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ERGODICITY AND EXPONENTIAL INTEGRABILITY FOR THE
STOCHASTIC LANGEVIN EQUATION*
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Abstract. In this paper, we propose a new class of splitting methods to solve the stochastic
Langevin equation, which can simultaneously preserve the ergodicity and exponential integrability
of the original equation. The central idea is to extract a stochastic subsystem that possesses the
strict dissipation from the original equation, which is inspired by the inheritance of the Lyapunov
structure for obtaining the ergodicity. We prove that the exponential moment of the numerical so-
lution is bounded, thus validating the exponential integrability of the proposed methods. Further,
we show that under moderate verifiable conditions, the methods have the first-order convergence in
both strong and weak senses, and we present several concrete splitting schemes based on the meth-
ods. The splitting strategy of methods can be readily extended to construct conformal symplectic
methods and high-order methods that preserve both the ergodicity and the exponential integrability,
as demonstrated in numerical experiments. Our numerical experiments also show that the proposed
methods have good performance in the long-time simulation.
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1. Introduction. In this paper, we study the construction and numerical analy-
sis of splitting methods that preserve intrinsic properties of the following stochastic
Langevin equation:

dP(t)=—vP(t)dt — VU(Q(t))dt + cdWy,

(L) 4Q(t) = P(1)dt,

where the initial value (P(0),Q(0)) € R? is deterministic, v > 0 is the friction coef-
ficient, o > 0 is the diffusion coefficient, U > 0 is the potential function which may
exhibit superquadratic growth, and W; is a one-dimensional standard Wiener process
on a filtered complete probability space (92, F,{F;}i>0,P). For simplicity, we con-
sider the R2-valued solution of (1.1), and, in fact, our results hold for the general
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R24 case. The dynamical variables Q(t) and P(t) denote the position and momentum
of a Hamiltonian system with the energy function

(12) Holp.a) =2+ Ulg)

The stochastic Langevin equation has wide applications in many fields, such as chem-
ical interactions, molecular simulations, and quantum systems; see, e.g., [7, 11]. For
instance, it is a fundamental model for describing the behavior of microscopic parti-
cles in statistical physics systems, capturing the dynamic characteristics of particles
under the influence of random collisions from surrounding molecules.

1.1. Ergodicity and exponential integrability. It is known that the dynam-
ical system generated by (1.1) is ergodic; i.e., for all smooth test functions g,

T
i 7 [ Blo(P0. Q)= | glp.a)n(dp,da) in L*(R35m),
T—oo T 0 R2

which is proved by the uniform moment boundedness and the Hérmander condition
for the solution. Here, 7 is the unique invariant measure, which is characterized by
the Gibbs density function, 7(dp,dq) = %e_%HO(p’Q)dpdq, where Z is a normaliza-
tion constant to ensure that [, 7w(dp,dq) = 1; see, e.g., [19]. Ergodicity describes
the unity between state space and time, implying that the long-time behavior of the
stochastic process can be effectively captured by the invariant measure. The integral
Jg2 9(p,@)7(dp,dq) =: m(g), often referred to as the ergodic limit, is closely related
to some important macroscopic physical quantities in practical applications. Thus,
approximating the ergodic limit becomes crucial for predicting these physical quanti-
ties. A fundamental approach to approximating the ergodic limit is by constructing
numerical methods that preserve the ergodicity of (1.1), which ensures that the true
statistical properties of the solution process can be accurately reflected by numerical
solutions.

Exponential integrability is an important property that helps in establishing the-
oretical analysis of systems across various fields, including stability analysis and large
deviation theory; see, e.g., [8] and the references therein. When the potential U is a
polynomial of even order, (1.1) is proved to admit the exponential integrability, i.e.,

(1.3) sup E [exp { ClHO(P(zt)vQ(t)) H < C2(T+1)+Ho(Po,Qo)
t€[0,T) et -

where C7,Cy > 0 are some generic constants. We give the detailed proof in Ap-
pendix A. For SDEs with the nonmonotone-type condition, for example, (1.1) with
U being of superquadratic growth, it is important to ensure the preservation of ex-
ponential integrability for numerical methods. This enables establishing a positive
strong convergence order for the numerical solution; see, e.g., [10, 15].

Therefore, for (1.1) with the superquadratically growing U, the study on numer-
ical methods that preserve both the ergodicity and the exponential integrability is of
great importance, as it provides an effective way to accurately capture the essential
dynamics of the original system in both theoretical and practical contexts.

1.2. Existing works, motivation, and plan. For the stochastic Langevin
equation with the quadratically growing U, there have been many works on the con-
struction and convergence analysis for ergodicity-preserving numerical methods (see,
e.g., [1, 2, 12, 13, 16, 17, 18] and the references therein), while for the superquadratic
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case, the analysis is more technical, and there are only a few works. A pioneering work
is [21], where the ergodicity and first-order weak convergence of the implicit Euler
scheme are established. For strong convergence analysis, as previously mentioned,
exponential integrability of the numerical solution becomes crucial for deriving the
convergence order. For example, the authors of [9] prove the exponential integrability
of the splitting averaged vector field scheme for (1.1) and establish its strong conver-
gence order. See also [10, 15] for the study of exponential integrability and strong
convergence order of a class of stopped increment-tamed Euler approximations for
SDEs.

We aim to construct new class of numerical methods of (1.1) that preserve both
the ergodicity and the exponential integrability, based on the splitting technique.
Splitting techniques are widely recognized as useful tools not only for constructing
numerical methods that preserve the properties of the original equation but also for
obtaining high-order numerical schemes; see, e.g., [2, 16] and the references therein.
In order to describe splitting methods in a convenient way, it is useful to introduce
the generators L1 := —VU(q)V,, L2 :=pVy, L3 := —vpV,, and L4 := $02A,,. Then
the generator of (1.1) is £L =Ly + Lo+ L3 + L4. We use e™%i to denote the one-step
evolution operator of the dynamics generated by £; with step size 7.

As for (1.1), one usually splits the original equation into an integrable deter-
ministic Hamiltonian subsystem and a solvable stochastic subsystem. For exam-
ple, a commonly used splitting of (1.1) has the evolution operator P£1+£2La+La .=
eT(F1+L2)em(Ls+L4) - which determines the splitting solution {(Pr(tn), Q+(tn)) T }nen
with t,, ;= n7. Here, e™(£17£2) ig the one-step evolution operator of the deterministic
Hamiltonian subsystem

%ém>:(VU@wwq (ﬂm§:<am§

Q(t) P(t)dt )7 \Q(tn) Qr(tn)/)’

whose solution satisfies Ho(P(tp41),Q(tns1)) = Ho(P(t,),Q(t,)) and where e7(F3+£4)
represents that of the stochastic subsystem

P(t)\ _ [(—vP(t)dt+ odW, P(ta)\ [ P(tas1)
anag) = () (o) = (e
whose solution (p(tné&-l), Q(tnsr))" = (Pr (tn+1),Qr (tne1)) " satisfies that E[P(tnq1)?]
=e VTE[P(tn)?] + & (1 — e 2'") and E[U(Q(tn+1))] =E[U(Q(t,))]. It is known that

this splitting admits the exponential integrability (see, e.g., [9]).
The well-known Lyapunov structure for obtaining the ergodicity has the form of

(1.5) EV(Pr(tns1), Qr (tnt1)) | Fe, ] < aV(Pr(tn), Q- (tn)) + B

with a € (0,1) and 8 > 0, where V > 0 is the Lyapunov functional. Since the
deterministic Hamiltonian subsystem is energy-preserving, a natural choice for the
Lyapunov functional is V = Hy. Then it is critical to possess the strict dissipation for
the stochastic subsystem to obtain the ergodicity, while for (1.4), it holds that

e~ VT 2

Pt + U(Q(tns1) + T-(1—e727).

E[HO(PT(tn+1)»Qf(tn+1))|}—tn] =

Thus, there are no parameters « € (0,1), 3 > 0 such that (1.5) holds with the Lyapunov
functional Hy, which can also be illustrated by the red line in Figure 1.
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Fic. 1. Evolution of Ho(P(t),Q(t)).

In order to make the stochastic subsystem strictly dissipative such that the result-
ing splitting system can inherit the Lyapunov structure, we introduce a new operator
5 :=—vgV,. Then we propose a novel splitting strategy as

(1.6) La+Lot5(La=L5),5(LatLa)HLa  _ r(Li+Latd(La—LE)) o7(%(Lat+Lh)+La)

T

Precisely, we have
o o) (T e (™)

b vs

where WP and U are flows for the deterministic subsystem and stochastic subsystem,
respectively. This new splitting strategy has several advantages:
(i) The deterministic subsystem WP is still a Hamiltonian system with the new
Hamiltonian

(1.8) H(p,q) := Ho(p,) + 5pa.

Moreover, the new Hamiltonian H is equivalent to the original energy function
Hj in a certain sense; i.e., there exists Cy > 0 such that C1Hy < H 4+ Cy <
Cy(Hp + 1) with some positive constants C; < Cs.

(ii) The stochastic subsystem ¥ is strictly dissipative (see also the black line in
Figure 1) such that the splitting system admits the Lyapunov structure (1.5)
with the Hamiltonian H, o = e~ " and some 3 > 0. Therefore, the splitting
system is uniquely ergodic; see Proposition 2.4.

Based on the proposed splitting strategy (1.7), we construct a new class of split-
ting methods that can simultaneously preserve the ergodicity and the exponential
integrability of (1.1). To be specific, these splitting methods are obtained by applying
general conservative methods to the deterministic part and solving the stochastic part
exactly. A key ingredient for the ergodicity of the methods is the uniform moment
boundedness of numerical solutions over long times. This is achieved by the good
balance between the preservation of the Hamiltonian for the deterministic subsystem
and the dissipative property for the stochastic subsystem. In addition, this balance
brings the exponential integrability of the methods as well, controlling the exponen-
tial moment of the numerical solution from explosion over finite time. Combining the
stochastic Gronwall inequality, we show that the proposed methods have the first-
order strong convergence under some moderate verifiable conditions on the one-step
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approximation. Moreover, leveraging the Kolmogorov equation and the uniform mo-
ment boundedness, we prove the first-order convergence for the ergodic limit of the
proposed methods.

Several concrete splitting schemes based on our methods are presented by incor-
porating the developed conservative methods for deterministic Hamiltonian systems.
Then we perform numerical experiments to verify our theoretical results on strong
and weak convergence in section 4.1. In addition, as shown by numerical experi-
ments, the proposed splitting methods have the good ability to simulate the ergodic
limit of the exact solution. As part of our investigation, based on our splitting strat-
egy, we construct the second-order methods that preserve both the ergodicity and the
exponential integrability by employing the Strang splitting technique and also pres-
ent the conformal symplectic methods by applying the symplectic methods for the
deterministic Hamiltonian system, which are demonstrated by numerical experiments
in sections 4.2 and 4.3.

The rest of the paper is organized as follows. In section 2, we introduce the new
class of splitting methods and show the inheritance of the ergodicity and the expo-
nential integrability. In section 3, by using the moment properties of the numerical
solution, we prove that the strong and weak convergence orders are both 1. In sec-
tion 4, we present numerical experiments to verify our theoretical results. Appendix A
is devoted to some auxiliary proofs.

Throughout this article, we use C' to denote a positive constant which may not
be the same in each occurrence. More specific constants which depend on certain
parameters a,b, ..., are numbered as C(a,b,...).

2. A new class of splitting methods. In this section, we aim to introduce a
new class of splitting methods that preserve both the ergodicity and the exponential
integrability of (1.1). We take the potential U(q) := %q‘l in this paper as an example
to illustrate the main idea, and we remark that the approach can be extended to
the case of general polynomials of even order: U(q) = Z;ﬂ:l Q%.qu with some integer
m > 2. Some concrete numerical schemes based on our methods are also given. In
addition, we present the uniform moment boundedness, ergodicity, and exponential
integrability of numerical solutions for proposed methods.

2.1. Construction. Let 7 € (0,1) be the uniform time step-size, and let ¢,, :=
nt, n € N. Recalling (1.6),

Li+Lo+3(Ls—L), 5 (L3+LE)+La — T (Lr+La+E(Ls—LE))

T

eT(3(La+L5)+La)
?

we split (1.1) in the time interval T, := [t,,tp+1) into a deterministic Hamiltonian
system with one-step evolution operator eT(LitLats(La—L5)) and a linear SDE with

one-step evolution operator e7(2(La+L3)+La) - The solution of the splitting system is
written as

(2'1) XT(tn+1) :(I)%n(I)ZQﬂ,(XT(tn))a neN,

where {®2 (t)}ier, is the flow of the nonlinear Hamiltonian system with random
initial datum

22) AQr (t) = Pr, ()t + 20, (Dt Qs (t) = @ (En),

{dPTn (t) = —%Pr, (t)dt — Q% (t)dt, Pr,(ty)=Pr(ta),
t
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and {®7 (t)}ter, is the flow of the linear SDE
(t)dt + odWy,  Pr,(tn) = Pr, (tnt1),

dPr, (t)=—%Pr,
2 { 2 %Q (t)dt, QT"(n): 1, (tnt1),

(
Q
and X, (tnt1) = (Pr(tn1), Qr(tns1)) " = (Pr, (tng1), @, (tns1)) T - Especially for ¢ €
Tp, the initial datum for (2.2) is (Pr,(0),Q1,(0)) = (P(0),Q(0)). It is observed that
for any constant C', H 4+ C' is the Hamiltonian of (2.2).
We apply the one-step approximation to (2.2) which preserves the Hamilton-
ian and solves the linear subsystem (2.3) exactly to obtain a new class of split-
ting methods. The numerical solution X, := (P,,Q,)" is defined recurrently by

(P, Qo) == (P(0),Q(0)) and
(2.4) Xp1 =97, TP(X,), neN,

where TP represents the one-step mapping defined by

P =P,
(2.5) Pratus = Pt Ay
QTn,tn+1 = Qn + B:—l

and (I)%,,,t .= (Pr, +,Qr, )7 denotes the solution of (2.3) at time t € T}, with ini-
tial datum (Pr, ;,,Qr,.,) = (Pr, th,QTthl) Here, A? and B? are measur-
able maps defined, respectively, as A? := (Pn,Qn,PTn,tn+1,QT th) and B :=

(Pn,Qn,PTn,th,QTmtn +1)- In addition, without loss of generality, the conserva-
tive method (2.5) is required to be solvable; namely, there exist measurable maps
w7a¢‘r : R? — R such that PT,L,thrl - ¢T(Pn, Qn) and QT,L,tn+1 ¢T(PTL7 Qn)

For the Hamiltonian system, there have been some conservative methods in the
literature, such as the average vector field (AVF) method, the discrete-gradient (DG)
method, and the partitioned AVF (PAVF) method; see, e.g., [3, 4, 6, 20, 22, 23] and
the references therein. Hence, one can obtain a class of splitting schemes via (2.4).
This approach to construct numerical schemes has distinct advantages, especially in
the intrinsic property-preserving aspect. We will show this in the next subsection.

We give some concrete examples of the splitting method (2.4) based on the con-
servative methods for the Hamiltonian system:

(i) When the one-step mapping Y2 in (2.5) is defined by the AVF scheme, which
reads as

1
_ TU | — _
PTmtn-H =P, - 7(PTn1tn+l + Pn) - T/O (Qn + )‘(QTmtn+1 - Qn))Sd/\v

_ TV =
QTmthrl Qﬂ (PT stnt1 =+ Pﬂ) (QTn,7tn+1 + Qn)7

the correspondmg splitting scheme (2.4) is called the splitting AVF (SAVF)
scheme below.
(ii) When the one-step mapping Y2 in (2.5) is defined by the DG scheme

an,tn+1 =P, - Tqu(PTn,th ) QTW,7tn+l 5 Pm Qn)v
QTn,tn+1 = Qn + Tva(PTn,tn+1 ) QTn,tn+1 5 P’m Qn)a
the corresponding splitting scheme (2.4) is called the splitting DG (SDG)

scheme below. Here, VH(p,§;p,q) := (Vo H(p,4;p,q); Vo H (p:d;p,9)) s de-
fined as VH(p,q;p,q) = VH(p,q) + Hp.a)= H(p‘l’qﬁ2 VH(p’q 65 where § =

(G-pd—aq), (p:q) =B,
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(iii) When the one-step mapping Y2 in (2.5) is defined by the PAVF scheme

1
D TU — _ ,
PTn7tn+1 =P, — ?PT,,,7tn+1 - T/O (Qn + A(QTn,th _ Qn))dd/\,
) TP TV
QT o1 = @n + §(PTmtn+1 + Pp) + ?an

the corresponding splitting scheme (2.4) is called the splitting PAVF (SPAVF)
scheme below.

2.2. Ergodicity and exponential integrability. In this subsection, we first
give the uniform moment boundedness of the numerical solution for the proposed
splitting method (2.4). Then we prove that the numerical solution is uniquely ergodic
and admits the exponential integrability. These properties play an important role in
obtaining the strong and weak convergence orders of the proposed methods. Denote
ns :=max{n € N:t, <s} for s >0.

LEMMA 2.1. For any p > 1 and T > 0, there exists a constant C := C(p,T) > 0
such that

(2.6) E S[up](|ant,t‘2p+‘QTnt,t|4p) < C(1+|H(Po,Qo)[").
tefo,T'

In addition, there exists a constant C:= C(p) >0 such that

(2.7) SlégEHPnIQ" +1Qul™] < C(1+ | H (Po, Qo)[P).

The proof of Lemma 2.1 is postponed to Appendix A. The uniform moment
boundedness of a numerical solution implies the existence of the numerical invariant
measure. Furthermore, we can show that the numerical invariant measure is uniquely
ergodic. Before that, it is observed that by the Young inequality, there ex}sts a
constant C'yr > 0 such that H + Cy > 1. For instance, one can take Cy = g7 + 1.
Then using the Young inequality twice gives

4 2
)
2. > - —
(28) -4 1 (v

In addition, there exist constants C,C, > 0 such that
(2.9) Ce(@® +4") <H(p,q) +C < C(* +¢" +1).

In fact, this can be obtained by applying the Young inequality as follows:

2 4 2 2 2 2
p q v (p 9 P 1, v 1 4, v
H PR S (A L S =
(pa) =75+ 4(v+vq>—4+4q 4<2UZQ+2>
1,5 4 v
> _
_8(p+Q) 5
2 4 4
p q v o d 1 1 v 2 4
H <P 47 T o)< (242 1).
(p7<J),2+4+4 p+2+2><2+4)(p+q+)
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PROPOSITION 2.2. For each 7 € (0,1), the numerical solution {(Ppn,Qn)}nen
admits a unique invariant measure .. Furthermore, for p > 1, there exist constants
k:=k(p) € (0,1) and C := C(p) > 0 such that for any measurable functions g satisfying
lg| < (H + Cg)®, it holds that

[Elg(Pn, @n)] = 7r(9)| < Ck"(1+ [H(Fy,Qo)[")-

Proof. We first show the ergodicity for the sequence {(Pan,Q@2,)}nen. By [17,
Theorem 2.5], the proof is split into the following two steps, which are related to the
Lyapunov condition and the minorization condition, respectively.

Step 1. We show that there exist constants a € (0,1) and 8 € (0,00) such that

E[H(PTL+1;Q7L+1) + CH|]:n] S a(H(PnaQn) + CH) + 6
In fact, it follows from (2.4) that

H(Pn+1a Qn+1)
Qn+1‘4 v

1Pl | | b
= 9 + 1 +§ 1 @n1

_ 1 = 1 . = U = ~
=e 7 <2|PT’!L7t’!L+1 |2 + e UT‘QTMthA |4 + 5 Pr, tnt1 QTn.ytn+1

4 9 n
2

vT = t"+1 v (t t)
vT = -3 —
T +e? Prg,., / e~ 2 Uad i,
t

n

1
+ =

tnt1
/ e~ 2= g1y,
2 t

n

UV wr = ot t "
+5¢¥Qr, 1 e 3t oaiy, |
t

n

Noting thatt (Pry 4041, QTy t,4,) " is Fi,-measurable, which is independent of the in-
crement [,"** e~ 2(tlnr1=5dW,, we obtain

—uT D 2 02(1 B e_UT)
E[H(Pn-‘rl’ Qn+1)‘ftn] <e H(PT1L7tn+1 ) QTmtn+1) + T
0.2(1 _ efv'r)

=e ""H Pna )
eTH (P, Q) + T

where in the last step we use that the subsystem (2.5) preserves the Hamiltonian H.

Step 2. For any given y,y* € R?, we show that AW, and AW, can be determined
to ensure that (P2, Q2)" =y* = (y§,y3) " for any initial value (Py, Q)" =v. In fact,
the solvability of (2.5) gives that Pr, 4, =¥, (y) and Q.+, = ¢-(y), which, together
with (2.3), leads to

vT tl v vT ]. - —vT
Pi=e¢ T (y) +/ e E oW, Lo F o (y) + oy — AW,

to vT

where X 2Y means that random variables XY are equal in distribution. Using
again the solvability of Qr, ,, we have Q1,1+, = ¢, (P1,Q1) = eF Q2 = €2 y5, which
determines P; and hence gives AWj. Then utilizing yi = Pgie_%z/)T(Pl,Ql) +
o4/ 1_57;“AW1 determines AW;. In addition, the above procedure implies that the
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transition kernel Po, (7, A), x € R?, A € B(R?) admits a continuous density function
pan(x,y) satistying Py, (z, A) = [, pan(z,y)dy.

Combining Steps 1 and 2 gives that |E[g(Pan,Q2n)] — 7 (9)] < Ck™(1 + |H (P,
Q0)|?). Then similar to the proof of [17, Theorem 7.3] and by virtue of Lemma 2.1, one
can obtain the desired result for the sequence {(P,,, @) }nen. The proof is finished. O

The following proposition shows the exponential integrability of the numerical
solution of (2.4), which indicates the boundedness of exponential moment of the nu-
merical solution.

PROPOSITION 2.3. There exists a constant C >0 such that
2 4
sup E {exp { Ce(|Pnl® + Q] )H < C(T+1)+H(Po,Qo)

2¢
tn€[0,T] €7 tn

where C, is given in (2.9).

Proof. Denote fi(p,q) :=—5(p, q)" and 6 :=(0,0)". Then we have
2

v v v
DH(p,q)ji(p.q) = —p° — 50" — —
(p:Q)ip. ) = —5p" = 54" = 5 pa,
2
tr(D*H(p,q)56") =0>, |6"DH(p,q)|> = ‘0 (p + gQ)‘ :

This implies that
tr(D*H(Pr, 1+, Qr,,1)55")
2

£:=DH(Pr, 1,Qr, 1)i( Pr, 1,Qr, 1) +

VT DH(Pr, 1 Qr, )
2ebt

= Y\ Pr P+ 0P Qra + 10 1Y)

& a2 40P, O+ O
T 5gBt |Pr, )" +vPr, «Qr, 0 + Z|QT,L¢

0'2 ~ ~ ~ ~ 0'2'U4 0'2
+ ? S _UH(PTn7t7 QTn7t) + O-QH(PTnyt7 QTn7t) +

61 T2

By [5, Lemma 2.5], we obtain
H(Pr, 0 CH(Pry, Gr) - o
exp{ ( Tn,thTn,t)_i_/ vH(Pr, r,Qr, r) — % 64_ g
t

E

ecﬂ’(tftn) eaz(rft")

20

< E[QXP {H(an,tn»QTn,tn)H :E[exp {H(PnaQn)}]a

where in the last equality, we use the preservation of the Hamiltonian for (2.5). By
2
considering e~? ' H instead of H and using (2.8), we arrive at

E lexp { H(PTn,t; Qr,.t) }1
eo t

<o (v0u+ G + %0 ) -t} B o { LGN

By iteration and combining (2.9), we complete the proof. ]

Similarly, one can also prove the uniform moment boundedness, the ergodicity,
and the exponential integrability of the solution for the splitting system (2.1). For
our convenience, we list these properties in the following proposition and omit the
proof.
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PROPOSITION 2.4. The following hold:
(i) For any p > 1, there exists a constant C:=C(p) >0 such that

sup Sup E[(Pr, (t))* + (Qr, (t))"™ + (P, (£)* + (Qr, (1) ™)

<O+ [H(Po, Qo)IP).

In addition, the solution of the splitting system (2.1) is uniquely ergodic.
(ii) There exists a constant C >0 such that

E [exP { H(P, (t0), Qr (1))

enztn

H <exp(H(Po, Qo) + Ct,).

3. Strong and weak convergence orders. In this section, we first present
that under moderate verifiable conditions on the one-step approximation (2.5), the
splitting method (2.4) converges to the exact solution with the strong convergence
order of 1. The proof is also given based on the decomposition of the error and
the utilization of the exponential integrability and the stochastic Gronwall inequality.
Then based on the Kolmogorov equation and the uniform moment boundedness, we
prove the first-order weak convergence for approximating the ergodic limit via the
numerical ergodic limit. The main result on the strong convergence order is stated as
follows.

THEOREM 3.1. Suppose that the one-step approzimation (2.5) satisfies
v - — _
(B1) |5 Pnt Q7 AR S (Pt = Pl +1Q1, 001 — Qul O]

v _ _
(32) | Put 5Qm =B S CUPr s = Pl + Q1,0 — Q") O

s

and OF 1= O2(Pr, Qm, Pr,, 1,11+ Q1, trsr) are of polynomial growth. In addition,
let

(33) sup ([l AL Loveq) + 17 B | Love(ey) < C
tn€[0,T)

for constants C > 0,a Ab > 1, where maps O := O1(Ppy, Q. P, b0 1, QT tir)

for p>0. Then for T >0, there exist 7o := 7o(T) € (0,1) and C :=C(T) >0 such that
for 7€(0,79) and p >0,
sup ||(P(tm)7Q(tm))T - (Pm7Qm)THL2"(Q) <Cr.
tm €[0,T]

Below we present the convergence order between numerical and exact ergodic
limits.

THEOREM 3.2. Under conditions in Theorem 3.1, for measurable functions g €
Gi={g:1g9(x) —g(W)| < CA+[x* " + |y )|z —yl.g(x)| < (H(2) + Cr)'}, we have
|7(g) — 7, (g)| < C7, where C >0 is time-independent.

Proof. Introduce the function u(t,p,q) :=E, ) [9(P(t), Q(t))] —m(g), which is the

solution of the Kolmogorov equation % = Lu(t,p,q). Here, £ is the infinitesimal
generator of (1.1), and E(, 4 is the conditional expectation with respect to the initial
(p,q). We let ba(p,q) = (—4p,—%q)". It follows from (2.4) and (2.5) that

tn+1 - -
X1 = X+ (A%, BT + / bo(Pr, 1, O, 2 )dr + (G AW, 0)T.
t

n
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Then by the Taylor expansion, (2.5), and (3.1)—(3.2), one can derive that for j >
0,n>0,

(3.4) Elu(jr, Xnt1)] <Elu(im, Xp)] + E[Lu(im, X)]T +Cj 1T + rj7n+17'2.

Here, the function C; ;11 is the term of type E[|| Du(j7, X,,)[(TJ7 1 +ft "I (r)dr) +

(| D2u(jT, Xn)|| + | D3u(jim, Xp + 0(X i1 — X)) 5], where Diu is the standard
ith derivative of u, 6 € (0,1), J7, := Jl,l(XmPTn:th,QTn,th, LA TTIBY),
Jio(r) =D 2(Xn, Pr, . Qr,+), and J} 3 1= J1,3(X,,) are functions with polynomial
growth at infinity. The remainder term 7;n+1 is the term of type E[(|| D?u(j7, X,)|| +
1D3u(i7, X + 0(Xnsr — Xa)I)(rT8, + [0 I3 o(r)dr)], where functions 13, i=

J271(Xn7PTnatn+l7QTn:tn+l’ 1A:-Lv IBZ}) and J 2,2 ( ) '_JQ,Q(XnvPTmWQTmT) are of
polynomial growth at infinity. According to [21, Theorem 3.1], Lemma 2.1, and (3.3),
we obtain that for some q; >0,i=0,1,2, and C >0,

SUPZ ‘7‘] nt1l

7]0

r€ln

C(l+sup(||X Hqu(Q + HJTlLJ”LW(Q) + sup HJ12 )Lz () TZG @It <.
, =

It is observed that the Taylor expansion gives

(3.5)
Elu((j + 1)7, X)) = E[u(j7, Xn)] + E[Lu(GT, Xn)IT + SE[L2u(GT, Xn)]T2 + 710

Here, the term L£2u(j7, X,) is a summation of terms of type d%u(jr, Xn)j]l()i:n),i =
1,2,3,4, where 0" is the ith partial derivatives with respect to (p7 q) and J; is a
polynomial. The remainder 74, , is a summation of terms of type f G+l fo Ou(jT+
O(t — j7), X)) Jo(X,)(t — j7)2d0dt,i=1,...,6, where J, is a polynomial.

Combining (3.4) and (3.5) leads to

Elu(i7, Xnt1)] SE[((j + 1)7, Xn)] + Cns1T + Rjs1,nt1s

where C;,, 41 is the summation of terms C; 11 and E[r ||Dz G, X)) | - 1T (X)), =
1,...,4, and Rji1,+1 is a summation of terms 7,172 and f(jH Tfl [132(X,0)] -
||DZ (T +6(t — 57))|]](t — j7)%dfdt,i=1,...,6. Therefore, we arrive at

1 & 1 X
% 2 Elg(Xn) = m(9)] = 57 D E[u(0, X,)]
n=1 n=1
1 N n—1 ~ n—1
< N ;]E u(nt, Xo) + ;Cj,n_ﬂ' + jZO Rjt1n—j

The ergodicity of the exact solution implies that + En 1 Elu(nr, Xo)] —0as N — 00.
From [21, Theorem 3.1], Lemma 2.1, and (3. 3) we obtam SUPN>1 W Zn 12250 Cjn—j

C’Z ve 9T < C and supys, NZn 12” 'R Rjt1pn—j < 0732 _CJT <
C’7'2 Hence by virtue of the ergodicity of the numerlcal solution, we derlve that
|7(g) — 7+ (g )| < C7. The proof is finished. d
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Proof of Theorem 3.1. The proof is divided into two steps based on the decom-
position of the error.

Step 1. Show that for T' > 0, there exist 7 := 7o(T') € (0,1) and C :=C(T) >0
such that for any 7 € (0,7) and p > 0, it holds that sup, o7 I(P(tm), Q(tm)) T —
(P‘r(tm)y QT(tm»T”LzP(Q) <CT.

Let e(ty,) := P(tm) — Pr(tm), and let é(t,,) = Q(tm) — Q+(tm). By (1.1) and
(2.1), we have

(3.6)
P(t) - Pr,,(t)

m

=e(tm)+ /ttm+l (%PT(S) + Q% (s)) ds + /:’ (%ﬁT(s) —vP(s) — Qg(s)) ds.

This, together with the Taylor formula, yields

tm41 v - B 2 tm41 _
eltme) = [eltn) + [ (5Pr )+ Q) ds| + [ (P~ Pr, (0)
tm tm
(3.7) x (vPp, (t) — 20P(t) — 2Q%(t))dt = |e(ty)|> + JL, + J2 + J3 + J2
where

7= T et (0Pr (5) + 205 (5) + 0P, (5) — 20P(s) — 20°(s))ds,
t?‘n
J? .=

b

[ (G + @3.0) as 2

m

b1 flmtt ~ ~ ~
3 = / / (5Pr.(5) + Q% () (vPr, (1) = 20P(t) — 2Q%(1))dsdt,

Jh = /t o /t t (5 Pr,.(5) = 0P(s) = Q%(s)) (vPr, (1) — 20P(t) — 2Q°(1))ddt.

m m

For the term J}, it can be decomposed as

T [ veltn) (Pr(s) = Plopds+ [ velt) (P, () = P(s)s

m m

tm41 _
12 / () (@ (5) — Q3(s))ds = JL1 1 J52 4 J13.
t

Note that

(3.8) Pr,(s)—P(s)
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Combining (3.6) leads to

m-41
Ll — — vle(tm |27'—|-’U/ / —§PT (r )) drds

+o /tt+ /t (—Q3. (r) +Q*(r))drds — v /tt+ e(tm)o(Ws — W,y )ds,
T2 =~ vle(t, |27+U/m+1/m+1 (=5 Pr, ()~ @, (r)) drds
+u/tm“/ 1, (1) + 0P(r) + @(r) ) drds,
and
7 =2 [ ) @, 5) - QU@ () + Qi ()QU) + Q2060

m

== 2e(tm)é(tm) /t o (@%,,(5) +Qr,, (5)Q(s) + Q*(s))ds

m

Lo /t o / et (Pra() — PO) + 20, (1)

m

X (5) + Q1 (5)Q(s) + Q*(s))drds.

Hence, by the Holder inequality and the Young inequality, we obtain

Ih < = et + CUettn) 4 o)) [ QWP + 1Qr, (9

m

+C7—2/t m+1 (‘P(S)|6+|p’fm(5)|6+‘ﬁ)Tm(s)|2+|Q(S)|6+|QTM(S)|6+1)dS

m

(3.10)
— U/t m e(tm)o(Ws — Wy, )ds.

m

For terms J2,,J3  J4 it follows from (a + b)? = a® 4 2ab + b?,a,b € R, that

J2 I3 4 Th

= ;/t:m(me(t) — P(t))dt
+o / " B (1) — P()dE+ /t TG (1) - QY ’
/ B / o U ; —vP(s) - Q3(8)> (ngm (t) — vP(t) - QS(t)> dsdt

/ . /t T, (s) — vP(s) — Q3(3)) (%ﬁTm (t) —vP(t) - Q3(t)) dsdt

[ papa Y [ 0 - Py

m

o

m

2

9

+ / @ (1) Q)

m
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where the second equality uses the integral transformation. Using (3.6), (3.8), (3.9),
the Holder inequality, and the Young inequality, we derive that

tm+1 B
T+ I+ Iy <C {72|€(tm)2 + CT\é(tm)|2/ (1@, ()" +1Q(s)|")ds
tm

+ 73/t m+1(\P(s)|6+ |Pr,, ()] +|Pr,, (5)|°+]Qx, (5)]° +Q(5)|°)ds

m

tm+1
(3.11) —|—7‘/ lo(W; —th)th}.
t

m

By the Taylor formula and

Q) - Qr, 0 =é(t) [ (P )+ 5@n, ) ds+ [ (P6)+ 5@r, () s,

m

we derive that

trmy1 , _ 2 tm41 5
et = ottn) = [ (Pr(e)+ 50 @) ds| + [ @0 - @r0)
(3.12) x (2P(t) +vQr,, (t))dt = [6(t)|* + K}, + K2 + K3 + Ko,
where

KL =2 / " et (P(t) — Py, (1))dt + v / T et (@, (1) — O, (1),

m m

2

/t " (Pras)+ 2, () ds

)

mtm+1 tmt1 ~
K3 = /tm /t (Pr () +5Qr,(5)) (2P() +vQr,, () dsdt,

K- /t o /t t (P(s) + 50, () (2P(0) + 0@, (1)) it

For the term K , it follows from (3.8) that

813 Qn@)-An0=- [ Senmar+ [ (Pr )+ S0, 0))

and from the Holder inequality that

t7n+1
K} <COr(le(tm)]* + |e(tm)?) + 2/ E(tm)o(Wy — Wy, )dt

tm

(3.14) + C’Tz/tm+1(|P(s)|2+|]5Tm(s)\2+|Q(s)|6+|QTm(s)|6+IQTM(S)|2+1)ds.

m

For terms K ,i=2,3,4, by (3.8), (3.13), and the integral transformation, we have
2

/t " Py, () — P(s))ds + 2 / (@ ()~ Or, (3))ds

KL+ K, + K, = 5

m m

tnz+1 - _
<Cr?le(tm)|* + CT?’/ (1P, ()1 + |P(s)]* + | Pr,, (s)]”
t

m

g1
(3.15) +1Q)[ + Or,. (5)[F)ds + CT/ lo(W, — W, )[2ds.
t

m
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Hence, adding (3.7) and (3.12) and combining (3.10), (3.11), (3.14), (3.15), and
the Young inequality, we arrive at that for € € (0,1),

|e<tm+1>|2+é(tm+1>|2s<|e<tm>2+|é<tm>|2>(1+c / 1t (o

~ tm+1 tm+1
(10, (s)]* + IQ(S)I4))dS) Lor? / Pon(s)ds + O / W, — W, %ds
t t

m m

+ 0(26(b) — ve(t) /t " in — $)dW,,

m

where Ly (s) := D(P(s). Q(s), Pr,, (), Qr,, (5), Pr,,(5),Qr,,(5)), 5 € Tyn, is a polyno-
mial with order no larger than 6, and the Fubini theorem is also used to obtain

tm+41
My s 0(22(t) —ve(tn) [ (W, =W, )ds
t

m

— 0(26(tn) — ve(bn)) /t " i — 5)dWL.

m

It follows that {M,},en is a martingale with My =0. By iteration, we have

eltm)? + [eltns) P <CY (et + fet)?) [ (1 (1@ o)1

=0

tj
Moot
+|Q(s)|4))ds+0722/ T, (s)ds
§=0"%

Mot m
+CTZ/ W — Wy, [2ds + ) M;.
j=0"%i j=0

For t € T}, denote [t :=t;, ny:=j, and Vs := |e(t;)|* +|é(t;)|*. Then we have

Lt) _
ymﬁ/o (CYLs) A+ (1 +)(IQ,, () +[Q()[") + CT°Tn, (5)

Lt)
+ CT[W, = Wi |))ds +/0 o (2e(s]) —ve(ls))(Ls] +7 — 5)dW

L] L]
::/ asds—l—/ bsdW.
0 0

To obtain the desired strong convergence order, we need to utilize the stochastic
Gronwall inequality (see [14, Corollary 2.5]). Now we verify condition (34) of [14,
Corollary 2.5] as follows: For pg > 2,

0 — 2 [{Vye),00) 7

2 Ve 12
<C(L+(r+)(Qr,, O+ QW)Y P

+ (C7%T0, (t) + CTIW — Wy [P + ([t] + 7 —1)*)%.

1
Ve)»ae) + §|bt|2 + P

Thus, combining Proposition 2.4 and [21, Lemma 2.3, Corollary 2.2], we have that for
p > 0 and some pg,p; > 0,
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||ytm+1 ”Lp () <

exp{C/O (14 (r+)(1Qx,, (s)|* + |Q(s)|4))ds}

LP1(Q)

([ o) OV Wi Pt o) 7 .
o |lexplfo L+ (T +€)(IQr,, (' +[Q)[))du} ||, o
By the convexity of the exponential function, we have
E [GXP {Cm /OT 1+ (7 +(Qz,, ()" +1Q()[")) dSH
I _
(316) <o / Elexp(TCp1(1+ (7 + )1+ [Qr, ()| +1Q()|)]ds = Lo.

Based on (2.9) and Proposition 2.4, there exist positive constants 7y := 7o(T) and
€ := €9 (T") such that CTp1(To + &) < Cee_”2T, where C., is given in (2.9). Then for
7€ (0,79) and € € (0,€y), we have Zy < C. This finishes the proof of Step 1.

Step 2. Show that for any T > 0, there exist 7 :=79(T) € (0,1) and C:=C(T') >0
such that for any 7 € (0,79) and p > 0, it holds that sup, (o) [(Pr(tm), Qr(tm)) " —
(Prru sz)—r ||L2P(Q) <CrT.

Denote e1(tm) := Pr(tm) — Pm and €1(tnm) := Q- (tm) — Qm- By (2.3) and (2.5),
we have that for t € T},

Pr. (t)—Pp, .

tm41 U - _ v Lo
—erttn) = [ (5Pr. )+ Q) 4T A s = 5 [ (P (o) = Pr s
tm tm

It follows from the Taylor formula that |Pr,, (t) — Pr,, 4> =|e1(tm)|?> + Ima + Imo +
I3 — vfttm (Pr,,(s) — Pr,, s)%ds, t € Ty, where L, 1 = e1(ty) ti:‘“ —2(Q3Tm (s) —
Q3,)ds and

tmt1 B
Imo:i= el(tm)/ (—v(Pr,, (s) — Pp) —vPpy, — QQi’n - QTflAT)ds,
tm

2

ity ~3 U5 3 —1 gm
I3 = (5 (Pr,.(5) = P+ Q% (5) = Qi+ 5 Pra + Qi+ 77V AT) dis
t

2

From (2.2), we have
S S
(3.17) Pr, ()= Pn=—5 | Pr,()dr— [ QF (r)dr+ei(t),

tm tm

(3.18) Q1 (8) — Q= / " Pr, (r)dr + 5 /t Qo (P)dr 4 ().

tm

m

This, together with (2.5), (3.1), (3.17), (3.18), the Holder inequality, and the Young
inequality, yields

tm41

Tt + I + s < Clles () 2+ 81 (1)) / (141Qr,, (5) + | Quml)ds

tm

tim+1 B B
+072/t (1+ | Pr,, ()% + |Qr, (7)) + 1Qul®

m

+ (LA LB O ) dr.
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From (2.2) and (2.3), we obtain

ettt [ (B () + 20m (5) — 87 ds — L [ (Or (s) - On. )ds.
¢ 2 2 /i

m

By virtue of the Taylor formula, we have |Qr., (t) — Qr,, +|*> = €1 (tm)|? + L1 + L2 +
- t A~ ~ A - b1 S
Ins— vftm (Qr,, (5) — Qr,, s)*ds, where I, 1 :=véq (t,) ftm + (QTm (s) — Qm)ds and

N t7n+1 _ v
o= Qél(tm)/ (PTm(s) ~ P+ Prt 5Qum — 7—15;") ds,
tm

2

tmi1 , v v o
T = (PTm (8) = P+ 5(Q1,,(8) = Q) + P+ 5Qun — 7' BY )ds
t

m

Then combining (3.2), (3.17), and (3.18), we have
jm,l + jm,2 + jm,S < CT(|el(tm)|2 + |é1 (tm)|2)

tma1 _ _
+ 072/ L+ |Pr,, ()] +|Qr,, (r)[° + (|77 AT P2 4 |77 BY ) |05 ) dr-.
t

m

Hence, utilizing the Young inequality, we arrive at that for e € (0,1),
|el(tm+1)|2 + |él(tm+1)|2 < (|el(tm)|2 + |é1(tm)‘2)

x (1+c " + e+ T (I + Qm|4))d8> cor [T (s

tm m

where T, (5) := (P, Qum, Pr,, (5), Qr,, (5), 7 *A™ 77 1B™), s € Ty, is a polynomial.
Then by iteration, we have

|€1(tm+1)|2+\él(tm+1)|2SCZ(|€1(tj)|2+|él(tj)|2)

=0
y j+1(1+(T+e)(|QTj(s)\4+|Qj|4))ds+072m T (s)ds.
/ >

J

By the discrete Gronwall inequality and taking pth moment, we obtain

’/T T, (s)ds
0
4>ds>}

By Proposition 2.4(ii) and the preservation of the Hamiltonian for (2.2), we also have
H(Pr. (s),Qr. H(P-(t;),Q-(t;
E {exp{ ( T_7(S)2tQT,(S)) H _E {exp{ (Px( J)Q;Q (t;)) H
et et

<exp{H(Py, Qo) + Ct;}.

llex(tmr1)? + 161 (tmr1) 1Pl e () < CT2

L2p(Q)

X

T —
exp{c / (14 (e + 1)@ (5)]* + |Qn,

L2p(Q)

Then similar to the proof of (3.16), using the convexity of the exponential function and
Proposition 2.3, there exist positive constants 7y := 7o(T) and €&, := éy(T") such that
when 7 € (0,70) and € € (0,&), sup;, cjo.7) llle1 (tmr1)1* +[€1(Emi1) Pl e () < C(T)7>.
This finishes the proof. ]
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4. Numerical experiments. In this section, we first present some numerical
experiments to verify our theoretical results on the strong and weak convergence
orders. In addition, the long-time performance in calculating the ergodic limit is
also illustrated by numerical experiments. Then we investigate extensions of our
strategy to obtain the second-order method that preserves both the ergodicity and
the exponential integrability, and to obtain the conformal symplectic method.

4.1. Convergence order and long-time performance. We first consider the
strong convergence order. Take T'=1, ¢ = 1, and v = 10. The step sizes of the
numerical solution for the proposed splitting methods are taken as 7, = 27%i =
10,11,12,13. The exact solution is realized by using the same numerical scheme with
small step size T =271%. Define error function e(r;,n) = { Zzzl(|P7]i/n+1—Pk (T)|*+
|Q’72/n+1 — Q*(T)|?)} 2, where {PF,,QF 1} and {P*(t),Q%(t)} are the solutions in
the kth sample. We take n = 5000 sample paths to simulate the expectation based
on the Monte Carlo method. It is observed from Figure 2(a) that the mean square
strong convergence order is 1 for the SAVF, SDG, and SPAVF schemes, which verifies
our theoretical result in Theorem 3.1.

Then we consider the weak convergence order. Take the same parameters as
above. Define error function €'(7;,n) = |%2221(9(]3;/7#17@?/7#1) — g(P¥(T),
Q*(T)))|, where the test function g(p,q) = sin(p)sin(q). It is observed from Fig-
ure 2(b) that the weak convergence order of these numerical schemes is also 1, which
confirms the result in Theorem 3.2.

Below we test the long-time performance of the proposed methods. We take n =
1000 sample paths for the Monte Carlo simulation. We take time step 7= 1.25 x 1076
to compute the reference solution and time step 7 = 107> to compute the numerical
solution. In Figure 3(a), we compute the strong error for ¢ € [0,1000] of the proposed
SAVF scheme, which illustrates that the proposed scheme has a stable strong error
in the long-time simulation. Similar performance holds for the long-time weak error,
as shown in Figure 3(b). Here, we take g(p,q) =sin(1 + (p* + ¢2)2).

To examine the numerical ergodicity for the proposed splitting methods, we com-
pute the empirical distribution at different times as follows. We set ¢ =1, v = 15,
and the initial values P(0) = 0,Q(0) = 0 and compute over n = 5000 sample paths
until T =512 with 7 =278 via the SAVF scheme. We plot the empirical distribution
at different times ¢ =0, 2,256 in Figure 4, which shows that the empirical distribution
converges to the reference Gibbs distribution as time increases. This indicates the

log,(e)

—— SAVF

—+— SPAVF
SDG
— = ~slope=1
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ergodicity of the numerical solution. The differences between the numerical distribu-

tion and reference distribution at times ¢ = 2,256 are plotted in Figure 5, from which

we see that the error becomes smaller by increasing the number of sample paths.
The mean square displacement of (P(t),Q(t)) is defined as

(4.1) MSD(t) =E[|(P(t),Q(t)) - (P(0),Q(0))?],

which characterizes the diffusion behavior and motion properties of molecules in a
quantitative way. It tends to an equilibrium as time grows to infinity, as shown

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.
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©
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Fic. 5. The difference between numerical distribution and the reference distribution at times
t =2 (a) and t = 256 (b) for n = 5000 sample paths and at times t = 2 (c) and t = 256 (d) for
n = 10000 sample paths.

mean square displacement versus time Difference of the MSD at time t and its equilibrium

numerical results
044 - = = exp(-0.047') |4

0)-MSD(t)

MSD(

Fi1G. 6. Mean square displacement (a) and MSD(oco) — MSD(t) (b).

in Figure 6(a). To see the convergence rate more clearly, we take time T" = 512 to
simulate M.SD(c0) and compute the evolution of M .SD(c0)— M SD(t) with respect to
time in Figure 6(b). It is indicated in Figure 6(b) that the mean square displacement
approaches an equilibrium with an exponential rate.
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4.2. Second-order property-preserving method. Based on our strategy,
one can apply the Strang splitting technique to obtain the second-order weak con-
vergence method that preserves both the ergodicity and the exponential integrability.
To be specific, the Strang splitting technique yields the following evolution operator:

F(L1+Lot § (La—L4)), 3 (La+L5)+La, b (Lr+Lat §(Ls—L5))
:

e5(L1+Lot5(L3—L5) o7(5(La+L5)+La) o5 (L1+Lat3(L3—L5))

Then one can construct second-order numerical methods associated with this splitting.
For example, we have the following Strang SAVF scheme:

1
_ TU , - T ~
Proi  =Pu——(Pre  +P)—5 [ (QutAQre, , —Qn))’d)
ntg 8 ntg 2 0 ntg
~ T, - TU , ~
QTn,tH% =Qn+ Z(PTW,,tH% +Pp) + g(QTn,tw% +Q@n),
~ o — tn41 N
Protaa=e 2P+ g/ e~ & (tnt1=t) gy,
ntd .
QTn,tn+1 = ei%QTn,tn+l )
2
~ T™U ~
Pri1 = Pr, b, = o (Pupr + Pre,0)
1
T ~ ~
- §A (QTn>tn+l + A(QnJrl - QTnytn-I—l))Sd)\’

Qni1=Q1, 40y + E(Pn-&-l +Pr,.00)+ %(Qn—&-l + QT t,1)-
By the similar proof to that of Proposition 2.2, we can first show that the sequence
{(P3n,Q3n)}nen, is ergodic. Then combining (A.3) and the preservation of energy
for the AVF scheme, one can also derive (A.4) for the considered numerical solution
and thus prove the ergodicity of the numerical solution {(FP,,@n)}nen, . The expo-
nential integrability of the numerical solution can be obtained in a similar way as
Proposition 2.3, and thus the proof is omitted.

We employ the numerical experiment to illustrate the weak convergence order.
Take g(p, q) = sin((p? + qg)%)7 n =5000, and T = 100. The step sizes of the numerical
solution for the Strang SAVF scheme are taken as 7; = 27%,4 = 10,11,12,13. The
exact solution is realized by using the same numerical scheme with small step size
7 =2715 It is observed from Figure 7 that the weak convergence order is 2.

log,(€)

A1b _-7 —%— Strang SAVF | 1
P — — — slope=2

-13 -12.5 -12 -11.5 -1 -10.5 -10
0g,(7)

Fia. 7. Weak order for the Strang SAVF scheme.
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4.3. Conformal symplectic splitting-based method. When one applies the
symplectic method to the Hamiltonian subsystem (2.2) and solves the stochastic sub-
system exactly, the corresponding splitting method (2.4) can be proved to preserve
the conformal symplectic structure: dP,+1 AdQpn+1 =€ ""dP, AdQ,, n € N. To il-
lustrate this by a numerical experiment, we use the symplectic Euler method to solve
subsystem (2.2) and obtain the one-step mapping (2.5) as follows:

_ v -

PTmtn+1 =P,—7 (Q?L + §PTnatn+l) )
_ — v
QTn,tn+1 = Q’ﬂ + T (PTn,tn+1 + §Qn) .

Further solving subsystem (2.3) exactly derives the conformal symplectic splitting
scheme (2.4). Set T =1, v =2, and 7 = 10~%. We let the initial values be on the
unit circle and plot the curve of the numerical solution using the above conformal
symplectic splitting scheme. As shown in Figure 8(a), the area of the curve in the
phase space decreases as time grows. We plot the logarithm of the area S(t) of the
curve as time ¢ increases in Figure 8(b), which verifies that S(t) = meaxp(—uvt).

Appendix A. Some proofs. This section is devoted to presenting some aux-
iliary proofs, including the proofs of (1.3) and Lemma 2.1.

Proof of (1.3). Denote u(P(t),Q(t)) = (-Q3
Then one can obtain DH (P(t ) Q(t )),u(P(t), ()=
tr(D2H(P(t),Q(t))56") = o, and |6TDH(P(t),Q(t )
gives that for 5> 0,

tr(D*H(P(1), Q(t)56")  |sTDH(P(1), Q)

61 o

E:=DH(P(t),Q(t)u(P(t),Q(t)) +
< —vH(P(t),Q(t)) + oc*H(P(t),Q(t)) +

4

Let V =vH(P(t),Q(t)) — (”ZZ + %2), and let 3 := 2. Then using [9, Lemma 3.2],
we derive that

{H(P(t),Q(t)) +/t vH(P(r),Q(r)) — (%% + U;)drH < H(Po.Q)
0

E |exp

eo?t eo?r
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which, together with (2.8) and (2.9), yields
E [exp { C.(IPO)2+ Q)[4 H < (VCH+ 2+ F O H(Po, Qo).

eo?t

This completes the proof by taking the supremum with ¢ € [0, 7). O

Proof of Lemma 2.1. We use the induction argument on p € N, to prove (2.6)
and (2.7). We first prove the case of p = 1. The It6 formula applied to H +Cy and H
can yield the same result, so without loss of generality, we suppose Hto be positive
here. By the It6 formula, we have

2
~ ~ ~ UV ~ ~ ~ U =~ ~ (o
dH(Pr, +,Qr, 1) = (PTn,t + §QTn,t) dPr, ¢+ (Q%*mt + §PTn,t> dQr, + + Edt
~ ~ o2 ~ U ~
< —vH(Pr, 1, Qr, )t + Tdt + (Pr o+ 5Qr, ) 0d W,

which yields that H(Pr, ;,Qr, ) < e V" H(Pp . Qr 1) + % fjn e v(t=9)ds +
fttn e v(t=s) (an,S—i—%QTms)adWs. By the preservation of the Hamiltonian for (2.5), we
obtain H(Pr, +,,Qr, +,) = H(Pr, 1,1, QT t,,.1) = H(Pn,Qy), and thus, by iteration,

we arrive at

~ ~ 2 t
(A1) H(PTmt,QTmt)ge‘”tH(Po,Qo)—&—% / e v(t=9) g
0

t
+/ e—v(t—s) (PTHS,S + gQTns,s) JdWs'
0

Applying the maximal inequality and combining (2.9) gives that for any fixed T > 0,

E | sup (PTnt,t|2+QTnt,t|4)] <C(H(Py,Qo)+1)

t€[0,T]
T
+ / E
0

which, together with the Gronwall inequality, leads to (2.6) with p = 1. Then taking
expectation on both sides of (A.1) and using (2.9) finishes the proof for p =1.
Assume that (2.6) and (2.7) hold for the case of p — 1 with p > 2. Then we show
the case of p. By the It6 formula, we have
dH?(Pr, 4+, Qr, )
< —vpH?(Pr,, 4,Qr, )dt +p(p — 1)o*H? > (Pr,, +,Qr,, 1)

Isjz‘n,t U 5 = v’ A2
N + EPTn,tQTn,t + gQTmt dt

rel0,s]

sup ‘PTTLT,TF =+ |Qan,r4‘| dS,

2

1 _ _ 3 v~
+ 5po HY T (Pr, 4, Qr, )+ opHP ™ (Pr, 1, Qr, ) (Pr o+ 5 Qr,.0) dWi.

From the Young inequality, we derive that

. . - 1 . -
dHP?(Pr, +,Qr, ) < —vpH?(Prp, +,Q1, +)dt +p (P - 2) U2Hp_1(PTn,taQTn,t)dt
+ Cp(p — 1)o>H?~2(Pr, 4,Qr, ¢)dt
~ ~ ~ U ~
+ UPprl(PTn,thTn,t) (PTn,t + §QTn,t) dW;.
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Let v € (0,1) be a small number to be determined later. The Young inequality gives
AT H? (Pr, 1,Qr, 1)) < €7 (yp — vp + ep) H (Pr, 1, Qr, 1)dt + C(e)e™'dt

(A.2) +opH" " (Pr, 1.Qr, 1) (P, + 5Qr, 0 )€ " dW:.

One can choose € and vy so that v —v + € < —35 <0. Notice that for any fixed 7" > 0,

E | sup

t
/ Hp—l(PTnys, QT7LS7S) (PTM’S + UQT,LNS)e_W(t_S)dWS‘
tefo,7] |Jo 2

1
2 T 2
<c(&| sw #(Pr 0 Qn )| ) (E| [ #(Pr 0 Qnas| | + @)
s€[0,T] ) ‘ 0 ) ‘

T
<O(T) + C(T)E / HY(Pr,, . Or, J)ds
0

Hence, applying the Grénwall inequality yields (2.6). Furthermore, it follows from
(A.2) that
(A:3) E[HP(Pr, 1, Qr, )] < e 2P E[H (Pr, 4, Qr, 1)) + Cem 2P0 (E — 1),

Then combining the preservation of Hamiltonian for (2.5), we have

(A4) E[H?(Poi1,Qni1)] <€ 2P E[H?(P,, Q)] + Ce™ 2P7r,

which yields E[H? (P11, Qni1)] < e 3"PTHP(Py, Qo) + C. Combining (2.9) finishes

the proof of (2.7). 0
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