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We investigate stochastic modified equations to explain the mathematical mechanism of symplectic
methods applied to rough Hamiltonian systems. The contribution of this paper is threefold. First, we
construct a new type of stochastic modified equation. For symplectic methods applied to rough Hamilto-
nian systems, the associated stochastic modified equations are proved to have Hamiltonian formulations.
Secondly, the pathwise convergence order of the truncated modified equation to the numerical method is
obtained by techniques in rough path theory. Thirdly, if increments of noises are simulated by truncated
random variables, we show that the error can be made exponentially small with respect to the time step size.
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1. Introduction

In the study of a numerical method for a differential equation, the modified equation gives a lot of
insights into the numerical method and is crucial in backward error analysis. For the stochastic differential
equation (SDE) driven by a standard Brownian motion

dy, = V(Y,) dw,

there exist various types of stochastic modified equations in different senses of convergence. In view of
the weak convergence, adding a modified coefficient with powers of the time step size 4 to the original
SDE yields a modified equation of the form

dy, = [V(¥) + V(¥)W’] dW,, (1.1)

which fits the numerical method to a higher weak order. The modified coefficient V can be determined
by the weak Taylor expansion (Shardlow, 2006) or by the expansion of the backward Kolmogorov
equation (Zygalakis, 2011). As an application, the first-order integrated Euler method is proposed for
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STOCHASTIC MODIFIED EQUATIONS 895

the stochastic Langevin equation in Zygalakis (2011) to preserve the mean of a modified Hamiltonian.
Another application of this kind of modified equations is to construct high weak order methods; see
Abdulle et al. (2012) and Hong et al. (2017). The modification is also considered at the level of the
Kolmogorov equation instead of at the level of the SDE. Given ¢, denote u(t,x) = E[¢(Y,(x))] and
(ZNHx) = % > J(VVT) ,-j(x) Bljf (x). The modified Kolmogorov equation for %—L[‘ = Zuis

ou -
3—': =L+ Lh+ -+ L]
with .7 being some modified operators of order 2/4+-2,/ = 1, - - - , N. Based on the modified Kolmogorov

equation, Debussche & Faou (2012) proved that the numerical solution obtained by the Euler method for
SDE:s on the torus is exponentially mixing up to negligible terms. The results are extended to implicit
methods for SDEs on R in Kopec (2015a,b); Anton (2019). With respect to strong convergence, using
multiple Stratonovich integrals J,, ,, Deng (2016) defined the modified equation

dv, = [V(¥) + Z V,(Y)J,,]dw,

for the Euler method, and the optimal truncation of the above series is studied.

Stochastic Hamiltonian systems are fundamental models in many physical and engineering sciences,
such as the passive tracer model and the Kubo oscillator. The phase flow of a stochastic Hamiltonian
system driven by standard Brownian motions preserves the symplectic structure almost surely and
there has been a great amount of work about the construction of stochastic symplectic methods after
the pioneering results in Milstein er al. (2002a,b). Lots of numerical simulations have shown that the
stochastic symplectic methods are superior over long time computation to non-symplectic ones. From the
perspective of the stochastic modified equation to investigate the superiority of the stochastic symplectic
methods, it is natural to ask:

ProBLEM 1.1 For a stochastic symplectic method applied to a stochastic Hamiltonian system, does there
exist a stochastic modified equation that has a stochastic Hamiltonian formulation, such that its exact
solution coincides with the numerical solution?

This problem is partially solved by Wang et al. (2016, 2018). As far as the weak convergence is
concerned, for the case that the Hamiltonian functions associated to the diffusion parts do not depend
on the generalized coordinate and momenta simultaneously, the modified equations in the form of (1.1)
for stochastic symplectic methods are derived in Wang et al. (2016) via the generating function. These
modified equations are perturbed stochastic Hamiltonian systems with respect to the original systems. In
Wang et al. (2018), the modified coefficient in (1.1) is deduced for a symplectic splitting method applied
to separable Hamiltonian systems with additive noises, and the flow of the corresponding modified
equation preserves the symplectic structure.

With further researches on modeling random phenomenon, the stochastic signals are not necessarily
semi-martingales or Markovian processes (Deya et al., 2012; Friz & Riedel, 2014; Bayer et al., 2016;
Kelly, 2016; Liu & Tindel, 2019; Hu et al., 2021), which motivates the study of SDEs driven by rough
paths

dy, = V(¥,) dX,. (1.2)

In particular, when the driving signals are standard Brownian motions, the solution of (1.2) is equivalent
to that of the Stratonovich SDE, which is used to define the canonical formulation of stochastic
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896 C. CHEN ET AL.

Hamiltonian systems driven by standard Brownian motions. In Hong ef al. (2018), it is shown that the
phase flow of a stochastic Hamiltonian system driven by rough paths also preserves the symplectic
structure almost surely, and stochastic symplectic methods are proposed to inherit this property. In
this article, we investigate the modified equations for stochastic symplectic methods applied to (1.2).
Overcoming the difficulties caused by the non-differentiability and the low regularity of X, we propose
a new type of stochastic modified equation

45, = [VG) + D V,GI(XL, D™ - (X, ] el 1€ (1,11, 1, = nh,
o

which satisfies y, = Y with ¥ being the numerical solution. Based on the Hermite polynomials, we
prove that if a symplectic method is applied to a rough Hamiltonian system, then for any «, there exists
a Hamiltonian %7, such that

v,=J"'vz,.

This implies that stochastic modified equations for symplectic methods are also stochastic Hamiltonian
systems, and gives a positive answer to Problem 1.1.

Note that the coefficient of the stochastic modified equation is an infinite series. In order to obtain
some rigorous estimates, we truncate the stochastic modified equation as

&Y = [V + D VDX, )% (X XA e (]
le| <N

We further study the following two problems concerning the estimate between the numerical solution

Y,/ll given by a stochastic symplectic method and the exact solution &Z of the corresponding truncated
modified equation.

ProBLEM 1.2 What is the convergence rate of the error between the numerical solution and the exact
solution of the truncated modified equation?

PROBLEM 1.3 Does there exist a truncation number N such that the error is exponentially small with
respect to the time step size?

Considering the nontrivial covariances of increments of X, we utilize the Ito—Lyons map in the

rough path theory to obtain the pathwise convergence rate of the exact solution ¥ of truncated modified
equation to the numerical solution Y’ h_that is,

~N h M_l
sup ”ytn - Yn || < C(w)h P £ a's"
1<n<N

where N is the truncation number and p depends on the regularity of the driving signal. This answers
Problem 1.2. For Problem 1.3, we focus on the case of the standard Brownian motion where the
increments of noises are simulated by truncated random variables proposed in Milstein ef al. (2002a).
Due to the lack of explicit expansion formulas of implicit numerical methods, we use the analytic
assumption to estimate the numerical solution, the modified equation and the truncated modified
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STOCHASTIC MODIFIED EQUATIONS 897

equation, successively. Combining the estimates yields that there exists some truncation number N =
N (h) such that the one-step error is exponentially small with respect to the time step size:

15 — Y71l < Che ~ho”

The rest of this article is organized as follows. In Section 2, we introduce basic results in the rough
path theory. In Section 3, for Problem 1.1, we illustrate the procedure in constructing stochastic modified
equations and prove that stochastic modified equations associated to stochastic symplectic methods
are Hamiltonian systems as well. In Section 4, we prove the pathwise convergence rate of the error
between the numerical solution and the exact solution of the truncated modified equation, and obtain the
exponential convergence for one-step error in the case of truncated Brownian increments, which answers
Problems 1.2—1.3. Numerical experiments are presented in Section 5 to support theoretical results.

2. Preliminaries

In this section, we review the well-posedness of SDEs in the sense of the rough path theory; see, e.g.,
Lyons (1998); Friz & Victoir (2010).
Consider the SDE driven by multi-dimensional Gaussian signal

d
dY, = V,(Y,) dr + z Vi(Y)dx!, te(,T;

— (2.1)
For a convenient notation involving the drift term, we define V := (V, V,---, V), X? =1 X =
(XO,X1 o ,Xd), and then an equivalent form of (2.1) is

dy, =V, dX,, te,T];
(2.2)
YO =Z.

In this article, we focus on the case that the driving signal X satisfies the following assumption.
AssuMPTION 2.1 Let X/ : [0,T] — R, [ = 1,--- ,d be independent centered Gaussian processes with

continuous sample paths. There exist some p € [1, 2) and K € (0, +00) such that the covariance of X
satisfies

1/p
) <Klt—s|"" YO<s<t<T,

P
sup Z E tktk+1 t,t:+1]

{te} (13 e 2As) \its

= X!

where 2 (s, t]) denotes the set of all dissections of [s, ] and X! fest

Tieslie+1

1
- X!

For instance, one can check that the fractional Brownian motion with Hurst parameter H € (zlp %],
whose covariance is E[|X!,[*] = |t — 5|/, satisfies Assumption 2.1 with p = 5. Since the Holder
regularity for the trajectory of the fractional Brownian motion is not larger than H, the well-posedness
of (2.2) fails to be established in the Riemann—Stieltjes integral sense. Hence, we interprete (2.2) in the
rough path sense. To this end, we introduce some basic concepts in the rough path theory; see Friz &
Victoir (2010) for more details.
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898 C. CHEN ET AL.

Let p € [1,00) and [p] be the integer part of p, i.e., [p] € N, withp — 1 < [p] < p. We denote by
(G[p] (REHD, d) the free step-[p] nilpotent Lie group of R4*! equlpped with the Carnot—Carathéodory
metric (Friz & Victoir, 2010, Chap. 7). A continuous map X : [0, T] — GIP/(RI*!) ¢ @) (Rd+1)@n
is called p-rough path if

1/p
X p-yarsfors : sup (Z (X, [kﬂ)p) < o0,
73

{tk}€f9([0,T])

where 2([0, T]) is the set of dissections of [0, T]. Furthermore, we say that X is of Holder-type if

dX;, X))

Il o

L-Ho10,7] = sup

0<s<t<T 1T — S|

For example, if x : [0,T] — R4+ is a function of bounded variation and xg = 0, the corresponding
rough path can be defined by Sy,;(x) : [0, T] — GIPI(RI*T) with

Sy (), = 1,/ dx / & ®®d )
P17t ( o<m<t 0y <o <up <t “rl

It is a canonical lift for x in the sense that the projection of Sy, (x) onto R4+ coincides with x.
Moreover, the Gaussian process X under Assumption 2.1 can be lifted to a Holder-type p-rough path
X e GIP(R4*1) for any p > 2p (Friz & Victoir, 2010, Theorem 15.33), which is defined by the limit
of {S3(x")}52, with {x"}>° | being a sequence of piecewise linear or mollifier approximations to X. As a
consequence, the well-posedness of (2.2) is given by that of the rough differential equation (RDE)

[ dY, = V(v dX,, 1€ (0,Tl;
(2.3)

Y():Z.

In the sequel, we introduce the definition of the solution of (2.3) and state the condition for the existence
and uniqueness of the solution. Throughout the rest of this paper, we denote by || - || the Euclidean norm
and by C a generic constant which may be different from line to line.

DEeriNITION 2.2 (Friz & Victoir, 2010, Definition 10.17) Let p € [1,00) and X be a p-rough path.
Suppose that there exists a sequence of functions {x"}°°, of bounded variation taking values in Ra+!
such that

sup IS}, )l <oo and lim sup d(Sp,; ("), =0,
neN pvari{0.T] n=00 0ot KT ( [p] S,t ,)

where S, (x"), = Sy, W' e S @), and X, 1= X! ® X,. Suppose in addition that {y"}2, are
solutions of equations dy} = V(y}) dx}, in the Riemann-Stieltjes integral sense, with the same initial
value z as in (2.3). If y} converges to Y, in the L*°([0, T])-norm, i.e.,

lim sup ||y, Y, =0,
=0 0T

then we call ¥, a solution of (2.3).
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STOCHASTIC MODIFIED EQUATIONS 899

DEFINITION 2.3 (Friz & Victoir, 2010, Definition 10.2) Let y > 0, and |y | be the largest integer strictly
smaller than y, ie., ¥y — 1 < |y] < y. Wesay that V € Lip?,if V : R" — R™*4 is |y |-times
continuously differentiable and there exists some constant C such that

I’V <C Yk=0,---,ly] Yy eR",
IDYIV(y) = DIV < Clly, =yl ¥ yy,y, € R,

where D'V denotes kth derivative of V. The smallest constant C satisfying the above inequalities is
denoted by || V||LW.

LeEmMA 2.4 (Friz & Victoir, 2010, Theorem 10.26 and Theorem 11.6) Let p € [1, 00) and X be a p-rough
path. If V € Lip¥ with y > p, or V is linear, then (2.3) has a unique solution. Additionally, the Jacobian

36—12 exists and satisfies the linear RDE

ZDVI(Y) ’dX’ te(0,T];

0 _ ¢ RmM
0z m

where [, is the identity matrix.

REMARK 2.5 If X is the standard Brownian motion, the solution Y of (2.3) solves the corresponding
Stratonovich SDE almost surely (Friz & Victoir, 2010, Theorem 17.3).

3. Construction of the stochastic modified equation

In this section, we investigate the formulation of stochastic modified equations associated to numerical
methods for the SDE (2.1). In subsection 3.1, we construct a new stochastic modified equation and verify
that the numerical solution to the original SDE solves exactly the proposed stochastic modified equation.
In subsection 3.2, we prove that the stochastic modified equation preserves the symplectic conservation
law if it is associated with a stochatic symplectic method for a rough Hamiltonian system. This answers
Problem 1.1 proposed in the introduction.

3.1 Construction of the stochastic modified equations for general methods

Fix the time step size h = T/N,N € N, . Let Y, " be the numerical solution given by a numerical method,
which is an approximation for ¥, , where t, = nh n=0,---,N.Our main assumption on the numerical
method is as follows.

AsSUMPTION 3.1 The numerical solution Y, fl‘ 1 can be expanded as an infinite series of functions of Y,i’:

Yt =Y+ Z d (Yo}, e xd )% (3.1)
la|=1
where o = (g, -+ ,0g) € Nd+1, la| ;=g +---+ag > 1and Yé‘ = z. In addition, it holds that
d, 0 =V,», lal=10=11e{l,---,d}. (3.2)
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900 C. CHEN ET AL.

Here, (3.1) is a formal series obtained by the Taylor expansion, which is used for deducing the
formulation of stochastic modified equations. Since {Yh}N | is the numerical solution given by a
numerical method, the coefficients d, in the series are composed by V and its derivatives. The specific
conditions on V, which also imply conditions on d,, will be given in the theorems in the following
sections. Moreover, (3.2) is a necessary condition to ensure that the numerical solution converges to the
exact solution almost surely; see the convergence analysis in Corollary 9 of Friz & Riedel (2014) and
in Theorems 5.2-5.3 of Hong et al. (2018). For convenience, in the rest of the article, we will denote
Vo) :=V,(y) with |a| =1,y =1and [ € {0,--- ,d}.

In Example 3.2, we take the Runge—Kutta (RK) method for an example to illustrate how to verify
the expansion (3.1) for numerical solutions.

ExaMPpLE 3.2 The s-stage RK method is defined by

n+ll - Y +Z IJ(VO( n+1,])h+zvl( n+1,] t,, t,,+1)
(3.3)
Yh +1 — Yh + Zb (VO( n+1, l)h + Z Vl( n+1, 1) tl,,,tnﬂ)'

i=1

Then the Taylor expansion produces that for / =0, - - - ,d,

Vl( n+l, l)
K

d
= Vi) + Vi (X ay (Vo ph+ D0 Vi (Wl X))

j=1 =1

®2

+ - V;’(Yh (Za,/(VO( n+1J)h+ ZVll( n+1J)Xfi,tn+1)) +e

j=1 L=1

K d
=V + > aVier (ot + 3 Vi, (vXiL,,, )
Jj=1 =1

b3 a VDV Vot + 5 v, (X, )
Jiy2=1 L=1
d

I 1
+ Z > apas ViV, @ (Voh+ 3 Vi, DX )Xi
l1=1j1,j2=1 L=1

¥ > apagVih (Vorin+ 2 VXL ) (Vorin + Z V(DX

lez 1 h=1 h=1
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STOCHASTIC MODIFIED EQUATIONS 901

Here V{j(y)V,,(y) is the derivative of V,(y) acting on V;,(y), and V{j (y) Vy(y) V() (») is the second derivative
of Vy(y) acting (V,(y), V(). Other operators are defined similarly. Substituting them into (3.3), we get

h
Yn+l

s s d
= 1 2 o+ 3 a v (v + 3 v, 0, )

i=1 j=1 h=1

+ Z a;,a JIJZVO(Yh)VO(Yh)(VO(Yh)h+ZVII(Yh)X,n ot )
Jr2=1 L=1
d

N
h h h h [
20D @ VeV (Vorih + D Vi, XE,, )Xl

h=1j1j2=1 h=1
1 s d d

h h vl h hy vl
+3 X apapVo@n (vo@mn+ X v, il ) (o@in+ Y V,Z(Yn)xtj,,m)]h

Jr2=1 h=l B=1

+ Z Zb |:V[(Y )+ ZalJVl(Yh (V()(Yh)h + Z Vh (Yh)Xl‘n l‘n+1)

i=1 [=1 11—1

d
+ Z aya mv,(yh)vo(y”)(vo(yh)h+Zvl] (¥hxh ,n+])h
J1v2=1 I=1

d
h h h h s
+Z Z ajj, J]JzVI(Y )Vll(Y )(VO(Y )h—I—ZVlz(Y )th tn+1)Xt71»tn+1

h=1j1j2=1 h=1

d
I
+5 Z agya, VI (V) (Vo(Yoh + Z v, mxi,) (Vo + Y VZZ(Y,’Z)X,S’,M)]XZIH .
lez 1 h=1 =1

4+ .- s
which satisfies the form of (3.1).
From Assumption 3.1, the increments of X are utilized in numerical methods. Based on this
observation, we combine with the piecewise approximation x" of X, which is given by
t—

h Instnt+1°

te(t,t,],n=0,--- ,N—1, (3.4

to define the new stochatic modified equation as follows.

DEFINITION 3.3 Fora = (¢, - ,04) € NI+ denote

0% = {(ki,l,._. Y L e NG k) > 1,

k§'1+...—|—k§’i:6¥l, l:O,,d}
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902 C. CHEN ET AL.

The stochastic modified equation for a numerical method satisfying (3.1) is defined as an RDE

d
~ ~ — h,l
&, =D > LG, DM M e re (gt
1=0 i(er)=l (3.5

}N)O:Za

where y is continuous on [0, T], i(«) is denoted by

i()=min{l:e; > 1,1=0,---,d} € {0,---,d}, 3.6)
and the coefficients f,, (y) are

Jo®) =d, ), el =1,

Jot]
1 (3.7)
O =d0=-2 5 2 OuDanifud0), el =2,

=2 (ki",-'-,kivi)eO?

with (Dyiy iy 8) () == &' sy () for k2 = (kP2 K2y @ NOFT itz > 1,

REMARK 3.4 For a fixed time step size &, the driving signal x" is of bounded variation, then the stochastic
modified equation is well defined in the Riemann—Stieltjes integral sense. It is emphasized that the 1-
variation of x is not uniformly bounded with respect to / in general. Indeed, we only have that for

P> 2p,
sup 151 @ | pevaro.ry < 00

with p given in Assumption 2.1; see Section 15.3.2 in Friz & Victoir (2010) for more details. In this
sense, we call (3.5) an RDE.

REMARK 3.5 Recall the Wong—Zakai approximation of (2.2), i.e.,

d
df =vohdg =D Vo dy!, 1e©,T];
=0

h
Yo =<

The stochastic modified equation (3.5) associated with a numerical method under Assumption 3.1 is also
a perturbation of the Wong—Zakai approximation of the original equation.

REMARK 3.6 The framework in this article about constructing the stochastic modified equation is also
applicable for numerical methods with adaptive time step sizes.
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STOCHASTIC MODIFIED EQUATIONS 903

ExampLE 3.7 Letd = 1. The modified Milstein scheme (see, e.g., Deya et al., 2012) reads

Yi | =Y+ Vo(YHh+ Vi(YhX, )2,

tnsln+1

1
+ VIV DX,

Inslng1

which implies
d(l,o)()’) = Vo), d(o,l)()’) =V,

1
do® =dq M =0, dgyO) = §V§ MV,

d,() =0, |af >3.

According to (3.7), the coefficients of the associated stochastic modified equations are
lal=1: f00) =dqy00) = Vo0,
f(o,l)(Y) = d(o,l)()’) = V1 0

1 1
el =2 fa0® =den® = 5 (Paofi0) ) = =300V,

1

fan® =dg;)o) - 5[@(1,0)&0,1))@) + (D(O,l)f(l,O))(y)]

1
= =3 [VioWom) + Ve vi ) .

1

o2 ® =do2® = 5 (Ponfin) O

1 1
= EVi(y)V1 O - EVi(y)Vl(y) =0;

o] >3

THEOREM 3.8 Suppose that y is the solution of the stochastic modified equation (3.5) associated with a
numerical method with numerical solution Y. Then we have

5, =Y!, n=0,--- N

Proof. Consider ¢ € (t,,1,,1]. Due to Definition 3.3, the stochastic modified equation can be written as

o0
&, = D LG XL, D (X )

=1
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904 C. CHEN ET AL.

Using the Taylor expansion and the chain rule, we have

ytn+1
k
1=t k!

T Z a* ()’t

=y, Zf Gy, (X, tntnﬂ)al' (X Tntn+l)

lr|=1

1|0
2_ {B_ Z‘f (y)hao( In, tn-ﬁ—l)ot1 ( In, tn+l)ad)

la|=1

Yy :S’t,,
o0
0lO aq
x Z GO, D™ X )

+

QJlQD

1

(( (Zf WX, "(Xi,zn+1)”d))

la|=1
Y=)~’tn:|

£, @n)haO(Xlln’th)al "'(Xt(},,znﬂ)ad 4.

@ —

M8

f ()’)hao( n, l‘,,+1) o (Xg,ln+l)ad))

)
I
L

,i\ﬁ
M8

1

o0
Z B OROX) X (3.8)

where

L) =£0), lal=1,
e

L) =£,0+ Z > Dur D fu) ) el > 2.

= 2 (k" . ktz)eo;x

Together with (3.7), we have
L) =d,(») YaeN* jo>1.

Therefore, we obtain ytn = Yfl’, forn=0,---,N. O
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3.2 Stochastic modified equation of stochastic symplectic method for stochastic Hamiltonian system

We consider the stochastic Hamiltonian system in the rough path sense (rough Hamiltonian system for
short):

d
P P

dP, = — AP D) g, > 3P 0)) dx!, Py=peR™

90, — 90,

(3.9)
d
(P, 9P,

do, :—‘%;Pf Q) dr + E —‘%;P’ ) X!,  Q,=gqeR"

t t

=1

One characteristic property of the rough Hamiltonian system is that its phase flow preserves the
symplectic structure. Namely, the differential 2-form dP A dQ is invariant under the phase flow. Here
the differential is made with respect to the initial value (p, g¢), which is different from the formal time
derivative in (3.9).

LEmMA 3.9 (Hong et al., 2018, Theorem 3.1) The phase flow of the rough Hamiltonian system (3.9)
preserves the symplectic structure, that is,

dP AdQ =dp Adg, a.s.

Denote by J[,,, = ( —(})I H(.’)" ) the standard symplectic matrix. Letting ¥ := (PT,Q"N)7, z :=

m
('.q")" and Vi(y) == Jz‘,;v%;(y), [=0,---,d, weobtain acompact form as (2.2). Thus the stochastic
modified equations in Definition 3.3 of numerical methods satisfying (3.1) for (3.9) are constructed.
Moreover, based on Lemma 3.9, it is natural to perform symplectic methods which inherit the symplectic
structure of the original rough Hamiltonian system, such as the symplectic RK methods in the next

lemma.

LeEmmA 3.10 (Hong et al., 2018, Theorem 4.1) The s-stage RK method (3.3) inherits the symplectic
structure of a rough Hamiltonian system, if the coefficients satisfy

aqbl+ajlbjzblbj Vl,]=l, , 8.

The following theorem reveals that the stochastic modified equation associated to a stochastic
symplectic method is still a Hamiltonian system, which gives a positive answer to Problem 1.1 in the
introduction. In the proof, since the vector field of the stochastic modified equation is a sum of random
coefficients, we make use of the Hermite polynomial to separate each coefficient and then obtain the
Hamiltonian formulation.

THEOREM 3.11 Assume that V is bounded with bounded derivatives up to any order, and that there exist
aconstant ¢ > 1/2 and a function L : [0, T] — (0, 400) such that

lim 1~/ x, - X7 =L, (3.10)
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906 C. CHEN ET AL.

Ity fl (2), the one-step numerical solution, is given by applying a symplectic method satisfying Assump-
tion 3.1 to (3.9), then the associated stochastic modified equation (3.5) is a Hamiltonian system. More
precisely, for any f,, : R?" — R>™ in (3.5), there exists a Hamiltonian .7, : R?" — R such that

L) = Iyh VA, (). G.11)

Proof. By ¢ > 1/2, we have 1/2¢ < 1. For o € N1 define () := o + %;“d Define a set

S={x:x=m+ ZL, m, k € N}. We sequence the elements in S and denote them by 6,0;,6,, - - - , such
that 6, < 6, ;. Then for any o, there exits an integer n such that 6 (a) = 6,,.

From condition (3.2), we have immediately that (3.11) holds for « with 6(a) = 6,. For r € N,
assume by induction that for any o such that 6 («) < 6,, (3.11) holds. By Assumption 3.1, the expansion
of the one-step numerical solution is

o0
Y@ =24 3 d QR )M (X3 )%

10,11
la|=1

Consider the following equation:

6,
ay= D LGOI, DM (XD, )Mdn =z, 1€ (0.1].
0(a)=06,

Denote by 7" (z), the flow of the above equation. By the Taylor expansion and the chain rule, similar
approach to calculating (3.8) leads to

00
ﬂr(Z)h =z + z fé(z)hao(xtlo’[l)al .. (Xg)’tl)ozd,
la|=1

where f, is determined by f,, with |o| < |«|. Comparing the above expansion with (3.1), we have from
the recursion (3.7) that for all  such that 6 (@) < 6,,

d,(2) —f (@) =0;

for all & such that 6(a) =0, {,

d,(x) —fo @) =f,-

Based on the assumption that V' and its derivatives are bounded, we have | Y] (2)| gy S Clorp > 1.

Moreover, since the coefficients {f,} and {f]} are determined by V and its derivatives, we obtain the
boundedness of {f,} and {f}}, which yields ||7'r’(z),|| w2 S C. Then there exists a random variable
R, , such that

Q=1 @u+ D, [ XS ) +R, . as.
0(c)=6,41
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STOCHASTIC MODIFIED EQUATIONS 907

where the leading term of R, involves h* (X} )1 -+ (X3 ) with a + % = 0,5, which

gives IR, sl 2y < ChPr+2. Taking the derivatives of 7" (z), and Y (z) with respect to z, we deduce
that the Jacobians satisfy

37‘[r(z)h
3—Z =1L, +R, as.,
8Y (@) 37Tr(z) 9R
0 s h + Z fa(Z)hﬂlo( o, fl)m (X d ll)ad+3—r;2’ as.,
0(@)=0,11
where f}(z) = afu(z) . Since the leading term of R, involves h% (X t ye . (xd 430 with o +

UL = 6, and the leading term of ’+2 involves h® (X; )1 - - (X§ )% with g + H50 —

0,12, we get Ryl < C(ph® and H"Ra—;z < C(p)h®+>. The definition of the symplectic

LP(£2)
method means

,  a.s.

L (OYP@N\T A1)

Substituting the expressions of the Jacobians into the above equality, we obtain

o’ (z) o’ (2) N N .
sz :( 9z h) J2m 9z k + z “]]2mf (Z)h O( loll) ! ( toll) d
0(0)=041
+ D @ Ty KX DM (XS DM R, s,

0(a)=b6r41

where ||R];po) < C(p)h’+2, due to the leading term of R involving ~% (X}OJI)O‘1 (x4 0. with

o + % = 0, ,,. The induction assumption implies

@\ T, @),
J2m _( 9z ) JZm 9z

> ey

which provides

’ 7 NT Uty oy . ad —Or+1
z (Jmea(Z) +fa(z) J2m ) h % ( 10, 11) ( 10, 11) =—h""t R, a.s.

0(c) =0y 1

The assumption (3.10) implies that for / = 1,--- ,d, there exists a function M : [0,T] x (0, +00) —
(0, 400) such that

1

Xiysy = WS M2 (10, 1), lim M(t.h) = L(),

0.0 =
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908 C. CHEN ET AL.

where Eh,lv I =1,---,d, are independent and identically distributed standard normal random variables.
Letting A tend to O and using the fact L(f) > 0 and

1 79r —
}}g% ”h HR“LZ(.Q) =0,

we have that

> (@ +L@ D, ) &£ =0, as, (3.12)
0(a)=0y11
where &, = 1, .- ,d, are independent and identically distributed standard normal random variables.

In Theorem 1.6 of Gautschi (2004), it is proved that there exists a unique monic orthogonal polynomial
sequence {p; (x)}72, with respect to the measure induced by |, i.e., the Hermite polynomials. This means
that for any k € N, we have

= p0) + D ap;x).
Jj<k
Then we rewrite (3.12) as

0= > (Lufi@+70 1)

6(e)=0,11

% (P &)+ D ap @) (Pay G0+ D @i, 0)-

k1 <o kq<aq

Recall that O(a) = o + % We denote G the integer part of 266, ,,. We decomposite the
summation above by

o= 3 (T fo @) + 2@ T T

0(a)=0y+1,a1++ag=G

% (P &) + D ap @) (PG + D @iy &)

k<o kq<ag

+ > (Jz,,, fo@ + 1y (Z)T«Hzm)

0(a)=0r+1,01++ag <G—1

% (P &) + D ap @) (Pay &) + D @iy &)

ki <ery ka<aq
N Z (sz fa (@) +fa (Z)TJZm) Poy 1) -+ Py (89
0(0)=0,11,01++0og=G
+ Z 8ky o g @DPr, E1) P ), as.,

0(@)=0,11.k1++kg<G—1

where the last line in the above equality collects the polynomials with degree lower than G. For any «
satisfying 6, ; and o) + - - - + g = G, multiplying the above equation by p, (§;) - - - py,(§4) and taking
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STOCHASTIC MODIFIED EQUATIONS 909

the expectation, we deduce from the independence of &, - - - , & and the orthogonality of {p; (x)}72 | that
Jom fa@ +£3@ "Iy, = 0.

Plugging it into (3.12) and rewriting it as before, we have

0= Z (szfc/((Z) +f0/‘(Z)TJ2m )pal (El) o 'pozd(éd)
0(a)=0r41,001++ag=G—1
+ Z 8k kg @Pr, G i )y as.

0(@) =011,k 4+ +kg <G—2

Similarly, we have for any o satisfying 6, and &) + -+ + g = G — 1, I, £,(2) + f,(2) " J,,, = 0.
Repeatedly using previous arguments, we have J,,, f7(2) + 1, (z)TJZm = 0 for any « satisfying 6, ;.

Combining with the fact J} = —J,,, we obtain J,,, f2(2) — (D, fa@)| = 0, ie., I, f2(2) is
symmetric. Then the statement (3.11) follows from the integrability lemma (Hairer ez al., 2006, Lemma
2.7 in Chap. VI). U

REMARK 3.12 Based on Assumption 2.1, we have ”th,tn+1 ||Lz(9) < Kh'/?0 1 < p < 2, which is an
upper bound for the regularity of the noise. In the proof of Theorem 3.11, we use the assumption (3.10)
to characterize the regularity of the noise more precisely, which is satisfied by a large class of Gaussian
processes used in the rough path theory. For example, for the fractional Brownian motion, the constant
¢ = %{ and L(#) = 1 in (3.10). In particular, ¢ = 1 and L(#) = 1 when the noise is the standard
Brownian motion.

ReEMARK 3.13 For the weak convergent symplectic method which approximates le,,,t,H , by gln«/ﬁ with
the random variable ¢, defined through P(¢;, = £1) = %, such as the method studied in Anton (2019),
one can construct the stochastic modified equation by regarding thn,tn+1 as ¢;,+/h. Further, since the
formulation of the coefficients {f,,} of the stochastic modified equation does not rely on the simulation

of the noise, the proof above also leads to f, (y) = J;r}, VI, ().

REMARK 3.14 Theorems 3.8-3.11 show that the numerical solution given by a rough symplectic method
applied to a rough Hamiltonian system exactly solves another rough Hamiltonian system. For non-
symplectic methods, the associated modified equations are not Hamiltonian systems in general. This
explains the superiority of rough symplectic methods over long time computation to non-symplectic
ones in numerical simulations presented in Section 5.

4. Convergence analysis
In this section, we consider the N-truncated modified equation (N > 1)

d 1<]a|<N

Y N _ h,l .
A =" D LG ) X DM K DM A e (et ]
=0 i(a)=I

5/(];]:1’

4.1)
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910 C. CHEN ET AL.

where f, is givenby (3.7), |a| =1, - - - , N. We remark that Theorem 3.11 also implies the symplecticity of
the N-truncated modified equation associated with a symplectic method applied to a rough Hamiltonian
system. Therefore, taking N as an index, we obtain a family of stochastic modified equations with
Hamiltonian formulations. B

In subsection 4.1, we give the convergence analysis on the error between Yfl‘ and &Z for the case that
X is a general Gaussian rough path satisfying Assumption 2.1, which answers Problem 1.2. Here the
rough path theory is essential since

ﬁmﬂmmm=w,$M%wwwmm<w,p>m

As for Problem 1.3, we focus on the case that X is the standard Brownian motion and the increments are
simulated by bounded Gaussian random variables. We optimize N such that the error is exponentially
small with respect to 4, in subsection 4.2.

REMARK 4.1 For the forward error analysis, that is, the estimate for the difference between the numerical
solution Yf[ and the exact solution ¥, of the original stochastic equation (2.1), we refer to Hong er al.
(2018), Bayer et al. (2016) and Friz & Riedel (2014), and the references therein.

4.1 The general rough case

THEOREM 4.2 Under Assumption 2.1, if V' is bounded with bounded derivatives up order N, then for any
p > 2p, there exists a random variable C(w) = C(w, p, ||V||Lip5,,N) such that

1Y — ¥l < <C@h'T, as.

where 5/’(’ is the solution of (4.1) and Y{’ is defined by a numerical method satisfying (3.1).
Proof. Consider the expansion

W=zt ZfN( VR (X ) -+ (X ).

la]=1

Fix p > 2p > 2. Since the recursion (3.7) 1mphest f =d, with 1 < || < < N, and Assumption 2.1
produces || X1 Slon] < 09 We deduce from the Taylor expansion that the leading term of the error
»-HoL o,

between 5{? and Y{‘ is involved with A% (X}OJ1 ). (xd o) whereag =0and o) - +ayg = N+ 1.
Hence,

5% — vl < cwpmwmemP.
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STOCHASTIC MODIFIED EQUATIONS 911

THEOREM 4.3 Under Assumption 2.1, if V € Lipﬁ_l"’y with y > 2p andﬁ > 2p — 1, then for any
p € (2p, ), there exists a random variable C(w) = C(w,p, v, || V”Lipﬂ”lﬂ/ ,N, T) such that

sup ||y1V Y < C(a))h i *, as.,
1<n<N

where &N is the solution of (4.1) and Y,’ll is defined by a numerical method satisfying (3.1).

Proof. Denoting by 7 (¢, yo,xh)t the flow of (4.1), which initiates from y, at time f,, we have

h =N h h h _h
1Y = 01 = (. Y oAh), — 7t i), |
k
h h h h
Znn(g,ys, Y — Y, 1< kSN,

Due to the Lipschitz continuity of the It6—Lyons map (Friz & Victoir, 2010, Theorem 10.26), we get

h h h h
||7t(t_y3 Y_;; )tk (S 1’Ys7]9x )tk”
- ||7t(tk l»n(ts’ s’x )tk,l’xh)tk n(tk 157.[(t 15 ]5-x )tk laxh)[k”

< Cexp{Ci Sy, ) @)I7 IR RO MIREE TN (IO N [

p-var;[tg—1.t%]
where C := C(p,y) and v := \7(||X||%_Hél;[O,T](w), ||V||Ll.p,;,,1+y,1(/). From

h
IS1 YO iy i) + 1S " YO i) < IIS[p](xh)(w)IIZ_W;IMI,MS],

it yields that

7 (2, Y2 M), — PO

sl’sl’

< Cexp(CV 1Sy, (xh>(w)|| D (e Y0, =y Yo,

p-var;[tg,ti]

< Cexp{C IS, MY @) g0 r 1YY — 7y, Ysh_l,x )l 1<s<k

It follows from Theorem 15.33 in Friz & Victoir (2010) that

: h
;}ER) ||S[p](x )(a))”p.mr;[o,r] = ||X(a))||p_var;[0’7], a.s.,
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912 C. CHEN ET AL.

which yields

Sup 1S, Y1 g0y < 005 @s.
h>0

According to Assumption 2.1 and Definition 2.3, V € Lipﬁ ~47 with y > 2p > 1 leads to that V is
bounded with bounded derivatives up order N. Then we derive by Theorem 4.2 that

k
1Y =531 < D CexplCO IS, (M @)D o IIYE = 7y, Vi), |

s=1

- Mol
< C(w7p9 J/» ”V”Lipﬂ/—H—yva T)h P

duetoy > 2p > 2. O

In the case of additive noises, the terms satisfying |«| > 2 and oy = O will include the derivatives
of the diffusion coefficients, which are zero. Then (3.1) in Assumption 3.1 on the numerical method
degenerates to

Y,’Z+1 = Yr}:l + Z da(Yr}lz)hao(Xta,tm)al “.(Xghtn-%—l)ad

l|=1

o
DL DR, )N (X ) (4.2)
loe| 22,0021

Consequently, the convergence rate of the error between Y, f,l and )72{ increases, which is stated in the
following theorem.

THEOREM 4.4 Let Assumption 2.1 hold and V;(y) = 0, e R", i =1,--- ,d. If V; € LipN_HV with
y > 2p, then for any p € (2p, y), there exists a random variable C(w) = C(w,p, || V||Ll.p,;,,]§7) such that

=N h y
sup Iy, — Y, Il < C(w)h?, as.,
1<nN

where }N is the solution of (4.1) and Y,}lZ is defined by a numerical method satisfying (4.2).

Proof. Combining (4.2) with (3.7), we have that the leading term of the local error between 5)517 and Y’ f’
is involved with A% (tho’t] )* - (Xf(l)’t1 )%, where @y = 1 and @ - - - 4+ oty = N. Then

A 8
15 = Y1l < C@hr ™, as.,

from which we conclude the result by using the same arguments as in the proof of Theorem 4.3. d

4.2 The standard Brownian case

In the previous subsection, we prove that the error between the numerical solution and the exact solution
of the truncated modified equation is bounded by a polynomial function with respect to the time step
size h by fixing the truncation number N. To further study the convergence analysis, we show in this
subsection that by fixing the time step size h, there exists a truncation number N such that the error
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STOCHASTIC MODIFIED EQUATIONS 913

can be made exponentially small. In this sense, we call it the best truncation number. We deal with the

case that X/, [ = 1,---,d are independent standard Brownian motions. In this case, we simulate the
increments X, tup1 DY

Ayt = GuaVh 4.3)
with

Env1 18ng1gl S Aps
Snr1g =1 A &1 > Aps
—Ap Sy < —A

Here €n+1,l’ n=0,1,---,N—1,I=1,---,d, are independent Gaussian normal random variables, and
A, = +/4/Inh|. Similar to Assumption 3.1, we assume that the expansion of the numerical solution is

h h o o
i =Y+ z dy VDROA g A% g

|]=1

For convenience, we illustrate our idea by the RK method

Yn+11 Y +Za1/(VO( +lg)h+ZVl( +1,/)An+ll)

i—1 =1
! (4.4)

Y" = Yh—ier (Vo +11)h+ZV1( +11)An+ll)
i=1

We also stress that the procedure does not rely on the special structure of RK methods and is available
for a large class of numerical methods.

To fit this case into the previous analysis, it suffices to prove that the process ¥* = (!, ...  xd)
defined by

hl . =hl , T
X=X +TnAn+1,l Vte(t,t, 1, I=1,---.d, n=0,--- ,N—1,

can be lifted to a p-rough path with [p] = 2 almost surely, as a counterpart of the process (3.4).

ProPOSITION 4.5 Let 2 < p < 3. Then it holds that there exists some random variable C(w) :=
C(w, p, T) independent of & such that

|52 (w))} < Cw), as.

-var;[0,T]
Proof: Lett,_; < s < t; <1; <1t < t;,,. Since for any m € N_, E[A%”l’] < 2m— D!'A™ and

E [A%”l’_l] = 0, we have

t f—s 2m f— 2m

E[/ vy 2’”}=E[(’h Ai,z) } (h ) E[a37] < ¢y - st
s
t t—t. 2m t—t.\2m

o[ ][5 am) T« () el v

7

[

N

b‘ ‘
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and
Vonil2 ! :
o[ 5
li k=i+1
_ Biv1 ~Bit2 Bj Bir1 Bj
= >, Com Com=p.,, “‘sz—ﬁ,-+1—-~.—,5j,1E[Ai+1,l"‘Aj,z]

Bir1+--+Bj=2m, Bit1,-,Bj are even

< > emtE[afy ] E[4f)]
Bix1+--+Bj=2m, i1, ,B; are even

<H[Biro Bt Biwt e By =2m, i1 By are even| m)! @m — D! LK™

<G —)"@m)! @m— DI < Clij — 4™

Here, C}} denotes the combinatorial number and #& gives the number of elements in the set 0.

Combining the above estimates, we obtain
2’”} +E [ 2’"” < Clt — s|™.

t t tj t
ot ol ]
N N 1 1

For an iterated integral, let 7, | <s < <t; <t <t yand/},l, € {1,---,d}. If [} # [,, then the
definition of X and the independence of A ; and A, ; lead to

| i ! =h,l j_hl 2m

E d’C st 502

/ / 1
1 t

j k=1 j
1
— 2m
- E Z Z Ak,l] Alal2 + z EAk,ll Ak,lz
k=i+1I1=i+1 k=i+1
Bit1 ~Bi+2 Bj Bit1 Bi
S z Com sz*ﬁiﬂ sz*ﬂiJrl*"'*,Bj—lE Ak Aj,l.
Biy1+-+Bj=2m, Biy1, B are even
Yitl ~Vit2 Bl Vil Y
x Z Com C2mei+1 sz*ViJrl7"‘*}’j—lE|:Ai+l,lz Aj,lz]

Yitl ey =2m, Yit1,+,yj are even

< (G- nm@mtem—1 ”1'")2 < Clty = 11"
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If l] == 12, then

gl

uj
~h,ly 3=h,lh
dielr dx
1

g

J
2
|| S anant X Lat,
k=i+1I=i+1 k—t+1
/31+l ,31+2 ﬂ ’BHI ﬂ
< Z C C4m Biv1 C4in Bit1——Bj- E[A"Hll Aj’jll]

Bix1+-+Bj=4m, By, .Bj are even
; B
#{(,31'+1, cu B By e+ B =4m, By iy, B are even}(4m)!E[A?++ll’ ] E[Af’Jll]

< (G — 2" @m)! (4m — DR < Cly — 4"

Besides,
|
gl

Similarly, it holds that

d

Therefore, we obtain

) el H/ dﬁﬁf
“Je (45)" (elon) <

t; t;
T dih gzl | 2m
u uj
1 s

[
VA
4N

[}

2
m} < Clty — st — 1™,

L ehi

T 47102
/dﬂ;zdxul
N N

Y i
d_)C’l L2
/ u uj
5 Js

2’”} < Clt = 4;]™|t; — s|™ + Clt — 1,

t uj
—h,ly 37h.D
il dil
S

2m:| g C|t _ s|2m.

il

For any p such that 2 <p<3ie, l <, < l , choose g = 4m sufficiently large withm € N such

that (— - l) - 5 > = By the Besov—Holder embeddlng theorem (Friz & Victoir, 2010, Corollary A.2),
we get

N |d<Sz(xh>g,S2(xh> K
HS2(Xh)H((%_7)_7) Hol: [OT] ( )/ / B 1+q( 1) dety
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where

dxhl

uy |

d(s,,, 8,@),) < Cmax[

“(f

Taking the expectation on both sides, we obtain

|

B A
il 473142
J R
s S
! 1
z),

M hly =l
0 43102
A

S

T h
Hsz(xh) ; <¢C ()/ / e
(4= 1 1y-Horj0.1) |t — 5|3
St | [ x| 4]
C(q)// . dsdt
|t—s|2
C(gT?

This yields that ¥ can be lifted to a p-rough path almost surely, and that there exists some random
variable C(w) independent of 4 such that

HSz(xh(a))) H <C ”Sz(x < Clo,p,T), as.

p-var;|0. T] Hol [0,7]

With the help of Proposition 4.5, the associated modified equation here is

d
. —1 hl .
dy, = z Z JaOp) haOAZ-lq—ll Aﬁ’m' n+1dd‘xt s eyt ]
1=0 i()=I 4.5)

5}0219

and the N-truncated modified equation is

d 1<le|<N
~N ~ -1 .l
dyiv = Z Z fa(yN)haoAzil 1° Arali],l ’ n+] ddxt s te (tn’tn+1];
=0 ()=l 4.6)

0 =2z

We obtain that there exists some truncated number N = N(h) such that the local error is exponentially
small with respect to the time step size i, which answers Problem 1.3. Included in the appendix, the proof
combines estimates for coefficients of the truncated increments, the numerical solution, the modified
equation and the truncated modified equation such that the temporal regularity of increments of the
Brownian motion is unfolded in the result (4.7). O
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THEOREM 4.6 Assume that there exist positive constants R, M such that V;, [ = 0,1, - -- ,d are analytic
on a neighbourhood of the closed ball

Byr(z) = {y eC™:lly—zll < 2R}

with

IV, <M Yy e By

Then for any € € (0, %), there exist constants C = C(¢,R, M), T = 1(¢,R, M) and hy = hy(R, M) such
that for any & € (0, 7), there exists a truncation number N=N (e,R, M, h) satisfying

- 1_.
15 — YP < Che M0/ 4.7)

where iﬁ' is the solution of (4.6) and Yf’ is defined by the one-step numerical method (4.4).

REMARK 4.7 We remark that in the backward error analysis of the deterministic Hamiltonian system, the
result that the error between the numerical solution and the exact solution of the corresponding modified
equation is exponentially small leads to the near conservation of the energy of the original Hamiltonian
system with symplectic methods over an exponentially long time interval. The key lies in the conservation
of the energy (resp. modified energy) of the original Hamiltonian system (resp. the modified equation);
see Hairer er al. (2006). However, in the stochastic case, the stochastic Hamiltonian system does not
have the energy conservation law in general, not to mention the stochastic modified equation. Even for
a special case (e.g., V; = C;V,, with C; a constant, / = 1, - - - ,d in (2.1)) where the stochastic system has
the energy conservation law, the modified equation associated to a symplectic method does not have the
energy conservation law in general. Therefore, the long-term conservation of the energy by the stochastic
symplectic methods is still an open problem.

5. Numerical experiments

Numerical experiments are carried out based on three rough Hamiltonian systems in this section. Based
on Examples 5.1-5.2, we verify the convergence orders proved in Theorems 4.3—4.4 for multiplicative
and additive cases, accordingly. In Example 5.3, which is a linear system with the energy conservation
law, we present the long time behavior of several numerical methods and the corresponding modified
equations.

EXAMPLE 5.1
l dP, = sin(P,) sin(Q,) dr — cos(Q,) dX?, P, =p,
dQ, = cos(P,) cos(Q,) dr — sin(P,) dX}, Q,=gq,

where X! and X? are independent fractional Brownian motions with Hurst parameter H € (1/4,1/2].
The Hamiltonians are

%(Pp Q[) = Sin(Pz) COS(Q[)? %(Pp Q[) = COS(P[)a %(Pp Qt) = Sin(Qz)~
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ExampLE 5.2 (flow driven by the Taylor—Green velocity field (Wang et al., 2018, Corollary 4.3))
dP, = —sin(Q,) dr + V20 dX!, P, =p,
dQ, = sin(P,) dr + v/20 dX?, Q0 = ¢

where X! and X? are independent fractional Brownian motions with Hurst parameter H € (1/4,1/2].
The Hamiltonians are

HY(P,,Q,) = —cos(P,) —cos(Q,), (P, Q) =—~200, (P, 0,)=~20P,.

We consider the midpoint scheme
Yh 4 yh
h h n +1
frer =Tt V(T Xty 5.1)

whose 2-truncated and 4-truncated modified equations are defined via the following formulas for the
coefficients:

lel =1: f,(0) =V,0;
laf =21 f,() =05

1 1
@l =3: LO)= > [——Vg3<y)va2(y>va,<y>+Evgg(yw;z(y)vm(y)};

24
o) tarta3=o

laf =41 f,()=0.

To investigate the error between the numerical solution and the exact solution of the associated
N-truncated modified equation, we apply the midpoint scheme to Example 5.1 with the initial datum
(»,q) = (1,0) and the time interval [0, T] = [0, 1]. Figure 1 plots the mean-square error ||Y; ;\‘, —5/}’ I 12(2)
where N = 2,4, the time step sizes are h = 27l i = 4,5,6,7,8, and the Hurst parameters are
H = 0.4,0.45,0.5. For each time step size &, the ‘exact’ solution of a truncated modified equation is
simulated by using the midpoint scheme to this modified equation with a tiny step size § = 27!2. The
increments of the fractional Brownian motions are simulated by the method introduced in Wood & Chan
(1994), which exploits the efficiency of the fast Fourier transform. The expectation is approximated by
200 sample trajectories. The convergence orders are showed to be 3H — 1 and 5SH — 1 for the cases N=2
and N = 4, respectively. According to Proposition 15.5 in Friz & Victoir (2010), the fractional Brownian
motion satisfies Assumption 2.1 with p = % For a sufficiently small € > 0, we take p = ﬁ +e>2p
and y = % + 2¢ > p in Theorem 4.3 and then the theoretical estimate for the multiplicative case is
supported by the numerical result. In Example 5.2, we takep = 1,4 = 0,0 =2 and T = 1, and choose
H = 0.3,0.4,0.5. Figure 2 presents that the convergence orders for the cases N =2and N = 4 are 2H
and 4H, respectively. Withp = Ili +eandy = % —+ 2¢, the estimate for the additive case in Theorem 4.4
is verified. Furthermore, one can find out that the numerical solution is closer to the exact solution of the
4-truncated modified equation than that of the 2-truncated modified equation.
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FIG. 1. Mean-square error vs. Step size for Example 5.1.
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FIG. 2. Mean-square error vs. Step size for Example 5.2.

ExampLE 5.3 (Kubo oscillator in Hong et al. (2018))

2
dP, = —aQ,dt — 0 > Q,dXi, P,=p,

2
dQ, =aP,dt +o »_ P,dX],

i=1

Q():q,

i=1

where X! and X? are independent standard Brownian motions. The Hamiltonians satisfy

2 2 2
~ AP Q) = — A (P Q) = — 5P, Q) = P} + 07
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Note that 5 (P,, Q,) = P,2 + Q7 is an invariant. The exact solution reads

2 2
P, =pcos(at+aZX,‘)—qsin(at—i—aZXf),

i=1 i=1
2 2

0, = qcos(at+o ZX;)+psin(at+oZX§).
i=1 i=1

We compare the midpoint scheme (5.1), which is symplectic and energy-preserving, with the
following two numerical methods. One is an explicit RK method defined by

(5.2)

tn,tn-f—l ’

1
Y, =YI+V (Y,’: + EV(Y,’})XWW)X

which is neither symplectic nor energy-preserving. The associated 2-truncated and 4-truncated modified
equations are defined through the formulas for the coefficients:

ol =1: f,0)=V,0); lal=2: f,(»)=0;
1
| =3: f,») = Z |:__V” Ve, Ve, ) — gvéts(y)véfz(y)val (y)i| ’

o tartaz=o

1 1
ol =4: fLo)= > [12 VL, Vi 0V, <y>val(y>+gv;4<y>v;,3<y>v,;2<y>val<y>}.

a)+oyto3tos=a

Another one is a symplectic partitioned RK method which is not energy-preserving. Applying it to
Example 5.3 leads to

Pl =Pl —aQlh—o?P!, \h— aZQn i
(5.3)

o' =0l +aPl h+o Qh+aZPn+] Xi s
i=1

see also Section 5.1 in Milstein et al. (2002a). The coefficients of the associated modified equations for
1 < |a| < 3 are calculated as follows. Denote y = (y!,y?) T € R?, then

_o? _g yl
| =1: f(l,o,o)(y)—( u az)(yz),

0o — 1
J0.1.00) =fo01» = (0 OU ) (iz );

at a2 2 1
+ 5 ao y

ol =22 fopom=| % "7 ( )
(2,0,0) _ao,2 _024 _ a22 y2

Gz0Z |Mdy £Z Uo Jasn sa0uslog We)sAS B sonewsayiely Jo Awepeoy Jo Aielqr AQ 208929/ /768/2/St/elonie/eulewi/woo dno olwapese//:sdiy Wol) papeojuMoc]



O or

STOCHASTIC MODIFIED EQUATIONS

[|—Exact

- - 4-modified

— Midpoint

- - 2-modified

n=0

n=100 U
@ n=180

(a) The midpoint scheme (5.1)
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F1G. 3. Evolution of domains in the phase plane.
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FIG. 4. The midpoint scheme (5.1).

0 -2 y!
Jo2y® =foipM =\ 5 2 (yz )

_dao? 507 dlo ) gy
f(2,1,0) o) :f(Z,O,l)(Y) = S0 el 64a<73 ’ ( ? ),

3
0o -2 1
f(0,3,0) (.Y) =f(0,0’3) (y) = 3 6 ( y2 )

% 0

Weseta=1,06 =09, T =20, N = 10 x 2° (i.e., h = % = 0.0313). We present the evolution

of domains under the flow of Y,’L’ (2), Yz,, (z) and &fi (z) with n = 0,75, 100, 180, for one realization of

Example 5.3 in Figure 3. For the methods (5.1)-(5.2), the truncation numbers are N = 2.,4. For the

method (5.3), N = 2, 3. The ‘exact’ solution of a truncated modified equation is taken as the numerical

solution given by applying the midpoint scheme to this modified equation with a tiny step size § =
T

x5 = 2714, Notice the fact that the preservation of the symplectic structure is equivalent to the
preservation of the area of domains in two-dimensional case. The areas of domains remain unchanged
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F1G. 5. The explicit RK method (5.2).
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F1G. 6. The symplectic partitioned RK method (5.3).

under symplectic methods (5.1) and (5.3), as well as those given by the flows of associated truncated
modified equations. However, the corresponding areas for the method (5.2) and its 4-truncated modified
equation increase. In particular, we point out that the 2-truncated modified equation of the method (5.2)
possesses the symplectic conservation law, since it coincides with the Wong—Zakai approximation of the
original system and shares the same formula as the 2-truncated modified equation of the method (5.1).
These numerical results confirm Theorem 3.11.

In Figures 4—6, we perform simulations for a trajectory witha = 1,0 = 1,p=1,¢ =0, T = 50,
N=10x28(G.e,h= 1% = 0.0195) by the three methods, successively. The errors || Y,i’ =Y, lland | Y,},' —

}ﬁz || are given in Figures 4(a)—6(a). The ‘exact’ solution of a truncated modified equation is simulated by

applying the midpoint scheme to this modified equation with a tiny step size § = ﬁ. As expected,
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we see that the error decreases as N becomes larger for a numerical method. Besides, the energy errors
|(Y,i’)TY,}l’ —p*—4*|and |(>7Z )szg — p* — ¢?| are presented in Figures 4(b)—6(b). Noting that the energy-
preserving method (5.1) is also a symmetry method, we have that f, (y) = O for any |«| = 2k, k € N,.
Therefore, what we observe is that the energy error is almost zero for the method (5.1) and its truncated
modified equations. As to the other two methods, the energy is not preserved, but the energy error is
generally controlled better by the symplectic method (5.3) than by the non-symplectic method (5.2).
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Appendix

In this section, we prove Theorem 4.6. Before that, we recall Cauchy’s estimate for analytic functions,
and give four lemmas about estimates for the truncated increments, the numerical solution, the modified
equation and the truncated modified equation, respectively.

LEmMA A.1 (Cauchy’s estimate) Suppose that f is analytic on a neighbourhood of the closed ball By (y*)
and My = max{|f(y)| : y € Br(y*)} < oo, then
'M
(n) YR
o<

Proof. By Cauchy’s integral formula,

! ' M 'M
”—./ S ACDRN P/ 3 Ll
2mi [y—y*|=R (y — y*)n+ 2w Rt R"

6 =

O

LEMMA A2 (estimate for A, ;) Let0 <€ < % and k > 1. Then there exists a constant C = C(e, k)
such that

[Aprl SHIC Vh<C. (A.1)

Proof. Consider the function v, (h) = klnh + h~2¢. Since lim;,_, o v, (h) = +00, we obtain that there
exists a constant C = C(e, k) such that

vi(h)=0 Vh<C.

Then we have

|§n+1’l| < Ah = \/k|lnh| < h_€ Vh< C,

which implies (A.1). O
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LEMMA A3 (estimate for d,) Denote k := max,_; . {Z}Ll |al.j|} and u = >, |b;|. Under
assumptions as in Theorem 4.6, if
R

hs A EI A N 2, 7 a~
max{h. Ayl 1Al < S A

(A.2)

then it holds that

2uM(d + 1)/5

Joe|—1
R :| Vy EBR(Z),

ld, W < p(d + 1)M[
where the coefficient d,, is defined by the expansion

o
Y@ =2+ D d,@Qh"A, - ALY, a = (. .oy € N

la]=1

Proof. Foranyy € B%R(Z) and ||Ay|| < 1, define v(8) := V,(y+6 Ay), |0]| < g. Then Cauchy’s estimate
shows

IV Ayll = [V0)],_ <

s

o] &

2M
R

which implies

2M
Vi)l = sup [IVi()Ayll < = Vy€Bii(). (A.3)
PNES! R 2

For any y € Bp(z), define a map F : C"™* — C™** by

F:g=1(g, - .,8) > F@=F®@ - ,.F@,,

s d

Fg)y=y+ Y ay [vo(g,oh +> V,<gj>A1,,] , =1
j=1 I=1

We claim that F is a contraction on the closed set B := {(gl, 8 g =yl £ §

Y € Bg(z). Indeed, forany 0 < y < 1 and

Ji=1,---,s} with

YR

max{|hl,|A 4], , 1A S AT DT~
XA 1AL 14 al) 2AM(d + 1)/5

G,

we have

S

d
R
1F(g); =yl < E la;; 1M |:h+ E |A1,zl} <3 VgeB.
j=1 I=1
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Besides, (A.3) yields
N
IF(8); = F@);ll < §]U| [h+§]AM]M 2l < 7ﬂg—m Vg.geB,
j=1 =1

which leads to [|[F(g) —F(8) |l < yllg—g|l. Therefore, there exists a unique fixed point g* = (g7, -- , &})
for F on the set B. Denote

s d
YIO) =y + Db, (Vo(gf)h +> Vl(g;k)Al,l)'

i=1 =1

Together with the analyticity of V, Y{’ (y)—yisanalytic for |A[, |A ;|,- -+ ,|A; 4] < C(y)andy € Bg(2).
In this case, due to g;-‘ € B3k (2), the boundedness of V implies
2

Y7 () = yll < u(d + DMC, ().
Repeatedly applying Cauchy’s estimate, we have

1 d%d d%o (Yh(y) ) ‘
al-agl | % Ldneo U1 Y [l

2uM(d+ 1)/577!
YR '

ld, Wl =

A1,qa=0

_ wd+ DMC () _

) u(d+ 1)M[
1

Letting y — 1, we obtain

2uM(d + 1)/s

la|—1
VyeB .
R i| y R(Z)

ld, W < pu(d + I)M[
]

REMARK A4 Let e = 4—11 and k = 4. Lemma A.2 shows that condition (A.2) holds if we simulate the
random variable A, ; in (4.3) by taking

. R R 4
h < min {C(e’k)’ 2Md+ )5 [ZKM(d—i— 1)¢§} ] ' (Ad)

LEMMA A5 (estimate for f,) Denote 1 := 2max{«x, /(2In2 — 1)}. Under assumptions as in Theorem
4.6 and Lemmas A.2—A.3, then the coefficients of the associated stochastic modified equation (4.5)
satisfy

nM(d + 1)2/s]

J—1
F ) VyeB%R(z),J€N+.

mew<mmww+mﬁ(

lot|=J
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928 C. CHEN ET AL.

Proof. ForJ = 1, it follows from Lemma A.3 that fory € B 1 (2>

DO < uMd + 1)* < (n2)nM(d + 1)*Vs.

Ja|=1

Suppose J > 2. We consider @ € N?*! such that 1 < || < J. The definitions of {d,} and {f,} imply that
{d,} and {f, } are composed by V and its derlvatlves in general, which are analytic on a neighbourhood
of B, (2). For any analytic function g on a neighbourhood of B, (z), we define

R
lgll,, := max [ el :y e BR—(m—l)(S(Z)’ 8= 20 = )] Vme N+-

It holds that ||g||m] > ||g||m2 if m; < m,. Moreover, the function v(0) := g(y + 0f,, (y)) with |f] < “fa
andy € Bg_(,,_1)5(2) is analytic. It follows from Cauchy’s estimate that

1D gl = 1180 W

= V(0|
< SUPI<H/ el IO
8/ gl
1
= gllfallmllgllm,],
which implies | Dygll,, < 5 Ifyll,llgll,—;- Then given &1, - - -k € N@*+1 such that |k; |, - - - , |k;,;| >
and |k" | 4 4 kY] = Jal,i= 1, |al, we get

1
1Dyt + - - D1 frii ll o) < 3 Wit g 1Dz - - - Dy frii o -1

1
< 8_2 ”f}(i,l ” o] ”f}(i,z ” Jor]—1 ||Dki,3 T Dki,i—lf}(i,i ” loe| =2
< .
1
< ﬁWkivl |||a| ”fki.Z |||a|_1 tee ”fki.i |||a\—(i—1)
< (Sl 1 ”fkl 1 ”|k‘l ”fki,i |||ki,i|.

Combining with (3.7), we have

Joe]

1
Vil < Ny |||a|+z > g Ml Wil

= 2 (kzl k”)EO?
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STOCHASTIC MODIFIED EQUATIONS 929
By the notation Fj; := Z\GtI:& If Il and Gy := Zlalz& l|dg |l the above inequality yields
¢ 1
=2 il fii=g
Lemma A.3 produces

2AM(d + 1)\/§T1 ol —

gy < (d + 1)M[ -

@+@d+H-D! _ (d+a)!

Together with #{or = (0, - -+ ,0y) @ ] = &} = (@D-Dar = aial > We have
a—1
(d+ @)! 2M(d + 1)/s 7"
G, < ——ud+ M| ——
¢ d'a! wd+1) [ R
. 2uM(d+ 1)/s 1%
< (d+ D+ DM [%WE]

(A7)

2M(d + 1)2\/5}&
R

= uMd + 1)%5[

Foralla € N, , we let

uM(d + 125 (2eM(d + D25\
By = ( ) Z >

G = 3 R Bt -+ Brai- (A.8)

i= 2 kll+ i =g

Based on (A.5), we have that F; < 885 holds for & = 1. Moreover, assume by induction that F; < §f;
holds for @ = 1, - - - , n. Then according to (A.6)—(A.8), we know that fora =n + 1,

2uMd+ D251
Fy < uM(d+ 1)*/s [%ﬂ/}} + Z it z si-1 (Sﬂk") (%) = s
=2 Filg. 4 fiizg

Therefore, we have that F; < 8B; fora = 1,---,J. In order to estimate F, it suffices to estimate ;.
M(d+1)? 2k M (d+1)?
Letclzzu(s)ﬁczzz K(R)*/E.For|§|

’

< 1/c¢,, multiplying (A.8) by & * and summarizing
for & leads to

DI ED XSRS 35 VI SR TR
a=1 a=1 o ’

a=1i=2 " Jiljy..4fi=g

=& 2(625)&71 + z l| Z Z B - 'ﬁ/}ii,ii:&,
a=l1 ’

=2 a= lkl 1+ +kll_a
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930 C. CHEN ET AL.

which produces

bE) = —15 L PO 1
1 — C2
with
o0
b(E) =D Bst”. (A.9)
a=1
Consider the function
q(b,§) = 1 o +e—1-2p=0.
-

If %’Z’E) =l —2 £ 0 (e, b # In2), the implicit function theorem shows that there exists a map
b : & — b(§) and the series in (A.9) is convergent. Since ¢,c, > 0, we know that the range of the
increasing function & +— 15‘5;& for |&] € [0, 2In2-1)/(c; +¢,(2In2 — 1))) is

(—2In2+ 1+ (2c,2In2 — D) /(c; +2¢,(2In2 — 1)), 2In2 — 1).

Meanwhile, the range of the increasing function b +— —e? + 14 2bfor |b| € [0,1n2) is

(=2In2+ 1/2,2In2 — 1),

which includes the range of the function. Then we have that for any & satisfying |§| € [O, 2In2 —
D/(c; +c,(2In2 — 1))), there exists b(§) € (—In2,1In2) such that g(b, &) = 0, which implies

b)) <In2 VI[§] < 2In2—1)/(c; +¢,(2In2 — 1)).

Since b(&) equals to a convergent polynomials series (A.9) of &, b(§) is analytic with respect to £. By
Cauchy’s estimate, we derive

In2

1Bal < (2In2 — 1)/(c; + ¢,(2In2 — 1)))*’ €Ny,
and then
J
Fr <oy < 2(JR— 1) (2In2 — 1)/(c1h—1+—202(21n2 — 1))/ s 2((1;?11?) (nM(d J;el)ZﬁJ) ‘
Therefore,

nM(d + 1)2/s]

J—1
R ) Vy EB%R(Z).

DO < (in2)nMd + M/E(

la|=J
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STOCHASTIC MODIFIED EQUATIONS 931

In order to estimate the exact solution of the N-truncated modified equation (4.6), we consider the
infinite expansion for its solution with respect to the initial value z:

o0
W =24 D @EOAT - AT,
la|=1

LEMMA A.6 (estimate for foly JLetO) <€ < % Under assumptions as in Theorem 4.6 and Lemmas A.2—
A.5, then there exis~t constants C = C(e,R,M) and T = t(€,R, M) such that for any & € (0, 7), if the
truncation number N satisfies

8 R
1<N< (A.10)

nM(d + 1)2/shi ¢

then we have

(n2)npM(d + 1)>/sC

N
2| <
TAGIES ; e
[2(ln 2)nM(d+1)2J§C:|
Proof. For simplicity, we let € = 4—1‘, as the proof is similar for € € (0, %)
According to Lemma A.5, as long as {Sff’ 1<ty =h} CB 8 (z), we have the estimate

J—1

d 2
— 2l < DA n2mM(d + D5 (M)
J=1

N (nM(d + 1)2/sJh3 )“

<hEI2mMd+ D25 [1+>) -
J=2

Since 1 < N < %, we know
nM(d+1)2/sh#

N 2 1\/-1 N J—1
M (d 4 1)%/5Jh3 J
1+Z( = <L+ <) <G

J=2 J=2

Then a sufficient condition for {yN t< h} C BR (z) is

R 4
h < . A1l
(2(ln 2ynM(d + 1)2¢§C0) ( )
In this case, it has

15V = 2l < A3 (In2)nM(d + 12/sC, Yt <h.
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932 C. CHEN ET AL.

Moreover, since the coefficients {f, } of (4.6) are generally composed by V and its derivatives, {f,} are
also analytic. Then {%v :t<h}CB B (z) produces that }71,;] — z is analytic for & satisfying (A.11).

Combining the conditions (A.4) and (A.11) on & together, we obtain that there exists a sufficiently
large C such that

R 4
[2<1n M (d + 1)%01}

< min [C(e,k), MU+ D5 |:2;<M(d+ 1)\/5} ’ |:2(1n2)?7M(d+ 1)2x/3”co] } .

4
R ) :
[z(ln TCES NG ] , we use Cauchy’s estimate to get

_ 1 d“d d* /_J
N _ . SV _ .
Hfa (Z)” - ao! . ad! |:dA7ij |:dh0(0 (yh Z)i| ‘h:O :|
1
CE(In2)nM(d + 1)2J/5C,

la]
CZ
(In2)nM(d + 1)2/5C,

Defining C, :=

Ay4=0

N

N

R 4la|—1"
[Z(In 2)nM(d+1)2ﬁC1]

Now we can proceed to the proof of Theorem 4.6.

Proof of Theorem 4.6. We know that d, = fév with 1 < || < N, then it remains to estimate the terms
for |¢| > N + 1. For simplicity, we let € = 4—1‘, since the proof is similar for 0 < € < %
For the numerical solution given by (4.4), Lemma A.3 yields that the sum of remainder terms is

bounded by

e¢]

D lld,@IA*AT |- 14T
la|=N+1

00 2 J—1
<> uM(d+1>2ﬁ[—2”M(d+l) ﬂ i

R
J=N+1
00 2 J-1 2 N+l
7 [2kM(d + 1 2kM(d + 1
< {th 2 D' ]MM(H R M DT
J=0
< cEvn,
4
The last inequality holds if hi [W] < l,ie,h < [m] .
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STOCHASTIC MODIFIED EQUATIONS 933

For the exact solution of the N-truncated modified equation (4.6), Lemma A.6 leads to that the sum
of remainder terms is bounded by

oo
> W @ity as)
la|=N+1
~ 2
In2)ynM(d+ 1)°Ci /s 1
< Z(d+1)f( UL 14{1’1‘]‘
- R
J=N+1 [2(1n2)nM(d+1)201ﬁ]
< i nid+ 1y (In2)nM(d +1°C,V5d + DV 5
G E—— ]
| 2(n2)nM @+ 1)2C1 /s [2(1n2)nM(d+1)2C1«/§i|
< eV

1
(d+Dh¥ 16

4
The last inequality holds if (ﬁ) [2(ln 2)nM(§+l)2C1ﬁ]

T < l,ie,h <
R
|:2(ln 2M(d+1)2¢y ﬁ]
Define A := m. Then the condition (A.10) reads N < hoh’%. We choose N for the largest
integer under this condition and then

P en - - . N-3
VR = cEREN 3R -3 = o3, (Ch%) .
Due to hoh_% <N+ 1, we have
- I\N-3 ~ N 1 ~
(ChZ) < e VY < ete” (VD < eteho/hd g p < (Ce)_4.

Therefore, if the time step size h € (0, 7) with

R 4 R 4 1 4 R 16 5
s =min [ Il |-G | | o).
2(In2)nM(d + 1)2./sCy 2eM(d + 1)2/s d+1 2(In2)nM(d + 1)2C1+/s
then the local error is

- 1
I — Y}l < Che /%,
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