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Abstract. In this paper, we propose a new class of splitting methods to solve the stochastic
Langevin equation, which can simultaneously preserve the ergodicity and exponential integrability
of the original equation. The central idea is to extract a stochastic subsystem that possesses the
strict dissipation from the original equation, which is inspired by the inheritance of the Lyapunov
structure for obtaining the ergodicity. We prove that the exponential moment of the numerical so-
lution is bounded, thus validating the exponential integrability of the proposed methods. Further,
we show that under moderate verifiable conditions, the methods have the first-order convergence in
both strong and weak senses, and we present several concrete splitting schemes based on the meth-
ods. The splitting strategy of methods can be readily extended to construct conformal symplectic
methods and high-order methods that preserve both the ergodicity and the exponential integrability,
as demonstrated in numerical experiments. Our numerical experiments also show that the proposed
methods have good performance in the long-time simulation.
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ity, convergence
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1. Introduction. In this paper, we study the construction and numerical analy-
sis of splitting methods that preserve intrinsic properties of the following stochastic
Langevin equation: \Biggl\{ 

dP (t) = - \upsilon P (t)dt - \nabla U(Q(t))dt+ \sigma dWt,

dQ(t) = P (t)dt,
(1.1)

where the initial value (P (0),Q(0)) \in \BbbR 2 is deterministic, \upsilon > 0 is the friction coef-
ficient, \sigma > 0 is the diffusion coefficient, U > 0 is the potential function which may
exhibit superquadratic growth, and Wt is a one-dimensional standard Wiener process
on a filtered complete probability space (\Omega ,\scrF ,\{ \scrF t\} t\geq 0,\BbbP ). For simplicity, we con-
sider the \BbbR 2-valued solution of (1.1), and, in fact, our results hold for the general
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SPLITTING SCHEMES FOR STOCHASTIC LANGEVIN EQUATION 1001

\BbbR 2d case. The dynamical variables Q(t) and P (t) denote the position and momentum
of a Hamiltonian system with the energy function

H0(p, q) =
p2

2
+U(q).(1.2)

The stochastic Langevin equation has wide applications in many fields, such as chem-
ical interactions, molecular simulations, and quantum systems; see, e.g., [7, 11]. For
instance, it is a fundamental model for describing the behavior of microscopic parti-
cles in statistical physics systems, capturing the dynamic characteristics of particles
under the influence of random collisions from surrounding molecules.

1.1. Ergodicity and exponential integrability. It is known that the dynam-
ical system generated by (1.1) is ergodic; i.e., for all smooth test functions g,

lim
T\rightarrow \infty 

1

T

\int T

0

\BbbE [g(P (t),Q(t))]dt=

\int 
\BbbR 2

g(p, q)\pi (dp, dq) in L2(\BbbR 2;\pi ),

which is proved by the uniform moment boundedness and the H\"ormander condition
for the solution. Here, \pi is the unique invariant measure, which is characterized by
the Gibbs density function, \pi (dp, dq) = 1

Z e
 - 2\upsilon 

\sigma 2 H0(p,q)dpdq, where Z is a normaliza-
tion constant to ensure that

\int 
\BbbR 2 \pi (dp, dq) = 1; see, e.g., [19]. Ergodicity describes

the unity between state space and time, implying that the long-time behavior of the
stochastic process can be effectively captured by the invariant measure. The integral\int 
\BbbR 2 g(p, q)\pi (dp, dq) =: \pi (g), often referred to as the ergodic limit, is closely related
to some important macroscopic physical quantities in practical applications. Thus,
approximating the ergodic limit becomes crucial for predicting these physical quanti-
ties. A fundamental approach to approximating the ergodic limit is by constructing
numerical methods that preserve the ergodicity of (1.1), which ensures that the true
statistical properties of the solution process can be accurately reflected by numerical
solutions.

Exponential integrability is an important property that helps in establishing the-
oretical analysis of systems across various fields, including stability analysis and large
deviation theory; see, e.g., [8] and the references therein. When the potential U is a
polynomial of even order, (1.1) is proved to admit the exponential integrability, i.e.,

sup
t\in [0,T ]

\BbbE 
\biggl[ 
exp

\biggl\{ 
C1H0(P (t),Q(t))

e\sigma 2t

\biggr\} \biggr] 
\leq eC2(T+1)+H0(P0,Q0),(1.3)

where C1,C2 > 0 are some generic constants. We give the detailed proof in Ap-
pendix A. For SDEs with the nonmonotone-type condition, for example, (1.1) with
U being of superquadratic growth, it is important to ensure the preservation of ex-
ponential integrability for numerical methods. This enables establishing a positive
strong convergence order for the numerical solution; see, e.g., [10, 15].

Therefore, for (1.1) with the superquadratically growing U , the study on numer-
ical methods that preserve both the ergodicity and the exponential integrability is of
great importance, as it provides an effective way to accurately capture the essential
dynamics of the original system in both theoretical and practical contexts.

1.2. Existing works, motivation, and plan. For the stochastic Langevin
equation with the quadratically growing U , there have been many works on the con-
struction and convergence analysis for ergodicity-preserving numerical methods (see,
e.g., [1, 2, 12, 13, 16, 17, 18] and the references therein), while for the superquadratic
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1002 C. CHEN, T. DANG, J. HONG, AND F. ZHANG

case, the analysis is more technical, and there are only a few works. A pioneering work
is [21], where the ergodicity and first-order weak convergence of the implicit Euler
scheme are established. For strong convergence analysis, as previously mentioned,
exponential integrability of the numerical solution becomes crucial for deriving the
convergence order. For example, the authors of [9] prove the exponential integrability
of the splitting averaged vector field scheme for (1.1) and establish its strong conver-
gence order. See also [10, 15] for the study of exponential integrability and strong
convergence order of a class of stopped increment-tamed Euler approximations for
SDEs.

We aim to construct new class of numerical methods of (1.1) that preserve both
the ergodicity and the exponential integrability, based on the splitting technique.
Splitting techniques are widely recognized as useful tools not only for constructing
numerical methods that preserve the properties of the original equation but also for
obtaining high-order numerical schemes; see, e.g., [2, 16] and the references therein.
In order to describe splitting methods in a convenient way, it is useful to introduce
the generators \scrL 1 :=  - \nabla U(q)\nabla p, \scrL 2 := p\nabla q, \scrL 3 :=  - \upsilon p\nabla p, and \scrL 4 :=

1
2\sigma 

2\Delta p. Then
the generator of (1.1) is \scrL = \scrL 1 + \scrL 2 + \scrL 3 + \scrL 4. We use e\tau \scrL i to denote the one-step
evolution operator of the dynamics generated by \scrL i with step size \tau .

As for (1.1), one usually splits the original equation into an integrable deter-
ministic Hamiltonian subsystem and a solvable stochastic subsystem. For exam-
ple, a commonly used splitting of (1.1) has the evolution operator \scrP \scrL 1+\scrL 2,\scrL 3+\scrL 4

\tau :=
e\tau (\scrL 1+\scrL 2)e\tau (\scrL 3+\scrL 4), which determines the splitting solution \{ (P\tau (tn),Q\tau (tn))

\top \} n\in \BbbN 
with tn := n\tau . Here, e\tau (\scrL 1+\scrL 2) is the one-step evolution operator of the deterministic
Hamiltonian subsystem

d

\biggl( \=P (t)
\=Q(t)

\biggr) 
=

\biggl( 
 - \nabla U( \=Q(t))dt

\=P (t)dt

\biggr) 
,

\biggl( \=P (tn)
\=Q(tn)

\biggr) 
=

\biggl( 
P\tau (tn)

Q\tau (tn)

\biggr) 
,

whose solution satisfiesH0( \=P (tn+1), \=Q(tn+1)) =H0( \=P (tn), \=Q(tn)) and where e\tau (\scrL 3+\scrL 4)

represents that of the stochastic subsystem

d

\biggl( \~P (t)
\~Q(t)

\biggr) 
=

\biggl( 
 - \upsilon \~P (t)dt+ \sigma dWt

0

\biggr) 
,

\biggl( \~P (tn)
\~Q(tn)

\biggr) 
=

\biggl( \=P (tn+1)
\=Q(tn+1)

\biggr) 
,(1.4)

whose solution ( \~P (tn+1), \~Q(tn+1))
\top = (P\tau (tn+1),Q\tau (tn+1))

\top satisfies that \BbbE [ \~P (tn+1)
2]

= e - \upsilon \tau \BbbE [ \~P (tn)2] + \sigma 2

2\upsilon (1 - e - 2\upsilon \tau ) and \BbbE [U( \~Q(tn+1))] =\BbbE [U( \~Q(tn))]. It is known that
this splitting admits the exponential integrability (see, e.g., [9]).

The well-known Lyapunov structure for obtaining the ergodicity has the form of

\BbbE [\scrV (P\tau (tn+1),Q\tau (tn+1))| \scrF tn ]\leq \alpha \scrV (P\tau (tn),Q\tau (tn)) + \beta (1.5)

with \alpha \in (0,1) and \beta > 0, where \scrV > 0 is the Lyapunov functional. Since the
deterministic Hamiltonian subsystem is energy-preserving, a natural choice for the
Lyapunov functional is \scrV =H0. Then it is critical to possess the strict dissipation for
the stochastic subsystem to obtain the ergodicity, while for (1.4), it holds that

\BbbE [H0(P\tau (tn+1),Q\tau (tn+1))| \scrF tn ] =
e - \upsilon \tau 

2
\=P (tn+1)

2 +U( \=Q(tn+1)) +
\sigma 2

4\upsilon 
(1 - e - 2\upsilon \tau ).

Thus, there are no parameters \alpha \in (0,1), \beta > 0 such that (1.5) holds with the Lyapunov
functional H0, which can also be illustrated by the red line in Figure 1.
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SPLITTING SCHEMES FOR STOCHASTIC LANGEVIN EQUATION 1003
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Fig. 1. Evolution of H0( \~P (t), \~Q(t)).

In order to make the stochastic subsystem strictly dissipative such that the result-
ing splitting system can inherit the Lyapunov structure, we introduce a new operator
\scrL \prime 
3 := - \upsilon q\nabla q. Then we propose a novel splitting strategy as

\scrP \scrL 1+\scrL 2+
1
2 (\scrL 3 - \scrL \prime 

3),
1
2 (\scrL 3+\scrL \prime 

3)+\scrL 4
\tau := e\tau (\scrL 1+\scrL 2+

1
2 (\scrL 3 - \scrL \prime 

3))e\tau (
1
2 (\scrL 3+\scrL \prime 

3)+\scrL 4).(1.6)

Precisely, we have

d

\biggl( 
P (t)

Q(t)

\biggr) 
=

\biggl( 
 - \upsilon 

2P (t) - \nabla U(Q(t))

P (t) + \upsilon 
2Q(t)

\biggr) 
dt\underbrace{}  \underbrace{}  

\Psi D

+

\biggl( 
 - \upsilon 

2P (t)dt+ \sigma dWt

 - \upsilon 
2Q(t)dt

\biggr) 
\underbrace{}  \underbrace{}  

\Psi S

,(1.7)

where \Psi D and \Psi S are flows for the deterministic subsystem and stochastic subsystem,
respectively. This new splitting strategy has several advantages:

(i) The deterministic subsystem \Psi D is still a Hamiltonian system with the new
Hamiltonian

H(p, q) :=H0(p, q) +
\upsilon 

2
pq.(1.8)

Moreover, the new HamiltonianH is equivalent to the original energy function
H0 in a certain sense; i.e., there exists C0 > 0 such that C1H0 \leq H + C0 \leq 
C2(H0 + 1) with some positive constants C1 \leq C2.

(ii) The stochastic subsystem \Psi S is strictly dissipative (see also the black line in
Figure 1) such that the splitting system admits the Lyapunov structure (1.5)
with the Hamiltonian H, \alpha = e - \upsilon \tau and some \beta > 0. Therefore, the splitting
system is uniquely ergodic; see Proposition 2.4.

Based on the proposed splitting strategy (1.7), we construct a new class of split-
ting methods that can simultaneously preserve the ergodicity and the exponential
integrability of (1.1). To be specific, these splitting methods are obtained by applying
general conservative methods to the deterministic part and solving the stochastic part
exactly. A key ingredient for the ergodicity of the methods is the uniform moment
boundedness of numerical solutions over long times. This is achieved by the good
balance between the preservation of the Hamiltonian for the deterministic subsystem
and the dissipative property for the stochastic subsystem. In addition, this balance
brings the exponential integrability of the methods as well, controlling the exponen-
tial moment of the numerical solution from explosion over finite time. Combining the
stochastic Gr\"onwall inequality, we show that the proposed methods have the first-
order strong convergence under some moderate verifiable conditions on the one-step
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1004 C. CHEN, T. DANG, J. HONG, AND F. ZHANG

approximation. Moreover, leveraging the Kolmogorov equation and the uniform mo-
ment boundedness, we prove the first-order convergence for the ergodic limit of the
proposed methods.

Several concrete splitting schemes based on our methods are presented by incor-
porating the developed conservative methods for deterministic Hamiltonian systems.
Then we perform numerical experiments to verify our theoretical results on strong
and weak convergence in section 4.1. In addition, as shown by numerical experi-
ments, the proposed splitting methods have the good ability to simulate the ergodic
limit of the exact solution. As part of our investigation, based on our splitting strat-
egy, we construct the second-order methods that preserve both the ergodicity and the
exponential integrability by employing the Strang splitting technique and also pres-
ent the conformal symplectic methods by applying the symplectic methods for the
deterministic Hamiltonian system, which are demonstrated by numerical experiments
in sections 4.2 and 4.3.

The rest of the paper is organized as follows. In section 2, we introduce the new
class of splitting methods and show the inheritance of the ergodicity and the expo-
nential integrability. In section 3, by using the moment properties of the numerical
solution, we prove that the strong and weak convergence orders are both 1. In sec-
tion 4, we present numerical experiments to verify our theoretical results. Appendix A
is devoted to some auxiliary proofs.

Throughout this article, we use C to denote a positive constant which may not
be the same in each occurrence. More specific constants which depend on certain
parameters a, b, . . . , are numbered as C(a, b, . . .).

2. A new class of splitting methods. In this section, we aim to introduce a
new class of splitting methods that preserve both the ergodicity and the exponential
integrability of (1.1). We take the potential U(q) := 1

4q
4 in this paper as an example

to illustrate the main idea, and we remark that the approach can be extended to
the case of general polynomials of even order: U(q) =

\sum m
j=1

1
2j q

2j with some integer
m \geq 2. Some concrete numerical schemes based on our methods are also given. In
addition, we present the uniform moment boundedness, ergodicity, and exponential
integrability of numerical solutions for proposed methods.

2.1. Construction. Let \tau \in (0,1) be the uniform time step-size, and let tn :=
n\tau , n\in \BbbN . Recalling (1.6),

\scrP \scrL 1+\scrL 2+
1
2 (\scrL 3 - \scrL \prime 

3),
1
2 (\scrL 3+\scrL \prime 

3)+\scrL 4
\tau = e\tau (\scrL 1+\scrL 2+

1
2 (\scrL 3 - \scrL \prime 

3))e\tau (
1
2 (\scrL 3+\scrL \prime 

3)+\scrL 4),

we split (1.1) in the time interval Tn := [tn, tn+1) into a deterministic Hamiltonian
system with one-step evolution operator e\tau (\scrL 1+\scrL 2+

1
2 (\scrL 3 - \scrL \prime 

3)) and a linear SDE with
one-step evolution operator e\tau (

1
2 (\scrL 3+\scrL \prime 

3)+\scrL 4). The solution of the splitting system is
written as

X\tau (tn+1) =\Phi S
Tn

\Phi D
Tn

(X\tau (tn)), n\in \BbbN ,(2.1)

where \{ \Phi D
Tn

(t)\} t\in Tn
is the flow of the nonlinear Hamiltonian system with random

initial datum\Biggl\{ 
d \=PTn(t) = - \upsilon 

2
\=PTn(t)dt - \=Q3

Tn
(t)dt, \=PTn(tn) = P\tau (tn),

d \=QTn
(t) = \=PTn

(t)dt+ \upsilon 
2
\=QTn

(t)dt, \=QTn
(tn) =Q\tau (tn),

(2.2)

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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SPLITTING SCHEMES FOR STOCHASTIC LANGEVIN EQUATION 1005

and \{ \Phi S
Tn

(t)\} t\in Tn is the flow of the linear SDE\Biggl\{ 
d \~PTn

(t) = - \upsilon 
2
\~PTn(t)dt+ \sigma dWt, \~PTn(tn) =

\=PTn(tn+1),

d \~QTn
(t) = - \upsilon 

2
\~QTn

(t)dt, \~QTn
(tn) = \=QTn

(tn+1),
(2.3)

and X\tau (tn+1) = (P\tau (tn+1),Q\tau (tn+1))
\top = ( \~PTn(tn+1), \~QTn(tn+1))

\top . Especially for t \in 
T0, the initial datum for (2.2) is ( \=PT0(0),

\=QT0(0)) = (P (0),Q(0)). It is observed that
for any constant C, H +C is the Hamiltonian of (2.2).

We apply the one-step approximation to (2.2) which preserves the Hamilton-
ian and solves the linear subsystem (2.3) exactly to obtain a new class of split-
ting methods. The numerical solution Xn := (Pn,Qn)

\top is defined recurrently by
(P0,Q0) := (P (0),Q(0)) and

Xn+1 =\Phi S
Tn,tn+1

\Upsilon D
\tau (Xn), n\in \BbbN ,(2.4)

where \Upsilon D
\tau represents the one-step mapping defined by\Biggl\{ 

\=PTn,tn+1
= Pn +\scrA n

\tau ,
\=QTn,tn+1 =Qn +\scrB n

\tau 

(2.5)

and \Phi S
Tn,t

:= ( \~PTn,t,
\~QTn,t)

\top denotes the solution of (2.3) at time t \in Tn with ini-

tial datum ( \~PTn,tn ,
\~QTn,tn) = ( \=PTn,tn+1

, \=QTn,tn+1
). Here, \scrA n

\tau and \scrB n
\tau are measur-

able maps defined, respectively, as \scrA n
\tau := \scrA \tau (Pn,Qn, \=PTn,tn+1

, \=QTn,tn+1
) and \scrB n

\tau :=
\scrB \tau (Pn,Qn, \=PTn,tn+1 ,

\=QTn,tn+1). In addition, without loss of generality, the conserva-
tive method (2.5) is required to be solvable; namely, there exist measurable maps
\psi \tau , \phi \tau :\BbbR 2 \rightarrow \BbbR such that \=PTn,tn+1

=\psi \tau (Pn,Qn) and \=QTn,tn+1
= \phi \tau (Pn,Qn).

For the Hamiltonian system, there have been some conservative methods in the
literature, such as the average vector field (AVF) method, the discrete-gradient (DG)
method, and the partitioned AVF (PAVF) method; see, e.g., [3, 4, 6, 20, 22, 23] and
the references therein. Hence, one can obtain a class of splitting schemes via (2.4).
This approach to construct numerical schemes has distinct advantages, especially in
the intrinsic property-preserving aspect. We will show this in the next subsection.

We give some concrete examples of the splitting method (2.4) based on the con-
servative methods for the Hamiltonian system:

(i) When the one-step mapping \Upsilon D
\tau in (2.5) is defined by the AVF scheme, which

reads as

\=PTn,tn+1
= Pn  - \tau \upsilon 

4
( \=PTn,tn+1 + Pn) - \tau 

\int 1

0

(Qn + \lambda ( \=QTn,tn+1  - Qn))
3d\lambda ,

\=QTn,tn+1
=Qn +

\tau 

2
( \=PTn,tn+1

+ Pn) +
\tau \upsilon 

4
( \=QTn,tn+1

+Qn),

the corresponding splitting scheme (2.4) is called the splitting AVF (SAVF)
scheme below.

(ii) When the one-step mapping \Upsilon D
\tau in (2.5) is defined by the DG scheme

\=PTn,tn+1
= Pn  - \tau \=\nabla qH( \=PTn,tn+1

, \=QTn,tn+1
;Pn,Qn),

\=QTn,tn+1
=Qn + \tau \=\nabla pH( \=PTn,tn+1

, \=QTn,tn+1
;Pn,Qn),

the corresponding splitting scheme (2.4) is called the splitting DG (SDG)
scheme below. Here, \=\nabla H(\^p, \^q;p, q) := ( \=\nabla pH(\^p, \^q;p, q); \=\nabla qH(\^p, \^q;p, q)) is de-

fined as \=\nabla H(\^p, \^q;p, q) = \nabla H(\=p, \=q) + H(\^p,\^q) - H(p,q) - \nabla H(\=p,\=q)T \delta 
\| \delta \| 2 \delta , where \delta =

(\^p - p; \^q - q), (\=p; \=q) = ( \^p+p
2 ; \^q+q

2 ).
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1006 C. CHEN, T. DANG, J. HONG, AND F. ZHANG

(iii) When the one-step mapping \Upsilon D
\tau in (2.5) is defined by the PAVF scheme

\=PTn,tn+1 = Pn  - \tau \upsilon 

2
\=PTn,tn+1  - \tau 

\int 1

0

(Qn + \lambda ( \=QTn,tn+1  - Qn))
3d\lambda ,

\=QTn,tn+1
=Qn +

\tau 

2
( \=PTn,tn+1

+ Pn) +
\tau \upsilon 

2
Qn,

the corresponding splitting scheme (2.4) is called the splitting PAVF (SPAVF)
scheme below.

2.2. Ergodicity and exponential integrability. In this subsection, we first
give the uniform moment boundedness of the numerical solution for the proposed
splitting method (2.4). Then we prove that the numerical solution is uniquely ergodic
and admits the exponential integrability. These properties play an important role in
obtaining the strong and weak convergence orders of the proposed methods. Denote
ns :=max\{ n\in \BbbN : tn \leq s\} for s\geq 0.

Lemma 2.1. For any p \geq 1 and T > 0, there exists a constant C := C(p, T ) > 0
such that

\BbbE 

\Biggl[ 
sup

t\in [0,T ]

(| \~PTnt ,t
| 2p + | \~QTnt ,t

| 4p)

\Biggr] 
\leq C(1 + | H(P0,Q0)| p).(2.6)

In addition, there exists a constant C :=C(p)> 0 such that

sup
n\in \BbbN 

\BbbE [| Pn| 2p + | Qn| 4p]\leq C(1 + | H(P0,Q0)| p).(2.7)

The proof of Lemma 2.1 is postponed to Appendix A. The uniform moment
boundedness of a numerical solution implies the existence of the numerical invariant
measure. Furthermore, we can show that the numerical invariant measure is uniquely
ergodic. Before that, it is observed that by the Young inequality, there exists a
constant CH > 0 such that H + CH \geq 1. For instance, one can take CH = \upsilon 4

64 + 1.
Then using the Young inequality twice gives

H(p, q) +CH \geq p2

2
+
q4

4
 - \upsilon 

4

\biggl( 
2p2

\upsilon 
+
\upsilon q2

2

\biggr) 
+CH

\geq q4

4
 - \upsilon 2

16

\biggl( 
4

\upsilon 2
q4 +

\upsilon 2

4

\biggr) 
+CH \geq 1.(2.8)

In addition, there exist constants C,Ce > 0 such that

Ce(p
2 + q4)\leq H(p, q) +C \leq C(p2 + q4 + 1).(2.9)

In fact, this can be obtained by applying the Young inequality as follows:

H(p, q)\geq p2

2
+
q4

4
 - \upsilon 

4

\biggl( 
p2

\upsilon 
+ \upsilon q2

\biggr) 
\geq p2

4
+

1

4
q4  - \upsilon 2

4

\biggl( 
1

2\upsilon 2
q4 +

\upsilon 2

2

\biggr) 
\geq 1

8
(p2 + q4) - \upsilon 4

8
,

H(p, q)\leq p2

2
+
q4

4
+
\upsilon 

4

\biggl( 
p2 +

q4

2
+

1

2

\biggr) 
\leq 
\biggl( 
1

2
+
\upsilon 

4

\biggr) 
(p2 + q4 + 1).
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SPLITTING SCHEMES FOR STOCHASTIC LANGEVIN EQUATION 1007

Proposition 2.2. For each \tau \in (0,1), the numerical solution \{ (Pn,Qn)\} n\in \BbbN 
admits a unique invariant measure \pi \tau . Furthermore, for p\geq 1, there exist constants
\kappa := \kappa (p)\in (0,1) and C :=C(p)> 0 such that for any measurable functions g satisfying
| g| \leq (H +CH)p, it holds that

| \BbbE [g(Pn,Qn)] - \pi \tau (g)| \leq C\kappa n(1 + | H(P0,Q0)| p).

Proof. We first show the ergodicity for the sequence \{ (P2n,Q2n)\} n\in \BbbN . By [17,
Theorem 2.5], the proof is split into the following two steps, which are related to the
Lyapunov condition and the minorization condition, respectively.

Step 1. We show that there exist constants \alpha \in (0,1) and \beta \in (0,\infty ) such that

\BbbE [H(Pn+1,Qn+1) +CH | \scrF n]\leq \alpha (H(Pn,Qn) +CH) + \beta .

In fact, it follows from (2.4) that

H(Pn+1,Qn+1)

=
| Pn+1| 2

2
+

| Qn+1| 4

4
+
\upsilon 

2
Pn+1Qn+1

= e - \upsilon \tau 

\Biggl( 
1

2
| \=PTn,tn+1 | 2 +

1

4
e - \upsilon \tau | \=QTn,tn+1 | 4 +

\upsilon 

2
\=PTn,tn+1

\=QTn,tn+1

+
1

2

\bigm| \bigm| \bigm| \bigm| \bigm| 
\int tn+1

tn

e - 
\upsilon 
2 (tn+1 - t)\sigma dWt

\bigm| \bigm| \bigm| \bigm| \bigm| 
2

e\upsilon \tau + e
\upsilon \tau 
2 \=PTn,tn+1

\int tn+1

tn

e - 
\upsilon 
2 (tn+1 - t)\sigma dWt

+
\upsilon 

2
e

\upsilon \tau 
2 \=QTn,tn+1

\int tn+1

tn

e - 
\upsilon 
2 (tn+1 - t)\sigma dWt

\Biggr) 
.

Noting that ( \=PTn,tn+1
, \=QTn,tn+1

)\top is \scrF tn -measurable, which is independent of the in-

crement
\int tn+1

tn
e - 

\upsilon 
2 (tn+1 - t)\sigma dWt, we obtain

\BbbE [H(Pn+1,Qn+1)| \scrF tn ]\leq e - \upsilon \tau H( \=PTn,tn+1
, \=QTn,tn+1

) +
\sigma 2(1 - e - \upsilon \tau )

2\upsilon 

= e - \upsilon \tau H(Pn,Qn) +
\sigma 2(1 - e - \upsilon \tau )

2\upsilon 
,

where in the last step we use that the subsystem (2.5) preserves the Hamiltonian H.
Step 2. For any given y, y\ast \in \BbbR 2, we show that \Delta W0 and \Delta W1 can be determined

to ensure that (P2,Q2)
\top = y\ast = (y\ast 1 , y

\ast 
2)

\top for any initial value (P0,Q0)
\top = y. In fact,

the solvability of (2.5) gives that \=PT0,t1 = \psi \tau (y) and \=QT0,t1 = \phi \tau (y), which, together
with (2.3), leads to

P1 = e - 
\upsilon \tau 
2 \psi \tau (y) +

\int t1

t0

e - 
\upsilon 
2 (t1 - t)\sigma dWt

d
=e - 

\upsilon \tau 
2 \psi \tau (y) + \sigma 

\sqrt{} 
1 - e - \upsilon \tau 

\upsilon \tau 
\Delta W0,

Q1 = e - 
\upsilon \tau 
2 \phi \tau (y),

where X
d
=Y means that random variables X,Y are equal in distribution. Using

again the solvability of \=QT1,t2 , we have \=QT1,t2 = \phi \tau (P1,Q1) = e
\upsilon \tau 
2 Q2 = e

\upsilon \tau 
2 y\ast 2 , which

determines P1 and hence gives \Delta W0. Then utilizing y\ast 1 = P2
d
=e - 

\upsilon \tau 
2 \psi \tau (P1,Q1) +

\sigma 
\sqrt{} 

1 - e - \upsilon \tau 

\upsilon \tau \Delta W1 determines \Delta W1. In addition, the above procedure implies that the
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1008 C. CHEN, T. DANG, J. HONG, AND F. ZHANG

transition kernel \BbbP 2n(x,A), x \in \BbbR 2,A \in \scrB (\BbbR 2) admits a continuous density function
p2n(x, y) satisfying \BbbP 2n(x,A) =

\int 
A
p2n(x, y)dy.

Combining Steps 1 and 2 gives that | \BbbE [g(P2n,Q2n)]  - \pi \tau (g)| \leq C\kappa n(1 + | H(P0,
Q0)| p). Then similar to the proof of [17, Theorem 7.3] and by virtue of Lemma 2.1, one
can obtain the desired result for the sequence \{ (Pn,Qn)\} n\in \BbbN . The proof is finished.

The following proposition shows the exponential integrability of the numerical
solution of (2.4), which indicates the boundedness of exponential moment of the nu-
merical solution.

Proposition 2.3. There exists a constant C > 0 such that

sup
tn\in [0,T ]

\BbbE 
\biggl[ 
exp

\biggl\{ 
Ce(| Pn| 2 + | Qn| 4)

e\sigma 2tn

\biggr\} \biggr] 
\leq eC(T+1)+H(P0,Q0),

where Ce is given in (2.9).

Proof. Denote \~\mu (p, q) := - \upsilon 
2 (p, q)

\top and \~\sigma := (\sigma ,0)\top . Then we have

\scrD H(p, q)\~\mu (p, q) = - \upsilon 
2
p2  - \upsilon 

2
q4  - \upsilon 2

2
pq,

tr(\scrD 2H(p, q)\~\sigma \~\sigma T ) = \sigma 2, | \~\sigma T\scrD H(p, q)| 2 =
\bigm| \bigm| \bigm| \sigma \Bigl( p+ \upsilon 

2
q
\Bigr) \bigm| \bigm| \bigm| 2 .

This implies that

\~\scrE :=\scrD H( \~PTn,t,
\~QTn,t)\~\mu (

\~PTn,t,
\~QTn,t) +

tr(\scrD 2H( \~PTn,t,
\~QTn,t)\~\sigma \~\sigma 

T )

2

+
| \~\sigma T\scrD H( \~PTn,t,

\~QTn,t)| 2

2e\beta t

=  - \upsilon 

2

\bigl( 
| \~PTn,t| 2 + \upsilon \~PTn,t

\~QTn,t + | \~QTn,t| 4
\bigr) 

+
\sigma 2

2e\beta t

\biggl( 
| \~PTn,t| 2 + \upsilon \~PTn,t

\~QTn,t +
\upsilon 2

4
| \~QTn,t| 2

\biggr) 
+
\sigma 2

2
\leq  - \upsilon H( \~PTn,t,

\~QTn,t) + \sigma 2H( \~PTn,t,
\~QTn,t) +

\sigma 2\upsilon 4

64
+
\sigma 2

2
.

By [5, Lemma 2.5], we obtain

\BbbE 

\Biggl[ 
exp

\Biggl\{ 
H( \~PTn,t,

\~QTn,t)

e\sigma 2(t - tn)
+

\int t

tn

\upsilon H( \~PTn,r,
\~QTn,r) - \sigma 2

2  - \sigma 2\upsilon 4

64

e\sigma 2(r - tn)
dr

\Biggr\} \Biggr] 
\leq \BbbE 

\bigl[ 
exp

\bigl\{ 
H( \~PTn,tn ,

\~QTn,tn)
\bigr\} \bigr] 

=\BbbE 
\bigl[ 
exp

\bigl\{ 
H(Pn,Qn)

\bigr\} \bigr] 
,

where in the last equality, we use the preservation of the Hamiltonian for (2.5). By
considering e - \sigma 2tnH instead of H and using (2.8), we arrive at

\BbbE 

\Biggl[ 
exp

\Biggl\{ 
H( \~PTn,t,

\~QTn,t)

e\sigma 2t

\Biggr\} \Biggr] 

\leq exp

\biggl\{ \biggl( 
\upsilon CH +

\sigma 2

2
+
\sigma 2\upsilon 4

64

\biggr) 
(t - tn)

\biggr\} 
\BbbE 
\biggl[ 
exp

\biggl\{ 
H(Pn,Qn)

e\sigma 2tn

\biggr\} \biggr] 
.

By iteration and combining (2.9), we complete the proof.

Similarly, one can also prove the uniform moment boundedness, the ergodicity,
and the exponential integrability of the solution for the splitting system (2.1). For
our convenience, we list these properties in the following proposition and omit the
proof.
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SPLITTING SCHEMES FOR STOCHASTIC LANGEVIN EQUATION 1009

Proposition 2.4. The following hold:
(i) For any p\geq 1, there exists a constant C :=C(p)> 0 such that

sup
n\in \BbbN 

sup
t\in Tn

\BbbE [( \=PTn
(t))2p + ( \=QTn

(t))4p + ( \~PTn
(t))2p + ( \~QTn

(t))4p]

\leq C(1 + | H(P0,Q0)| p).

In addition, the solution of the splitting system (2.1) is uniquely ergodic.
(ii) There exists a constant C > 0 such that

\BbbE 
\biggl[ 
exp

\biggl\{ 
H(P\tau (tn),Q\tau (tn))

e\sigma 2tn

\biggr\} \biggr] 
\leq exp(H(P0,Q0) +Ctn).

3. Strong and weak convergence orders. In this section, we first present
that under moderate verifiable conditions on the one-step approximation (2.5), the
splitting method (2.4) converges to the exact solution with the strong convergence
order of 1. The proof is also given based on the decomposition of the error and
the utilization of the exponential integrability and the stochastic Gr\"onwall inequality.
Then based on the Kolmogorov equation and the uniform moment boundedness, we
prove the first-order weak convergence for approximating the ergodic limit via the
numerical ergodic limit. The main result on the strong convergence order is stated as
follows.

Theorem 3.1. Suppose that the one-step approximation (2.5) satisfies\bigm| \bigm| \bigm| \upsilon 
2
Pm +Q3

m + \tau  - 1\scrA m
\tau 

\bigm| \bigm| \bigm| \leq C(| \=PTm,tm+1  - Pm| a + | \=QTm,tm+1  - Qm| b)\Theta m
1 ,(3.1) \bigm| \bigm| \bigm| Pm +

\upsilon 

2
Qm  - \tau  - 1\scrB m

\tau 

\bigm| \bigm| \bigm| \leq C(| \=PTm,tm+1  - Pm| a + | \=QTm,tm+1  - Qm| b)\Theta m
2(3.2)

for constants C > 0, a \wedge b \geq 1, where maps \Theta m
1 := \Theta 1(Pm,Qm, \=PTm,tm+1

, \=QTm,tm+1
)

and \Theta m
2 := \Theta 2(Pm,Qm, \=PTm,tm+1

, \=QTm,tm+1
) are of polynomial growth. In addition,

let

sup
tn\in [0,T ]

(\| \tau  - 1\scrA n
\tau \| L6pa(\Omega ) + \| \tau  - 1\scrB n

\tau \| L6pb(\Omega ))\leq C(3.3)

for p> 0. Then for T > 0, there exist \~\tau 0 := \~\tau 0(T )\in (0,1) and C :=C(T )> 0 such that
for \tau \in (0, \~\tau 0) and p> 0,

sup
tm\in [0,T ]

\| (P (tm),Q(tm))\top  - (Pm,Qm)\top \| L2p(\Omega ) \leq C\tau .

Below we present the convergence order between numerical and exact ergodic
limits.

Theorem 3.2. Under conditions in Theorem 3.1, for measurable functions g \in 
\scrG l = \{ g : | g(x) - g(y)| \leq C(1+ | x| 2l - 1+ | y| 2l - 1)| x - y| , | g(x)| \leq (H(x)+CH)l\} , we have
| \pi (g) - \pi \tau (g)| \leq C\tau , where C > 0 is time-independent.

Proof. Introduce the function u(t, p, q) :=\BbbE (p,q)[g(P (t),Q(t))] - \pi (g), which is the

solution of the Kolmogorov equation \partial u(t,p,q)
\partial t =\scrL u(t, p, q). Here, \scrL is the infinitesimal

generator of (1.1), and \BbbE (p,q) is the conditional expectation with respect to the initial
(p, q). We let b2(p, q) = ( - \upsilon 

2 p, - 
\upsilon 
2 q)

\top . It follows from (2.4) and (2.5) that

Xn+1 =Xn + (\scrA n
\tau ,\scrB n

\tau )
\top +

\int tn+1

tn

b2( \~PTn,r,
\~QTn,r)dr+ (\sigma \Delta Wn,0)

\top .
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1010 C. CHEN, T. DANG, J. HONG, AND F. ZHANG

Then by the Taylor expansion, (2.5), and (3.1)--(3.2), one can derive that for j \geq 
0, n\geq 0,

\BbbE [u(j\tau ,Xn+1)]\leq \BbbE [u(j\tau ,Xn)] +\BbbE [\scrL u(j\tau ,Xn)]\tau + \scrC j,n+1\tau + rj,n+1\tau 
2.(3.4)

Here, the function \scrC j,n+1 is the term of type \BbbE [\| Du(j\tau ,Xn)\| (\tau \BbbJ n1,1+
\int tn+1

tn
\BbbJ n1,2(r)dr)+

\tau (\| D2u(j\tau ,Xn)\| + \| D3u(j\tau ,Xn + \theta (Xn+1  - Xn))\| )\BbbJ n1,3], where Diu is the standard
ith derivative of u, \theta \in (0,1), \BbbJ n1,1 := \BbbJ 1,1(Xn, \=PTn,tn+1 ,

\=QTn,tn+1 , \tau 
 - 1\scrA n

\tau , \tau 
 - 1\scrB n

\tau ),

\BbbJ n1,2(r) := \BbbJ 1,2(Xn, \~PTn,r,
\~QTn,r), and \BbbJ n1,3 := \BbbJ 1,3(Xn) are functions with polynomial

growth at infinity. The remainder term rj,n+1 is the term of type \BbbE [(\| D2u(j\tau ,Xn)\| +
\| D3u(j\tau ,Xn + \theta (Xn+1  - Xn))\| )(\tau \BbbJ n2,1 +

\int tn+1

tn
\BbbJ n2,2(r)dr)], where functions \BbbJ n2,1 :=

\BbbJ 2,1(Xn, \=PTn,tn+1 ,
\=QTn,tn+1 , \tau 

 - 1\scrA n
\tau , \tau 

 - 1\scrB n
\tau ) and \BbbJ n2,2(r) := \BbbJ 2,2(Xn, \~PTn,r,

\~QTn,r) are of
polynomial growth at infinity. According to [21, Theorem 3.1], Lemma 2.1, and (3.3),
we obtain that for some qi > 0, i= 0,1,2, and C > 0,

sup
n\geq 0

\infty \sum 
j=0

| rj,n+1| 

\leq C
\bigl( 
1 + sup

n\in \BbbN 
(\| Xn\| q1

Lq0 (\Omega ) + \| \BbbJ n1,1\| Lq2 (\Omega ) + sup
r\in Tn

\| \BbbJ n1,2(r)\| Lq2 (\Omega ))
\bigr) 
\tau 

\infty \sum 
j=0

e - Cj\tau \leq C.

It is observed that the Taylor expansion gives

\BbbE [u((j + 1)\tau ,Xn)] =\BbbE [u(j\tau ,Xn)] +\BbbE [\scrL u(j\tau ,Xn)]\tau +
1
2\BbbE [\scrL 

2u(j\tau ,Xn)]\tau 
2 + \~rj+1,n.

(3.5)

Here, the term \scrL 2u(j\tau ,Xn) is a summation of terms of type \partial iu(j\tau ,Xn)\~\BbbJ 1(Xn), i =
1,2,3,4, where \partial i is the ith partial derivatives with respect to (p, q) and \~\BbbJ 1 is a

polynomial. The remainder \~rj+1,n is a summation of terms of type
\int (j+1)\tau 

j\tau 

\int 1

0
\partial iu(j\tau +

\~\theta (t - j\tau ),Xn)\~\BbbJ 2(Xn)(t - j\tau )2d\~\theta dt, i= 1, . . . ,6, where \~\BbbJ 2 is a polynomial.
Combining (3.4) and (3.5) leads to

\BbbE [u(j\tau ,Xn+1)]\leq \BbbE [u((j + 1)\tau ,Xn)] + \~\scrC j,n+1\tau +Rj+1,n+1,

where \~\scrC j,n+1 is the summation of terms \scrC j,n+1 and \BbbE [\tau \| Diu(j\tau ,Xn)\| \cdot | \~\BbbJ 1(Xn)| ], i =
1, . . . ,4, and Rj+1,n+1 is a summation of terms rj,n+1\tau 

2 and
\int (j+1)\tau 

j\tau 

\int 1

0
\BbbE [| \~\BbbJ 2(Xn)| \cdot 

\| Diu(j\tau + \~\theta (t - j\tau ))\| ](t - j\tau )2d\~\theta dt, i= 1, . . . ,6. Therefore, we arrive at

1

N

N\sum 
n=1

\BbbE [g(Xn) - \pi (g)] =
1

N

N\sum 
n=1

\BbbE [u(0,Xn)]

\leq 1

N

N\sum 
n=1

\BbbE 

\left[  u(n\tau ,X0) +

n - 1\sum 
j=0

\~\scrC j,n - j\tau +

n - 1\sum 
j=0

Rj+1,n - j

\right]  .
The ergodicity of the exact solution implies that 1

N

\sum N
n=1\BbbE [u(n\tau ,X0)]\rightarrow 0 as N \rightarrow \infty .

From [21, Theorem 3.1], Lemma 2.1, and (3.3), we obtain supN\geq 1
1
N

\sum N
n=1

\sum n - 1
j=0

\~\scrC j,n - j

\leq C
\sum \infty 

j=0 e
 - Cj\tau \tau \leq C and supN\geq 1

1
N

\sum N
n=1

\sum n - 1
j=0 Rj+1,n - j \leq C\tau 3

\sum \infty 
j=0 e

 - Cj\tau \leq 
C\tau 2. Hence, by virtue of the ergodicity of the numerical solution, we derive that
| \pi (g) - \pi \tau (g)| \leq C\tau . The proof is finished.
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SPLITTING SCHEMES FOR STOCHASTIC LANGEVIN EQUATION 1011

Proof of Theorem 3.1. The proof is divided into two steps based on the decom-
position of the error.

Step 1. Show that for T > 0, there exist \~\tau 0 := \~\tau 0(T ) \in (0,1) and C := C(T ) > 0
such that for any \tau \in (0, \~\tau 0) and p > 0, it holds that suptm\in [0,T ] \| (P (tm),Q(tm))\top  - 
(P\tau (tm),Q\tau (tm))\top \| L2p(\Omega ) \leq C\tau .

Let e(tm) := P (tm)  - P\tau (tm), and let \~e(tm) := Q(tm)  - Q\tau (tm). By (1.1) and
(2.1), we have

P (t) - \~PTm(t)

(3.6)

= e(tm) +

\int tm+1

tm

\Bigl( \upsilon 
2
\=PTm

(s) + \=Q3
Tm

(s)
\Bigr) 
ds+

\int t

tm

\Bigl( \upsilon 
2
\~PTm

(s) - \upsilon P (s) - Q3(s)
\Bigr) 
ds.

This, together with the Taylor formula, yields

| e(tm+1)| 2 =
\bigm| \bigm| \bigm| \bigm| e(tm) +

\int tm+1

tm

\Bigl( \upsilon 
2
\=PTm

(s) + \=Q3
Tm

(s)
\Bigr) 
ds

\bigm| \bigm| \bigm| \bigm| 2 + \int tm+1

tm

(P (t) - \~PTm
(t))

\times (\upsilon \~PTm
(t) - 2\upsilon P (t) - 2Q3(t))dt= | e(tm)| 2 + J1

m + J2
m + J3

m + J4
m,(3.7)

where

J1
m :=

\int tm+1

tm

e(tm)(\upsilon \=PTm
(s) + 2 \=Q3

Tm
(s) + \upsilon \~PTm

(s) - 2\upsilon P (s) - 2Q3(s))ds,

J2
m :=

\bigm| \bigm| \bigm| \bigm| \int tm+1

tm

\Bigl( \upsilon 
2
\=PTm

(s) + \=Q3
Tm

(s)
\Bigr) 
ds

\bigm| \bigm| \bigm| \bigm| 2 ,
J3
m :=

\int tm+1

tm

\int tm+1

tm

\Bigl( \upsilon 
2
\=PTm

(s) + \=Q3
Tm

(s)
\Bigr) 
(\upsilon \~PTm

(t) - 2\upsilon P (t) - 2Q3(t))dsdt,

J4
m :=

\int tm+1

tm

\int t

tm

\Bigl( \upsilon 
2
\~PTm(s) - \upsilon P (s) - Q3(s)

\Bigr) 
(\upsilon \~PTm(t) - 2\upsilon P (t) - 2Q3(t))dsdt.

For the term J1
m, it can be decomposed as

J1
m =

\int tm+1

tm

\upsilon e(tm)( \=PTm
(s) - P (s))ds+

\int tm+1

tm

\upsilon e(tm)( \~PTm
(s) - P (s))ds

+ 2

\int tm+1

tm

e(tm)( \=Q3
Tm

(s) - Q3(s))ds=: J1,1
m + J1,2

m + J1,3
m .

Note that

\=PTm(s) - P (s)(3.8)

= - e(tm) +

\int s

tm

\Bigl( 
\upsilon P (r) - \upsilon 

2
\=PTm

(r) - \=Q3
Tm

(r) +Q3(r)
\Bigr) 
dr - \sigma (Ws  - Wtm),

\=QTm
(s) - Q(s) = - \~e(tm) +

\int s

tm

\Bigl( 
\=PTm

(r) - P (r) +
\upsilon 

2
\=QTm

(r)
\Bigr) 
dr.(3.9)
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1012 C. CHEN, T. DANG, J. HONG, AND F. ZHANG

Combining (3.6) leads to

J1,1
m = - \upsilon | e(tm)| 2\tau + \upsilon 

\int tm+1

tm

\int s

tm

e(tm)
\Bigl( 
\upsilon P (r) - \upsilon 

2
\=PTm(r)

\Bigr) 
drds

+ \upsilon 

\int tm+1

tm

\int s

tm

e(tm)( - \=Q3
Tm

(r) +Q3(r))drds - \upsilon 

\int tm+1

tm

e(tm)\sigma (Ws  - Wtm)ds,

J1,2
m = - \upsilon | e(tm)| 2\tau + \upsilon 

\int tm+1

tm

\int tm+1

tm

e(tm)
\Bigl( 
 - \upsilon 
2
\=PTm

(r) - \=Q3
Tm

(r)
\Bigr) 
drds

+ \upsilon 

\int tm+1

tm

\int s

tm

e(tm)
\Bigl( 
 - \upsilon 
2
\~PTm

(r) + \upsilon P (r) +Q3(r)
\Bigr) 
drds,

and

J1,3
m =2

\int tm+1

tm

e(tm)( \=QTm(s) - Q(s))( \=Q2
Tm

(s) + \=QTm(s)Q(s) +Q2(s))ds

= - 2e(tm)\~e(tm)

\int tm+1

tm

( \=Q2
Tm

(s) + \=QTm
(s)Q(s) +Q2(s))ds

+ 2

\int tm+1

tm

\int s

tm

e(tm)
\Bigl( 
\=PTm

(r) - P (r) +
\upsilon 

2
\=QTm

(r)
\Bigr) 

\times ( \=Q2
Tm

(s) + \=QTm
(s)Q(s) +Q2(s))drds.

Hence, by the H\"older inequality and the Young inequality, we obtain

J1
m \leq  - \upsilon \tau 

2
| e(tm)| 2 +C(| e(tm)| 2 + | \~e(tm)| 2)

\int tm+1

tm

(| Q(s)| 2 + | \=QTm
(s)| 2)ds

+C\tau 2
\int tm+1

tm

\bigl( 
| P (s)| 6 + | \=PTm

(s)| 6 + | \~PTm
(s)| 2 + | Q(s)| 6 + | \=QTm

(s)| 6 + 1
\bigr) 
ds

 - \upsilon 

\int tm+1

tm

e(tm)\sigma (Ws  - Wtm)ds.

(3.10)

For terms J2
m, J

3
m, J

4
m, it follows from (a+ b)2 = a2 + 2ab+ b2, a, b\in \BbbR , that

J2
m + J3

m + J4
m

=

\bigm| \bigm| \bigm| \bigm| \upsilon 2
\int tm+1

tm

( \=PTm
(t) - P (t))dt

+
\upsilon 

2

\int tm+1

tm

( \~PTm(t) - P (t))dt+

\int tm+1

tm

( \=Q3
Tm

(t) - Q3(t))dt

\bigm| \bigm| \bigm| \bigm| 2
 - 
\int tm+1

tm

\int tm+1

t

\Bigl( \upsilon 
2
\~PTm

(s) - \upsilon P (s) - Q3(s)
\Bigr) \Bigl( \upsilon 

2
\~PTm

(t) - \upsilon P (t) - Q3(t)
\Bigr) 
dsdt

+

\int tm+1

tm

\int t

tm

\Bigl( \upsilon 
2
\~PTm

(s) - \upsilon P (s) - Q3(s)
\Bigr) \Bigl( \upsilon 

2
\~PTm

(t) - \upsilon P (t) - Q3(t)
\Bigr) 
dsdt

=

\bigm| \bigm| \bigm| \bigm| \upsilon 2
\int tm+1

tm

( \=PTm
(t) - P (t))dt+

\upsilon 

2

\int tm+1

tm

( \~PTm
(t) - P (t))dt

+

\int tm+1

tm

( \=Q3
Tm

(t) - Q3(t))dt

\bigm| \bigm| \bigm| \bigm| 2,
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SPLITTING SCHEMES FOR STOCHASTIC LANGEVIN EQUATION 1013

where the second equality uses the integral transformation. Using (3.6), (3.8), (3.9),
the H\"older inequality, and the Young inequality, we derive that

J2
m + J3

m + J4
m \leq C

\biggl[ 
\tau 2| e(tm)| 2 +C\tau | \~e(tm)| 2

\int tm+1

tm

(| \=QTm
(s)| 4 + | Q(s)| 4)ds

+ \tau 3
\int tm+1

tm

\bigl( 
| P (s)| 6+ | \~PTm

(s)| 2+ | \=PTm
(s)| 6+ | \=QTm

(s)| 6 + | Q(s)| 6
\bigr) 
ds

+ \tau 

\int tm+1

tm

| \sigma (Wt  - Wtm)| 2dt
\biggr] 
.(3.11)

By the Taylor formula and

Q(t) - \~QTm
(t) = \~e(tm) - 

\int tm+1

tm

\Bigl( 
\=PTm

(s) +
\upsilon 

2
\=QTm

(s)
\Bigr) 
ds+

\int t

tm

\Bigl( 
P (s) +

\upsilon 

2
\~QTm

(s)
\Bigr) 
ds,

we derive that

| \~e(tm+1)| 2 =
\bigm| \bigm| \bigm| \bigm| \~e(tm) - 

\int tm+1

tm

\Bigl( 
\=PTm(s) +

\upsilon 

2
\=QTm(s)

\Bigr) 
ds

\bigm| \bigm| \bigm| \bigm| 2 + \int tm+1

tm

(Q(t) - \~QTm(t))

\times (2P (t) + \upsilon \~QTm
(t))dt= | \~e(tm)| 2 +K1

m +K2
m +K3

m +K4
m,(3.12)

where

K1
m := 2

\int tm+1

tm

\~e(tm)(P (t) - \=PTm
(t))dt+ \upsilon 

\int tm+1

tm

\~e(tm)( \~QTm
(t) - \=QTm

(t))dt,

K2
m :=

\bigm| \bigm| \bigm| \bigm| \int tm+1

tm

\Bigl( 
\=PTm(s) +

\upsilon 

2
\=QTm

(s)
\Bigr) 
ds

\bigm| \bigm| \bigm| \bigm| 2 ,
K3

m := - 
\int tm+1

tm

\int tm+1

tm

\Bigl( 
\=PTm

(s) +
\upsilon 

2
\=QTm(s)

\Bigr) 
(2P (t) + \upsilon \~QTm(t))dsdt,

K4
m :=

\int tm+1

tm

\int t

tm

\Bigl( 
P (s) +

\upsilon 

2
\~QTm(s)

\Bigr) \Bigl( 
2P (t) + \upsilon \~QTm(t)

\Bigr) 
dsdt.

For the term K1
m, it follows from (3.8) that

\~QTm
(t) - \=QTm

(t) = - 
\int t

tm

\upsilon 

2
\~QTm

(r)dr+

\int tm+1

t

\Bigl( 
\=PTm

(r) +
\upsilon 

2
\=QTm

(r)
\Bigr) 
dr(3.13)

and from the H\"older inequality that

K1
m \leq C\tau (| e(tm)| 2 + | \~e(tm)| 2) + 2

\int tm+1

tm

\~e(tm)\sigma (Wt  - Wtm)dt

+ C\tau 2
\int tm+1

tm

(| P (s)| 2 + | \=PTm(s)| 2 + | Q(s)| 6 + | \=QTm(s)| 6 + | \~QTm(s)| 2 + 1)ds.(3.14)

For terms Ki
m, i= 2,3,4, by (3.8), (3.13), and the integral transformation, we have

K2
m +K3

m +K4
m =

\bigm| \bigm| \bigm| \bigm| \int tm+1

tm

( \=PTm
(s) - P (s))ds+

\upsilon 

2

\int tm+1

tm

( \=QTm
(s) - \~QTm

(s))ds

\bigm| \bigm| \bigm| \bigm| 2
\leq C\tau 2| e(tm)| 2 +C\tau 3

\int tm+1

tm

(| \~PTm
(s)| 2 + | P (s)| 2 + | \=PTm

(s)| 2

+ | Q(s)| 6 + | \=QTm
(s)| 6)ds+C\tau 

\int tm+1

tm

| \sigma (Ws  - Wtm)| 2ds.(3.15)
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1014 C. CHEN, T. DANG, J. HONG, AND F. ZHANG

Hence, adding (3.7) and (3.12) and combining (3.10), (3.11), (3.14), (3.15), and
the Young inequality, we arrive at that for \epsilon \in (0,1),

| e(tm+1)| 2 + | \~e(tm+1)| 2 \leq (| e(tm)| 2 + | \~e(tm)| 2)
\biggl( 
1 +C

\int tm+1

tm

(1 + (\tau + \epsilon )\times 

(| \=QTm
(s)| 4 + | Q(s)| 4))ds

\biggr) 
+C\tau 2

\int tm+1

tm

\Gamma m(s)ds+C\tau 

\int tm+1

tm

| Ws  - Wtm | 2ds

+ \sigma (2\~e(tm) - \upsilon e(tm))

\int tm+1

tm

(tm+1  - s)dWs,

where \Gamma m(s) := \Gamma (P (s),Q(s), \=PTm(s), \=QTm(s), \~PTm(s), \~QTm(s)), s \in Tm, is a polyno-
mial with order no larger than 6, and the Fubini theorem is also used to obtain

Mm := \sigma (2\~e(tm) - \upsilon e(tm))

\int tm+1

tm

(Ws  - Wtm)ds

= \sigma (2\~e(tm) - \upsilon e(tm))

\int tm+1

tm

(tm+1  - s)dWs.

It follows that \{ Mj\} j\in \BbbN is a martingale with M0 = 0. By iteration, we have

| e(tm+1)| 2 + | \~e(tm+1)| 2 \leq C
m\sum 
j=0

(| e(tj)| 2 + | \~e(tj)| 2)
\int tj+1

tj

(1 + (\tau + \epsilon )(| \=QTj (s)| 4

+ | Q(s)| 4))ds+C\tau 2
m\sum 
j=0

\int tj+1

tj

\Gamma j(s)ds

+C\tau 

m\sum 
j=0

\int tj+1

tj

| Ws  - Wtj | 2ds+
m\sum 
j=0

Mj .

For t\in Tj , denote \lfloor t\rfloor := tj , nt := j, and \scrY \lfloor t\rfloor := | e(tj)| 2 + | \~e(tj)| 2. Then we have

\scrY \lfloor t\rfloor \leq 
\int \lfloor t\rfloor 

0

(C\scrY \lfloor s\rfloor (1 + (\tau + \epsilon )(| \=QTns
(s)| 4 + | Q(s)| 4)) +C\tau 2\Gamma ns(s)

+ C\tau | Ws  - W\lfloor s\rfloor | 2)ds+
\int \lfloor t\rfloor 

0

\sigma (2\~e(\lfloor s\rfloor ) - \upsilon e(\lfloor s\rfloor ))(\lfloor s\rfloor + \tau  - s)dWs

=:

\int \lfloor t\rfloor 

0

asds+

\int \lfloor t\rfloor 

0

bsdWs.

To obtain the desired strong convergence order, we need to utilize the stochastic
Gr\"onwall inequality (see [14, Corollary 2.5]). Now we verify condition (34) of [14,
Corollary 2.5] as follows: For p0 \geq 2,

\langle \scrY \lfloor t\rfloor , at\rangle +
1

2
| bt| 2 +

p0  - 2

2

| \langle \scrY \lfloor t\rfloor , bt\rangle | 2

| \scrY \lfloor t\rfloor | 2

\leq C(1 + (\tau + \epsilon )(| \=QTnt
(t)| 4 + | Q(t)| 4))| \scrY \lfloor t\rfloor | 2

+ (C\tau 2\Gamma nt(t) +C\tau | Wt  - W\lfloor t\rfloor | 2 + (\lfloor t\rfloor + \tau  - t)2)2.

Thus, combining Proposition 2.4 and [21, Lemma 2.3, Corollary 2.2], we have that for
p> 0 and some p0,p1 > 0,
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SPLITTING SCHEMES FOR STOCHASTIC LANGEVIN EQUATION 1015

\| \scrY tm+1\| Lp(\Omega ) \leq 

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| exp
\Biggl\{ 
C

\int T

0

(1 + (\tau + \epsilon )(| \=QTns
(s)| 4 + | Q(s)| 4))ds

\Biggr\} \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
Lp1 (\Omega )

\times 

\left(  \int T

0

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| C\tau 2\Gamma ns
(s) +C\tau | Ws  - W\lfloor s\rfloor | 2 + (\lfloor s\rfloor + \tau  - s)2

exp\{ 
\int s

0
(1 + (\tau + \epsilon )(| \=QTnu

(u)| 4 + | Q(u)| 4))du\} 

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
2

Lp0 (\Omega )

ds

\right)  1
2

.

By the convexity of the exponential function, we have

\BbbE 

\Biggl[ 
exp

\Biggl\{ 
Cp1

\int T

0

\bigl( 
1 + (\tau + \epsilon )(| \=QTns

(s)| 4 + | Q(s)| 4)
\bigr) 
ds

\Biggr\} \Biggr] 

\leq 1

T

\int T

0

\BbbE [exp(TCp1(1 + (\tau + \epsilon )(1 + | \=QTns
(s)| 4 + | Q(s)| 4)))]ds=: \scrI 0.(3.16)

Based on (2.9) and Proposition 2.4, there exist positive constants \~\tau 0 := \~\tau 0(T ) and
\~\epsilon 0 := \~\epsilon 0(T ) such that CTp1(\~\tau 0 + \~\epsilon 0)\leq Cee

 - \sigma 2T , where Ce is given in (2.9). Then for
\tau \in (0, \~\tau 0) and \epsilon \in (0,\~\epsilon 0), we have \scrI 0 \leq C. This finishes the proof of Step 1.

Step 2. Show that for any T > 0, there exist \~\tau 0 := \~\tau 0(T )\in (0,1) and C :=C(T )> 0
such that for any \tau \in (0, \~\tau 0) and p> 0, it holds that suptm\in [0,T ] \| (P\tau (tm),Q\tau (tm))\top  - 
(Pm,Qm)\top \| L2p(\Omega ) \leq C\tau .

Denote e1(tm) := P\tau (tm) - Pm and \~e1(tm) := Q\tau (tm) - Qm. By (2.3) and (2.5),
we have that for t\in Tm,
\~PTm

(t) - \~PTm,t

= e1(tm) - 
\int tm+1

tm

\Bigl( \upsilon 
2
\=PTm

(s) + \=Q3
Tm

(s) + \tau  - 1\scrA m
\tau 

\Bigr) 
ds - \upsilon 

2

\int t

tm

( \~PTm
(s) - \~PTm,s)ds.

It follows from the Taylor formula that | \~PTm
(t) - \~PTm,t| 2 = | e1(tm)| 2 + Im,1 + Im,2 +

Im,3  - \upsilon 
\int t

tm
( \~PTm(s)  - \~PTm,s)

2ds, t \in Tm, where Im,1 := e1(tm)
\int tm+1

tm
 - 2
\bigl( 
\=Q3
Tm

(s)  - 
Q3

m

\bigr) 
ds and

Im,2 := e1(tm)

\int tm+1

tm

( - \upsilon ( \=PTm
(s) - Pm) - \upsilon Pm  - 2Q3

m  - 2\tau  - 1\scrA m
\tau )ds,

Im,3 :=

\bigm| \bigm| \bigm| \bigm| \int tm+1

tm

\Bigl( \upsilon 
2
( \=PTm

(s) - Pm) + \=Q3
Tm

(s) - Q3
m +

\upsilon 

2
\=Pm +Q3

m + \tau  - 1\scrA m
\tau 

\Bigr) 
ds

\bigm| \bigm| \bigm| \bigm| 2 .
From (2.2), we have

\=PTm(s) - Pm = - \upsilon 
2

\int s

tm

\=PTm(r)dr - 
\int s

tm

\=Q3
Tm

(r)dr+ e1(tm),(3.17)

\=QTm
(s) - Qm =

\int s

tm

\=PTm
(r)dr+

\upsilon 

2

\int s

tm

\=QTm
(r)dr+ \~e1(tm).(3.18)

This, together with (2.5), (3.1), (3.17), (3.18), the H\"older inequality, and the Young
inequality, yields

Im,1 + Im,2 + Im,3 \leq C(| e1(tm)| 2 + | \~e1(tm)| 2)
\int tm+1

tm

(1 + | \=QTm
(s)| 2 + | Qm| 2)ds

+C\tau 2
\int tm+1

tm

(1 + | \=PTm(r)| 6 + | \=QTm(r)| 6 + | Qm| 6

+ (| \tau  - 1\scrA m
\tau | 2a + | \tau  - 1\scrB m

\tau | 2b)| \Theta m
1 | 2)dr.
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1016 C. CHEN, T. DANG, J. HONG, AND F. ZHANG

From (2.2) and (2.3), we obtain

\~QTm(t) - \~QTm,t

= \~e1(tm) +

\int tm+1

tm

\Bigl( 
\=PTm

(s) +
\upsilon 

2
\=QTm

(s) - \tau  - 1\scrB m
\tau 

\Bigr) 
ds - \upsilon 

2

\int t

tm

( \~QTm(s) - \~QTm,s)ds.

By virtue of the Taylor formula, we have | \~QTm
(t) - \~QTm,t| 2 = | \~e1(tm)| 2+ \^Im,1+ \^Im,2+

\^Im,3  - \upsilon 
\int t

tm
( \~QTm

(s) - \~QTm,s)
2ds, where \^Im,1 := \upsilon \~e1(tm)

\int tm+1

tm

\bigl( 
\=QTm

(s) - Qm

\bigr) 
ds and

\^Im,2 := 2\~e1(tm)

\int tm+1

tm

\Bigl( 
\=PTm(s) - Pm + Pm +

\upsilon 

2
Qm  - \tau  - 1\scrB m

\tau 

\Bigr) 
ds,

\^Im,3 :=

\bigm| \bigm| \bigm| \bigm| \int tm+1

tm

\Bigl( 
\=PTm

(s) - Pm +
\upsilon 

2
( \=QTm

(s) - Qm) + Pm +
\upsilon 

2
Qm  - \tau  - 1\scrB m

\tau 

\Bigr) 
ds

\bigm| \bigm| \bigm| \bigm| 2 .
Then combining (3.2), (3.17), and (3.18), we have

\^Im,1 + \^Im,2 + \^Im,3 \leq C\tau (| e1(tm)| 2 + | \~e1(tm)| 2)

+ C\tau 2
\int tm+1

tm

(1 + | \=PTm(r)| 2 + | \=QTm(r)| 6 + (| \tau  - 1\scrA m
\tau | 2a + | \tau  - 1\scrB m

\tau | 2b)| \Theta m
2 | 2)dr.

Hence, utilizing the Young inequality, we arrive at that for \epsilon \in (0,1),

| e1(tm+1)| 2 + | \~e1(tm+1)| 2 \leq (| e1(tm)| 2 + | \~e1(tm)| 2)

\times 
\biggl( 
1 +C

\int tm+1

tm

(C(\epsilon ) + (\epsilon + \tau )(| \=QTm
(s)| 4 + | Qm| 4))ds

\biggr) 
+C\tau 2

\int tm+1

tm

\~\Gamma m(s)ds,

where \~\Gamma m(s) := \~\Gamma (Pm,Qm, \=PTm
(s), \=QTm

(s), \tau  - 1\scrA m
\tau , \tau 

 - 1\scrB m
\tau ), s \in Tm, is a polynomial.

Then by iteration, we have

| e1(tm+1)| 2 + | \~e1(tm+1)| 2 \leq C

m\sum 
j=0

(| e1(tj)| 2 + | \~e1(tj)| 2)

\times 
\int tj+1

tj

(1 + (\tau + \epsilon )(| \=QTj (s)| 4 + | Qj | 4))ds+C\tau 2
m\sum 
j=0

\int tj+1

tj

\~\Gamma j(s)ds.

By the discrete Gr\"onwall inequality and taking pth moment, we obtain

\| | e1(tm+1)| 2 + | \~e1(tm+1)| 2\| Lp(\Omega ) \leq C\tau 2

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
\int T

0

\~\Gamma ns(s)ds

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
L2p(\Omega )

\times 

\bigm\| \bigm\| \bigm\| \bigm\| \bigm\| exp
\Biggl\{ 
C

\int T

0

(1 + (\epsilon + \tau )(| \=QTns
(s)| 4 + | Qns

| 4)ds)

\Biggr\} \bigm\| \bigm\| \bigm\| \bigm\| \bigm\| 
L2p(\Omega )

.

By Proposition 2.4(ii) and the preservation of the Hamiltonian for (2.2), we also have

\BbbE 
\biggl[ 
exp

\biggl\{ 
H( \=PTj

(s), \=QTj
(s))

e\sigma 
2tj

\biggr\} \biggr] 
=\BbbE 

\biggl[ 
exp

\biggl\{ 
H(P\tau (tj),Q\tau (tj))

e\sigma 
2tj

\biggr\} \biggr] 
\leq exp\{ H(P0,Q0) +Ctj\} .

Then similar to the proof of (3.16), using the convexity of the exponential function and
Proposition 2.3, there exist positive constants \~\tau 0 := \~\tau 0(T ) and \~\epsilon 0 := \~\epsilon 0(T ) such that
when \tau \in (0, \~\tau 0) and \epsilon \in (0,\~\epsilon 0), suptm\in [0,T ] \| | e1(tm+1)| 2+ | \~e1(tm+1)| 2\| Lp(\Omega ) \leq C(T )\tau 2.
This finishes the proof.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

04
/2

8/
25

 to
 1

24
.1

6.
14

8.
36

 . 
R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/te
rm

s-
pr

iv
ac

y



SPLITTING SCHEMES FOR STOCHASTIC LANGEVIN EQUATION 1017

4. Numerical experiments. In this section, we first present some numerical
experiments to verify our theoretical results on the strong and weak convergence
orders. In addition, the long-time performance in calculating the ergodic limit is
also illustrated by numerical experiments. Then we investigate extensions of our
strategy to obtain the second-order method that preserves both the ergodicity and
the exponential integrability, and to obtain the conformal symplectic method.

4.1. Convergence order and long-time performance. We first consider the
strong convergence order. Take T = 1, \sigma = 1, and \upsilon = 10. The step sizes of the
numerical solution for the proposed splitting methods are taken as \tau i = 2 - i, i =
10,11,12,13. The exact solution is realized by using the same numerical scheme with
small step size \tau = 2 - 15. Define error function e(\tau i, n) = \{ 1

n

\sum n
k=1(| P k

T/\tau i+1 - P
k(T )| 2+

| Qk
T/\tau i+1  - Qk(T )| 2)\} 1

2 , where \{ P k
n+1,Q

k
n+1\} and \{ P k(t),Qk(t)\} are the solutions in

the kth sample. We take n = 5000 sample paths to simulate the expectation based
on the Monte Carlo method. It is observed from Figure 2(a) that the mean square
strong convergence order is 1 for the SAVF, SDG, and SPAVF schemes, which verifies
our theoretical result in Theorem 3.1.

Then we consider the weak convergence order. Take the same parameters as
above. Define error function e\prime (\tau i, n) = | 1n

\sum n
k=1(g(P

k
T/\tau i+1,Q

k
T/\tau i+1)  - g(P k(T ),

Qk(T )))| , where the test function g(p, q) = sin(p) sin(q). It is observed from Fig-
ure 2(b) that the weak convergence order of these numerical schemes is also 1, which
confirms the result in Theorem 3.2.

Below we test the long-time performance of the proposed methods. We take n=
1000 sample paths for the Monte Carlo simulation. We take time step \tau = 1.25\times 10 - 6

to compute the reference solution and time step \tau = 10 - 5 to compute the numerical
solution. In Figure 3(a), we compute the strong error for t\in [0,1000] of the proposed
SAVF scheme, which illustrates that the proposed scheme has a stable strong error
in the long-time simulation. Similar performance holds for the long-time weak error,
as shown in Figure 3(b). Here, we take g(p, q) = sin(1 + (p2 + q2)

1
2 ).

To examine the numerical ergodicity for the proposed splitting methods, we com-
pute the empirical distribution at different times as follows. We set \sigma = 1, \upsilon = 15,
and the initial values P (0) = 0,Q(0) = 0 and compute over n = 5000 sample paths
until T = 512 with \tau = 2 - 8 via the SAVF scheme. We plot the empirical distribution
at different times t= 0,2,256 in Figure 4, which shows that the empirical distribution
converges to the reference Gibbs distribution as time increases. This indicates the
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(a) Strong order
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(b) Weak order

Fig. 2. Convergence order in log-log scale.
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(a) Strong error
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(b) Weak error

Fig. 3. Long-time error.

(a)

(c)

(b)

(d)

Fig. 4. The empirical distribution at times t = 0 (a), t = 2 (b), and t = 256 (c). (d) The

reference distribution \rho (p, q) =
\surd 

\upsilon 

\sigma 
\surd 
\pi 
\int 
\BbbR e - \upsilon q4/(2\sigma 2)dq

e
 - 2\upsilon 

\sigma 2 ( p2

2
+ q4

4
)
; see [19, p. 183].

ergodicity of the numerical solution. The differences between the numerical distribu-
tion and reference distribution at times t= 2,256 are plotted in Figure 5, from which
we see that the error becomes smaller by increasing the number of sample paths.

The mean square displacement of (P (t),Q(t)) is defined as

MSD(t) :=\BbbE [| (P (t),Q(t)) - (P (0),Q(0))| 2],(4.1)

which characterizes the diffusion behavior and motion properties of molecules in a
quantitative way. It tends to an equilibrium as time grows to infinity, as shown
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SPLITTING SCHEMES FOR STOCHASTIC LANGEVIN EQUATION 1019

(a)

(c)

(b)

(d)

Fig. 5. The difference between numerical distribution and the reference distribution at times
t = 2 (a) and t = 256 (b) for n = 5000 sample paths and at times t = 2 (c) and t = 256 (d) for
n= 10000 sample paths.
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mean square displacement versus time

(a)
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M
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(
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D

(t
)

Difference of the MSD at time t and its equilibrium

numerical results

 exp(-0.047*t)

(b)

Fig. 6. Mean square displacement (a) and MSD(\infty ) - MSD(t) (b).

in Figure 6(a). To see the convergence rate more clearly, we take time T = 512 to
simulateMSD(\infty ) and compute the evolution ofMSD(\infty ) - MSD(t) with respect to
time in Figure 6(b). It is indicated in Figure 6(b) that the mean square displacement
approaches an equilibrium with an exponential rate.
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1020 C. CHEN, T. DANG, J. HONG, AND F. ZHANG

4.2. Second-order property-preserving method. Based on our strategy,
one can apply the Strang splitting technique to obtain the second-order weak con-
vergence method that preserves both the ergodicity and the exponential integrability.
To be specific, the Strang splitting technique yields the following evolution operator:

\scrP 
1
2 (\scrL 1+\scrL 2+

1
2 (\scrL 3 - \scrL \prime 

3)),
1
2 (\scrL 3+\scrL \prime 

3)+\scrL 4,
1
2 (\scrL 1+\scrL 2+

1
2 (\scrL 3 - \scrL \prime 

3))
\tau 

= e
\tau 
2 (\scrL 1+\scrL 2+

1
2 (\scrL 3 - \scrL \prime 

3))e\tau (
1
2 (\scrL 3+\scrL \prime 

3)+\scrL 4)e
\tau 
2 (\scrL 1+\scrL 2+

1
2 (\scrL 3 - \scrL \prime 

3)).

Then one can construct second-order numerical methods associated with this splitting.
For example, we have the following Strang SAVF scheme:

\=PTn,tn+1
2

= Pn  - \tau \upsilon 

8
( \=PTn,tn+1

2

+ Pn) - 
\tau 

2

\int 1

0

(Qn + \lambda ( \=QTn,tn+1
2

 - Qn))
3d\lambda ,

\=QTn,tn+1
2

=Qn +
\tau 

4
( \=PTn,tn+1

2

+ Pn) +
\tau \upsilon 

8
( \=QTn,tn+1

2

+Qn),

\~PTn,tn+1
= e - 

\upsilon \tau 
2 \=PTn,tn+1

2

+ \sigma 

\int tn+1

tn

e - 
\upsilon 
2 (tn+1 - t)dWt,

\~QTn,tn+1
= e - 

\upsilon \tau 
2 \=QTn,tn+1

2

,

Pn+1 = \~PTn,tn+1  - 
\tau \upsilon 

8
(Pn+1 + \~PTn,tn+1)

 - \tau 

2

\int 1

0

( \~QTn,tn+1
+ \lambda (Qn+1  - \~QTn,tn+1

))3d\lambda ,

Qn+1 = \~QTn,tn+1
+
\tau 

4
(Pn+1 + \~PTn,tn+1

) +
\tau \upsilon 

8
(Qn+1 + \~QTn,tn+1

).

By the similar proof to that of Proposition 2.2, we can first show that the sequence
\{ (P3n,Q3n)\} n\in \BbbN +

is ergodic. Then combining (A.3) and the preservation of energy
for the AVF scheme, one can also derive (A.4) for the considered numerical solution
and thus prove the ergodicity of the numerical solution \{ (Pn,Qn)\} n\in \BbbN + . The expo-
nential integrability of the numerical solution can be obtained in a similar way as
Proposition 2.3, and thus the proof is omitted.

We employ the numerical experiment to illustrate the weak convergence order.
Take g(p, q) = sin((p2+ q2)

1
2 ), n= 5000, and T = 100. The step sizes of the numerical

solution for the Strang SAVF scheme are taken as \tau i = 2 - i, i = 10,11,12,13. The
exact solution is realized by using the same numerical scheme with small step size
\tau = 2 - 15. It is observed from Figure 7 that the weak convergence order is 2.
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-10
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-3

lo
g

2
(e
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Strang SAVF

slope=2

Fig. 7. Weak order for the Strang SAVF scheme.
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(a) The curve in the phase space
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(b) The logarithm of area

Fig. 8. Evolution for area of domain in the phase space.

4.3. Conformal symplectic splitting-based method. When one applies the
symplectic method to the Hamiltonian subsystem (2.2) and solves the stochastic sub-
system exactly, the corresponding splitting method (2.4) can be proved to preserve
the conformal symplectic structure: dPn+1 \wedge dQn+1 = e - \upsilon \tau dPn \wedge dQn, n \in \BbbN . To il-
lustrate this by a numerical experiment, we use the symplectic Euler method to solve
subsystem (2.2) and obtain the one-step mapping (2.5) as follows:

\=PTn,tn+1
= Pn  - \tau 

\Bigl( 
Q3

n +
\upsilon 

2
\=PTn,tn+1

\Bigr) 
,

\=QTn,tn+1 =Qn + \tau 
\Bigl( 
\=PTn,tn+1 +

\upsilon 

2
Qn

\Bigr) 
.

Further solving subsystem (2.3) exactly derives the conformal symplectic splitting
scheme (2.4). Set T = 1, \upsilon = 2, and \tau = 10 - 4. We let the initial values be on the
unit circle and plot the curve of the numerical solution using the above conformal
symplectic splitting scheme. As shown in Figure 8(a), the area of the curve in the
phase space decreases as time grows. We plot the logarithm of the area S(t) of the
curve as time t increases in Figure 8(b), which verifies that S(t) = \pi exp( - \upsilon t).

Appendix A. Some proofs. This section is devoted to presenting some aux-
iliary proofs, including the proofs of (1.3) and Lemma 2.1.

Proof of (1.3). Denote \mu (P (t),Q(t)) = ( - Q3(t) - \upsilon P (t), P (t))\top and \~\sigma = (\sigma ,0)\top .

Then one can obtain \scrD H(P (t),Q(t))\mu (P (t),Q(t)) = - \upsilon 
2P

2(t) - \upsilon 
2Q

4(t) - \upsilon 2

2 P (t)Q(t),
tr(\scrD 2H(P (t),Q(t))\~\sigma \~\sigma T ) = \sigma 2, and | \~\sigma T\scrD H(P (t),Q(t))| 2 = | \sigma (P (t) + \upsilon 

2Q(t))| 2. This
gives that for \beta > 0,

\scrE :=\scrD H(P (t),Q(t))\mu (P (t),Q(t)) +
tr(\scrD 2H(P (t),Q(t))\~\sigma \~\sigma T )

2
+

| \~\sigma T\scrD H(P (t),Q(t))| 2

2e\beta t

\leq  - \upsilon H(P (t),Q(t)) + \sigma 2H(P (t),Q(t)) +
\sigma 2\upsilon 4

64
+
\sigma 2

2
.

Let \=V = \upsilon H(P (t),Q(t)) - (\sigma 
2\upsilon 4

64 + \sigma 2

2 ), and let \beta := \sigma 2. Then using [9, Lemma 3.2],
we derive that

\BbbE 

\Biggl[ 
exp

\Biggl\{ 
H(P (t),Q(t))

e\sigma 2t
+

\int t

0

\upsilon H(P (r),Q(r)) - (\sigma 
2\upsilon 4

64 + \sigma 2

2 )

e\sigma 2r
dr

\Biggr\} \Biggr] 
\leq eH(P0,Q0),
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1022 C. CHEN, T. DANG, J. HONG, AND F. ZHANG

which, together with (2.8) and (2.9), yields

\BbbE 
\biggl[ 
exp

\biggl\{ 
Ce(| P (t)| 2 + | Q(t)| 4)

e\sigma 2t

\biggr\} \biggr] 
\leq e(\upsilon CH+\sigma 2\upsilon 4

64 +\sigma 2

2 )t+C+H(P0,Q0).

This completes the proof by taking the supremum with t\in [0, T ].

Proof of Lemma 2.1. We use the induction argument on p \in \BbbN + to prove (2.6)
and (2.7). We first prove the case of p= 1. The It\^o formula applied to H+CH and H
can yield the same result, so without loss of generality, we suppose Hto be positive
here. By the It\^o formula, we have

dH( \~PTn,t,
\~QTn,t) =

\Bigl( 
\~PTn,t +

\upsilon 

2
\~QTn,t

\Bigr) 
d \~PTn,t +

\Bigl( 
\~Q3
Tn,t +

\upsilon 

2
\~PTn,t

\Bigr) 
d \~QTn,t +

\sigma 2

2
dt

\leq  - \upsilon H( \~PTn,t,
\~QTn,t)dt+

\sigma 2

2
dt+

\Bigl( 
\~PTn,t +

\upsilon 

2
\~QTn,t

\Bigr) 
\sigma dWt,

which yields that H( \~PTn,t,
\~QTn,t) \leq e - \upsilon (t - tn)H( \~PTn,tn ,

\~QTn,tn) +
\sigma 2

2

\int t

tn
e - v(t - s)ds+\int t

tn
e - v(t - s)( \~PTn,s+

\upsilon 
2
\~QTn,s)\sigma dWs. By the preservation of the Hamiltonian for (2.5), we

obtainH( \~PTn,tn ,
\~QTn,tn) =H( \=PTn,tn+1

, \=QTn,tn+1
) =H(Pn,Qn), and thus, by iteration,

we arrive at

H( \~PTn,t,
\~QTn,t)\leq e - \upsilon tH(P0,Q0) +

\sigma 2

2

\int t

0

e - \upsilon (t - s)ds(A.1)

+

\int t

0

e - \upsilon (t - s)
\Bigl( 
\~PTns ,s

+
\upsilon 

2
\~QTns ,s

\Bigr) 
\sigma dWs.

Applying the maximal inequality and combining (2.9) gives that for any fixed T > 0,

\BbbE 

\Biggl[ 
sup

t\in [0,T ]

(| \~PTnt ,t
| 2 + | \~QTnt ,t

| 4)

\Biggr] 
\leq C(H(P0,Q0) + 1)

+

\int T

0

\BbbE 

\Biggl[ 
sup

r\in [0,s]

| \~PTnr ,r
| 2 + | \~QTnr ,r

| 4
\Biggr] 
ds,

which, together with the Gr\"onwall inequality, leads to (2.6) with p= 1. Then taking
expectation on both sides of (A.1) and using (2.9) finishes the proof for p= 1.

Assume that (2.6) and (2.7) hold for the case of p - 1 with p\geq 2. Then we show
the case of p. By the It\^o formula, we have

dHp( \~PTn,t,
\~QTn,t)

\leq  - \upsilon pHp( \~PTn,t,
\~QTn,t)dt+ p(p - 1)\sigma 2Hp - 2( \~PTn,t,

\~QTn,t)

\times 

\Biggl( 
\~P 2
Tn,t

2
+
\upsilon 

2
\~PTn,t

\~QTn,t +
\upsilon 2

8
\~Q2
Tn,t

\Biggr) 
dt

+
1

2
p\sigma 2Hp - 1( \~PTn,t,

\~QTn,t)dt+ \sigma pHp - 1( \~PTn,t,
\~QTn,t)

\Bigl( 
\~PTn,t +

\upsilon 

2
\~QTn,t

\Bigr) 
dWt.

From the Young inequality, we derive that

dHp( \~PTn,t,
\~QTn,t)\leq  - \upsilon pHp( \~PTn,t,

\~QTn,t)dt+ p

\biggl( 
p - 1

2

\biggr) 
\sigma 2Hp - 1( \~PTn,t,

\~QTn,t)dt

+ Cp(p - 1)\sigma 2Hp - 2( \~PTn,t,
\~QTn,t)dt

+ \sigma pHp - 1( \~PTn,t,
\~QTn,t)

\Bigl( 
\~PTn,t +

\upsilon 

2
\~QTn,t

\Bigr) 
dWt.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

04
/2

8/
25

 to
 1

24
.1

6.
14

8.
36

 . 
R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
s:

//e
pu

bs
.s

ia
m

.o
rg

/te
rm

s-
pr

iv
ac

y



SPLITTING SCHEMES FOR STOCHASTIC LANGEVIN EQUATION 1023

Let \gamma \in (0,1) be a small number to be determined later. The Young inequality gives

d(e\gamma ptHp( \~PTn,t,
\~QTn,t))\leq e\gamma pt(\gamma p - \upsilon p+ \epsilon p)Hp( \~PTn,t,

\~QTn,t)dt+C(\epsilon )e\gamma ptdt

+ \sigma pHp - 1( \~PTn,t,
\~QTn,t)

\Bigl( 
\~PTn,t +

\upsilon 

2
\~QTn,t

\Bigr) 
e\gamma ptdWt.(A.2)

One can choose \epsilon and \gamma so that \gamma  - \upsilon + \epsilon \leq  - \upsilon 
2 < 0. Notice that for any fixed T > 0,

\BbbE 

\Biggl[ 
sup

t\in [0,T ]

\bigm| \bigm| \bigm| \bigm| \int t

0

Hp - 1( \~PTns ,s
, \~QTns ,s

)
\bigl( 
\~PTns ,s

+
\upsilon 

2
\~QTns ,s

\bigr) 
e - \gamma p(t - s)dWs

\bigm| \bigm| \bigm| \bigm| 
\Biggr] 

\leq C

\Biggl( 
\BbbE 

\Biggl[ 
sup

s\in [0,T ]

Hp - 1( \~PTns ,s,
\~QTns ,s)

\Biggr] \Biggr) 1
2
\Biggl( 
\BbbE 

\Biggl[ \int T

0

Hp( \~PTns ,s,
\~QTns ,s)ds

\Biggr] \Biggr) 1
2

+C(T )

\leq C(T ) +C(T )\BbbE 

\Biggl[ \int T

0

Hp( \~PTns ,s,
\~QTns ,s)ds

\Biggr] 
.

Hence, applying the Gr\"onwall inequality yields (2.6). Furthermore, it follows from
(A.2) that

\BbbE [Hp( \~PTn,t,
\~QTn,t)]\leq e - 

\upsilon 
2 p(t - tn)\BbbE [Hp( \~PTn,tn ,

\~QTn,tn)] +Ce - 
\upsilon 
2 p(t - tn)(t - tn).(A.3)

Then combining the preservation of Hamiltonian for (2.5), we have

\BbbE [Hp(Pn+1,Qn+1)]\leq e - 
\upsilon 
2 p\tau \BbbE [Hp(Pn,Qn)] +Ce - 

\upsilon 
2 p\tau \tau ,(A.4)

which yields \BbbE [Hp(Pn+1,Qn+1)] \leq e - 
\upsilon 
2 np\tau Hp(P0,Q0) + C. Combining (2.9) finishes

the proof of (2.7).
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