities such as the electric field, the magnetic field, and the current density.
With the development of technology, certain electromagnetic noises, caused by
the chaotic thermal motion of charged micro-particles [81, 149], the radiating
sources [10, 124, 125], and the unpredictability of the environments or incomplete
knowledge of the systems [3, 4, 13], now can be observed from various electric
devices. To enhance the correspondence between real-life situations and theoretical
results, researchers introduce randomness into the Maxwell equations, making
them stochastic in nature. These equations are known as the stochastic Maxwell
equations.

The study of the stochastic Maxwell equations has attracted great attention from
researchers across many disciplines. There is currently an enormous effort to come
up with various ways to study problems related to the stochastic Maxwell equations
in fields like fluctuational electrodynamics, statistical radiophysics, integrated
circuits, and stochastic inverse problems. The theoretical analysis of the stochastic
Maxwell equations, including well-posedness, controllability, and homogenization,
has been established in [148]. Since it is usually too complex to solve the governing
stochastic Maxwell equations in an analytic form, different numerical algorithms
are proposed to discretize these equations at grid points. However, no monograph
treating this field has appeared. Our purpose in this monograph is to take a step
toward filling this gap by discussing the developments in structure-preserving
algorithms, which have good performance in long-term computations, for the
stochastic Maxwell equations.

This monograph, in particular, brings a self-contained account of the numerical
analysis of the stochastic Maxwell equations. Precisely, it includes the construction
and analysis of structure-preserving algorithms with an emphasis on the preserva-
tion of geometric structures, physical properties, and asymptotic behaviors of the
original equations. The objects considered here are related to several fascinating
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mathematical fields: numerical analysis, stochastic analysis, (multi-)symplectic
geometry, large deviations principle, ergodic theory, partial differential equation,
probability theory, etc.

This monograph consists of six chapters. Chapter 1 starts with a brief review
of the deterministic Maxwell equations. Then we turn to the stochastic Maxwell
equations. Here we introduce the origins of stochasticity, mathematical descriptions
of some commonly used noises, constitutive relations, and the perfectly electrically
conducting boundary condition. The governing equations for two fundamental
polarizations, transverse electric and transverse magnetic polarizations, and those
for the time-harmonic case are derived. At the end of this chapter, applications of
the stochastic Maxwell equations in inverse random source problems and thermal
radiation are discussed.

The solution theory of the stochastic Maxwell equations, which is crucial in the
numerical analysis of algorithms, is presented in Chap. 2. We begin with formulating
the stochastic Maxwell equations as the equivalent stochastic evolution equation to
show the well-posedness in both the globally Lipschitz and non-globally Lipschitz
continuous cases. Furthermore, regularities in the 2(M k)-norm and the H*-norm,
as well as the differentiability of the solution on the initial datum, are given provided
that more assumptions on coefficients, initial fields, and noises are employed.

A prerequisite for constructing the structure-preserving algorithms is to identify
the intrinsic properties of the continuous system. This proceeds in Chap.3 for the
stochastic Maxwell equations, with the analysis of geometric structures (infinite-
dimensional stochastic symplectic structure and stochastic multi-symplectic struc-
ture), physical properties (stochastic energy and divergence evolution laws), asymp-
totic behaviors (large deviations and ergodicity), etc.

With the preparatory work in Chap.3, we turn to consider the construction
of stochastic algorithms in Chap.4 which preserve the intrinsic structures of the
stochastic Maxwell equations. More precisely, we first present several temporal
semi-discretizations for the stochastic Maxwell equations, including the stochastic
midpoint method, stochastic symplectic Runge—Kutta methods, and exponential-
type methods. A priori estimates and intrinsic discrete structures of these temporal
semi-discretizations are analyzed. Then we further discretize those temporal semi-
discretizations in the spatial direction to construct fully discrete algorithms via the
finite difference method, the wavelet collocation method, and the discontinuous
Galerkin method, respectively. Moreover, the splitting technique is introduced to
reduce computational costs and improve the efficiency of implementing these algo-
rithms. After discussing the well-posedness and regularity of stochastic structure-
preserving algorithms in Chap.4, we move on to their rigorous convergence
analyses in Chap. 5.

The last chapter is dedicated to numerical experiments which verify the theo-
retical results obtained in this monograph. Not only a friendly introduction to the
simulation of the noise but also a practical route into the simulations of the stochastic
Maxwell equations with some structure-preserving algorithms are provided using
MATLAB for the reader’s convenience. In the appendix, we collect some results on
commonly used identities and inequalities, semigroups, Sobolev spaces, differential



Preface vii

calculus, estimates related to Maxwell operators, and stochastic partial differential
equations.

We hope that our monograph could benefit a wide variety of readers compris-
ing researchers, engineers, and graduate students in computational mathematics,
stochastic analysis, applied physics, electrical engineering, telecommunications,
etc. It is intended to review recent developments in the numerical analysis of the
stochastic Maxwell equations. It is also intended to provide those who are interested
in using and applying results of numerical algorithms and MATLAB codes without
worrying about mathematical details or proofs.

Beijing, China Chuchu Chen
November 2022 Jialin Hong
Lihai Ji
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Chapter 1 ®
Introduction Check for

In this chapter, we start with a brief introduction to the deterministic Maxwell
equations including boundary and interface conditions, intrinsic properties, and
numerical algorithms. With the development of technology, certain electromagnetic
noises can be observed from various electric devices. Hence, the electromagnetic
fields may not be deterministic but should be modeled by random fields, namely
by the solution of the stochastic Maxwell equations. We then present the origin of
stochasticity in the Maxwell equations and summarize some commonly used noises
which drive the stochastic system. Two polarizations of the electromagnetic fields
and the time-harmonic stochastic Maxwell equations are also discussed. Finally,
we list some applications of the stochastic Maxwell equations in areas such as
inverse random source problems and thermal radiation. For more details on the
electromagnetic theory, we refer to [11, 140, 162] for the deterministic case and
to [148, 149] for the stochastic case.

1.1 Deterministic Maxwell Equations

The Maxwell equations form the fundamentals of classical electrodynamics and
optics. They were completely formulated by James Clerk Maxwell in the period
from 1861 to 1865. They consist of a set of partial differential equations which
describe the propagation of electromagnetic waves through media. The Maxwell
equations in the differential form read as follows

Faraday’s law of induction:  9;B(#,x) + V x E(z,x) =0, (1.1)
Ampere’s circuital law: oD(t,x) — V x H(t,x) = —J.(¢t,x), (1.2)
Gauss’s law: V-D(t,X) = pe, (1.3)
© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2023 1
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2 1 Introduction

Gauss’s law for magnetism: V- B(¢, x) = 0, (1.4)

where D is the electric displacement, E is the electric field, B is the magnetic
induction, H is the magnetic field intensity, J. is the electric current density, and
Pe 1s the electric charge density. After differentiating (1.3) with respect to the time
variable and using (1.2), we derive the continuity equation

pe+V-J.=0,

which expresses the conservation of charge.

Notice that the number of equations in (1.1)—(1.4) is less than the number of
unknowns. To guarantee the well-posedness of the Maxwell equations (1.1)—(1.4),
the constitutive relations describing macroscopic properties of the medium need to
be introduced. Generally, the relations are complicated and depend strongly on the
material in which the electromagnetic wave propagates. We start with the following
typical representations of the form

D=cE+P, B=_uoH+M), (1.5)

where g¢ and g are the vacuum permittivity and permeability respectively, and P
and M are electric polarization and magnetization respectively. Note that P and M
are caused by the impinging fields, which can influence the organization of electrical
charges and magnetic dipoles in a medium and vanish in the free space.

If one ignores ferroelectric and ferromagnetic media and if the fields are
relatively small, the constitutive relations can be modeled by the following linear
form

D=¢E, B=puH (1.6)

with ¢ and u being the electric permittivity and magnetic permeability, respectively.
In this case, the medium is called linear. For an anisotropic linear medium,
parameters ¢ and p are tensors, i.e., &, 4 : R° — R3*3. While in the isotropic
case, parameters ¢ and  are scalar functions, i.e., &, 1 : R — R.

Moreover, if the medium is conductive, a further constitutive relation should be
given by the fact that the electromagnetic field induces an electric current. In a linear
approximation, this is described by Ohm’s law

J. = oE, (1.7)

where o is called the electrical conductivity. The parameter o is a tensor for the
anisotropic medium but a scalar for the isotropic medium. Particularly, a medium
is called lossy if ¢ > 0, whereas it is lossless if 0 = 0. A medium is said to be
temporally dispersive if parameters ¢, , and o depend also on the time variable. In
this monograph, we constrict ourselves on the non-dispersive media case, i.e., the
parameters ¢, i, and o are independent of time.



1.1 Deterministic Maxwell Equations 3
1.1.1 Boundary and Interface Conditions

Electromagnetic fields generally exist in the whole space and are generated by
charges and currents. In order to determine solutions to boundary value problems,
we need to introduce some boundary conditions which apply to both the determin-
istic and stochastic Maxwell equations.

Let S be a surface. The permittivity and permeability parameters ¢ and u are
piecewise constants with jumps on S. As displayed in Fig. 1.1, for any subset I" C S,
we consider the cylindrical domain ® = I x (—¢, t) for ¢ > 0, which is separated
by the surface S into two parts ®; and ®;. Let n be the unit outward normal vector
on 00. Denote by I'1 and I the part of surface d® in Material 1 and Material 2,
respectively. It is clear to note that 0®1 = I'1 U I" and 0@, = I3 U I'. To derive
the interface conditions, we denote by ng the unit normal vector on S pointing from
Material 2 to Material 1, and by E;, D;, H;, Bj, ¢;, uj (j = 1, 2) the restrictions
of the respective functions to Material 1 and Material 2, respectively.

By (1.3) and the divergence theorem, we obtain

/pedX:/V-DdX:?g n-Dds:/ n~D1ds+/ n-D;)ds.
o) o) 30 I D

It follows from the divergence theorem again that

/pedx=/V-Ddx=/ V~D1dx+/ V.-Dydx
o) o) 0, @

=(/ n~D1ds—/n5oD1ds>+(/ n~D2ds+/ns-D2ds>.
I r I r

ng

Material 1: &, pq

Material 2: &5, u,

Fig. 1.1 Interface conditions: neighbourhood of the interface S
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Combining the above two equations yields
/ ng-(D;—Dy)ds=0 VI CS,
r

which implies that the normal component ng - D has to be continuous, i.e.,
ng - (D; —Dy) s =0. (1.8)

Using (1.4) and the divergence theorem, a similar argument holds for the magnetic
field, that is, the normal component ng - B is continuous across the surface

ng - (B —By) [s =0. (1.9)

For the continuity conditions for the electromagnetic fields, it follows from (1.1),
(1.4), and the divergence theorem that

/n~VxEds=—/ n-8,Bds:—8,/V-de=0.
90 90 o)

Moreover, from (1.1), with the help of the Stokes theorem, one can deduce
/ n~VxEds:/n~VxE1d5+/ n-Vszds:f n-(E; —Ep) dl,
EIC) I D ar

where h is the unit tangential vector on the contour 3I". Combining the above two
equations yields

ng x (E; —Ez)[s=0 (1.10)

due to the fact that the curve oI is arbitrary on S. This demonstrates that the
tangential trace of the electric field is continuous across the surface. Similarly, from
(1.2) and (1.3) one can obtain

ng x (Hy —Hy) |s =0, (1.11)

which means that the tangential trace of the magnetic field is continuous across the
surface.

For the special case that one side of S is occupied by a perfect conductor, a
popular boundary condition, named the perfectly electrically conducting (PEC)
boundary condition, has drawn a lot of attention. Since the perfect conductor
prevents the electric energy from entering, the interface condition (1.10) implies

ns x E[g = 0. (1.12)
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The PEC boundary condition (1.12) is commonly used when the conductivity of a
conductor is sufficiently large in realistic situations.

1.1.2 Intrinsic Properties

The deterministic Maxwell equations possess several intrinsic properties, including
energy conservation properties, symplectic and multi-symplectic geometric struc-
tures. Let D C R? be an open, bounded, and Lipschitz domain with boundary 8 D.
Recall the source-free Maxwell equations
e, E=V xH, uosH=-V xE, in (0,T] x D,
E(0,x) = Eo(x), H(0,x) =Hp(x), in D, (1.13)
nxE=0, on [0,T] x aD,
where E = (E, E», E3)T, H = (H, H», H3)T, and n is the unit outward normal
vector on 0 D.
(i) Physical conservation laws

We first present the energy conservation properties of (1.13). The electromag-
netic energy is given by

£ = [ (slB@ 0P + i 0P ax.
D
Recall that the Poynting vector F := E x H models the energy flux density. Using

(1.13) and the Green formula, we obtain the Poynting theorem

d&

—_— = /V~Fdx=—2% n-(ExH)ds = -2 H-(nx E)ds =0,
dt D aD

oD

ie.,
/ <8|E(t, X + pH(, x)|2>dx = Constant, (1.14)
D

which represents the conservation of electromagnetic energy in a lossless medium.
Noting that E satisfies the PEC boundary condition, then

nx J;E=0, on [0,T] x aD.
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Taking the derivative with respect to ¢ on both sides of the first equation of (1.13)
and using the Green formula again, we derive the second energy conservation law

/ <£|3,E(t, X)I2 + w|oH(z, x)|2) dx = Constant. (1.15)
D

Similarly, if we assume that ¢ and p are positive constants, then we can show
that electromagnetic waves possess the following energy conservation laws

/ (s|aaE(t, X% + uld H(, x)|2> dx = Constant (1.16)
D
and
/ (8|8t3aE(t, )12 + 128, 9, H(z, x)|2) dx = Constant, (1.17)
D

where @ = x, y or z.
(ii) Geometric structures

We now turn to the geometric structures for the deterministic Maxwell equations.
It is known that (1.13) is an infinite-dimensional Hamiltonian system. Define a
Hamiltonian . : L?>(D)? x L?*(D)?> — Ras

A(E,H) = —/ (%E(x) VX E®) + ~H® -V x H(x))dx.
D \2u 2e

We recall that the variation of the functional .77 (E, H) is defined as

8. (E,H) = # (E + SE, H + 6H) — 7 (E, H)

SH SH
- /D [8E(X)5E(x)+mm(x)]dx,

where % (resp. %) is the functional derivative of the functional .77 (E, H) with
respect to the function E (resp. H) at the space point x. Hence, under the assumption
that & and u are positive constants, we derive that

sH s
S~ _u'WWxE L= ¢ 'VxH
SE SH

The above equations mean that (1.13) has the following Hamiltonian formulation

d [E 5
a[ } — ! {jff (1.18)
H SH
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with the standard symplectic matrix
0 Id
I= [—Id 0 } ’

where Id is the identity operator on L?(D)>.
The following theorem shows that the phase flow of (1.13) preserves the
symplectic structure.

Theorem 1.1 Suppose that € and p are two positive constants. Under the homo-
geneous boundary condition, the phase flow of (1.13) preserves the symplectic
structure

& (1) :=/ dE(t,x)AdH(t,x)dx:/ dEo(x) A dHp(x)dx = & (0)  (1.19)
D D

for all t > 0, which means that the spatial integral of the oriented areas of
projections onto the coordinate plane (Eo, Hy) is an invariant.

Proof We have

9E 9E oH 9H
(1) = | (S=dEy+ —dHp) A (——dE 4+ ——dH, )d
@ (1) fD(an ot SH, 0) (an ot 9H, 0) X

_ /D (dEO A (%)T%da))dx

+/D(dHo/\ (;—i)T;—;dHo)dx

i () () o

which implies

=), (e G (GE) g, Jamo)o

+ /D (dHo A i((E)TE)dH())dX (1.20)

dr \\oHy/ 0Hj

+ /D [dEo A %((%)T;—; - (;—;)T;—}i)m@]dx.
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It follows from (1.13) that
i () = v () & (i) == ()
dr \ 0Eg Ey dr \ 0Eg dEy
d(aE) 1 (8H> d(aH) 1 <8E)
—— )= Vx|—]), —|—)=—u"'Vx|—).
dr \ 0Hp dHy dr \ 9Hj dHyp
Plugging (1.21) into (1.20) gives
S =l (7 G)) e ) ¥ x G ) oo
/ dHOA[ ( (8H0>)Taali " (38§0> (aHO)]dH"dX
/ dEg A [ 1(v x (an))T% - Ml(%) (aHO)]dHodx

(5 () e (e (oo

Therefore, we have

d“_d’t(’) = /D [¢71(V x B) A dH + 7 1d(V x E) A dE]dx
— /D g1 [ax (dHy A dHs) + 0y (dHy A dHy) + 0.(d Hy A de)]dx
+ /D u! [8x(dE2 NdE3) + 3,(dE3 AdE)) + 3, (dEy A dEg)]dx
-0
due to the homogeneous boundary condition. O

Remark 1.1 To avoid ambiguities, we clarify that the notations ‘d’ in (1.18) and
‘d’ in (1.19) have different meanings. In (1.18), E and H are treated as functions of
time, and Eq and Hy are fixed parameters, while exterior differentiation ‘d” in (1.19)
is made with respect to the initial datum (Eq, Hy).
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Note that if we consider the following modified Hamiltonian A L*(D)? x
L*(D)* - R,

~ 1 1
J(E. H) = fD (5B + SuHEP )ax.

then the Maxwell equations (1.13) can be rewritten into the non-canonical Hamilto-
nian formulation

3 [B]_ 0 (ew)~'Vx] | &£ 0
ot |H —(ew)'Vx 0 A

Taking the exterior derivative on both sides of (1.22) yields the preservation of
the following symplectic structure.

Theorem 1.2 Suppose that € and  are two positive constants. The phase flow of
(1.13) preserves the symplectic conservation law

& (1) :=f <dE(t,x) A [(au)_IVx]dH(t,x)>dx —&0) Vi>0.
D

Remark 1.2 When ¢ and p depend on the space variable x, (1.22) is not Hamilto-
nian. However, the modified Hamiltonian ¢ can still be preserved by introducing
X() := /eE@) and Y(t) := /1H(t). In terms of fields X(#) and Y(¢), the
corresponding equations form an infinite-dimensional Hamiltonian system.

Next, we turn to investigate the geometric structure for (1.13) from another point
of view by regarding (1.13) as a Hamiltonian partial differential equation.

Definition 1.1 Let F and K;, i = 1,2,...,d be skew-symmetric matrices in
R™7" and let S : R — R be a smooth function for n > 3. Then a partial
differential equation is called a Hamiltonian partial differential equation if it
possesses the form

d
Foju + Y Kidyu = V,Su),

i=1

where u : [0, T] x R — R”.
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Settingu = (ET,H") T and skew-symmetric matrices

i 100 ] [00 0O ]
O oro 00— 0
1
F= 100001’ K'zoﬂoooo’
0 —10 O O 00—1
| 0 0 —I i o% 0
(1.23)
O T [0 —L0 7
H "
000 O ﬁ 00 O
_1
K, — 500 o E= 0 00 .
001 0-1o
0O o000 0 oo
i -100] i 00 0]
we obtain the Hamiltonian partial differential equation form for (1.13):
Fo,u + Ky 0xu + Kp0yu + K30,u = 0. (1.24)

Theorem 1.3 Suppose that ¢ and | are two positive constants. The Maxwell
equations (1.13) preserve the multi-symplectic geometric conservation law

0y + Oxk1 + dyk2 + 9763 = 0,

where @ = LduAFdu and Kk, = %du AKpdu, p =1, 2,3 are differential 2-forms.
More precisely,

1 1
3 (dE1 AdH +dEy A dHy+dE3 A ng) oy (—dH3 AdHy+—dE3 A dE2>
& I
1 1 1 1
+0,(=dHy AdHs+—dE) AdEs)+0,(—dHy AdH +—dE; A dEy ) =0.
& " & m
Proof Taking partial derivative of @ with respect to ¢ yields

1
oy = 3 (du; ANFdu + du ANFduy) = du A Fdu,
due to the skew-symmetry of [F. Similarly, we can obtain

Oxk1 =du ANKyduy, 0Oy =du ANKoduy, 063 =du AKidu;.
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Combining the above results gives the desired equality
0y + Oxk1 + Oyk2 + 063 = du A d(Fu; + Kyuyx + Kouy + Ksu,z) = 0.

The proof is thus completed. O

1.1.3 Numerical Algorithms

The numerical simulation of an electromagnetic wave is a fundamental and
important electromagnetic subject. In the past few decades, many researchers have
developed, analyzed, and tested various numerical algorithms for the Maxwell
equations. In this section, we will give a brief overview of classical numerical
algorithms for the Maxwell equations, among which the structure-preserving ones
will be discussed in some detail.

(i) Classical algorithms

The finite-difference time-domain (FDTD) method is an efficient numerical
algorithm in the field of computational electromagnetism. It was introduced in
1966 by Yee [178] and was further developed by Taflove [162] in the 1970s.
The FDTD method uses second-order accurate central differences in time and
space on a staggered grid. There are many excellent theoretical results on the
FDTD method for solving the Maxwell equations, such as the energy-preserving
splitting FDTD method [34, 36, 84], the high order FDTD method [118, 127]
and the alternating direction implicit FDTD method [75], etc. This method can
be efficiently implemented on vector computers, which makes it feasible to solve
complex problems on early supercomputers. As an example, in 1987 SAAB (a
company in Sweden) performed lightning analysis on the Swedish fighter aircraft
Gripen on a grid with approximately 60 x 30 x 30 cells. However, the major
drawback of the FDTD method is the inability to represent curved boundaries and
small geometrical details.

Another well-developed method for the Maxwell equations is the finite element
(FE) method, including the edge element method, the discontinuous Galerkin (dG)
method, etc. The FE method is based on a variational formulation of the partial
differential equation in some suitable Hilbert space. Approximations to the solution
are then sought in a finite-dimensional subspace. There is extensive literature on
designing such numerical methods to the Maxwell equations. For instance, we refer
to [32, 96, 113, 139, 140, 168, 172] for the edge element method, and to [50, 52,
123, 131] for the dG method.

Even though the FE method provides excellent tools for solving electromagnetic
problems on geometrically complex domains, marching techniques applied to this
method produce implicit schemes. In order to obtain an explicit scheme to solve
the Maxwell equations on geometrically complex domains, the finite volume (FV)
method is considered. The FV method was introduced to the Maxwell equations
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in [151] by exporting methods from computational fluid dynamics. For a detailed
description of this method as well as its implementation for the Maxwell equations,
we refer to [30, 47-49] and references therein.

(ii))  Structure-preserving algorithms

We list several commonly used structure-preserving algorithms, including sym-
plectic algorithms, multi-symplectic algorithms, and energy-preserving algorithms.

(a) Splitting multi-symplectic algorithm: we split the Hamiltonian partial
differential equation (1.24) into three local one-dimensional subsystems

1 1 1
gFB,u + Ki0,u =0, g]FB,u + Kdyu =0, gFalu + K30,u = 0. (1.25)

It can be verified that the above three subsystems possess the multi-symplectic
conservation laws

1 1 1
ga,w + 0ykp =0, gatw + dyk2 =0, ga,w + 0;x3 =0,

respectively. The central box scheme or the Preissman scheme is applied to dis-
cretize subsystems in (1.25) and thereby this gives the multi-symplectic algorithm
for the deterministic Maxwell equations (1.13). Here, for example, we present the
splitting multi-symplectic algorithm by utilizing the central box scheme. To avoid
notational complications, we only discrete the first subsystem of (1.25) and obtain

1 n+7% n+l*
<(E2)z+ ok —(E 2)7+ ]k) toAr e A <(H3)z+1 jk = (H3)ijx ) =0,
1 n+ * n+l*
((E:)l+ L B ,k) J(( Hy)y g — (Hz)i,,;) 0,
1 n+t5% n+l*
n 2 —
((Hz)lJr ik —( 2)1+ jk) Ax ((E3),+1 ik — (E3); ik ) =0,

1 1 n+ * n+ *
- <(1L13):.‘+2 (H3)7+ N k) + Y <(E2)z+1 ik~ (E2)j ik ) =0,

where t is the step size in the temporal direction, and Ax is the mesh size in x-
direction; u* is an intermediate value between u" and u"*!, and u”+%* = (u" +
u*)/2. We refer to [26, 117] and references therein for more details.

(b) Averaged vector field algorithm: we make a spatial semi-discretization for
the infinite-dimensional Hamiltonian system (1.18)

|:th} [M—lciﬁ(l«:)}
=-J! ~ , (1.26)
drH e~ leurl(H)
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where ‘curl’ is some discretization of the operator ‘Vx’, for example, curlE :=
(3yE3—8.En, 6.E\—38,E3, 8, Ex—3,E)" with (3, E3); j = Litlid B ik
and other notations are defined 51m11arly Applying the second-order averaged vector
field algorithm to (1.26) yields

l |:En+1 _ En:| B _J—l /,L_l(.:-l;a(fo] [(1 - é:)En + ";‘_En—i_l]d%—)
B B “eurl( fy1( - B + g0 1dg )

Based on the variational equation, it can be proved that this algorithm preserves the
symplecticity and multi-symplecticity; see [27, 28, 158] and references therein for
more details.

(c) Wavelet collocation algorithm: based on the autocorrelation function 6 of
the Daubechies scaling function (see e.g., [16]), we take the component E; as an
example and approximate it by the interpolation operator

Ni No N3 N N
IE(t, x,y,7) = ZZZ(E]),ij(—x—z)Q(L—jy—j)G(L—jz—k),
i=1 j=1k=1

where N, Ny, and N3 are the numbers of grid points of spatial domains [0, L1],
[0, L»], and [0, L3], respectively. Then plugging the interpolation operator into
(1.24), and integrating the semi-discrete system by the midpoint method in time,
we obtain the following multi-symplectic algorithm

n+1 u"

[d®F———— + A @ KjU™ 2 + Ay @ KoU'2 + A3 @ K3U"H2 =0,
T
where

"= ((El)rll,h]s (E1)g,1,1, ey (El)r]lvl’l,lv (El)rllg’la ey (El)r;vl,z,ls R

n
(El)Nl,NzﬁNa’
(Ez)lil’]’]’ R (E2)7V],N2’N37 ) (E3)7\/]’N2’N37 (Hl)ql’]’]’ R

T
(H3)r/l\/1yN2,N3)

w1th(E)”kand(H) k,S=123l=1 N1, j=1,...,N, k =
1,..., N3 bemg the approx1mat10ns of Eg(t" x,,yj,zk) and H,(t", x;, yj, k),
respectlvely. Here F, K1, K3, and K3 are skew-symmetric matrices given by (1.23);
A1, Ay, and A3z are three skew-symmetric first-order differentiation matrices in
x, y, z-directions, respectively. We refer to [182] and references therein for more
details of the symplectic and multi-symplectic wavelet collocation algorithms for
the deterministic Maxwell equations.
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(d) Splitting FDTD algorithm: we rewrite the Maxwell equations (1.13) as

P I | R

Then we split the operator A into

0 (Vx)4 0 (Vx)-
A= +
(V)L 0 vx)I 0

Ay A_
with
0 0 9y 0 -9, O
(Vx)4 =19, 0 0|, (Vx)—:=| 0 0 —o
09y 0 -3, 0 0

Note that (Vx)] = —(Vx)_ and (Vx) = —(Vx);.
Another kind of splitting approach for the operator A is given by

0 (Vx)y 0 (Vx), 0 (Vx),
A= + + ,
(V) 0 (Vx); 0 (Vx)] 0

Ay Ay A;
where
00 O 0 0oy 0 —0;0
(Vx)y:=[00 =0y |, (VX)y:=| 0 00|, (Vx);:=1]9, 0 0
00, O —-0,00 0 0O

Note that (Vx)) = —(Vx)a, @ € {x, y, z}.
These two splitting formulas for the operator A lead to the following approxima-
tions of (1.27):

[ﬁE(w) ] it oAt [ﬁE(m) }
«/ﬁH(tn+l) «/ﬁH(tn)
and

|:ﬁE(t”+l)i| ~ ecAzrecAyfechr |:\/EE(tn)j|
VEH (1) VIH() |
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where ¢ = 1/,/¢u. Using the Crank—Nicolson scheme to solve the one-dimensional
subsystems which are obtained by the splitting of the operator A, one constructs
two energy-preserving and unconditionally stable algorithms; for more details see
[25, 26, 34, 36, 83, 181] and references therein.

(e) Discontinuous Galerkin algorithm: define a partition with cells denoted by

Ii x Jj x Gy = [xl_l l+1] X [yj_f j+%] X [zk_%, zk+%] of rectangular spatial

domain D. We deﬁne the piecewise polynomial space Hj, , as follows

Hy.r = {v € L*(D) : v|};xs;xG, € P"(I)) ® P"(J)) ® P"(Gy),

i=1,...,N;j=1,...,Nuk=1,...,N3)%

with P”(I) being the space of polynomials on I of degree up to r > 1 and & being
the maximum diameter of /;, J;, and Gy for all i, j, k.

The dG algorithm for (1.24) is formulated as: finding a numerical solution u; €
Hp, » such that for any test function ¢ € Hj, ,,

/ / f]F(Mh)t‘¢dXdde_/ / [/ Kiup - @, dx — (Kluh"/’_), ,
G Ju; JI; Gy Jup B i+7.9.2
dydz—/ / [f Koup - @,dy

G JI; Jj

+ +

%

(%07,
- (B o)
- )

)...

+ (Kauh +

where the hatted terms m, £ =1, 2,3, are the numerical fluxes defined on the
element interfaces, and ¢, ¢~ represent the function limit of ¢ from right and left,
respectively. It can be shown that this method can simultaneously preserve the multi-
symplectic structure and the energy conservation law; see [159] for dG algorithms
of a general class of Hamiltonian partial differential equations.

(f) Other algorithms: in order to keep the symmetry in the temporal direction
and improve the convergence order, [35] proposed a symmetric energy-preserving
algorithm by distinguishing the time steps between even and odd time steps; [75]
investigated an alternating direction implicit method which can preserve the energy
of the Maxwell equations with currents, charges, and conductivity; [27] proposed
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two energy-preserving algorithms by discretizing the Maxwell equations with the
Fourier pseudo-spectral method in the spatial direction and the averaged vector field
algorithm in the temporal direction.

1.2 Stochastic Maxwell Equations

In practical circumstances and many applications, there is uncertainty concerning
either the externally imposed sources or the nature of the medium under consid-
eration, to quote Varadhan (see [169]), “The world we live in has never been very
predictable, and randomness has always been part of our lives”. In this regard,
the stochastic Maxwell equations are proposed to strengthen the correspondence
between some theoretical results and real-life situations, to better understand the
role of thermodynamic fluctuations presented in electromagnetic fields, and to gain
a deeper insight regarding the propagation of electromagnetic waves in complex
media.

Taking the thermal fluctuations into account, it is known that there are the
following three entirely equivalent ways to describe the effects caused by the
randomness (see [33]): (i) introducing the randomness directly in Newton’s equation
of motion, (ii) adding a random term to the displacement field D, and (iii) adding a
random source term to the original current density J., in the Maxwell equations.

We start with the first way by introducing randomness into Newton’s equation
of motion. Consider a particle of mass m and charge ¢ immersed in a fluid of
temperature T, under the action of an additional external electric field E. According
to the classical Newton’s second law of motion, the equation which characterizes
the dynamics of the particle can be written as

>x  dx E

— ta— +owfXx=e—, 1.28

2 " dr 0 m (128)
where x is the position of the particle, « is the frictional coefficient expressing the
energy loss in the system, and wy is the natural resonant frequency of the system.
Converting (1.28) to polarization via an electric polarization P = nex, we have

e dp o,
F-’-O(aﬁ-wOP:UE, (129)

where v = ne?/m with n being the density of the positive charge.

Following the Langevin approach, we introduce a random term K : (¢, x) —
K(z, x) representing thermal fluctuations on the electromagnetic field to the right-
hand side of (1.29). The response of the system then reads as

e dp .,
57 tog teP=vE+K (1.30)
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Using a time-harmonic variation of e’ with an excitation angular frequency w, it

follows from (1.30) that the corresponding expression for the polarization P reads

vE(w, X) n K(w, x)

2_ 2
a)o w

P(w, x) = —iow a)% —w? —iow

It follows from the constitutive relation (1.5) that the electric displacement D
consists of an external field ggE, a deterministic polarization-induced component
vE(w, x)/(a)g —w?— icw), and a random component Q. (w, x) = K(w, x)/(a)% —
w? — iaw).

Therefore, transforming P and Q, into the time domain, Ampere’s circuital law
(1.2) becomes

V x Ht, X) = J,(t, X) —|—8,<D(t,x)+Qe(t,x)). (1.31)

Alternatively, instead of introducing randomness to the electric displacement D, we
could add a random term J, = 09;Q,. to the current density J., and the end result
would be completely same. Thus, we have shown that the three ways (i), (ii), and
(iii) are entirely equivalent. In the following chapters, we adopt the third approach
to analyze the effect of randomness on electromagnetic fields.

Mathematical symmetry and beauty have drawn important considerations in
twentieth-century physics, both in creating new physical theories and in elegantly
connecting symmetry with conservation laws (see [18]). Taking this symmetry into
account, we will focus on the following stochastic Maxwell equations

D@, x) — VxH@E,x)=-J.(t,x) — L (t,x)y, (1.32)
B, x) + VX E(t,x) = —Jpu(t,x) — J,,(t,X)y, (1.33)

together with the constitutive relations (1.6). Here, J,, is the magnetic current
density, y denotes the noise (see Sect. 1.2.1 for details), J, (¢, x)y corresponds to
the random term 9;Q, in (1.31), and J, (¢, X)y is the symmetric part in the magnetic
term. We say that the stochastic Maxwell equations are driven by additive noise if
J. and J, do not depend on the electromagnetic field, while the equations are driven
by multiplicative noise if J/ and J/, are some functions of the electromagnetic field
(linear or nonlinear).

1.2.1 Formulation of Noises

This section summarizes and provides the mathematical description of several
kinds of noises y. We classify y into colored noise or white noise based on the



18 1 Introduction

covariance function
Ely(t,x)y(s,y)] = B(t,s)K(x,y), t,s >0, x, ye D,

where D C R? (d > 1) is connected and bounded with a Lipschitz boundary dD.
When B is a Hilbert-Schmidt kernel, that is, [;™° 7 |B(t, s)|*dtds < oo and
has the finite trace, the noise is said to be colored in time. When B(¢,s) = §(t — s)
with 8(-) being the Dirac delta function, the noise is said to be white in time. The
situation is similar for the spatial kernel K. We refer to e.g., [88] for more details
about noises.

(i) Spatial and temporal colored noise

The generalized infinite-dimensional temporal colored noise is given by

y(t.%) =Y J/mkec(®)zi(t), >0, xeD. (1.34)

keN

Here {ex, ni}ren is the orthonormal eigenpairs induced by the covariance operator

Q?
(Qer)®) = fD KX, Vexydy = meex(®), xe D, keN (1.35)

with the decreasing ordered eigenvalues 1 > 12 > ... > Oand ) , 7 < 00.
And {zx }ren is a sequence of independent stochastic processes with E[zk (t)] =0
and E[zx (£)zx (s)] = B(¢, s), defined by

dzi (1) = ag(zx, t)dt + b (zr, )ABr (), t >0, keN,

where {Br}ren is a sequence of independent standard Brownian motions, and
{ar (-, t)}ken and {bi(-, t)}xen are Lipschitz continuous for any + > 0, which
guarantees the existence and uniqueness of the solution.

The colored noise in space is determined by the spatial kernel function K (-, -).
Note that when Q is of finite trace, i.e., Tr(Q) = ) Mk < 09, it follows from
(1.34) that the covariance function of the random field y (¢, x) reads

Ely (1,7 (.91 = E[ (Y Vikec 020 (3 ke z)) |

keN keN

= B[ ¥ meamamunus)]

keN

= 3" e ®erE[ (2]

keN

= B(t,5) Y mex(®ex(y) = B(t, 5)K (X, y)
keN
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due to Mercer’s theorem (see e.g., [138]). In this case, the representation of (1.34)
is a spatial and temporal colored noise.

(ii) Spatial white and temporal colored noise
When Tr(Q) = oo, there exists an orthonormal basis {er}reny such that
K(X,y) =D jen Mkek(X)ex(y) = 8(x —y), then
E[V(I,X)V(Sv)’)]=B(t,s)5(x_)’), f55207 X7y€D'

In this case, the spatial white and temporal colored noise is given by

y(t.%) = ex(®)z (), t =0, xeD. (1.36)
keN

(iii) Spatial colored and temporal white noise

If the kernel function K (-, -) of y is a symmetric Hilbert—Schmidt kernel with
a finite trace, then the covariance operator Q defined by (1.35) is a compact, semi-
positive, and self-adjoint operator with Tr(Q) < oco. Hence the generalized spatial
colored and temporal white noise can be represented as

d
X = Wx), 120, xeD, (1.37)

where W has the Karhunen—Loeve expansion

W(t.x) =Y Jikex®pi(t), t >0, xeD.

keN

In fact, for a.e. w, the sample path ¢t — W (¢, ) is nowhere differentiable. Thus y
does not really exist and we only make use of the above symbolic expression. We
would like to stress that the expression of the random source in equations (1.32) and
(1.33) is purely formal.

(iv) Spatial and temporal white noise

Similar to the Hilbert—Schmidt kernel function, for the spatial and temporal white
noise we can introduce the identity operator /d by the Dirac delta function which
has the following fundamental property in the distributional sense

(1d er) (x) := / (X —y)ex(y)dy = ex(x), ex € L*(D), x€ D, k € N.
D
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This kind of noise can be formally given by

d
y(t,X) = EW(t’X)’ t>0, xeD, (1.38)

where W is the cylindrical Wiener process

W(t,x) = Zek(x)ﬂk(t), t>0, xeD.
keN

1.2.2 Two Polarizations

The polarization of electromagnetic waves is defined by the orientation of their
electromagnetic fields relative to the plane of incidence. If we assume that the
incident waves lie in the (x, y)-plane, that is the stochastic Maxwell equations are
homogeneous in z-direction, then all z-derivatives in (1.32) and (1.33) will vanish.
This gives us two decoupled two-dimensional stochastic Maxwell equations.

The first one is transverse electric (TE) polarization where the associated
equations contain components E1, E>, H3, i.e.,

E = (E|(t,x,y), Ea(t,x,y),0), H=(0,0, H3(t, x,y))".

And we have J, = (Je1, Je2, )T, I = (J7,, 755, 00T, J = (0,0, J3) ", and
Jr, = (0,0, Jn’ﬁ)T. It describes the propagation of the electromagnetic waves where
the electric field lies in the plane of propagation. Therefore, the stochastic Maxwell
equations (1.32)—(1.33) with constitutive relations (1.6) become

g0 E1 = 0yH3 — Jo1 — Jerly’
g0 By = =0y Hz — Jeo — J )5y, (1.39)

woHz = 0yE1 — 0 Ey — Jiu3 — J;13)/.

In this case, the PEC boundary condition (1.12) on the boundary 9 D of the rectangle
domain D = (a, , af‘) x (a, , a;') can be recast as

Ei=E,=0, on 0dD.

The second case is transverse magnetic (TM) polarization. The set of stochastic
Maxwell equations contains components Hy, H», E3, i.e.,

E=(0,0,E3(t,x,y)", H=(H(t x,y), Hyt,x,y),0) .
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And we have J, = (0,0, 7:3) ", J, = (0,0,J5) 7, Ju = (Ju1, Jm2.0) 7, and
I = Uy I, 0) ". It describes the propagation of the electromagnetic waves
where the electric field is perpendicular to the plane of propagation. Then (1.32)—
(1.33) with constitutive relations (1.6) become

£0,Es = 0 Hy — 3y Hy — Jp3 — J'yy,
uo Hy = —3yE3 — 1 — Jr:zly’ (1.40)
porHy = 0xE3 — Jya — J, 5y

In this case, the PEC boundary condition (1.12) on the boundary d D of the rectangle
domain D = (a,, af) x (a, , a;' ) can be recast as

H =H,=0, on dD.

Example 1.1 In [38, 102], the authors studied the following two-dimensional
stochastic Maxwell equations with additive noise in a lossless medium

0, E3 = 0y Hy — dyHy — A1y,
0 H| = —0yE3 + Loy,
0 Hy = 0 E3 + Loy,

where A1, A» > 0 are real numbers representing the scales of the noise, and y is a
spatial and temporal colored noise.

1.2.3 Time-Harmonic Stochastic Maxwell Equations

In the case of a monochromatic wave, assume that all fields are of the form
Et, x) =Exe M, H@, x) = Hx)e ¥, (1.41)

where k > 0 is the wavenumber and i is the imaginary unit. In addition, we
assume that J.(¢,x) = J.®e ¥, Jry)(t,x) = Fx)yx)e X, J,(t,x) =
Jn(x)e=* “and (J7 y)(t,x) = I, (x)y (x)e~ ¥, Plugging (1.41) into (1.32)~(1.33)
with constitutive relations (1.6), we have the time-harmonic stochastic Maxwell
equations

—ikeE(x) — V x Hx) = —J.(x) — J,(X)y (%),
(1.42)
—ikpHEX) +V x EX) = -], (x) — J, X))y (x).
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Eliminating H yields

V x (M_IV x E) — k*¢E = ik (Je+Ty) =V x (,uflJm + ,u_lanV) ,
while eliminating E gives analogously

V x (s’lv X H) — K*uH = ik(Jm +J,,7) + V x (e*IJe + S*IJZ)/) .

Example 1.2 In [179, Sect. 3.1], the author investigated the following time-
harmonic stochastic Maxwell equations with colored noise in a simple medium

Vx(VxE)—KkE=ikJ,+ ), in D,
V-E=p.+ 1, in D,

nxE=0, on 0D,

where y; and y» denote spatial colored noises.

1.3 Applications of Stochastic Maxwell Equations

Since 1979, there has been a tremendously growing interest in the study of the
stochastic Maxwell equations and their applications in areas ranging from the
inverse random source problem, thermal radiation, integrated circuit technology,
metamaterial, and optical communication. At the end of this chapter, we present
two related research on the stochastic Maxwell equations.

1.3.1 Inverse Random Source Problems

Inverse source problems are to infer the information of the radiating sources by
using the measured wave fields generated by unknown sources. These problems
have significant applications in many scientific areas such as antenna synthesis
and design, biomedical engineering, medical imaging, and optical tomography. In
particular, the inverse source problem modeled by the Maxwell equations is an
important research subject.

In many practical situations, due to the unpredictability of the surrounding
environment, the source of the system, in general, randomly varies in time and
space. These random fluctuations are important in a variety of practical appli-
cations. Geophysicists are interested in the use of electromagnetic wave random
fluctuations that occur due to the propagation through planetary atmospheres in
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order to remotely determine their dynamic characteristics. Physicians use electric
or magnetic measurements with random fluctuation on the surface of the human
head to infer the source currents in the brain which produce these measured
fields. Radar engineers need to concern themselves with clutter echoes that follow
some probability distribution produced by storms, rain, snow, or hail so that the
radar target can be detected and identified accurately. In recent years, there has
been rapid progress in the theoretical understanding and the numerical treatment
of electromagnetic inverse random source problems; see [12, 82, 124, 125] and
references therein for relevant studies.

More precisely, all of these inverse random source problems of determining a
source are characterized by the microcorrelation strength or the statistical properties
of the random source based on the stochastic Maxwell equations. For example, in
geological prospecting, the random source problem can be depicted by the following
time-harmonic stochastic Maxwell equations

VxE=ikH, VxH=—ikE+J, in RY\D,

where J” is a random field and the impenetrable material D is a polyhedral scatterer
inR¢ (d = 2, 3). In medical imaging, the stochastic Helmholtz equation

AE+ (K* +ikB)E=3", in DCR?

can be used to diagnose the body or the extent of the pathological tissue, where the
attenuation coefficient 8 > 0 describes the electrical conductivity of the intracellular
current (dendrite).

The solution theory and the structure-preserving algorithms for the stochastic
Maxwell equations discussed in this monograph may provide some tools for the
establishment of the well-posedness theory for inverse random source problems, the
construction of highly efficient and stable reconstruction algorithms, etc.

1.3.2 Thermal Radiation

Thermal radiation, as a ubiquitous physical phenomenon, plays an important role
in various research fields of science and engineering. The traditional understanding
of radiation heat transfer inside a semitransparent medium relies on the radiative
transfer equation, considering emission, absorption, and scattering. However, these
phenomenological approaches do not fully account for the origin of thermal
emission and break down when the interference and diffraction roles of waves
become increasingly important. According to the fluctuation-dissipation theorem,
thermal emission originates from the fluctuating currents induced by the random
thermal motion of charges, known as thermally induced dipoles. In order to predict
and understand thermal radiation, fluctuational electrodynamics needs to be used,
leading to the stochastic Maxwell equations.
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For example, if an object is at temperature T which is greater than absolute
zero, thermal agitation causes a chaotic motion of charged particles inside the
body. The random thermal motion of the charges generates in turn a fluctuating
electromagnetic field. On a macroscopic level, the field fluctuations are due to space-
time thermal fluctuations of charges and currents in the physically infinitesimal
volume elements of bodies. In other words, two random extraneous current and
charge density terms ¥, and J},,, which cause thermal fluctuations of the field, should
be introduced in Faraday’s law and Ampere’s law:

4 4

1 47 1
VxH=-D+—J.+ —3,, VXE=--9B— —3],
c c c c

c
with the corresponding constitutive relations. Here, ¢ is the speed of propagation
of the electromagnetic wave. Particularly, as nanotechnology advances rapidly,
there is an increasing demand for understanding the mechanism of radiation heat
transfer in the processing and diagnostics of nanomaterials. The stochastic Maxwell
equations provide a proper model for solving the radiation heat transfer problem.
By investigating the fluctuation-dissipation theorem of the stochastic Maxwell
equations, the bridge between the strength of the fluctuation of the current density
J%, and the local temperature of the emitting body could be built. There is extensive
literature on this topic. We refer to [81, 144, 149, 155, 173] and references therein.

By applying some structure-preserving algorithms developed in this monograph
to the considered model, we can give a better interpretation of some interesting
physical phenomena and understand the physical mechanisms of thermal fluctuation
more clearly.

Summary and Outlook

This chapter gives a brief introduction to the deterministic Maxwell equations and
the origin of the stochastic Maxwell equations. In addition, several mathematical
formulations of noise which provide preliminaries to theoretically and numerically
analyze the stochastic Maxwell equations are discussed. Finally, some applications
of the stochastic Maxwell equations are presented.

As is known, the deterministic Maxwell equations, as an important Hamiltonian
system, possess certain intrinsic structures and properties. More precisely, the phase
flow of the deterministic Maxwell equations preserves both the symplectic and
multi-symplectic structures. In addition, the solution of the deterministic Maxwell
equations satisfies the charge and divergence conservation laws. Various structure-
preserving algorithms have been developed, analyzed, and tested in order to inherit
the structures and properties of the original equations. Taking stochasticity into
account, [112] investigates the theory of stochastic Hamiltonian partial differential
equations, whose phase flow preserves the stochastic multi-symplectic structure.
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And a stochastic multi-symplectic algorithm is developed in [112]. For the study of
the stochastic Maxwell equations, some natural and important questions arise:

(i) What are the intrinsic properties, in the aspects of the geometric structure, evo-
lution laws of physical quantities, and dynamical properties, of the stochastic
Maxwell equations?

(ii)) How to construct and analyze numerical algorithms which can preserve those
intrinsic properties of the stochastic Maxwell equations?

We intend to answer these problems in the following chapters.

In recent years, the stochastic Maxwell equations have been applied to many
other areas and there is also a lot of work related to their application and numerical
analysis. For example, in the integrated circuit area, a technique based on the model
order reduction to the stochastic Maxwell equations has been proposed for the
simulation of a coplanar waveguide with dielectric overlay (see e.g., [3, 4, 13]); in
the metamaterial area, researchers proposed some innovative methodologies based
on the stochastic Maxwell equations to generate and optimize random metamaterial
configurations, including the stochastic collocation method (see [126]) and the
multi-element probabilistic collocation method (see [166]); in the optical soliton
communication area, [122] investigated the propagation of ultra-short short solitons
in a cubic nonlinear medium modeled by the nonlinear Maxwell equations with
stochastic variations of media, and [132] developed an accurate coupled local-mode
equation for ultra-short optical pulses based on the stochastic Maxwell equations.



Chapter 2
Solution Theory of Stochastic Maxwell oo
Equations

This chapter is devoted to the solution theory of the stochastic Maxwell equations,
including the well-posedness, the regularity of the solution, as well as the regular
dependence of the solution on the initial datum.

The outline of this chapter is as follows. In Sect.2.1, we provide a succinct
introduction to function spaces and the Maxwell operator associated with the
stochastic Maxwell equations and rewrite the equations in the formulation of the
stochastic evolution equation for convenience. Then in Sect.2.2, we show the
existence and uniqueness of the solution for the stochastic Maxwell equations with
the drift term being either globally Lipschitz or non-globally Lipschitz continuous.
After that, we investigate the regularity of the solution in Sect.2.3. Finally, in
Sect. 2.4, the differentiability with respect to the initial datum of the solution for
the stochastic Maxwell equations is discussed.

2.1 Preliminaries

In this section, we introduce several function spaces and present the properties of
the Maxwell operator associated with the stochastic Maxwell equations, and give
the formulation of the stochastic evolution equation by introducing two Nemytskij
operators.

© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2023 27
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We focus on the study of the following stochastic Maxwell equations in the Itd
sense:

edE=[V x H-J, (1, x, E, H)|dt —J.(,x, E, )dW,  (z,x) € (0, T] x D,

udH=[-V x E—J,,(1, x, E, H)1dr —J,, (t, x, E, H)dW, (1,%) € (0, T] x D,

E(0, ) = Eo(x), H(0, %) = Hy(x), x € D,

n x E=0, t€[0,T], x €D,
2.1)

where D C R3 is an open, bounded, and Lipschitz domain with boundary 9D,
and n is the unit outward normal vector on dD. Suppose that the medium is
isotropic, which implies that ¢ and w are real-valued scalar functions, i.e., €, u :
D — R. Here, W is a Q-Wiener process defined on a filtered probability space
(82, 7, {F}o<i<r, P), where Q is a symmetric, nonnegative operator with a finite
trace on U := L?*(D). More precisely, W has the following Karhunen-Logve
expansion

W(t.x) =) Q%ej(x)/aj(t), t€[0,T], xeD,
jeN

where {8} jen is a family of independent standard Brownian motions and {e;} jen
is an orthonormal basis of U.

Throughout this monograph, we assume that the coefficients ¢ and u satisfy the
following assumption.

Assumption 2.1 Assume that the electric permittivity ¢ : D — R and the magnetic
permeability u : D — R satisfy

g, weL®D), & nu=>8>0 (2.2)

with § being a constant.

The basic Hilbert space we work with is H := L%2(D)3 x L%*(D)? with the
weighted inner product defined by

El E2 — . .
<[H1] |:H2:|>IHI = /D(8E1 E; + uH; - Hp)dx,

which is equivalent to the standard inner product in H according to Assumption 2.1.

The norm
E
H

12
= ([ lrr + umpiex)
H D
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induced by the above inner product, corresponds to the electromagnetic energy of
the physical system.

In addition, definitions and properties of important function spaces related to
the divergence and curl operators are briefly introduced below, which play a
fundamental role in the regularity analysis of the stochastic Maxwell equations.

The space H (div, D) is defined by

H(dv, D) i={ve L2(D): V-veU),
which is a Hilbert space under the inner product
(u, V) H(div,D) = (u, U>L2(D)3 +(V-u,V-v)y
and the induced norm
) 5\ 1/2
.0 2= (113205 + 1V - ully)

The space H (div, D) can be characterized as the closure of C>(D)? with respect
to || - |l H(div,p)- Define the subspace Ho(div, D) of H(div, D) as the closure of
CSO(D)3 with respect to || - || g (div, p), Which can also be expressed as

Ho(div, D) = {v € H(div, D): n-v|sp = 0}.
The space H (curl, D) is defined by
H(curl, D) := {v cL¥ D) : Vxuve L2(D)3],
which is a Hilbert space under the inner product
(u, V) g curl, D) = (U, U>L2(D)3 +{(Vxu,Vx U)LZ(D)3
and the norm
) ) 1/2
el prunt oy = (112205 + 19 X 4122055 ) -

This space can be characterized as the closure of C®(D)3? with respect to
Il - Il (curt, p)- Define the subspace Ho(curl, D) of H(curl, D) as the closure of
C§°(D)3 with respect to || - || g (curl, D), Which can be expressed as

Hy(curl, D) = {v € H(curl, D) : n x v|gp = O}.
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Note that we have the following integration by parts formula:

/(qu)-vdx:/ u-(Vxv)dx (2.3)
D D

for all u € H (curl, D) and v € Hy(curl, D).

Remark 2.1 In general, u € L?(D)? is not differentiable and does not possess a
‘classical curl’. We clarify that V x u always denotes the following variational curl
of u, i.e., there exists v € LZ(D)3 such that

/u»de)dx:/v-qbdX V¢ € C(D)>.
D D

In this case, we write V x u = v. Similarly, we denote by V - u the variational
divergence of u, i.e., there exists w € U such that

/u-wdx=—f wirdx ¥y € CP(D).
D D

In this case, we write V - u = w.

Based on the above preliminaries on function spaces, we now introduce the

Maxwell operator
0 e lvx
M = 2.4)
—u'vx 0

with domain

E E e~V xH
@(M).:”H] cH: M[H:|:|:—M_1VXE:| e H, an\aDzo}

= Hy(curl, D) x H(curl, D).

The corresponding norm is defined as

172
gy = (lulis + 1 Muly)

Theorem 2.1 If ¢, v satisfy Assumption 2.1, then the Maxwell operator M
2P (M) — His closed and skew-adjoint, and thus generates a unitary Co-semigroup
(S@t) :==e™, t >0} on H.

Proof The closedness of M follows from the closedness of the operator V x. To
prove the skew-adjointness of M, it suffices to show that M is a skew-symmetric
operator and that /d = M have dense ranges.
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Taking ¢y = (u', v")T, U=@G@", 7T € 2(M) and using (2.3) give that
<M¢,¢>H=/D(va-u—qu~v)dx

:/ (v-Vxﬁ—wai)dx
D
= - ) M~> B
0. w7),
i.e., M is skew-symmetric.
By the standard spectral theory given in Lemma B.1, the Maxwell operator M is
skew-adjoint if
ran(/d £ M) = H. (2.5)
Skew-adjointness then implies the assertion in view of the Stone theorem (see
Theorem B.1). Since C°(D)° is dense in H, the proof of (2.5) is equivalent to
showing that for every f = (£, f;)T € C®(D)°, thereexistsg = (ET,H) T €
2(M) such that
(Id £ Mg =,
or equivalently,
E+e 'VxH=f, HFu 'VxE=f. (2.6)
Plugging the second equation in (2.6) into the first one, we obtain

eE+V x (4 'V XE)=ef] (V x ) = h. 2.7)

Then h € L?(D)? due to the denseness of H(curl, D) in L?(D)3. For the well-
posedness of these equations, we introduce the following symmetric bilinear form

a(u, v) =/ <8M . v—l—M*l(V xu)-(Vx v))dx
D

on H(curl, D). It can be seen that a is continuous and coercive under Assump-
tion 2.1. Using the Lax-Milgram lemma, one obtains the existence of E €
H (curl, D) satisfying

/(£E~v+u71VxE-va>dx:/h-vdx Vv € H(curl, D).
D D
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It follows from h — ¢éE € L%(D)3 that V x (u~'V x E) € L%*(D)? and E
satisfies (2.7). If we define H € H(curl, D) by the second equation in (2.6), we
obtain a solutiong = (ET,H") T € 2(M) of (2.6), as asserted. m|

Remark 2.2 For the two-dimensional case in TE polarization (1.39) with D =
(ai, ar) x (a, , a; ) C R2, the Maxwell operator is defined as

-1
£ 0yw

MTE . 9(MTEy > L*(D)?, —e 19w ,

S <
1

;J,_IByu — o

where the domain of MTF is given by

u u
MTEy .= | v | eL>D)?: MTE| v | € L2(D)>, ulsp =0, vlsp =0
w w

Under the weighted inner product

uq u
< v |, V2 > ZZ/ (8”1M2+80102+/Lw1w2>dxdy
D

w1 w2 el

and Assumption 2.1, it can be verified that MTE is skew-adjoint on L?(D)3, and
thus generates a unitary Co-semigroup {STE(¢) := e’MTE, t > 0} on L3(D)3.
In a similar manner, we can define the Maxwell operator M ™™ for the TM
polarization (1.40).

To study the solution theory of (2.1), we always rewrite it in the following
equivalent form of the infinite-dimensional stochastic evolution equation:

du(t) = [Mu(t) + F(t,u(t))]dr + B(t, u(®))dW(), € (0,T],
u(0) = uyo,

2.8)

where u = (ET,H")", ug = (EJ,H])", M is the Maxwell operator defined
in (2.4), and F, B are defined below.

e The drift term F : [0, T] x H — H is a Nemytskij operator associated with J,
and J,,;, which is defined by
_871Je(t7 X, E(tv X)v H(t’ X))

, te[0,T], xe D
—u 13, x, E(t, x), H(t, X))

F(t,u)(x) = |:
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foru=ET,HHT e H.

e The diffusion term B : [0, T] x H — HS(Up, H) is a Nemytskij operator
associated with J/, and J,, which is defined by

—e~1Jr(t, x, E(t, x), H(t, X)) v(x)

(B(t,u)v)(x) := |: .
—u J (¢, x, E(t, x), H(z, X)) v(x)

:|, tel0, T],xeD

foru =E",H)" e Hand v € Uy := Q%U. See Appendix D.3 for more
details on the notation Uj.

2.2 Well-Posedness

This section presents the well-posedness of (2.8) with either globally Lipschitz or
non-globally Lipschitz continuous drift term.

2.2.1 Globally Lipschitz Continuous Case

Consider the stochastic Maxwell equations (2.8) with globally Lipschitz continuous
coefficients. More precisely, assumptions on F' and B are given as follows.

Assumption 2.2 Assume that F : [0, T] x H — H is measurable from ([0, T] x
H, A([0, T]) x Z(H)) into (H, B(H)), and there is a positive constant C such that

£ wla < CA+ flullm, (2.9)
IF(t,u) — F(s,v)llm < C(|r —s| + lu — vl (2.10)

for almost every t,s € [0, T] and u, v € H.

Assumption 2.3 Assume that B : [0, T] x H — HS(Uy, H) is measurable from
([0, T] x H, A([0, T]) x ZM)) into (HS(Uy, H), B(HS(Uy, H))), and there is

a positive constant C such that
IB(t, u)| aswe.mm < C(1+ llul?p/?, (2.11)
IB(t, u) — B(s, V)|l aswomm < C(t —s|+ |lu — vllm) (2.12)

for almost every t,s € [0, T] and u, v € H.
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Remark 2.3 Assumptions 2.2 and 2.3 can be guaranteed by certain conditions on
coefficients in (2.1). More precisely, suppose that there exists a positive constant
L such that every J € {J., Jw, J,. J},} satisfies the globally Lipschitz continuous
condition:

[J@, x, 1, v1) —J(s, X, uz, v2)| < L(|t — |+ lug —uz| + [vp —v2),  (2.13)
where t,s € [0,T],x € D, and uy,v(,up, vy € RY. Let ¢, w satisfy Assump-
tion 2.1. In addition, suppose that Q'/> € HS(U, H” (D)) for y > 3/2. Then

conditions (2.9)—(2.12) hold.
In fact, thanks to (2.13), we derive that

12
1# Gl = ( [ (ele™ 0P + ulu 1, 7)x)
D
12
< ca*l/z(f (1 +EP + |H|2)dX)
D

12
< ca—l/z[u)ﬂ/2 + 6—1/2(/ |E]? + /L|H|2)dx> ]
D
<CA+ lullm)

and

1 1
1B ) Frswomm = 1BE WO g swm = Y 1B )07l
jeN

=% [ (e ebe 0 + i, 0Fe P ox
D

jeN

_ 1
<Cs 1Z||Qze,-||§oow)/ (1+|E|2+IH|2)dX
D

jeN
= C5Q 50,7 oy (ID1 + 87" /D (eI + uHP)dx)
< C+ Jlullfy,
where we used the Sobolev embedding HY (D) — L*°(D) with y > 3/2 (see

Theorem B.2). Thus we obtain (2.9) and (2.11). Proofs of (2.10) and (2.12) can be
obtained similarly.
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Theorem 2.2 Assume that ug is an Fo-measurable H-valued random variable
satisfying lluollLr (@ m < oo for some p > 2. Let Assumptions 2.1, 2.2, and 2.3
hold. Then (2.8) has a unique mild solution given by

t
u(t) = S(t)ug +/ S(t —s)F(s,u(s))ds
) 0 (2.14)
+/ St —s)B(s,u(s)dW(s), P-a.s.
0

for each t € [0,T). Moreover, there exists a positive constant C =
C(p,T,F, B, Q) such that

E[ sup ||u(t)||{§ﬂ] < c(1+E[||u0||f;H]). (2.15)
1€[0,T]

Proof

Step 1: Existence and uniqueness. We first prove the existence and uniqueness of the
solution based on the fixed point theorem. For p > 2 and 8 > 0, denote by 7, g the
Banach space of all H-valued predictable stochastic processes {Y (¢) : t € [0, T']}
such that

_ 1/p
Y16 := sup e “’(E[llY(t)II{ZH]) < 00.

te[0,T]

Define a mapping %" on J¢, g by
t

HY)({@) = Stug +f S(t — $)F(s, Y (s))ds
0

'
+/ S(t —s)B(s, Y(5)dW(s), P-a.s.
0

forallr € [0, T]and Y € J7), g.

Now we show that the mapping 2" : J¢, g — ¢, g is well-defined. In fact,
taking into account Assumptions 2.2 and 2.3, and using Proposition D.4 (ii), one
obtains that

12 (Xl p,p

= s e {(Esona) "+ G| [ s vna]))”

te[0,T]

(oL s vnaweol )]
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t
< lluollLr (22,1 + sup e_ﬂt/ IF (s, Y () IlLr(2,mds
1€[0,T] 0

+C sup e™( /0 (B[1Bes. YD) )

te[0,T]

T 1
< lluollLr(2,m + C/ [1 + (]E[”Y(S)”ﬁ]) p]ds
0

+ c(/OT [1 n (E[n1/(s)||{;H])2/p]ds)l/2

T ) T 245 1/2
< lluoll Lo + CT +c(/ Pds + (/ e f”ds) )|||Y|||,,,,3 < o0,
0 0

Let Y1 and Y> be two arbitrary processes in ¢, g. Then
|2 (Y1)() — 2 (X2) (D) lLr 2,1

t
=< H[o St —s)(F(s, Y1(5)) — F(s, Y2(s)))ds

LP($2,H)
t
] [ 509861160 - B Remawe)|
0 LP($2,H)
=11 + Db,.

For the term /1, Assumption 2.2 implies that

t
I 5/0 |F (s, Yi(s)) — F(s, Ya(s)lLr (2, mds

t 1/
=c [ (Elme - roig]) e
0

t 1/
= C/o ePsePs (JE[IIYl (s) — Yz(s)”ﬁ]) “ds

CeP —1)
B

for all t+ € [0, T]. For the term I, it follows from Proposition D.4 (i) and
Assumption 2.3 that

t
SC/ P sy —Wllpp = Y1 — Yallp.p
0

1 2p 12
e /0 (E[IBG. ¥1(5) — BGs. LoDy z]) )
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=c( (Eno - raong]) " as)

c(/t o265 2B (E[MYl (s) — 1/2(s)||ﬂ’31])2/pds)1/2

0

tzﬁs 172
SC([e ds) |||Y1—Yz|||p,,s=C(
0

forall ¢+ € [0, T']. Therefore,

e2,3t _

2B

12
) Y1 — Y2llp.p

lZ (Y1) — & (Y)lp.p = Sgp e P (Y1) (1) — H (V) ()l Lr2.m)
1€[0,T]

1—e P 1 —e280\'/?
<C sup +( ) 1Yy — Yallp,
1€[0.7] B 2p P

1—ePT 1 — e 26T 1/2
=C 5 +< 25 ) 1Yy = Y2l p.p

forall Yy, Y, € jfp g- Moreover, note that

1—ePT 1 —e 26T 172
li =0.
PN ( 2 )

Combining the above estimates, we have shown that %" is a contraction mapping
from J%, g to S, g when f is sufficiently large. Thus, there exists a unique solution
of (2.8) which fulfills (2.14).

Step 2: Proof of (2.15). By using Proposition D.5 and the linear growth properties
of F and B, we have

B[ sup u)}] = CE[ sup 1S@uol]
1€[0,T1] 1€[0,T]

T
+C]E[/0 1St —s)F(s,u(s))Hﬁds]

t
+C]E[ sup ”/ S(t — ) B(s, u(s))dW(s)
ref0,71 1 Jo

p

)
T

< CIE[||u0||H'_’H]+C/O (1+ Elu)15])ds

+ CE[(/OT 1 B(s, “(S))”%-IS(UO,H)dS)p/z:I
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T
< CIE[||u0||ﬁ]+C/O (1+1E[||u(s)llﬁ])ds

< CE[||uo||H{’H]+C/OT (1+1E[ sup ||u(r)||ﬁ])ds.

rel0,s]

By the Gronwall inequality, there exists a positive constant C such that

ELS’[‘S% lu) 1] = €(1+E[luoll§])-

Thus the proof of Theorem 2.2 is finished. O
Remark 2.4 Consider the stochastic Maxwell equations in the Stratonovich sense
du(t) = [Mu(t) + F(t, u(t))]dt + B(t,u(t)) odW(), te€(0,T],

u(0) = up.
(2.16)

It is well-known that this system is equivalent to the following system in the It
sense

du(t) = [Mu(t) + F(t,u(t)) — %BM(I, u(t))B(t, u(t))FQ]dt + B(t, u(t))dW(z),

where Fp(x) = ZjeN (Q%ej(x))z. If the modified coefficient F (¢, u(r)) :=
F(t,u()) — %BM (t, u())B(t,u(t))Fp satisfies Assumption 2.2 and the diffusion
term B satisfies Assumption 2.3, then by Theorem 2.2, there is a unique mild
solution of (2.16).

2.2.2 Non-globally Lipschitz Continuous Case

In this subsection we restrict our attention to (2.8) with Kerr-type nonlinearity, i.e.,
Fu(t)(x) = —lu(t,x)u(t, x) (2.17)

for g > 0. In addition, we assume that ¢ = p = 1. Here and after, we denote by
(-, -) the dualization between a Banach space V and its dual space V*. For example,

if V. = L?(D) for some p € [2, o0), then V* = LP%'(D) and

(fog) = /D FREMdx VeV, geVr
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We first introduce some properties of the nonlinear term F in (2.17) as a mapping
+2
from L4+2(D)0 to L4+ (D)S.
Lemma 2.1 For the term F, it holds

(i) there exists a constant yy > 0 such that

(F(u) = F(v),u —v) < =pllu — vl

+2
Lq+2(D)6 (218)

forallu,v € L42(D)%;
(ii) there exists a constant C > 0 such that

”F(M) - F(U)HL%(DW 5 C<||u||3q+2(D)6 + ||v||iq+2(D)6>”u - v||Lq+2(D)6

(2.19)
forallu,v € L4t2(D)°.
Proof
(i) Note that |Fu)| 4+ = lullgg+2(pys. thus F is a mapping from
Latl (D)6
+2
Lit2(D)0 to LZ? (D)°. 1t follows from Proposition A.7 that
2
(F@) = F(v),u—v) = —(Jul®u — o0, u —v) < —yolle = vl¥7% 6.

where the positive constant Y depends on g.
(ii) For any u,w € L97%(D)®, F is Fréchet differentiable (see [107, Corollary
9.3]) and its Fréchet derivative is given by

Fuww = —qlw|?2u"w — |ulfw,

which implies (F,(u)w, w) < 0 and |F,(w)wx)| < Clux)|?|w(x)| for all
X € D. Thus the mean value theorem yields the conclusion.
O

Remark 2.5 If ¢ > 1, then F is twice continuously Fréchet differentiable with
Fuu () (v, 0)(%) < Clu)[9™ x)]?

forall u,v € L‘1+2(D)6 and x € D. We refer to [105, Lemma 2.6] for more details
of this property.

We are in a position to give the well-posedness of the stochastic Maxwell
equations (2.8) with the nonlinear drift term (2.17).
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Theorem 2.3 Let g > 0. Suppose that ug € L*(2, H), and B satisfies Assump-
tion 2.3. Then there exists a unique weak solution u of (2.8), namely, there is an
adapted process u € L ($2, C([0, T1, H)) N L9T2 (2 x [0, T] x D)° satisfying

t
(u(t) = uo. @)z =/O (= W), M) — () [u(s), s )ds

t
+/ (¢, B(s, u(s))dW(s))m, P-a.s.
0

forallt € [0, T and ¢ € 2(M) N LI2(D)°.

The proof of Theorem 2.3 is mainly based on the Galerkin approximation. Before
giving the Galerkin approximation, we first introduce some operators, which will be
used to obtain a truncation of (2.8). Define operators AV = AP® = V x V x
—V(V:) with domains

2(AD) = {u € Ho(curl, D) N H(div, D) : V x V x u € L*(D)?,
Voue HD),

D(AP) = {u € H(curl, D) N Hyo(div, D) : V x V x u € L*(D)°,
V.ueH'(D),nx (Vxu)lp= 0]’

respectively. One can check that for i = 1,2, the operator /d + AD g strictly
positive and self-adjoint on L?(D)3, and the embedding Z(A®) — L*(D)3 is
compact.

Define the Hodge—Laplacian operator by

— AWMy,
Agu =
# —A(z)uz
forallu = (u],uy)" € 2(Ap) = 2(AY) x P(A®). Hence, Id — Ay is a
densely defined, self-adjoint, and positive definite operator with a compact inverse.
Then, there exists an orthonormal basis of eigenvectors {gi}ren to the positive

eigenvalues {Ay}ren of Id — Ay with A — oo as k — oo.
Define the orthogonal projection operator P, : H — H by

Pau:= Y (u.g)mgk. u€H
{k: Ar=2"}
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for any n € N. Note that | J, .y ran(P,) is dense in Z(M) and in LP (D)% for p > 1
(see [105, Corollary 3.6]). Then for each n € N, we consider the following truncated
equation in ran(P,):
du™ ()= [P,,Mu<"> (t) + P, F (u™ (t))]dt—i—P,,B(t, u™@E)dW (), t € (0, T1,
u™(0) = Pyuo.
(2.20)

It follows from (2.19) that this is a finite-dimensional stochastic differential
equation with a locally Lipschitz continuous drift term. Using the fact u ' F(u) =
—|u|?"?, we obtain by [133, Theorem 3.5] that there exists a unique solution
u™ ;2 x [0, T] = ran(P,) with continuous paths that solves (2.20).

In order to construct the solution of (2.8), we need some a priori estimates for
the solution u™.

Proposition 2.1 There exists a positive constant C such that

SuII\JIE[ sgp ||M(n)(t)||12HI] +2su§]E[/(; ||u(n)(s)||Lq+2(D)6d ]
ne tel0,T] ne

(2.21)
< (7 +E[luol2]).

Proof Applying the Itd formula to [|u™ (¢) ||]%I yields
t
™ @11 = 1u™ )1y +2 / (1™ (), =™ ()17u (5))pds
0

/ ZHP B(s, u(")(s))Qze I3ds +2M™ (1), P-a.s.

jeN

forall ¢+ € [0, T], where

t
M™ (1) :=/ W™ (s), P,B(s, u™ (s))dW (s))g.
0

Hence, for all ¢t € [0, T,

2
™ @N1F < luollfy — 2 f (Ot
(2.22)
t
+ C/O 1u®™ ()I2ds + CT +2M™ (1), P-a.s.

due to the linear growth of B.
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It follows from Proposition D.4 (ii), (2.11), and the Young inequality that

]E[ sup ]M(")(t)‘]
1€l0,T]

o 12
< CEB[ [ 15l 505, ) 51 s, 105
-J0

< cu[( sup 1) ([ (14 1a612)as) "]

tel0,T]

(2.23)

=

_ T
E[ sup ||u(")(t)||H2_H] ~|—CE[/ sup ||u(”)(r)||]%1ds] 4 CT.
-1€[0,T] 0 rel0,s]

FNge

Then by (2.22) and (2.23), and the Gronwall inequality, we have that for any n € N,

T

2

JE[ sup ||u(n>(¢)||]12{] +2E[/O ||u(n)(s)||'z;“+2(D)6ds] < c(T +1E[||uo||§ﬂ]),
te|l,

where C is a positive constant independent of n. O
We will need the following lemma; see e.g., [105, Lemma 4.2] and [129,
Theorem 4.2.5] for the proof.

+2
Lemma 2.2 Let Xo € L2(2,H), Y € LitT(2 x [0, T] x D)® with ¢ > 0, and
Z € L3(£2 x [0,T], HS(Up, H)) be {Z:}o<t<r-adapted. Define the process X
satisfying

t
(X (1), @)z = (Xo. ¢z — /O ((X ). Myt — (¥ (5), )t )
(2.24)

t
+f (p, Z(s)dW(s))m, P-a.s.
0

forallt € [0, T1and ¢ € 2(M)NLIt2(D)0. If X € LIt2(2 x [0, T] x D)®, then
X is an H-valued continuous {%; }o<;<1-adapted process and satisfies

15}

IX )1 = 1X DI + f (20X ). Y ) + 12 s ) 35

n

) (2.25)
2
+ 2/ (X(s), Z(s)dW(s))m, P-a.s.

4

forall0 <t <th <T.
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Taking into account the truncated equation (2.20) and the estimate of u in
Proposition 2.1, we are now in the position to give the proof of the existence and
uniqueness of the weak solution for (2.8) with the nonlinear drift term (2.17).

Proof of Theorem 2.3.
Step 1. Existence. Recall that for each n € N, the process {u™ (1), t € [0, T} is the
solution of (2.20). By Proposition 2.1, it follows that

T
1 2
q:ﬂ = ]E[/ ||u<n>(s)||zj+z(mﬁd ]

Jram)
La+T (2x[0,T]x D)6 0 (2.26)

< ¢(T +E[lluol3])-

Analogously, by the linear growth of B and Proposition 2.1, we have

)

<CT(1+E ). 227
L2(2x[0.T]. HS(Uo, H)) +E[luollf] (2.27)

Therefore, by the reflexivity of LIt2(2 x [0,T] x D)® and L2%(£2 x
[0, T], HS(Uy, H)), (2.26), (2.27), and Proposition 2.1, one obtains that there

+2
exist u € LIT2(2 x [0,T] x D)S, ¥ € Lii(2 x [0,T] x D)S, Z e
L2(£2 x [0, T1, HS(Up, H)), and a subsequence {ny} such that for ny — oo,

(1) u™ — u weakly in LI72(2 x [0, T] x D);
(i) u") — u weakly* in L?(£2, L>°([0, T, H));

+2
(ili) F@")) — Y weakly in L?m(:z x [0, T] x D)®;
(iv) B(-,u"™) — Z weakly in L>(£2 x [0, T], HS(Uy, H)) and

t t
/PnkB(s,u<”k>(s))dW(s)—>/ Z(s)dW(s) Vit el0,T]
0 0

weakly* in L®([0, T, L*(£2, H)).

For any p € LIt2(2 x [0, T]) and ¢ € UneN ran(P,), by the symmetry of P,
and the skew-adjointness of M, we obtain from (2.20) that

T
E| / W () — ug™, @)ro(1)d
0
~E / p(1) / () (5), M Poy @)z + (F (), Poy @) )dsct]

T t
+E[/O p(t)/o (Pnk¢,B(s,u(”")(s))dW(s))Hdt].
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By the weak convergence results (i)—(iv) and the stochastic Fubini theorem, we
obtain

ol | ) — w0, B)sp (13
5[ [ o0 [ (= o) Mo + 179, o1 )asar]

T t
+E / p(1) / (6. Z()AW (5))sd ]
0 0

Therefore, by the arbitrariness of p, we have

t
o) = 0. 81 = [ (= o). Mgl + (¥ (5). 91z )ds
0 (2.28)

t
+/ (@, Z(s)dW(s))g, dtf Q@ P-a.e.
0

Using the fact that [,y ran(P,) is dense in Z(M) () LP(D)® for any p > 1, one
obtains ¢ € 2(M) N LIt2(D)°.
Thus, it remains to verify

B(,u)=2, Fu)=Y, dt®P-a.e.

To this end, we first note that for any nonnegative function ¢ € L*°([0, T'], R), it
follows from (i) that

T

T
B[ [ v ds] = tim B[ [ eue). ™ 6]
0 k— 00 0

< (= [ womsnzas)) imint (2] [ wonaopas])

which implies

T T
E[/ 1/f(s)||u(S)||112-[[ds] < l}(m infE[[ Y (s) ||u("")(S)||112-11ds]. (2.29)
0 —00 0
By using (2.28), Lemma 2.2, and the product rule, we obtain that

E[e™ llu(t) ] — E[ luoli%]
' (2.30)
= ]E[/O oS (2(u(s), Y(s))m + ||Z(s)||%1S(UO’H) _ c”u(s)”%)ds]’
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where c is a positive constant. Furthermore, for any ¢ € Lq+2(.{2 x [0, T] x D)6
we have

E[e™ |u™ (0)11%,] — E[llug™ 3]
t
— g / e (2 5), F@™ (5)))s
0

1
D1 P Bl 1™ () 0Fe; 1 — ellu™ ) ) s |
jeN

t
<x / e (2 5), F@™ (5))n
0
+ 1BG, u™ D sy i) — cllu("k)(s)llﬁ)dS]
t
— /O e (2 5) = $(5), F@™ () = F@ ()
B, 1™ () = Bls, &) 5050 — ¢l ) — )1y ) s |
t
n ]E[ /0 e (2<¢(s>, F™(s)) — F(¢())m

+ 2 (s), F(¢($)))m + 2(B(s, u™(5)), B(s, ¢ (5))) 5w, H)
— 1BCs, )15y — 2¢ "™ (5), ()i + c||¢<s>||ﬁ)ds].

Note that if we choose ¢ large enough, by the Lipschitz continuity of B and (2.18),
we have

t
E[ /0 e (2(u("")(s) — ¢ (s), Fu"™ (5)) — F($()))m

+ 1B, u™ () = Bls, $6D) 50 — <lu™ () = 9 )ds | < 0.

Hence, by letting k — oo we conclude from (i)—(iv) and (2.29) that for every
nonnegative function ¥ € L*°([0, T'], R),

E| fo (e o — ol )ar]

T t
<E| fo v /0 e (20, Y(6) = F@(s)m 231)
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+ 2(u(s), F(@())m + 2(Z(s), B(s, ¢(s))) Hs(Uy,H)

— 1B, SO sz — 2600(), ()it + el () 1y )ds )dr .

Inserting (2.30) into the left-hand side of (2.31) yields

T t
E| /0 y o /O e (29 (5) — u(s). Y () = F@ ()
(2.32)

+1Z(5) = B, ) s — cluts) = o)l )ds )de] <.

Then by taking ¢ = u in (2.32), we obtain that B(-, u) = Z.

Again by taking ¢ = u—y ¢ fory > 0,9 € H,and ¢ € LI2([0, T]) in (2.32),
dividing both sides by y and letting y — 0, it follows from the Lipschitz continuity
of B and the dominated convergence theorem that

E| /O ' v fo ) (9. Y (5) — Fu(s))rds )di] <.

By the arbitrariness of ¥, q~5, and ¢, we conclude that F(u) =Y.
Step 2. Uniqueness. Suppose that # and v are solutions of (2.8) with initial data ug
and v, respectively, i.e., for any ¢ € [0, T]and ¢ € Z(M) N L1T2(D)°, we have

t
(u(t) = o, )z = /0 (= @), M) + (Fu(s), $))ds
t
+/ (¢, B(s, u(s))dW(s))m, P-a.s.
0

and

t
(w(t) — vo. $)m = fo (= (). M) + (F(u(5)). )i )ds

t
+ / (¢, B(s, v(s)dW(s))m, P-a.s.
0
Then by Lemma 2.2, for all ¢ € [0, T], we have

E[llu(t) — v()IIf;] = E[lluo — vollf]
t
+ E[ /0 (2<F(u<s)> — F(v(s)), u(s) — v(s))m

+ 1B, u(s)) = BGs. v .10 )35
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t
< E[lluo — wll] + € fo E[llu(s) — v(s)3]ds,

where the last estimate follows from (2.18) and the Lipschitz continuity of B. Using
the Gronwall inequality, we obtain

E[llu() — v®)lf] < e“"E[luo — vollf]
for all t € [0, T]. Consequently, it follows from ug = vy that for every ¢ € [0, T,
u(t) =v(), P-a.s.

The proof of Theorem 2.3 is thus finished. O

2.3 Regularity of the Solution

This section is devoted to the study of the regularity of the solution for the stochastic
Maxwell equations (2.8), which plays an important role in the analyses of stochastic
structure-preserving algorithms in Chaps.4 and 5. In Sect.2.3.1, we present the
uniform boundedness of the solution in LP(£2, Z2(M*)) (2(M*)-regularity for
short) and the Holder continuity of the solution in L2(2, 9(M k’])) for a fixed
integer k > 1. Sect.2.3.2 gives the uniform boundedness of the solution in
L%(2, H*(D)%) (H*-regularity for short) with k = 1, 2.

2.3.1 2(M¥)-Regularity

For k > 1, define recursively the domain Z(M*) := {u € 2(M*") . M+ 1y e
2(M)} for the k-th power of the Maxwell operator M and 2(M°) = H. If 2(M*)
is endowed with the norm

172
llgam = (I + IM5IE) T Yoe 2, k=1,

then 2(M*) is a Hilbert space. Furthermore, it can be shown that |u|| gmky =
Cllull gty for allu € Z(M*2), ki < k.

We fix the integer k € N and impose the following assumptions on coefficients
F and B of the equations.

Assumption 2.4 There exists a positive constant C such that, for all0 < £ < k, we
have

IF @ )l gaaey < C(1+ lullge)), (2.33)
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IF(t, 1) — F(s, W)l gaey < C(It = s|+ llu — vllgae)) (2.34)

foru,ve 2(M% andt,s € [0, T1.

Assumption 2.5 There exists a positive constant C such that, for all 0 < £ <k, we
have

172
1B 0lsan. o0y = C(1+ 11D 000) (2.35)
1B, w) = BGs, Ol sy oy = C(1 =51+ lu=vigae)  2.36)

foru,ve 2(M% andt,s € [0, T1.

We are now ready to establish the Z(M k)-regularity of the solution of (2.8).
Theorem 2.4 Suppose that e, ;v satisfy Assumption 2.1 and that F, B satisfy
Assumptions 2.4 and 2.5. Assume in addition that u is an .%y-measurable H-valued

random variable satisfying ”MO“L/)(Q)@(MI()) < oo for some p > 2. Then there
exists a positive constant C = C(p, T) such that the mild solution of (2.8) satisfies

E[ sup ||u(t)||Lp(Q,@(Mk))] < c(l +E[||uo||9(Mk)]), keN.  (237)
tel0,T]

Proof Using Proposition D.5, (2.33), and (2.35), it holds for the mild solution (2.14)
that

E[ sup (a1 ]
1€[0,T] 2M")

T
_ P
<C]E[t€s[gpﬂ IS@uoll e, | + CE| /0 1S = $)F (s DI, 40,5 |

—I-C]E sup Hf S(

te[O T] J<Mk>]

T
< CE[lluoll 0] + C/o (1+ EL12, 40,1 )ds
ce[([ 1B d )pﬂ
ve(( [ 1B 1D s i 8s)

T
» P
< CE[HMO”@(M/()] + C/O (1 + E[r:ﬁ)pﬂ ||u(r)||@(Mk)]>ds,

which together with the Gronwall inequality leads to the assertion. O



2.3 Regularity of the Solution 49

Now, we turn to the Holder continuity of the solution of (2.8).

Theorem 2.5 Let conditions in Theorem 2.4 hold. For any p > 2, there exists a
positive constant C = C(p, T, ug) such that

E[ln(®) = 4@, 4| = €t =97, (2.38)

|E[u@) —u]| yppery = € —5) (2.39)

forall0 <s <t <Tandk > 1.

Proof From the mild solution (2.14), we have that forall0 <s <r¢ < T,

t
u(t) —u(s) :(S(t —5) — Id)u(s) + / St —r)F(@r,u(r))dr

(2.40)
t
+/ St —r)B(r,u(r)dW (), P-a.s.
N
Therefore,
E[ Ju() = u) |5 ypicy |
< CE[I(S(t = ) = 1du@I}, |
t
P
n CEH /s S(t — P)F(r, u(r))dr _@(Mkil)]
! p
+ C]E[H/S St — r)B(r,u(r))dW(r)H@(Mkil)]
=1+ DL+ Is.
For the first term /1, we have
I < HS(t —5)— Ide E[lus)?, . ]
- L( DMK, DM Z(M¥)
< =) E[lu)12 4] @41)

= C(1+E[lluoll 0, 1) ¢ = )7,
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where Lemma C.1 and Theorem 2.4 are used. For the second term I, Assump-
tion 2.4 and Theorem 2.4 imply that

t
/ St —r)F(@r,u(r))dr

N

b=t

o)
DMKy

< C(t — )P~ /Sl E[”S(i —r)F(r, u(i’))H;(Mk—l)]dr

t

SC(t—s)P—I/ E[nF(r,u(r))||P@(Mk71)]dr (2.42)
t

< C(r—s>"—1f E[1+ 1012 i) |0

= C(1+Efluoll e, 1) = )7

It follows from Proposition D.4 (ii) that

135c1tz_(/Z
- s

- t p/2
< cE[( / 154 = M a1y 1B W0 7). ]
- N

S(t — r)B(r, u(r))H2 d )p/z]

r
HS(Up, 2(M*=1))

t
< CE (/ (14 1 g1, )

P/2]

< (1 + Efluoll o)1) @ =977 (2.43)

Combining (2.41)-(2.43) and the assumption ug € LP(S2, 2(MY)), we
obtain (2.38).
To derive (2.39), we take the expectation on both sides of (2.40) and obtain

t
E[u(t) —u(s)] =E[(S¢ — ) — Id)u(s)] + JE[/ S(t —r)F(r, u(r))dr]

s

forall 0 <s <t < T. By similar arguments as those in (2.41) and (2.42), it can be
shown that

|E[u(®) — u(s)] ”_@(MH)

t
< E[H (St —s5) — Id)u(s)”@(Mk,l)] + ]E[/Y IS¢ =V F(r, () ||@(Mk,1)dr]

<C(t — ).



2.3 Regularity of the Solution 51

The proof of Theorem 2.5 is finished. O

2.3.2 H*-Regularity

In this subsection, we focus on the H¥-regularity (k = 1, 2) of the solution for the
stochastic Maxwell equations with additive noise

dE(t) = V x H(t)dt + A dW (@), 1€ (0, T,
dH(7) = -V x E(t)dt + AdW (), 1€ (0, T], (2.44)
E(0) =Ey, H() =H,

onacuboid D = (a;, a1+) x (ay , a;) x (as, a;’) C R3 with a Lipschitz boundary
I' := dD. Here A; € R3,i = 1,2, describe the scale of the noise, and W is a
U-valued Q-Wiener process. To simplify the presentation, we restrict ourselves to
the constant parameters case with ¢ = u = 1. Moreover, it is not difficult to prove
that the conclusions in this part still hold if we assume ¢, u € wbh(D)yNnwW>3(D)
with €, u > § > 0 for a constant 8.

To derive the H*-regularity of the solution of (2.44), we impose the following
PEC boundary conditions

nxE=0, n-H=0, on[0,T]xI. (2.45)

By definingu = (ET,H") ", up = (E] . H})",and A = (A, 1,) T, (2.44) can be
rewritten as a stochastic evolution equation

du(t) = Mu(t)dr + AdW (), te€(0,T],

(2.46)
u(0) = uo,
and the mild solution is given by
t
u(t) = Sug +f St —s)AAW(s), P-a.s. 2.47)
0
foreacht € [0, T].
We first investigate the H !-regularity of the mild solution (2.47).
Theorem 2.6 Let conditions with k = 1 in Theorem 2.4 hold. Assume that

0% € HS(WU, H' (D)) and ug € LX(£2, H'(D)®). Then the mild solution u €
L%(2, H'(D)®) satisfies

sup E[1u ()% 6] = € (1 + B[l pye])-
t€[0,T]



52 2 Solution Theory of Stochastic Maxwell Equations

where the positive constant C depends on T, |A|, and || Q% lasw, m (D))

Proof Taking V- on both sides of (2.44) yields

V-E@®) =V -Ey+X - (VW@®), V-H@®)=V-Hy+iy (VW)
(2.48)

for all t € [0, T]. Hence, there exists a positive constant C such that
E 2 _ 2 2
(17 €I | =E[IV - @)l |+ E[ 1% - (VW) 13 ]
< C(l +]E[||E0||§,1(D)3]) Vielo T
Similarly, we have
E[IV-BOIE | = (1 +E[IHol3p]) ¥1el0.7].
Combining these two estimates, Lemma B.2, and Theorem 2.4, we obtain
E[lu®) 131 pye] < C(E[||E<r>||iz(m3] +E[HO 725

+E[IV x EOI72p)3]

+E[IIV x HO)I 72y ]+E[IV - EOIIF ]+E[1IV - H(r)n%,])
< C(E[Iu®l3] + E[IV - EOIE] + E[IV - HOI])

forallt € [0, T]. |

We now pass to a higher regularity estimation. For simplicity, denote
IF={xeD:x=da), If={(xeD:y=df}, Iy =(xeD:z=af},

and I := Fj* U FJ?L for j = 1,2, 3. For aunion I'* C I" of some faces of D, we
set

H}(D)={ue H'(D):u=0 on I'*}.
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By introducing a subspace HOIO(D) of HY(D):

Hgo(D) := {f € H'(D) : flr € Hy>(I"") for all faces I"' of D},

we can obtain the H2-regularity of the mild solution  as stated below.

Theorem 2.7 Let conditions with k = 2 in Theorem 2.4 hold. In addition, assume
1 1

that Q2 € HS(U, HX(D)), VQ2 : U — H}(D)3 ug € L*(22, H*(D)%), and

V -Eg € L*(22, H}(D)). Then the mild solution u € L?(2, H*(D)®) satisfies

sup B [14(0)%2 6] = € (1 + Eflol320y6])-
t€[0,T]

where the positive constant C depends on T, |A|, and || Q% | g5, 12 (Dy)- Moreover,
the field (B(t) T, H(t) ") T has traces

Ey=E3=0, 0yE;=0;E;=0,E3=0,E3=0, on I,
Ei1=E3=0, 0.E1=0,E1=0,E3=0,E3=0, on I»,

E1=E2=0, 8xE1:8yE1:8XE2:8yE2:0, on F3,

H; =0, oyHy =0;H; =0, on I,
H, =0, oxH,» =0.Hy =0, on I3,
H; =0, OxH3; =0,H3 =0, on I3.

Proof The PEC boundary conditions (2.45) imply the asserted zero-order traces for
E and H. Then, using Lemma B.6 and the H>-regularity of the solution u, we obtain
the first-order traces result.

The proof of the H2-regularity of the solution of (2.46) consists of three steps.
In the first step we prove the mild solution u € L%(£2, HI%C(D)6). In the second and
third steps, we show the H?2-regularity for E and H, respectively.

Step 1. It follows from the divergence evolution laws (2.48) that
E[IV Oy + IV - HOI1 )] = €(1+E[luo13 o] ).

where the positive constant C depends on 7', |A|, and || Q% | #sw. m2(py)- Moreover,
from assumptions of the initial datum and the noise, we have that V - E(¢) €
L*(2, H}y(D)) forall t € [0, T].



54 2 Solution Theory of Stochastic Maxwell Equations

Note that

M — [—v x (V x E):|
-V x (V x H)

and AE = V(V-E) — V x (V x E). Thus, it follows from Theorem 2.4 with k = 2
that AE € L?(2, L*>(D)?) and

E[IAED)72 ] < C(E[nv B0 )] + IE[nu(r)n;(Mz)]) Vielo,T].

The field H(#) can be estimated similarly. Standard interior elliptic regularity result
then leads to E(t), H(r) € L*(2, H2 .(D)?) forall ¢ € [0, T1.

Step 2. To obtain the H?-regularity of the electric field E, we first consider the H>-
regularity of the first component E| of E. Set I'* := I, U I's. The result in Step 1
implies that f := (Id — A)E; € U. For a given ¢ € H,L*(D), by employing the
cut-off and the mollification in y, z-directions, one can approximate it by a smooth
function v with supportin [a, , af] x lay +n, a;r —nlxlay +n, a;“ —n] for some
small constant n := n(y) > 0. For each « € (0, n), define D, := (a; + «, a1+ —
K) X (a, +k, a;’ — k) x (a3 +k, a; — k) and denote by F]i («) those open faces of
D, that contain points of the form (a?F =+ k, y, 7). The integration by parts formula
and the support of i yield that

/Eupdx—i—/ VE| - Vi{dx = lim
D D K—

Elwdx—i—/ VE; - Virdx
0 Dy

Dy

k—0

= lim[ i 1/f(Id—A)E1dx+/aD WYVE; ~ndcr]

:/ ¥ fdx + lim Y, E1do — lim Y, Erdo
D

xk—0 1_'1+(K) xk—0 Iy (x)

=/ Y fdx + lim ¥(V-E—d,E; — 8,E3)do
D k—0 1_'1+(K)

— lim Y(V-E—0yE; — 0. E3)do
k—0 Iy () -

=/ lﬂde-i-f YV -Edo — ¥V - Edo,
D ry

o

where we used the facts that ¢ vanishes on the boundary of I'*, and that E; and E3
vanish on I'}. Lemma B.5and V- E € LZ(Q, H&O(D)) (see Step 1) lead to E €
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L2(.s’2, HZ(D)). In the same manner, one observes that E», E3 € Lz(.Q, H2(D)).
Furthermore,

E[IEj130)] = C(ELNE; 1] + E[IAE; 1}] + E[IV - EJ2 mm])

< C(B[IV - Bl )] + B[l 42, ])
forall j =1,2,3.
Step 3. Now we consider the first component H; of H, and set I'* := I and
f~ = (Id — A)H; € U. As in Step 2, We take a smooth function ¢ with support in
la; +n, af’ —n] x [a;,a;] x lay, a3 T for some small constant n:=n(r) > 0.
Choose « € (0, n) so that ¢ vanishes on I’ li (), then

/ledx+/ VH - Vydx = lim / ledx+/ VH - dex]
D Dy

= lim / w(ld — A)Hldx—i—/ UV H - nda]

/ lpfdx—i- hm

—-0J3p,

[wVHl ‘n— ((Vx H) x n) - (1,0, O)T]da
/ 1/ffdx+ 11m 1//8 H - ndo
=/ W Fdx + lim [/ 1//8xH2dU+/ wangda]
D k=>0LJ k) ;)
— lim [/ IpBXszU—i-/ 1/f8xH3do]
k=>0LJr ) Iy (k)

- /D y fax

due to the integration by parts formula and the fact that H, and H3 vanish on I and
I3, respectively. Hence, Lemma B.4 leads to

(2.49)

B[ )] < C(BLIENIZ] + E[IAH: 1))

< C(E[IV - HIZp )] + EI1, 4p2)])-

Components H, and H3 can be treated similarly.
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Combining Steps -3 and Theorem 2.4, we have

E[® 3 pye] = C(EQUOIZ 00,1 + E[IV - EOI1 ]

+E[IV - HOP p)])

< C(1+ Elluol3 pye] )
The proof of Theorem 2.7 is finished. O

Remark 2.6 Set Fo(x) = Y ;o (Q%¢;(®)°. Assume e,u € W'(D) N

W23(D) with e, u > 8 > 0, Fg € Who°(D), 0? € HS(U, HX(D) N H}(D)).
Then conclusions in Theorems 2.6 and 2.7 still hold for the following stochastic
Maxwell equations with multiplicative noise in the Stratonovich sense

edE(r) = V x H(t)dr — AH(1) 0odW (1), 1€ (0, T],
wdH@) = =V x E(t)dt + ME@) o dW (), t € (0,T], (2.50)
EW©0) =Ey), H() =H),

with A1, A2 € R. In fact, by using the equivalent It6 form of the above equations
1
edE(r) = [V < H(r) — z,u_l)quFQE(t)]dt — MH@OAW (),
1
wdH(@) = [ —VxE@) — 58’1)»1)\2FQH(t)]dt + ME@®)dW (1),

and the divergence evolution laws given in Proposition 3.2, similar to proofs of the
additive noise case, we can obtain the H*-regularity of the solution of (2.50) for
k=1,2.

2.4 Differentiability with Respect to the Initial Datum

Let u(t; ug) be the exact solution of (2.8) with the initial datum u. First, we show
that the solution mapping ug — u(t; ug) is Lipschitz continuous.

Proposition 2.2 Suppose that Assumptions 2.1, 2.2, and 2.3 hold. For p > 2, there
exists a constant C = C(p, T, F, B) > 0 such that

]E[Ilu(t; ug) — u(t; fto)llﬁ] < Cllug —iiollfy, t€l0,T1, up, iig € H.  (2.51)
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In addition,

B[ sup Jlu(tuo) — ute: @)l ] = Clluo — ol wo, o € M. (2.52)
t€[0,7T]

Proof 1t follows from the mild solution (2.14) that

B[ llu(e: o) — s i) 1]

< CIIS(@)(uo — o) gy

4 CE[H /Ot S(t — r)(F(r, u(r: uo)) — F(r, u(r; ﬁo))>dr H;]

* CE[” /Ot St - ’)(B(rv u(r; uo)) — B(r, u(r; ﬁo))>dW(r)

P

i
t

< Clluo — ol + C]E[/O IF(r, ur;ug)) — F(r,u(r; fto))llﬁdr]

p

t 5 2
+ CE[( [ 1B utr w0 = Bt i)y )|

t
< Cllug — diollfy + C/ E[llu(r; uo) — u(r; ﬂo)llﬁ]df”»
0

where we used Proposition D.4 (ii) and the Lipschitz continuious properties of F
and B. Then, the Gronwall inequality leads to (2.51).
For the derivation of (2.52), it suffices to estimate the term

[ sup H/ S(t—r)(B(r,u(r; uo))—B(r,u(r;ﬁo)))dW(r)H;].

t€l0,T]

In fact, by Proposition D.5, we have

sup H/ St —r)(B(r u(r;up)) — B(r,u(r; uo)))dW(r)H ]

teOT]

P

< C]E[(/O | B(r, u(r; ug)) — B(r, u(r; ﬁO))HiIS(Uo,H)dr>§]

T
< CE[/ ||u(r; ug) — u(r; ﬁo)”ﬁdr]
0
< Cllug — iollfy,

where in the last step we used (2.51). |
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For any p > 2, denote by 7, o the Banach space of all H-valued predictable
stochastic processes Y defined on the time interval [0, 7] such that

I¥llp0:= sup (E[IYOIE])" < oo.
t€l0,T]

It is known from [62, Theorem 9.8] that for any ¢ € [0, T], the solution mapping
ug +— u(t; ug) is Gateaux differentiable provided that coefficients F' and B are
Gateaux differentiable.

Proposition 2.3 Let conditions in Proposition 2.2 hold. In addition assume that
fort € [0, T], F(t,-) and B(t, -) are Gdteaux differentiable on H with derivatives
Dy, F(t,u)(v) and D, B(t, u)(v) being continuous in u, v € H and satisfying

1Dy F (2, u))lln + 1Dy B, )W) | swo.m < Cllvilm

with a positive constant C. Then the solution u is Gdteaux differentiable from H into
Fp0 for any p > 2. Moreover, for any ug, iip € H, the stochastic process

¢™0 (1) := Dyu(t; uo)(iip), t €0, T]
is the mild solution of the following equation:
dgio(t) = [ME™(t) + Dy F(t, u(t; uo))(¢™ (1)) ]dr
+ Dy B(t, u(t; up)) (¢ #)dW (), te(0,T], (2.53)
£ (0) = io.

Note that (2.53) is a linear stochastic evolution equation. Thus its mild solution
reads as

~ t ~
") = S(;)g0+/ S(t —r)DyF(r,u(r; up))(¢"°(r))dr
0 (2.54)

t
~|—/ St —r)DyB(r, u(r; uo))(gﬁo (r)dw(), P-a.s.
0

for all # € [0, T]. It can be shown that for any p > 2, there exists a positive constant
C such that

B[ sup ™1} ] = Claol, 2.55)
tel0,T]

Below we present the Fréchet differentiability of the solution of (2.8).
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Theorem 2.8 Let conditions in Proposition 2.2 hold. Assume that F(t,-) and
B(t, -) are Fréchet differentiable on H with bounded derivatives, i.e.,

| Fu(t, wll 2y + 1Bt W 2w, ms o1y < C

forallt € [0, T] and u € H. Then the solution u of (2.8) is Fréchet differentiable
Sfrom Ml into 3¢, ¢ for any p > 2.

Proof Below we only give the proof for p = 2, since the case of p > 2 can be
proved by the same procedure.
Based on Lemma B.7, it suffices to show that

t: o) — u(t; ug) — pcio(s
lin%) u(t; uog + pug) — u(t; up) — p&*0(r) —0 in By (2.56)
p— P

uniformly with respect to i in an arbitrary bounded set of H.
Set uP(t) := u(t; ug + pitg). According to the mild solutions (2.14) and (2.54),
one has

E[H ul(t) —u(t) — pg™(r) H;]

(2.57)
0

< 26| fo "S- r)%(F(r, W) — F () = pFrur) @ )ar| ]
n ZJE[H /Ot St — r)%(B(r, uP(r)) — B(r, u(r))

2

)

<C /ot E[H%<F(r, uf (1) = Fr,u(r) = pFu (0 u () (1)) H;I]dr

= pBu(r, u(r) (™ (r) ) AW (1)

e f(: E[”%(B(r, uP(r))— B(r, u(r)) — pBu(r, u(r))(;ﬁo(ﬁ)) H2 ]dr

HS(Uy,H)
For the first term on the right-hand side of (2.57), we have
1 _
|=(Fo.u @) = Fou0) = pFu w00
0 H
1 .
< |2 (Few e = Foue) +pcon) ||

+ H%(F(r w@) + pe™ ) = F ) = pFar a0 |
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ul (r) — u(r) — pt(r) H
P H

=c|

+ ”%(F(r u) + pe™ () = F ) = pFuru@)E™ )|

where the Lipschitz continuity of F is utilized. A similar estimate holds for the
second term on the right-hand side of (2.57).
Using the Gronwall inequality, we obtain

Pl .
[Hu(t) u(t/z P& O(t)H;I]

sup E
1€[0,T1]

<c fo ' E[”%(F(r, W)+ pE ™)~ F i u(r) —pFutr utrn e )| Jar
T 1 -
¢ [ B[S (B0 + pce) - o)
0 P

— pB.(r, u(r))@ﬁ"(r))) Hz ]d’

HS(Up,H)
= C(I{ ™) + 15™)).
It suffices to show that / f ({’20) and If ({’20) converge to zero uniformly with respect
to ig as p — 0. Namely, we need to show that for any positive constants R and 0,
there is pg = po(R, ) such that for all p with |p| < po, it holds that If({”o) <0

for all |jugpllm < Rand j =1, 2.
For any measurable set A C 2, one has

(™)
_ /0 ' IEI[H%(F(V, u() + pE () = Fru(r) = pFu(r, u(r)E™ (1)) Hfm]d’
_ /OT B[, H%( F ()08 () = F (. ur) = p o, ) @) | Jar

+[0T1E[1AC

— pEutr @) Jor

1 _
(P + pe™ ) = Firur)

= ) + {0 @),

where A€ is the complementary set of A. By the Lipschitz continuity of F' and
the boundedness of F, (¢, u), for any g > 2, there exists a positive constant C =
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C(q, T) such that

~ T ~ ~
e = ¢ [ B[l o] < B[ swp g0 )]
0 te[0,T]

q—2

§C(}P’(A))7(]E[ sup IICQOII]%ID

te[0,T]

_ o

By (2.55), we have

q—2
q

1™ = R (P(4))

provided ||ugllm < R.
Below we take

Agi={ sup Ie™@l >0}, neN,
t€[0,T]

The Chebyshev inequality yields

i 2
) < E[Supze[o,T]2||§“°(f)||H] By c1§2.

P(An) < P( sup [0 = n

t€[0,T] n

n

Then for arbitrary 6 > 0, there exists a positive constant n = n(7T, R, 6) such that
I (") < 16 for all [l < R.
For the term [ IA " ({';0), the Fréchet differentiability of F leads to

%(F(t, u(t, @) + pv) — F(t, ut, a)))) — F,(t.ut, a)))(v)” —0

lim sup
P=0 vlg=<n

for almost every (f, w) € [0, T] x A{,, where we used the Lipschitz continuity of F

sup
Ivlm=n

%(F(t, u(t, @) + pv) — F(t, ut, a)))) — Fy(t. u(t, ) (v) H <2Cn

for almost every (t, w) € [0, T] x A{,. Therefore, by the dominated convergence
theorem,

T
lim | E[1a; sup

p—0Jo lvllm=<n

1

2
S(FO )+ pv) = Fou() = pFu(r ”(””(”))HH]C"

=0.
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Thus for any 6 > 0 there exists a positive constant p1 (6, n) such that

T
[ IE[IAE sup
0

lvlm=<n

1
0

(F(r, u(r) + pv) — F(r, u(r))

— pFu(r, u(r))(v)) H;I]dr < %9

for all |p| < p1(@, n). We note that
1 - .
| = (Fuut) + pc™ @) = Futrd) = pFutr w0 0)) |
o H

< sup
lvlir=n

1
S(FCu@ + ) = Feu) = pFururn) |

for almost every (t,w) x [0, T] x A¢, which yields that 1{‘5* (¢™) < 16 for all
lpl < p1(@,n). Since n depends on R, we conclude that there exists a positive
constant p; = p1(6, R) such that I;(¢%0) < 6 for all |p| < pi.

The estimate of /5(£%) is similar to that of I; (£%0), which is omitted here. The
proof of Theorem 2.8 is finished. O

Summary and Outlook

In this chapter, we investigate the well-posedness of the stochastic Maxwell equa-
tions with the drift term being either globally Lipschitz or non-globally Lipschitz
continuous. The analyses of the solution on its regularity and the differentiability
with respect to the initial datum are given when the drift term is globally Lipschitz
continuous. These results are vital in the analyses of structure-preserving algorithms
in Chaps. 4 and 5. There are still some problems associated with these topics that
are challenging and far from being well understood:

+ How to establish the regularities in L”(§2, 2(M)*) and LP(£2, H*(D)®%) of the
solution of the stochastic Maxwell equations, if the drift term is non-globally
Lipschitz continuous?

* How to investigate the differentiability of the solution of the stochastic Maxwell
equations with respect to the initial datum, when the drift term is non-globally
Lipschitz continuous?

e How to analyze the solution theory of the stochastic Maxwell equations, if the
considered domain D is more complicated, or even with certain randomness?



Chapter 3 )
Intrinsic Properties of Stochastic Qe
Maxwell Equations

Finding the invariants of a dynamical system is the prerequisite to constructing
structure-preserving algorithms. In this chapter, we study some intrinsic properties
of the stochastic Maxwell equations.

We first discuss the stochastic Hamiltonian structure of the stochastic Maxwell
equations. In Sect.3.1, by introducing the integrability lemma, we propose the
infinite-dimensional stochastic Hamiltonian structure for the stochastic Maxwell
equations and show that the phase flow of the considered model preserves the
stochastic symplectic structure. Then we study the stochastic multi-symplectic
conservation law for the linear stochastic Maxwell equations in Sect.3.2. In
Sect. 3.3, we investigate the energy and averaged divergence evolution properties for
the generalized stochastic Maxwell equations. Sect. 3.4 is devoted to the asymptotic
property of the solution of the stochastic Maxwell equations with respect to the
scale of the noise. We show that the law of the solution satisfies the large deviations
principle with an explicit formulation of a good rate function. Finally, the intrinsic
properties of the stochastic Maxwell equations with a damped term are studied
in Sect.3.5. Particularly, we establish the uniform boundedness of the solution
with respect to time, which is vital in investigating the ergodicity of the stochastic
Maxwell equations.

3.1 Infinite-Dimensional Stochastic Symplectic Structure

We investigate the infinite-dimensional stochastic symplectic structure of the
stochastic Maxwell equations in this section. First, we present the general
formulation of the infinite-dimensional stochastic Hamiltonian system via a
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generalized variational principle with a stochastic forcing; see [167] for the case of
nonconservative systems, and [174, Chap. 4.1] for the case of stochastic ordinary
differential equations.

Given two functionals L and .74, we define the generalized action functional by

n
Kpoa)i= [ (La. 5~ Hap ) oy )ar, (1)
fo
. d _ dw@ . : :
where p,q : [to, 1] x R* — R, and y = 5 is some space-time noise (see

Sect. 1.2.1). Then, the generalized stochastic Hamilton principle reads as
8K(p,q) =0 (3.2)

under the condition of fixed endpoints, i.e., §p(tp, X) = dp(t1,x) = 0, §q(ty, X) =
8q(t1,x) = 0. Plugging (3.1) into (3.2) yields

8L 5.
5K oL _ ¢ 072 s
P q) = /Rd/ 5p  di 8p> 5p °y> p

(E-L(%) -2

° y)aq]dzdx

dqg dt\éq 8q
=0,
from which we have
d /6L SL 86 d /8L SL 86
S [ =
dr op Sp dr 8q 8q

This, combining a variational principle, one can obtain the following infinite-
dimensional stochastic Hamiltonian system

dp = 5%01 dr — ‘Vﬁ odW(), p(t) = po,
(3.3)
dg = 5;{? dr + 8% odW (1), q(to) = qo.

We refer to [31] for more details.

Let D C R3 be an open, bounded, and Lipschitz domain with boundary 9D.
Below we introduce the integrability lemma in order to investigate the geometric
structure of the stochastic Maxwell equations.
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Lemma 3.1 Ler G : L*(D)® — L2(D)® be Lipschitz continuous and Fréchet
differentiable with the derivative G, (u) € Z(L*(D)®) being a symmetric operator,
ie.,

(Gu$, ¥)12pys = (¢, Gu@V)2pys Y ¢, ¥ € LAD)C.

Then there exists a functional A L2(D)6 — R such that G(u) = Mf%.
Proof The functional A (1) can be defined as
_ 1
) = /O (w, G(Ew) p2pysdt + ¢ (3.4)

with ¢ being a constant. For any ¢ € L?*(D)®,

<8<%7(u)

Su ’¢>

L2(D)6

= hm [%(u + p@p) — %”(u)]

p—0

1 1
= 1im — | /0 (w0 + 6. G&u+ pE@) 2y — 4, GG 2(pye )t ]

=/01(u, hm [G(§u+p§¢) G(KM)]>L d¢

p— 2(D)5

7

+hm/ (6. Gcu+pte))

LZ(D)6

where in the last step we used the dominated convergence theorem and the Lipschitz
continuity of G. Therefore, we have

8.5 (u) ! !
< s >L2(D)6 =/0 s{u, Gu(§u)¢)L2(D)6d§+/(; (¢, G(Cu))p2pysds

- </01 (¢Gu(gum + Gzw )z, ¢)

L2(D)6
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due to the symmetry of G, («). Thus,

1

8.7 (u) ! d
o = [ (cGutcunu + oew)ar = [ (cGtcm)de = G,

which finishes the proof. O

Now let us turn to the infinite-dimensional stochastic symplectic structure for the
stochastic Maxwell equations in the Stratonovich sense:

edE = [v x H—J,(t, % E, H)]dt — ¥t x, E, H) 0 dW (1),
(3.5)
udH = [~V x B — J,,(t, x, B, H))dr — J7, (1. x, E, H) 0 dW(1).

For arbitrary r € [0, T]and x € D, we setu = (ET,HDHT and

[— 10713, (. x, E(t, %), H(t, X)) ]

G, u@®)(x): )
| 7 Je(t,x, E(t, %), H(7, X)) |

[— =107 (1, x, E(t, x), H(t, X)) |
| e, x, B, %), H(EL X)) |

Ga(r, u(®))(x) :

If G and G satisfy conditions in Lemma 3.1, then there exist functionals 3%’71/ and
% such that

84

_ S _
(SE - l’l/ me 8H & J€1
8’% —1qr 8’% —1yr
oE - 4 Im g = e

One can see that if, in addition, ¢ and p are positive constants, then (3.5) is
an infinite-dimensional stochastic Hamiltonian system admitting the following

formulation:
E 0 —Id|[-u 'V XE—p '],
d = dr
H Id 0 —e 'V xH+e1],

0 —Id]|[-pn'J,
+ odW(1)
1d 0 e 1y

8.4 896

=1 SE -1 SE

=] [W]]dw,ﬂ [Wz]odW(I), (3.6)
SH SH
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where J is the standard symplectic matrix and the Hamiltonian .77 is given by

1 _
A (E, H) = —/ E(M”E-v xE+eH-V x H)dx+éfi(E,H).

D

Particularly, if (3.5) is driven by additive noise, i.e., J}, and J/, are independent
of E and H, then we have the explicit expression of .73:

2 (E, H) 2/

i (s—lJ; CH— Y, E)dx.

If (3.5) is driven by linear multiplicative noise, thatis J, = A1H, J;, = —A2E with
constants A1, A € R, then

1
HB(E, H) = 5/ (127 M2 + 20~ B ) dx.
D

Theorem 3.1 Suppose that ¢ and | are two positive constants. Let conditions in
Theorem 2.8 and Lemma 3.1 hold. Then the phase flow of (3.6) preserves the
stochastic symplectic structure under the homogeneous boundary condition, i.e.,
fort e (0,T],

w(t) := / dE(t,x) AdH(t, x)dx = / dEy(x) A dHy(x)dx = @w (0), P-a.s.
D D

Proof For simplicity in notations, we denote Eg and Hy by e and h, respectively.

We use notations E, = %, Ep = g—E, He = % and H, = %lg in the sequel.

The chain rule for differentials leads to

@ (1) = / |de A (Ee) "Hede Jdx + / [dh A (En) "Hydn |dx
D D

+/ [den ((E)"Ha — (He) "En)dnax, 1 e0,7],
D
from which we obtain

dw (1) = f [de A d(ESHe)de + dh A d (B Hy )dhax
D
3.7)
+ /D |de nd(ESHy — HIEW)dh]dx, 1 € [0,7].
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Theorem 2.8 implies the Fréchet differentiability of the solution of (3.5). This yields
that for ¢t € [0, T],

824 824

dE, =(g—1v X He = sonBe =~ He)dt
(gt i ) 200
dH, =( — 1V X e+ ifEe + ;ﬁ e)dt
n (5;;:? Ee + g;ﬁHe) o dW (1), -
dEp =(8*1v x Hp — gifllih - ith)dt
(gt e ) a0
dHy, :( — w7V X By ‘iflih + g;ﬁHh)dt

826 826
E H) aw
+<8E2 b+ Sgsgtin) ¢4V O

with E¢(0) = Id, He(0) = 0, En(0) = 0, and Hy(0) = Id.
Plugging (3.8) into (3.7) yields
de (1) =/ [den (a7 (V x He) "He — w7 'EJV x Ee )deaxai
D
+/ [dh A (g—l(v x Hp) "Hy — 1B} V x Eh)dh]dxdt
D

+/ [de A (a—l(v x He) 'Hy — 1 'EJV x Ep dh]dxdt
D

)
)

_ / ¢! [de n (V x He) THede + dh A (V x Hy) Hydh
D

+/ [de A (,rl(v x Ee)TEh — ¢ TH] V x Hy, a’h]dxdt
D
+de A (V x He) Hydh — de AH]V x thh]dxdt
+ / i [de A (Y x Ee) "Eede + dh A (V x En) "Endh
D

+de A (V x Ee) Endh — de AE]V x Endh |dxdr.
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Using the fact that df A Adg = ATdf A dg for differential 1-forms df and dg, it
holds that

do = / [e_ld(V x H) AdH+ 7 'd(V x E) A dE]dxdt
D
_ / g [ax (dHy AdHs) + 3y (dHs A dHy) + 9, (dHy A de)]dxdt
D

+/ M_ll:ax(dEZ NAE3) + 0y(dE3 ANdE) + 0, (dET A dEZ)]dth
D

=0,
3.9)

where the homogeneous boundary condition is utilized in the last step. This finishes
the proof of Theorem 3.1. O

3.2 Stochastic Multi-Symplectic Structure

When (3.5) is regarded as an infinite-dimensional stochastic evolution equation, we
have shown that the stochastic Maxwell equations possess the stochastic symplectic
structure under the assumption that ¢ and p are constant in Sect. 3.1. When the space
variable is of interest for a stochastic Hamiltonian partial differential equation, the
stochastic multi-symplectic structure is usually involved, which is first investigated
in [112] for the stochastic nonlinear Schrodinger equation.

Definition 3.1 A stochastic partial differential equation is called a stochastic
Hamiltonian partial differential equation if it can be written in the form

d
Fdu + Y Koy udt = V,So)dt + V, Sy () o dW (1),

i=1

where u : [0, T]de — R"'n>3FandK; (i =1,2,...,d) are skew-symmetric
matrices in R"*" and Sy and S are smooth functionals of the state variable u.

To simplify notations, we let ¢ = p = 1 and consider the following stochastic
Maxwell equations with multiplicative noise

dE(t) =V x H(t)dt — A HodW(1), te(0,T],
dH(t) = -V x E(t)dt + AMEodW (), t € (0,T], (3.10)
E(0) =Eo, H(0) = Hy,

where A1, Ap € R are two constants.
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By denoting u = (ET,H)T and Su) = %[EP? + 4 [H?, (3.10) can be
reformulated in the form of a stochastic Hamiltonian partial differential equation:

Fdu + K 0,udr + Kadyuds + Kzd.uds = V,,S(u) o dW (1), @3.11)

where the skew-symmetric matrices FF and K, (p = 1, 2, 3) are defined in (1.23),

ie.,
0 Id D, 0
F = K, = p 3.12
a0 ] =T, @12
and
00 0 001 0-10
D;=(00-1]|, Dy=]| 000, D3=]|100
010 —-100 000

Theorem 3.2 The equation (3.10) preserves the stochastic multi-symplectic con-
servation law

do + 0yx1dt + dykpdt + 0,k3dt =0,  P-a.s., 3.13)

which means

Z1 yiorx z1 1 3|
/ / / w(llﬁx,y,z)dxdydz+/ f / k1(t, x1, y, z)dtdydz
X0 z0 JYyo Yo
X1 11
/ / / Ko (t, x, y1, z)dtdxdz—l—/ / / k3(t, x, y, z1)drdxdy
Yo Jxo Jio
3]
=/ / / w (fy, x, v, z)dxdydz+/ / / k1(t, xo, y, z)dtdydz
fo
/ / / Kka(t, x, ¥o, z)dtdxdz
1
+/ f / k3(t,x,y, zo)dtdxdy, P-a.s.,
Yo Jxo Jio

where @ = %du A Fdu and , = %du ANKpdu, p = 1,2,3 are differential
2-forms associated with the skew-symmetric matrices I and K, respectively, and
(to, 1) % (x0, x1) x (Yo, y1) X (20, 21) C [0, T] x D is the local domain of u.

Proof Denote by duy y,y, . i (resp. dug y,y ;i) the i-th component of the differential
1-form du(t1, x,y, z) (resp. du(ty, x, y, z), and by duyp; the i-th component of
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the differential 1-form du(ty, xo, yo, z0). The same definitions hold for du, 1,y ; i,
dutOyZn dutx l.z,i» dutszu dutxylta anddulxy()t

Rewriting IF and K, by their components, i.e., F = (IF; ])
we have

21 V1 X1 <1 1 X1
I : = / / / @ (t1,x,y, z)dxdydz — / / / w (to, X, y, z)dxdydz
20 Yo X0 20 Yo X0

1 [ x -0 6
= 5/ / / I:Z (dul,x,y,z,i AN ZFijdul,x,y,z,j>
Z Yo Jxi

0 0 i=1 j=1

o Z (du()x y,z,i A ZFud“Ox y.2, ]>]dxdydz

i=1

= / / / Z ij dulxy“/\dulxyzj
20 X0 -

i,j=1

l]—l’ (K )z ,j=1

— dutg,c,y,00 A dit0 1, y,2,7 ) dxdydz.

It follows from

6 ouy i 6 ouo i
X,Y,2,0 EDAS
dutxyzi = Z ———dugy,  duoxyzi = Z ————dug

du ou
=1 0. = 0.
that
6
1
=3 D ank(t, x1, y1, 20 duo g A dug g,

1,k=1

where

ark(t1, X1, ¥1, 21)

Bl [ e
g o dug, dug, i (3.14)

i,j=1

_ aMO,x,y,z,i 8”O,x,y,z,j
dug, oug. k

)dxdydz.
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In a similar manner, we have

I 2L fy1orh
I: / / / K1(t,x1,y,z)dtdydz—/ / / k1(t, x0, ¥, z)dtdydz
Yo Yo z0 Jyo Jio

=3 Z b (t1, x1, y1, z1)duo,; A dug i,

21k 1
Z1 X1 4] Z1 X1 n
=/ / / /Q(t,x,yl,z)dtdxdz—/ f f k2 (t, x, yo, z)drdxdz
z0 Jxo Jio z0 Jxo Yo
1
=3 Z ek (1, x1, y1, z1)dug A dug i,
k=1

V1 X1 n
Iy: :/ / / K3(t, x, v, z1)drdxdy — / / / «3(t, x, y, zo)dtdxdy
Yo Yo Jxo Jio

= 5 Z dpk(t, x1, y1, z1)duo; A dug i,
Lk=1

where

by k(t1, x1, 1, 21)

nQu ; ou i ou i ou i
Z t,1,y,z, t,1,y,z, 1,0,y,z, 1,0,y,z, 1rdvd
K / / / ( V,2,1 ¥,2,] V,2,1 yz])t z.
Yo Jio

et Y Oug k dug, Oug k

cri(t, x1, y1, 21)

aut 1,z,i Ols x 1,z,j Oy x.0.2.i OUs x. 0.7 7
_ Z K / / / 1,2, XLz g x,0,2,i ,x,0,2, )dtdxdz,

e dug, oug k dug, oug k

dpk(t1, x1, ¥1, 21)

¢ 814t 1,i OUts x y.1,j Outs x,y,0,i Ol 0,j
= Z K3, / / f GANALE Ut SN ALY Bt D R S0 R ’j)dtdxdy.

] dug, oug k dug, oug k

(3.15)
Combining the above identities for I;, i = 1, 2, 3, 4, we conclude that

6

1
hith+Bh+li=7 > [al,k +bik + e+ dz,k](n, X1, Y1, 20)dug A dug, .
1, k=1
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Then, (3.13) is fulfilled if and only if

6
> [az,k +bik + ik + dl,k](tl, X1, Y1, 20duo A dug i = 0. (3.16)

lk=1

Based on definitions of a; k, by k, ¢1.k, di k in (3.14) and (3.15), we have

ay k(to, X1, Y1, 21) = bk (to, X1, Y1, 21) = ¢,k (to, X1, Y1, 21)

=d x(to, x1, y1,21) =0
forall/,k =1,2,...,6. Then it suffices to prove that

d
al:al,k + b+ +d1,k](t,x1, y1,21) =0, Lk=1,2,...,6. (3.17)

Consider the i-th component equation of (3.11)

6

D (Fijdienyc,j + K ety 8t + KE Dyt ey 80 + K ett .2,

j=1

RN
0. x y,z,i

odW().

Taking partial derivatives with respect to ugx, k = 1,2, ..., 6, on both sides of the

above equation yields
6
Z (3“ X2, 1)
ot dug i
0. x.y.z, . x.y,z,
_ _ K ( 3 /) K ( 3 ’)dt
Z Z S

oug k

6
_ ZK (M Yar+ ) 5w (Mrret) s awin,
: ,

— Ot xy iUy y 2
(3.18)
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Similarly, we take the partial derivatives with respect to ug;,/ =1,2..., 6, use the
skew-symmetry of F and permute i, j to obtain

6

Z ]Fl'jd(—au"x'y'z'i )

, dug,
i=1 ’

—ZK ( ”“)dt+ZK (—8”‘*x’y’z”')dt

i=1 0.1 i=1 alzt(],[

+ZK (8“x)zt) 26:8 925 (u) (aua.,;;)y’l,z,i)odwm.

P dug, P U.xyzjO0Ulx yzi
(3.19)
Due to (3.14), we have
i [ [ S e
ay = jjd| —————)dx
T i=1 au(” j—] ! ok o
(3.20)

L ou.
+ / / / SEDETE N O d(—”“)dxdydz
; 0 Jyo Jxg  OU0K ; Y dug 1

Plugging (3.18) and (3.19) into (3.20), and using

32S(u) B 32S(u)

- 9
0. x,y,2,j0U. xy,2,i 0. x,y,2,i0U. x yz;

one obtains

6
dal - =- Z / / | ,,[au"l,y,z,i Ot 1y.2.j - u-0,y,2,i 8”~,0,y,z,1]dzdy
ij auﬂ,l 81/{()‘]( 8”0,1 auﬂ,k

i,j=1
/ / 8u x,1,z.0 0U. x 1.z, i ou. x,0,z,i au~,x,0,z,j:|dzdx
X0 j duo;  Ougk dug;  Odugk

i,j=1

_ Z / / 8"‘ oy i OUxy 1 U xy 0. 8u"x’y‘0’j]dxdy
et '1 oug, oug k duog,; oug,k
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Similarly, according to (3.15), we derive

dbl,k _ / / 3u J,y,z,0 au JLLy,z,j . au"o’y’z’i au.,o)yyz’j ]dzdy
dt =17 Jao ] 8u071 31/10,/{ 31,{0,1 8u07k

deg i _ / / 8” 1z O x 1.z, i . x,0,z,i 8”-,x,0,z,j ]dZdX
dt x Jzo ] dug;  dugk dug;  Jugk

dd; _ /‘M /‘ Bu oy, Li Ol x y1,j _ ou. x,y,0,i au"x’y’o’j]dxdy
dr 8u0,1 8u0yk 8u0,1 3110’1( ’

Then, the identity (3.17) results from adding up the above equations. Thus, the proof
of Theorem 3.2 is finished. ]

Remark 3.1 When the stochastic Maxwell equations are driven by additive noise,
e.g.,

dE(r) =V x H@)dr + A dW (), te(0,7T], 32D
dH(r) = —V x E(t)dr + dW (1), 1€ (0,T] '

with A1, Ay € R3, the functional S (u) in the form (3.11) of the stochastic
Hamiltonian partial differential equation is given by S(#) = A> - E — Ay - H. For
more details of the stochastic multi-symplectic structure of the stochastic Maxwell
equations with additive noise, we refer readers to [38, 102].

3.3 Physical Properties

Recall that the deterministic Maxwell equations (1.13) in the lossless medium have
both the energy conservation law and the divergence conservation law. In this
section, we aim to investigate the corresponding physical properties of the stochastic
Maxwell equations (2.8), i.e.,

du(r) = [Mu(t) +F(. u(t))]dt + Bt u()dW (), te (0, T],

u(0) = ugp.
(3.22)
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The energy of the solution for (3.22) is defined as
E@®) = lu@®)|f = / (1B, ) + pwH(, 0)2)dx, 1€ [0, T1.
D

Proposition 3.1 Under conditions in Theorem 2.2, the energy of the solution
of (3.22) satisfies that fort € [0, T],

t

E(®) = Euo) + fo (20u(). Fs, u)is + 1B, w5010 )ds

t
+2/ <u(s),B(s,u(s))dW(s)> . P-as.
0 H
(3.23)

Proof Since & (u) is Fréchet differentiable, the first and second order derivatives of
& (u) are

Eu) (@) =2(u, P)u,  Ewu(u) (@, @) = 2@, d)u V¢, € H, (3.24)

respectively. By the It6 formula given in Theorem D.2, we obtain that for all ¢ €
[0, T1,

t
Eun) = &wo) + /0 Eulu(s) (B, u(s)dW(s))
t
+f Eulu(s) (Mu(s) + F(s. u(s)) )ds
0

t
+% / Tr[ézu(u(s»(B(s,u(s))Q%)(B(s,u(s))Q%)*]ds, P-a.s.
0
(3.25)

Plugging (3.24) into (3.25) leads to
t
E(t)) = &(up) + 2/ (u(s), Mu(s) + F(s, u(s)))uds
0

1 '
+ 2/0 (u(s), B(s, u(s)dW(s))m +/0 [ B(s, u(s))||%1S(UO’H)ds, P-a.s.

for all + € [0, T]. Then, the assertion follows immediately from the skew-
adjointness of the Maxwell operator M. O
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Remark 3.2 Two special cases of (3.23) are given as follows.
(a) If
e=p=1, FEu®)=0 Bt u®)=0 1),
then the averaged energy E[é" (u (t))] satisfies the following linear growth law

E[6w(1)] = E[£Wo)] + »1, t€[0,T],

where » = (|kl 12+ |X2|2>Tr(Q) represents the growth rate.

b) If

1
e=p=1, F(,u®)=—32uFo, B(t,u@)=xr-HO"EON,
then the energy is conserved, i.e., for ¢ € [0, T'],
Ew () = Ewp), P-a.s.,

1 2
where Fo(X) i= )" ey (02e;()".
The following proposition states the divergence evolution law for (3.22).

Proposition 3.2 Suppose that J.,J), € H(div, D), and J,, J,, € HSUy,
H(div, D)). Then averaged divergences of the solution u = ET,HNHT of (3.22)
satisfy

t

E|V .- (¢E =E|V.(E)|—-E “Je s
[V E)] =E[V - k)| - B[ fo V- J(s)ds ]
(3.26)
t
E|V-(uH®)|=E|V-(uHy) | —E V- Jn(s)d
V- (uH@) | =E[V - (uHo) | [/0 (9)ds
forallt € [0, T].
Proof Let ¥ (E) := V- (¢E). Since ¥ is Fréchet differentiable, the first and second

order derivatives of ¥ are

WR(E)(¢) = V- (¢), WYEe(E)(@,9) =0 V¢, e L*(D)>. (3.27)
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By applying the Itd formula to ¥ (E), we obtain
1
W) =¥ E0) + [ WeEe)[sV < He) - 71 Jas
0

t
+ / P ( — T (o))
0
t

— W (Eo) + /Ot [V (V< H®) = V- 1. Jds - /0 V- ()

t t
— W (Ey) — / V. Jds — / v. (J;dW(s)), P-a.s.
0 0
(3.28)
for all # € [0, T'], where in the last step, we used the fact V - (V x ¢) = 0 for vector

function ¥ = (Y1, V2, ¥3) . In a similar manner, applying the Ito formula to the
functional ¥ (H(#)) = V - (uH(t)) gives that for all t € [0, T'],

t t
lIf(H(t)):lI/(Ho)—/ v.des—/ V~(J;ldW(s)), Poas.  (3.29)
0 0

Then, the assertions follow from taking the expectation on both sides of (3.28)
and (3.29). O

Remark 3.3 If functions J, and J,, are divergence-free,i.e., V-Jo = 0and V-J,,, =
0, then

E[V-(E0)| =E[V-(Ep)|.  E[V-@H0)|=E[V:@H]

forallt € [0, T].

3.4 Small Noise Asymptotics

In this part, we are devoted to studying the asymptotic property of the solution of
the stochastic Maxwell equations with small noise:

du(t) = Mu(t)dt — VAdW (), te€ (0, T],
(3.30)
u(0) = uo,
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where A € RT, and W(r) = (¢~ "W (1) ", w='Wa(t) ") T is an H-valued Q-Wiener

process with
[e 'gr 0 :|
0 n'

and ¢, u satisfying Assumption 2.1. Here, W; are L?(D)3-valued Q;-Wiener
processes with Q;, i = 1, 2 being nonnegative and symmetric operators with finite
traces. Assume that Wy and W are independent.

Remark 3.4 Note that for any u = (ulT, u;—)—r, v = (vlT, va)T € H, we have
E[(W (@), uyu(W (1), v)u]

=E[(Wi(0), u1)12(py
H(Wa(0), u2) 12(py3) ((Wi(0), v1)p2pys + (Wa(0), v2) 12(pys )]

=1(Quu1, vi)2py +1{Qauz, v2)12(py3 = 1{Qu, V)m.

Using Assumption 2.1 and the fact

2 ~1o22 122
]E[”W(t)”]]-]l] = t(”‘g 2 Q1 ||HS(L2(D)3,L2(D)3) + ”/’L 2 Q2 ||HS(L2(D)3,L2(D)3))’

we know that the operator Q is still symmetric and nonnegative on H with the finite
trace

1 1 L
TI'(Q) = (”8 2 le |I?{S(L2(D)3,L2(D)3) + ”l‘(’ 2 Q22 ||%‘IS(L2(D)3,L2(D)3)>
<571 (Tr(QD) + Tr(Q2) < oo.

To emphasize the dependence of the solution u of (3.30) on parameters A and
ug, below we write it as u'0-* Tt is observed that u%0-* converges in a certain sense
to its deterministic counterpart u"0-0 which is the solution of (3.30) with A = 0.
In many circumstances, one may be interested in the asymptotics of the probability
IP’(||u”0*)‘(T) —u (T > L) for some ¢ > 0, which is usually characterized by
the large deviations principle of {#"0*(T)};~0.

The large deviations principle is concerned with the exponential decay of
probabilities of rare events, which can be regarded as an extension or refinement of
the law of large numbers and the central limit theorem. It is usually used to describe
the asymptotic behavior of stochastic processes (see e.g., [69]).
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We first introduce some concepts on the theory of large deviations (see e.g., [69,
116]).

Definition 3.2 Let 2" be a Polish space. I : 2~ — [0, oo] is called a rate function
if it is lower semi-continuous. Particularly, I is called a good rate function if all level
sets I~ ([0, al), a € [0, c0) are compact.

Definition 3.3 Let I be a rate function and {u,},~0 be a family of probability
measures on 2. {uy}a>0 is said to satisfy a large deviations principle with the
rate function I if

(LDP1) liini(r)lf Alog(uy(U)) = —inf I(U) for every open U C 2,

(LDP2)  limsup Alog(uy(G)) < —inf I(G) foreveryclosed G C 2.
r—0

For a family {X; },-¢ of random variables from (2, %, P) to (2", (%)), we
say that {X;},~0 satisfies a large deviations principle with the rate function I if
its distribution {IP o X;l} >0 satisfies conditions in Definition 3.3. The following
lemma plays an important role in dealing with the large deviations principle for a
family of Gaussian random variables (see [62, Proposition 12.10]).

Lemma 3.2 Assume that X is a Gaussian random variable with distribution
N (0, Q) on some arbitrary Hilbert space H. Then the family {X; = \/XX};QO of
random variables satisfies a large deviations principle with the good rate function

L0~ 1x)%, if x € O3 (H),
I(x) = (3.31)
+o00, otherwise,

where Q_% is the pseudo-inverse of é%

Denote the stochastic convolution by Wy, (¢) = fot St —rdW(@), t = 0.
Then for arbitrary T > 0, Wy, (T') is Gaussian on H with mean zero and covariance
operator

T
Ot = Cov(Wy(T)) :fo S(r)QS*(r)dr.

1
Note that if Q commutes with M, then Q%(H) = Q%(]HI). In fact, Q7 = TQ in
this case.
Based on Lemma 3.2, we obtain the following asymptotic behavior of the
solution of (3.30), which states that the law of the solution satisfies a large deviations
principle.
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Theorem 3.3 For any T > 0 and uy € H, the family {u">*(T)},~0 of random
variables satisfies a large deviations principle with the good rate function

_1 1
W, o\ 072 (v = S(Duo) I3, if v— S(THug € Q2 (H),
I () =

(3.32)
+009

otherwise,

_1 1
where Q 2 is the pseudo-inverse of Q%, and u"o*(t) is the mild solution of (3.30)
given by

W' (1) = S(Hug — VAWp (), t>0.

Proof We define a process YA )

= u"*(t) — S(t)ug, t € [0,T], which
satisfies (3.30) with the initial datum Y*(0) = 0. This means that Y*(t) =

— /AWy (7). Then it follows from Lemma 3.2 that the good rate function of the
large deviations principle of {Y*(T)};.~ is

_1 1
10 - 31077 vlE, if ve QF(H),
0 (v) =

(3.33)
+00,

otherwise.

Now, we want to find the rate function of {u*0*(T)};~0. It suffices to show that
(LDP1) and (LDP2) in Definition 3.3 hold with the rate function ]IL}0 (v).

Let A € B(H) be closed. Then A — S(T)ug := {v — S(T)ug, v € A} is still
closed in Z(H) and hence

lim sup [A log ]P’(u”o’)‘(T) € A)]
r—0

— lim sup [)\ log P(Y*(T) € A — S(T)uo)]
A—0

<— inf D@
veA-S(T)ug

om0 )
= Jg;f‘ I (v = S(T)uop) Uuelf‘ I’ (v).

Similarly, we can check that for any open set B € Z(H),
lim inf [x log P(u“*(T) € B)] > — inf Iy (v = S(Tug) = — inf I7°(v)

Thus, ]I'}O is the required good rate function of the large deviations principle of
{uo(T)}>0.

O
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3.5 Intrinsic Properties for the Damped Case

In recent years, the deterministic Maxwell equations with damping have aroused
much attention in the literature (see e.g., [19, 76, 177]). Some subjects such as the
asymptotic behavior and global existence of the solution of the damped Maxwell
equations have been investigated in the aforementioned works. Here we consider
a stochastic version and study the corresponding intrinsic properties. Consider the
following stochastic Maxwell equations with damping

du(t) = [Mu(t) — ou(®)]dt + AT u(t) o dW (1) + 0dWs (1), t >0,

u(0) = uo,
(3.34)
whereu = (ET,H") ", up = (EJ, H]) " and
M = 0 VX, 6= 0 eRﬁ, relR.
—-Vx 0 0,
We impose the PEC boundary conditions
nxE=0, n-H=0, on [0,T]x9dD, (3.35)

and assume that the damped coefficient o satisfies
ceWh®(MD), o>00>0

with o( being a constant. Here, W; (i = 1,2) are two independent U-valued Q;-
Wiener processes which have the following Karhunen—Lo¢ve expansions

Wi(t) =Y (Q)2eBi() = Y \JukexBi(®), 1 =0 and Y 7} < o0
keN keN keN
with {ex}ren being an orthonormal basis of U, and {,3,’;}}:1%'2 being a family of
independent standard Brownian motions.

1
Set Fg,(x) 1= ZkeN(le ex(x))2. We rewrite (3.34) as its equivalent form in the
1t6 sense and obtain

du(t) = [Mu(t)—ou(t)—%AzFQIu(t)]dt+AJ_1u(t)dW1(t)+0dW2(t) (3.36)

forall ¢+ > 0.
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1

Let ug € L?(£2, H) and assume that Ql.2 € HS(U, HYi (D)) with some y; > 0,
i = 1,2. Similar to the one performed in Sect.2.2.1, (3.34) have a unique mild
solution given by

~ 1 t, r,
u(t) = S(tup — Esz S(t —r)Fo,u(r)dr + x/ St =) I u(r)dwy (r)
0 0
l A
+f St —r)8dW,r(r), P-a.s.
0

for each > 0, where {S(1) = ¢!™~71d) 1 > 0} is a Cy-semigroup generated by
M —old.
3.5.1 Energy Evolution Law

Now, we give the energy evolution law of the solution u of (3.36).

Theorem 3.4 Assume o > oy > 0 with a constant oy. Then for all t > 0,
2 2 ! 2
lu@llg = lluollg — 2/0 (u(s), ou(s))mds + [0 Tr(Q2)¢

t
+2/ (u(s), 0dWr(s))m, P-a.s.
0

Moreover, there exists a positive constant C = C(oy, 0, ug, Q2) such that

—200t

1 —
E[lu)l13] < e 2 E[ Juol%] + |0|2Tr(Q2)—200 <C

forallt > 0.

Proof Applying the Itd formula to ||u(?) ||]%I, we have
2 1 2
dlun)|3 = 2<u(t), Mu(t) = ou(t) = 55 FQIM(I)> dr
H
+ 200, I u@OAWi () +2(u(0), 6dW2 (1))

+ 22(lu()|?, Fo,)udt + |0*Tr(Q2)dt

= —2(u(t), ou@®))mdt + 2(u(t), 0dWo () + 10> Tr(Q2)dr, P-a.s.
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By taking the expectation and using the Gronwall inequality in the differential form
given in Proposition A.5, we have

—200t

1—e
E[lu®)}] < e > E[lluolif;] + |0|2Tr(Qz)TO

101°Tr(Q2)

< E[lluollf;] + 200

which leads to the uniform boundedness of the solution u with respect to time. O

From Theorem 3.4, we can observe that if o = o¢p > 0 and § = 0, then fort > 0,

lu(®)llm = e Nuollm, P-a.s.

3.5.2 Stochastic Conformal Multi-Symplectic Conservation
Law

Due to the existence of the damped term in (3.36), the properties of stochastic
Maxwell equations have a huge difference. For instance, the multi-symplectic con-
servation law is not preserved anymore. Instead, the stochastic Maxwell equations
possess the stochastic conformal multi-symplectic conservation law.

Denoting

A
Si0) = 5 (1EP + HP). S0 =62 E—6; - H,

we reformate (3.34) as a damped stochastic Hamiltonian partial differential equation

2
Fdu+K;0yudt+K;0yudt+K30,udt = —JIFudH-Z VuSi(u)odW;(t), (3.37)

i=1

where F, K, K, and K3 are defined in (3.12). One can show that the damped
stochastic Maxwell equations (3.34) possess the following stochastic conformal
multi-symplectic conservation law. The proof is analogous to that of Theorem 3.2
and thus is omitted.

Theorem 3.5 Equation (3.34) preserves the stochastic conformal multi-symplectic
conservation law

dw + 0yk1dt + 0ykpdt + 0,k3dt = =20 dt, P-a.s.,
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which means

1 Y1t
/ / / w(t1, x, y, z)dxdydz+/ / / k1(t, x1, y, z)dtdydz
Y0 Y0
1
/ / / K2 (t, x, y1, z)dtdxdz-l—/ / / k3(t, x,y, z1)drdxdy
Y0
V1 ,
—f / / @ (ty, x, y, z)dxdydz —f / / k1(t, x0,y, z)dtdydz
20 Jyo Jxo 20 Jyo Yo
21 X1 | yioo[fXxi |
—/ / / k2 (t, x, yo, z)dtdxdz —/ / / k3(t, x,y, zo)drdxdy
z0 Jxo Jio Yo Jxo Jio
n 21 Y1 X1
= —2/ / / / ocwl(t,x,y, z)dxdydzds,
o Jz0 Jyo YXo

where w = %du A TFdu and k), = %du AN Kpdu, p = 1,2,3 are differential
2-forms associated with the skew-symmetric matrices I and K, respectively, and
(to, 11) % (x0, x1) X (Yo, y1) X (20, 21) C [0, T] x D is the local domain of u.

Remark 3.5 The conclusion of Theorem 3.5 can be generalized to the following
damped stochastic Hamiltonian partial differential equation

d
Fdv + Y " Kidyvdt = Gudr + V81 (0)df + Vy$2(v) 0 dW (1), (3.38)
i=1

where v : [O oo)Nx R? — R, F and ]K are skew-symmetric matrices, and G =

]F Zl 1 2K with a,b; € RT (i = 1,2,...,d) being constants. It can be
shown that (3.38) possesses the following stochastlc conformal multi-symplectic
conservation law

d

d
A& (1, %) + Y 047 (. x)dr = ( —ad(t,x) — Y bk, x))dt, P-a.s.

i=1 i=l1

with & = Jdv AFdv and & = 1dv AKidv,i = 1,2,....d.

In fact, a large class of stochastic partial differential equatlons can be represented
in the form (3.38), e.g., the damped stochastic nonlinear Schrodinger equation (see
e.g., [39, 101]) and the damped stochastic wave equation (see e.g., [150, 154]).
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3.5.3 Ergodicity

To have a better understanding of the long-time behavior for the solution of (3.36),
we investigate the ergodicity of the solution in this part.
We first give a brief introduction to the invariant measure and ergodicity.

Definition 3.4 (sece e.g., [61]) A probability measure 7 € Z(H) is said to be
invariant for a Markov semigroup { Py, t > 0}, if

/ Pipdrn = / odr =:w(p) Yo eBy(H), >0,
H H

where &2 (H) and B, (H) denote the space of all probability measures on H and the
space of all measurable and bounded functions defined on Hi, respectively.

Definition 3.5 (see e.g., [101]) Let w be an invariant measure of a stochastic
process u : £2 x [0, T] — H.

(1) u is said to be ergodic on H if

1 T
lim F/ E[pu()]dt = n(p) in L*(H, )
0

T—o00

forall ¢ € L?(H, m), where L>(H, ) denotes the space of all functions defined
on H which are square integrable with respect to measure 7.

(i)  u is said to be exponentially mixing on H if there exists a positive constant
p and a positive function K () such that for any bounded Lipschitz continuous
function ¢ on H, ¢t > 0, and ug € H,

| Pip(uo) — ()| < K (o) Lye ™",

where L, denotes the Lipschitz constant of ¢.

Before we proceed, we need to obtain the following uniform boundedness of the
solution u of (3.36) in the H!(D)®-norm with respect to time.

1
Lemma 3.3 Letug € L>(2, H (D)%) and Fp, € W'*(D). In addition, let Q} €
HS(U, HY(D)),i = 1,2 forany y; > 5/2 and y, > 1, and let 0 € Wl'OO(D),
o > o9 > 0 with a constant oy. Then the solution of (3.36) is uniformly bounded in
the H'(D)%-norm and satisfies

E[Ilu(t)lli,l([,)ﬁ] < C(l +e_°°’E[||uo||§11(D)6]) Vi>0,
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where the positive constant C depends on oo, A, 10|, Tr(Q2), llollyiecp)
1
I Fo, lwicocpy E[luollf], and 1Q7 | asw. v oy, i = 1.2.

Proof Step 1. Estimate of E[|Mu(t)|%]. Applying the Itd formula to | Mu||3; and
taking the expectation, we have

dE[| Mu(t)|3] = - 2]E[<Mu(t), M((o + %/\%FQ,)M(;)»H]dt

1
+,\21E[§I | M@ uw0F eo |5 Jar (3.39)
€

+3 HM(BQZ%ek)H;Idt.

keN

For the first term on the right-hand side of (3.39), we note that
15
- Z(Mu, M@ + 32 FQI)u)>H

1 V(o + 122Fy) xH
:—2<Mu,(0—|—EkzFQl)Mu>H—2<Mu, |: ¢ 2 o)) :|> )
H

~V(o + $22Fp,) xE
(3.40)

where we used the fact that V x (fv) = fV x v+ (Vf) x v for scalar function f
and vector function v. It follows from the Young inequality that

Vo + 122Fy ) xH
_op | {pa, | VO T2 Fe)
—V(o + $)?Fg) xE [

1 3.41
< 4E | Mullzllullall V(o + EAZFQQMM(W] (341)

1
< anE[nMuuﬁ] + CE[luli%],
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where the positive constant C depends on 0, A, |0 |ly1.00py. and || Fo, ly1.c0(py-
Plugging (3.41) into (3.40), we have

_ ZIE[(Mu, M((a + %/\ZFQI)M»H]

1 1
< —21E[<Mu, (o + EAZFQI)MM>H] + 5o0B[IMullE] + CE[lul:]
(3.42)

3
< —SooE[IMulf] - AQE[(MM, FQlMu)H] + CE[Jlu)]

< —;ao]E[nMunﬂzﬂ — AzE[(Mu, Fo, Mu)H] +C

due to the assumption o > op > 0 and Theorem 3.4. Similarly, by using the Sobolev
embedding HY (D) < L°°(D) with y > 3/2, the Holder inequality and the Young
inequality, it holds that

e[ wo ]+ el

< 2E[(Mu, FQlMu)H] + 4 E[ul] Y HV(Ql%ek)Hiw(Dp
keN
+a2EIMulalula] Yot [veia], ] 69
keN
L2012 Y [veeie|,
keN
< AZIERMM, FQIMM>H] n %O’()E[”MMH%I] e
Plugging (3.42) and (3.43) into (3.39), we obtain
dE[IMu®)1?] < — ooB[IIMu()1;]ds + Cadt, (3.44)

where the positive constant C depends on oo, A, |0, Tr(Q2), llo|lyico(pys

1
I Fo, lwiecpy> E[luolly], and |Q2 | msw.mvi by, i = 1,2. Thus, the Gronwall
inequality in differential form yields

E[IMu@®)|}] < C + e E[|Muolf]-
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Step 2. Estimate of IE[HV B2 + |V - H() ||§,]. Applying the It6 formula to

IV - E||%] and then taking the expectation, we arrive at

1
dE[|V - B3] = - 2E[<v E(), V- ((o + EAZFQ,)Ia(r)))U]dz

+ A%E[I{X&; [V - (H(I)Qljek)”?]:ldt (3.45)
1
+ V- 610Fen ]} dr.
keN

Notice that V-(fv) = f(V-v)+(V f)-v for scalar function f and vector function v.
By using the Holder inequality and the Young inequality, the assumptions o, Fp, €
W1’°°(D) and 0 > op > 0, and Theorem 3.4, we have

- 2E[<v E.V-((o+ %AzFQl)E)>U]

1
< 2E[IV - Ellg 1l 2oy | V(0 + 522F0,) | 1o o
(3.46)

— 200B[IIV - EI}y ] - »%E[(V - E. o,V - E), |

< —%aoE[HV ‘EI}] - %E[(V -E. Fo,V -E), | + C,

where the positive constant C depends on oo, (0], Tr(Q2), ||lo|ly1.c0(py, and

On the other hand, it follows from the Sobolev embedding HY (D) < L°°(D)

with y > 3/2, the Holder inequality, the Young inequality, and Theorem 3.4 that

VE[ Y|V mojen]}]

keN

= E[(v 1. ro,v ), | + E[ T |- v@i ol
keN

¥ 2AZE[Z(Q%ekV "H,H- V(Ql%ek»y]
keN

1
= sz[(V H, Fo,V- H)U] + )‘ZE[”H”;(D)»‘] Z ||V(Q126k)“ioo(1))3
keN
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1 1
+ 22 [[H 2oy IV - Hllo] Y [ [V Q7 e | o s | QF et oy
keN

< sz[(V ‘H, Fo,V - H)U] + %G()E[HV “H|I3 ] +C, (3.47)

1
where the positive constant C depends on oy, A, |@], Tr(Q>), and || Qf lHsw, v (D)-
Note that

1 ) 1
YOIV 6103e0) |, = CU0I. 1103 I rsw.ary)- (3.48)
keN

Plugging (3.46)—(3.48) into (3.45) yields
3 1
dE[||V - E(I)H%;] < - EUOE[”V . EU)H%]]dt + EUOE[HV . H(t)”%j]dt
—WE[(V - E®), Fo, V- E(t)>U]dt
+ AZERV JH(1), Fo,V - H(t)>U]dt +cdr.

By similar arguments, it can be shown that

B[V - HOI} ] = ~ So0=[IV - HO) I Jor + 3ouE[IV - B} Jar

—32E[(V - H@), Fo, V- H(t)>U]dt
+32E[(V - E(), Fg, V- E(t)>U]dt +Cdr.

Combining these two estimates, we obtain

A(E[IV-EOI} +1V - HOIF]) = = c0B[IV - EOI + IV - Ho)I, Jdr
+ Cdzt.
Hence, the Gronwall inequality in the differential form implies
E[IV-EOI} + IV - HOI} | < €+ VE[IV - Eol}, + IV - Holl3 ],

where the positive constant C is independent of time.
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Step 3. By using Lemma B.2 and combining Step I, Step 2, and Theorem 3.4, we
conclude that

E[lu) 1 pye] = C (B[] + E[IV x B3] +E[IV - EO) 1]

+E[IV x HO 2 ] + E[IV - HOI3))

= C(1+e B[ Il o))

for any ¢ > 0. The proof of Lemma 3.3 is thus finished. O

Based on the above H ' (D)®-regularity of the solution u, we can obtain the ergod-
icity of the stochastic Maxwell equations. Moreover, the probability distribution
P of u(t) is shown to converge towards the invariant measure 7* of the solution
u(t) in the L?-Wasserstein distance as 1 — oo. Here P/ is the transpose operator of
P;. To this end, we denote

o) = |1 e 2 /H lwifp(dw) < oo},

then the L2-Wasserstein distance of two measures p, v € Z>(H) is defined by

1
#>(w,v) = inf (/ [Ju — w||1231@(du, dw)) 2, (3.49)
HxH

Oel(u,v)

where I" (i, v) is the set of coupling of the measure (i, v) satisfying @ (A x H) =
w(A) and ®(H x A) = v(A) for any ® € I'(u,v) and A € A(H). We refer to
[171] for more details.

The main result of the present subsection is given below.

Theorem 3.6 Under conditions in Lemma 3.3, the following statements hold.
(i) Let u and i be solutions of (3.36) with initial data uy and Wy, respectively.
Then
E[llu(t) — a@)llf] < e >*"E[lluo — dollfy] V= 0. (3.50)

(ii) The solution u of (3.36) possesses a unique invariant measure n* € 9, (H).
Thus u is ergodic. Moreover, u is exponentially mixing.
(iii)  For arbitrary distributions 7, my € P> (H), and t > 0,

Wa(Prmy, Pim) < e Ws(my, m2), (3.51)
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which implies for any distribution w € &7 (H),

Wo(Pim,w*) < e W, n*) Vi>0.

Proof
(i) It follows from (3.36) that for ¢ > 0,

1
d(u — i)(1) :[M(u — (1) = o (u = i)(1) = 537 Fo, (u ﬁ)(t)]dt
+ 37w — @) (HdWy (1)

with (u — u)(0) = ug — i19. Applying the It6 formula to |u — ﬁ”]lz-ﬂ and taking
the expectation, we have

dE[lu(r) — a()14] = — 2E[<u(z) — i), o (ult) — ﬂ(t))>H]dt

_ AZIE[<u(t) —ii(t), Fo, (u(t) — ﬂ(t)))H]dt

2
]dt.
H

n AZE[ 3 HJ—I (u(t) — ﬁ(t)) 0l
keN

1
Since Y oy 107" (u — 1) Q7 ex |l = (u — ii, Fo, (u — ii))m, we obtain that

dE[llu(r) — @(0)|1] = — 2E[(u(t) — @), o (u(t) — ii(t)))m]dt
< — 200E[[lu(t) — (1) ]dr,

which yields the assertion via the Gronwall inequality.

(ii)) The existence and the uniqueness of the invariant measure follow from the
Krylov—Bogoliubov theorem (see [61, Proposition 7.10]) and the general Harris
theorem (see [91, Theorem 4.8]).

The key ingredient lies in showing that |- || 1 ()6 is a proper Lyapunov functional
whose level sets are compact. We note that H'!(D)® is compactly embedded in H.
Therefore, the level sets Ko := {v € H : |[vllg1(pye < o} are compact for any
constant o > 0, then the Krylov—Bogoliubov theorem implies the existence of the
invariant measure 7 * for u. Combining the contraction property derived in (i) and
the general Harris theorem, we obtain the uniqueness of the invariant measure 7 *
for u. Thus, u is ergodic.
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Moreover, it follows from the uniform boundedness of the solution u in the H-
norm given in Theorem 3.4 that

f ™ (dw) = f P(|lwli3)m* (dw)
H H
= /H E[llu(t; w)llf]7* (dw)

200111112 2 1 — g 200!
s/ (e W | + 6] Tr(Qz)2—> * (dw)
H o0

—200t

1
= ¢~ 200! f w7 ™ (dw) + |0|2Tr<Qz>2—,
H (o]

from which we have

101°Tr(Q2)
_— <

200

/ w7 (dw) <
H
Thus, 7* € P, (H).

In addition, for any bounded Lipschitz continuous function ¢ on H, r > 0, and
the deterministic initial datum ug € H, it yields

1Pptuo) =) = [E[otutei o] = [ Bt )} @)
= (/HE[w(u(t; uo)) — @ (u(t; w))]n*(dw)\
< L(p/H]E[Ilu(t;uo)—u(t; w)|]7* (dw)
< Ly [ B[t o) — s w)]) @
< Le™ [ o = wlhr* @)
H

< (C + lluollm) Lye " =: C(ug)Lye .

Hence the exponentially mixing property is proved.

(iii) We fix the deterministic initial datum (uq, iig9) € H x H and prove (3.51) for
Dirac measures 8, and 8. Let u(-, ug) and u(-, iig) be solutions of (3.36) with ini-
tial data ug and i, respectively. Denote the joint distribution of (u(t; uo), u(t; o))
by IT(P;*8,,, P}87,) which belongs to I'(P;*8,,, P;*8;,). By the definition of L2-
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Wasserstein distance and (3.50), we have

1
Wa (P} Suys P8iy) = inf (/ v — w|%O(dv, dw))2
OEI (PF8uy, Pi8iy) \ JHxH

Bl—

< — WIFIT(P}8uq. P 85,)(dv, d
< ([ o= ol s @)

1
= (/ lloe(t; o) — u(t; ﬁo)llﬁdﬂ”)z
2
< e—o‘ol”uo _ ﬁO“H — 6—001%(8140» 51}0).

By the convexity of the L2-Wasserstein distance (see e.g., [171, Theorem
4.8]), (3.52), and the Holder inequality, we obtain that for any coupling y of
(1, 2),

%(Pt*ﬂl, P,*TL'Q) < %(P,*(SMO, P[*(S,;O))/(duo, diig)
HxH

<e W2 (8uqs 8ig)y (duo, dito)
HxH

= e_”(”/ lluo — wollmy (duo, dio)
HxH

2
< 6_50'(/ lluo — dio Iy (duo, dﬁo)) .
HxH

Thus, by the arbitrariness of y, we finish the proof of Theorem 3.6. O

Summary and Outlook

In this chapter, the geometric structures, physical properties, and asymptotic
properties of the stochastic Maxwell equations are presented. The phase flow of the
stochastic Maxwell equations preserves the stochastic symplectic structure when the
equations are regarded as an infinite-dimensional stochastic Hamiltonian system,
while the stochastic Maxwell equations possess the multi-symplectic conservation
law when the equations are interpreted as stochastic Hamiltonian partial differential
equations. There are lots of works on studying the geometric structure for other
kinds of stochastic partial differential equations. We refer to [31, 40, 58, 59, 112]
and references therein for the case of the stochastic nonlinear Schrodinger equation,
and to [111] for the case of the stochastic Korteweg-de Vries equation.
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In the deterministic case, it has been shown that symplectic methods have
remarkable superiority compared to non-symplectic ones when applied to Hamil-
tonian systems, such as long-time behavior, geometric structure-preserving, and
physical properties-preserving (see e.g. [80, 90]). For the stochastic case, large
quantities of numerical experiments suggest that stochastic symplectic methods
possess excellent long-time stability. To theoretically explain the superiority of the
stochastic symplectic method, the backward error analysis technique is exploited
in [8, 66, 103, 153] and references therein. Recently, several researchers applied the
large deviations principle to investigate the probabilistic superiority of the stochastic
symplectic method (see e.g., [44, 46]). In Sect.3.4, we preliminarily studied the
asymptotic property of the solution of the linear stochastic Maxwell equations with
small noise by investigating the large deviations principle of the solution. Whereas
in certain circumstances, the coefficients of the stochastic Maxwell equations may
be nonlinear. Hence it is of interest to study the large deviations principle for the
general stochastic Maxwell equations and their numerical approximations.

As we all know, ergodicity is an important long-time property of stochastic
partial differential equations. There have been fruitful works on studying the
ergodicity of the original system and constructing numerical algorithms which
can inherit the ergodicity of the considered system. For instance, we refer to
[1, 103,135, 136, 163, 164] for stochastic ordinary differential equations, to [20, 21]
for parabolic stochastic partial differential equations, to [24, 71] for stochastic
Navier—Stokes equations, and to [39, 58, 67, 101] for stochastic Schrédinger
equations. In the last section of this chapter, we showed that the damped stochastic
Maxwell equations also possess ergodicity, as well as the stochastic conformal
multi-symplectic structure (see also [45] for more details). However, there are still
some unsolved problems, such as

* Does the general (damped) stochastic Hamiltonian partial differential equation
possess a unique invariant measure?

e What is the large deviations principle related to the invariant measures of the
stochastic Maxwell equations?



Chapter 4 ®)
Structure-Preserving Algorithms for oo
Stochastic Maxwell Equations

In this chapter, we focus on several structure-preserving algorithms which can
inherit the intrinsic properties studied in Chap.3 for the stochastic Maxwell
equations.

In Sect.4.1, we mainly present some temporally semi-discrete algorithms,
including stochastic symplectic Runge—Kutta methods and the exponential-type
methods, for the stochastic Maxwell equations with Stratonovich noise. We further
give a priori estimates of the numerical solutions associated with the temporal semi-
discretizations. These results will be used in Chap.5 to obtain the mean-square
convergence order for the proposed structure-preserving algorithms.

In Sect. 4.2, we turn to the construction and analysis of fully discrete structure-
preserving algorithms for the stochastic Maxwell equations by exploiting the FDTD
method, the wavelet interpolation method, and the dG method. More precisely,
we present three types of stochastic multi-symplectic algorithms for the stochastic
Maxwell equations driven by additive noise via the FDTD method. After intro-
ducing the basic theory of wavelets, we design an energy-conserving stochastic
multi-symplectic wavelet algorithm for the stochastic Maxwell equations driven
by multiplicative noise. We then study dG algorithms for the stochastic Maxwell
equations driven by additive noise.

In Sect.4.3, we focus on developing the splitting technique for solving the
stochastic Maxwell equations efficiently. The three-dimensional stochastic Maxwell
equations can be split into three local one-dimensional Hamiltonian systems. If we
apply the previous algorithms to these three subsystems, plenty of highly efficient
and structure-preserving algorithms for the stochastic Maxwell equations can be
obtained.
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4.1 Temporally Semi-Discrete Algorithms

This section concentrates on temporal semi-discretizations for the stochastic
Maxwell equations studied in Sect. 3.1:

du(t) = [Mu(t) + F(t, u(t))]dt + B(t,u(t)) odW(), te(0,T],

u(0) = up.
» . 4.1
Assume that there exist Hamiltonians .74 and %4 such that
8 8.6
Flou@) =172 Bu() =37 =22, 4.2)

where J is the standard symplectic matrix. It has been shown in Theorem 3.1
that the phase flow of (4.1) preserves the stochastic symplectic structure under the
homogeneous boundary condition.

For the semi-discretization of (4.1) in the temporal direction, we introduce the
partition 0 = #9) < 1 < --- < ty = T with the uniform time step size T = T/N.
Let D C R? be an open, bounded, and Lipschitz domain with boundary 3 D. The
definition of the infinite-dimensional stochastic symplectic algorithm is given below.
We refer to [100] for the systematic study of stochastic symplectic algorithms of
stochastic Hamiltonian systems.

Definition 4.1 The discrete stochastic flow ¢, : H — H, (E)T, H) )T —
(EMHT A HTHT)T of (4.1) is said to be an infinite-dimensional stochastic
symplectic algorithm if it preserves the infinite-dimensional stochastic symplectic
structure, i.e., foralln =0,1,..., N — 1,

/ dE" () A dH" (x)dx = / dE"(x) A dH" (x)dx,  P-a.s.
D D

4.1.1 Stochastic Symplectic Runge—Kutta Methods

Applying the s-stage stochastic Runge—Kutta method, which depends only on the
increments of the Wiener process, to (4.1) in the temporal direction, we obtain that
fori=1,2,...,sandn=0,1,...,N —1,

N N
U'=u"+1) ai(MU} + FI(UD) + > @ B (UH AW, (43)
j=1 j=1

s N
un+1 — un + T Z bi (MUln + Fﬂ,l(Uln)) + Z EiBn,i(Uin)AWn'i‘l , (44)
i=1 i=1
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where F™/(U") := F (tn +c¢it, U"), B (U") := B(t, + Gt UM, i = 1,2, ...,

and AW"H = W(t,+1) — W(t,) is the increment of the Wiener process with
t, =ntandn=0,1,...,N — 1.
Denote

s
A=(aj)i_p b=01....b)", =) ayj,
j=1

s
Av:(a[/)j,jzl’ 52(517"7EY)T7 Ez :Zaljv
j=1

and set U, := (UM, ..., @), F1 W, == (F'wpT,..., Frwm’),

and B"(Uy) := (B"@WNT,..., B”S(Us”)T)T. Utilizing the Kronecker product,
we can rewrite (4.3)—(4.4) in a compact form,

Up=1,@u" +1(AQ® M)U, + (A ® Id)F"(U,) + (A ® 1d) B" (U) AW" T,
4.5)

W= u"+7(b" @ M)U, +t(b" ® 1d)F"(Uy) + (b" ® 1d)B"(U,) AW,
(4.6)

where 1, = (1,..., )T e R*,

The following proposition gives conditions on coefficients A, A, b, and b to
ensure that the stochastic Runge—Kutta semi-discretization (4.3)—(4.4) inherits the
symplectic structure of the original equations.

Proposition 4.1 Suppose that conditions in Theorem 3.1 hold. In addition, assume
that the coefficients of the stochastic Runge—Kutta method (4.3)—(4.4) satisfy

mijj = bia,’j +bjaji —bibj =0,

n~1,'j = Zl,'a,'j +bj5ji - g,'bj =0, 4.7
z,‘j = EE,-]- —i—Zj’djl- — Ezgj =0

foralli,j = 1,2,...,s. Then the stochastic Runge—Kutta method (4.3)—(4.4) is
stochastic symplectic under the homogeneous boundary condition, that is, for all
n=0,1,...,N—1,

w1 :=/ dE”“(x)MH”“(x)dx:/ dE"(x) A dH" (x)dx = ", P-a.s.
D D
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Proof For the stochastic Runge—Kutta method (4.3)—(4.4), it follows from (4.2) that

lwfl

dU!" = du" +t Za,/MdU” +1 Za,,J_ ——-du?

j=1 j=1
(4.8)

+Zal]J 1 dUn Wﬂ+1

and

du" ! = du” +erMdU”+erJ_
i=l1 i=1

S 2
~ 8%
=1 +1
+Y b —-dUf AWt
i=1

(4.9)

It follows from (4.9) that

du™ A Jdu" T — du™ A Jdu"

N
=t bi(du" A IMAU} + MU} A Jdu")
i=1

—i—er( 8%ﬂldU. SjﬁdU”/\du)

1

%ﬂ 520
AU AW = Z2au] AW A du”)
u

+Zb (du A

+12 Z b,-bj[(MdU” +J- ‘5 %ﬂ )A (JMdU7 + Szf‘wf"l)]

ij=1
S 824 82 '
+20 Y b,-b,-[(MdU;’ +J WdU{’) AU AW
ij=1
+ Z bib; (J_ AW A rAWt).
i,j=1

(4.10)
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From (4.8), one has

n __ n __ - . —18 % n
du" =dU!' =t a;MdU? rZaUJ ——-dU;
j=1

—ZaUJ_

Wn+l

Plugging the above equation into the first three terms on the right-hand side
of (4.10), it yields

du™ A Jdu" T — du A Jdu”

N
=t Y bi(dU] AIMAU] + MdU}' A JdU})
i=1

N 2
5277 82
+ 7Y bi(dU] A AU} — = 5dU]}! AdUY)
i=1

+ i@i (aur A
i=1

824
+1
AW 22

AW A du

") (ImMduy + iT%’;dU}?ﬂ

s 2 oy
4]
— 72 E mij[(MdUl-n-f-Jil 51421

i j=1

éfi 52%

—2t Z i | (Mauy + 17!

ij=1

dUn) dUn Wn+1:|

82
- Z an [J‘ dU"AW"+1 —dur AW |
Su2 J
i,j=1

N
=2t bi(auy nImauy),
i=1
.
5 ’)?, p = 1,2, and the
condition (4.7). Recalling u = (ET,H")T and the definition of the Maxwell
operator M, it holds that

dE"1 A dH ! — dE" A dH"

1
=2 (du"“ A Jdu™ = du" A Jdu")



102 4 Structure-Preserving Algorithms for Stochastic Maxwell Equations

= Z bi (U} A IMaU)

i=l1
)
_ Tt I .
— Y b [u dEp; A (V x dE,y) + ¢~ dH,y; A (V x dH,,,)].
i=1

Therefore, using the similar approach in the last two steps of (3.9) leads to
/ dE" T (x) A dH" T (x)dx — / dE" (x) A dH" (x)dx = 0
D D

foralln =0,1,..., N — 1. The proof of Proposition 4.1 is finished. a

Remark 4.1 A stochastic Runge—Kutta method (4.3)—(4.4) satisfying the symplec-
tic condition (4.7) is called a stochastic symplectic Runge—Kutta method.

Specially, if (4.1) is driven by additive noise (i.e., B(¢, u(t)) = B(t)), then the
symplectic condition (4.7) becomes

mij 1= b,‘a,'j —i—b./a/‘i _bibj =0 (4.11)

foralli, j =1,2,...,s. Werefer to [42] for further discussion.

As a typical example of the stochastic symplectic Runge—Kutta method, the
stochastic midpoint method for (4.1)

T 1
_ +1
Uy _u”—i-E(MU{"—i-F(tH%,Ul”)) +§B(tn+%,Uf)AW" ,
+1 _ n+1
"t =u" + r(MUl" + F(tn+%, UI”)) + B(tn+%, upaw"
will be studied in the following subsection, where fy 1 =t + % The above

method can be rewritten into a compact form by eliminating intermediate variable
UY, namely,

l,tn+l zun +'L'Mlzin+% _i__L,Fn-i-%(un-Q—%)+Bn+%(un+%)AWn+l’ (412)

where "t = (" 4 u") /2, F"F 3 W' 2) = F(r,, 1, u"*3) and B (u"t3) =
2

1 . . .
B(t, 1, u"*t2). By introducing two discrete operators
2

+

S, = (Id - %M)_l<1d + %M) T, = (Id - %M)_l,
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the stochastic midpoint method (4.12) can be further rewritten as
1 1 1 1
u' = Su 4 T T P I (" 2) 4 T BMT 2 (" T2y AW (4.13)

forn=0,1,...,N — 1.

4.1.1.1 Analysis of the Stochastic Midpoint Method

This subsection presents the analysis of the stochastic midpoint method. Both
the additive and multiplicative noise cases are studied. Below we give the well-
posedness of the stochastic midpoint method (4.12), and analyze the regularity of
the numerical solution.

(a) The additive noise case

We restrict ourselves to (4.1) in the additive noise case, and the corresponding
stochastic midpoint method reads as

un-‘rl — un + .L,Mun-'r% + .L,Fn+%(un+%) + B"+%AW"+1, (414)

where B"+3 = B(tn_%). It follows from (4.13) that

W = Seu £ T T T W) 4 T BT R AW (4.15)

Proposition 4.2 Let F satisfy Assumption 2.2, B(t) € HS(Uy, H) fort € [0, T],
and ug € L?7(2,H) for p > 1. For sufficiently small t > 0, there exists a unique
H-valued {%;,}o<n<n-adapted solution {u"; n = 0,1,..., N} of the stochastic
midpoint method (4.14). Moreover, there exists a positive constant C = C(p, T)
such that

max [l 2o 5 < C(1+ luol2ne i ) (4.16)

Proof

Step 1:  Existence and uniqueness. Fix a set 2’ C £ with P(£2") = 1 such that
W(t,w) € U= L*D) forallt € [0, T] and w € £2’. Below let us assume that
w € §2'. Combining with (4.16), the existence of {u"; n =0, 1, ..., N} follows
from the standard Galerkin method and the Brouwer fixed point theorem.

In fact, define a mapping

A:HxU— JMH), ", AW™) > AW, AW,
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where .7 (H) is the set of all subsets of H, and A(u”, AW"t1) is the set of solutions
u"t1 of (4.14). The inequality (4.16) implies that A is bounded and its graph is
closed by the closed graph theorem. Hence, there exists a Borel measurable mapping
M - HxU — Hsuchthat A, (s1, s2) € A(sy, sp) forall (s1, sp) € Hx U. Therefore,
the .Z,,, ,-measurability of «"*! follows from the Doob-Dynkin lemma (see e.g.,
[146, Proposition 3]).

To show the uniqueness of the numerical solution, we assume that there are two
different solutions u"*! and v"*! satisfying (4.15) with " = v". Then it follows
that

1 1 1 1
Wy = o (P @) - P ),
which combining the Lipschitz continuity of F' and Lemma C.3 (i) leads to
"t = v g < Collu™ ="

with C independent of t. Consequently, for sufficiently small t, the uniqueness of
the solution for (4.14) is obtained.

Step 2:  Proof of (4.16). We only present the proof for the case p = 1. The proof
for p > 1 follows the same procedure. From (4.15), we utilize Lemma C.3 (i)—
(i1) to derive that

E[lu" 115 ] = B Su" ]
+ 2E[(s,u", T, F'F2 (7)) + T,B"+%AW"+1)H]
+ JE[”fTr F™ 2™ 1) 4 T, B2 AW+ ||H2ﬂ]
= E[|IS " I3] + 215[(5,”", T, F"+%(u"+%))H]
+ JE[HIT, F'™ 3 '3y 4+ T, B3 AWn+! ||H2ﬂ]
< CTE[lu" ™3] + (4 + COE[|lu" 3] + Cx
due to the independence between u” and AW the linear growth of F, and
the assumption B(t) € HS(Up, H). Therefore, for sufficiently small 7, by the

Gronwall inequality, one arrives at the assertion (4.16) when p = 1. O

Similarly, one can obtain the following Z(M*)-regularity (k € Ny) of the
numerical solution {u"; n = 0, 1, ..., N} for the stochastic midpoint method (4.14).
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Proposition 4.3 Let F satisfy Assumption 2.4, B(t) € HS(Uy, 2(M*)) for any
t € [0,T], and ug € sz(.Q, Q(Mk)) for p > 1. Then there exists a positive
constant C = C(p, T, F, B) such that

) 1I§I:,a§XN ™| 20 2. 2ty < C(l + ||'40”L2P(Q,9(Mk)));

.. 2
(i) | max B[t —u 2, ] < Co
(ili)  max HE[LL"+1 —u"] <Crt
0<n<N-1 D(Mk-1)

(b) The multiplicative noise case

When (4.1) is driven by multiplicative noise, the analysis of the regularity of the
numerical solution will be more complicated than that of the additive noise case.
Below we focus on the analysis of the stochastic midpoint method for (4.1) driven
by linear multiplicative noise, i.e.,

du(t) = [Mu(t) +Fa, u(t))]dt I @) odW(@), 1€ (0, T].
u(0) = ug
4.17)

with A being a nonzero constant. Then, the stochastic midpoint method (4.12)
becomes

un+1 - + ‘L'Mun+% + .L,FYH*%(MI’H*%) + AJ*lun+%Awn+l‘ (418)

In this case, the well-posedness of u” in the H-norm is stated in the following
proposition.

Proposition 4.4 Let F satisfy Assumption 2.2 and uy € H. For sufficiently small
T > 0, there exists a unique H-valued and {%;, }o<n<n-adapted solution {u"; n =
0,1, ..., N} of the stochastic midpoint method (4.18). Moreover,

iz < C(1 2 P-a.s. 4.19
max a5 < C(1+ lluollz). a.s., (4.19)

where C = C(T, A) is a positive constant.

Proof The proof of the existence and uniqueness of the solution of (4.18) is similar
to that of Proposition 4.2, and hence is omitted here.
Applying (-, u" 4+ u"*1)y to both sides of (4.18) leads to

1 1
N E = NI+ T (F T2 " 2), u" + u" Ty

<A+ Colu" |+ Crlu™ | + Cr,
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which implies that ||u"||]HI <Cl+ ||u0||H) for sufficiently small t, based on the
Gronwall inequality. O

In particular, if F satisfies (F (¢, v), v)g = O for ¢t € [0, T] and v € H, then we
have

2 2
lu* g = lluoll.  P-as.

In addition, the Z(M)-regularity of the numerical solution of (4.18) can also be
obtained, which is stated in the following proposition. Note that (4.18) is fully
implicit, and then the increments AW"+!, n e N of the Wiener process are generally
substituted by some truncated random variables (see [137]). Let

AW = Ty et e, (4.20)
ieN
where
AL, ot s Al
EinJrl — ﬁin_H’ |29in+1| SAI;,

b n+1 b
—A7, U < —A?

with A> = (2b|In7])!/? for some b > 2, and {z?l."H},-GN, n=0,1,..., N —1being
a family of independent standard normal random variables. One can check that

E[(Sln‘l’l _ ﬁll’l“r])Z] < Tb, [(El’lJr] ﬂn+1) ] < (1 +2A};)Th
Therefore for any Q% € HS(U, H?) with y > 0, it holds that

E[|aW"! — awr 12, ] < e,
“4.21)
—n+1
E[I(AW" )2 — (aw™ 2|3, ] < cP

In the following proposition, we only give the proof of the case F' = 0. The proof
is also suitable for the case that F' = 0 under certain conditions on F. For the sake

of simplicity, we denote ¢+ : =AW

Proposition 4.5 Assume thate = p = 1, E[||Muo||3, + IV -Eo|?, + |V -Ho|13] <

00, Q7 € HS(U, HX (D)) and ¥,y 102 il sy (py < 00 withy > 3/2. Then
for sufficiently small t, there exists a positive constant C = C(A, T, ug, Q) such
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that

sup 1[<:[||114u”||%HI +IV-E"Z + ||V - H"||%,] <C. (4.22)

1<n<N

Proof

Step 1. Estimates of the divergence of the numerical solution. From (4.18), we
have

B _E" = 1V x H'TE — AR (4.23)
H' _H' = — 1V x BT AR I (4.24)

Applying V- to both sides of (4.23)—(4.24) and using the equality V - (V x v) =0
for vector function v lead to

V. B VLR = AV (@), (4.25)

V.H" —V.H' = AV . (B2, (4.26)

Applying (-, V - E"2)y and (-, V - H""2)y to both sides of (4.25) and (4.26),
respectively, and adding up the two derived equations, we obtain

IV -EN2 v T2 - VBN - |V -HE)3
= —2A(V - (HHI) VR 4 20V - (BT, VO

_2)\’<§.n+lv . Hﬂ-‘r% + Hn+% . VCH_H V . El’l+%>
’ U

U

1

_2)\<Hn+§ . V{n_H, V. En—&-%) 4 2)\<E”+% . Vé‘n—H, V. Hn+%> )
1% U
(4.27)

+ 2)L<§”+1V . En—i—% + En-}-% . V§n+l V- Hrz+%>

By the fact that £"*! is independent of F1,, one has

E[IV B 41V B | - B[V B VB ]

— —)»EI:<H"+1 . V§n+1’ V . EVH*%)U] _ %E[(HH . V{”+1, V . EH+I>U:|
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affr vt aet) | Jelfr v v
= '+ 0L+ 13+ 1.
For the term I,

n A n+1 n+1 ntl n
I =——E[<H Vet VLR VLR > ]
2 U

_ )\‘EI:((HI%FI _ Hn) A v;-ﬁ*H , V. En>U]

=:I{y + I

Plugging (4.25) into the term [}, and using the Sobolev embedding H (D) <
L (D) with y > 3/2, we derive

A
I = _EE[<Hn+l Ve v (Hn+%§n+1)>U]

2

A

)LZ
E[<Hn+l .V n+]’ ntly H 4+ H' .V n+l> ]
+ ¢ +H Ve
< CE[IE™ 114y o) I s (IH N2y + IV - HH ) |

+ CE[IE™ 1211y o) I 2y (1B 20 + 19 - B0 )|
This, combining the Young inequality and Proposition 4.4, yields
n T n+1y2 T ny2
I < —]E[||V-H ||U] n —IE[HV-H ||U] tCr
10 15
Similarly, we plug (4.24) into the term /{’, and obtain

T 142 T 2
< gE[HV x B ||L2(D)3] + EE[HV : E"||U] +Cr
Therefore,

T T
1= ZE[IV < BT |+ SB[V - B |

T
+ E[IV B + 1V B+ C
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For the term [, similar to the estimate of |, one has

A

2
— %ERH” . v;n-ﬁ—l, é‘n-HV . Hn-H + Hn+1 . V;.n-}-l)U:I

)\2
+ ZEI:<Hn . V§n+l’ Cnv .H" + H" . V§n>U]

T T
<—E[V.H”+12] —E[V-H"2] Cr.
=70 I 7| + G I ;| +Ct

The estimates of I3 and I are similar to those of I{' and I3, respectively, which
satisfy

T +1)2 v +12

15 = ZE[IV < B | + SB[V BTG |

T
+ E[IV B + 1V -E' |+ e
n i n+1,2 T ny 2

13 = E[IV-E |+ SB[V B+ c

10 15
Combining the estimates of I{, I}, Ig’, and I} together, we derive

(1= DE[IV B 4+ V- 1
(4.28)
T T
< (14 DE[IV-E'} + IV - H'I | + E[1Mu" 3] + C.

Step 2. Estimates of the curl of the numerical solution. Applying (-, M (u"+! —
u™))m to both sides of (4.18), we obtain

21
”Mun+1 ”]:QHI — ”A4ul’l||112_]I _ ?(J—lun+%§-}1+l’ M(un-i-l _ un)> (429)

e

Using the skew-adjointness of the Maxwell operator M and substituting (4.18) into
the right-hand side of (4.29) yield

B | = B[] + [ (Mt e, et ]
(4.30)
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Denote

RT (Ve x 0
n 0 (Vé-n-i-l)x :

Then
2AE[<M(J—1un+%§n+l)’ MMH%)H]

_ 2AE[<§"+1J—1MM"+%, Mu"+%> ]+2,\1E[<R,§u”+%, Mu"+%) ]
H H

= %]E[(R,Tl @ =™y, M + u"))H] + )»E[(Rf,u", M@ — u”)>H]
=11 +11;.
We substitute (4.18) into the term 7/ 1" and obtain

1 = %IERR;M(M’“ Fuy, M@+ u"))H]

+%2E[<R;J_1(un+1Hn);nH’M(unHﬂn))H]

= 11 + 11,

It follows from the Sobolev embedding HY (D) < L°°(D) with y > 3/2 and the
Young inequality that

A A
117y = =CE[(Remu ™ vt |+ ZEE[ (R Mar) |
4 H 4 H
A
+ ZCE[(RyMur, M) ]
4 i
< CoE[I¢" vy IMu" 1
+ CTB[ 15"+ 14y oy 1M s | M "

T
< CoE[I¢" gror oy IMu™ 1 | + SE[IMw™ 1] + CoE[ 1 1],

. 1 o |
The assumption ) ;. [|Q2e;ll y1+v(py < oo implies ||§"+1||H1+V(D) < Ct2Ab,
which yields

1, < CI%A,]E[HMM"H %] + gE[uMu"“uﬂzﬂ] + CTE[ | Mu™|I%].
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For the term 11 {“2, we utilize Proposition 4.4 to obtain

11y < ZE[IMu" [ + M ] + C.
Combining the estimates of 71}, and 11}, gives

2 1
I < (cﬁAf n g)tE[HMu”“ 2]+ (C‘L’ n g)tIE[HMu"II]%I] Ners
For the term 1}, the skew-adjointness of the Maxwell operator M leads to
= —,\]E[<M(R;u"), Wt - u”>H]
A
_ ——r]E[<M(R,Tlu”),Mu"+1> ]—,\ZERM(R;M"),J—lu”+%;n+l> ]
2 H H
=1l + 11},

where we substituted the expression of u" ! — " by (4.18) in the second step. Note
that

. (V . Hn)vé-n+1 (Hn . V)V§n+]
M(Rnu )= |:—(V . En)vé-n+li| [_(En . V)V€n+l
(Ve + [—(V;"“ : V>H"} ’

(Ven+l . v)E!

which implies that

IM R < CUE gz ) (IV - Bl + 1V - Bl + g + | Mu” 31
due to the Sobolev embedding HY (D) — L°°(D) with y > 3/2 and the Young

inequality. Thus, for the term 777, it follows from the independence of ¢ n+1 and
F4, that

IA

T
1}, g1E[||Mu"+1 ] + CTE[IM (RZu") 1]

IA

glE[nMu"“ ] + CPE[ I Mu" 5]

+ CE[IV-H" |} + |V - B3] + Ct
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For the term 11},, by the Sobolev embedding HY (D) < L*°(D) with y > 3/2, it
holds

113 < CE[ 1M REu sle™ v oy (Nl + 1)
T
< ZE[IV- B + 19 B + 1 Iy + 1M1
1
+ CE[ 10 1 + 1 ] + € E[18" Wz oy 16" W )|
T n n n
< SE[IV - E"I} + IV - B | + SE[1Mu" 1] + Cw.

Hence,
1 < (C'L’-i— S)ﬂE[HV E"2 + |V - H"||U] + E[||Mu"+1|| ]

(Ct n S)ﬂE[nMu ||H] fcr.
Combining the estimates of /1 and /17, we have
2AE[<M(J_1M}1+%§"+1), Mun+%>Hi|
(CfAb )t]E[||Mu”+1 2] + <C1: n S)rE[HMu 1] 431)
+(cr+ S)rIEl[HV B + 1V - B ] + c
Plugging (4.31) into (4.30) yields
B[ M1 1] < E[1Mu" 1] + (vl + )rE[nMu"“u ]
2 nn2
n (Ct n g)r]E[nMu 12]
1 nn2 nn2
+ (Ct n g)ﬂE[uv B2 4+ V- H ||U] tCr.
Combining (4.28), we conclude that
E[IMu [+ 19 B 4+ 9 1 ]

< B[IMu" I+ 1V B3 + 1V B3 ]
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2
+ (C‘E 1 g)rE[HMu"HHZ_H FIV-EE 4|V H"||%,]
4
+ (CﬁAT n g)tE[HMu"“H]%I IV EE v H"+1||%,] e

For sufficiently small t, the Gronwall inequality gives the desired result. Thus we
finish the proof of Proposition 4.5. O

Remark 4.2 By multiplying |V - E"™ |2, + ||V - H""!||2 and | Mu"*'||3; on both
sides of (4.27) and (4.29), respectively, one can further derive that

sup E[IMu” Iy + IV - I + 1V -1 < €. (432)

1<n<N

If we impose the following PEC boundary conditions
nxE=0, n-H=0, on [0,T]x0dD, 4.33)

the H!-regularity of the solution of (4.18) is implied by Lemma B.2 and Proposi-
tion 4.5, that is, there exists a positive constant C such that

sup E[llu" 13,1 py6] < C.

6
1<n<N (D)

Moreover, if we turn our attention to the damped stochastic Maxwell equa-
tions (3.34), then we consider the following modified stochastic midpoint method

un+1 — e 0T + %M(un—&-l +e—orun) +0AW£H—1
(4.34)

A —
+ EJ_I(M"H + e_”u")AWTH, neN.

Using similar arguments as in the proof of Proposition 4.5, we can obtain that the
solution of (4.34) is bounded uniformly in the L%(£2, H'(D)®)-norm, i.e.,

sup E[ 4”131 6| = C.
neN

We refer to [45] for details. It can be shown that this result ensures the existence
of the invariant measure for (4.34) while the uniqueness of the invariant measure is
obtained by using the general Harris Theorem (see [91, Theorem 4.8]).

Theorem 4.1 Let conditions in Proposition 4.5 and the PEC boundary condi-
tions (4.33) hold. Suppose that uy € L*(22, H'(D)®) and Fo, € W"*(D). In
1 1

addition, let Q} € HS(U, H" (D)), i = 1,2, Y,y ||Qlfe,~||Hy171(D) < 00, for
any y1 > 1/2, y» > 2, andleto € WL (D), 0 > oy > 0 with a constant oy.



114 4 Structure-Preserving Algorithms for Stochastic Maxwell Equations

(1) Let {u";n € N} and {u"; n € N} be solutions of (4.34) with initial data u¢ and
1, respectively. Then

E[lu" — @"If]) < e 7> E[lluo — ioll3]-
(i) For sufficiently small t, the numerical solution {u";n € N} of (4.34) has
a unique invariant measure 1t € Py(H). Thus, {u";n € N} is ergodic.

Moreover, {u"; n € N} is exponentially mixing.
(iii) For arbitrary two distributions i, my € P>(H) and n € N,

Wa((Py) 1, (P)) 1) < e s (my, ma),
where (P])*m,n € N denotes the probability distribution of u" with initial
probability distribution 7. Moreover, for any distribution 1 € Zy(H), n € N,

we have

Wr(Py) ', ") < e s (n, 7).

Proof 1t follows from (4.34) that

" — ") — efzrr(unfl _ ﬁn—l) _ ‘L’M(un —u") + eiat(unil - ﬁnil)
2
L AJ*] (un _ ﬁn) 4 efot(unfl _ 'ﬁnfl)AWY.

2

Applying (-, " — ™) 4+ e~ T ("~ ! — " ~1))g to both sides of the above equation
and taking the expectation, we obtain

Efllu" — " |f] < e B[ Jlu"" 7" E] < - < e E[fluo — TollE]

for all n € N. Thus we have proved assertion (i). The proofs of assertions (ii) and
(iii) of this theorem are analogous to those of Theorem 3.6. |

4.1.1.2 Analysis of Stochastic Symplectic Runge-Kutta Methods
This part is devoted to studying the well-posedness and regularity of the numerical

solution for the stochastic symplectic Runge—Kutta method (4.3)—(4.4) to the
stochastic Maxwell equations driven by additive noise. More precisely, consider
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the following temporal semi-discretization

N N
U =u"+1 ) a;(MU} + FY(UD) + Y @BV AW™!, (4.35)
j=l1 j=l1
s . s .
W =" 1Y B (MU + FUUM) + Y BB AW, (4.36)
i=1 i=1
where B" = B(t, + ¢;t) and coefficients ajj, b; satisfy the symplectic condi-
tion (4.11).

To prove the existence of a numerical solution given by the stochastic symplectic
Runge—Kutta method (4.35)—(4.36), we need the following coercivity condition: the
matrix A = (a; j)f.’ j=1 is invertible, and there exists a diagonal positive definite
matrix £ = diag(ky, k2, ..., ks) and a constant « > 0 such that

u' A sau Hu YueR. 4.37)

It is obvious that the stochastic midpoint method (4.14) satisfies the coercivity
condition. For (4.35)—(4.36), we have the following well-posedness result.

Theorem 4.2 Assume that the coefficients of the stochastic Runge—Kutta method
(4.35)—(4.36) satisfy the symplectic condition (4.11) and the coercivity condi-
tion (4.37). If in addition F satisfies Assumption 2.2, and B(t) € HS(Uy, Z(M))
for any t € [0, T], then for sufficiently small t, there exists a unique H-valued
{1, }o<n<n-adapted numerical solution {u"; n = 0,1, ..., N} of the stochastic
symplectic Runge—Kutta method. Moreover, for any p > 1, there is a positive
constant C = C(s, p, T) such that

max E[|U7 3] < C(E[||u"||§f] i r), n=0,1,...,N, (4.38)
<i<s

11_352(1\/ ||Mn||L2p(_Q,H) = C<1 + ||MO||L2p(Q,]H[)>- (4.39)
Proof

Step 1. Existence and uniqueness. The existence of the numerical solution is
similar to that in Step I of Proposition 4.2, which is omitted here.

The uniqueness of the numerical solution follows from the uniqueness of U},
i = 1,2,...,s. Assume that (4.35) has two different numerical solutions U, =
(@mHT,...,wnHT) and V, = (V)T ..., (V")T) " with U,—y = V,_1, then it
follows that the compact form U, — V,, is given by

Uy — Vu = t[1d — t(A® M)] ' (A ® 1d)(F"(U,) — F" (V).
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Lemma C.2 (i) and the linear growth of F' imply
Up — Villges < Ct||Uy — Villges,

where H® = H x H x --- x H. Consequently, if T is sufficiently small, the
uniqueness of U, holds.

Step 2. Proof of (4.38). We only present the proof for p = 1. The proof for p > 1
follows a similar procedure and is omitted. From the compact formula of (4.35),

we have
Uy =[1d - t(a@ M)] "' [1, @ u" + 7(A @ 1d) F"(U,)
+(A® 1d)B" AW,
which, along with Lemma C.2 (i) and the linear growth of F, implies

1Unl2es < Cllly @ u" + (A ® 1d)F"(Uy) + (A ® 1d) B" AW |2,

s N
< Clu"llf + CT> Y _IF" UM +C Y IB AW |3

i=1 i=1

N N
< Cllu" [+ Ct* > (14 UM IE) + C Y IB" aw™ g

i=1 i=1

s
< Cllu"|lfy + Ct* + CT*||Unllfes + C Y 1B AW+
i=1

By the assumption B(t) € HS(Uy, Z(M)), it holds that
E[|Unll3es | < CE[llu" 1] + Ct (4.40)

for sufficiently small t. The proof of (4.38) is completed by ||U,,||H2ﬂ®s =
it U7 -
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Step 3. Proof of (4.39). We start from (4.36) to obtain
d 2 LU 2
1 = e ;bi (mup+Fi )| +| z}:bl-B"’AW"“ o
iz iz
+21 Zb MU + F"(U)y + 221; B AW
s
+2t Y bibi (MU} + FY (U, BY AW™).

i,j=1

For the fourth term of the right-hand side of the above equality, we note that
by (4.35) and the skew-adjointness of M,

S
2t ) bilu", MU} + F"(UD))y
s A s - -
=2t ) b (U}, F" (U — 2t ) bidij (BY AW MU} + F"' (U]
i i,j=1

5
-2 Z (b;a,'j —i—bjaj,')(MU}l + Fnj(U;l), MU + F"i(Ul.”))H_
ij=1

It is now clear that

U 2 u .
0 = i+ | Yo BB AW+ 2r Y buy, P
i=1 i=1

s
— 2 ) my (MU + FY UT), MU + F" (U") g (4.41)
i,j=1
+2t Z bib; — b)) (B AW, MU + F"(U"))m

N
+2) bifu", B AW
i=1
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Due to the symplectic condition (4.11), we arrive at

N s
" < M3+ C( 4+ 7)Y IBY AW g 4+ CT Y 1M (B AW |1

i=1 i=1

N s s
+Ct Z IUME +Ct Z I FM UM 13+ zzglwn’ B AW H ).

i=1 i=1 i=1

Taking the expectation, together with the linear growth of F and the assumption
B(t) € HS(Uy, 2(M)), we have

E[llu" %] < E[llu"1F] + Ct + CTE[IIUs I30s ]-
Plugging (4.40) into the above inequality yields
E[lu"™%] < A+ COE[lu"1}] + Cx,

which implies the assertion (4.39) by the Gronwall inequality. The proof of
Theorem 4.2 is thus finished. |

Remark 4.3

(1) Theorem 4.2 still holds if we replace the symplectic condition (4.11) by the one

that

M = (mij)f,j=l with  m;; := b;a;j +bja;; — b;ib; 4.42)
is semi-positive definite, which can ensure that the fourth term of the right-
hand side of (4.41) is non-positive. It is obvious that the stochastic symplectic
Runge—Kutta method satisfies (4.42) naturally.

(i) Note that for the well-posedness of the stochastic symplectic Runge—Kutta
method, a technical assumption sup, (o 71 | B() |z 5wy, 2(my) < 0© is required
to bound the term || M (B" AW"+1)||5. One may eliminate this assumption for
certain concrete numerical methods, for instance, see Proposition 4.2 for the
stochastic midpoint method.

Remark 4.4

(1) If we plug (4.35) again into the sixth term on the right-hand side of (4.41), then
we have

s N
"y = " Iy + 22 Y (UP FUMm +2 ) bi(U] B AW g
i=1 i=l1

s
— 12 Y mii (MU} + FY (U, MU + F" (U ))m
i,j=1
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N
- . | .
— 27 Z i (B" AW MUY + FY (U7 )m
i j=1

N
_ Z ’:r’jiij<anAWn+1’ BnlAWn+l)H
ij=1

Under the condition (4.7), we can obtain the following discrete energy evolution

law
s .
a0 = a1+ 20 Y biUR, FYUM) e
i=1
s .
+23 bi(Ul, B AW g, Peas.
i=1

foralln = 0,1,..., N — 1, which can be considered as the discrete version
of (3.23).

(ii) Denote F™(UM) =: (FM(UMT, FX(UMT)T. From (4.36), after straightfor-
ward calculations we end up with the discrete averaged divergence evolution
laws

N
B[v 8] =BV B o8] 07 rr 0]
i=1

E[V ) Hn+l] — ]E[V . H"] + -[EI:XS:IJZ-V . Fnr,’li(U;l)iI,

i=1
which can be considered as the discrete version of (3.26).

Similar to Theorem 4.2, we can obtain the @(Mk)—regularity (k € Ny) for
the numerical solution {©#";n = 0, 1, ..., N} of the stochastic symplectic Runge—
Kutta method (4.35)-(4.36). As a consequence, the discrete versions of the Holder
continuity in (M k=1 of the numerical solution are also obtained.

Proposition 4.6 Suppose that conditions in Theorem 4.2 hold, ug € L*P(82,
D(M*)) for p = 1, B(t) € HS(Uy, 2(M*tY)) for any t € [0, T], and that F
satisfies Assumption 2.4. Then there exists a constant C = C(s, p,T,F,B) > 0
such that

: 2p 2p _ .
(i) 1r;ll_afxsIE[||UI.”||@(1VI,()] < C(r + E[Ilun”@(Mk)]),forn =0,1,...,N;

(i1) llsr}zast ||un||L2p(_Q,9(Mk)) = C(l + ||M0||L2p(.(2,9(Mk)))§
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n+l _ oy 2p p.
(iii) OSL‘?}VE]E[”” W | = €T

(iv) jmax B[ = u"] gpr-1y < Cr.

4.1.2 Exponential-Type Methods

As we know, the It6 form of (4.1) reads as follows

du(t) = [Mu(t) + F(t, u(t))]dl + B(t,u(t))dW(), te(0,T],
u(0) = uo,
(4.43)

where

~ 1
Fa,u(®) = F@,u)+ 5 Bu(t, u) B, u@) Fo,  Fo(x) = > (Q%ej(x))z.
keN

Under conditions in Remark 2.4 of Sect.2.2, the mild solution of (4.43) exists
globally and satisfies

In

u(ty) = S(O)ultp—1) +/ S(tn — $)F (s, u(s))ds

In—1

In
—I—/ St —s)B(s,u(s)dW(s), P-a.s.
In

—1

forO<t,_1 <t, <T.
We now turn our attention to the exponential-type methods. One is the exponen-
tial Euler method for (4.43), which is defined recurrently by

u" = SO+ TS@) F(ty_yr, u" )
+S(@)Bty_1, u"" HAW", n=1,2,....N (4.44)
with u® = ug. We refer to [53] for more details on the analysis of the exponential

Euler method for the stochastic Maxwell equations. Another one is the accelerated
exponential Euler method of (4.43),

I -
u" = S(r)u"! +/ Sty — $)F(ty_1, u" Hds
th—1

tn
+/ S(ty — $)B(ty—1, W AW (s) (4.45)

In—1
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forn=1,2,..., N, where u® = uo. For the above two exponential-type methods,

we have the following a priori estimates of the numerical solutions.

Proposition 4.7 Let ug € L?P(2, 2(M)), p > 1. Assume that the drift term
F(t,-) satisfies Assumption 2.4 with k = 1 and the diffusion term B(t, -) satisfies
Assumption 2.5 with k = 1 for any t € [0, T]. Then solutions of (4.44) and (4.45)
satisfy

2
max IE[ "2 ] <C,
OﬁnﬁN ||M ||9(M) =

where C = C(ug, T, p) is a positive constant.

Proof We only present the proof of the exponential Euler method, and the assertion
for the accelerated exponential Euler method follows a similar procedure.
It follows from (4.44) that

n—1 n—1
W' = Stuo+1 Y Sty — 1) F (e, ) + ) S(ty — 1) Bty u*) AW
k=0 k=0

foralln =1,2,..., N. Taking the Z(M)-norm yields that for p > 1,

n2p 2p
max, E[ "1y, ] = € max E[ISGuol ]

I<n<

2p
.@(M)]

1<n<N

n—1
+ C max E[HT Z Sty — 1) F (1, u®)
k=0

2p
.@(M)]

n—1
+C max IE[H 3 Sty — 1) Blig, u) AW
1<n<N
k=0
=L+L+D5

For the first term /1, using the unitarity of the operator S, we have

2
I = CE| uoll %, |

For the second term /5, the linear growth of F and the Holder inequality lead to

N-1

= C+Ct Y B[l
k=0
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For the third term I3, Proposition D.4 (ii) and the linear growth of B yield

Iy=C max E[| /Ot" (5(t0 = L207) Bltpe o w510 JaW(s)

0<t,<T

2p
@(M)]
T . 5 »
< CE[(/O ”B(IL%jr, MI'?N)HHS(UO,_@(M))dS) ]
T s P
< C+ CE[( [ i 0)"]
0

=C+CE|( If 11 )|
k=0

N-1
2
<C+Ct ) E[Ilukllgf’(m],
k=0

where | 7] is the integer part of . Combining the above estimates, we have

N-1

n2p 2p ky2p
max B[l 1y, | < €+ CE[luolZ,,)] + Co by B[ 141, )
Then the Gronwall inequality finishes the proof of Proposition 4.7. O

Particularly, if e = u =1, F = 0and B = (XT, X;— )T, the exponential Euler
method (4.44) and the accelerated exponential Euler method (4.45) become

W= S@u" + S@BAW", n=12,....N (4.46)

and

In
W' = S()u"! +f S(ty —$)BAW(s), n=1,2,...,N, (4.47)

In—1

respectively.

The following propositions state that these two methods preserve the stochastic
symplectic structure, and fulfill both the averaged energy evolution law and the
averaged divergence conservation laws. In the sequel, we sketch only the proof
for (4.46), and the proof for (4.47) is similar.
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Proposition 4.8 The methods (4.46) and (4.47) preserve the discrete stochastic
symplectic structure

Wyl = / dE" 1 (x) A dH"T! (x)dx = / dE"(x) A dH" (x)dXx = w,, P-a.s.
D D

foralln =0,1,...,N — 1.
Proof Taking the exterior derivative of (4.46) leads to
du"t! = d(S(r)u”).

Therefore the stochastic symplecticity follows from properties of the deterministic
linear Maxwell equations (see Theorem 1.1 in Sect. 1.1.2). |

Proposition 4.9 The methods (4.46) and (4.47) fulfill the averaged energy evolu-
tion law

E[lu" %] = E[lu" " "§] +»7. n=1,2,....,N

with x = (XZ + 3 DTr(Q).
Proof Applying E[| - [I%;] to both sides of (4.46) leads to

E[lu"1%] = E[Is@u"~" 1] + E[Is@ BAW" 1]
+2E| (s, s@Baw”) |

=E[llu"""13] + E[1BAW"|}].

We note that

E[IBAW"|34] = O3 + 1] )f dW(s) ;I]dx
2
A2 422 / Se; d
=( )T D[%(Q e(x))]x
=\ +A)Tr(Q)T
due to the It6 isometry. O

Proposition 4.10 The methods (4.46) and (4.47) fulfill the discrete averaged
divergence conservation laws

E[V-E']|=E[V-E"'], E[V-H'|=E[V-H"'], n=1,2,...,N.
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Proof Denote (div, div)(ET,H")T := (V-ET,V.-H")T. Performing the operator
(div, div) and taking the expectation on both sides of (4.46) yield

E[(div, div)u"] = E[(div, div)S(t)u"'].

Notice that S(z)u"~! is the exact solution of the following deterministic linear
Maxwell equations

$u@®) = Mu(t), 1€ (ty1, 1a],

u(ty—y) = u" L.

These equations possess the divergence conservation laws, that is,
(div, div) S(0)u" ! = (div, div)u™~!

foralln=1,2,..., N + 1. m|

4.2 Fully Discrete Algorithms

Section 4.1 proposes and analyzes the temporal semi-discretizations for the stochas-
tic Maxwell equations. This section discretizes these temporal semi-discretizations
further in the spatial direction to obtain several fully discrete algorithms, including
the stochastic multi-symplectic algorithms, the stochastic multi-symplectic wavelet
algorithm, the stochastic symplectic and multi-symplectic dG algorithms. The
geometric structures and physical properties of these algorithms are also analyzed.

For the considered spatial domain D := [a, a]+] x [a;, a;r ] x [ag, a;r 1, we
introduce a uniform partition with Ax = (aiIr —a;)/1, Ay = (aiIr —a,)/J, and
Az = (a;' —az )/ K being the mesh sizes along x, y, and z-directions, respectively.
Here I, J, and K are positive integers. Recall that t = T/ N is the uniform time step
size of [0, T'] with N being a positive integer. Forn =1,...,N,i=1,...,1I, j =
I,...,J,andk =1,..., K, denote grid points by #, = nt, x; =a; +iAx, y; =
ay, +jAy, zx = a; +kAz. Let u;"j’k be an approximation of u(z,, x;, y;, zx). The
difference operators in 7-direction and x-direction are defined by

n+l1 n n+1 n—1

Sl — Uijk — Uijk Sut. — Ui jk — Ui jk
N S — i jk = " 5
T 2T
n n n n
n Witrjk —Uijk < o Uivrjk —Miz1,jk
qui ik - qul ik == .
oJs Ax & 2Ax
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And the average operators in 7-direction and x-direction are defined by

n—H
k+u1]k

n
n ikt Uik
ijk = 2

u.
i+1,j,
k) A n =

At Wi jk = P

1

. .. . n+»

For the simplicity of notations, we may also use u, . ; and u” to replace
Lk i+5.j.k

At} j cand Ay u ik respectively. Similar to 8, 5y, and A, we can define operators
dy, 8}, and Ay in y -direction and operators 8., 8., and A, in z-direction.

4.2.1 Stochastic Multi-Symplectic Algorithms

As shown in Sect. 3.2, the stochastic Maxwell equations, including the multiplica-
tive noise case (3.10) and the additive noise case (3.21), can be rewritten in the
formulation of the stochastic Hamiltonian partial differential equation, i.e.,

Fdu + K;dyudt + Kpyudt + K3d,udt =V, S(u) o dW(z), (4.48)

where S(u) = 22 |E|> + 4 |H|? for (3.10) and S(u) = A> - E — &y - H for (3.21).
Matrices F and K, (p = 1, 2, 3) are defined in (3.12). And in the previous chapter,
we have shown that (4.48) possesses the stochastic multi-symplectic conservation
law

djo + Oxk1dt + Oykodt + 0;63dt =0, P-a.s.

with @ and «, (p = 1,2,3) being the differential 2-forms associated with the
skew-symmetric matrices IF and K, (p = 1, 2, 3), respectively.
We first give the definition of the stochastic multi-symplectic algorithm.

Definition 4.2 A stochastic algorithm

k k
Fa,’“f 7]k+Kla”’f ?jk
k k

+ K a’”’ ?/k+K33nl] ?lkz(VuS(u))Zj,k)/fj,k

of (4.48) is said to be a stochastic multi-symplectic algorithm if the discrete
stochastic multi-symplectic conservation law

ol T e 9y e 0 )t = 0, Paas.
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: i, j.k RN g, j.k g, j.k . . .

is fulfilled. Here, 8,"""", 9y""""", 3y""/", and 9;""/"" are certain discretizations of
the. derivatives 9;, dy, dy, and d;, respectively. And yif’ ik is an approximation of the
noise.

We are going to propose several structure-preserving algorithms which are
stochastic multi-symplectic.

MS Method-1 The first algorithm is constructed by applying the midpoint method
in both spatial and temporal directions of (4.48). Namely, forn =0,1,...,N,i =
0,1,...,1,j=0,1,...,J,andk=0,1, ..., K,

F81M7+ 1 +K16XA[M:I’

Ky8y Aru”
Ljhktd jbagy TR0 A

3 Jk+g
(4.49)

L= VuS(Au

n
1 1))’5,/‘,]@ P-a.s.,
25

K 8 A ui‘l n
TR0 Ay i+4, Lkl

where

1
V= ;(AW)Q;; and  (AW)[Th = Wtag1, Xi, ¥jo ) = Wk, Xi, ¥ 2)-

MS Method-II The second algorithm is constructed based on the central finite

difference method in both spatial and temporal directions of (4.48). Namely, for
n=12,...,N,i=0,1,...,1,j=0,1,...,J, andk =0,1,..., K,

Fou? g+ (Kibe + Koy + Kad, Jul s = VSl )7 FL, Pas.,
(4.50)

where

- 1
Vl"f;: = E<W(ln+1,xl', Yjszk) — Wta—1, Xi, ¥j, Zk)>-

MS Method-II1 The third algorithm is constructed by applying the central finite
difference method in spatial direction and the midpoint method in temporal direction
of (4.48). Namely, forn =0,1,...,N,i =0,1,...,1,j=0,1,...,J, andk =
0,1,...,K,

Fud ; + (K@At + Kby + K3SZA,)M;{.,’,( = VuSA OV ke Pras.
451)

4.2.1.1 Stochastic Multi-Symplectic Conservation Law

This part is devoted to studying the stochastic multi-symplectic conservation laws
for the above three structure-preserving algorithms.
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Proposition 4.11 The MS Method-I (4.49) possesses the discrete stochastic multi-
symplectic conservation law

(SleAyAZwi’,lj,k + axAtAyAZ(Kl)?,j,k

+8yA,AZAx(K2) ik TO:AALA y(k3)? ik =0, P-as.,

where wl k= Zth i k/\qul i kand(fcp)l k= Zdul i, AKp du? .., p=1,23.

i,j,k’
Proof Taking the exterior derivative on both sides of (4.49) yields

IF(S,dui L F K8 A, du

bkl 41t Kb Al
2!

+2,k iyjsk+%

= V2S(Au” DA, du”

J+5k+3 Vioj ke
(4.52)

1
20k

K38, A;du”
TR0 AUy i+h L)

Next, we take the wedge product between A;du”

Ardu” A VS (A"
i+3.j+5k+} (Ar i+3. +2,k+1) + JER NN

the symmetry of V2S(-). For the first term on the left hand 51de of (4.52), we have

+ bt and (4.52). The term

Y ik vanishes due to

Aidu” | ATFS,du”
S S N i+ k4
1 n+1 n+1 1 n
= —du 1/\Iqu — —du  AFdu”
2'[ l+2 j+2,k+2 +2,]+ k+2 21’ + +2 k+ l+§ /+§ k+§
=8 w"
e N N

Similarly, for the rest terms on the left-hand side of (4.52), we have

Al NS A= S A )]
Adu” AKo8y Ardu” = 8y A; (k)" ,
Uy by NS AU =0 A
Adu” ANK38,A,du” = §,A;(k .
N A N S N WY Ge3)i, 3.i+5k

Combining the above results completes the proof. O
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Proposition 4.12 The MS Method-1I (4.50) possesses the discrete stochastic multi-
symplectic conservation law

@), @), @), @)
ik wi,j,k ( l)t+%,j,k ( Oz—%,],k ( 2)1’1_’_%’]( ( 2)1,1—%,k
+ +
T Ax Ay
n n
K
(3)l/kJr (3)”k
+ =0, P-a.s.,
Az
where
LR | 1
~nt; n+1 —\n —
ZZTi,j,k - 2d i,j,k /\]quz J.k° (Kl)i_,_%’j,k 2d i,j.k /\Kldut+l J.k?
1 1
n n
( 2)11+2’k 2d i,j.k /\szutj+l k> ( 3),]k+ 2d i,j.k /\K3dul JJok+1e

Proof Similar to the proof of Proposition 4.11, we take the exterior derivative on
both sides of (4.50) to obtain

AxAyAz(Fdul! T} — Fdu] 7)) + tAyAz(Kiduly, , — Kiduf )

+ rAxAZ(szu szuﬁj ) + rAxAy(K3du — Ksdu"t! )

i,j+1k i,j,k+1 i,j,k—1

- AxAyAszS(uﬁj’k)du;”j’k(Wl."’}f,l - W;fjj,i).

Then taking the wedge product between duj ik and the above equation, one obtains
the conclusion via the symmetry of V2§ (-). O

Proposition 4.13 The MS Method-III (4.51) possesses the discrete stochastic
multi-symplectic conservation law

1 1
~ nty ~ n+— ~ Nt n+1
~p+l _ ~p K1), 2. ) K - 2,
@ik~ Dijk ( 1)l+%,1, - 1) 3.J.k ( 2)1,1 ® 2)
+ +
T Ax Ay
1 1
~ l’l+ ~ n+7
(k3); jikd —W3),
2 =0, P-a.s.,
Az
where
~nt+l _ ld n+l pgtt ® )”Jr% _ ld /\K d
ZD'i,j,k ) ljk u; JJ.k? k1 i+%,j,k ) u; JJ.k 1 ul+1 J.k?
@', = lat AR @' = S A KRsdu!
k2 i,j+%,k - 2 ljk 2 ul j-‘rl k>’ K3 i,j,k—‘,—% 2 ljk 3 ul jk+l

Proof The proof is similar to that of Proposition 4.12 and thus is omitted here. O
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4.2.1.2 Energy Evolution Law

In Sect. 3.3, we have shown that for the stochastic Maxwell equations, the energy is
conserved for the multiplicative noise case (i.e., S(u) = A—22|E|2 + 12—‘|H|2 in (4.48)
with A; = A,), whereas the averaged energy evolutes linearly with the rate % =
(JA1 |2+ |kz|2)Tr(Q) for the additive noise case (i.e., S(u) = A,-E—A-Hin (4.48);
see Remark 3.2). In this part, we investigate the evolution of the discrete energies
for the three stochastic multi-symplectic algorithms (4.49)—(4.51).

ik = (B, DT H] ' O T the solution of the MS

Method-I (4.49) with S(u) = )‘22 EZ + )‘21 [H|2. Assume that »y = Ay = A. Then
under the periodic boundary condition, the discrete energy satisfies

Proposition 4.14 Denote by u'!

oM, ) =oM,), P-as.

foralln =0,1,..., N — 1. Here, the discrete energy ®W is defined as

—-1J-1K-1

o(t,) = AxAyAzZZ > |ur

i=0 j=0 k=0

2

i+4j+E k]

Proof Recall S(u) = %|E[* + 5|H|? in (4.49), and the MS Method-1 reads as

1

FS[U 1 +K1(S A[l/l ; +% +K28)1Atu:l+%,j,k+j

]+2 k+3
(4.53)

n . n _
=+ K381A1ui+%’j+%’k = )\Atu P a.s.

"y
i3ty kg CLTR

Next, we multiply (4.53) by 2tAxAyAzIFA,u bkl and then sum up over
Lkl

all spatial indices i, j, k. For the first term on the left hand 31de of (4.53), we have
I-1J-1K-1
n n
2tAxAYAZY Y Y (F‘Sl”i+%,,/+%,k+%) ' (FAtui+%,j+%,k+%)
i=0 j=0 k=0

= oW, ) — oW(s,).

Using the periodic boundary condition, the other corresponding terms on the left-
hand side of (4.53) vanish. For the term on the right-hand side of (4.53), the skew-
symmetry of IF implies

,\(A " " >~<IFA u" ):o.
gl etk LYk il ks

Hence, combining the above results gives the conclusion. O
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Similarly, we can prove the following result for the additive noise case.

Proposition 4.15 Denote by u? ((El i k)T (H” )T)—r the solution of the MS
Method-I (4.49) with S(u) = Xz E — 11 H. Then under the periodic boundary
condition, the discrete energy satisfies

oW, 1) = oM,

I— K—1

J—1

"+ +1
ZZ( 2‘ k+%(AW);”j’k>, P-a.s.
Jj=0 k=0

1
+2AxAyAz
i=0
forn=0,1,..., N — 1, where

1 1
n+, n+,
ol a1 1 =A1-E 12 1

i+3.j+7.k+s i+3.j+7.k+;

Proof When S(u) = A - E — Ay - H, (4.49) reads as

n
F(S,u ]+2 k-‘r; +K1(S A[l/l J+% e+ %+K28)7A[ui+%,j’k+%
(4.54)
+ K38ZATM:‘!+%,]'+%,]< = )Lyi’,’j’k, P-a.s.,
where A = (XT, —XIT)T € R®. The rest of the proof is similar to that of

Proposition 4.14, and the only difference lies in the treatment of the term on the
right-hand side of (4.54). Note that

1J-1K-1

Z (l IE‘A,u jrd el )yi”’j)k

ZTAxAyAZZ
i=0 j=0 k=0
I-1J-1K-1

=2AxAyAz Z
i=0 j=0 k=0

[x - AE" T AH

1
AW
i+3. kg z+%,j+%,k+%]( )

i,j.k*

Thus, the proof is finished. m]

Specially, we can obtain the estimate of the discrete averaged energy in the case
that W depends only on the time variable.
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Corollary 4.1 Let conditions in Proposition 4.15 hold. If W : [0, T] x 2 — R is
a Brownian motion, then there exists a constant % = (|A1|% + |A2|?)|D| such that

B[t 40)] = B[00)] +7r. 0 =01, N - 1.

Here and hereafter | D| denotes the volume of the spatial domain D.

Proof The proof is similar to that of Proposition 4.15. The main difference concerns
the treatment of the random term. We observe that

n+%

n+1
ks AW (4.55)
1
_ B 3. . (wntl _fn n+1
_[()‘1 Ei+%,j+%,k+%+2kl (Ei+%,j+%‘k+% Ei+%,j+%,k+%))AW ]
1

.H{" a4 . (mgntl _qgn n+1

+[()”2 Hi+%,j+%,k+%+2)”2 (Hi+%,j+%,k+% Hi+%,/+%,k+%))AW ]

Since the increments of the Wiener process W are independent, we have

IE[A E"
5 i+ 1t k+d

vl 4l 1AW”+1]:E|:)~2'Hn lAW"“]:O.
35 Jtgkts

Thus, taking the expectation on both sides of (4.55), we arrive at

1 1

n+

E[r o ,AW”+1]=-E[x1.(E7+}, L —E', 1)AW”“]
l+§,j+§,k+§ 2 l+7,j+§,k+§ l+§,]+§,k+§

1 n+1 n n+1
+ EE[)‘Z ' (Hi+%,j+%,k+% B Hi+%,j+%,k+%)AW ]

n+1 E n+ly .
E[AW x1-8,El+%’j+%,k+%]+2E[AW Ay - 8, H

i+%,j+%,k+%]

N =

N

n+1 (4 (p) n (p) n
Z:l]E[AW (5 SCHY gy T at(Ep)H%MH%’H%)],
p:
(4.56)
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where A1 = (", A%, AP T and 12 = P, 487, 49T To estimate (4.56), let
us consider the componentwise form of (4.54),

ST ) sor ey = A =B A A
BB ) oy iy = S ACHD] oy = S ACER)T AT
BB ) sy ey = S = Sy ACHD] A
5’(H1)?+%,j+%,k+% - SZA’(EZ)?%,H%,k - 3YA’(E3)?+%,‘/J<+% + )‘gl)yi’?j»k’
SiCHD, ) 1oy = SACES)] = S AEDY AT
SCHS o = O ACED = Se A BT s
(4.57)

When W is a Brownian motion, yi’fj!k in (4.57) is defined by yi’fj,k = W(ty+1) —
W (t,). Plugging (4.57) into the term on the right-hand side of (4.56) and using the
periodic boundary condition, we obtain

I-1J-1K-1
-i-l 1 ~
24x4y423 3 ]E[Tn ) AW"+]=m.
y et i+3 L k)

Therefore,
B[@W 0] = B[@Uan] +¥r n =01 N1

which finishes the proof. O

For the MS Method-II, we have the following two discrete energy evolution
properties. Proofs are similar to those of Propositions 4.14 and 4.15.
Proposition 4.16 Denote by ”z"l,j,k = ((Eﬁj’k)T, (Hj?’j’k)—r)—r the solution of the MS
Method-II (4.50) with S(u) = )‘TZIEIZ + )‘—2'|H|2. Assume that Ay = Ay = A. Then
under the periodic boundary condition, the discrete energy satisfies

oM@, ) =oM@,), P-as.
foralln =1,2,..., N — 1. Here, the discrete energy ®W is defined as

K
n+1 n
Z Uijk Hijk:

1 k=1

J
oM (1, 1) := AxAyAz

i=1j
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Proposition 4.17 Denote by u? Pk = (E} g k)T (H} i, k)T)—r the solution of the MS
Method-II (4.50) with S(u) = 12 E — Xl H. Then under the periodic boundary
condition, the discrete energy satisfies

1 J K
oM, 1) = @M @,) + AxAyAzY Y N1 (W= WD, Paas.
i=1 j=1k=1
forn=1,2,..., N — 1, where
Yiju = h B+ ho Hij,

Moreover, we have the following discrete averaged energy linear growth of the
MS Method-II.

Corollary 4.2 _Under conditions in Proposition 4.17, there exists a constant % =
(A1 + A2 V(D) such that

E[cb[ll](tn+1)] = E[q§[m(t,,)] 4%, n=01,....N—1,

_ . 2
where V(D) := AxAyAZ Y, ;i Yomen (Qiem(xi, Vi, Zk)) .

Proof Similar to Corollary 4.1, using the independence of the increments of Wiener
process, we have the following result

1
[ Wi = Wi, k)]
2 2
- E[M . (E?J k E:IJ k>(AW)?f’k +ha (H:l] k Hznj k)(AW)z Js k:l

:r]E[(AW)” WM 8,El]k]+rE[(AW)" oy (StHl]k]

3
= Y E[(Aw) (WS Ep Tk A+ A S HYI L) |
=1
(4.58)

In the same way, plugging the following componentwise form of (4.50)
- _ - )~
SIED] ju = 8y (H)] i = 8o (HDF i+ 217

- _ _ 2
5,(E2)Zj’k = (Sz(Hl)?,j,k - Bx(HZ%),"l,j’k + )\i )Vitl;:/l,

SI(E3)Zj,k = Sx(HZ)r'l

5 3)~
l,j,k_(Sy(Hl)” k—i—k” _—

z;k’



134 4 Structure-Preserving Algorithms for Stochastic Maxwell Equations

St(Hl);"l’j’k = Sz(Ez),"l,j,k - Sy(E3):'l,j,k + )‘g)?z‘r,lj—'fli’

Sz(Hz)?,j,k = SX(E3)?,j,k - Sz(El)?,j,k + Af)%’,’f}’

§i(H3)} g = By(ED} j 4 — 8e(ED)} 4 + 259
into (4.58) leads to

J K

1
AxAyAz Z Z Z E[Tiflj,k(wfﬁ - Wi’?j_,ll)]

i=1 j=1k=1

K
= AxAyAzY) 3OS E[(MP + R W = WD@W ]

i=1 j=1k=1
I J K
= (M + h2f)axayazy Y N IE[((AW)?,]»,;C)Z]
i=1 j=1k=1
= A‘[,
which completes the proof. O

Remark 4.5 Notice that

7o)~ Y nm/DeE,,<x)dx =3 =THO).

meN meN

Thus V(D) can be regarded as an approximation of Tr(Q).

Proposition 4.18 Denote by u}! ; , = ((E} ; RN i ) )T the solution of the MS

Method-III (4.51) with S(u) = “2|E|> + 4L |H|%. Assume that ky = A> = A. Then
under the periodic boundary condition, the discrete energy satisfies

oM, ) =M@, P-as.

foralln =0,1,..., N — 1. Here, the discrete energy @ ¢ defined as

I J K

(1, = Axayaz Y S S |ul

i=1 j=1k=1

Proof The proof is similar to that of Proposition 4.14. O
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Proposition 4.19 Denote by u? Pk = (E} g k)T (H} i, k)T)—r the solution of the MS
method-III (4.51) with S(u) = Xz E—A -H Then under the periodic boundary
condition, the discrete energy satisfies

I J K
+
oM, 1) = oM,) +24xAyAz) > "> l"],f(AW)ﬁ;}{, P-a.s.
k=1

i=1 j=1
(4.59)
foralln =0,1,...,N — 1, where
41
Tlnjlf = Ay l]k—i-lz H
Proof The proof is similar to that of Proposition 4.15. O

Corollary 4.3 Let conditions in Proposition 4.18 hold. If W : [0, T] x 2 — R is
a Brownian motion, then there exists a constant % = (|A1|*> + |A2|?)|D| such that

E[®[III](tn+])] - IE[(D[IH](t,,)] +%t, n=0,1,...,N—1.

Proof The proof is similar to that of Corollary 4.1 and thus is omitted here. O

4.2.1.3 Averaged Divergence Conservation Laws

It follows from Proposition 3.2 that, for S(u) = A2 - E — A1 - H, (4.48) possesses
the averaged divergence conservation laws. In order to show that the divergence
conservation laws also hold in the discrete sense, we first define two discrete
divergence operators V[I  and V k as

[1] -
Vl gk Vo= 8x ((Vl)if%,j*,k*) + Sy((Vz)i*y];%’k*) + 81((V3)i*,j*,k7%)’
61-[5],;( V=8V jk + 8y (Vadi juk + 8:(Va)i jk
(4.60)
with

(Vl)if%‘j*,k* = (V]) ]+ k+1 + (Vl) j)k,I
Oy ot at VDt s
(VZ)i*,jf%,k* = (VZ)i+%,j*%,k+% + (VZ)H»%,jf%,kf 1

TV2)i gt b V2t
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(V3)i*,j*,k—% = (V3)i+%’j+%’k_% + (V3)i+%’j_%,k_

for V.= (Vi,Vo,V5)T € R} i = 1,2,...,1, j = 1,2,...,J, and k =
1,2,....K

Proposition 4.20 The MS Method-1 (4.49) with S(u) = Ay - E — A1 - H preserves
the following discrete averaged divergence conservation laws

<[] +1 4Ll +1
IElivi,j,k -E :| = E[ i,j.k En] ]E[Vi,j,k -H' :| = ]E[ i,j.k Hn]

foralln=0,1,...,. N—-1,i=1,2,....1,j=1,2,...,J,andk =1,2,..., K

Proof We sketch only the proof for the discrete divergence of E. The proof for H is
similar and is omitted. It follows from the definition (4.60) that

S grtl _ gl pn
Vi,j,k -E - Vi,j,k -E

=[S 8By L+ BEDL B L]

Lok —%,k*

Plugging (4.57) into the above equation leads to
vaul +1 _ ol
Vijk BT - Vijk -E"

=15, [5 Ai(H3)" — 8. A, (Hy)!

*, (k= ]

+r8y[8ZAt(H1) ety — e A, 1)*].,%,,(*]

1)* k*

+ 8. [ 8: Ai (HD,

— 8y Ay(HY)" |
(—brgra—t T AL by

+ {8 (AWt /,

(2) n+1
M8, (AW
G-bra-b TH y( )(i—%

)*. =L (k= 3)*

3) ntl
+ADB AW

— )»(1)8 (AW)VH-I 4 )\.(2)8 (AW)n+1

—L(—5* k=1 D j—Lk—1)*

(3) n+l1
s AW
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which implies that

E[@[Il . R @l[l} . .En] —0.

LJ

Thus the proof is finished. O

In a similar way, we can obtain the discrete averaged divergence conservation
laws for the MS Method-II (4.50) and the MS Method-III (4.51), which are stated
in the following two propositions.

Proposition 4.21 The MS method-1I (4.50) with S(u) = Ay - E — A| - H preserves
the following discrete averaged divergence conservation laws

1

S prts] - wlem g2 Sy ti] - wlem | g2
B[V | =E[V ] [V H | = B[V W]

foralln=1,2,.... N—1,i=1,2,...,1,j=1,2,...,J,andk =1,2,..., K.

Proposition 4.22 The MS method-III (4.51) with S(u) = Ay - E — A1 - H preserves
the following discrete averaged divergence conservation laws

valll 1 valll o [11 1 o [11
B[V gL =E[V By B[V B = B[00

foralln=0,1,.... N—1,i=1,2,...,1,j=1,2,...,J,andk =1,2,..., K.

4.2.2 Stochastic Multi-Symplectic Wavelet Algorithm

In this section, we study the stochastic multi-symplectic wavelet algorithm for

dE(t) = V x H(t)dt — AHodW (1), 1€ (0,T],
dH(t) = —V x E(t)dt + AE o dW (1), 1 € (0, T, (4.61)
E0) = Eo, H(0) =Hp

with the nonzero constant A € R, aiming to inherit the stochastic multi-symplectic
conservation law and the energy conservation law of the original equations simul-
taneously. The algorithm combines the midpoint method in the temporal direction
and the wavelet interpolation method in the spatial direction. Moreover, the system
of algebraic equations obtained under discretization has some nice features, such
as skew-symmetry and sparsity. These features can lead to a large reduction in the
computational cost.

We first give a brief introduction to the autocorrelation function and the interpo-
lation operator. See [15, 16, 170] for more details. For the simplicity of notations, we
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restrict ourselves to the one-dimensional case. The approach can also be generalized
to the multi-dimensional case. Define the Daubechies scaling function ¢ : R — R
of order r as

r—1
d(x) = th¢(2x —k), xeR, (4.62)

k=0

where r is a positive even integer and {/ };;(1) is a sequence of non-vanishing “filter
coefficients". The autocorrelation function 6 (x) of ¢ (x) is given by

O(x) = /OO ¢(r)p(r —x)dr, x eR,

which has the following nice properties.

(i) Compact support:
supp(@(x)) = [-r+1,r —1].
(i) Orthonormal property:
00)=1, 0()=0 VIeZ.
(iii) Derivative property:
0K (—x) = 9P (x), O+D(_yx)y = _g@+D () kN,

where 6P) (x) denotes the p-th derivative of the function 6.
Let
7 = span{0;() =220 Q1x k), kezZ]. jeZ
Then {¥}} jez forms a multiresolution analysis, which, roughly speaking, describes
the increment in the information needed from a coarser approximation to a higher

resolution approximation. For j € Z, define the interpolation operator .
H'(R) — ¥;, with the mesh size Ax =277 as

Tfx) =) fxo@ix =1,

leZ

where the collocation points x; = 27,1 e Z.
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For the general d-dimensional case, we can define the interpolation operator .#
onV; ®---® Vj, similarly as

TF@ = Y f@n. e )0 — 1) .02 xg — L),
11,‘..,ld€Z
(4.63)

where j, € Z and the collocation points (x,);, = 27Jr] p for I, € Z with the mesh
sizes Ax), = 2-Jp, p=12,...,d.

We apply the stochastic midpoint method to (4.61) in the temporal direction and
obtain the following temporal semi-discretization:

1 1 1

B = By = o (0.1 — 1)) <l T AW,
1 1 1

R R (AR N BV VARV Vs
1 1 1

BV = By — o (0l 2 = 0By TE) =) TR AWt

(4.64)

1
Hyt = 1y o (YT =0 B) ) By T AW,
1 1 1
Hy = 1Y o (9,E) 2 = 0 By ) AL AW,

where AWt = W(t, 1) — W(t,),n=0,1,...,N — 1.

Further, the wavelet interpolation technique is applied to (4.64) in the spatial
direction to obtain the stochastic multi-symplectic wavelet algorithm. We choose
the autocorrelation function 6 as the test function. By properties of 6, we know that
the obtained first-order differentiation matrix is skew-symmetric and sparse.

For the numerical implementation, we consider (4.61) in D = [a, a?‘] X
la,, a;'] x [ayg, a;] with L, = al"; —a, (p = 1,2,3) being integers. Assume
that the periodic boundary condition holds. Fix integers Ji, J2, J3, and set N1 =
Li-2", Ny = L, - 272, N3y = L3 - 23. The collocation points are (x;, y;j, zk) =
@i/27, j/22 kj273),i = 1,2,...,N1, j = 1,2,...,No, k = 1,2, ..., N3. For
s =1,2,...,6, it follows from (4.63) that the interpolation of the s-th component
ugofu=ET,H"T at these collocation points is

N1 Ny N3

Tus(t,x,y.20) =YD > ()i j,d@x — )02y — Q5 — k)

i=1 j=1k=1
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with the mesh sizes Ax = 2771, Ay = 272 and Az = 2773, Taking the partial
derivative with respect to the variable x and evaluating the resulting expression at
collocation points (x;, y;, Zx), we obtain

ax[jus(t’xiy y]’ Zk)]

ALNIERE L do@ix — i)

=D D )i b7y — jH0Q 7 — k) ————
dx X=X;

i'=1j'=1k=1

i+(r—1)

Ny
=270 i jub i =iy = Y ()i k(B

i'=1 i'=i—(r—1)

= ((B* ® Iy, ® INyUs)i j ks

-
where us = ((s) 11,15 - WNL LT U 1205 -« oy U)N 2,15 - (Us) NN N3)
and B* is an N1 x N sparse skew-symmetric circulant matrix with entries

20 m—M), m—@F—-1D<M<m+@-1),

216" (—1), m—M=N;—1, 1<l<r—1,
(Bx)m,M =

2719/ (1), M—-m=N -1, 1<l<r—1,

0, otherwise.

Obviously, B* has (2r — 1) nonzero elements in each row, and it can be rewritten as
B* =2" -Circ(e’(O), 0/ (=1),....0/ (=(r —1)),0,....0,6/(r — 1), ..., 9/(1)).
Similarly, fors = 1,2, ..., 6, we have
Oy[Fus(t, xi, yj, z)] = (Un; ® B ® Iny)s)i ik,
[ Fus(t, xi, yj, 2] = ((Un, @ In, ® B)ug); &
with BY and B* being Ny x N, and N3 x N3 circulant matrices, respectively.
Applying the wavelet interpolation technique to (4.64), we derive the fully

discrete algorithm for (4.61), which is called the stochastic multi-symplectic wavelet
algorithm:

1 1 1
Bt - B = v (4B 2 - AH ) < aH T AW,

1 1 1
Ept —Ef = v (AsH] 2 - AHG ) < aHL AW,
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B B = (AT ) AW

1 1
H W = (A3 AES T2 )+ AE T2 AW (4.65)
Y —H = r(AlEn+2 ) L AENT AW,

1
HIH _HY = r(AzE’f+ AlEHZ) + AR AW

where A| = B*® Iy, ® In;, Ay = Iy, ® BY ® In;, and A3 = Iy, ® Iy, ® B* are
skew-symmetric matrices corresponding to differential matrices B*, BY, and B?,
respectively. Here,

n+l _ n+1 n+1 n+1 n+1 n+1 T
AW —(AW1,1,1~-- WN. L AW WN121"" WNl Ny, N3)
(4.66)

. +3
with AW:’"?IE = Wtut1, i, ¥j, 2k) — W(tn, xi, yj, 2x), and u? 2 AW"H! denotes

. +1
the components multiplication between u? Zand AW"H fors =1,2,...,6.

4.2.2.1 Stochastic Multi-Symplectic Conservation Law
The following proposition presents the stochastic multi-symplectic conservation law
for the full discretization (4.65).

Proposition 4.23 The fully discrete algorithm (4.65) preserves the following dis-
crete stochastic multi-symplectic conservation law

ot _ i+(r—1)
i\ j.k k
~d T l/ + Z (B )l z’(Kl)l/
i'=i—(r—1)
JHr=D .l k+(r—1)
DL BV (w2} Lk + Z (Bw ks, 2 i =0, Pas.
J'=j—=r=1 =k—(r—1)

4.67)
foralln = 0,1,....N—1,i = 1,2,...,N1, j = 1,2,..., Ny, and k =
1,2, ..., N3. Here, r is the order of the Daubechies scaling function ¢, and

1 nt L 1 +
@} = 2d jk ANFdu (Kl),-/’jyzk 2d i k A Kldu v o
n+% 1 n+2 n+2 n+% 1 n+% n+%
(KZ)iVj/’k 2d ij.k A KZd ijk (K3)i,j,k’ = Edui’j’k A\ K3d”i,j,k"
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Proof Note that (4.65) can be rewritten as

un-i-}( . i+(r—1) 4l Jj+r—=1) 41
nal
Fbik i gk l] + Z (BY).iv (Klui’,j?k) + Z (B); jr <K2ul i k)
i'=i—(r—1) J=j—0—1)
k+(r—1) o N Wn+/i
Bl n
Y B (K Th) = VS H =2
K'=k—(r—1)
where S(u) = %|u|2. Taking the exterior derivative on both sides of the above

equation, we have

d n+1 dl/i l+(r ]) 1
k k +1
potigk Mgk Z (B* )”(Kldu?,’j’zo
i'=i—(r—1)
Jj+@r=1) -
+ Y B (Kedy] j,zk)
J=i=r=1)
k+(r—1)
+ Y B (Kgdu”k,>
K=k—(r—1)
+1
HL gt AW
= VZS(qu’,zc)du?‘j’,i4.

1
Then, performing the wedge product against du; +,2< and utilizing the symmetry of
V2S(-), we finish the proof. o

4.2.2.2 Energy Conservation Law

The following proposition presents the energy conservation law for the full dis-
cretization (4.65).

Proposition 4.24 The stochastic multi-symplectic wavelet algorithm (4.65) pos-
sesses the following discrete energy conservation law

IE" % + |H"||* = [|EolI* + [[HolI>, P-a.s. (4.68)
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foralln =0,1,..., N. Here,

N1 N N3

IE"|* = AxAyAzy Y > ((E" DA (B D (E;_j’k)z),

i=1 j=1k=1

N1 N N3

B2 = Axayazy S0 Y ((Hﬁ_yj’k)z +(HE )P+ (Hgfi’j‘kﬁ).

i=1 j=1k=I

Proof We multiply each equation in (4.65) by E,;

and H 2 respectively, to obtain

||E’f“||22 IESI? (R A,
||E§“||22 IESI% (b A
||E’§“||22 (L (A )
||H’f“||22 (Lt (AR
||H§“||22 B2 (AR o)
Lo

2

.E2

En+%

n+%

. E;H_%_)L(H;H_%Awn-i-]) .

H"+2+/\( ”+2AW"+1)

.H"+2+/\( "+2AW"+1)

1
| _)‘(HT+2 AWn-H) .

—A (H;H_% AW;’H—I) X

143

n+2 En+2 En+2 Hn+2 Hn+2

1
(A E"+2—A1E"+2>-Hn+2+k( ”*MW"“) H, 2.

By the fact that Ay, A>, and A3 are skew-symmetric matrices and adding up all

terms in the above equations, we have

1
S LB ) — QI+ ) | = 0

which leads to the assertion.
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4.2.3 Stochastic Multi-Symplectic Discontinuous Galerkin
Algorithms

This section investigates the full discretization based on the dG method in space for
the stochastic Maxwell equations with additive noise on H:

du(t) = Mu(t)dt + AdW(t), te€(0,T],
(4.69)
u(0) = uo,

where A = (A, XI)T € R® and

0 & 'vx )

M = |: O :| with (M) = Hy(curl, D) x H/(curl, D).
—u'Vx 0

In this section, we suppose that the domain D is a polyhedron in R3 in order to cover

the domain with a mesh consisting of polyhedral elements.

Let us first present a succinct introduction to the basic concepts of the dG method.
For more details, we refer to [51, 143]. We consider a simplicial, shape- and contact-
regular mesh .7}, that partitions the domain D into disjoint polyhedral elements {K :
K € 9}, such that D= U Ked K. The index h refers to the maximum diameter
of all elements of .7},. We define ng on d K as the unit outward normal to K . Denote
by P"(K) the set of polynomials of total degree at most r defined on the element K
forr > 1.

Furthermore, we denote the set of all interior faces by G/, the set of all boundary
faces by Gf, and the set of all faces by Gj, := G,II U Gf. For an arbitrary interior
face G € G{l, we choose arbitrarily one of the unit outward normals of the two
mesh elements composing the face G. We fix this face normal and denote it by ng.
We use notations K and K¢ for two neighboring elements 0K N dKg = G € G}Il,
where the face normal ng points from K to K¢. For a boundary face G € G,lf ,
ng is always the unit outward normal. Fig. 4.1 illustrates some notations of the dG
method for the reader’s convenience.

Denote by vk := vp|g the restriction of the discrete function v, on an element
K . Furthermore, the jump and average of v, on an interior face G are denoted by

1
[oallG = (vko)lg — (k) and ol = 5[(vko)l + (vx)l6 ).

respectively.
When v, : D — R¢, the above jump and average operators act componentwise
on v.
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(b) Neighboring element and unit normal

Fig. 4.1 Some notations of the dG method. (a) Interior face (red) and boundary face (blue). (b)
Neighboring element and unit normal
For m € N, we define the broken Sobolev space as

6
H™(F}) = {v € LA(D): v|x € H"(K) forall K € yh} :

which is a Hilbert space with the semi-norm and norm being

m
|U|i]m(%) = Z |v|§.]m(K)6 and ”U”%{m(%) = Z |U|§.1](<7h) Vve Hm(%)’
Ke, j=0

respectively. Clearly, the usual Sobolev spaces are subspaces of their broken
versions, i.e., H™ (D) Cc H™(,) for all m € N.

Define a finite element space consisting of piecewise polynomial

Hy,, := {vp € L*(D) : wilx € P'(K) forall K € %)%, reN

(4.70)
Denote by I7, the orthogonal projection on Hj, ,-, which satisfies

(u — Myu, vp)g =0 VYuecl, v, € Hy,.
We make the following assumption on coefficients € and w.

Assumption 4.1 Suppose that the coefficients ¢ and p are piecewise positive
constants, i.e., €x ‘= ¢|g and g := p|g for each K € .

Under the above assumption, by the integration by parts formula, the dG method
to discrete the spatial direction of (4.69) reads as follows: seek uj = (ET, H;'l—)T €
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Hp, » such that for every test function v, = (w;, ¢;)T € Hj, ,, it holds that

8[(/ dE;, - Ydx — / (V x Hy) - yrpdxdt
K K

471
- /M (nmh — ng X HK) YrdSdr = e /K A - YdxdW (1)
and
i / aH, - gclx + / (V x Ep) - gclxdr
K « 4.72)

+/ (nmh —ng x EK> - pxdSdr = Mk/ A - dpdxdW (1)
K K

Here, ng x E; and ng x Hj, are the so-called numerical fluxes. The numerical flux
can be chosen according to the central, upwind, or hybrid principles.

(a) Stochastic symplecticity

To study the stochastic symplecticity of (4.71)—(4.72), we first derive the
corresponding global formulation of the proposed dG algorithm. We take the central
flux as an example. Let G = 0K N d K. The central flux is defined by

— E E — H H
ng x Ey o ‘=ng X %, ng x Hy o ‘=ng X % 4.73)

Note that for u € 2(M) N H' (),
ng x [Hllg =ng x [El¢ =0 VG € G},
(4.74)
ng xE=0 VGeGP

Therefore, plugging (4.73) into (4.71)—(4.72) and adding up over all elements K €
9, we arrive at

/ edEy, - Yrpdx — / (V x Hy) - yrpdxdt
D D

-y /G nG x [Hy 16 - (¥ hodSds = /D Xy - Y dxdW (1)

GeG!
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and

/udHh ¢hdx+/(Vth) ppdxdr — Y /nGth PrdSdt

GeGP
+ Y / nG x [ExllG - fi¢nllcdSdr = /D w2 - fpdxdW (1),
GeGl

from which one can define the discrete version of the Maxwell operator.

Definition 4.3 For all u;, = (E/.H)) ", vy = (¥, ¢, )" € Hy,, the discrete
Maxwell operator Mflf : H , — Hy, , with the central flux is defined as

(M§Tup, vp)e = ) [(V x Hy, ‘ﬂh>Lz <V x B, ¢h>L2<K>3]

Ke,
+ Z [<nG x [Hxple, {{llfh}}G>L2(G s <nG x [Exllc, {{¢h}}G>L2(G)3:|
GeG]
+ ) <nc x E11,¢h>L2(G)3~
GeGP

Proceeding similarly, we can design the numerical flux by the upwind principle
and obtain another discrete version of the Maxwell operator. See e.g. [97, Sect. 4]
for more details.

Definition 4.4 For all u, = (E].H)", v, = (¥;].¢])" € Hy,, the discrete
Maxwell operator M,"" : Hj , — Hj,  with the upwind flux is defined as

upw . —
W vs = 3 [(VH), (VB

Ke,

+y [(nc x [Hyle, Bk vk +ﬁKGwKG>

LZ(G)3
GeG!

—<DG x [EnllG, ok ok +O‘KG¢KG>L2(G)3

- )’G(nc x [Exllg. nG x [Wh]]c>L2(G)3

— 3G<nG x [HpllG,ng x [[¢h]]G)Lz(G)3]



148 4 Structure-Preserving Algorithms for Stochastic Maxwell Equations

+ Z [(nG X Eh,¢h>L2(G)3

GeGp
= 2y6{nG x Erng x ), |
vo\nG x Ep,ng x ¥, 126}
where
CKGSKG CK(;I/LKG
ag = , Bk = ,
Ckgekg +Ckek Ckoikg + Ckiik
1 1
YG e

" Ckolkg + Cxik’ " Ckgékg + Crek

with Cg = (8[{,&]{)71/2.

Applying a dG method with the central flux or upwind flux to (4.69) in the spatial
direction, we have the following spatial semi-discretization

dup(t) = Mpup(t)dt + pAdW(t), € (0,T] (4.75)

with u(0) = IMug and My, € {M of M ;llp W}. Furthermore, applying the stochastic
midpoint method to (4.75) in the temporal direction leads to the following fully
discrete algorithm of (4.69):

T

n+l _ n
Up =yt 5

(Muu + My 1) + IAAW™ =01, N =1,
(4.76)

where u2 = IMyug and AW = W(t,41) — W(1,).
Denote

Hir + (200 0 H' () = {on +u: vy € By w e 200 0 H (T

Then the discrete Maxwell operators Mflf and szw are well-defined from Hj , +
(2(M) N H'(F)) to Hy,,. We have the following properties of the discrete

upw

Maxwell operators Mflf and M,"".

Proposition 4.25 For discrete Maxwell operators Mflf and M;:pw, the following
statements hold.

() Forallu e 2(M)N H' (%),

Mﬁfu =TIT,Mu and M,lllpwu =IT,Mu.
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(i1) Foralluy € Hy ,,
(M{Tup, upymw =0 and (M,""up, up)yu < 0.

(i) Forallu € Hy, + (2(M) N H'(F)) and vy, = (Y], ¢;) T € Hy 1,

(M5, vp)m = Z [<H v x Iph>Lz(,<)3 - <E’ v ¢h>L2(K)3]

Ke9,

+ 3 [(m16.n6 x Wida),, -, — (B nG x Ionle) , ]
GeG]

_ Z <H, ng x wh)LZ(GP
GeGP

and
(M, u, o) = Z [(H’ VX l/fh>L2(K)3 - <E’ v x ¢h>L2(K)3]
Ke9,

+ Z [<’3KHKG + BxkgHk — vong x [Elg, ng x [Wh]]G>L2(G)3
GeG!

~ (axEx, + ax,Ex +86nG x [Hlg. ng x I9nl),, ]

— Z [<H, ng x wh>L2(G)3 + 2yc(nc x E, ng x wh)LZ(G)3].
GeGE

Proof We only give the proof for the operator MZPW. For the case of the operator
M,le, it can be proved similarly.

(i) By (4.74), the sum over the faces vanishes, and for any v, = (1/f,;r, ¢}11')T €
Hp ,, we obtain

(M, vp)r =Y [W < B Yn) 2k — (V< E, ¢h>L2(K)3]
KeJ,

(V X H, wh>L2(D)3 - (V X E, ¢/’1>L2(D)3

= (Mu, vy)m,

which implies the assertion M,l;p Yu = IT,Mu.
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(ii) The integration by parts formula yields

Z [(VXH;,,E;,> —<VXEh,Hh> ]
L2(K)3 LZ(K)3
Ke,

o GX(,;, [{m > B Hi) , g+ (5 B Bra) o] 07
€G),

— Z <nG XEh,Hh> .
L2(G 3
GeGE :

Plugging (4.77) into the definition of M;:pw and using the fact ax + Bx = 1,
we obtain

(M, wp up)mr = ) [OlKG<nG x EK»HK(;>

L2(G)3
GeG!

— o[K<nG X EKG, HK>L2(G)3

H E>
+f31<<nc>< Ko BK) 5 60

- ﬂKc<nG X HKv EKG)LZ(G)3

= 76 nG X [ExlG |}y — 86 [n6 x MHA1G |76 ]

2
—2 Y v6lnG x Balljagp-
GeGp

Due to the fact that ax + ak,; = 1, Bk + Bk; = 1, and ag = Bk, we have

)

Z [aK(;(nG x Eg, HKG>L2(G)3 + ,3K<HG x Hgg, EK>
GeGl

Z [Oék(nG x Egg, H1<>L2(G)3 + ,31<G<IIG x Hg, EKG>
GeG/

L2(G)3]

=0
L2(G)3]
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Therefore,

2
(M up, ) = — Y [VG HHG x IIEh]]G‘
GeG}

LZ(G)S

2
+ 3¢ HHG x [Hplg| , 3]
L2(G)

2
-2 Z )/G||nG X E/’l ”LZ(G)3 = 0.
GeGp

(iii) The proof is analogous to the proof of (ii) and is omitted.
Combining (i)—(iii), we finish the proof. |

Based on Proposition 4.25, it can be shown that the dG algorithm (4.76) with
central flux preserves the stochastic symplectic structure numerically, which is
stated as follows.

Proposition 4.26 Suppose that Assumption 4.1 holds. Under the homogeneous
boundary condition, the dG algorithm (4.76) with M), = Mflf preserves the
following discrete stochastic symplectic structure

/D dEI T (x) A dH}T (x)dx = /D dE] (x) A dH} (x)dx, P-a.s.

foralln =0,1,...,N — 1.

Proof By the property of Mgf in Proposition 4.25 (ii), and following a similar
approach to the proof of Theorem 3.1, we can obtain the result. O

Next we investigate the divergence conservation property of (4.76). Define the
test space X, as

Xy = [v € CO(D) : vplx € P"(K) forall K € ,%l} N Hy (D).

By (-, -)—1 we denote the duality product between H -1(D) and HO1 (D), in which
(V-E ¥)_1 = —(E, V)2 py forall ¥ € H(}(D). Then (4.76) possesses the
following discrete averaged divergence conservation laws.

Proposition 4.27 Under Assumption 4.1, the dG algorithm (4.76) with M) €
(MSF, M;:pw} satisfies the following discrete averaged divergence conservation
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laws:
E[(V- E;™), ¢)_ ] =E[(V- E}).¢)_|] VéeXu

E[(V - (T, ¢) ] =E[(V- B}, ¢) ] Yo eX,

foralln =0,1,...,N — 1.

Proof For yr, ¢ € X}, using the definition of the duality product (-, -)_1, we obtain

. n+1
<[V W )} ’ [ﬂ ) =V EED ) (Ve EH Y g)

V- (uHITH ] ¢
__< E/ [vy >
OV H ] [ ve | e

It follows from (4.76) that

n+l1 n n n+l1
([ [va ] =[] o] 30om [t 1] [a )

MAWH] vy
+(m [mwnﬂ] , [W} >H. 4.78)

From Proposition 4.25 (iii), the second term on the right-hand side of (4.78)
vanishes, since for any function ¢ € X, we have V x (Vg) = 0,ng X [Vl =0
for G € G, and ng x (Vo) = 0 for G € G£. For the third term on the right-hand
side of (4.78), it is easy to see that the expectation is zero. Thus,

E/ [vy _ E'l [Vy
E[( [HZH] ’ |:V¢:| >H] - E[( [H’;l "LVe >H—H]
_ V- (eE}) v
==| [V : (MHZ)] ’ M )—1]‘
The conclusion of this proposition comes from taking the test functions as (¢ ', 0) "

and (0, qu)T, respectively. m]

We have shown in Sect. 3.4 that the law of the exact solution at time 7T for the
following small noise system

du(t) = Mu(t)dt — VAW (@), t e (0,T],
(4.79)
u(0) = uop
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satisfies a large deviations principle with a good rate function ]IL}O. Here, > € R and
W) =" W@, w ' Wa)T)T. In the sequel, we consider the large deviations
principle of the numerical solution of the proposed dG algorithm applied to (4.79),
that is

uf ™ = Sy ull — AT T AW™ n=0,1,...,N — 1, (4.80)

—1 -1
where Sj.; = (Id - %Mh) (Id + %Mh> and Tj ; = (Id - %Mh> . Let

N

N—j ;

Wu.nni= Z Sh,r jTh’thAW/.
i=1

Then it is Gaussian on H, , with mean zero and covariance operator

=

N—j N—j
07N = CoVWarn ) =T Y (Sp TneITn) Q(Sy o Tho ITy)".
j=1

Proposition 4.28 Suppose that Assumption 4.1 holds. For N € Ny and uy € H,

the family of random variables {uhN; ”0’)"} A>0 satisfies the large deviations principle
with the good rate function

1 1
1 -3 . 3
P 31(Qrinva) 2 (v = SPup) I, if v — S ujy € (Qriv.n)* (D,
V) =
T;N,h
+o00, otherwise,

_1 1 .
where Q7 , is the pseudo-inverse of Q7. , and uﬁlv"
of (4.80) given by

0% s the mild solution

w, " = SN uf) — VAWynp N € Ny
Proof The proof is similar to that of Proposition 3.3 and thus is omitted. O

(b) Stochastic multi-symplecticity

Now we turn to the stochastic multi-symplecticity of (4.71)—(4.72). To this end,
we focus on the hybrid numerical flux, the cubic domain D, and its cubic partition.
More precisely, the disjoint cubic element on D is defined by

Kijk = 1i x Jj < G = 1,2 <Dy 1y 11Xz 1,240 ]

[N
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fori =1,2,...,N;,j=1,2,..., Nz, and k = 1,2, ..., N3. In this situation, the

N3 No» N
spatial domain D = |J |J U Kijk. Define the mesh sizes in x, y, z-directions as
k=1 j=1i=1
hx,i :=xl.+%—xi7%, hy,j :=yj+%—yj7%, hz,k :=zk+%—zk7%.

Let hy := max; hy ;, hy :=max; hy j, h; ;= maxy h, i, and h := max{hy, hy, h.}.
For all vy, € Hp ,, let (vl—:_)i+%,y,z and (v, =z be the right and left limits of v at
the interface {x = x; 1 }, respectively.

In the above framework, the dG algorithm (4.71)—(4.72) for the stochastic
Maxwell equations can be written into a compact form, that is, for u, =
€ HDHT ey, vp = W, ¢ T € Hy,,, we have

/ / / Fduy, - vpdxdydz
Gy JJ; JI;
_/ / [/ K1uh~(vh)xdx—<Kluh'U1;). 1
6, I i+5.5.2

+ (Kluh . U}T);_l

7,Y:2

—/ / [/ Kaup - (vp)ydy — (Kzuh . v;) o
Gy JI; Jj X, j+75.2

()

ity

]dydzdt

x,j—%,z

- Kaup - (vp)2dz — (Ksup - v}
/Jj /Il[ . up - (vp)zdz ( 3Up - V) )L%H%

+ (Ksun - vj ) " Jaxdyar
k=3

]dxdzdt

:/ //VL,S(uh)-vhdxdydzodW(t), 4.81)
G JJjJI;

i

where S(u) = A2-E—A1-H and the skew-symmetric matrices Fand K, (p =1, 2, 3)
are defined in (1.23). Here, the hybrid numerical fluxes are given by

Kpun = Kp{un)) + Apllupl (4.82)

with A, (p = 1, 2, 3) being real symmetric matrix.



4.2 Fully Discrete Algorithms 155
Lemma 4.1 Forallup, vy € Hy r and p =1,2,3,

Kpuy vy = Kpup - vy +Kpop -y = Ak, (un, vp),

Kp”;,r : ”}T — Kpup - ”ier + Kpon ”Z_ = Xk, (un, vp),

where
—_— ——

Kk, un, vp) = {Kpup - vpl — Kpup - fonh + Kpvp - {unh.

Proof We only give the proof of the first equality, as the second one can be handled
similarly. Let

K (up, vn) = Kpuy v, — Kpup - vy +Kpop - uy, — Zx, (un, vp),
which implies
1 —_— —
H (up, vp) = E( — [Kpup - vl + Kpup - [[vp]l — Kpvp - [[Mh]])-

By the definition of the numerical flux given in (4.82), we have
1
o) = 5 (= WK - vl + Kl - Lond = Kp(on - Lun)

1
+ 5 (AplenD - [os] = Aplvn] - sD) = 0

due to the skew-symmetry of K, and the symmetry of A . O

Applying the exterior derivative to (4.81) yields

///Fd(duh)-vhdxdydz
G JJ; JI;
—/‘/[/memwhmm—@ﬂmf@)l
Gy J_,‘ I; i+z,y,Z

i

+ (m : UZ_) 1
i—7..2

—/=/[/"Kﬂwmmh®m—(ﬁﬁﬁ-%) 1
G JI; Jj X, j+3.2

+ (mv;>

]dydzdt

x,j—%,z

]dxdzdt
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—/ f [/ K3duh-(vh)zdzdt—(m,-vh_> 1
J; JI; Gy x,y,k+7

— . +
+ (Kaduy - v} )x,y’k_%]dxdydt
- / / / V2S(up)duy, - vpdrdydz o dW (2). (4.83)
G JJj JI;

This gives the following result.

Theorem 4.3 Suppose that Assumption 4.1 holds and Yy, Zj, satisfy the variational
equation (4.83), then the dG semi-discretization (4.81) with the fluxes defined
in (4.82) possesses the stochastic multi-symplectic conservation law

dopi jk — (KDniy,zdt — (K2)h,x,j,zdt — (K3)p,x,yxdt =0, P-as.,

Whi,jk Zf / /FYh-Zhdxdydz,
Gy JJ; JI;

KDhiy,z = /Gk/J (%]KI(Yh»Zh)H_%,y,Z —%KI(Yh,Zh)i_%,y,dedz,
J

where

(K2)nx,jz = Lk /1 (%KZ(Yh, Zn)y jid. = % (Y, Zh)x,j_%’z)dXdZ,

(K3)h,x,y,k:/ f («%’&(Yh,zh)x,y,k%—«@K3(Yh,Zh)x,y,k_%)dxdy-
J; JI; l

i

Proof By the skew-symmetry of F and (4.83), we split [; [ 7 J, dEY), -
Zjy)dxdydz into four parts:

/ / / d(FYy - Zp)dxdydz = / f Fayy, - Z, — FdZy, - Yy,)dxdydz
Gy JJj JI; Gy JJ; JI;

=1+I1I+1I14+1V,
(4.84)
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where

1::/ / (f KIYh-(Zh)xdxdt—(m~Zh*)' ]
G JJ; N i+7.5:2

+ (Kl Y- Z;) )dydzdt

i—f,y,z

_ / (f Kth-(Yh)xdxdt—(K12h~Yh_>. ]
Gy Jj I l+§,y,z

+ (Kth . Y,f) )dydzdt,

. 1 .
i—7.:2

o= [ ([ g @o,aw- (G4 7;)
GrJI; Jj X, jt3.2

+ (KoY - 7)) )drdzdr

xj-%.2

—/ / (/ KoZp - (Yp)ydydt — (Kth . Y};) -
G JI; Jj X, j+73:2

+(KaZn-vy) -, )dwdzdr,

X, j—7.2

111 :=/ / ( K3Yy, - (Zy),dzdt —(K/3?h . Zh_) |
501\, X, y.k+3

+ (@-Z,‘j)”k 1)dxdydt
k=3

—/ [( KsZi - (M)edzdt = (KaZa-¥y)
Ji JI; G x,y.k+5

i

+ (@ : Y,j) )dxdydt,

x,y,kfé

1V . = / f /VZS(uh)Yh - Zp odW(t)dxdydz
GrJJ; /I

—f f /-VZS(uh)Zh - Yp odW (¢)dxdydz.
GiJJ;JI;

157
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By the skew-symmetry of K, (p = 1,2, 3) and Lemma 4.1, it yields that

1=f f (Kivy -z — K 2 +KaZi - Yy)
Gi JJj i+

2y

dydzdt
<

—/ / (Kiv, -z — K- 7 +KiZy-vy) | dydzds
Gy Jj =72,

:/ f («Q]Kl(yh,zh)iq-%,y,z_%HQ(YhyZh)i_%’y’z>dydzdt.
G Jj

Similarly, we have

1= /Gk /1,- (2 Z0), 51y . — Py Za), y )dwdzdr,

7.2

111:/ /(%K3(Yh,zh)x,y,k+% —%K3(thZh)x,y’k_%)dXdydt-
Jj JIi

For the term 7V, it follows from the symmetry of the Hessian matrix V2S(-) that
1V =0.
Plugging these equalities into (4.84) yields the desired result. O

Below we give a comment on the choice of the numerical flux K,uy, p = 1,2, 3.

Remark 4.6 Since K, is skew-symmetric, there exists an orthogonal matrix Q,
such that

0 —AT
T
KPZQP |:Ap Opj|Qp7 P=1,2,3

Assume that Q,u, = (y;lr, z;)—r € Hy, . If we choose the matrix A, as

with a), € [—1/2, 1/2], the numerical flux Kpu\h reduces to

[~ e —eptz)

Kpup =Q
T LAy () + v

’

which retrieves alternating fluxes with ¢, = £1/2, and the central flux witha, = 0.
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We refer to [29, 160, 161] for more investigations on dG methods for the
stochastic Maxwell equations.

4.2.4 Stochastic Conformal Multi-Symplectic and Ergodic
Algorithm

This section is devoted to constructing a full discretization of the stochastic Maxwell
equations (3.34) with damping, i.e.,

du(t) = [Mu(t) — ou(t)]dt + AJ 7 u(t) o dWi(t) + 0dWa (1), 1t >0,

u(0) = ug
(4.85)

on a cubic domain D = [a, ar] x lay, a;] x las, a;“], where A € Rand § =
o7, 0;) € RO. As shown in Sect.3.5, (4.85) possesses the ergodicity and the
stochastic conformal multi-symplectic conservation law. Below we aim to propose
a fully discrete algorithm to inherit these two properties.

More precisely, we apply the stochastic midpoint method to (4.34) in the spatial
direction and obtain

9i,j.k i Oijk_ n n
8, u" = M(A"""ul 0
b i gty kg (AU F 00Dtk
(4.86)
—1,40ijk n — \n
A A u )
AT i T e

where 0; j i == o (xi, ¥}, 2k),

un+|1 1 | —e TRk 1 1
Ui-j,kun — i+§,j+7,k+§ i+j»j+§,k+j
b Vit gtk T ’
n+1 —T0i j kN
Sijk n uijkte Ui jk
Al ut ik = 5
s 2

n+1 — —
— \n+1 (Awl)i,j,k W](tl’l-l—]a Xis ij Zk) - Wl(tna Xis ij Zk)
Vi jk T T '

+1

n—+1 (AWQ'):I,],]( W2(tn+]axia Yi» Zk) - W2(tn,xi, Yi» Zk)

()/2) . = = 5
i,j,k T

T
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W is the truncation of W; (see (4.20)), and the discrete Maxwell operator M is
defined by

—~ 0 —8;AxAy 8,AxA;
~ 0 Vx . —
M = — with Vx:= [ § A A, 0 —0xAyA;
-Vx 0
—8yAyA; 8;AyA; 0

Set S1(u) = %k|u|2 and S (u) = (JIO) - u. Note that (4.86) can be written
compactly as

Oi ik n Oi,j.k n
s, i K16x(A,
Wigd jadapt T8 ( t]+%,k+%)

D)+ Kad (A7

Ti,j.k n
+ Kady (4, k) i+, j+dk

)

= VuSi (A7 u"

— n+l
i+l j+l k+')( 1)

JERW R

+ VS (A7 u 1)(V2)”+1

ity +th kg Lj+ik+l

where I, K1, K5, and K3 are defined in (3.12). It can be verified that (4.86) possesses
the following stochastic conformal multi-symplectic conservation law.

Proposition 4.29 The full discretization (4.86) possesses the discrete stochastic
conformal multi-symplectic conservation law

25i._/,k n n,oj, /k
& Ditd i+ k+1+8( ) J+3k+)
+ 8y (k2 )’“’”" IR A =00 P,
J+2’k
where w”k = ldu ik A qu”k, and ("p)ZﬁZj'k = ld(Aa”k n A
0i,
Kpd (A" ul; ), p=123
Proof The proof is analogous to that of Proposition 4.11 and is omitted. O
Denote the discrete energy of (4.86) by
I-1J-1K-1 5
P(tn) = AXAyAZX(;XE)%’ i+d 4ttt
14 J=

It can be shown that E[@ (t,,)] is uniformly bounded, which plays a key role in the
proof of the ergodicity of (4.86).
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Proposition 4.30 Assume that

(i) the orthonormal basis {en}men in U = L*(D) is smooth and its first order
derivative is bounded

(i) the initial datum uo € L*($2, H), and the damped coefficient o > o > 0 with
a constant oy;

1
(iii) the operators Q7 € HS(U, H"((D)), i = 1,2with yy > 3/2and y» > 5/2.

Then, under the periodic boundary condition, for sufficiently small t, it holds
E[@(t))] < e " E[@(t0)] + C. (4.87)

where the positive constant C = C(og, A, 0, |D|, Q1, Q») is independent of T and
n.

Proof Similar to the proof of Proposition 4.15, one can check that the discrete
energy @ satisfies the following evolution relation:

—1J-1K-1
2
=210, ik
AP 95 3 ST NP
i=0 j=0 k=0
I-1J-1K-1
n Uz J.k n+l1
Paaxayas 3 (T L @)
i=0 j=0 k=0
(4.88)
foralln € N, Where'fna"k =6 Aa”k n
-i-2 k+— l+* /+2 k+2
For the first term on the right- hand side of (4.88), we have
I-1J-1K-1 )
—2t0; ik |,n —200T
AxAyAZZ; DI MU gy SO (4.89)
=0 j= =l

according to the assumption o > o > 0. For the second term on the right-hand
side of (4.88), the estimate is more complicated. For the simplicity of notations, we
denote § =5 + 5 L fors =1, J» k in the following proof.

Now let us ﬁrst consider the sub-term A, ik (Eq )- - -(A Wz)? *31- Using the fact

that AW} *1is independent of F1,, we have

E[ A7 (D! (AWt ]

[((E ):l-;-lk _ e—Ui‘j,kT(El):Tl )(AW )f"’.‘l_] (4.90)

[\)r—

= ; (e B0 ) awnyrtL ],
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It follows from (4.86) that the first component (E 1)1’.” ik of u:‘ ik satisfies
8;71',_/',/( (El)?‘]f’,; — SyA?i"i’k (H3)?,j _s, AU’ /k(HZ)l -
— RATEHDE (TR 0 () s

where 01@) is the £-th component of 6, £ = 1,2, 3. Plugging the above identity
into (4.90) and adding up all indices yield

K-1

1-1J—
5[5 3 At awartt]

1
i=0 j=0 k=0

I-1J-1K-1

PSS sy - s,

i=0 j=0 k=0
AT CHYY - (AT 0D aw)r ) (A )jlk]
I-1J-1K-1

- ; [ o203 (Al ) s awn

i=0 j=0 k=0

+ A7 (HY S (AW
)\,Aaljk(H )_ _ —(AW]){ZJ’—_I—(AW ){l-l_—l_ 4 9(1)[(AW )n+l ] )]7 (491)

where we used the fact that

J—1

DSy AT DY (AW = Z(A"”"(H3) P8y (AW)I L
j=0 Jj=0

K—1 K-1

DS (AT (L - AW = = 3 (AT () ; 8. (AWl
k=0 k=0

(4.92)

due to the periodic boundary condition. Hence, the Holder inequality and the Young
inequality imply that
K—1

1-1J-1
i=0 j=

I-1J-1K-1

> 3 jarim P

1
<—1:E[
i=0 j=0 k=0



4.2 Fully Discrete Algorithms 163

I-1J-1K-1

+ CE| (Jsy w4+ [s.cawnyrt! )]
i=0 j=0 k=0
1 I-1J-1K-1
—i—C;ZZZ(EU(AW yr ] [|(AW)HI- ]+11E[|(AW)’.1+.1_ ])
i=0 j=0 k=0
Notice that
I-1J-1K-1
avayazy 57 S E[|aw;of]
i=0 j=0 k=0
= AxAyAziJf KZ]EH > \/n? en (x5, Vi 2 (B 1) — ﬂ@)(rﬂ))\z]
=0 j=0 k=0  meN
I-1J-1K-1

= TAxAyAz Z Z Z Z n(z)lem(x;, Y7, Z;;)|2

i=0 j=0 k=0 meN

I-1J-1K-1

TAxAyAz Z Z Z Z 0ty ”em”%OO(D)

i=0 j=0 k=0 meN

IA

1
C(lDI, 105 lasw, an (D)))T

<
and
I-1J-1K-1
seavac T 35 (<flamop  Fleflamst o)
i=0 j=0 k=0
= IDI[( > timlem(x;, Vi Z;;)sz)( > timlem(x;, Vi Z;;)|2T)]
meN meN

1 1
3 3 2
< C(lDI, 10 lasw, oy 195 1S, HY (D)))T ,

where in the last steps of the above two inequalities we used the Sobolev embedding
HY — L°°(D) with y > 3/2. Combining the above three estimates, we obtain

I-1J-1K-1
AxAyAzo!! )E[ SN ATEE _(sz)ﬁl_]
i=0 j=0 k=0
I-1J-1K-1
n+1 —2t0;,
<_T]E[ ZZ( Zj/é‘ te ]k’H]k’)]
i=0 j=0 k=0
I-1J-1K-1
Cr]E[ 3 <|6y(AW)"+1| + [s.camayrtl >]+CT.
i=0 j=0 k=0
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The other five sub-terms of the second term on the right-hand side of (4.88) can be
handled in a similar way. As a consequence, we obtain

I-1J-1K-1

Axayas 35S R[Ny g @]

i=0 j=0 k=0

309 309

E[® (tn+1)] + 6

=

e E[D(1,)] + Ct

I-1J-1K-1

—}—CtAxAyAZIE[X_: X_: (|8 (AW, )”“I

i=0 j=0 k=0

+ 18, (AW LR 4 8. (aW2) 2.

Moreover, by the Sobolev embedding HY < L*(D) with y > 3/2, it yields that

I-1J-1K-1 ,
AxAyAzIE[Z > [seamay ]
i=0 j=0 k=0
I-1J-1K—1 ,
= rAxAyAzZ Z Z r;,(nz)|8xem(x,' + & Ax, y;, z,;)|
i=0 j=0 k=0 meN
I-1J-1K-1 1
=t 3 Y uPlenlyi ) = C(IDL 103 lnsw, ey
i=0 j=0 k=0 meN
where & € [0,1],i =0, 1,..., I — 1. Similarly, we can derive
I-1J-1K-1 , |
axayazB[ 333" syawnr ] = (101103 lusw nnon )z
i=0 j=0 k=0
I-1J-1K-1 , |
AxAyAz ]E[Z Z Z |51(AW2)?,j,k| ] < C(IDI, 105 ||HS(U,HV2(D)))77~
i=0 j=0 k=0
Hence,
[-1J-1K—1
n+1
avayazy YN E[T, L @awrt ]
i=0 j=0 k=0 (4.93)

3 3
< T2TE[0 ()] + %re—zwﬁ[@(rﬂ)] +Cr,
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which, together with (4.88) and (4.89), yields that

301 30
E[®(t,11)] < e 20" E[d (1,)] + 1—601'E[¢(tn+1)] + 1—6‘)re*2"0f1E[¢(tn)] +Cr.

By the Gronwall inequality, it can be shown that for sufficiently small t,

E[®(tn)] < e " E[D(10)] + C.

Thus, the proof is finished. O
Let
u" =<(El)rill’(El)’£ 1 la"‘y(El)l;_lllv(El)rié l,u-,(El)?_l 3 1
2:2°2 2°2°2 2:2°2 2°2°2 2°2°2
n n n n
""(El)l—%,J—%,K—%’(E2)%,%,%""’(EZ)I Ly 1lg 17(E3)%1%’%1
" T
e ESy ye y CHD  H )

Then the discrete energy @ (¢,,) can be rewritten as
@ (ty) = AxAyAz|U"|>, neN. (4.94)
By taking (4.94) as a Lyapunov function, the proof of the ergodicity of (4.86) is

similar to that of Theorem 3.6, and hence is skipped.

Proposition 4.31 Under conditions in Proposition 4.30 and the periodic boundary
condition, the following statements hold.

(i) Let{U";n € N} and {17”; n € N} be solutions of (4.86) with initial values U°
and U°, respectively. Then

EI:|Un _ i]nlz:l S e—zo’ol‘nEI:|U0 _ l~]0|2:|
(i) For sufficiently small T, the numerical solution {U";n € N} of (4.86) has
a unique invariant measure ™" € 22, (H). Thus, {U";n € N} is ergodic.
Moreover, {U"; n € N} is exponentially mixing.
(iii) For arbitrary two distributions 7y, my € P> (H), n € N, it holds that

Wa(PEMY 1, (PTMY 10) < e s (1, 12),

where (P,f’h)*n, n € N denotes the probability distribution of U™ with initial
probability distribution 7. Moreover,

Wr(PEMY m, a™h) < e s, n™") V7 e Py(H), n eN.
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4.3 Splitting Techniques for Stochastic Maxwell Equations

As is well known, the numerical simulation of the stochastic Maxwell equations
is consuming, which requires the investigation of highly efficient numerical algo-
rithms. In order to reduce the computational cost and improve efficiency, this section
presents the splitting technique for the stochastic Maxwell equations with additive
noise

edE(t) = V x H()dr + AW (1), 1€ (0, T,
pdH(7) = =V x E@)dt + AdW (), € (0, T, (4.95)
E(0) =Ey, H(@) =H,

on a cuboid D = (a, afr) x (a, , a;“) x (az , a3+) with a Lipschitz boundary I".
For convenience, we denote

I":={xeD:x=a}, Iy :={xeD:x=a}

?n; ;“;, ry, 1"3+, and Iy are defined similarly. Let I'; := Fj_ ur j+ for j =
The approach studied here is to split the Maxwell operator

0 e~V x
M = ,  92(M) = Hy(curl, D) x H(curl, D)
—u'vx 0

with the aim of the feasible implementation and economic memory for the numerical
algorithms. For this, we classify the splitting technique into two classes: local one-
dimensional splitting and alternating direction implicit splitting.

(a) The local one-dimensional splitting

The local one-dimensional technique, which can allow the multi-dimensional
problems to be solved by treating the spatial variables individually in a cyclic
fashion, is popular in saving memory and CPU time when applied to discretize
partial differential equations (see e.g., [25, 36, 72, 157]). For the Maxwell operator
M, it can be decomposed into

0 e~ Leurl,
M, = , A=Xx,y,2 (4.96)
—uLeurly 0
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with one-dimensional differential operator-valued matrices

00 O 0 009y 0 —0,0
curl, =100 =0y |, culy=| 0 00|, curl,=|9;, 0 O
09y O —-3,00 0 00

The domains of My, My, and M, are given by
_@(Mx):{ueH: Mu € H, u2:u3:00nF1},
@(My):{ueH: MyueH, uy=u3=0 on Fz},
@(Mz)z{ueH: M,u e H, uy =u; =0 on F3},

respectively.

It can be verified that Z(M,) N Z(My) N P(M;) C ZP(M) and Myu +
Myu + Mu = Mu foru € (M) N 2(M,) N Z(M;). Furthermore, operators
My, 2(My)), (My, 2(M,)), and (M., Z(M;)) generate unitary Co-semigroups.
The proof is similar to that of Theorem 2.1 and is omitted.

Lemma 4.2 If e, u satisfy Assumption 2.1, then the operator My, : 9(My) C H —
H is skew-adjoint, and generates a unitary Co-semigroup {Sq () := /M« t > 0} on
Hforoa =x,y, z.

(b) The alternating direction implicit splitting

The main idea of the alternating direction implicit splitting is, roughly speaking,
to decompose the operator into two parts and to propagate the associated sub-flows
in such a way that the implicitness is reduced to one-dimensional problems. This
invention has attracted a lot of interest, and a large number of follow-up papers can
be found in the literature, see, e.g., [75, 85, 98, 141] and references therein. In this
setting, the Maxwell operator is decomposed as M = M| + M> with

0 e leurl 0 e~ leurly
M| = and M, = . 4.97)
-

~leurl, 0 —u_lcurll 0
Here,
0 0 oy 0 —9, 0
curh = {9, 0 0 |, curlb = 0 0 -9, |,
09, 0 —-dy 0 0
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and the domains of M| and M, are
9M)=wueH: MiueH, uy =00nI>, up =00nI3, us=0o0nI1},
PMp) ={ueH: MyueH, uy =00onIl3, up =00n1r, us =0o0n I},

respectively.
Similarly, we have (M) N (M) C 2(M) and Mu + Mou = Mu for
u € 2(My) N 2(M,). Moreover, we can derive the following lemma.

Lemma 4.3 If e, u satisfy Assumption 2.1, then the operator M; : 9(M;) C H —
H is skew-adjoint, and generates a unitary Co-semigroup {S;(t) = eMit >0} on
Hforj=1,2.

Hence, based on the above claims, the stochastic Maxwell equations (4.95) can
be split into several lower dimensional subsystems. Without loss of generality, we
just focus on the local one-dimensional splitting case and the alternating direction
implicit splitting can be presented in the same procedure. For simplicity, below we
assume thate = u = 1.

Denote A1 = ({1, 0,0,2",0,00T, A = (0,2?,0,0,2”,0)7, and
A= 0,0, Ag”, 0,0, A;S))T. Then we have the following three one-dimensional
subsystems when applying the local one-dimensional splitting:

dul1(t) = Myu(H)dr + AVlaw ), € (0, T,
, (4.98)
i) = ulf’

for (e, j) € {(x, 1), (y,2), (z,3)}.

Remark 4.7 It can be observed from (4.98) that each of them can be implemented
easily. To show this clearly, we take @ = x, j = 1 as an example, namely,

dEM () = o, HM ()de,  (dEW(0) = o, HI (1),

{ { (4.99)
a0 = -0, M nydr,  LamiPo) = o BV ar,

dEW @y =aPaw @), dHM @) = 2Paw@). (4.100)

It can be observed that one only needs to solve some small deterministic linear
systems in each time step. In addition, we can obtain the analytical expression of the
solution of (4.100). These characteristics of the splitting technique lead to a dramatic
reduction of computational costs in solving the stochastic Maxwell equations.
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It follows from Theorem 2.2 and Lemma 4.2 that (4.98) has a unique mild
solution given by

4 t _
u[ﬂ(t)zsamugfu/ Sa(t — AW (s),  P-a.s. (4.101)
0

forall € [0, T]and (o, j) € {(x, 1), (,2), (z,3)}.
Similar to Remark 3.2 (a), we have the following averaged energy evolution law.

Proposition 4.32 Let ugj ! be Fo-measurable H-valued random variables satisfy-
ing lu§ " 2.1 < 0o for j =1,2,3. Then

E[lu 0)1%] = E[lluf13] + 1AV PTr(0)

forallt €0, T)and j =1,2,3.

Below, we focus on investigating the stochastic symplectic and multi-symplectic
structures of (4.98). To present the formulation of the stochastic Hamiltonian
system, we define

AV gL, HUY) = %/ <|E[j]|2+ |H[j]|2>dx,
D

[j1 i i () L] () 7]
AED, 1Y) — /D (4 EY =2 ) ax,
from which we can reformulate (4.98) as the following non-canonical stochastic
Hamiltonian system

. 8%”] 8,%{/”]
EU] 0 curly| | Sghr | TR
al | = “ar 13 “lodw)  (4.102)
HL/ —curl, 0 s 5.

SHUI SHLU!

for (o, j) € {(x,1),(y,2), (z,3)}. Taking the exterior derivative on both sides
of (4.102) and utilizing the skew-adjointness of My, &« = x, y, z, yield the following
assertion.

Lemma 4.4 The phase flow of (4.98) preserves the stochastic symplectic struc-
tures, that is,

wlil(t) .= / dEV(t, %) A curly (dHY (2, x))dx = wl/1(0), P-a.s.
D

forallt € [0, T] and (a, j) € {(x, 1), (y,2), (z, 3)}.
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Using the Hamiltonian

%[“](EU] H[j]) — _l/
’ 2

(Em ~curlaE[j] +HUT. curlaH[j])dx,
D

we can derive the canonical stochastic Hamiltonian system of (4.98):

o[ [

=T R LT B T odw) (4.103)
HUI 8, 8!
SHLU/! SHL/!

for (a,j) € {(x,1),(y,2),(z,3)}. In this situation, the stochastic symplectic
structure

() = f dEVY (1, x) A dHU) (2, x)dx
D

is preserved by the phase flow of (4.98), if the homogeneous boundary condition is
enforced (cf. Theorem 3.1).
Now we turn to the stochastic multi-symplecticity of (4.98). Let

- D Ul ) glil
Sl =15 Ej"—x"H/, =123
Then (4.98) can be rewritten as
Fdul/l + K;a,ul/1dt = v, S @) o dW (1) (4.104)

for (ar, j) € {(x, 1), (y,2), (z,3)}. Here, Fand K, j = 1, 2, 3 are defined in (3.12).
Similar to the proof of Theorem 3.2, we obtain the following result.

Lemma 4.5 The system (4.98) preserves the stochastic multi-symplectic conserva-
tive law, that is, for (a, j) € {(x, 1), (v, 2), (z,3)},

deol! + 8,6ldt =0, P-as.,

which means

o] . 1 . o] . 1 .
/ o (1, a)da +/ e, ap)de =/ w[f](to,ot)da—f—/ (2, ap)dr,
%) 1 oQ

0 )

where wlil(t,x) = %du[j] A Fdul/l and U, x) = %du[j] A Kjdu[j] are
differential 2-forms associated with skew-symmetric matrices F andK;, j = 1,2, 3.
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Summary and Outlook

This chapter is devoted to the construction and analysis of structure-preserving
algorithms, which can inherit the intrinsic properties of the stochastic Maxwell
equations with Stratonovich noise.

For the temporal semi-discretizations for the stochastic Maxwell equations, we
investigate stochastic symplectic Runge—Kutta methods and exponential-type meth-
ods. The well-posedness and regularity of exponential-type methods are presented
for both the additive and multiplicative cases. While we restrict the analysis to the
additive noise case for stochastic Runge—Kutta methods. For the multiplicative noise
case, we only establish the well-posedness and regularity of the stochastic midpoint
method. It is worth studying these problems for the general stochastic Runge—Kutta
methods in the multiplicative noise case.

Then we present the construction of full discretizations by discretizing the
temporal semi-discretizations further in the spatial direction via the finite difference
method, the wavelet method, and the dG method, respectively. The a priori
estimates and intrinsic discrete structures of these obtained full discretization are
analyzed, which will play an important role in the error analysis in Chap.S5.
There are some other approaches to constructing structure-preserving algorithms
for stochastic partial differential equations. For instance, we refer to [180] for
the stochastic multi-symplectic Runge—Kutta method, and to [104] for the mesh-
less local radial basis function collocation method, the splitting multi-symplectic
Runge—Kutta method and the multi-symplectic partitioned Runge—Kutta method for
the stochastic Hamiltonian partial differential equations. Moreover, we propose and
analyze the stochastic conformal multi-symplectic and ergodic algorithm for the
stochastic Maxwell equations with damping; see [45] for more details. We also refer
to [156] for the study of stochastic conformal schemes for the damped stochastic
Klein—Gordon equation, and to [10] for the approach based on the Wiener chaos
expansion for the stochastic wave equation.

In the implementation of numerical algorithms for the three-dimensional stochas-
tic Maxwell equations, we remark that it is required to solve at least a 10%-scale
algebraic equation at every time step provided that the considered spatial domain
is divided into 100 x 100 x 100 cells. Moreover, the computational cost will be
at least a multiple of P, where P is the number of samples. Thus, the numerical
implementation of the three-dimensional stochastic Maxwell equations is a very
difficult issue due to the limitation of memory and the performance of the CPU in a
common computing environment. The splitting technique proposed in this chapter
is a good tool to reduce computational costs. It is also a challenging and meaningful
topic to study whether the time parallel method, the domain decomposition method,
and the multilevel Monte—Carlo method can be utilized to construct both highly
efficient and structure-preserving algorithms for the stochastic Maxwell equations.



Chapter 5 ®
Convergence Analysis of Qe
Structure-Preserving Algorithms for

Stochastic Maxwell Equations

This chapter is concerned with the convergence analysis of structure-preserving
algorithms proposed in Chap. 4 for the stochastic Maxwell equations.

Section 5.1 concentrates on the convergence analysis of the temporally semi-
discrete algorithms. The mean-square convergence orders of stochastic midpoint
methods for the considered system with either additive noise or multiplicative
noise are presented in Sect.5.1.1. Moreover, we introduce error estimates of the
general stochastic symplectic Runge—Kutta methods for the additive noise case in
Sect. 5.1.2. Finally, the convergence analyses of exponential-type methods for the
considered system with either additive noise or multiplicative noise are shown in
Sect. 5.1.3.

Section 5.2 is devoted to studying the mean-square convergence order of the fully
discrete algorithms. We first present the convergence analysis of the dG method in
space in Sect.5.2.1. Then for the stochastic symplectic dG full discretization, its
mean-square convergence order is obtained in Sect. 5.2.2.

As discussed in the previous chapter, the splitting technique for the stochastic
Maxwell equations is proposed to reduce the computational cost. In order to clarify
the influence of the splitting technique on the convergence order of the numerical
algorithm, we analyze the splitting error and derive the mean-square convergence
order of the splitting midpoint method in Sect. 5.3.

5.1 Convergence Analysis for Temporally Semi-Discrete
Algorithms

In this section, we focus on the convergence analysis of temporally semi-
discrete structure-preserving algorithms, including the stochastic midpoint method,
stochastic symplectic Runge—Kutta methods, and exponential-type methods, for the

© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2023 173
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stochastic Maxwell equations. Let D C R3 be an open, bounded, and Lipschitz
domain with boundary dD.

5.1.1 Stochastic Midpoint Method
Let us first consider the stochastic Maxwell equations with additive noise

du(t) = [Mu(t) +FQ. u(t))]dt +BOAW ()., te(0,T].
(5.1)
u(0) = up

and the corresponding stochastic midpoint method

W= T MU 4 T PP Yy £ BPTI AW p=0.1,... N —1
(5.2)

. 1 1 1 1 1
with u® = ug, u"+z = %(u”—l—u"“), F't 2" t2) = F(t,, 1, u"*2),and B"t2 =
2

B(t, 1). We have the following mean-square convergence result.
2

Theorem 5.1 Let conditions with k € {1, 2} in Proposition 4.3 hold. Assume that
F(t, ) is twice Fréchet differentiable with bounded derivatives for t € [0, T]. Then
the solution of (5.2) satisfies

172
max (E[Ju(n) —u"I}]) " = ¢,
1<n<N

where the positive constant C depends on T, F, B, and u.
Proof Forn =1,2,..., N, note that (5.1) has a unique mild solution given by

In

In
u(ty) = S(ty)ug + / Sty —r)F(@r,u(r))dr + f S(t, —r)B(r)dW(r),
0 0

(5.3)
and that the mild form of (5.2) is
n—1 . o o n—1 . o '
W' = (S uo+1 Y (ST T FI @ity 4 Y (S T T BT aw It
j=0 j=0

(5.4)
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-1 —
where S; = (1d — M) (1d + 3M) and T; == (1d — M) . Denoting

e" = u(t,) — u", we have

e =(S(t) = (5" )uo

n—1 ti | | -
! Z/ + [S(tn —nFru) - (Sr)n_"_szFH‘%(u./+§)]dr
j=0"%

n—1 tit1 ) o
+ Z/ [ = BE) = S T BIE W)
j=0"1

=: (S(tn) - (Sr)")uo + I+ Jn. (5.5)

It follows from Lemma C.3 (iii) that
E[[(8@) = (50")uol5 | = CEluoll?yp I

Step 1. Estimate of the term I,,. We have

I = i /, h [ = (Feu0) = Faj,u)) or
i—0 71t

n—1 7 . .
+ Z/ b [S(t,, - r)(F(tj, u(t)) = F(tj, 1, W))]dr
j=0"1
(5.6)
n—1 ;.
il ne i u(ty) +u(tjy1)
+§ft, (56 =r) = (ST ) F (1) =) [ar
n—1 7 ) . . .
+ Z/ +1 I:(Sr)n_j_lT‘f (F(tj+%, w) — F(tj+%’ u]+%))i|dr
j=0"1

=L+ L+ L+
Using the Taylor expansion gives
F(r,u(r)=F(tj, u(t))) = F(r,u(r))—=F (t;, u(r)) + Fu(tj, u@;) (@) —u()))

1
[0ty ) () = ), ) = ) )
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where ug = 0u(t;) + (1 —0)u(r) for 6 € [0, 1]. Combining this with (5.3), the term
I} can be rewritten as

n—1

In] _ Z/t‘ml [S(tn —F, u(zj))(S(r —tj) — Id)u(tj)]dr

J=0

n—1 Titl r
+Z/ " [500 —nFuty, ) f S — ©)F (¢, u(§))d |ar

j=0""1
noloer o r

+y / Sty = 1) Fultj, 1)) / SC—OBOIWE & 57)
. tj - tj

n—1

Lj+1 1
+ Z/t _S(tn - r)/0 Fuu(tj, ue)(M(r) —u(tj), u(r) — u(tj))de]dr

j=0

n=lapy o
+ 2/ - St = )(Fru) = F, u(r)))]dr

j=0"14

el R HEE Sy A A AR

For the term 1,11’1, by the unitarity of the semigroup {S(¢),r € [0, T]},
Lemma C.1, and Theorem 2.4, we obtain

Fu(t;, u(tj))(S(r —1) - Id)u(tj)H;Idr

ol
B3] < CIEZf
j=0"1

nl et
<cy [0 - PRl Rl
j=0"1

< ctl.

For the term Inl’2, by the linear growth of F, it holds that

nl i r
E[|11,21F] < CZ/ (r— r,,)/ E[||F (€. u(§))|1}]d&dr
j=0"1i Lj

nl et r
= CZ/I. (r — 1) fl (1 + E[[lu(®)llF])dedr
j=0"%"J J

< Cct2.
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For the third term /" 3. the stochastic Fubini theorem and the Itd isometry lead to
E[I4, 1]

-] 5 | /S " [Str = D w5 - 5@ Jarawe ]
j=0"1i

t/+1 f,+1
-y [l [ s - nRGuepse -os© ],

j=0"%

dé

HSUy ]H[)]
< ct?.
It follows from Assumption 2.4 and Theorem 2.5 that
B[ 11 + 1, 1] < €72
Combining the above estimates, we have
B[] < ¢,
Similar to the estimate of 1!, the term I? is estimated as

E[121%] < ¢z

For the term I,?, one has

E[11;13) <CZ/ [ (s - r) - s

u(ty) +u(tjs),)?
< F(tj,4. 2 )HH]dr

nl et
<ctty / E[1+ I 0, + 1401 |7
- tj

< c7k,

where we used Lemma C.3 (iv) and Theorem 2.4. For the last term I,f , one has

n—1

B[} 1E] < €T Y E[le/ I + e 1.

J=0
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Therefore, we obtain
n . .
E[I0,13] < cot + o S E[Ied 1 + e/ (5.8)
j=0

Step 2. Estimate of the term J,,. We decompose the term J, as

n—1 tit1 4
Jp = Z/ : [S(tn —r) - (S,)"*f*‘Tf]B(r)dW(r)
j=0"1

n=l g )
+> f, S I BO) - By, p|aw e
Z ),

= Jl+J2

Notice that

E[HJ,} ||§ﬂ] = jgéftjtm ]E[H (S(ln —r) - (Sf)"‘j‘le)B(r) HZS(UO’H)]dV

n—1 t
i+l .
n—j—112 2
< Z[ ”S(tn —7)—(S7) / ||f(9(Mk),H)”B(V)HHS(UO,@(M’C))dr
=01
< ctk

due to Lemma C.3 (iii). Similarly, we can derive E[H 2 ||H2ﬂ] <ct2
Combining Step I and Step 2 yields

n—1
E[lle"] < c7* + Cr Y B[l I + e 3]
Jj=0

The conclusion of Theorem 5.1 follows from the discrete Gronwall inequality given
in Proposition A.S5. O
Now we are in the position to study the stochastic Maxwell equations driven by
linear multiplicative noise
du(t) = [Mu(t) +FG@, u(t))]dt 37 U@ o dW (), 1€ (0T,

u(0) = uo,
(5.9)
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and the convergence analysis of the corresponding stochastic midpoint method
S rMu”J“% + an+%(un+%) + AJ—lun+%§.n+17 (5.10)

where u® = ug, and "t = AW”H is defined in (4.20). Recall that Fp(x) =

Y (Q%e;(x))

jeN
Proposition 5.1 Let conditions in Proposition 4.5 hold. Assume that Fop €
W!->(D) and
4 4 4
E[IMuoliy + IV - Eollfy + IV - Holl} | < o.

Then there exists a positive constant C = C(T, A, ug, F, Q, Fg) such that the
solution of (5.10) satisfies

1
2 1

max (E[Hu(tn) —u”||§ﬂ]> < C1l.
1<n<N
Proof Notice that (5.9) is equivalent to

du(r) = [Mu(t) FF(, u() — %FQu(z)]dt A @AW (@), 1 e (0, T,
u(0) = uop.

From the definition of the mild solution,
In
u(ty) = Stn)uo +/ Sty —r)F(r,u(r))dr
0

2 Iy ty
_ %/ S(ty —r)Fou(r)dr + A[ S(t, — r)J]_lu(r)dW(r)
0 0

(5.11)
for all ¢, € [0, T]. Equation (5.10) implies that forn = 1,2, ..., N,
n-l . 1 L1 n-l . o1 .
" = (S)"uott Y (ST FIN @it )40y Sy T T i g
j=0 j=0

(5.12)
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Denoting e" := u(t,) — u" and subtracting (5.12) from (5.11), we arrive at

e = (S(tn) - (Sr)n)uO
n-1 Tjt1 . T L1
2 f (S = F @ u) = (ST TP @) )dr
j=0""

n—1

tj 2 tj
+ Z [k[t ! S(t, — r)Jflu(r)dW(r) - %/t ! Sty —r)Fou(r)dr

=0 j j

= A8 T I ]
= (8() = (S )uto + I + Jy.

For the term I,,, we proceed similarly as (5.6), but use the unitarity of the semigroup
{S(t),t € [0, T]} and the Lipschitz continuity of F to estimate the term I,},

E[ 117} 1] = E[| S /tltw [t = (Fou0) = Faju) |ar H;I]
=

n=larj 2
<c Z[ E[”S(tn _ r)(F(r, u(r) — F(t;, u(tj)))”H]dr
=071

n—1

= CZ/LWI ((r — tj)z + ]E[Ilu(r) — u(tj)||]12_[[])dr <Crt

J=0

due to the Holder continuity of # in Theorem 2.5. Combining the estimates of terms
12, I3, and I! in Step 1 of Theorem 5.1, we have

n—1

E[Ia1E] = 7+ Ct Y E[lled 1 + e/ 1] (5.13)
j=0

To estimate the term J,,, we decompose it into
n—1

1 2 3
=) (Jn,j it Jn,j)’
=0
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where

1 22 i—1 j TR At
Jpj = ?(Sr)"_f_ Toul (AW T2 — 7/ S(ty — r)Fou(r)dr,
t

J
I = S I T W (AW — ) = SE (s T T M

_ %(Sr)n—j—thJ—le-‘r%(uj+%)é-j+l

e . . N
+ I(Sr)n_j_lTr (MJ'H — u-’)({”‘l)2

2
(S I T (AW — @),

Bo= A/IHI (S(t — I () = (ST J_luj)dW(r)
n,j " n T T .
t

J

i) Estimate of the term 3"~} J1 .. Note that
J=0"n,j

tit1 r ) .
A =A2/ / (S)" 7 T ud AW (p)dW ()
tj lj

A2 i+ .- .
+5 [(Sr)"_f_ T; Fou’ — S(ty — r)FQu(r)]dr
lj

2 tiy1 pr i1 .
=A / /(Sf)" I Teu/ AW (p)dW (r)
1j 1j

)\'2 tj+1 i1 i
+ ? I:(Sr)niji T‘r - S(tn - r)]FQM]dr
L
)\'2 tj+1 .
-3 S(ty —r)Fge’dr
]
)\2 Ljt1
-7 S(ta — r)Fo(u(r) — u(t;))dr
J

_. gl 1 1 1
=it ot izt s
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For the term J, ! 10 it follows from the Itd isometry, the Sobolev embedding
HY (D) — LOO(D) with y > 3/2, Lemma C.3 (i)—(ii), and Proposition 4.4

that
E[| ,”1||H]—A2/ H/ (S TuldW (p) 0 HS(UH)]dr
1, Lj+1
= ClO Iy sw.ur by
[' tj
[H(S’)n - lT”/QZ HS(UH)]dpdr
L .
< CP1Q2 1 s oy ELIW 13] < €72
Hence,

n—1 2 n
Bl 2200 ] = 2l ] = -
j=0

For the term Jnl’ o we utilize Lemma C.3 (iv) and Propositions 4.4-4.5 to
obtain

E[llJ, 2 l] = Ct /IM E[H[(Sr)"_j_lTr — S(tn — )] Fou’ Hfm]dr

1j
tit1 i 2
< Cr/ ST = St = D) ' 0).10)
1j
x E[IIFou 15, Jdr

<C7,

which leads to
n—1 2
SIS ool = ettt =
j=0

For the term J j,3» One has

Tjy1 . ,
E[IlJ, ;5llE] < CT / R[S, — 1) Foel 13]dr < CR2E[ e 13],
t

J
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which leads to

n—1

n—1
B[] X H ]<"ZE 1,73 lE] = C7 ) JEflle’ 3],
j=0

Jj=0

For the term Jnl, 4 by similar arguments, we have

[HZ 7l ]<nZJE|| aB] <cr

Combining estimates of Z Jnl faeees Z J 1

0.4 yields

n—l1 2 n—1 '
E[| Y]] = 07 + e Yl 1)
Jj=0 j=0

(ii) Estimate of the term Z . It follows from Lemma C.3, the Lipschitz
continuity of F', and the Sobolev embeddlng HY (D) «— L*°(D)withy > 3/2
that

E[ |42, ]3] = CEQI/ IR AW = 7413, )]
+ CtZJE[HMujJ“% I3/ ”%{V(D):I
+ B[ (1 I IR W )
+ CE[ |+
+ CE[Iud I AW/ = @2

Note that Remark 4.2 yields sup; ., <y E[llu Il
with (4.21) and Proposition 4.4 leads to

n—1 n—1
B[22 05] = n Yo B[ 192, 15] =
j=0

Jj=0

410y ] = C- which together
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(iii) Estimate of the term Z;;(l) Jri j Based on the Itd isometry and the Sobolev

embedding HY (D) — L°°(D) with y > 3/2, we obtain
3 2
[ 471]

. ) , 1
— 22 / B[S = I ue) = (S0 T T ) 03 G5 |
t

J

IA

fj+1 . :
C/t‘] IE3[||S(t,, — I ) = (S T I ||§1$(U,H)]dr

J

j+1 .
= C/t ”S(tn —r)— (St)n_'/_th”f(g(g(M),H)]E[”J_lu(r)”_Z@(M)]dr

j
RAL —j—1p 2 -1 2 1 jn2
[ T s B[ 107 ) = e+ 171 o
j
2 in2
< Ct” + CTE[lle/ ],
which yields
n—1 5 n—1 ) n—1
B[130 2] = SoB[142 ] = v+ Cr Yo B[ 1E].
Combining (i)—(iii), we obtain

n—1

n—1 n—1
2 2 2
B[ 13] = CE[I Y 20+ 132 205+ 132 72, 1]
j=0 j=0 j=0

n—1
<Ct+Cr )y E[lle/|3].

j=0
Altogether, we arrive at
n—1
E[lle" 1] < Ct+ Ct Y _E[lle/ I + lle/ ' 115]-
Jj=0

Then, the discrete Gronwall inequality given in Proposition A.5 implies the
assertion.
O

Remark 5.1 Similarly, we can obtain the error estimate of the modified stochastic
midpoint method (4.34), that is, there exists a positive constant C such that the
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solution u" of (4.34) satisfies
1

max (E[ lu(t) — "1 ])" = 1, (5.14)

where u(t,) is the exact solution of the damped stochastic Maxwell equations (3.34)
at time t,,. See [45] for more details.

Furthermore, by Theorem 3.6 (iii) and (5.14), the error between the invariant
measure 7™ of the exact solution and the invariant measure 7 of the numerical
solution in the L2-Wasserstein distance can be estimated. More precisely, we have

War(r*, wt) < %((Pnr)*ﬂty sznr) + %(P;:?TT, Ptj:”*)
< Ct? + e oW (%, 1Y),
Letting n — oo leads to

Wr(n*, mh) < C‘C%.

5.1.2 Stochastic Symplectic Runge—Kutta Methods

This subsection is devoted to discussing the generalization of Theorem 5.1 to
stochastic symplectic Runge—Kutta methods of the stochastic Maxwell equations
with additive noise. More precisely, we study

N N
Ul =u" +1Y_ai (MUY + FYUD) + > @ BY AW+,
j=1 j=1
(5.15)

N s
W =0t 1Y b (MU + FUUD) + Y BB AW
i=1 i=1

with the symplectic condition b;a;; + bjaj; — bib; = Oforalli, j = 1,2,...,s.
For convenience oinotations, we; denote A = (ai.,')f’j:], A = (Ziij)f,j:], b =
(b1,....,by)T and b := (b1, ..., bs) T, and rewrite (5.15) as

Up=1,@u" +1(A® M)U, + t(A® Id)F"(Uy) + (A ® 1d)B"AW" T,

W =u"+ (b @ M)U, + (b7 ® I1d)F"(Uy) + (b7 © 1d)B" AW
(5.16)

Now we formulate the main result of this subsection.
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Theorem 5.2 Let conditions with k = 2 in Proposition 4.6 hold. Suppose that
Y i 1 bi =i, bi = 1. Then there exists a positive constant C = C(T, ug, F, B)
such that

1

max (]E[Hu(tn) — u"||H2ﬂ])7 <cCr. (5.17)

I<n<N

Proof Eliminating the intermediate variable U,, from (5.16) yields that
W = (BT @ M)[1d — (A0 M) (1, @u") + (b7 ® 1d)F"(Uy)
+72(bT @ M)[1d —t(A® M)] " (A® 1d)F"(Uy)
+r(bT @M)[1d—t(A®M)] " (A® 1d)B" AW

+ (b7 ® 1d)B" AW,
(5.18)

Let " := u(t,) — u". From the definition of the strong solution of (5.1),
In+1 In+1
u(tyur1) = u(ty) + / [Mu(s) + F(s, u(s))]ds + / B()dW(s). (5.19)
th tn

Subtracting (5.18) from (5.19), we obtain

Int1
o= [ MuGsyds — t(bT @ M)[1d - t(A e M)] T (1, @ u")

In
In+1
+ / F(s,u(s))ds — (b ® Id)F"(U,)
In
+2(0T @M)[Id—t(A@ M)] (A® Id)F"(U,)  (5.20)
tht1 ~ 1
+/ B(s)dW(s) — (b’ ® Id)B" AW"™
tn
+(bT @ M)[1d - (a0 M) ((Ae 1d)B" AW
= I +11,— I+ 111, —III.
Taking the H-norm on both sides of (5.20) leads to
le" Mg < Nle™ g + 311G + 24e”, D + 3Tl + 24e”, I g

+ 3T 4 2(e", T
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with Il = 11, — Ily and 111 = IIl, — I1I,. Now we estimate terms ”1”11241’
(", D, I 11l (", 11w, (1111135, and (e", 111)m separately.

Step 1. Estimates of terms ||I||]%I and (", I)y. Notice that

tn+]
I =1tMe" +/ M{u(s) — u(ty)]ds
1,

+ (M’ — o (bT @ M)[1d — t(a & M)] ' (1, @ "))
=tMe" +1,+ Ip.
Theorem 2.4 and Proposition 4.6 with p = 2 and k = 2 imply that
E[ltMe"|f] = —T*E[(e", M*e")u]
< TB[lle" ] + CTE[IM2ut) I + 1M 1]
< tE[lle"If] + C7°.

It follows from Theorem 2.5 that
2 e+ 2 3
DAES: / E[llu(s) — ut) 1%, ]ds < Ct

and

2

4
@(M)ds <Crt".

BB 1] <7 [ 1Bl — i)

tn
For the term I, using the assumption ) ;_; b; = 1, we have
N
(pT®1d)(1,@Mu") = (b'1)®(Mu") = Y b ®(Mu") = Mu".  (5.21)
i=1
Additionally, it holds that
b @ M[1d—t(Ae M) 1, ®u")
=" @ Id)[Id—t(A® M)] (1d ® M)(1, @ u") (5.22)

— b @ID[Id— (A0 M)]" (1, ® Mu").
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Hence, plugging (5.21)—(5.22) into the term 1, yields
L=t @Id)(1, @ Mu") —t(b' @ Id)[Id —T(A® M)]_l(ls ® Mu™)

— (" ® Id) (Id —[1d-7(A® M)]*‘)(lx ® Mu™),
(5.23)

which combining Lemma C.2 (ii) leads to

E[l1113] < chE[H (Id —[1d-tA® M)]_l)(lx ® Mu") ;@] <ct

Combining the above estimates, we see that

E[I11%] < CtE[le" %] + €7

E[(¢", Du] = E[(¢", E[14|.7, ])] + E[(¢". In)u]
< tE[lle"1}] + Ce'E[IE[ 117, [I%] + Co " E[I111%]
< tE[|le" 3] + €.

Step 2. Estimates of terms |11 ||y and {€", I1)y. We have

Ing1
1, = ‘L'(F(tn, w(tn)) — Flty, u )) +/t,, (F(r, u(r)) — Fiy, u(t,,)))dr
. Xs:bi (F(t,,, u") — Flty + ¢, U,."))
i=l1

due to the assumption » ;_; b; = 1. From the Lipschitz continuity of F, we
obtain

Iny1
Il < CT2e" Iy + C* + Cr/ lu(r) = u(tn) || Fydr
tn
+ CT?UY —u" |
Based on Theorem 2.5 and Proposition 4.6 (iii), we derive that

E[I11,lI}] < CT*E[lle" 13] + C7°.
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For the term (¢", I1,)m1, we need to estimate IE[||IE[I 1, L%n] ”%ﬁ]’ whose estimate
is technical. We take the term

g1
[ (Fuey - Fu))ar
In

in 11, as an example, where F is supposed to be independent of ¢ for the
simplicity of notations. The dependence on ¢ causes no substantial problems in
the analysis but just leads to longer formulas.

Thanks to the Taylor formula, we have

In+1
|7 (Fae) - Faw)ar
ty
Int1
_ / Fuu(a ) (u(r) — (i) dr
ty

t, 1
+f Hf 0 Fuy (Ou(ty) + (1 — O)u(r))(u(r) — u(ty), u(r) — u(ty,))dodr.

tn 0
(5.24)

The second moment of the second term on the right-hand side of (5.24) is
bounded by Ct* due to Theorem 2.5. For the first term on the right-hand side
of (5.24), we apply the conditional expectation first to obtain

Ing1
B [ R ) - u)r| 7,
t”t (5.25)
- f " Fu @ )E[(r) — ()| 7, Jdr.
1,

n

where the adaptedness of {u(¢)};¢[0,7] and properties of the conditional expecta-
tion are used. Then using again Theorem 2.5, we can show that

E[IE[1 117, 1| < CoB[Ie" 1] + C*,
For the term 11, we have
1, =7*(b" ® 1d)(I1d ® M)[Id — (A ® M)] ' (A ® Id) F"(U,)
— (0" @ Id)[Id — t(A® M)] "' (Id ® M)(A & 1d) F"(Uy)

—2(bT @ 1d)[1d —t(A® M)] "' (A ® 1d)(Id ® M)F"(U,).
(5.26)
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Hence, it follows from Lemma C.2 and the linear growth of F that

1Dyl < €72|[1d — 2(A @ M)] " (A ® 1d)(1d @ M)F" (U)

H®s

< c2|(A @ 1d)(1d © M)F"(U,)

H®s

< C(1+ 1Unllganyss),

which leads to E[||11,]|3] < Ct*.
Therefore, we deduce that

E[I1113%] < CT*E[lle" 1] + C7*
and

E[(e", II)u]| = E[(", E(I 1|7, ))u ] — E[(", 115)m]
C C
< CTE[lle"I%] + ?E[||E[11a|%n]||§ﬂ] + ?]E[||11,,||Hzﬂ]

< CtE[lle" 3] + C7°.

Step 3. Estimates of terms || 11|n and (e", I11)y. For the term 111, it follows
from ) ;_, b; = 1 that

111, = /:H (B(S) - gEiB"’)dW(s) = /:m éE(B(s) - B”i)dW(s).

Hence,
2 3
‘ ds < Crt”.

HS(Up,H)

In41 S ~ .
Blirii) = [ |05 (B - 5)
tn i=1

Similar to I I, for the term 11, we obtain
11, =7(b" ® 1d)(Id ® M)[1d —t(A®@ M)] (A ® 1d)B" AW"!
=" ®1d)[1d—t(A@ M)] " (Id ® M)(A ® Id)B" AW""

=1(bT @ Id)[Id —t(A® M)]"' (A ® Id)(1d @ M)B" AW"*",
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which yields
E[|I111,)3
bl

< el 1a = (a0 )] @o 14)(1a 0 )5 2w ]

< CE[|[(A e 1d)(1d ® M)(B" aW") 1,
< ct3
due to Lemma C.2. Therefore,

E[II11|If] < CT, E[(". [I1T)m] = 0.
Combining Steps 1-3 above, we conclude that

E[le"™ 3] < (1 + COE[lle"13,] + C7°.

Then the Gronwall inequality gives the desired result. The proof of Theorem 5.2 is
finished. |

5.1.3 Exponential-Type Methods

This part presents the convergence analysis of the exponential Euler method and the
accelerated exponential Euler method for the stochastic Maxwell equations

du(r) = [Mu(t) +Fa. u(t)):ldt T B, u(t)dW (), te (0Tl

u(0) = uo,
(5.27)

where

- 1
Ft,u(®) = F(u@®) + 5 Bu(t,u®) B, ut) Fo,  Fo(x) = > (Q%e; ().
jeN

Recall that forn =0, 1, ..., N — 1, the exponential Euler method for (5.27) reads
as

Wt = S + tS@)F(ty, u") + S(T)B(ty, u) AW (5.28)
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and the accelerated exponential Euler method is

Int1 ~
"t = S(t)u" +/ S(tns1 — 5)F (ty, u™)ds
" (5.29)
Int1
+/ S(tutr1 — $)B(ty, u")dW(s).
1,

n

First, we present the convergence result for the additive noise case.

Theorem 5.3 Let conditions in Proposition 4.7 hold. Assume that F is twice
Fréchet differentiable with bounded derivatives. Then for p > 1 there exists a
positive constant C = C(p, T, Q, ug) such that solutions of (5.28) and (5.29) in
the additive noise case satisfy

2
IE[ max_[|u(t,) —u"||H”] <2,
1<n<N

Proof We only present the proof for the exponential Euler method. The proof for
the accelerated exponential Euler method is similar and is omitted. Denoting e" :=
u(t,) — u", it follows from mild solutions of (5.27) and (5.28) that

n t+ - -
el = Z/ o [S(tn+1 —nFu)) — Styr1 — ) F(t, uk)]dr
k=0 ¥k

n

Tk+1
+> f St = nBE) = St ~wBw]awe) (530
k=0 "%

= I,+ J,

foralln =0,1,..., N — 1.

Step 1. Estimate of the term I,. We decompose I, as

1'1:2/

k=0 "%

! [S(zn+1 - r)(f(r, u(r)) — F(t, u(lk)))]dr

[($ur1 =) = St = 10) Fte, uteo |ar
k=0"% (5.31)

30 [ [ster = w0 (Fiuwn — Fa i) o
k=0 *' 1k

=1+ 1241
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Similar to (5.7), the term In1 can be rewritten as

n

Tk41 -
=Y [ [St =Rttt (56 1 — Dt |or
k=0 "'k

n

te+1 - ’ N
+ Z/tk | S(n1 — ) Fultk, u(tk))/t.k (S(r —E)F(&, M(E)))dé]dr

k=0

n

Tet1 ~ r
£ 3 [ [t =0 [ (s¢ =086 )awe o

k=0 "'

n

Tkt1 1 -
#3 [ [t =n [ (0 Pt ur

k=0

— (1), u(r) = u(t) )6 |dr
n Tkt1 - -
+Z/ I:S(tn+l —r)(F(r,u(r)) —F(tk,u(r)))]dr
k=0

= L LR L

where ug = Ou(ty) + (1 — O)u(r) for 6 € [0, 1]. By the assumption on F and
the Holder continuity of # in Theorem 2.5, we deduce that

2 2
B[ max (W5 + 1400 ) | < oo,

0<n<N-—

For the term I,}’l, in virtue of the unitarity of the semigroup {S(z),t € [0, T']}
and Lemma C.1, we have

1 n Tl
AT / | FuCtic, u @) (S — 1) — 1d)u () || dr
k=0 <k
n Tk+1
<c Yy [0 -l
k=0""%

1
2p 2p
< Cr( max )l ) ,
= 0<k<n ”u(k)”Q(M)

then

]E[ max ||1,}v1||H2{”]5Cr2P
1

0<n<N-—
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due to the Z(M)-regularity of u given in Theorem 2.4.
For the term 1,11 2, using the linear growth of Fgives

n th+1 roo_
||1,,1’2||H§C2f . [/ ||F(§,u(€))||Hd$]dr
k=0 1k l
n tk+1 r
sy [T at i@
k=0 " i

1

<Ct+ Ct( sup ||u(t)||§{)7”.
0<t<T

Applying Theorem 2.4 again yields

2p 2
]E[ max |[1]2 ]<Cr P,
o max I,y | =

For the term I,}’S, the stochastic Fubini theorem leads to

n k1 flk+1 -
=3 A /g [t = N Fut u@) S = H)BE Jdrdw @)

nt1 (L§J+1)r -
2/ /g [S(m+1 — P)F(tyz o0 ultyz ) S(r —g)B(s)]drdW(g).

Using Proposition D.5, we obtain

]E[ max ||113|| ]
0<

T (L%Hl)r
< CE[(/ H/
0

(s€ =Rtz utsse—os@)ar| e)”}

N—1
= cE[( Z /

Tk+1 - 2 »
( fé [$=r Pt w@)S@ = OBE| 50 ydr) 66)']

N-1

= CE[( /k“ </tk . ”B@)”sto,mdr)zdé)p] s €t

k=0 !
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Combining the above estimates, one has

2p 2
E[ max |1} ] < Ct“P.
omax | Ml | <

For the term Inz, the unitarity of the semigroup {S(¢),7 € [0, T]}, the linear
growth of F, and Theorem 2.4 imply

2p
E[ max 12 ]HI]
0<n<N-1 ” n ”

n Tie41
< E[ max (Z
0<n<N-1 t

k=0 "k

n Tk+1
=E[ max (Z/
0<n<N-1 =0 Yt

2p 2p 2p 2p
<Ct* 4 Ct E[Ogang ||u(t)||gj(M)] < ce.

(SGus1 = 1) = S = 10) Fuan | ar)”]

‘(S(r —4) - Id))f(tk, () HHdr>2p]

By a similar argument, one has

<n<N-— 0<k=<n

N—-1
32p ky2p
IE[O max |1, ||H] <Crt EOE[ max |le ||H].
n=

Therefore, we obtain

N-1

2p 2p [ k 2p]
E[O;éa&(_l ||1,,||H] <Ct? 4 Ct X{; E| max fle* 5 | (5.32)
n=l

Step 2. Estimate of the term J,. We decompose the term J,, as

(St =) = Sttrsr — ) | BrYaw ()

Stusr = 10| B) = Bt [aw (r)
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Notice that

2p
E[ max J! ]
omax_ | 1 g

max | / $(inr = | 2 Je) = St =) Boraw |

0<n<N 1

OiltlfT H/ St — r) r - L—J ) _ Id)B(r)dW(r)“;p].

It follows from Proposition D.5 and Lemma C.1 that

E[ max |/, & ]
0<

- CE[( [ 16 =2 ) = ra)so] o))

= CIE[( 3 f,w

k=0 “ '

(G — 1) — 1d) B(r )HHS(UO H)dr)p]

N-1 T+ 1 ’ 2 p
E (%/tk (r — 1) HB(”)”HS(UO,.@(M))dr) ]

< Cr?r,
The estimate of the term J? is similar to that of J,!, which gives

2p 2
E[ max || J2 ] <CtP.
gomax | 105 | <

Therefore,

]E[O max 4,13 | < c7. (5.33)

<n<N-1
Combining (5.32) and (5.33) yields
N—1
IE[ max ||e”+1||§f] <cttcry) E[Orélka;(n ||e"||§]{’].

0<n<N-1

n=|

The conclusion of Theorem 5.3 follows from the Gronwall inequality.
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Next, we consider the mean-square errors of the exponential Euler method and
the accelerated exponential Euler method for the multiplicative noise case.

Theorem 5.4 Let conditions in Proposition 4.7 hold. Assume that F is twice
Fréchet differentiable with bounded derivatives. Then for p > 1 there exists a
positive constant C = C(p, T, Q, ug) such that solutions of (5.28) and (5.29)
in the multiplicative noise case satisfy

E[ max [Ju(t,) —u"||ﬂzﬂ”] <CtP.
0<n<N

Proof We only present the proof for the exponential Euler method. The proof for
the accelerated exponential Euler method is similar and is omitted. We use the same
notations as those in Theorem 5.3. Note that the main difference lies in terms 7! and
.
For the term I,f in (5.31), we use the Lipschitz continuity of F' and Theorem 2.5
to obtain
IE[ max |1 ||§Hp]

0<n<N-—

n Tk+1
§E[ max (Zf
0<n<N-1
=n=< k:() tk

n

< CIE[OSEInSa]%(_l ];/:H <(r — 1) + u(r) — u(&)”%l’)dr]

Stns = (Furn — Faua)[Jor)™]

N-1 Tkt1
<CE (r —t)Pdr| < CtP.
by) ]

By Theorem 5.3, we know that

IE[ max ||I,%|IH2_HP] < Ct?P,

0<n<N-1

N—
]E[ max IAdTk ] [ max 2p].
omax Z X et i

Therefore,

N—1
E[O max |1, ||H] <CtP 4+ Ct X(:) [ max ||e I ”] (5.34)
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We are now in the position to give the estimate of J,,. Here J,, reads as

n Tk+1
Jn = Z/k [S(ln+1 - r)(B(r, u(r)) — B(t, M(fk))>]dW(r)
k=0 v
n et
+ Z/k 1 [(S(tn+1 —r) = S(tp41 — l‘k)>B(tk, M(fk))]dW(r)
k=0 "k

30 [ [Ster = 10(Bxwt) — B i) Jaw)
k=07

= J) 07+
Thanks to Proposition D.5 and the Lipschitz continuity of B, we have

2p
]E[ max J! ]
0| A

< CE[(/OT HB(V, u(r)) — B(EJr M(Hf))”;woﬂ)dr)ﬂ]
<cs[([M((~ (L)) + ([ L) [))']

Thus,
Tk 1

N—-1
1)2p _\D P
E[Osﬂaﬁ_l PHEEYe ;0 /tk (r — t)Pdr < Ct

due to the Holder continuity of # in Theorem 2.5. Similarly, for the term an, we
have

2p
E[ max J? ]
0<n<N-1 ” n ”H

<2l | [ (s0=n =5 [ L)l E el vl
sl a5t = (=N p( e s D))

0y N LD (LR )

k=0

< Ct?P.
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For the last term Jn3 , the Lipschitz continuity of B yields

N-1
2 ky2p
IE[ max J? p]<Cr E[ max |e ]
omax | 10 | < Eo omax lle Il
n=

Altogether, we obtain

N-1

2p p [ k 217]
E[Osznsag[;_lHJnHH] <Ct’ 4+ Ct Z(:)IE max 15 | (5.35)
n=

Combining (5.34) and (5.35), and using the Gronwall inequality give the desired
result. O
5.2 Convergence Analysis for Fully Discrete Algorithms

In Sect. 4.2.3, we have constructed several fully discrete algorithms for

du(t) = Mu(t)dt + AdW (), t e (0,T],
u(0) = uo,

(5.36)

where A = (A, 1)) € RS and

0 eV x .
M = | with (M) = Hy(curl, D) x H(curl, D).
—u'Vx 0

Those fully discrete algorithms are constructed via dG methods in space and
the stochastic midpoint method in time. And the well-posedness, regularities of
the numerical solution, and some intrinsic properties of the fully discrete system
were analyzed. In this section, we continue to give their mean-square convergence
analysis. We take the error analysis of the following stochastic symplectic dG
algorithm as an example

1
W = MU AW n=0,1,..., N — 1,

u2 = IThuyg,
5.37)
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where AW+ = W(t,+1) — W(t,) and M,;lpw is given in Definition 4.4. And the
finite element space is taken as

Hy) = {vn € LA(D) : vyl € P (K) forall K € %)°,

5.2.1 Error Estimate of the Spatial Semi-Discretization

To give the convergence analysis of (5.37), we first study the mean-square conver-
gence of the spatial semi-discretization (4.75), that is,

dup(t) = M, up(t)dt + MAdW(t), t € (0, T],
up(0) = Iyuyg.

(5.38)

Proposition 5.2 Suppose that Assumption 4.1 holds. The spatial semi-discretization
(5.38) is well-posed, i.e., there exists a unique mild solution uj € LZ(SZ, C([0, T1],
Hiy.1)) given by

upw t upw
up(t) = ™M 1y, (0) + / M T AdW (s),  P-a.s. (5.39)
0

forallt € [0, T). Moreover,

E[ sup llus)I%] < C(1 4+ Elluol}]),

0<t<T

where the positive constant C depends on T, €, i, A, and Tr(Q).
Proof Note that

1d — M,™ : Hy — Hy,
is injective and surjective, and thus ran(/d — MZPW) = Hj, ;. It follows from
Proposition 4.25 (ii) that MZPW is dissipative on Hj 1, and thus it generates a
contraction semigroup {S,(¢) := e’M;;pw, t > 0}. Similar to Theorem 2.2, for any
t € [0, T], there exists a unique mild solution uj, of (5.38) given by (5.39).
Combining (5.39) and Proposition D.5 yields

E[ sup flun(®)lE]

0<t<T

28] sup im0 ] +22[ sup | /0 St — 9madw )| ]

0<t<T 0<t<T
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1
< 2E[[lun(O) 3] + 2TE[I1 Tk 02 3511 ]
< 2E[|lun (0)[1F] + 27 max{|lelLo(py, ll1tllLo(n)}A*Tr(Q)
< C(1+E[luolf))

due to the property || ITpv|m < ||v|ig for v € H of the projection operator. |

Now, we apply the projection operator I1, to (5.36) and use the property M;:pw =
I, Mu in Proposition 4.25 (i) to obtain

dTpu(t) = M,™ u(t)dt + M AdW (1), t € (0, T],
Hhu(O) = Hhuo.

(5.40)

We need the following result of projection operator 1, (see e.g., [143] for more
details).

Lemma 5.1 Forallv € H*(.9,) with k € {1, 2},
lv— Mylgsz) < CH* S olgigg, ¥s €{0.1,....k)
and

2 2k—1,,,,2
Y o= vl e < CH* Mol -
Fe%,
where the positive constant C is independent of h.

After these preparations, the mean-square convergence order of (5.38) is stated
as follows.

Theorem 5.5 Let u € C([0, T, L?(2, H*(D)®)) with k € {1, 2} be the solution
of (5.36), and uj, € C([O, T1, L*($2, Hh,l)) be the solution of (5.38). Then there
exists a positive constant C independent of h such that

sup E[llun (1) —u()ll] < CH*

0<t<T

Proof Define the error e(t) := up(t) — u(t) for all t € [0, T], which can be
decomposed as

e(t) = (up(t) — Myu(t)) — (u(t) — Mpu(t)) =: ep(t) — ex (2).
For the error e, (¢), it follows immediately from Lemma 5.1 that

E[llex )I] = E[llu() — Myu@)if] < CR*E[lu@)]7, (5.41)

(D)ﬁ]'
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For the error ey, (t), subtracting (5.40) from (5.38) obtains
dep(t) = M,™ ep(t)dt — M ex (t)dt, ¢ € (0,T]

with e, (0) = 0. Then for any ¢ € [0, T'], we have

! 2 t MY ds = t M d
Sen Ol = [ (M ero1,en0) a5 = = [ (4 ex 61, 109), .
(5.42)

Leter =: ((¢B)T, (¢®T)" and e =: ((¢B)7, (¢M)T)". Notice that e, (1) € Hj, |
and e, (1) € Hy 1 +(Z2(M)N HY (D)% forr € [0, T]. Proposition 4.25 (iii) implies

MV s eh>
< h "7 "0y

_ H E _|LE H
- Z [(e”’ Ve >L2(1<)3 <e”’ Ve >L2(K)3]
Ke,

+ 3 [{Bref x, + Broel x — vomg x [eE I, ng x [[ef1lc)

LZ(G)3
GeG!

_ <05K€£,1<G +akger x +3cng x [lef g, ng x [[6?]]G>L2(G)3]

H E E E
— E [(en,ncxeh> —|—2yc(ncxen,n(;xeh> ]
LZ(G)S LZ(G)3
GeGP

Using the fact that (v — ITpv, wy)g = 0 for all v € H and wy, € Hj, 1 leads to
<e7111, V x e%)

=(eE, V x e} =0.

L2(K)} L2(K)}

Then the Young inequality yields

fena
H

E 2
E Z VG||11G X eh ||L2(G)3
GeGE

1 2 2
+5 GX(;] [v6n6 x efN6 |52y + 86 n6 x el TlG 32 0]
S

1 1 2
52 [V—G||/3Ke¥,KG + Brgelx —vomg x [1eFllg 3oy (543)
GeG!
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1 E E H 2
+ s ||061<€,T,KG +akger x +deng x [lerlle ||Lz(G)3

1 2 2
b 3 [ ¥ + 276l x £l ]
GeGP

1 _
< _E(M;;pweh, e,,)H + CH () e oo

where in the last step we used Proposition 4.25 (ii) and Lemma 5.1. Plugging (5.43)
into (5.42), we obtain

1 L N w1 [ 2
SenOl =5 [ (M en.en6)) s = O [ Hu)lys s

By (szwvh, Uh)IHI < 0 for all v, € Hj,; given in Proposition 4.25 (ii), and the
H*-regularity of the solution u (see Theorems 2.6 and 2.7), one has

T
sup E[len(t)]2] < Ch%! /O E[(5)120 s,

0<t<T

which combining with (5.41) completes the proof. O

5.2.2 Error Estimate of the Full Discretization

Now, we focus on the convergence analysis of the full discretization (5.37) for the
stochastic Maxwell equations (5.36). Denote

T -1 T T -1
Sho = (1d = SM™ ) (1d+ M) and T = (1d = Z0™)
then (5.37) can be rewritten in a compact form
W' = S Ul + Ty IAAW T (5.44)

foralln =0,1,...,N — 1.

Proposition 5.3 Suppose that Assumption 4.1 holds. Let u} be the solution of
(5.37). Then there exists a positive constant C = C(T, €, u, A, Q) such that

max. E[lluplf] < C(l + E[Iluollﬁ])-
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Proof 1t follows from (5.44) that

n
= Sy Myuo + Y Sy Ty AAW! . n=1,2,....N.
j=1

Taking the H-norm on both sides of the above equation, one obtains
n . 2
E[lul 3] < ZE[HSZ,TH;,MOII%I] + 2]E[H N S T Tk AW HH]
j=1

This combining with Lemma C.4 and the property || ITyv|lg < ||v|jg forall v € H
leads to

n
E[jluf I%] < 2E[| TuuolE] +2 Y E[|mraw/|3]
j=1

< 2E[ |1 Thuo 3] + 2nt max{lie | ooy, llllzep)} A Tr(Q)

= (1 +E[luolif]).

which completes the proof. O

In order to present the mean-square convergence result of the full discretiza-
tion (5.37), we need Hk(D)6-regulaIity (k = 1,2) of the solution u” of the
stochastic midpoint method

W= 0 MU AAW n=0.1,... N —1. (5.45)

Similar to Theorems 2.6 and 2.7, we have the following proposition.

Proposition 5.4 Under conditions in Theorem 2.7 and the PEC boundary condi-
tionsm X Elgp =0, n-H|yp = 0, the solution u™ of (5.45) satisfies

2 2 —
max B[l 1 p,6] < €(1+ ol pyel). & =1.2

where the positive constant C depends on T, A, and || Q% | asw, ¥ (D))

Based on the above analyses, we finally derive the following mean-square error
for the full discretization (5.37).
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Theorem 5.6 Under conditions in Theorem 5.1 and Proposition 5.4, there exists a
positive constant C such that

1

max ( [lu@e) = upl])* = cT2+Cn=2, k=12,

1<n<

Proof We divide the error “Z — u(t,) into two parts:

up — u(ty) = (”Z — u”) + (u” — u(tn)) .

Spatial error Temporal error

The convergence analysis of the temporal error has been established in Theorem 5.1,
namely,

1

max (E[Hu(tn) - u”||12HI])2 <1t

0<n<N

Now we give the spatial error estimate. Note that
up —u" = (uz - Hhu") + (Hhu" - u") =:ie) +el.

It follows from Lemma 5.1 that

E[llex ] < CR*E[l" 34 pys )
which combining Proposition 5.4 gives
2 2k 2
Efles 1] = Ch* (1 +E[luol e ])- (5.46)

The estimate of ej, is stated below. We apply the projection operator ITj, to (5.45)
and use Proposition 4.25 (i) to obtain

My = M + %(M“PW " MY "+1) + AW (5.47)
Subtracting (5.37) from (5.47) yields

T T
gz+1 = + E(Mupw n +Mupw n+1) n E(szw n +Mupw n+1>
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Applying (-, ej + eZH)H to both sides of the above equation, we obtain

T
Ief ™ 1 = ekl = 5{M3™ (e + € . e+t
(5.48)

T 1 1
+ §<M;:pw(ez +elth, ey + e;l’+ )H'

For the first term on the right-hand side of (5.48), it follows from Proposition 4.25
(ii) that

<szw(e;l’ + eZ'H), ey + eZ+1>H <0.
Similar to (5.43), for the second term on the right-hand side of (5.48), we have

1
<M,‘;pw(e;' ety el 4 eZ+1>H < —§<M,‘jpw(e,'; +et ) el eZH)H

T+ CR2 |y 4yt ”%‘Ik(D)("
(5.49)
Plugging (5.49) into (5.48) gives
E[llef 1 = el ] < Con B[ 1" s + 10" e pys | = CTH*
Then the Gronwall inequality yields that
E[llef117] < ch* 1. (5.50)

Combining (5.46) and (5.50) yields that

1
max_ (IE[HMZ _ u"||§ﬂ]) 2~ chka

I<n<

The desired mean-square convergence order can be derived by adding up the
temporal and spatial errors. O

Remark 5.2 Using similar arguments as in the proof of Theorem 5.6, we can derive
the convergence analysis for other dG full discretizations to (5.36). See also [160]
for the study of the optimal spatial error estimates in the case of d < 2.



5.3 Convergence Analysis for Splitting Algorithms 207
5.3 Convergence Analysis for Splitting Algorithms

This section mainly focuses on the convergence analysis of splitting algorithms
discussed in Sect. 4.3 for the stochastic Maxwell equations with additive noise

dE(t) =V x H(t)dt + A dW (1), te0,T],
dH(t) = =V x E(t)dt + X,dW(t), t € (0,T], (5.51)
E(0) =Ey, H(0) =Hj

on a cuboid D = (a,, af“) X (a, , a;) x (az, a;). We first investigate the mean-
square error of the splitting process. Then the stochastic midpoint method is taken
as an example to discretize each subsystem in the temporal direction and the
corresponding convergence analysis is also given.

5.3.1 Splitting Error

The splitting error is introduced by solving the subproblems in a completely
decoupled manner. Generally, the splitting error always exists, even when all
subproblems are solved exactly. The aim of this subsection is to present an analysis
of operator splitting and to provide insight into the splitting error.

Let {u.(t),t € [0,T]} be a sequence of splitting processes. Recall that the
system (4.98) is obtained based on the local one-dimensional splitting of the
Maxwell operator. On the time interval (¢, #,,41] witht, =nt, n =0,1,..., N—1,
(4.98) reads as

dul (1) = Ml @yde £ AMaw (@0),  ull)(,) = ue (1),
dul?h @) = My yar + APaw 1), W2 @) = Wl (t0s0), (5.52)
dul?h 0y = MaPhyde + 2Baw @), uPl@) = w00

Let {¢%, , : 0 <1, <1}, @ = x,y,z be the solution operators of equations
in (5.52) on (¢,, t,+1], then the splitting process u; on (t,, #,+1] is defined as

e 0) = (65 1, Bt Jute () (5.53)

with u; (0) = ug. It is obvious that

n—1

weltn) = [ (65,0700 Jue©, n=1.2....N.

j=0
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Theorem 5.7 Under conditions in Theorem 2.7, for sufficiently small T, there exists
a positive constant C such that

1

max (E[llu(t) - ur@)13])” < Cr.

1<n<N

Proof Forn =0,1,..., N—1,according to (5.53) and the mild solutions of (5.52),
we have

t
Ur(tng1) = So(0) (@n <Py 1z (1)) + [ S(tns1 — PAPlAW ()
t

Int1
= SO [$ O+ [ 8, =AW )
ty
In+1
+/ S (tay1 — rABdW ()
Iy
t)H»l
= SO, O[S @uett) + [ Suttuir = rTaw )]
t)l
T+l Tnt1
+ / S:(T)Sy (tyg1 — HAAW (r) + / Sy (tng1 — rABlAw (r)
In In

In+1
= S, () Sy () S (T (1) + / S, (1) Sy (0) Sy (ty1 — AW (r)
Iy

tht1 In+1 3
+/ S:(T)Sy (tat1 —r)x[Z]dW(r)+f S. (tgs1 — HABdW ().
In In
(5.54)

It follows from (5.51) and ([, A]) T = AT 4 1121 4 A 03] that
In+1 1
w(tnr1) = S(@uty) + / Stnr1 — AW (r)
In

thtl Tt
+/ S(tpst —r)l[2]dW(r)+[ S(tpg1 — r)ABAW ().
17 n
(5.55)
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Let e := u(t,) — u.(t,). Subtracting (5.54) from (5.55) leads to

e = S.(1)8) (1) Sx (T)e" + [S(T) — S:(1) Sy (1) Sy (7) Ju(t)

In
+ / B [S(tns1 — 1) = S(D)Sy (D) Sty — 1) |AdW (r)
In
Int1
+ / [SUnr1 = 1) = So(©)Sy 11 — AW (r) (5.56)
In

Int1
+ / [Snss — 1) — Selingr — AW ()
tn

= S.(1)Sy (DS ()" + 1 + Iy + I3 + .

For the term /1, by Lemma C.5 (iii) and the H 2(D)6-regularity of u in Theorem 2.7,
we have

E[ 111115 ] = CT*E[lu@) 17 pys] < €T (5.57)

For the term I, the Itd isometry yields

E[l213]
Z[t"“ (St =) = S.O8,OSultrsr =)Mo s
) y HS(U,H)
In+1
o ol
< C/ (S(tn+1 $) = Sx(tat1 s)))‘ ° HS(UH)ds
th+1 3 2
/ S (1) (1d — Sy(1)) S(tas1 —S)) 0 Q2 HSW.H)
th+1 [1]
/ (Id — S:(7)) S(tn1 — $)A 0 0 HS(UH)dS

)

where we used the unitarity of semigroups Sy (@ = x, y, z) and Lemma C.5 (i)—(ii).
Similarly, one has

E[I515] < ¢, E[ILI] < c7.
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Then combining the above estimates for terms /1, . .., I4, we obtain

E[le" ! 1] < E[ 1508, S (0" 1] + 2E[(8.(0)8, @Sc ()", 1) ]
+ CE[ N1 + 12l + sl + 141
ny2 ¢ 2
= 1L+ COE[IS:(0S, (0 Sc (e IF | + ZE[111]

+ CE[I NI + 1l + 113 + 141

< (1+ COE[|le" %] + C7?

due to the Young inequality. The conclusion of the theorem follows from the
Gronwall inequality. O

5.3.2 Error of the Splitting Midpoint Method

In this part, we apply the stochastic midpoint method to discretize (5.52) temporally
and obtain the following splitting midpoint method starting from u:

un+1,[l] =y + %TMX(MH + un+1,[l]) + x[l]Awn+l,
LRI — LI %‘L’My(u”-H’[l] + un+l,[2]) + k[z]AW”'H’ (5.58)
un+1 — un+1,[2] 4 %TMZ(unJrl,[Z] + un+1) +x[3]AWﬂ+1.

The convergence analysis for (5.58) is stated below.

Theorem 5.8 Under conditions in Theorem 2.7, for sufficiently small T, there exists
a positive constant C such that

1
5 1
OISI}laSXN (E[ ”u(l‘n) —u" ”H])z < Crt.
Proof Denoting

T -1 T T -1
S i= (Id _ 5Mo,) (Id + EMO,), Trq = (Id — EMO,)
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with @ = x, y, z, the splitting midpoint method (5.58) can be rewritten as
W™ = S Se ySeu” + Sp Sey Tr A AW

+ Se Te AW 1 AB AW n=0,1,... N~ 1.
(5.59)

Let e" := u(t,) — u". Subtracting (5.59) from (5.55), we obtain

én-H = Sr,er,ySr,xén + (S(T) - St,er,ySt,x)u(tn)

Intl
+ / S(tsr — 1) — ST,ZST,),T,,X]M”dW(r)
tn L

Intl 5
+ / S(tuyt — 1) — S,,ZT,,y]x[ law (r)
ty -

i+l
+/ S(tng1 — 1) — T,,Z]xde(r)
In -
=: SLZSL)VSLxén + il + fz + i3 + i4.
It follows from Lemma C.6 (iii) and Theorem 2.7 that

< Cct*.

E[I1115] < CT*E[llut) 2 py] <

For the term fg, the Itd isometry leads to

A 5 In+1
E[lR13] = /
173

Int1
<cf
In

Int1
+ C/
lll

Iny1 [] 1,2
+ c/ | (1d = S.2) S(tas1 — AN 02 HHS(U’H)ds
In

12
(81 =) = SeeSen T AQ3 | ds

12
SeeSey (St —9) = T pQE | ds

2

‘(ST’Z (1d = St,y) Sttt — s))x[l] Q%

\)
HS(U,H)

<Crt’,
where the last inequality follows from Lemma C.6 (i)—(ii). Similarly, we can obtain

E[I514] < ¢, E[ILE] < <.
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Altogether, by the Young inequality, we obtain
B[ 3] = B[ Se.cSeySeuén ] + 2E[(Sr.e Sey Seocéis 1)y |
+ CE[ 711 + 1 2l + N0 + Nl
<1+ Cr)lE[H Se,2 Sty Sz xén Hﬂzﬂ] - %E[nf] I5a]

+ CE[ 1711 + 1 2l + N3 + Nl

< (1+ COE[e" 3] + 7.

The proof is thus completed by the Gronwall inequality. O

Remark 5.3 If we use the exponential Euler method (4.44) to discretize (5.53) in
the temporal direction, one can derive the corresponding mean-square convergence
order in a similar approach as Theorem 5.8.

Summary and Outlook

With the regularity analysis of the exact solution for the stochastic Maxwell
equations in Chap. 2 and that of numerical solutions in Chap.4, we give the
convergence analyses for several structure-preserving algorithms. The mean-square
errors of the temporal semi-discretizations, including the stochastic symplectic
Runge—Kutta methods and the exponential-type methods are estimated in Sect. 5.1.
Then, a fully discrete algorithm via the dG method in space and the midpoint method
in time is analyzed in Sect. 5.2. Finally, the error estimate of the splitting process is
derived and the mean-square convergence order of a splitting midpoint method is
obtained in the last section.

There are still some unsolved problems in the mean-square convergence anal-
ysis of structure-preserving algorithms for the stochastic Maxwell equations. For
example:

* What is the mean-square convergence order of the stochastic symplectic Runge—
Kutta methods for the stochastic Maxwell equations driven by multiplicative
noise?

* How to give the mean-square convergence analyses of the fully discrete structure-
preserving algorithms, whose spatial direction is discretized by utilizing the
wavelet method or the finite difference method?

In many applications of stochastic partial differential equations, researchers
sometimes are interested in simulating the average of the functional of the solution



5.3 Convergence Analysis for Splitting Algorithms 213

to the stochastic partial differential equation, which prompts the development of
weakly convergent numerical methods. There have been plenty of works related to
the weak convergence analysis of numerical algorithms for stochastic systems; see
e.g., [6,7,54,64,65,68,86,93, 119-121, 128, 152, 175, 176] and references therein.
However, there is no work on this subject for the stochastic Maxwell equations.
Besides, we would like to mention that all the results in this chapter are
derived for the stochastic Maxwell equations with globally Lipschitz continuous
coeffiicents. For the case with the non-globally Lipschitz continuous drift term, such
as the second harmonic generation and the Kerr-type nonlinearity, to our knowledge,
there is no work on their numerical study. Generally, it is a difficult problem
to obtain the mean-square convergence order of the numerical approximation of
stochastic nonlinear partial differential equations. So far, one approach to deal with
this problem is to study the exponential integrability of both the exact and the
numerical solutions (see [17, 22, 55-57, 60, 106] and references therein). Another
approach is to utilize techniques like truncating the nonlinear term [37, 63], using
the tamed function [89, 108, 110], and adapting the step-size to control the stability
[79, 99, 114, 115]. More efforts need to be paid to the numerical study of the
stochastic Maxwell equations with non-globally Lipschitz continuous coefficients.



Chapter 6 ®
Implementation of Numerical Qe
Experiments

The last chapter is dedicated to the numerical experiments to verify our theoretical
results obtained in this monograph, particularly in Chaps.4 and 5. The efficient
numerical scientific computing environment—MATLAB—will be used in this chap-
ter to solve numerical examples that illustrate some key concepts and theoretical
properties.

We begin with MATLAB codes for the standard Brownian motion and the Q-
Wiener process in Sect. 6.1. Section 6.2 turns to present some numerical experiments
to confirm the structure-preserving properties and convergence order results investi-
gated in the previous chapters. Particularly, some core MATLAB codes of numerical
experiments are provided for the reader’s convenience.

For more details of the MATLAB programs to the numerical simulation for the
stochastic system, we refer to [95] and references therein for the stochastic ordinary
differential equations, and to [130] for the stochastic partial differential equations.
Readers can also find codes for the numerical implementation of the exponential
Euler method (4.44) under the link www.math.chalmers.se/~cohend/Recherche/
codeMaxwell @ CohenCuiHongSun.zip which is provided by Cohen et al. in [53].

6.1 MATLAB Codes for Wiener Processes

This section introduces some basic MATLAB codes for the standard Brownian
motion and the Q-Wiener process.
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6.1.1 Standard Brownian Motion

A standard Brownian motion {W(¢), t € [0, T]} is a stochastic process that is
continuous with respect to ¢. It is necessary to consider the simulation of a Brownian
motion for the computational purpose. To be specific, let t = T /N for some positive
integer N, and denote by W,, := W (t,) the specified value at the discrete time point
t, =ntforn=0,1,...,N.

The MATLAB M-file brownian.m in Listing 6.1 performs one simulation of
the Brownian motion over [0, 1] with N = 1000; see Fig. 6.1 for the numerical
result. Here, the random number generator randn is used which produces a number
obeying the standard normal distribution, denoted by N'(0, 1). In order to make
experiments repeatable, MATLAB allows the initial state of the random number
generator to be set. We set the state to be 100 with the command randn (‘state’,
100).

14 T T T T T T T T T

121 k

08

0.6 - b

W(t)

04r q

_04 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Time t

Fig. 6.1 A single sample path of W(¢) on [0, 1], generated by using the uniform time step size
7 = 0.001 and linear interpolation. The graph is produced by Listing 6.1
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Fig. 6.2 The average of u over 1000 sample paths, and 50 individual sample paths of . The graph

is produced by Listing 6.2

Listing 6.1 M-file brownian.m

randn ('state',100)

T=1; N=1000; tau=T/N;

W=zeros (1,N+1) ;

for n=2:N+1
dW=sqgrt (tau) xrandn; %
W(n)=W(n-1)+dw;

end

figure

plot(t,W, 'r-")

xlabel ('Time t')

© o N o wm B W o —

;ylabel ('W

o

% set the state of randn

t=[0:tau:T];

increment of the Brownian motion

(£)");

The MATLAB M-file meanbrown.m in Lising 6.2 produces Fig. 6.2. Here, we

evaluate the function u(t)

= exp(t +0.5W(¢)) along 1000 sample paths. The

average of u over these paths is plotted with a solid blue line. Fifty individual sample
paths are also plotted by a dashed red line.

Listing 6.2 M-file meanbrown.m

state',100)
tau=T/N; t=[0

randn ('
T=1; N=500;
M=1000;

dW=sgrt (tau) xrandn (M, N) ;

AW =

[

% set the state of randn

:tau:1];

[

% M Brownian paths
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5 W=zeros (M,N+1) ;

6 W(:,2:end)=cumsum(dw,?2) ;

7 u=exp (repmat (t, [M 1]1)+0.5xW) ;
8§ umean=mean (u) ;

9

figure
10 plot(t,umean, 'b-', 'LineWidth',5) % average over 1000 paths
11 hold on
12 plot(t,u(l:50,:),'r--') % 50 individual paths
13 hold off

14 xlabel ('Time t');ylabel('u(t)");
15 legend('average over 1000 paths','50 individual paths');

6.1.2 Q-Wiener Process

Let O be a nonnegative and symmetric operator with a finite trace on a separable
Hilbert space V. A V-valued Q-Wiener process {W(¢), t > 0} has the following
Karhunen-Loeve expansion

W)=Y /meiBit), t=0, (6.1)

j=1

where {8} jen, is a family of independent standard Brownian motions and (e, 1),
J € Ny are the eigenpairs of Q with {e;}jen, being an orthonormal basis of V.

In order to obtain the numerical approximation of W (), we first truncate (6.1)
by

M
W)=Y mjeiBit), M =1, 1>0.

j=1

Note that

E[”W(t)—WM(t)”Z]:E[H i ﬁejﬂj(r)“z]zt i 0.

j=M+1 j=M+1

which tends to zero as M — o0, since the trace of the operator Q is finite. Hence, in
the following numerical simulations, one can choose M sufficiently large to control
the error induced by the truncation of the noise. For the time interval [0, T'], we still
introduce a uniform partition with time step size t = T/N, N € N. The increment
of WM can be computed by

M
WY () = WM () = VT Y jesE?

j=1

where 7, = nt and §7 := (Bj(tag1) — Bj(tn))/ /T ~ N (O, 1).
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W(t,x)

) 5 0. 5
Time t [ Space x Time t 0 0 Space x

Fig. 6.3 A single sample path of the Q-Wiener process with M = 100, K = 101, and t = 0.01
for r = 0.5 (left) and r = 2 (right). The graph is produced by Listing 6.3

For example, we let V := L?(0, a) with a positive constant a, and take

2 j T
ej(x) =/ = sin (U) C o= jen, 62)
a a
for some ¢ > 0 and r > 0. In this case, Tr(Q) = Z;‘;l nj < oo. The value of r

has an effect on the regularity of the noise. Choose K grid points x; = ka/K, k =
1,2,..., K, then

M
2t L Crelte) ik
WY 130 = W (1) = | = D7 11757 sin (%) g (63
j=1

Let T = 1 and a = 2. We plot one sample path of W (¢) in Fig. 6.3 in the
cases r = 0.5 and r = 2, respectively. These figures are generated with M = 100,
K = 101, and v = 0.01 using M-file Q-Wiener.m in Listing 6.3. Here, we fix
e = 0.001.

Listing 6.3 M-file Q-Wiener.m

1 T=1; tau=0.01; N=T/tau;
> a=2; epsilon=0.001; r=0.5; % parameters in (6.2)

3 M=100; K=101;dx=a/K;

4 xx=dx:dx:a; tt=0:tau:T;

5 [x,t]l=meshgrid(xx,tt) ;

¢ W=zeros(size(x)); xi=zeros(size(tt)); y=zeros(size(tt));

7 eta=[1:M]." (- (2+r+l+epsilon)) ;

s basis=sqrt(2/a)*sin(pi/a*repmat ([1:M],K,1) .xrepmat (xx',1,M)) ;
9

for i=1:N
10 dB=sqgrt (tau) *xrandn (1,M) ;
11 dW=sum (repmat (sqgrt (eta) .*dB,K, 1) . xbasis,2) ';
12 W(i+1, :)=W(i, :)+dw;

13 end
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o

14 % When K=M+1l, one can also use the discrete sine
transform 'dst' of the vector ...
sgrt{eta}.+randn(1,M) xsgrt (2«tau/a) to generate the
increment of the Wiener process. Namely, lines 4-13
can be replaced by the following code:

xx=dx:dx:a-dx; tt=0:tau:T;

[x,t]=meshgrid(xx, tt) ;

W=zeros (size(x)); xi=zeros(size(tt)); y=zeros(size(tt));

e

£

> o
o0 o

3
o\

ta=[1:M]." (- (2+«r+1l+epsilon)) ;
or i=1:N

=
o©

o
o°

20 % dB=sqgrt (tau) *randn (1,M) ;

a1 % dW=sqgrt (2/a) xdst (sgrt (eta) . *dB) ;
2 % W(i+1, :)=W(i,:)+dw;

23 %end

»# figure
5 mesh(x,t,W);
% xlabel ('Space x');ylabel ('Time t');zlabel ('W(t,x)");

We remark that it is an important problem to consider the simulation of W(¢)
when the eigenpairs of Q are not known explicitly. Suppose that the expression of
the kernel p of Q is known. Then one can also approximate W (¢), for example, by
using the finite element method. Precisely, we can approximate W (¢) by

Np
Wi(t) :=TTRW(t) = Y (W), ¥i)v i,

i=1

where {w,-}lN:hl is a basis of some finite element space V), and My V — Vjis the

orthogonal projection. Note that for any i, ¢ € V, E[(W(t), w)v] = 0and

E[(W(). )y (W), phv] = 1 / / PO (x, y)drdy.

Therefore, {{W (1), Wi>v},N=h] and then Wj,(¢) can be simulated numerically. It can

also be shown that W), () converges to W (¢) in the mean-square sense as & tends to
0 if some spatial regularity of W is assumed.

6.2 Numerical Experiments for Structure-Preserving
Algorithms

This section provides some MATLAB codes of structure-preserving algorithms for
the stochastic Maxwell equations proposed in Chap. 4.
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6.2.1 Stochastic Multi-Symplectic Algorithms

We first focus on the numerical experiments of several stochastic multi-symplectic
algorithms, which are proposed in Sect. 4.2.1, for the stochastic Maxwell equations.
We verify the performance of the developed algorithms in the aspect of the energy
evolution law and the divergence conservation laws; see Listings 6.4-6.6 for the
main MATLAB codes. To give the numerical implementation, we apply the MS
Method-I (4.49), the MS Method-II (4.50), and the MS Method-III (4.51) to the
two-dimensional TM polarization case

dE3(1) = [0y Ha(t) — 0y Hy(1)]dt — A1dW,

dHi (t) = —0, E3(t)dt 4 AdW,
dH, (1) = 3y E3(t)dt + AodW

fort € (0, 1], where initial data are
E3,(x,y) = sin(3wx) sin(4my),
Hy,(x,y) = —0.8cos(3mx) cos(4my),

Hy,(x,y) = —0.65in(37x) sin(4my)

for (x,y) € D =[0, 2] x [0, 11.

Recall the Q-Wiener process W (t) = Z?‘;l ﬁejﬁj (1), for t > 0. We choose
the eigenvalues {7,,,/}m,ien, and the orthonormal basis {e;; ;}m,ien, of U = L*(D)
in this subsection as

1

:m, m,l€N+,

emi(x,y) = 2+/3 sin (%mnx) sin (2171)/), Nl

which implies

o
3t . /3 .
(AW)?’]- = Wl.’f;fl _ Wl.’fj = Z 2,/’713—4_[3 sin (Emnx) sin (ZIny)E,’;’l
m,l=1

(6.4)

with &, being independent N (0, 1)-random variables.

We take the time step size T = 0.001 and the space mesh sizes Ax = Ay =
1/150 (i.e., I = 100, J = 75). Let Aoy = A, = A. Now we concentrate on
numerically performing the evolution of the discrete averaged energies of the MS
Method-I (4.49), the MS Method-II (4.50), and the MS Method-III (4.51). It follows
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from the theoretical results given in Sect. 4.2.1.2 that the concrete expressions of the
corresponding energies for these three algorithms have the following forms.

(i) MS Method-I

I J
41
OW(t,1) = @M(s,) +24xay 3 (V15 cawt?),
2’ 2
i=1 j=1

where

I J
2 2
ol (s — AxA H Eayit] ‘ ’H n+1 ’
(tnt1) X y;; Bt et T Gy
]

H n+l1
+ ‘( 2)i+%,j+%

and

1

1 1 1
n+; . nts nts nts
T 1. l.—)»z((Hl)_ i 1+(H2)_ L1 — M (E3). I
l+§,]+§ l+§’j+§ l+§,j+§ l+§’j+§

(i) MS Method-II

r J
M (1) = D) + Axay Y 3 (vt = wish),
i=1 j=I

where
1 J
P (t0) i= Ax Ay Y 3[BT EDL, + HOLT (HD],
i=1 j=1

+1
+ (H) )
and

17 = (D] + () = (B3
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(iii) MS Method-III

I J
1
OM(1,41) = 21, + Axay Y- 3 (172 awytt),
i=1 j=1

where
(1] L nt1]? I nt1)?
OM(r,1) 1= Axay Y0 S [|Eat! |+ it + it ]
i=1 j=1

and

1
n+,
i,j

1 1 1
= o (D)2 + ()] 7) = 2 (Ea)] 2.

Figures. 6.4, 6.5, and 6.6 present the evolution of discrete energies and averaged
energies of the MS Method-I, the MS Method-1II, and the MS Method-III with
various sizes (A = 0.1, 1, and 2) of the noise. Here blue lines denote discrete
energies along 100 trajectories, and red lines represent discrete averaged energies
over these trajectories using the Monte—Carlo method. As shown in these figures,
discrete averaged energies are of linear growth with respect to time for all of
the three numerical algorithms with different values of A, which coincides with
the theoretical results (see Corollaries 4.1-4.3). Note that for the MS Method-I,
Figs. 6.4a, 6.5a, and 6.6a are generated by combining Listing 6.4 and the MATLAB
M-file ms-method1-energy.m in Listing 6.7. The MATLAB codes for the evolution
of discrete energies and averaged energies of the MS Method-II and the MS Method-
III can be given similarly as Listing 6.7.

Next, we consider the numerical simulation for the discrete conservation law
of the averaged divergence. Since the first two components of the electric field E
are zero for the two-dimensional TM system, the averaged divergence-preserving
property of the electric field holds naturally. Therefore, we focus on the divergence-
preserving property of the magnetic field H = (Hy, H»,0) . Thanks to definitions

of discrete divergence operators @i[lj. and @i[I;] given in (4.60), we have

(i) MS Method-I
valll +1 o1l
Vi‘j CH' — Vi’j -H"

A2
= Z[@wy +@awyt - awyt! - awyt |

A2
+ A—y[(AW)?jl @AW = awyt = awy )
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04

(a) MS Method-1 (b) MS Method-II

(c) MS Method-III

Fig. 6.4 The evolution of the discrete energies and averaged energies generated by (a) the MS
Method-1, (b) the MS Method-11, and (c¢) the MS Method-11I along 100 trajectories with T = 0.001,
Ax = Ay = 1/150,and A = 0.1

(i) MS Method-II
I ets g s
Vi oHTT Vi HT

A2
= e [@ml +@m - @aw - |

At +1 .
+ 4Ay [(AW)ZjH + (AW} 4 — (AW):”]._1 - (AW)?,j—l];
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0 x0 400 0o 0o oo 800 w00 Wi
Time t

(a) MS Method-1 (b) MS Method-1I

(c) MS Method-IIT

Fig. 6.5 The evolution of the discrete energies and averaged energies generated by (a) the MS
Method-I, (b) the MS Method-II, and (c¢) the MS Method-III along 100 trajectories with t = 0.001,
Ax = Ay = 1/150,and A = 1

(iii) MS Method-III
= [11] 1 =[]
Vi CHYT -V -H"

A2

A
_ +1 +1 2 +1 +1
=2 [(AW);’+LJ. - (AW),'.’_LJ.] n E[(AW);{].+1 . (AW);{J._I].

In the sequel, we use the Monte—Carlo method to approximate the expectation,
and numerically perform the error of the discrete divergence, which is defined by

P

I J
Err-Div(n) := AxAy Z Z ‘% Z (61',]‘ CH () = Vi 'H"(ws))|
i=1j=1 s=1
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Tiena t Time t

(a) MS Method-I (b) MS Method-1I

(c) MS Method-III

Fig. 6.6 The evolution of the discrete energies and averaged energies generated by (a) the MS
Method-I, (b) the MS Method-II, and (c¢) the MS Method-III along 100 trajectories with t = 0.001,
Ax = Ay =1/150,and . =2

forn=0,1,..., N, where V; ; € {V[IJ \% I} }. The errors of the discrete averaged
divergence for the MS Method-I, the MS Method-II, and the MS Method-III are
presented in Fig.6.7. We can see that the scale of the error here is only of 1072
since the number P = 100 of truncation is not large enough. As the value of P
increases, the error of the averaged divergence decreases. This fact is also verified
through numerical simulations shown in Fig. 6.8. It presents in Fig. 6.8 the error of
the averaged divergence of the MS Method-III with P = 10°,s = 1,2, ...,6.
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Fig. 6.7 The errors of the discrete averaged divergence of (a) the MS Method-1, (b) the MS
Method-II, and (c) the MS Method-III along 100 trajectories with = 0.001, Ax = Ay = 1/150,

and A =

0.1

Listing 6.4 A MATLAB code for the MS Method-I (4.49)

1 function

3 % A,B,C,D:
rrxl: noise for subsysteml;
Solve u 1%{n+1}: Axu 1™{n+1}=Bxu 1" {n}+rrxl/2;
Update the value of u 2”{n} by u 1*
Solve u 2™{n+1}: Cxu 2" {n+1}=Dxu 2"
Update the value of u 1°{n} by u 2"
Solve u 1%{n+1}: Axu 1" {n+1}=Bsu_1"

~
o\

o\°

oe

© ® u o w
o\°

©

o\
ks w NP

[E_z1, H x1, H yl]=Methodl (A, B, C, D, I, J,

rrxl, rryl, E_zinitiall, H xinitiall, H_yinitiall)
2 % Using the splitting approach to solve Method-I, the ..
original system is split into two subsystems: one is

the system of E z and H y

the system of H x (subsystem2)

(subsysteml), and another is

coefficient matrices of algebraic equations;
rryl: noise for subsystem2

n+l};
n}+rryl;
n+l};
nl+rrx1/2;

Pt et et

1o % I,J: numbers of the spatial grid points
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o

% E_zinitiall, H xinitiall, H yinitiall: initial data

ul=zeros (2xIxJ,1); u2=zeros (2xIxJ,1);
ul(l:IxJ)=E zinitiall(:);

ul (I«J+1:2+IxJ)=H yinitiall(:);

u2 (I+J+1:2+I%J)=H xinitiall(:);
ul=A$B+ul+rrxl/2) ;

u2(1:I%J,1)=ul(1l:I+J,1); u2=C$D*u2+rryl) ;
ul(1:I%J,1)=u2(1:I%J,1); ul=ASBxul+rrxl/2);
E zlcolum=ul(1:I%J,1); H xlcolum=u2 (I+J+1:2+I%J,1);
H ylcolum=ul (I«J+1:2%I%J,1);

E zl=reshape(E_zlcolum, [I,J]);

H xl=reshape (H_xlcolum, [I,J]);

H yl=reshape (H_ylcolum, [I,J]);

Listing 6.5 A MATLAB code for the MS Method-II (4.50)

RO R N ST SR

function d=mmod2 (i,1I)
if i< =I
d=i;
elseif i> =I+2
d=2;
else
d=1;

0.07 T T T T T T T T T

0.06 4

Err-Div-W

003t \ -
002+ \b\ .

001+ B i

‘?“‘.‘*—hwm—,__._ =

1 15 2 25 3 35 4 45 5 55 6
log(P)

Fig. 6.8 The error of the discrete averaged divergence of the MS Method-III along P = 10°,
s=1,2,...,6witht =0.001, Ax = Ay = 1/150, and A = 0.1
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ion [E_z2 H x2 H y2]=Method2(I, J, lambda, cll, cl2,
c2l, dW, E z3, H x3, H y3, E zinitial2, H xinitial2,
H yinitial2)
11 % Method-II is a three-layer method, and we choose
Method-III to initialize it
I,J: numbers of the spatial grid points
E zinitial2, H xinitial2, H yinitial2: initial data
E z3, H x3, H y3: given by Listing 6.6 (i.e., Method-III)
cll=tau/dx; cl2=tau/dy
c2l=2xlamadaxtau with lambda being the scale of the
noise (lambda l=lambda_ 2=lambda)

I vl
o0 o o o

>
o\

18 E_z2=zeros(I,J);H x2=zeros(I,J);H_y2=zeros(I,J);
19 for j=2:0+1

20 for i=2:I+1

21 H y2(mmod2 (i, I),mmod2(j,J))=H yinitial2 (mmod2(i,I), ...
2 mmod2 (j,J) ) +cll* (E_z3 (mmod2 (i+1,I),mmod2(j,J))-...
23 E z3(i-1,mmod2(j,J)))+c21l+E_z3 (mmod2 (i, I), ...

24 mmod2 (j,J) ) *xdW(i-1) ;

25 H x2 (mmod2 (i, I),mmod2(j,J))=H xinitial2 (mmod2(i,I), ...
2 mmod2 (j,J)) -cl2% (E_z3 (mmod2 (i, I),mmod2 (j+1,J))-...
27 E z3(mmod2(i,I),j-1))+c21l+E_z3 (mmod2(i,I), ...

28 mmod2 (j,J) ) *xdW(i-1) ;

29 E_z2 (mmod2 (i, I),mmod2(j,J))=E zinitial2 (mmod2(i,I), ...
30 mmod2 (j,J) ) +cll+ (H_y3 (mmod2 (i+1,I),mmod2(j,J))-...
31 H y3(i-1,mmod2(j,J)))-cl2x (H_x3(mmod2(i,I), ...

32 mmod2 (j+1,J) ) -H_x3 (mmod2 (i,I),j-1))-c21+dW(i-1);

3 end

3 end

Listing 6.6 A MATLAB code for the MS Method-III (4.51)

1 function [E_z3, H x3, H y3]l=Method3(C, D, I, J, rrx3,
E_zinitial3, H xinitial3, H_yinitial3)

I,J: number of the spatial grid points

E zinitial3,H xinitial3,H yinitial3: initial data

rrx3: noise

C,D: coefficient matrices of the algebraic equation

Cxu3”™{n+1}=Dxu3”™{n}+rrx3

[T S
o° o o° o°

o°

u3d=zeros (3xIxJ,1) ;

u3(1l:IxJ)=E _zinitial3(:);

10 U3 (I*xJ+1:2+I%J)=H xinitial3(:);

11 u3(2#IxJ+1:3+IxJ)=H yinitial3(:);

12 u3=C$Dxu3+rrx3) ;

13 E_z3=reshape (u3(1:IxJ),[I,J]);

14 H x3=reshape (u3 (I+«J+1:2+IxJ), [I,J]);

15 H y3=reshape (u3 (2+IxJ+1:3%I%J), [I,J]);




230 6 Implementation of Numerical Experiments

Listing 6.7 M-file ms-method1-energy.m

o

1 % Generate the evolution law of the discrete energy by
using Listing 6.4 (i.e., Method-I)

> T=1; tau=0.001; N=T/tau;

3 x1=0;xr=2/3; yl=0;yr=1/2; % spatial domain D=[x1,

xr]*[yl, vyrl

I=100; dx=(xr-x1)/I; J=75; dy=(yr-yl)/J; % mesh sizes

xx=x1:dx: (xr-dx); yy=yl:dy: (yr-dy);

x=[xx,xr,xr+dx]; y=I[yy,yr,yr+dyl;

t=(1:N) xtau;

% covariance matrix of the noise term

lambda=0.1; % scale of the noise (lambda_l=lambda 2=1lambda)

o M=I; L=J; % numbers of the trucation for the noise term

n P=1; % number of the path

12 [NN, PP] meshgrld([l L], [1:M]);

13 NN=NN.”3;PP=PP."3; % (LxM)-matrix

14 eta ml=2xsqgrt(3./(NN+PP));

15 dW=zeros (I,J);

16 EX=sin(3/2xpixrepmat ([1:M],I,1).*repmat (xx',1,M));

17 EY=sin(2+pi*repmat ([1:L]',1,J) .*repmat(yy,L,1));

18 clear NN PP

19 % generate coefficient matrices of algebraic equations
for Method-I

0 cll=tau/dx; cl2=tau/dy; cl3=lambda; cl4=2xlambda;

21 A ll=sparse(1:I,1:I,1%ones(1,I),I,I)+sparse(1:I-1,2:1I,

R TS

Y

2 ones(1,I-1),I,I)+sparse(I,1,1,I,1I);
23 A l2=sparse(1:I,1:I,1lxones(1,I),I,I)+sparse(1:I-1,2:1I,
24 -lxones(1,I-1),I,I)+sparse(I,1,-1,1,1I);

3 A 12x=0.5« (tau/dx) +A 12;

26 Al=kron (speye(J),A 11); A2=kron(speye(J),A 12x);

» A=[Al,A2;A2,Al]; B=[Al,-A2;-A2,Al];

23 Cl=kron (speye(J),eye(I))+kron(sparse(l:J-1,2:J,

29 ones(1,J-1),J,d),eye(I))+kron(sparse(J,1,1,d,J),eye(I));
3 C_12x=(tau/dy) xeye(I);

31 C2=kron (speye (J), -C_12x) +kron(sparse(1:J-1,2:J,

32 ones(1,J-1),J,J),C_12x)+kron(sparse(J,1,1,J,J),C_12x);
3 C=[Cl,C2;C2,C1l]; D=[C1,-C2;-C2,C1];

s clear A 12 A 12x Al A2 A 2 Cl C2 C_12x

33 % obtain the discrete energy using Method-I

3 Energy=zeros (P,N) ;

37 for p=1:P

38 % initial value

39 E zinitiall=sin(3xpi*xx')+sin(4+pixyy);

40 H xinitiall=-0.8%cos (3xpi*xx')*cos (4+pi*yy);

41 H yinitiall=-0.6*sin(3*pi*xx"') +sin (4+pi*yy);

4 for n=1:N

43 Z=randn (M, L) ; Bcoe=sqgrt (tau)xeta ml.*Z;

44 dW=EX*Bcoex*EY; dWnewnew=reshape (dW, [I%J,1]);

45 rrxl=[-cl3*dWnewnew' cl4x+dWnewnew']';

46 rryl=[-cl3+dWnewnew' cl4+dWnewnew']';

47 % solve the numerical solution by using Listing

6.4 (Method-1I)
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a8 [E z1, H x1, H yll=Methodl(A, B, C, D, I, J,
rrxl, rryl, E _zinitiall, H xinitiall,
H yinitiall);

" E11l=A 11«E zinitiall; E12=A 11+H xinitiall;
50 E13=A 11+H yinitiall;
El4=A 11+E zinitiall(1:I,[2:J,1]);
51 E15=A 11+H xinitiall(1:I,[2:J,1]);
52 E16=A 11«H yinitiall(1:I,[2:J,1]);
53 Energy (p,n)=1/16+dx+dy*sum( (sum( (E11+E14) ."2. ..
54 +(E12+E15) .2+ (E13+E16) .72))) ;
55 E zinitiall=E zl; H yinitiall=H yl; H xinitiall=H x1;
56 fprintf ('p=%d,n=%d\n',p,n)
57 end
s end

s9 figure

o plot (Energy', 'b')

61 hold on

&2 plot (mean(Energy,1l), 'ro')

63 xlabel ('Time t');ylabel ('Energy')

6.2.2 Stochastic Multi-Symplectic Wavelet Algorithm

This section concerns the numerical experiments of the stochastic multi-symplectic
wavelet algorithm developed in Sect.4.2.2. We investigate the performance of
the proposed method in the preservation of energy; see Listings 6.8-6.10 for the
corresponding MATLAB codes.

We consider the stochastic Maxwell equations driven by multiplicative
noise (4.61) on D = [0, 1]* with initial data

El() = COS(27T(X + y +Z))1 EZ() = _2Eloa E3() = El()a
Hy, = V3E1,, Hy, =0, H3, = —/3Ej,

and the periodic boundary condition. We use the order r = 4 of the Daubechies
scaling function ¢ (see (4.62)) to solve the problem and choose 100 realizations to
approximate the expectation.

We take the eigenvalues {nm1q}miqen, and the orthonormal basis
{em,1,q}m,1,qen, Of U = LZ(D) in this subsection as

1

Nm,l,q ::;;r;7§j;23’

emlq(x,y,2) = 222 sin(mm x) sin(lwy) sin(gmwz)
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Fig. 6.9 Evolution of the discrete energy along a single trajectory until 7 = 20 with 7 = 0.1,
Ax = Ay = Az =1/2%

for m, [, ¢ € N4, which implies

o0
(AW}, =2V2t Z

m,l,q=1

. . . 3 3 n
NN EaE sin(mzx;) sin(ly;) sin(gmzi)é, | ,

(6.5)

with {51?1, I q} being independent N (0, 1)-random variables.

Figure 6.9 shows the evolution of the discrete energy with various scales of the
noise: A = 0, 0.5, 1, and 5. Although different scales of noise are chosen, graphs
of the discrete energy remain to be horizontal lines approximately. We observe the
agreement with the theoretical result (see Proposition 4.24).

In Fig.6.10, we plot the discrete energy evolution of one trajectory, and the
discrete averaged energy evolution until 7 = 20 with A = 0.5. Here the blue dotted
line denotes the evolution of the discrete averaged energy over 100 trajectories
and three solid lines represent three sample paths of the energy, respectively. This
figure shows that the numerical result coincides with the theoretical analysis in
Proposition 4.24.

Now, we further investigate the energy conservation law under various time step
sizes and space mesh sizes. To this end, we define the energy error by

Energy error := 1" -7r% n=0,1,...,N,
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Fig. 6.10 Evolution of the discrete averaged energy over 100 trajectories and discrete energy along
one trajectory until 7 = 20 with t = 0.1, Ax = Ay = Az = 1/2*
where 7" is the discrete energy along one trajectory at time ¢, given by

N1 Ny N3

T = Axayazy 3N (|E;{j’k|2 n |Hl’.”j’k|2>, n=0.1,....N.

i=1 j=1 k=1

Figures 6.11, 6.12, 6.13, and 6.14 display the discrete energy errors with various
time step sizes and spatial resolutions until 7 = 20. It can be seen that the magnitude
for the errors of the discrete energy is of 10~!! for various parameters.

Listing 6.8 A MATLAB code for solving wavelet matrices B*, BY, and B*

function W_m=wavelet matrix(s,J,N)

Solve the wavelet matrix B=F"{-1}+diag(W m)*F

s: s order derivative of autocorrelation function (s=1)
J: scale (J=J 1,3 2,J 3, space mesh size 1/27J)

N: number of spatial grid points (N=N_1,N 2,N_3)

o°

o°

o\

RO R NN ST C R
o\°

% solve Daubechies wavelet filter coefficients h k
r=4; % order of the Daubechies scaling function
h(2xr:-1:1)=wfilters('db4'); % Daubechies wavelet db4
10 % solve s-order derivative of autocorrelation function
1 a=zeros(2xr-1,1);

© o
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12 for m=1:2:2xr-1

13 a(m)=h(1:2+r-m)xh(1l+m:2%r)"';

14 end

15 b=2"sx[a(2+r-1:-1:1);1;a];

16 A=zeros (4xr-3,4*xr-3);

17 for 1=1:2%r-2

18 A(l,1:2%1)=b(2%1:-1:1)"';

v end

20 A(2xr-1,1:4xr-3)=b(4xr-2:-1:2)"';

21 for 1=2*r:4xr-4

2 A(l,2%x1-4%xr+2:4xr-3)=b(4xr-1:-1:2%1-4%r+4)"';
23 end

u A=A-eye (4%r-3); A(4xr-3,:)=(-2%r+2:2%r-2) . s;
»5 c=[zeros (4+r-4,1); (-1) *s+factorial(s)];

% theta s=A\c;

27 W_m=zeros(N,1);

8 W _m(l:2+«r-1)=theta_s(2+«r-1:4%r-3);

29 W_m(N-2+r+3:N)=(-1)"s+«W_m(2xr-1:-1:2);

30 W_m:fft(ZA(S*J)*W_m);
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Fig. 6.11 Errors of the discrete energy for A = 0, 0.5, 1, and 5 with t = 0.1, Ax = Ay = Az =
1/2%, respectively
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Fig. 6.12 Errors of the discrete energy for A = 0, 0.5, 1, and 5 with 7 = 0.1, Ax = Ay = Az =
1/23, respectively

Listing 6.9 A MATLAB code to obtain drift terms on the right-hand side of (4.65)

function d=dis curl(u,J_1,J 2,J 3,N 1,N 2,N 3)

u: electromagnetic field u=(E 1,E 2,E 3,H 1,H 2,H 3)'
1/2%3 1,1/2*3 _2,1/2"3_3: space mesh sizes

N 1,N 2,N 3: number of spatial grid points

d=zeros (3xN_1%N_2xN 3,1) ;dl=zeros (N_1+N 2xN 3,1);d2=dl;x=d1l;
X=zeros (N_1xN _2,1);

Fx=u(1:N 1sN 2N 3,1); % E 1 or H 1
Fy=u(N_1+N 2N 3+1:2%N 1N 2«N 3,1); % E 2 or H 2
Fz=u(2+N_1«N_2«N 3+1:3«N_1«N 2N 3,1); % E 3 or H 3

10 % solve wavelet matrices by using Listing 6.8

1 M_l=zeros(N_1,1);M 2=zeros(N_2,1);M 3=zeros(N_3,1);

2 M l=wavelet matrix(1,J 1,N 1);

13 M_2=wavelet matrix(1,J_2,N_2);

14 M 3=wavelet matrix(1,J 3,N 3);

15 % solve drift terms on the right-hand side of (4.63)

o° oe

RO R NN SR C R
o°

© o

19 x(1:N_3)=Fy(tag:N_1xN 2:N_1xN 2N _3);

20 X=real (i1fft (M 3.+fft (x(1:N_3)))) ;% Kronecker
inner product in z-direction

21 dl(tag:N_1+N_2:N 1«N_2xN_3)=X;

2 tag=tag+l;
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Fig. 6.13 Errors of the discrete energy for A = 0, 0.5, 1, and 5 with t = 0.005, Ax = Ay =
Az = 1/2%, respectively

23 end

% end

5 for k=1:N_3

26 for i=1:N_1

27 x(1:N_2)=Fz((k-1)*N_1+N 2+i:N 1:k*N 1«N_2);

28 X=real (ifft (M 2.+fft (x(1:N_2)))) ;% Kronecker
inner product in y-direction

29 d2 ((k-1)*N_1%N 2+i:N_1:k«N_1xN 2)=X;

30 end

31 end

2 d(1:N_1«N_2«N 3)=-dl+d2; % solve A 2H 3-A 3H 2

4 tag=1l;

35 for j=1:N_2

36 for i=1:N_1

e x(1:N_3)=Fx(tag:N _1+N 2:N 1«N 2N _3);

38 X=real (i1fft (M 3.+fft (x(1:N_3)))) ;% Kronecker
inner product in z-direction

39 dl(tag:N_1+N_2:N 1«N_2xN_3)=X;

40 tag=tag+l;

41 end

42 end

4 for k=1:N_3

44 for j=1:N_2

45 X(1:N_1)=Fz((k-1)*N_1+N_2+(j-1)«N_1+1:(k-1)*N_1«N 2+j*N_1);
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Fig. 6.14 Errors of the discrete energy for A = 0, 0.5, 1, and 5 with r = 0.005, Ax = Ay =
Az = 1/23, respectively

end
d(N

for

end
for

end
d(2

X=real(ifft(M_l.*fft(x(l:N_l))));
% Kronecker inner product in x-direction
d2 ((k-1)*N_1#N 2+ (§-1)#N_1+1: (k-1)*N_1«N 2+3j«N_1)=X;

end
1xN_2%N_3+1:2%N_1«N 2«N 3)=dl-d2; % solve A 3H 1-A 1H 3

k=1:N_3
for i=1:N_1
X (1:N_2)=Fx((k-1)*N_1+N 2+i:N 1:k+N 1%N_2);
X=real (i1fft (M 2.+fft (x(1:N_2)))) ;% Kronecker
inner product in y-direction
dl((k-1)*N_1#N 2+i:N 1:k«N 1N 2)=X;
end

k=1:N 3
for j=1:N_2
X (1:N_1)=Fy ((k-1)*N_1+N 2+ (j-1)*N_1+1:(k-1)*N_1+N 2+jN _1);
X=real (1fft (M _1.+fft(x(1:N_1))));
% Kronecker inner product
d2 ((k-1)*N_1#N 2+ (J-1)«N_1+1: (k-1)«N_1xN 2+jN_1)=X;
end

*N_1+N_2+N 3+1:3«N_1xN 2«N _3)=d2-dl; % solve A 1H 2-A 2H 1
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Listing 6.10 A MATLAB code for solving the algebraic equation Au=b induced by (4.65)

1
2

o

% this function return b
function b=get b(u, mu, varepsilon, tau, J 1, J 2, J 3,
N 1, N 2, N_3, xi, lambda)

u: electromagnetic field u=(E 1,E 2,E 3,H 1,H 2,H 3)'
mu,varepsilon: electric permittivity, magnetic permeability
tau: time step size

1/2%3 1,1/2*3_2,1/2"J_3: space mesh sizes

N 1,N 2,N 3: number of spatial grid points

xi: noise

lambda: scale of the noise
~1=2+mu/tau;r_ 2=2xvarepsilon/tau;

=zeros (6*N_1«N 2xN_3,1);
(1:3%xN_1%N_2%N 3)=r I1xu(l:3xN_1%N 2N 3)...

-dis_curl (u(3+N_1«N 2%N 3+1:6%N_1+«N 2xN 3),J 1,J 2,J 3,...
N 1,N 2,N _3)+lambda+xi.*u(3+N_1+N 2N 3+1:6+N_1«N 24N _3);
b(3%*N_1+N _2xN 3+1:6+N_1xN_2«N_3) ...
=dis_curl(u(1:3%N_1«N 2N 3),J 1,J 2,J 3,N 1,N 2,N 3)...
+r_2%U(3*N_1+N_2«N 3+1:6xN_1«N_2«N_3) ...
-lambda*xi.+u(1l:3xN_1%N_2xN _3);

o o o o° o° o° o

o o R

o

% this function return Axu
function d=get Au(u, mu, varepsilon, tau, J 1, J 2, J 3,
N 1, N 2, N 3, xi, lambda)
r 1=2+mu/tau;r 2=2xvarepsilon/tau;
d=zeros (6«N_1%N 2xN 3,1);
d(1:3%N_1+N 24N _3)=r 1+u(l:3+«N_1«N 2«N_3)...
+dis_curl (u(3+N_1+N 24N 3+1:6xN 1+N 2«N 3),J 1,J 2,J 3,...
N 1,N_2,N 3)-lambda*xi.*u(3+N_1xN 24N 3+1:6%N_1«N 2xN 3);
d(3*N_1%N 2+N 3+1:6%N_1+N 2N 3)...
=-dis_curl(u(1:3+«N_1«N 2N 3),J 1,3 2,J 3,N 1,N 2,N 3)...
+r_2*u(3*N_l*N_2*N_3+1:6*N_1*N_2*N_3)...
+lambdaxxi.*u(1:3+«N_1+N 2xN_3);
% this function use to solve Axu=b
function u=GMRES (u, mu, varepsilon, tau, J 1, J 2, J 3,
N 1, N 2, N 3, xi, lambda)
b=get b(u, mu, varepsilon, tau, J 1, J 2, J 3, N 1, N 2,
N 3, xi, lambda);
rl=b-get Au(u, mu, varepsilon, tau, J 1, J 2, J 3, N 1,
N 2, N_3, xi, lambda);
ul=zeros (max(size(u)),1);
m=20;
while max (abs(rl))>0.00001
v(:,1)=rl/norm(rl) ;
for j=1:m
d=get Au(v(:,j),mu,varepsilon,tau,J 1,3 2,J 3,N 1,N 2,...
N 3,xi,lambda) ;
for i=1:3j
H(i,j)=v(:,1) "+d;
end
ul(:)=0;
for i=1:3j
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48 ul=H(i,j)*v(:,1)+ul;

49 end

50 ul=d-ul;

51 H(j+1,j)=norm(ul) ;

0 if (H(j+1,3)<0.0001 || j==m)
53 el=zeros (j+1,1);

54 el (1) =norm(rl) ;

55 y=pinv (H(1:j+1,1:j))xel;
56 u=u+v(:,1:3)*y;

57 rl=b-get AX(u,mu,varepsilon,tau,J 1,3 2,J 3,N 1,N 2,...
58 N 3,xi,lambda) ;

59 break;

60 end

61 v(:,j+1)=ul/H(j+1,7);

62 end

63 end

6.2.3 Splitting Midpoint Method

This section presents some numerical experiments of the splitting algorithm devel-
oped in Sect. 4.3. To be precise, we investigate the energy evolution of the splitting
midpoint method (5.58), and check the temporal accuracy by fixing the space mesh
size; see Listings 6.11-6.13 for the corresponding MATLAB codes.

In the sequel, we consider the stochastic Maxwell equations (4.95) on the domain
D =1[0,1PF withd; = Ay = (1,1, 1) 7. The initial data read as

ky, —k
E, = % cos(kyx) sin(kymy) sin(k,7z),

H,, = sin(k,mx) cos(kymy) cos(k,mz),

k. —k
Epyy = = - = sin(ky 7 x) cos(kymy) sin(k,wz),

Hp, = cos(kymx)sin(kymy) cos(k,mz),

ky —ky
E3y = — - > sin(ky, 7w x) sin(kyy) cos(k;z),

H3, = cos(kymx) cos(kymy) sin(k,mz)

with ky = 1, ky = 2,k; = =3, and r = [kZ + k3 + k2. The formulation of the
increment of the Q-Wiener process is given by (6.5).

As stated in Proposition 4.32, the averaged energy of the splitting subsystems
grows linearly. To illustrate this phenomenon, we set the time interval to be [0, 1000]
with T = 0.001. The discrete averaged energy over 200 trajectories is displayed in
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Fig. 6.15 The averaged energy over 200 trajectories with T = 1073, Ax = Ay = Az = 1/60

Fig. 6.15, where the bold red line represents the discrete averaged energy. It can
be observed the linear growth of the averaged energy of the splitting midpoint
method (5.58).

Next, we illustrate the mean-square convergence order in the temporal direction
of the splitting midpoint method in Theorem 5.8. To this end, we compute the
error at the terminal time 7 = 1/4 and plot the error against T on a log-log
scale for the truncated Q-Wiener process with the truncation numbers M = 1,
4, and 8, respectively. The reference solution is computed by using the same
numerical algorithm for a small time step size T = 0.001 and the expectation
is realized by using the average of 100 independent paths. Fix space mesh sizes
Ax = Ay = Az = 1/60. We then compare the reference solution with solutions
of the splitting midpoint method with time step sizes being 2'z, 2%z, and 23t
respectively, to estimate the mean-square convergence order.

Figure 6.16 displays the mean-square error. It can be seen that the convergence
order for the deterministic case is 1, while the observations are different from
the stochastic case, where various sorts of Q-Wiener processes depending on M
are used. The mean-square order of convergence drops approximately from 1 to
0.5, which results from the regularities of the noise and the exact solution of the
stochastic Maxwell equations.
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Fig. 6.16 Convergence orders of the operator splitting midpoint algorithm for the deterministic
case (left) and the stochastic case for M = 1, 4, and 8 (right)

As mentioned in Sect. 4.3, the splitting technique can improve the computational
efficiency. In order to demonstrate the efficiency and superiority of the proposed
method (5.58), we compare the splitting midpoint method with the following ones:

* The stochastic multi-symplectic wavelet algorithm for (4.95) (wavelet method
for short)

E/T —El = t(AH; 2 — A3H,
Ejt —Ej =t(AsH] ? — AH,

(6.6)
Hy -

I
ﬁ
=
o=
[\S)
m
(98]

( )
( )
Bt _El = r(AngJr% - A2H7+%) + AW
( )
( )

H —Hl =< AlE" — ASE]
HIP - H = r(AzE’l”f - A1E§+f) + A AW

where A (s = 1,2, 3) and AW"*! are given in (4.66).
* The splitting wavelet method (obtained by applying the wavelet method (6.6) to
each subsystem (5.52)).

Figure 6.17 displays the total CPU time of each numerical method with various
mesh sizes for 2000 samples. We summarize that the splitting methods have higher
efficiency than non-splitting ones.
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Fig. 6.17 Efficiency for the splitting midpoint method, wavelet method, and splitting wavelet
method applied to three-dimensional stochastic Maxwell equations (4.95). Left: mesh sizes Ax =

Ay = Az = 1/2%; Right: mesh sizes Ax = Ay = Az = 1/27

Listing 6.11 A MATLAB code for the first subsystem (5.58)

1 function [E_1,E 2,E 3,H 1,H 2,H 3]=sto_subsysteml( I, J,
K, tau, dx, lambda_ 1, lambda 2, noise, E_10, E 20,
E_30, H 10, H 20, H 30)

2 % I,J,K: numbers of spatial grid points

3 % tau: time step size

4 % dx: mesh size in x-direction

s $ E_10,E 20,E 30,H 10,H 20,H 30: initial data

6 % lambda 1, lambda 2: scales of the noise (lambda 1=
lambda_ 2)

7 % noise: the increment of the Wiener process

8 E_l=zeros(I,J,K);E 2=zeros(I,J,K);E 3=zeros(I,J, K);

27

H l=zeros(I,J,K)
;X2=zeros (2xI,J) ;
;Y2=zeros (2«I,J);
¥ solve coefficient matrices of the algebraic equation

Xl=zeros (2xI,J)
Yl=zeros (2xI,J)

o

rx=tau/dx;

Axl=sparse(1l:I,1:I,1+ones(1,I)
lxones(1,I-1),I,I)+sparse(I,1,1,I,1I);
Ax2=sparse(1:I,1:I,(-1)*ones(1,I),I
lxones(1,I-1),I,I)+sparse(I,1,1,I,1I);
AxX2=rxX*xAX2;
A=[Ax1,Ax2;Ax2,Ax1] ;B=[Ax1, -Ax2; -Ax2,Ax1] ;

;H 2=zeros(I,J,K)

;H _3=zeros(I,J,K);

,I,I)+sparse(1:I-1,2:1,

I)+sparse(l:I-1,2:1,

o° o o oe

o°

solve the numerical solution

A(E 2°{n+1, [1]},H 3"{n+1, [1]1})=B(E_2"{n, [1]},
B(E 3%{n+1, [1]1},H 2*{n+1, [1]})=A(E _3*{n, [11},
E 1”{n+1, [1]}=E 1*{n, [1] }+\lambda_1x\Delta W
H 1%{n+1, [1]}=H 1%{n, [1] }+\lambda_ 2x\Delta W

H 3
H?2

E_1=E 10+lambda_lsnoise;H 1=H 10+lambda_ 2*noise;
for k=1:K
=[E_20(:,:,k);H _30(:,:,k)]; Y1=ASBxX1)
E 2(:,:,k)=Y1(1:I,:);H 3(:,:,k)=Y1(I+1:2+1,:);
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29 X2=[E 30(:,:,k);H _20(:,:,k)]; Y2=BSAxX2)
30 E 3(:,:,k)=Y2(1:I,:);H 2(:,:,k)=Y2(I+1:2%1,:);
31 end
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Listing 6.12 A MATLAB code for the second subsystem (5.58)

1 function [E_1,E 2,E 3,H 1,H_2,H 3]=sto_subsystem2 (I

J,

K, tau, dy, lambda_1, lambda 2, noise, E_10, E 20,

E_30, H 10, H 20, H 30)
I,J,K: numbers of spatial grid points
tau: time step size
dy: mesh size in y-direction
E 10,E 20,E 30,H 10,H 20,H 30: initial data

woa W
o° o o o°

o°

lambda 2)
noise: the increment of the Wiener process
_l=zeros(I,J,K);E 2=zeros(I,J,K);E 3=zeros(I,J, K);
9 H l=zeros(I,J,K);H 2=zeros(I,J,K);H 3=zeros(I,J, K);
100 Xl=zeros (2«J,I);X2=zeros (2+J,1I) ;
1 Yl=zeros(2xJ,I) ;Y2=zeros(2xJ,I);

-
o°

o
=

lambda 1, lambda 2: scales of the noise (lambda 1=

12 % solve coefficient matrices of the algebraic equation

13 ry=tau/dy;

14 Ayl=sparse(l:J,1:J,1lxones(1,J),J,J)+sparse(l:J-1,2:7,

15 lxones(1,Jd-1),J,J)+sparse(J,1,1,J,J);

16 Ay2=sparse(l:J,1:J, (-1)+xones(1,J),J,J)+sparse(1:J-1,2:J,
17 lxones(1,Jd-1),J,J)+sparse(J,1,1,J,J);

18 Ay2=ry*Ay2;
19 A=[Ayl,Ay2;Ay2,Ayl];B=[Ayl, -Ay2;-Ay2,Ayl];

20 % solve the numerical solution

a % A(E 3%{n+1,[2]},H 1"°{n+1, [2] })=B(E_3"{n, [2]},H 1%{n
» % B(E 1%{n+1,[2]},H 3" {n+1, [2]})=A(E_1"{n ,[2]},H73A{n
» % E_2A{n+1,[2]}=E_2A{n,[2]}+\lambda_l*\Delta 10

u % H 2%{n+1, [2] }=H 2"{n, [2] }+\lambda 2x\Delta W

5 E_2=E 20+lambda_lxnoise; H_2=H 20+lambda_2*noise;

% for k 1:K

27 =[E_30(:, ,k)',H_lO(:,:,k)']; Y1=AS$SB*X1)

28 E 3(:,:,k)=Y1(1:J,:)"';H 1(:,:,k)=Y1(J+1:2xJ,:)"

29 X2=[E_10(:,:,k)";H 30(:,:,k)"']; Y2=BSAxX2)

30 E 1(:,:,k)=Y2(1:J,:)"';H 3(:,:,k)=Y2(J+1:2xJ,:)"

31 end

Listing 6.13 A MATLAB code for the third subsystem (5.58)

i function [E 1,E 2,E 3,H 1,H 2,H 3]=sto_subsystem3 (I

J,

K, tau, dz, lambda_1, lambda 2, noise, E_10, E 20,

E 30, H 10, H 20, H 30)
I,J,K: numbers of spatial grid points

o°

3 % tau: time step size
4 % dz: mesh size in z-direction

o
oe

E_10,E_20,E_30,H _10,H 20,H 30: initial data
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6 % lambda 1, lambda 2: scales of the noise (lambda 1=
lambda 2)
noise: the increment of the Wiener process
_l=zeros(I,J,K);E 2=zeros(I,J,K);E 3=zeros(I,J,K);
9 H l=zeros(I,J,K);H 2=zeros(I,J,K);H 3=zeros(I,J,K);
100 Xl=zeros (2xK,J) ;X2=zeros (2xK,J) ;
11 Yl=zeros (2«K,J) ;Y¥Y2=zeros (2xK,J) ;

12 % solve coefficient matrices of the algebraic equation
13 rz=tau/dz;

-
o°

o
[ea]

14 Azl=sparse(l:K,1:K,lxones(1,K),K,K)+sparse(1l:K-1,2:K, ...

15 l+xones (1,K-1),K,K)+sparse(K,1,1,K,K);

16 Az2=sparse(l:K,1:K, (-1)xones(1,K),K,K)+sparse(1l:K-1,2:K, ...
17 l+xones (1,K-1),K,K)+sparse(K,1,1,K,K);

18 Az2=rz*Az2;
19 A=[Azl,Az2;Az2,Az1];B=[Az1l,-Az2;-Az2,Az1];

20 % solve the numerical solution
20 % A(E_1%{n+1, [3]1},H 2" {n+1, [3]1})=B(E_1"{n, [3]1},H 2" {n, [3]})
2 % B(E 2"{n+1, [3]},H 1"°{n+1, [3]1})=A(E_2"{n, [3]},H 1%{n, [3]1})
» % E 3%{n+1, [3]1}=E 3"{n, [3] }+\lambda 1x\Delta W
# % H 3%{n+1, [3]}=H 3%{n, [3] }+\lambda_2x\Delta W
s E_3=E 30+lambda_lsnoise;H 3=H 30+lambda 2snoise;
%6 for i=1:1I
27 v=reshape (E_10(i,:,:), [J,K]);
w=reshape (H_20(i,:,:), [J,K]);
28 X1l=[v';w'];Yl =AS$Bx*X1) ;
29 E 1(i,:,:)=reshape(Y1(1:K,:)"',[1,J,K]);
30 H 2(i,:,:)=reshape (Y1 (K+1:2%K,:) "', [1,J,K]);
31 vl=reshape(E _20(i,:,:), [J,K]);
32 wl=reshape (H_10(i,:,:), [J,K]);
3 X2=[vl';wl'];Y2=BSAxX2) ;
34 E 2(i,:,:)=reshape(Y2(1:K,:)"',[1,J,K]);
35 H 1(i,:,:)=reshape (Y2 (K+1:2%K,:)",[1,J,K]);

36 end




Appendix A
Basic Identities and Inequalities

This chapter is devoted to giving some basic identities and inequalities which
are frequently used throughout this monograph. For the identities, the divergence
theorem, the Stokes theorem, and the Green formulae are presented. And for the
inequalities, the Young inequality, the Holder inequality, the Minkowski inequality,
several versions of the Gronwall inequality, and the algebraic inequality are
introduced.

A.1 Basic Identities

Let u be a scalar function, and let w = (uy, uz, u3)', v. = (vi,v2,v3)", and
w = (wy, wa, w3)T be vector functions. Denote the gradient, divergence, and curl
operators, respectively by

Vu = (8xu, Byu, BZM)T’
V -u = 0yuy + dyuy + d;u3,

Oyus — d;u
V xu:=|0u; — dus
Oxup — Oyl

The cross product of vector functions u and v is denoted by

Uv3 — U3v2
uXvi=|uzv —ujvs
Uv2 — U2v1
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The commonly used vector identities include:

V x uv) =u(V xv) —vx (Vu),
Vx(Vxu=—-—Au+V(V-u),

V. (Vu) = Au,
V x (Vu) =0,
V-(Vxu =0,

V-axv)=v-(Vxu —u-(Vxv),

u-(vxw)=v-(wxu)=w-(uxyv).

Let D C R? be an open, bounded, and Lipschitz domain with boundary 9 D.
Let S C R3 be an open surface with boundary 3. Denote by n the unit outward
normal vector on d D or S, and by fi the unit tangential vector on the contour 9§ that
encloses S. The commonly used integral identities include:

The divergence theorem:

/ V~udx=¢ u-nds.
D aD

The Stokes theorem:

f(qu)~nds=% u-ndl.
S EN

The Green formulae:

/u-V¢dx+/(V~u)¢dx:f n-ugds,
D D aD

/qu-wdx—/u-wadx: (nxu)-wds.
D D aD

A.2 Basic Inequalities

Below we present the Young inequality, the Holder inequality, the Minkowski
inequality, several versions of the Gronwall inequality, and the algebraic inequality.
We refer to e.g. [77, 87] for the proof of different versions of the Gronwall inequality,
and to [70] for the algebraic inequality.
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Proposition A.1 (Young Inequality) Let y be a positive real number, and p, q >
1 such that % + é = 1. Then

lal? —a |b|?
P —

Iab|§V7+y a,beR.

Proposition A.2 (Holder Inequality) Let p,q > 1 such that & + 1 = 1. Then

I fgllLipy = W flerpyligliLe(py. f e LP(D), g € LY(D).

Proposition A.3 (Minkowski Inequality) Let p > 1 and f, g € LP (D). Then

If =+ &gleepy = I fllLrpy + I8llLr(D)-
Proposition A.4 (Continuous Gronwall Inequality) Ler T > 0, f,g €

L>(0, T), the constant ¢ > 0, and g be a monotonically increasing and continuous
Sfunction. If f satisfies

t
f@®) <g)+ c/ f(s)ds a.e.in t €[0,T],
0
then
f(@) <e“g(t) ae.intel0T].
Proposition A.5 (Discrete Gronwall Inequality) Let {a,},en and {b,}nen be two
sequences. Let 6 € [0,1], co > 0,7 > 0, and 1 — Ocot > 0. If ap < by and
n
dng1 < bpt1 +coT Z (1 —8)a; +0a;+1) VYneN,
j=0
then for alln € N,

n .

coT 1+ - 9)cot>n—1
1—60)b; +6bjy).
1—9cotz( 1= ot ((1 =0 +0bj1)

apt1 < byy1 +

Moreover, if {b, },eN is monotonically increasing, it follows that for alln € N,

14+ - 9)c01:)n

n = b”( 1= Beot
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Proposition A.6 (Gronwall Inequality: Differential Form) Ler T > 0, f €
w10, T), and g, ». € L' (0, T). Then

@) <g®)+r0)ft) ae.intel0,T]

implies that for almost all t € [0, T,
t
f@) =)+ / MO g (s5)ds,
0

where A(t) := [y A(s)ds.

Proposition A.7 (Algebraic Inequality) Ler p > 2. Then for any a,b € R™ with
m € Ny, it holds that

(lal”~%a = b1"~?b) - (@ = b) = yola = bI”.
Moreover, if | < p < 2, then
(lal”~%a — |b|P~2b) - (a — b) < y1la — b|.

Here, the positive constants yy, y1 depend on p and m.



Appendix B
Semigroup, Sobolev Space,
and Differential Calculus

B.1 Operator Semigroup

We refer readers to [78, 142] for more details about the theory of the operator
semigroup.

Let (V, (-, -)v) be a Hilbert space with corresponding norm || - |ly = +/(-, -)v.
By .Z(V) we denote the space of all bounded linear operators on V. For any A €
Z(V), the operator norm is given by

lAx|lv
lAll.2vy := sup .
20 lxllv

Some fundamentals of semigroup theory needed in this monograph are shown
below.

Definition B.1 A mapping S(-) : [0,4+00) — Z(V) is called a strongly
continuous semigroup or Co-semigroup if the following conditions are satisfied:

(i) S@O)=1Idand S(t +s) = S()S(s) forall ¢, s > 0;
(i) Foreach u € V, the mapping S(-)u : [0, 00) — V,t > S(#)u is continuous.

In particular, a Cp-semigroup S(-) is called a unitary semigroup if ||S(H)uly =
lully forallu € V and ¢t > 0.
The operator A defined by

SHu —u
Au := lim @ Yue 2(A)
t—07t t
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with domain

. SOu—u L
lim ——  exists in V
t—0t t

D(A) = {u eV

is called the infinitesimal generator of the strongly continuous semigroup S(-).

Definition B.2 Let (A, Z(A)) be a densely defined linear operator on V, i.e.,
2(A) = V. The adjoint operator A* of A is defined by

D(A) = {u eV:3veV st (vywy = (u,Aw)y forallw € @(A)},

and A*u := v foru € Z(A%).

Definition B.3 Let A : 2(A) — V be a densely defined linear operator. The
operator A is called

(1) symmetric if Au = A*u forallu € Z(A) C D(A*);
(i) skew-symmetric if Au = —A*u forallu € Z(A) C D(A*);
(iii) self-adjoint if A = A* (i.e., A is symmetric and Z(A) = Z(A%));
(iv) skew-adjointif A* = —A (i.e., A is skew-symmetric and Z(A) = Z(A%)).

The following lemma states the criterion for a skew-symmetric operator to be
skew-adjoint; see for instance [147].

Lemma B.1 Let A : Z(A) — V be skew-symmetric. Then A is skew-adjoint if
1d £ A have dense range, that is,

ran(Ild £ A) = V.

The skew-adjointness of the densely defined operator forms a sufficient and
necessary condition for the unitary Co-semigroup as stated in [78, Theorem 3.24].

Theorem B.1 Let A : 9(A) — V be a densely defined linear operator. Then A
generates a unitary Co-semigroup S(-) if and only if A is skew-adjoint.

B.2 Sobolev Space

In this section, we state some fundamental definitions and results in the context of
the Sobolev space. We refer to [165] and [23, Chap. 8] for more details.

Let D C R be an open set with a Lipschitz boundary 3 D. For each multi-index
o= (g, ...,aq), we define

d
g g
= ay, D% i=—m —.
el Z " axy"! Bxsd

m=1
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For an integer k > 0 and a real number p € [1, oo], we define the Sobolev space
Wk-P(D) as

WEP(D) := {u € LP(D) : D € LP(D) for all « with |o| < k},

where the derivatives are understood in the weak sense. When endowed with the
norm

S| =

”u”Wkp(D) = ( Z ||Dau||€1>(D)> 5

| <k

WX-P(D) is a Banach space. In the special case p = 2, we denote HX(D) =
WX2(D). With the inner product

(u, v) gk(py = Z /;)D“M(X)Do‘v(x)dx,

| <k

the space H*(D) becomes a Hilbert space. If D is a bounded domain with a
Lipschitz boundary, then there exists a trace operator

vy HY(D) - H'*(9D)

such that yaD u = ulgp forallu € C (D). The kernel of yaD is denoted by
Hj (D).

The following Sobolev embedding theorem is very useful in applications; see for
instance [148, Theorem 3.2.2]. Denote by H — V (resp. H < V) the continuous
(resp. compact) embedding of H into V.

Theorem B.2 (Sobolev Embedding Theorem) Letr D be a d-dimensional domain
with C%! boundary, and j, k € N and p € [1, 00).

() Ifkp <dand 1 < p < q < oo satisfy q(d — kp) < dp, then
Withr(D) s Wi4(D).
In particular, if D is bounded, then the above embedding holds additionally for
1<gq<np.
@) Ifkp=dand1 < p < q < oo, then
Withr(py < Wi4(D).

In particular, if D is bounded, then the above embedding holds additionally for
1 <q < p.If p =1, the embedding holds for g = oo as well.
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(iii) Ifkp > d and one of the following cases holds

@ d>k—-Dpand0 <a < (k—d/p);
®d=k—-1pand0 <a < 1;
cyd=k—1,p=1land0 <a <1,

then
WitkP(D)y — CI(D).

To end this section, we give several lemmas which will be used to analyze the
H*-regularity of the solution of the stochastic Maxwell equations on a cuboid D C
R3.

Lemma B.2 ([5, Theorem 2.17]) The spaces
{u e Ho(curl, D) N H(div, D) : n X ulsp = o}

and

{u € H(curl, D) N H(div, D) : n-ulyp = 0]
are both continuously imbedded in H ! (D)3 . Moreover;

el oy = € (Nl 2y + IV X ull 2y + IV - ull), (B.1)

where the positive constant C depends on |D)|.

Lemma B.3 ([5, Theorem 2.8]) The following compact embeddings hold:
(i) {u € H(curl, D) N H(div, D) : n x ulyp = 0} < L2(D)3,

(ii) {u € H(curl, D) N H(div, D) : n-ulyp = 0} < L2(D)3.

The following lemma is about the homogeneous boundary value problem for the
Laplacian on a cuboid.

Lemma B.4 ([98, Lemma 3.6]) Ler T be a union of faces of a cuboid D in R?,
and I' be the union of the remaining open faces. Let f € U. Then there is a unique
function v € H%(D) such that

/vgodx+/ Vv-Vgodx:/ fedx
D D D

for all ¢ € H%(D). Moreover; the solution v belongs to H*(D) N H%(D) and
satisfies v — Av = f on D, 0gv :== Vv-n=0on I, and vl g2py = Cllf 2oy
with the positive constant C depending only on | D).
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The case for the mixed inhomogeneous boundary value problem for the Lapla-
cian on a cuboid is stated below. We denote

Ff::{xeﬁ:x:af}, F2+:={xe5:y=a2+},
Iy :={xeD:z=adaj},
ry ::{xeB:x:al_}, r, ::{xeB:y:az_},
Iy :=={xeD:z=aj},
and I = ITUFI.Jr for j =1,2,3.For p > 1,5 € (0,00)\N, s < k € N, and

some open set D; € R?, we define the Sobolev—Slobodeckij space W* 7 (D) :=
(L?(Dy), W’“P(Dl))s /i DY the real interpolation, see for instance [2].

Lemma B.5 ([73, Lemma 3.1]) Let j € {1,2,3} and I'* := dD\I';. Take f € U
and g € Hy/*(Iy) = (LX(Iy). HJ(I))

v E HIL* (D) solving

/ v<pdx+/ Vv-Vgodx:/ f(pdx—i-/ ggoda—/ godo
D D D r r;

forall ¢ € HL. (D), then the solution v belongs to H%*(D)N HL. (D) and satisfies
v—Av = fonD,dv=gonl}j and |vly2p) < C(||f||U + ||g||H(;/z(Fj)) with

12.2° If there exists a unique function

the positive constant C depending only on |D|.
To check the boundary conditions, we often use the following lemma.

Lemma B.6 ([74, Lemma 2.1]) For some j, k € {1,2,3} withk # j,let f € U
satisfy 0 f, o f, 0jk f € Uand f =0on I'j. Then o f =0on I'}.

B.3 Fréchet and Gateaux Derivatives

Now we recall some basic facts on the Fréchet differentiability and Gateaux
differentiability of a mapping. For more details, see e.g., [9, Sect. 5.3] and [14,
Sect. 2.1].

Let E and V be two Banach spaces. Let .Z(E, V) be the Banach space of all
bounded linear operators from E into V endowed with the usual operator norm.

Definition B.4 A mapping ¢ : E — V is Fréchet differentiable at x € E if there
exists a continuous linear map A € .Z(E, V) such that

fim YD — Y —Ar (B.2)
h—0 2l e
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The linear map A will be denoted by ¥, (x) and is called the Fréchet derivative of
Y at x.

Definition B.5 A mapping ¢ : E — V is Gateaux differentiable at x € E if there
exists a continuous linear map A € .Z(E, V) such that

. ¢(x + ph) — ¢ (x)
im

p—0 P

—Ah YheE. (B.3)

The linear map A will be denoted by D, ¢ (x) and is called the Gateaux derivative
of ¢ at x.

Evidently, (B.3) is equivalent to
Y(x 4+ ph) =y (x)+pAh+o(lp]) VheE.

Thus Fréchet differentiability implies Gateaux differentiability, while the converse
is not true. We shall often use the following characterization of Fréchet differentia-
bility (see e.g., [134, Lemma 2.1]).

Lemma B.7 A mapping  : E — V is Fréchet differentiable at x € E with
Y (x) = A if and only if for each bounded set E C E,

UGt ph) — Y () — pAh
1m =

p—0 P

0

uniformly with respect to h € E.



Appendix C
Estimates Related to Maxwell Operators

This chapter presents some estimates related to the continuous and discrete Maxwell
operators, which are frequently used in the convergence analysis of the structure-
preserving algorithms for the stochastic Maxwell equations. We refer to [29, 41-43]
for more details.

Recall the Maxwell operator

0 & lvx
M =
—ulvx 0
with domain

E E e 'VxH
D(M) = { [H} cH: M[H] = [—M—‘v XE} €H. nxE|,, =0},

where D C R? is an open, bounded, and Lipschitz domain with boundary 3 D. The
corresponding norm is defined as

1

2
lllgany = (el + IMulE ).
The following lemma presents the estimate for the Co-semigroup
{S@t) =M, 1 >0}

generated by the Maxwell operator M.
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Lemma C.1 For the semigroup {S(t) =M > O} on H, there exists a positive
constant C such that

18(t) = 1d||l .21 < Ct

forallt > 0.

Proof We start from the deterministic system

du(t)
= Mu@). 1€ O.TL u©) =u. (C.1)
Thus
iy =22 ww) =2, ), =

which leads to
lu@lm = ISOuollm = lluollm,

that is, [|S() |z = 1.
Similarly, consider

—||Mu<r>||H—2(M# Mu() = 2{ue), Mu(o) =

from which we have ||S(#)||.#2un) = 1.
The assertion in this lemma is equivalent to

lu(®) — uollm = 1(S() — Id)uollm < Ctlluollzm)-
In fact, we can conclude from (C.1) that
(u(t) — ug, u(t))m / Mu(s)ds, u(t))y.
where the term on the left-hand side is

1 2 2 2 1 2
5 (1@ = ol + u(®) = uoly) = Sut) - uoll
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and the term on the right-hand side can be estimated by
t 1
([ muas. uo), = [ 1su) s isds
0 H Jo

t
< lluollz / lu)llzands < Ctlluol -
0

The proof is thus finished. O

The following lemma gives the estimates of the operator
[1d —z(A@Mm] ™,

which is related to the stochastic symplectic Runge—Kutta method (4.5)-(4.6).
Recall that the matrix A = (a;;); ._, is said to satisfy the coercivity condition
cp e e . Jhy=ho i . .

if it is invertible, and there exists a diagonal positive definite matrix 2 =
diag(ki, k2, . .., ks) and a constant > 0 such that

u' A sau' Hu YueR.

Lemma C.2 Suppose that the matrix A = (a,-j)f’ =1 satisfies the coercivity
condition. Then there exist positive constants C such that

. -1

@ |[1d —t(A®M)] | 4 e, = C:

(i) |1d —[1d —T(A® M)]~ <Cr,

1
”f(@(M)@S,H@S)
where H® .= H xH x --- x Hand 2(M)® = (M) x (M) x --- x D(M).
—_———

s N

Proof Denote u = [Id — t(A® M)]_lv, where v = ()T, )7, ..., (v“)—r)T
with v € H for each i = 1,2,...,s. Then we have

u=v+t(A®M)u.

Since A satisfies the coercivity condition, we apply (u, (%f ATl®I d) - )ges to both
sides of the above equation and obtain

<u, (Ji/Afl ® Id)u>H®s = <u, (%/A*1 ® ld)v>H

Qs

(C.2)

+ofu (#AT @ 1d)(A® M)u) .
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Note that

N
>a2k' u' |3 > o min {k;}||ul
2L illu' g = 151'55{ i Hlullges
i=

<u, (Ji/A_l ® Id)u>H

s

and

<u, (#A'@1d)(A® M)”>H®x = (u (£ ® M)”)H@,S

- X;‘k<u Mu")H =0.

Thus, it follows from (C.2) and the Young inequality that
: 2 -1 2 C. 2
%ggmmwm@swxxu ®I@wWwSﬂMm@+;th-

Taking y = o min;<;<s{k;}/2 leads to
lli3ges < CllvliFes,

where the positive constant C depends on «, minj <;<s{k;}, |-#'|, and |A~!|. It means
that

HUd—dA®Mﬂ”%E@scw%@. (C.3)

Therefore, we prove the first assertion.
Similarly, we can show that

(A ® M)ulZe, < ClIl(A® M)vl}es.
1t follows from
([Id —rAeM)] " - ld)v —u—v=1(A® Mu
that
[([rd - vca @)™ ~1a)o] | =7A®Mufye.
< Ct|[(A® M)v| e, < CTlvliganes

which leads to the second assertion. O
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The estimates of operators
—1 -1
S, = (Id _ %M) (1d + %M) and T, = (Id _ %M)

related to the stochastic midpoint method (4.15) are stated in the following lemma.

Lemma C.3 There exist positive constants C such that

O 1T llem <1, Wd—-T: |l 2@wmm < Cr;
i) IS le@ =1, Md - S:llz@unm < Cr;

[ )
(iii)  Mmax [1S(t) — (S)" |2k ;) < CT2 withk € {1,2};

(iv) forn=1,2,...,Nands € [tj, tjp 1 with j =0,1,...,n — 1, it holds that
- k
1St —s) — (S0)"/ lTrllg(@(Mk),H) <Cr2, ke{l,2}.
Proof
(i) Define v := T, v for any v € H, which means that
~ n Yo
vV=v+ -MD.
2

Taking the inner product with v’ yields

I~ 2 ~ 2 T~
S [191% = 101 + 15 = vl ] = 33 B = 0.

Hence, |[V|lm = [IT-vllm < |lvllm leads to || T || #@m,m < 1. Notice that for
veIM),

~ T T T
1(Id = Tovle = llv = vl = ZIMvlla = ZIMTvla = Zllviz.

which completes the proof of (i).
(i) Let u := Syu for any u € H. Then

U=u-+ %M(u+b7).
Taking the inner product with u + & yields

~ T ~ ~
7113 — Nl = 2 (M + D), u+ i = 0.
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(iii)
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Hence, |lillg = ||S;ullm = |lullu leads to ||S; || z@,m = 1. Foru € 2(M),
we have

- T - T
l(d — Soullm = lu —ullg = EllM(u +u)lm < E(llMullH + | M Szulls)
< tllullgwy,

which completes the proof of (ii).
Denote

v(t) == S(tvy and v/ :=S/vy, j=0,1,...,N,
then v(¢) is the exact solution of

&0 = Mu(0), 1€(,T],
v(0) = vo,

while v/ is the solution of

vl =l 5 (Mu T M), =12,

v0 = .

Let ¢/ := v(t;) —v/,j = 0,1,...,N. Note that v(t;) = v(tj_1) +
f,i.’;l Mu(s)ds, we have

, 4 , , 1
el = effl—i-%(Me]*l +Me])+/
1

Jj—1

1 1
(Mv(s)— EMU(tj—l)_ EMU(lj)>dS-

Applying ( - , e/ + e/~1)j to both sides of the above equation, and using the
skew-adjointness of the Maxwell operator M lead to

in2 j—12 1 g
e/ Il = lle- IIH+§
ti

Jj—1

<2MU(S) _ MU(tjfl) — Mv(tj), ef +€j_1>HdS

. 1 14 s Ij . .
= ||e171||112_]I — —/ < Muv(r)dr —/ Mv(r)dr, Me’ + Mejil)Hds
ti— s

2 j—1 Y-l

< ||ef*1||ﬁ+0r2( sup (0115 + max, v/ ||2@<M))
0=<t<T =Jj=

< 1l 12+ C 2ol L
(C.4)
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which implies
; i 1
max |le/|lm = max [[(S(t;) — (S))vollm < Ct2||lvoll o m)-
0<j=<N 0<j=<N

Furthermore, it follows from (C.4) that

in2 o1z 1 g :
I/ =l =5 [ ([ Mvear
tji—1 tji-1

tj . .
—/ Mv(r)dr, Me’ +Me’7]>Hds
N
j—1,2
= lle/ g
1 tj N r l‘_/' r
+ —/ <(f / —/ / )Mv(g)dgdr,
2 tji—1 ti—1 J1j—1 N 1j—1
M2 (e +ej_1)> ds
H
< e/~ 1 + €T ol g 0,
from which we obtain
Pl — N (S
omax llelm = max, 1(S@) — (S )vo gy < Ctlivoll peare)-
(iv) Fors € [tj,tj+1],j =0,1,...,n — 1, we have
Sty — ) — (S)" 7', = S(t, — ti+)(S(tjp1 — ) — 1d)
+ (St =700 = (5" 7")
+ (S0 ad = 1),

Then assertion (iv) follows from combining results in (i)—(iii).

Below, we give estimates of operators

-1 _
She = (Id - %M}jpw) (1d + %M};"W) and Tj, = (Id - %M,‘;PW)

related to the stochastic symplectic dG midpoint algorithm (5.37).
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Lemma C4 Forany v € Hy, ., it holds

O NThzvllm < llvllm;
1) N(Sp,)"vllm < vl n=0,1,..., N.
Proof
(i) Define v := Tj, v for any v € Hj,,, then
~ T upw~
vV="v+ EMh v. (C.5)
Taking the H-inner product with ¥ on both sides of (C.5), we have
L1803 — 1ol + 17— o] = Z(MPPT T <0
2UH vl UUH_Z po Vs V) =
due to Proposition 4.25 (ii). Hence, for any v € Hj, ., we have
1Thcvllm = 1Vl < vllm,
which implies assertion (i).
(i) Similarly, to prove assertion (ii), define vZ := (Sp,z)"v for any v € H, ., which

means that

T
v =y S (MM M), e=12 (C.6)

with v2 =v.
Taking the H-inner product with vfl_l + vf; on both sides of (C.6) yields

€2 12
vl — v, g = 0,

and thus ||vﬁ||H < ||v,l;_l||H <. < ||v2||H = ||v|lm. This leads to assertion
(ii).
O
Finally, we present estimates of operators Sy (1) := €’ Mo ;> ,

-1

—1
Sw=<1d—§Ma> (Id—i—%Ma) and Tmz(ld—gMa) . a=2x,,2

related to the splitting midpoint method (5.58).

Lemma C.5 Let assumptions n x E|lsp = 0, n-H|ygp = 0, and V - E €

L2

(2, H}y(D)) hold. Then for any v = (ET,H")" € H*(D)S, it holds that

@) 1Se(®) = 1dll 2 @My m) < Ct;
(i) [(S(r) = S2(0)Sy (D) Sx(D)vllm < CT2{|v]l g2(pys-



C Estimates Related to Maxwell Operators 263

Proof

(i) Following the approach in [92], for the generator A of a Cyp-semigroup and
7 > 0, we define the bounded operators Bo(t A) = e** and

' depea 87
,Bk(TA)=/O e mdg

for any k > 1. These operators satisfy the following recurrence relation
1
Br(tA) = Eld + 1ABr+1(tA), k=>0.

Then, assertion (i) follows from the fact S, (t) — Id = tB;(tMy)M, for all
te[0,T].
(ii) Note that S(t)v is the solution u(#,41) of the problem

Lut) = (M. + My + Mou(t), t€ (ta, ta1],
u(ty) = v.

By the variation of constants formula and the integration by parts formula, we
have

u(tp+1) = S(hHv

T
=S, (v)v —I—/ S ()M, S(t — s)vds +/ S, ()M, S(t — s)vds
0 0
T
= S (v + S, (x)Myv — / 58, (s)(M;My — MyM)S(t — s)vds
0
T
+ 1S, (1) M,v — / 5S.()(M; My — M M)S(x — s)vds.
0
(C.7
For the term S, (7)v, we use relations
Sy(r) = Bo(tMy) = Id + TMy + T*a(tMy)M,

and

Se(r) = Bo(tMy) = Id + TMy + 1o (T M) M}
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to obtain
S.(v)v = Sz(r)[Sy(t) — M, — r2/32(zMy)M§]v
= 5:(1)Sy(T)v — TS.(1)Myv — T25.(1) B2 (t My) M}
= 5.8, (O[S0 — TM = P eMIME]v cs
— 7S (0)Myv — T3S, (T) fa (T My) Mv
= S,(0)Sy (1) S (T)v — T8, (2) Sy (T) Myv — TS, (T) My
— 28.(1) Sy (1) B2 (T M) Myv — T°S-(T) Ba (T My ) M.
Plugging (C.8) into (C.7) and using Sy(t) — Id = tM,B1(tM,) yield
(S(z) = () Sy (2) Sy (1))

= —7*S.(0)B1 (T My)My Myv — T°S,(7) S, (v) B (t M) MG
5 2 th+1
-1 Sz(r),Bz(rMy)Myv — / sSZ(s)(MZMy — MyM)S(tn_H — s)vds
n
Int1
— / SSZ(S)(MZMX — MxM)S(t,,_H — s)vds.
tn

Hence,

(8@ = S:(0)8, (S )]y < Cllvlgapyes

which completes the proof of assertion (ii).

Lemma C.6 Let conditions in Lemma C.5 hold. Then

O [[Sralpu =1 1Ste = Idllz@m)m < Ct;
(11) ”TT,O(”f(H) S 17 || T‘[,O{ - Id g(.@(Ma),H) S CT»
(i) [|(S() = Sr.28rySex)v|y < CT2 vl 2 pys-
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Proof Proofs of assertions (i) and (ii) are similar to those of Lemma C.3 (i)—(ii)
and Lemma C.5 (i), and hence are omitted here. Below we focus on the proof of
assertion (iii). From Lemma C.5 (ii), it suffices to prove

I182()Sy (T)Sx (D) — Sz.2 8¢,y Secvllm < CT2 vl g2pys ¥ v € H*(D)C.

Fora = x, y, z, denote a = %Ma and & = (Id — a)_l. Then
T
$=1d+§a=1d+§EMa,

which gives

T T T ‘L'2
Seq =E(Id + =My) = Id + =My + —EMy + —EM?
0 2 o 2 o 2 o 4 o

T T T ‘L'2
2
=Id + My + S(Id + ZEMa) Mo + —EM;

2
= 1d+ TMy + M.

Based on the relation
Su(t) = Id 4+ TMy + T2 Ba(TMy) M2,

we have

I(500) = Seapvlls = [PBaeMMZs = enZo] < ol
Therefore,

5218y (D). (D0 = Se.2SeySecvl

= 1(S(0) = Se.) Sy (DS @l + 156 (5,(0) = Se,)Se (vl

+ 182,282,y (S (1) = Seo)vlla < CT2|vll 2 pys-

The proof is thus finished. O



Appendix D
Some Results of Stochastic Partial
Differential Equations

This appendix is devoted to the introduction of the Wiener process and some
properties of the stochastic integral, including the Itd isometry, the It formula,
and the stochastic Fubini theorem. Furthermore, the Burkholder—Davis—Gundy type
inequalities are also presented. Finally, a concise introduction to the strong, weak,
and mild solutions of stochastic partial differential equations is given. We refer
readers to [62, 129, 145] for more details.

D.1 Hilbert Space Valued Wiener Process

We give the definition of the Q-Wiener process. Let Q be a nonnegative and
symmetric operator with a finite trace on a separable Hilbert space (V, (-, )y, |I-lv)-

Definition D.1 Let 7 > 0. A V-valued stochastic process {W(¢),t € [0, T]},on a
probability space (£2, .#, P) is called a Q-Wiener process if

i) W) =0, P-as.;
(i) W has P-a.s. continuous trajectories;
(iii)) W has independent increments, that is, for all n € N and all partitions 0 <
t <---<t, <T,the random variables

W), W) — W), ..., W) — WE,—1)
are independent;

@iv) forall0 < s < t < T, the increment W(t) — W(s) is a Gaussian random
variable with mean zero and covariance operator (¢ — s) Q, that is,

-1
Po (W) — W(s)) ™ =N©O, (¢t —5)0).
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Note that there exists an orthonormal basis {ex}ren of V and a sequence of
nonnegative real numbers {1y }xeN such that Qex = nier, k € N.

Proposition D.1 Assume that W is a Q-Wiener process. Then the following
statements hold:

(1) W is a Gaussian process on 'V and
E[W(t)] =0, E[(W(r), uyy (Wi(s), v)v] = min{¢, s}{Qu, v)y

foru,veV, t,s >0
@ii) fort = 0, W(¢t) has the expansion

W)=Y JaBe(®ex, (D.1)

keN

where {Br}ren is a family of independent standard Brownian motions on
(2, 7, P) and the series in (D.1) is convergent in LZ(SZ, V).

Definition D.2 A Q-Wiener process {W(¢), r > 0}, is called a Q-Wiener process
with respect to a filtration {.%;};>0, if

(1) W() is F#;-measurable;
(ii) W(r) — W(s) is independent of .%; forall0 < s <1.

D.2 Hilbert-Schmidt Operator

Let (H, (-, -)u, || - ||l#) be a separable Hilbert space.

Definition D.3 Let A € £ (V) and {e;}ren be an orthonormal basis of V. The
trace of the operator A is defined as

Tr(A) :=) (Aex, ex)v,

keN

if the series is convergent.

Definition D.4 (Hilbert-Schmidt Operator) A bounded linear operator A : V —
H is called Hilbert—Schmidt if

2
> Nl Aelzy < oo,

keN

where {eg }ren is an orthonormal basis of V.
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Denote by HS(V, H) the space of all Hilbert—Schmidt operators from V to H.
One can check that HS(V, H) equipped with the inner product (S, A) gs(v,H) =

S \U2,
Y ken(Sex, Aex)y and the norm ||A|l gsv, oy == (ZkeN ||Aek||H> is a separa-
ble Hilbert space.

Proposition D.2 Let G be a separable Hilbert space, and let S\ € £ (H,G),
S e £(G,V), Ae HS(V,H). Then SiA € HS(V,G) and AS, € HS(G, H)
satisfying

IS1Alasv,c) < IISill.ew,e)lAlES vV, H)

1AS2las6, 1) < 1Alasv, o820l .26, v)-

D.3 Properties of the Stochastic Integral

Let 0 € £Z(V) be symmetric, nonnegative, and of finite trace, and {W(¢),t €
[0, T']} be a Q-Wiener process with respect to the filtration {.%; };¢[0,7]. This section
introduces some properties of the stochastic integral with respect to W.

Introduce the subspace Vy := Q% V of V with the inner product given by
1 _1
(w, v)vy :==(Q 2u, O 2v)y

for all u, v € V), where Q_% is the pseudo-inverse of Q%. We define the following
predictable o -algebra:

Zr:i=0({(5.11x G, 0= s <1 = T. Gy € Z} U{{0} x Go, Go € Fo})
O’(Y 1[0, T] x 2 — R | Y is left-continuous and adapted to {L%}te[o,r]).

Let® : [0, T] x £2 — H be an &1/ (H)-measurable mapping. Then @ is called
an H -predictable stochastic process.

Proposition D.3 (Ité6 Isometry) Let T € (0,00) and [a,b] C [0,T]. Let the
stochastic process @ : [0, T] x 2 — HS(Wy, H) be HS(Vy, H)-predictable with

b
/ E[12 )13 501, ) Jds < 0.
a
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Then

H/ cD(s)dW(s)H / 196 sy, H)ds]

Theorem D.1 (Stochastic Fubini Theorem) Assume that (A, <7, ) is a measur-
able space, where . is finite. Let @ (-, -, x) be an HS(Vy, H)-predictable stochastic
process for all x € A and satisfy

/A [E(foT 1P s, .,x)||i,S(V0,H)ds)]%M(dx) < oo,

Then

T T
/[/ @(s,x)dW(s)],u(dx):/ [/ @(s,x),u(dx)]dW(s), P-a.s.
A 0 0 A

Assume that @ is an H S(Vy, H)-valued predictable stochastic process with

T
E| /0 10 (5) 15035, 195 | < 0.

and ¢ is a Bochner integrable H-valued predictable process. Let X (0) be an .%#-
measurable H-valued random variable. Then for the stochastic process

t t
X () =X(0) —l—/ @ (s)ds —i—/ P (s)dW(s), tel0,T],
0 0

we have the following It6 formula.

Theorem D.2 (Itd Formula) Assume that a functional F : [0, T]x H — R and its
Fréchet derivatives F;, Fy, and Fxx are uniformly continuous on bounded subsets
of [0, T] x H. Then, forallt € [0, T],

t
FuXw) = FOXO) + [ (6. X0 260w 6)
0
t
+ [ (Fsx60 + (Fs X600 00)) s
0

t
45 [ 1At x6n@00 @00 A s Pas
0
(D.2)

We conclude this section by presenting two propositions which are widely used
to show the well-posedness and the regularity of solutions of stochastic partial
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differential equations and their numerical approximations. The first proposition
is about the Burkholder—Davis—Gundy type inequalities; see for instance [109,
Corollary A.2] for more details about proofs and applications.

Proposition D.4 (Burkholder-Davis—Gundy Type Inequalities) Let @ be an
HS(Vy, H)-valued predictable stochastic process with

t
]E[/O 10 )50y, | < 00

Then
(1) forall p>2andt >0,

(s | [ owaweo] )

(”(’”2 () e hn) @)

(ii) forall p > 2, there exists a constant C, > 0 such that for all t > 0,

s

|

The second proposition is the estimate of the stochastic convolution; see e.g.,
[62, Proposition 7.3] for the case p > 2 and [94] for p > 0.

IE[ sup

0<s<t

/S o@aw|’ ] < CPEK/OI 1 s )

0

Proposition D.5 Suppose that {S(t),t > 0} is a Co-semigroup on H satisfying
ISONl2m) =< et for some ¢ > O and all t > 0. Let @ be an HS(Vy, H)-
predictable stochastic process with

t
]E[/O ||¢(s)||%IS(VO’H)ds] < 0.

Then for every p > 0, there exists a positive constant C), such that

B[ sup H/ S(t—s)@(s)dW(s)HZ] 5CpeCI’TIE[(/OT||¢>(s)||%15(VO’H)ds)g].

0<t<T
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D.4 Solutions of Stochastic Partial Differential Equations

Consider the following stochastic partial differential equation

dX (1) = [AX(t) 4+ F(t, X(1))1dt + B(t, X (1))dW (), t € (0,T],
X(0) = Xo,
(D.3)

where A : Z2(A) — H is the infinitesimal generator of a Cy-semigroup {S(t) =
4t >0, F:[0,T] x2xH — His Pr x PB(H)/%(H)-measurable,
B:[0,T1x2xH — HS(Vy, H) is P x B(H)/B(HS(Vy, H))-measurable, X
is an H-valued .%p-measurable random variable, and W is the Q-Wiener process.
Below we give definitions of the strong, mild, and weak solutions for (D.3).

Definition D.5 (Strong Solution) A Z(A)-valued predictable process {X(t),t €
[0, T} is called a strong solution of (D.3) if

t

t
X(t)=Xo+ / [AX(S) + F(s, X(s))]ds + / B(s, X (s))dW(s), P-as.
0 0

forr € [0, T].

Definition D.6 (Mild Solution) An H-valued predictable stochastic process
{X(),t € [0, T]} is called a mild solution of (D.3) if

t t

X = S(t)Xo—i-/ S({t—s)F(s, X(s))ds+/ S(t—s)B(s, X(s5))dW(s), P-as.
0 0

forr € [0, T].

Definition D.7 (Weak Solution) An H-valued predictable process {X(¢),t €
[0, T} is called a weak solution of (D.3) if

t
(X(®.mu = (Xo,nu +f0 (X(s), A"m)u + (F(s, X(s)), n)uds

t
+/ (n, B(s, X(5))dW(s))g, P-as.
0

fort € [0, T]and n € Z(A*). Here, (A*, 2(A*)) is the adjoint of (A, Z(A)) on H.

The following proposition states that a strong solution is also a weak solution;
conversely, under certain conditions, a weak solution can also be a strong one; see
e.g., [62, 129].
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Proposition D.6 (Weak Versus Strong Solutions)

(1) Every strong solution of (D.3) is also a weak solution.

(ii) Let{X(t),t € [0, T1} be a weak solution of (D.3) with values in Z(A) such that
B(t, X (t)) takes values in HS(Vy, H) for all t € [0, T). In addition, assume
that

T
P AX d =1,
(/0 IAX ) ]lndr < oo)
T
P(/ IF @ X@O)udr < 00) =1,
0

T
2
P( /0 1B, XD 50v,mydt < 00) = 1.

Then {X (t),t € [0, T} is also a strong solution.

The following proposition gives the relationship between the weak solution and
the mild solution; see [62, 129],

Proposition D.7 (Weak Versus Mild Solutions)

(1) Let {X(t),t € [0, T} be a weak solution of (D.3) such that B(t, X (t)) takes
values in HS(Vy, H) for all t € [0, T]. In addition, assume that

T
P X d =1,
(/0 IX@lldr < o0)
T
P(f IF @ X@O)ludr < o) =1,
0

T
2 —
P( /0 1B X O) sy, myde < o) = 1.

Then {X (t),t € [0, T} is also a mild solution.
(ii) Let {X(t),t € [0, T} be a mild solution of (D.3) such that

4 t
/ S(t —s)F(s, X(s))ds, / S(t —$)B(s, X(s))dW(s), t€][0,T]
0 0
have predictable versions. In addition, assume that
T
IP(/ [F(, X()|lgdt < oo) =1,
0

T t
. [/o /o “<S(l —$)B(s, X(9)), A*n>H|‘§15(VO,R)deti| <00 VneZAY).

Then {X (t),t € [0, T1} is also a weak solution.
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