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Preface 

Stochastic functional differential equations (SFDEs) provide powerful mathematical 
tools for modeling and analyzing complex memory-dependent dynamical systems 
that arise in diverse fields such as biology, mechanics, neural networks, and finance, 
incorporating both randomness and delays. The research on SFDEs dates back to 
the 1960s, and since then, substantial efforts have been dedicated to their study. 
It is observed that the dynamical behaviors of SFDEs are often distinct from 
those of stochastic ordinary differential equations and stochastic partial differential 
equations. To qualitatively and quantitatively study stochastic phenomena and time-
lag effects, numerical methods have emerged as a powerful tool. While many
excellent treatises exist on the theoretical analysis of SFDEs, a monograph devoted
specifically to their numerical analysis remains scarce. This monograph aims to fill
that gap by presenting recent developments in the numerical analysis of SFDEs.

This monograph focuses on the numerical analysis of SFDEs, with a particular 
emphasis on the longtime asymptotics and probabilistic characteristics of numerical 
methods used to solve such equations. The longtime behaviors under investigation 
include the time-independent convergence analysis in both the strong and weak 
senses, the numerical invariant measure, and the ergodicity of numerical methods. 
Additionally, the probabilistic characteristics of numerical solutions explored in 
this monograph encompass the density function, limit theorems, and the Freidlin– 
Wentzell type large deviation principle. Corresponding numerical simulations are 
provided to validate these analytical results in this work. The topics presented here
lie at the intersection of several fascinating areas: numerical analysis, stochastic
analysis, ergodicity theory, Malliavin calculus, large deviation theory, and probabil-
ity theory, providing a rich framework to deepen our understanding of SFDEs from
both theoretical and numerical perspectives.

This monograph consists of six chapters. Chapter 1 starts with a brief review 
of the SFDE and demonstrates several concrete examples that involve the time-lag 
effect and randomness. We then present the existence and uniqueness of the solution 
for the SFDE under the globally Lipschitz continuous condition and the non-
globally Lipschitz continuous condition, respectively. It is known that the solution
of the SFDE defined in Rd

. is no longer Markovian, whereas the functional solution

v
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defined in C([−τ, 0];Rd). is Markovian, where τ . is the delay. By establishing the 
moment boundedness and the exponential attractiveness of the solution and the 
functional solution, we show that the functional solution admits a unique invariant 
measure. Then we turn to studying the probabilistic characteristics of the SFDE, 
including limit theorems, density function, and large deviation principle. At the end
of this chapter, we provide the construction and solvability of several classes of
numerical methods for the SFDE.

In Chap. 2, we focus on a general class of numerical methods, the θ .-Euler– 
Maruyama (θ .-EM) method, of the SFDE with superlinearly growing drift coef-
ficient, and study the longtime mean-square convergence of this class of numer-
ical methods. We first establish the time-independent boundedness of high-order
moments of the θ .-EM functional solution. Then we derive the inheritance of the 
exponential attractiveness and the e xponential stability of the exact functional
solution by the θ .-EM method. Armed with these preparations, we prove that the 
mean-square convergence rate on the infinite time horizon is 1

2 .. 

Chapter 3 studies the numerical invariant measure and weak con vergence
analysis of the θ .-EM method. The existence and uniqueness of the numerical 
invariant measure, which yields the ergodicity, are proven by means of the time-
independent moment boundedness and the exponential attractiveness of the θ .-EM 
functional solution. A common approach to obtaining the convergence rate of 
the numerical invariant measure is based on the longtime weak convergence 
of the numerical method, which can be established by means of the Malliavin 
calculus. The prerequisite is to derive the time-independent estimates for Malliavin 
derivatives and Gâteaux derivatives of both the exact and numerical functional 
solutions. We show that the moments of these derivatives decay e xponentially in
time. Based on these properties, we obtain the weak convergence rate 1 on the
infinite time horizon, which is twice the mean-square convergence rate. As a result,
the convergence rate for the numerical invariant measure of the θ .-EM functional 
solution is derived, which is the same as the weak convergence rate.

Chapter 4 is devoted to investigating probabilistic limit theorems, in particular, 
the strong law of large numbers and the central limit theorem of numerical methods 
for the SFDE. Taking into consideration the fact that the functional solution of 
the autonomous SFDE is a time-homogeneous Markov process, we extend the 
study to the general time-homogeneous Markov processes. We propose a unified 
and transparent approach to investigating probabilistic limit theorems of numerical 
discretizations of the underlying Markov process. Once the properties of uniformly 
mixing and convergence for numerical discretizations are satisfied, it is shown that 
the numerical strong law o f large numbers and the numerical central limit theorem
hold, namely, the time-averages of numerical discretizations converge to the ergodic
limit almost surely and that the normalized time-averages converge in distribution to
a normal distribution. The limits coincide with the ones for the underlying Markov
process. Based on these results, we obtain the corresponding probabilistic limit
theorems of the θ .-EM method for the SFDE.
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We investigate in Chap. 5 the existence and convergence of the density function
of the θ .-EM solution. We first present the nondegeneracy of the numerical solution 
and prove the existence of the corresponding numerical density function by means of 
the Malliavin calculus. F or the SFDE driven by the multiplicative noise, combining
the mean-square convergence result of the θ .-EM method, the convergence of the 
numerical density function is proved. While for the case of the additive noise, the 
convergence rate of the numerical density function is derived, based on the test-
functional-independent weak convergence analysis for the θ .-EM method. The major 
obstacle in the proof lies in the estimates of the negative moments of the determinant 
of the corresponding Malliavin covariance matrix of the numerical solution, which is 
overcome by presenting a discrete comparison principle for the SFDE with additive 
noise. By making full use of t he Malliavin integration by parts formula, the test-
functional-independent weak convergence rate and further the convergence rate of
the numerical density function are both proved to be 1.. 

The Freidlin–Wentzell type large deviation principle of the θ .-EM method is 
presented in Chap. 6, for the SFDE with small noise on the infinite time horizon. 
A well-known approach to establishing the large deviation principle is through its 
equivalence to the Laplace principle, which is also known as the weak convergence 
method. The key to the analysis lies in establishing the compactness of solutions
for both the skeleton equation and the stochastic controlled equation in Banach
space Cξ ([−τ,∞);Rd).. In this regard, by analyzing the time-independent moment 
estimates of the solution o f the stochastic controlled equation, we prove that the
θ .-EM solution satisfies the large deviation principle on the Banach space with the 
rate function given by the corresponding skeleton equation. Moreover, combining 
the technique of the Malliavin calculus, we present the logarithmic estimate of the 
numerical density function and establish the relation between the logarithmic limit 
and the rate function of the large deviation principle. Four appendices have also 
been provided, which are meant to supply supporting details without interfering
with the main flow of the monograph. They contain some results on commonly used
inequalities, Markov semigroup, invariant measure, ergodicity, Malliavin calculus,
and large deviation principle.

We hope that this monograph will be of value to a wide range of readers, includ-
ing researchers and graduate students with a prior understanding of SFDEs and 
Markov processes. The topics covered in this monograph will provide useful tools
for the readers to have a deeper understanding of numerical analysis, particularly in
the context of the longtime asymptotics and probabilistic characteristics of SFDEs.

Beijing, China Chuchu Chen 
February, 2025 Tonghe Dang 

Jialin Hong 
Guoting Song 
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E[u]. Expectation of a random v ariable u

E[u|G]. Conditional expectation of u with respect to a
σ .-algebra G ⊂ F. 

N (0, v2). Normal distribution with mean 0 and variance
v2 . 

d−→. Convergence in distribution with respect to P. 
P−→. Convergence in probability with respect to P. 

P-a.s.−→ . Convergence almost surely with respect to P.
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. Stepsize of the θ .-EM method, usually defined
as := τ

N
∈ (0, 1]. for a sufficiently large 

integer N 
K A generic positive constant independent of . 

whose value may vary at different occurrences
t . Largest grid point that no larger than t,. i.e., 

max{tk ≤ t : tk = = −N,−N + 1, . . .}. 
t . Smallest grid point greater than t,. i.e., min{tk >

t : tk = = 0, 1, . . .}. 
t . Largest integer that no lar ger than t

t . Smallest integer that no less than t

μ. Invariant measure of t he SFDE
μ . Invariant measure of the θ .-EM m ethod
ξ . Deterministic initial datum in Cd

. 

xξ (·). (resp. xξ· .) Solution (resp. functional solution) of the
SFDE

y (·). (resp. y· .) Solution (resp. functional solution) of the θ .-EM 
method 

ϕ(t; ti , η). Solution of the SFDE at time t with initial
datum η. at ti . 

ϕInt (·; ti , η). Linear interpolation of ϕ(·; ti , η). by grids 
{(tk, ϕ(tk; ti , η)), k = i, i + 1, . . .}. 

k; ti , η
Int ). Solution of the θ .-EM method at time tk . with 

initial datum ηInt
. at ti . 

μ
ξ
t . Probability measure induced by x

ξ
t . 

P
ξ
t . Markov semigroup induced by μ

ξ
t . 

μt . Probability measure induced by yt . 

Pt . Markov semigroup induced by μt . 

Wq . Bounded-Wasserstein distance for q ≥ 1., i.e., 

. Wq(u1, u2) := inf
π∈ u1,u2)

Cd×Cd
1 φ1 − φ2

q

π(dφ1, dφ2)

1
q
,

where u1, u2). denotes the collection of a ll
probability measures on Cd ×Cd

.with marginal 
measures u1 . and u2 . 

p. Density function of the solution o f the SFDE
p . Density function of the solution of the θ .-EM 

method
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Lp
. Space of all E-valued random variables which 

are p-integrable with respect to P. 

L2 := (L2 ([0,∞);Rm), L2 ). Space of functions v : [0,∞) → R
m

. satisfying 
that v( ). is square integrable equipped with 
some norm denoted by L2 . 

SM . Subspace of L2 ([0,∞);Rm). for functions v 
satisfying v 2

L2 ≤ M . 

AM . Space of {Ft }t≥0 .-adapted functions v : ×
[0,∞) → R

m
. satisfying that v ∈ SM . P.-a.s. 

(L(E1;E2), L(E1;E2)
). Space of bounded linear operators from E1 . to 

E2 . endowed with usual operator norm denoted
by L(E1;E2)

. 

(H, , H , H ). Hilbert space H := L2(T;Rm). endowed with 
the inner product g, h H :=

T
g(t) h(t)dt . 

for g, h ∈ H . and the norm H ,
1
2
H ., 

where T = [0, T ]. or [0,+∞). 

D. Gâteaux derivative operator
Dα

. Gâteaux derivative operator of order α ∈ N+ . 

D Malliavin derivative operator
Dα

. Malliavin derivative operator of order α ∈ N+ . 

(Dα,p(Rd), α,p). Malliavin Sobolev space consisting of all ran-
dom variables f : → R

d
. whose Malliavin 

derivatives up to order α . belong to Lp
., 

endowed with the norm

. f α,p := E |f |p +
α

j=1

Djf
p

H⊗j

1
p

trace[A]. Trace of a matrix A



Chapter 1 
Stochastic Functional Differe ntial
Equation

Since K. Itô and M. Nisio [48] initiated the study of the stochastic functional 
differential equation (SFDE) in 1964, there have been plenty of related works on its
theoretical analysis; see e.g. [2, 6–10, 20, 26, 40, 42, 52, 63, 65, 73, 79, 88, 89]. In 
this chapter, we present a brief introduction to the SFDE and its numerical methods.
Precisely, in Sect. 1.1, we present the general form of the equation and give three 
types of examples involving memory effects, which are widely used in population
dynamics, automatic control theory, and finance. In Sect. 1.2, we establish the  
existence and uniqueness of the exact solution for the SFDE. In Sect. 1.3, we explore 
the properties of the exact solution or functional solution of the SFDE, including the 
moment boundedness, exponential attractiveness, invariant measure, probabilistic
limit theorems, density function, and large deviation principle. Finally, in Sect. 1.4, 
we discuss several widely used numerical methods for solving the SFDE.

1.1 An Overview t o SFDE

The SFDE is commonly used to model systems that depend not only on the present 
state but also on the past ones, which has wide applications in a diverse range of
fields such as biology, epidemiology, mechanics, neural networks, economics, and
finance; see e.g. [1, 21, 25, 53, 67, 71, 84, 94]. The general form of the SFDE driven 
by Brownian motion reads as follows:

.
dxξ (t) = b(x

ξ
t )dt + σ(x

ξ
t )dW(t), t > 0,

xξ (t) = ξ(t), t ∈ [−τ, 0], (1.1) 

where the delay τ > 0., the initial datum ξ ∈ Cd := (C([−τ, 0];Rd), ),. 

{W(t), t ≥ 0}. is an m-dimensional standard Brownian motion o n a filtered complete
probability space F, {Ft }t≥0,P),. and the drift coefficient b : Cd → R

d
. and 
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2 1 Stochastic Functional Differential Equation

the diffusion coefficient σ : Cd → R
d×m

. are measurable functions. H ere for
t ≥ 0., xξ

t . is defined by the relation x
ξ
t (r) = xξ (t + r). for r ∈ [−τ, 0]., and 

(C([−τ, 0];Rd), ). denotes the space of continuous functions φ : [−τ, 0] → R
d
. 

equipped with the norm φ sups∈[−τ,0] |φ(s)|.. We refer to theRd
.-valued process 

{xξ (t)}t≥−τ . as the solution, and to the Cd
.-valued process {xξ

t }t≥0 . as the functional 
solution (or se gment process).

Due to the dependence on the past, it is known that the solution of the SFDE
valued in R

d
. is no longer Markovian, whereas the f unctional solution valued in

Cd
. is Markovian; see e.g. [70]. Hence, the SFDE is highly degenerate (infinite-

dimensional Markov processes with finite-dimensional noises), which has quite 
peculiar dynamical behaviors that are different from those of the stochastic ordinary
differential equation and the stochastic partial differential equation.

The SFDE offers a rather broad and general description of the dependence on the 
past, which appears in a wide v ariety of specific forms in the literature. For example,
memory terms of (1.1) may be of the form xξ (t − τ), xξ ( t/τ τ ),

0
−τ

x
ξ
t (r)dν(r). 

with ν . being a probability measure on [−τ, 0]., in which cases, the corresponding 
equation is called the stochastic delay differential equation, the stochastic differen-
tial equation w ith piecewise continuous argument, and the SFDE with distributed
delay. Here, t/τ . represents the largest integer no larger than t/τ .. Below, we  
present concrete formulations and examples of these classes of SFDEs.

Stochastic Delay Differential Equation For n ∈ N+ ., if coefficients b and σ . are 
functions of arguments xξ (t), xξ (t − τ̄1(t)), . . . , x

ξ (t − τ̄n(t))., then Eq. (1.1) is also 
called a stochastic delay dif ferential equation. Precisely,

. 

⎧⎨
⎩
dxξ (t) = H1(x

ξ (t), xξ (t − τ̄1(t)), . . . , x
ξ (t − τ̄n(t)))dt

+ H2(x
ξ (t), xξ (t − τ̄1(t)), . . . , x

ξ (t − τ̄n(t)))dW(t), t > 0,
xξ (t) = ξ(t), t ∈ [−τ, 0].

Here H1 : (Rd)⊗(n+1) → R
d
., H2 : (Rd)⊗(n+1) → R

d×m
. are measurable f unctions,

functions τ̄i : R+ → (0, τ ]. for i ∈ {1, . . . , n}., and W(·). is an m-dimensional 
standard B rownian motion.

Example 1.1 In population ecology, the delay Lotka–Volterra model provides a 
fundamental framework to describe the dynamics of certain interacting species 
subject to time-lag effects (e.g., gestation periods or resource regeneration). Its
deterministic form is expressed as

. 
dx(t)

dt
= diag x1(t), . . . , xd(t) b + Ax(t) + B x(t − τ) , t > 0

with initial data ξ = (ξ1, . . . , ξd) ∈ Cd
., where ξi(r) > 0. for r ∈ [−τ, 0].. 

Here, x(t) = (x1(t), . . . , xd(t)) ∈ R
d
., b = (b1, . . . , bd) ∈ R

d
. with bi ≥ 0. 

denotes the intrinsic growth vector, A,B ∈ R
d×d

. are interaction m atrices, and
τ > 0. is the delay. To account for environmental fluctuations in factors such
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as resource availability and species response rates, authors in [68] establish the 
following stochastic delay Lotka–Volterra model,

. 

dx(t) = diag x1(t), . . . , xd(t) A(x(t) − x̄) + B(x(t − τ) − x̄) dt

+ D x(t) − x̄ dW(t) .

Here, x̄ . is the positive equilibrium of the deterministic version (i.e., b+Ax̄ +Bx̄ =
0.), W(·). is a one-dimensional standard Bro wnian motion, and D = (Dij )d×d ∈
R

d×d
. represents the noise intensity matrix.

Example 1.2 Consider a large population subject to migration, with the aggregate 
migration rate modeled as white noise. Assume that each individual under goes
a fixed development period before contributing to population dynamics. Authors
in [71] propose the following stochastic delay differential equation to model the 
evolution of the large population x(t). at time t :

. dx(t) = (−αx(t) + βx(t − τ))dt + σdW(t),

where α > 0. denotes the death rate, β > 0. is the birth rate, τ > 0. represents 
the development period of each individual (e.g., τ = 9. months), σ > 0., and W(·). 
denotes a one-dimensional standard B rownian motion.

Stochastic Differential Equation with Piecewise Continuous Ar gument If coef-
ficients b and σ . are functions of arguments x(t), x( t/τ τ )., then Eq. (1.1) is 
also called a stochastic differential equation with piecewise continuous argument.
Precisely,

. 
dx(t) = H1(x(t), x( t/τ τ ))dt + H2(x(t), x( t/τ τ ))dW(t), t > 0,
x(0) = x0 ∈ R

d ,

where H1 : Rd ×R
d → R

d
., H2 : Rd ×R

d → R
d×m

. are measurable functions, t he
delay τ > 0., and W(·). is an m-dimensional standard B rownian motion.

Example 1.3 In automatic control theory, to stabilize a d-dimensional unstable
stochastic system

. dx(t) = b(x(t), t)dt + σ(x(t), t)dW(t),

the author in [64] proposes a feedback control strategy based on discrete-time 
observations. Specifically, the control term is designed as u(x(t), x( t/τ τ ), t). and 
the corresponding controlled stochastic system is of the form

.dx(t) = b(x(t), t) + u(x(t), x( t/τ τ ), t) dt + σ(x(t), t)dW(t).
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Here, coefficients b : Rd ×R+ → R
d
., u : (Rd)⊗2×R+ → R

d
., and σ : Rd ×R+ →

R
d×m

. are measurable functions, the delay τ > 0., and W(·). is an m-dimensional 
standard B rownian motion.

Example 1.4 The authors in [27] introduce the following stochastic differential 
equation w ith piecewise continuous argument:

. 
dx(t) = (−x3(t) − 10x(t) + 2x( t ) + 1)dt + (x(t) + x( t ))dW(t), t > 0,
x(0) = x0 ∈ R,

where x(t) ∈ R. denotes the state variable, x( t ). is the piecewise constant term 
which represents the state evaluated at the most recent integer time, and W(·). is 
a one-dimensional standard Brownian motion. This equation captures nonlinear 
stochastic dynamics that evolve continuously in time and embeds discrete-time
memory through a piecewise constant argument.

SFDE with Distributed Delay If coefficients b and σ . are functions of arguments
xξ (t),

0
−τ

x
ξ
t (r)dν(r),. then Eq. (1.1) is also called an SFDE with distrib uted delay.

Precisely,

. 

⎧⎪⎪⎨
⎪⎪⎩
dxξ (t) = H1 xξ (t),

0
−τ

x
ξ
t (r)dν(r) dt

+H2 xξ (t),
0
−τ

x
ξ
t (r)dν(r) dW(t), t > 0,

xξ (t) = ξ(t), t ∈ [−τ, 0].

Here, H1 : Rd × R
d → R

d
., H2 : Rd × R

d → R
d×m

. are measurable functions, t he
delay τ > 0., ν . is a probability measure on [−τ, 0]., and W(·). is an m-dimensional 
standard B rownian motion.

Example 1.5 The Black–Scholes model is one of the most famous option pricing 
models in finance, proposed by F. Black, M. Scholes, and R. Merton in 1973. This 
model provides a mathematical framework for calculating the theoretical price of
European options. In recent years, various generalizations of the model have been
made to better model real-life options. In particular, the literature [24] is one of the 
first works that took hereditary structure into consideration in s tudying the pricing
problem of European option, in which the stock process {S(t)}t≥0 . satisfies 

. dS(t) =
0

−τ

S(t + r)dν̃1(r)dt +
0

−τ

S(t + r)dν̃2(r)dW(t), t ≥ 0.

Here, S(t) ∈ R+ . is the stock price at time t ∈ R+ ., ν̃j . are probability measures on
[−τ, 0]. for j = 1, 2., and W(·). is a one-dimensional standard Brownian motion.
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Example 1.6 Precisely, i n [88], the drift coefficient take s the form

. b(φ) = 1

τ

0

−τ

sin(φ(s))ds − sign(φ(0)) |φ(0)| − 2φ(0), φ ∈ C1.

And in [57], the authors consider the drift coefficient

. b(φ) = 1

τ

0

−τ

φ(s)ds − |φ(0)|2φ(0) − 2φ(0), φ ∈ Cd .

These drift coefficients can be collectively e xpressed in the form

. b(φ) = b1(φ) + b2(φ), φ ∈ Cd .

Here, 

. b1(φ) = ψ1(φ(0)) and b2(φ) =
0

−τ

ψ2(φ(s))k(s)dν(s),

where ψ1(·). and ψ2(·). are continuous functions from R
d
. to Rd

., k(·). is a continuous 
function from [−τ, 0]. to R., and ν . is a probability measure on [−τ, 0].. 

1.2 Existence and Uniqueness of Exact Solution

In this section, we investigate the existence and uniqueness of the solution for
Eq. (1.1) under the globally Lipschitz condition and the non-globally Lipschitz
condition, respectively.

1.2.1 Globally Lipsc hitz Case

A well-known condition imposed for the existence and uniqueness of the solution 
is the globally Lipschitz condition; see e.g. [63, 70]. We state this result in the
following theorem.

Theorem 1.1 ( [63, Theorem 5.2.2]) Let coefficients b and σ . satisfy that for any
φ1, φ2 ∈ Cd

., 

.|b(φ1) − b(φ2)| + |σ(φ1) − σ(φ2)| ≤ K̄ φ1 − φ2 , (1.2) 

where K̄ > 0..Then for E q. (1.1) with the initial datum ξ ∈ Cd
., there exists a unique

solution {xξ (t)}t≥−τ ..
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Proof It suffices to show that for any T > 0., Eq.  (1.1) admits a unique solution on
[−τ, T ].. The proof is divided into three s teps.

Step 1. Show that for any T > 0., 

.E sup
−τ≤t≤T

|xξ (t)|2 ≤ KT (T + 1)(1 ξ 2)eKT (T +1). (1.3) 

For any M ∈ N+ . with M > ξ ., define a stopping time tM . by tM := T ∧ inf{t ≥
0 : |xξ (t)| ≥ M}.. It follows from (1.1) that for t ∈ [0, T ]., 

. xξ (t ∧ tM) = ξ(0) +
t

0
b(xξ

s )1[0,tM ](s)ds +
t

0
σ(xξ

s )1[0,tM ](s)dW(s).

Using (c1 + c2 + c3)
2 ≤ 3(c21 + c22 + c23). for c1, c2, c3 ∈ R., and applying the H ölder

inequality (see Proposition A.2) and the Burkholder–Davis–Gundy inequality (see
Proposition A.5), we deri ve

. E sup
0≤t≤T

|xξ (t ∧ tM)|2 ≤ 3E ξ 2 + T
T

0
|b(xξ

s )1[0,tM ](s)|2ds

+ 4
T

0
|σ(xξ

s )|21[0,tM ](s)ds . (1.4) 

By (1.2), we have that for φ ∈ Cd
., 

. |b(φ)| ∨ |σ(φ)| ≤ |b(0)| ∨ |σ(0)| + K̄ φ K(1 φ ),

where 0. denotes the zero element of Cd
.. This y ields

. E sup
0≤t≤T

|xξ (t ∧ tM)|2

≤ K ξ 2 + K(T + 1)E
T

0
(1 xξ

s
2)1[0,tM ](s)ds

≤ K ξ 2 + K(T + 1)
T

0
(1 + E x

ξ
s∧tM

2])ds

≤ KT (T + 1)(1 ξ 2) + K(T + 1)
T

0
E sup

0≤u≤s

|xξ (u ∧ tM)|2 ds.

Applying the Gronwall inequality (see Proposition A.3), we obtain

. E sup
0≤t≤T

|xξ (t ∧ tM)|2 ≤ KT (T + 1)(1 ξ 2)eKT (T +1),

which finishes the proof of Step 1 by letting M → ∞..
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Step 2. Uniqueness. Assume that there exist two solutions xξ (·). and x̃ξ (·).. It  
follows from (1.1) that 

. xξ (t) − x̃ξ (t) =
t

0
(b(xξ

s ) − b(x̃ξ
s ))ds +

t

0
(σ (xξ

s ) − σ(x̃ξ
s ))dW(s).

It follows from Step 1 that E sup0≤t≤T |xξ (t) − x̃ξ (t)|2 < ∞.. Moreover, using 
the globally Lipschitz condition (1.2), and applying the Hölder inequality and the 
Burkholder–Davis–Gundy inequality, we arrive at that for any T > 0., 

. E sup
0≤t≤T

|xξ (t) − x̃ξ (t)|2

≤ KT E

T

0
|b(xξ

s ) − b(x̃ξ
s )|2 + |σ(xξ

s ) − σ(x̃ξ
s )|2 ds

≤ KT E

T

0
xξ
s − x̃ξ

s
2ds ≤ KT

T

0
E sup

0≤u≤s

|xξ (u) − x̃ξ (u)|2 ds.

Applying the Gronwall inequality, we conclude E sup0≤t≤T |xξ (t)− x̃ξ (t)|2 = 0., 
which implies the uniqueness of the solution for (1.1). 

Step 3. Existence. The proof of the existence of the solution for (1.1) is based 
on the Picard iterations. For any T > 0., let xξ,0(t) = ξ(0). for t ∈ [0, T ]. and 
xξ,0(t) = ξ(t). for t ∈ [−τ, 0].. For each n ∈ N+ ., let xξ,n(t) = ξ(t). for t ∈ [−τ, 0]., 
and define

. xξ,n(t) = ξ(0) +
t

0
b(xξ,n−1

s )ds +
t

0
σ(xξ,n−1

s )dW(s)

for t ∈ [0, T ].. We aim to show that xξ,n(·). admits a unique limit xξ (·). P.-a.s. a s
n → ∞., and prove that xξ (·). is the solution of (1.1). To this end, we estimate the
errors between xξ,n+1(·). and xξ,n(·).. 

Claim: for each n ∈ N. and t ∈ [0, T ]., 

.E sup
0≤u≤t

|xξ,n+1(u) − xξ,n(u)|2 ≤ K̃((2T + 8)K̄2t)n

n! , (1.5) 

where K̃ := (4T 2 + 16T )(|b(0)|2 + |σ(0)|2 + K̄2 ξ 2)..
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Similar to the proof of Step 1, by the Hölder inequality and the Burkholder–
Davis–Gundy inequality, we derive

. E sup
0≤u≤t

|xξ,1(u) − xξ,0(u)|2

= E sup
0≤u≤t

u

0
b(xξ,0

s )ds +
u

0
σ(xξ,0

s )dW(s)
2

≤ 2E t
t

0
|b(xξ,0

s )|2ds + 4
t

0
|σ(xξ,0

s )|2ds

≤ 2E
t

0
2T |b(0)|2 + 8|σ(0)|2 + (2T + 8)K̄2 xξ,0

s
2 ds ≤ K̃.

Assume that for any i ∈ {1, 2, . . . , n − 1}., one has E sup0≤u≤t |xξ,i+1(u) −
xξ,i(u)|2 ≤ K̃((2T +8)K̄2t)i

i! .. Utilizing the Hölder inequality, the Burkholder–Davis– 
Gundy inequality and the globally Lipschitz condition (1.2) on coefficients, we 
arri ve at

. E sup
0≤u≤t

|xξ,n+1(u) − xξ,n(u)|2

= E sup
0≤u≤t

u

0
b(xξ,n

s )− b(xξ,n−1
s ) ds +

u

0
σ(xξ,n

s )− σ(xξ,n−1
s ) dW(s)

2

≤ (2T + 8)E
t

0
|b(xξ,n

s ) − b(xξ,n−1
s )|2ds +

t

0
|σ(xξ,n

s ) − σ(xξ,n−1
s )|2ds

≤ (2T + 8)K̄2
E

t

0
xξ,n
s − xξ,n−1

s
2ds .

This, together with the induction assumption yields

. E sup
0≤u≤t

|xξ,n+1(u) − xξ,n(u)|2

≤ (2T + 8)K̄2
t

0
E sup

0≤u≤s

|xξ,n(u) − xξ,n−1(u)|2 ds

≤ (2T + 8)K̄2
t

0

K̃((2T + 8)K̄2s)n−1

(n − 1)! ds ≤ K̃((2T + 8)K̄2t)n

n! ,

which leads to (1.5).
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Furthermore, it follows from the Chebyshev inequality and (1.5) that 

. P sup
0≤t≤T

|xξ,n+1(t) − xξ,n(t)| >
1

2n
≤ 4nK̃((2T + 8)K̄2T )n

n! .

Applying the Borel–Cantelli lemma leads to that for P.-a.s. ω ∈ ., there exists an
n0 := n0(ω) ∈ N+ . such that for n ∈ N+ . with n ≥ n0 ., 

. sup
0≤t≤T

|xξ,n+1(t) − xξ,n(t)| ≤ 1

2n
.

Since 

. xξ,n(t) = ξ(0) +
n−1

i=0

(xξ,i+1(t) − xξ,i(t))

for t ∈ [−τ, T ]., we obtain that limn→∞ xξ,n(t). exists P.-a.s., which is denoted
by xξ (t).. Note that the above convergence of xξ,n(·). is uniform in t ∈ [0, T ].. 
Combining the continuity of xξ,n(·)., we derive that the limit xξ (·). is also continuous 
in t ∈ [0, T ].. In addition, it follows from (1.5) that for t ∈ [0, T ]., {xξ,n

t }n∈N . is a 
Cauchy sequence in L2 ;Cd).. According to the completeness of L2 ;Cd)., we  
derive that xξ,n

t → x
ξ
t . as n → ∞. in L2 ;Cd).. Hence, we ha ve

. E

t

0
(b(xξ

s ) − b(xξ,n
s ))ds +

t

0
(σ (xξ

s ) − σ(xξ,n
s ))dW(s)

2

≤ (2T + 8)K̄2
t

0
E sup

0≤u≤s

|xξ (u) − xξ,n(u)|2 ds → 0 as n → ∞.

This implies that xξ (·). is the solution of (1.1). Therefore, we complete the proof.

As a direct consequence of Theorem 1.1, the SFDEs in Examples 1.2 and 1.5 
are well-posed. Since their drift and diffusion coefficients are globally Lipschitz
continuous, Theorem 1.1 ensures that for any initial datum ξ ∈ Cd

., each equation 
in Examples 1.2 and 1.5 admits a unique solution on [−τ,∞).. 

1.2.2 Non-globally Lipsc hitz Case

In practice, SFDEs may be highly nonlinear, and Theorem 1.1 fails to apply to such 
equations. As a result, authors in [88] establish the existence and uniqueness of the
solution for the nonlinear SFDE.
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Theorem 1.2 ( [88, Theorem 2.3]) Assume that the coefficients b and σ . satisfy the 
following conditions.

• Weak one-sided locally Lipschitz condition (or monotonicity condition). For any
compact subset C̄ ⊂ Cd

., there exist constants K̄C̄ > 0. and τC̄ ∈ [0, τ ]. such that 
for any φ1, φ2 ∈ C̄. with φ1(r) = φ2(r). for r ∈ [−τ,−τC̄]., 

.2 φ1(0) − φ2(0), b(φ1) − b(φ2) σ (φ1) − σ(φ2)|2 ≤ K̄C̄ φ1 − φ2
2.

• Weak growth condition. Coefficients b and σ . are bounded on bounded subsets
of Cd

. and there exists a non-decreasing function : R+ → (0,∞). such that ∞
0

1 ds = ∞. and for any φ ∈ Cd
., 

. 2 φ(0), b(φ) σ (φ)|2 ≤ φ 2).

Then for E q. (1.1) with the initial datum ξ ∈ Cd
., there exists a unique solution

{xξ (t)}t≥−τ .. 

Remark 1.1 Authors i n [88] prove that the weak one-sided locally Lipschitz 
condition guarantees the existence and uniqueness of the solution for (1.1) in the 
local sense. Moreover, they also show that the weak growth condition prevents 
explosions from occurring, which implies the existence and uniqueness of the global
solution for (1.1). 

Theorem 1.2 provides a general framework for establishing the well-posedness 
of SFDEs with non-globally Lipschitz coef ficients. We now verify that coefficients
in Examples 1.4 and 1.6 fit within this frame work.

Remark 1.2 We first demonstrate that the SFDE in Example 1.4 satisfies the 
hypotheses of Theorem 1.2. Recall that its drift and diffusion coefficients are given
by

. b(φ) := b(u, v) = −u3 − 10u + 2v + 1, σ (φ) := σ(u, v) = u + v,

where φ ∈ C1 ., u := φ(0). and v ∈ {φ(r)}r∈[−1,0] . is a certain quantity.

Verification of the Weak Growth Condition Observe that

. 2 φ(0), b(φ) σ (φ)|2 ≤ −2|u|4 − (20 − 2)|u|2 + 4|u||v| + 2|v|2 + 2u

≤ 1 + 4 φ 2.

By choosing = 1 + 4s . for s ∈ R+ ., we conclude that the coefficients b and σ . 

satisfy the weak growth condition.
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Verification of the Weak One-Sided Locally Lipschitz Condition For any
φ1, φ2 ∈ C1 ., 

. 2 φ1(0) − φ2(0), b(φ1) − b(φ2) σ (φ1) − σ(φ2)|2

= 2 u1 − u2, (−u31 − 10u1 + 2v1 + 1) − (−u32 − 10u2 + 2v2 + 1)

+ |(u1 + v1) − (u2 + v2)|2

≤ −2|u1 − u2|2(u21 + u1u2 + u22) − (20 − 2)|u1 − u2|2

+ 4|u1 − u2||v1 − v2| + 2|v1 − v2|2

≤ −|u1 − u2|2(u21 + u22) − (20 − 2)|u1 − u2|2

+ 4|u1 − u2||v1 − v2| + 2|v1 − v2|2

≤ 4 φ1 − φ2
2,

which confirms that the coefficients also satisfy the weak one-sided locally Lipschitz
condition. Therefore, for any initial datum x0 ∈ R., the SFDE given by Example 1.4 
admits a unique solution on R+ .. 

Remark 1.3 We now verify that the drift coefficients introduced in Example 1.6, 
namely ,

.b(φ) = 1

τ

0

−τ

sin(φ(r))dr − sign(φ(0)) |φ(0)| − 2φ(0), φ ∈ C1 (1.6) 

and 

.b(φ) = 1

τ

0

−τ

φ(r)dr − |φ(0)|2φ(0) − 2φ(0), φ ∈ Cd (1.7) 

satisfy the conditions stated in Theorem 1.2 when σ . is globally Lipschitz continu-
ous. For simplicity, we take σ(φ) = φ(0). for φ ∈ C1 .. 

We begin with the first coefficient b in (1.6). Since the function s

−sign(s)
√|s|. is non-increasing on s ∈ R., it follows that for any φ1, φ2 ∈ C1 ., 

. φ1(0) − φ2(0),−sign(φ1(0)) |φ1(0)| − − sign(φ2(0)) |φ2(0)| ≤ 0.

Applying the Young inequality (see Proposition A.1), we obtain

.2 φ1(0) − φ2(0), b(φ1) − b(φ2) σ (φ1) − σ(φ2)|2

≤ −3|φ1(0) − φ2(0)|2 + 2 φ1(0) − φ2(0),
1

τ

0

−τ

sin(φ1(r)) − sin(φ2(r)) dr
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≤ −2|φ1(0) − φ2(0)|2 + 
1 
τ 

0 

−τ 
| sin(φ1(r)) − sin(φ2(r))|2dr 

≤ −2|φ1(0) − φ2(0)|2 + 
1 
τ 

0 

−τ 
|φ1(r) − φ2(r)|2dr,

which confirms that b satisfies the weak one-sided locally Lipschitz condition. 
Moreover, for any φ ∈ C1 ., 

. 2 φ(0), b(φ) σ (φ)|2 ≤ 2|φ(0)|
τ

0

−τ

| sin(φ(r))|dr − 3|φ(0)|2

≤ 2 φ ,

where we used | sin(s)| ≤ 1. and s,−sign(s)
√|s 0. for s ∈ R.. By choosing

= 2s
1
2 . for s ∈ R+ ., we conclude that b in (1.6) also satisfies the weak growth 

condition. 
A similar argument can be applied to the drift coefficient b in (1.7), noticing the 

fact that the mapping u → −|u|2u. satisfies 

. u1 − u2,−|u1|2u1 − (−|u2|2u2)

= −1

2
(|u1|2 + |u2|2)|u1 − u2|2 − 1

2
(|u1|2 − |u2|2)2

≤ −1

2
(|u1|2 + |u2|2)|u1 − u2|2 ≤ 0 for u1, u2 ∈ R

d .

Another type of sufficient condition to ensure the existence and uniqueness o f
the solution is presented in [61]. They assume that coefficients b and σ . satisfy 
a locally Lipschitz condition and a Khasminskii-type condition, which a re stated
below separately.

Denote by C(S;R+). the space of continuous functions U : S → R+ ., where S. 

can be taken as Rd
., Rd × R

d
., Rd × [−τ,∞)., and R

d × R
d × [−τ,∞).. D enote

C2,1(Rd × [−τ,∞);R+). the space of continuous non-negative functions V (x, t). 

defined on R
d × [−τ,∞). such that they are continuously twice differentiable i n x

and once in t .

Assumption 1.1 For any M > 0., there exists a constant K̃M > 0. such that for any
φ1, φ2 ∈ Cd

. with φ1 φ2 M ., 

.|b(φ1) − b(φ2)| + |σ(φ1) − σ(φ2)| ≤ K̃M φ1 − φ2 .
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Assumption 1.2 There exist two functions V ∈ C2,1(Rd ×[−τ,∞);R+). and U ∈
C(Rd × [−τ,∞);R+)., and two probability measures ν̄1 . and ν̄2 . on [−τ, 0]. such 
that 

. lim|x|→∞ inf
0≤t<∞ V (x, t) = ∞,

and for any (φ, t) ∈ Cd × R+,. 

. LV (φ, t) ≤ K 1 + V (φ(0), t) +
0

−τ

V (φ(r), t + r)dν̄1(r)

− U(φ(0), t) +
0

−τ

U(φ(r), t + r)dν̄2(r), (1.8) 

where K > 0., and the functional LV : Cd × R+ → R. is defined by

. LV (φ, t) = Vt (φ(0), t) + Vx(φ(0), t)b(φ) + 1

2
trace[σ (φ)Vxx(φ(0), t)σ (φ)].

(1.9) 

Here, Vx(x, t) := Vx1(x, t), . . . , Vxd
(x, t) . and Vxx(x, t) := Vxi,xj

(x, t)
d×d

. for 
x ∈ R

d , t ∈ R+ .. 

Assumption 1.1 guarantees the existence and uniqueness of the solution for
(1.1) in the local sense, and Assumption 1.2 prevents explosions of the solution 
from occurring. The function V (x, t). defined in Assumption 1.2, called Lyapunov 
function, is commonly taken as V (x, t) := |x|p . for some p ≥ 2.. The function
U(x, t). in (1.8) is used to control the higher-order terms of LV ., commonly tak en as
U(x, t) := |x|p+l

. for some l > 0.. 
The existence and uniqueness of the solution for (1.1) based on the locally 

Lipschitz condition and the Khasminskii-type condition is stated as follows.

Theorem 1.3 ( [61, Theorem 2]) Assume that Assumptions 1.1and 1.2 hold. Then 
for Eq. (1.1) with the initial datum ξ ∈ Cd

., there exists a unique solution
{xξ (t)}t≥−τ .. 

Remark 1.4 The well-posedness of the stochastic delay Lotka–Volterra model
presented in Example 1.1 can be established by applying Theorem 1.3, provided 
the conditions Dii > 0. for all i ∈ {1, 2, . . . , d}. and Dij ≥ 0. for all i j . with 
i, j ∈ {1, 2, . . . , d}. are satisfied. First, it follows from the continuity of derivatives 
of the coefficients in this model that the coefficients are locally Lipschitz continuous. 
This implies the e xistence and uniqueness of the solution in the local sense. To
proceed, define the Lyapunov function V : (0,∞)d → (0,∞). introduced in [68] 
by 

.V (u) :=
d

i=1

√
ui − 1 − 1

2
log(ui) ,
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where u = (u1, u2, . . . , ud) .. For a solution x(t) = ((x(t))1, . . . , (x(t))d) ∈
R

d , t ≥ −τ . of the model in Example 1.1 that stays in (0,∞)d ., the associated 
operator LV : Cd → R., defined as in (1.9), s atisfies

. LV (xt ) = 1

2
g(x(t)) A(x(t) − x̄) + B x(t − τ) − x̄ + 1

4
|D x(t) − x̄ |2

− 1

8

d

i=1

(x(t))i

d

j=1

Dij (x(t))j − x̄j

2
,

where g(x(t)) := (
√

(x(t))1 − 1, . . . ,
√

(x(t))d − 1).. Making use of

. 
1

2
g(x(t)) A(x(t) − x̄) + B(x(t − τ) − x̄) + 1

4
|D(x(t) − x̄)|2

≤ 1

2
d(|x(t)| + 1) |A|(|x(t)| + |x̄|) + |B||x̄|

+ 1

4
|B| d(|x(t)| + 1) + |x(t − τ)|2 + 1

2
|D|2 |x(t)|2 + |x̄|2

and 

. 

d

i=1

(x(t))i

d

j=1

Dij (x(t))j − x̄j

2

≥
d

i=1

D2
ii (x(t))2.5i +

d

i=1

(x(t))i

d

j=1

Dij x̄j

d

j=1

Dij x̄j − 2
d

j=1

Dij (x(t))j ,

one has 

. LV (xt ) ≤ G(x(t)) − 1

4
|B|(|x(t)|2 − |x(t − τ)|2), (1.10) 

where 

.G(u) := 1

2
d(|u| + 1) |A|(|u| + |x̄|) + |B||x̄|

+ 1

4
|B| d(|u| + 1) + |u|2 + 1

2
|D|2 |u|2 + |x̄|2 − 1

8

d

i=1

D2
iiu

2.5
i

− 1

8

d

i=1

√
ui

d

j=1

Dij x̄j

d

j=1

Dij x̄j − 2
d

j=1

Dijuj
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with u = (u1, . . . , ud) ∈ R
d+ .. Utilizing Dii > 0, i ∈ {1, 2, . . . , d}., it is  

straightforward to see that the function G(·). is bounded above on R
d+ . by a positive 

constant K . Substituting this bound into (1.10) yields 

. LV (xt ) ≤ K − 1

4
|B|(|x(t)|2 − |x(t − τ)|2),

which coincides with (1.8) with U(v) = 1
4 |B||v|2 . and ν̄2 = δ−τ . when the s olution

x = (x1, . . . , xd) . belongs to (0,∞)d . in Example 1.1. Here, δ−τ . represents the 
Dirac measure at the point −τ .. Hence, a standard stopping time a rgument together
with Theorem 1.3 concludes the existence of a unique global positive solution; see
[68, Theorem 2.3] for details.

1.3 Properties of Exact Solution

Within this section, we present properties of the exact solution and functional 
solution. We first demonstrate the moment boundedness and the exponential 
attractiveness of the exact solution and functional solution. Then, focusing on the 
functional solution, we prove the existence and uniqueness of the invariant measure 
and establish probabilistic limit theorems of the functional solution. In the context
of the exact solution, we prove the existence of the density function and investigate
the large deviation principle.

1.3.1 Moment B oundedness

We begin with estimating E[V (xξ (t), t)]. on the finite time horizon, where V (·). is 
defined in Assumption 1.2. 

Lemma 1.4 ( [61, Theorem 2]) Under Assumptions 1.1 and 1.2, the solution of
(1.1) with the initial datum ξ ∈ Cd

. satisfies that for T > 0., 

. sup
t∈[−τ,T ]

E[V (xξ (t), t)] ≤ K 1 + sup
r∈[−τ,0]

V (ξ(r), r) + sup
r∈[−τ,0]

U(ξ(r), r) eKT .

Proof By the Itô formula and Assumption 1.2, we obtain

.V (xξ (t), t) = V (ξ(0), 0) +
t

0
LV (xξ

s , s)ds +
t

0
Vx(x

ξ (s), s)σ (xξ
s )dW(s)

≤ V (ξ(0), 0) + K
t

0
1 + V (xξ (s), s)
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+ 
0 

−τ 
V  (xξ (s + r), s + r)dν̄1(r) 

− U(xξ (s), s) + 
0 

−τ 
U(xξ (s + r), s + r)dν̄2(r) d s

+
t

0
Vx(x

ξ (s), s)σ (xξ
s )dW(s). (1.11) 

Using the Fubini theorem yields

. 

t

0

0

−τ

V (xξ (s + r), s + r)dν̄1(r)ds

=
0

−τ

t

0
V (xξ (s + r), s + r)dsdν̄1(r)

≤
0

−τ

t

−τ

V (xξ (u), u)dudν̄1(r)

≤
t

−τ

V (xξ (s), s)ds ≤ τ sup
t∈[−τ,0]

V (ξ(t), t) +
t

0
V (xξ (s), s)ds, (1.12) 

and similarly ,

. 

t

0

0

−τ

U(xξ (s + r), s + r)dν̄2(r)ds ≤ τ sup
t∈[−τ,0]

U(ξ(t), t) +
t

0
U(xξ (s), s)ds.

Inserting the above two inequalities into (1.11), we arrive at  

. V (xξ (t), t) ≤ K sup
t∈[−τ,0]

V (ξ(t), t) + sup
t∈[−τ,0]

U(ξ(t), t)

+ K
t

0
1 + V (xξ (s), s) ds +

t

0
Vx(x

ξ (s), s)σ (xξ
s )dW(s).

(1.13) 

Taking expectations on both sides of (1.13), we deduce

. E[V (xξ (t), t)] ≤ K sup
t∈[−τ,0]

V (ξ(t), t) + sup
t∈[−τ,0]

U(ξ(t), t)

+ K
t

0
1 + E[V (xξ (s), s)] ds.

Applying the Gronwall inequality finishes the proof.



1.3 Properties of Exact Solution 17

If the Lyapunov function V (x, t). defined by Assumption 1.2 is taken a s
V (x, t) := |x|p . for some p ≥ 2., based on Lemma 1.4, we obtain the pth moment 
boundedness of the solution {xξ (t)}t≥−τ . for (1.1) on the finite time horizon.

Proposition 1.5 Let Assumption 1.1 hold. Assume that for some p ≥ 2., there exist 
a function U ∈ C(Rd ;R+)., and two probability measures ν̄1 .and ν̄2 .on [−τ, 0]. such 
that for any φ ∈ Cd ,. 

. |φ(0)|p−2 2 φ(0), b(φ) (p − 1)|σ(φ)|2

≤ K 1 + |φ(0)|p +
0

−τ

|φ(r)|2dν̄1(r) − U(φ(0)) +
0

−τ

U(φ(r))dν̄2(r).

(1.14) 

Then the solution of (1.1) with the initial datum ξ ∈ Cd
. satisfies that for T > 0., 

. sup
t∈[−τ,T ]

E[|xξ (t)|p] ≤ K 1 ξ p + sup
r∈[−τ,0]

U(ξ(r)) eKT .

Proof The proof is based on Lemma 1.4 by taking V (x, t) = |x|p .. According to 
the definition (1.9) of LV . and p ≥ 2., one has

. LV (φ, t) = p|φ(0)|p−4 |φ(0)|2 φ(0), b(φ)
1

2
|σ(φ)|2

+ (p − 2)

2
φ(0), σ (φ) 2

≤ p

2
|φ(0)|p−2 2 φ(0), b(φ) (p − 1)|σ(φ)|2 . (1.15) 

This, along with (1.14), implies that coefficients b and σ . satisfy Assumption 1.2 
with V (x, t) = |x|p .. Then the desired argument follows from Lemma 1.4 
immediately. 

The following lemma shows the moment boundedness of the solution
{xξ (t)}t≥−τ . for (1.1) on the infinite time horizon.

Lemma 1.6 ( [61, Theorem 3]) Let Assumptions 1.1 and 1.2 hold w ith (1.8) being 
replaced by

. LV (φ, t) ≤ K − ā1V (φ(0), t) + ā2

0

−τ

V (φ(r), t + r)dν̄1(r)

− U(φ(0), t) + ā3

0

−τ

U(φ(r), t + r)dν̄2(r), (1.16)
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where K > 0., ā1 > ā2 ≥ 0., and ā3 ∈ (0, 1).. Then the solution of (1.1) with the 
initial datum ξ ∈ Cd

. satisfies 

. sup
t≥−τ

E[V (xξ (t), t)] ≤ K 1 + sup
t∈[−τ,0]

V (ξ(t), t) + sup
t∈[−τ,0]

U(ξ(t), t) .

Proof For any ε > 0., applying the Itô formula to the function eεtV (xξ (t), t)., we  
obtain, 

. eεtV (xξ (t), t) = V (ξ(0), 0) +
t

0
eεs εV (xξ (s), s) +LV (xξ

s , s) ds

+
t

0
eεsVx(x

ξ (s), s)σ (xξ
s )dW(s).

Taking the condition (1.16) into consideration, we deri ve

. eεtV (xξ (t), t)

≤ V (ξ(0), 0) + Keεt − (ā1 − ε)
t

0
eεsV (xξ (s), s)ds

+ ā2

t

0

0

−τ

eεsV (xξ (s + r), s + r)dν̄1(r)ds

−
t

0
eεs U(xξ (s), s)ds − ā3

0

−τ

U(xξ (s + r), s + r)dν̄2(r) ds

+
t

0
eεsVx(x

ξ (s), s)σ (xξ
s )dW(s). (1.17) 

Similar to the derivation of (1.12), one has

.

t

0

0

−τ

eεsV (xξ (s + r), s + r)dν̄1(r)ds

≤ eετ
0

−τ

t

0
eε(s+r)V (xξ (s + r), s + r)dsdν̄1(r)

≤ eετ
0

−τ

eεsV (ξ(s), s)ds + eετ
t

0
eεsV (xξ (s), s)ds

≤ eετ τ sup
t∈[−τ,0]

V (ξ(t), t) +
t

0
eεsV (xξ (s), s)ds .
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This, along with (1.17), implies t hat

. eεtV (xξ (t), t) ≤ K sup
t∈[−τ,0]

V (ξ(t), t) + sup
t∈[−τ,0]

U(ξ(t), t) + Keεt

− ā1 − ε − ā2e
ετ

t

0
eεsV (xξ (s), s)ds − (1 − ā3e

ετ )

×
t

0
eεsU(xξ (s), s)ds +

t

0
eεsVx(x

ξ (s), s)σ (xξ
s )dW(s).

Let ε > 0. be sufficiently small such that ā1 − ε − ā2e
ετ ≥ 0. and 1 − ā3e

ετ ≥ 0.. 
Then, 

. eεtV (xξ (t), t) ≤ K sup
t∈[−τ,0]

V (ξ(t), t) + sup
t∈[−τ,0]

U(ξ(t), t) + Keεt

+
t

0
eεsVx(x

ξ (s), s)σ (xξ
s )dW(s). (1.18) 

Taking expectations on both sides of the above inequality, we derive

. eεt
E[V (xξ (t), t)] ≤ K sup

t∈[−τ,0]
V (ξ(t), t) + sup

t∈[−τ,0]
U(ξ(t), t) + Keεt ,

which leads to

. sup
t≥−τ

E[V (xξ (t), t)] ≤ K 1 + sup
t∈[−τ,0]

V (ξ(t), t) + sup
t∈[−τ,0]

U(ξ(t), t) . (1.19) 

The proof is completed.

Remark 1.5 If the parameter K in (1.16) equals zero, the trivial solution of (1.1) is 
exponentially stable satisfying

. lim sup
t→∞

1

t
log E[U(xξ (t), t)] ≤ −ε,

lim sup
t→∞

1

t
log U(xξ (t), t) ≤ −ε P-a.s.,

where ε . is given in the proof of Lemma 1.6; see e.g. [61, Theorem 3 and Theorem 
4] for details. If the parameters ā1, ā2 . in (1.16) satisfy ā1, ā2 ≥ 0., according to [61, 
Theorem 5], the solution {xξ (t)}t≥−τ . has the H∞ . stability, namely ,

. lim sup
t→∞

1

t

t

0
E[U(xξ (s), s)]ds ≤ K

1 − ā3
,

where ā3 ∈ (0, 1). and K are given in (1.16).
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Based on Lemma 1.6, by taking V (x, t) := |x|p ., we can obtain the boundedness 
of the pth moment for the solution {xξ (t)}t≥0 .on the infinite time horizon. The proof 
is similar to that of Proposition 1.5 and thus is omitted.

Proposition 1.7 Let Assumption 1.1 hold. Assume that for some p ≥ 2., there 
exist positive constants ā1, ā2, ā3 . with ā1 > ā2 . and ā3 ∈ (0, 1)., a function
U ∈ C(Rd ;R+)., and two probability measures ν̄1 . and ν̄2 . on [−τ, 0]. such that 
for any φ ∈ Cd ,. 

. |φ(0)|p−2 2 φ(0), b(φ) (p − 1)|σ(φ)|2

≤ K − ā1|φ(0)|p + ā2

0

−τ

|φ(r)|pdν̄1(r) − U(φ(0)) + ā3

0

−τ

U(φ(r))dν̄2(r).

(1.20) 

Then the solution of (1.1) with the initial datum ξ ∈ Cd
. satisfies 

. sup
t≥0

E[|xξ (t)|p] ≤ K 1 ξ p + sup
r∈[−τ,0]

U(ξ(r)) .

In the following, we investigate the moment boundedness of the functional
solution {xξ

t }t≥0 . for (1.1). Our analysis is based on the identity E x
ξ
t

p] =
E supt−τ≤u≤t |xξ (u)|p ., the Burkholder–Davis–Gundy inequality, and the moment

boundedness of {xξ (t)}t≥−τ .. Meanwhile, this property can also be established by 
using the functional Itô formula of SFDEs; see e.g., [74–76]. 

Proposition 1.8 Let the conditions in Proposition 1.5 hold. In addition, assume that 
there exists a probability measure ν̄3 . on [−τ, 0]. such that for any φ ∈ Cd

., 

.|σ(φ)|2 ≤ K 1 + |φ(0)|2 +
0

−τ

|φ(r)|2dν̄3(r) . (1.21) 

Then the functional solution of (1.1) with the initial datum ξ ∈ Cd
. satisfies that for

T > 0., 

. E sup
t∈[0,T ]

x
ξ
t

p ≤ K 1 ξ p + sup
t∈[−τ,0]

U(ξ(t)) eKT ,

where U(·). is given in (1.14). 

Proof Recalling (1.15), according to (1.13) with V (x, t) = |x|p . and the 
Burkholder–Davis–Gundy inequality, we have

.E sup
0≤u≤t

|xξ (u)|p ≤ K ξ p + K sup
t∈[−τ,0]

U(ξ(t)) + KE

t

0
1 + |xξ (s)|p ds

+ KE

t

0
|xξ (s)|2(p−2) xξ (s), σ (xξ

s ) 2ds
1
2

.



1.3 Properties of Exact Solution 21

It follows from Proposition 1.5, the Young inequality, and the Hölder inequality that

. E sup
0≤u≤t

|xξ (u)|p

≤ K 1 ξ p + sup
t∈[−τ,0]

U(ξ(t)) eKT

+ KE sup
0≤u≤t

|xξ (u)|2(p−1)
t

0
|σ(xξ

s )|2ds
1
2

≤ K 1 ξ p + sup
t∈[−τ,0]

U(ξ(t)) eKT + 1

2
E sup

0≤u≤t

|xξ (u)|p

+ KE

t

0
|σ(xξ

s )|pds .

By means of (1.21) and Proposition 1.5, we obtain

. E sup
0≤u≤t

|xξ (u)|p ≤ K 1 ξ p + sup
t∈[−τ,0]

U(ξ(t)) eKT + 1

2
E sup

0≤u≤t

|xξ (u)|p ,

which implies the desired argument.

Furthermore, we give the moment estimate of the functional solution {xξ
t }t≥0 . in 

the infinite time horizon.

Proposition 1.9 Let (1.21) and the conditions in Proposition 1.7 hold. Then the 
functional solution of (1.1) with the initial datum ξ ∈ Cd

. satisfies 

. sup
t≥0

E x
ξ
t

p] ≤ K 1 ξ p + sup
t∈[−τ,0]

U(ξ(t)) .

Proof The proof is similar to that of Proposition 1.8, and we only give the outline o f
the proof. According to (1.18) with V (x, t) = |x|p ., the Burkholder–Davis–Gundy 
inequality, the Young inequality, and the Hölder inequality, we obtain

.E sup
(t−τ)∨0≤u≤t

eεu|xξ (u)|p

≤ K ξ p + K sup
t∈[−τ,0]

U(ξ(t)) + Keεt

+ KE

t

(t−τ)∨0
e2εs |xξ (s)|2(p−2) xξ (s), σ (xξ

s ) 2ds
1
2
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≤ K ξ p + sup 
t∈[−τ,0] 

U(ξ(t))  + Keεt + 
1 
2 
E sup 

(t−τ)∨0≤u≤t 
eεu|xξ (u)|p 

+ KE 
t 

(t −τ)∨0
eεs |σ(xξ

s )|pds ,

where ε . is given in the proof of Lemma 1.6. Combining (1.21) and Proposition 1.7, 
we deri ve

. eε(t−τ)
E x

ξ
t

p] ≤ E sup
(t−τ)∨0≤u≤t

eεu|xξ (u)|p

≤ K ξ p + K sup
t∈[−τ,0]

U(ξ(t)) + Keεt ,

which implies the desired assertion.

1.3.2 Attractiv eness

In this subsection, we investigate the attractiveness of both the solution {xξ (t)}t≥−τ . 

and the functional solution {xξ
t }t≥0 . of (1.1). For a gi ven function V ∈ C2,1(Rd ×

[−τ,∞);R+)., define the functional LV : Cd × Cd × R+ → R. by 

. LV (φ1, φ2, t) = Vt (φ1(0) − φ2(0), t) + Vx(φ1(0) − φ2(0), t) b(φ1) − b(φ2)

+ 1

2
trace[(σ (φ1) − σ(φ2))

× Vxx(φ1(0) − φ2(0), t)(σ (φ1) − σ(φ2))], (1.22) 

where Vx(x, t) = Vx1(x, t), . . . , Vxd
(x, t) . and Vxx(x, t) = Vxi,xj

(x, t)
d×d

. for 
x ∈ R

d , t ∈ R+ .. 

Assumption 1.3 There exist positive constants ā4, ā5, ā6 . with ā4 > ā5 . and ā6 ∈
(0, 1)., two probability measures ν̄4 . and ν̄5 . on [−τ, 0]., and two functions V̄ ∈
C2,1(Rd × [−τ,∞);R+). and Ū ∈ C(Rd × R

d × [−τ,∞);R+). such that V̄ (x, t). 

vanishes only at x = 0., Ū (x, y, t). vanishes at x = y ., and for φ1, φ2 ∈ Cd
., 

.LV̄ (φ1, φ2, t) ≤ −ā4V̄ (φ1(0) − φ2(0), t) + ā5

0

−τ

V̄ (φ1(r) − φ2(r), t + r)dν̄4(r)

− Ū (φ1(0), φ2(0), t) + ā6

0

−τ

Ū (φ1(r), φ2(r), t + r)dν̄5(r).
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Lemma 1.10 Let Assumptions 1.1 and 1.3 hold. Then for the initial data ξ, η ∈ Cd
., 

the solution of (1.1) satisfies 

. E[V̄ (xξ (t) − xη(t), t)]
≤ Ke−λ̄t sup

r∈[−τ,0]
V̄ (ξ(r) − η(r), r) + sup

r∈[−τ,0]
Ū (ξ(r), η(r), r) , t ∈ R+,

where the positive constant λ̄. satisfies ā4 − λ̄ − ā5e
τ λ̄ ≥ 0. and ā6e

τ λ̄ ≤ 1.. 

Proof Take a positive constant λ̄. satisfying ā4 − λ̄ − ā5e
τ λ̄ ≥ 0. and ā6e

τ λ̄ ≤ 1.. 
Applying the Itô formula, we have

. eλ̄t V̄ (xξ (t) − xη(t), t)

= V̄ (ξ(0) − η(0), 0) +
t

0
eλ̄s λ̄V̄ (xξ (s) − xη(s), s) + LV̄ (xξ

s , xη
s , s) ds

+
t

0
eλ̄s V̄x(x

ξ
s − xη

s , s) σ (xξ
s ) − σ(xη

s ) dW(s).

Using Assumption 1.3, we obtain

. eλ̄t V̄ (xξ (t) − xη(t), t)

≤ V̄ (ξ(0) − η(0), 0) + eλ̄τ τ ā5 sup
r∈[−τ,0]

V̄ (ξ(r) − η(r), r)

+ eλ̄τ τ ā6 sup
r∈[−τ,0]

Ū (ξ(r), η(r), r)

− (ā4 − λ̄ − ā5e
λ̄τ )

t

0
eλ̄s V̄ (xξ (s) − xη(s), s)ds

− (1 − ā6e
λ̄τ )

t

0
eλ̄sŪ (xξ (s), xη(s), s)ds

+
t

0
eλ̄s V̄x(x

ξ (s) − xη(s), s) σ (xξ
s ) − σ(xη

s ) dW(s)

≤ K sup
t∈[−τ,0]

V̄ (ξ(t) − η(t), t) + sup
t∈[−τ,0]

Ū (ξ(t), η(t), t)

+
t

0
eλ̄s V̄x(x

ξ (s) − xη(s), s) σ (xξ
s ) − σ(xη

s ) dW(s), (1.23)
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where we used  

. 

t

0

0

−τ

eλ̄s V̄ (xξ (s + r) − xη(s + r), s + r)dν̄4(r)ds

≤ eτ λ̄τ sup
t∈[−τ,0]

V̄ (xξ (t) − xη(t), t) + eτ λ̄
t

0
eλ̄s V̄ (xξ (s) − xη(s), s)ds,

t

0

0

−τ

eλ̄sŪ (xξ (s + r), xη(s + r), s + r)dν̄5(r)ds

≤ eτ λ̄τ sup
t∈[−τ,0]

Ū (xξ (t), xη(t), t) + eτ λ̄
t

0
eλ̄sŪ (xξ (s), xη(s), s)ds.

We finish the proof by taking expectations on both s ides of the above inequality.

If the Lyapunov function V̄ (x, t). in Assumption 1.3 is taken as V̄ (x, t) := |x|2 ., 
combining Lemma 1.10, we can obtain the exponential attractiv eness of the solution
{xξ (t)}t≥0 . for (1.1) in the mean-square sense.

Proposition 1.11 Let Assumption 1.1 hold. Assume that there e xist positive con-
stants ā4, ā5, ā6 . with ā4 > ā5 . and ā6 ∈ (0, 1)., two probability measures ν̄4 . and 
ν̄5 . on [−τ, 0]., and a function Ū ∈ C(Rd × R

d;R+). such that Ū (x, y). vanishes at 
x = y ., and for φ1, φ2 ∈ Cd

., 

. 2 φ1(0) − φ2(0), b(φ1) − b(φ2) σ (φ1) − σ(φ2)|2

≤ −ā4|φ1(0) − φ2(0)|2 + ā5

0

−τ

|φ1(r) − φ2(r)|2dν̄4(r)

− Ū (φ1(0), φ2(0)) + ā6

0

−τ

Ū (φ1(r), φ2(r))dν̄5(r). (1.24) 

Then for the initial data ξ, η ∈ Cd
., the solution of (1.1) satisfies 

. E[|xξ (t) − xη(t)|2] ≤ K ξ − η 2 + sup
r∈[−τ,0]

Ū (ξ(r), η(r)) e−λ̄t , t ∈ R+,

where the positive constant λ̄. satisfies ā4 − λ̄ − ā5e
τ λ̄ ≥ 0. and ā6e

τ λ̄ ≤ 1.. 

Proof The proof is based on Lemma 1.10 by taking V̄ (x, t) := |x|2 .. According to 
the definition (1.22) of LV ., one has that for φ1, φ2 ∈ Cd

., 

.LV (φ1, φ2, t) = 2 φ1(0) − φ2(0), b(φ1) − b(φ2) σ (φ1) − σ(φ2)|2.
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This, along with (1.24), implies that coefficients b and σ . satisfy Assumption 1.3 
with V̄ (x, t) = |x|2 .. The desired argument follows from Lemma 1.10 immediately. 

Let the coefficient σ . satisfy the globally Lipschitz condition. Based on
Lemma 1.10, by taking V̄ (x, t) := |x|2 ., we can obtain the exponential attractiv eness
of the functional solution {xξ

t }t≥0 ., whose proof is similar to that of Proposition 1.9 
and thus is omitted.

Proposition 1.12 Let the conditions in Proposition 1.11 hold. In addition, assume 
that there exists a probability measure ν̄3 . on [−τ, 0]. such that for any φ1, φ2 ∈ Cd

., 

. |σ(φ1) − σ(φ2)|2 ≤ K |φ1(0) − φ2(0)|2 +
0

−τ

|φ1(r) − φ2(r)|2dν̄3(r) .

(1.25) 

Then for the initial data ξ, η ∈ Cd
., the functional solutions of (1.1) satisfy 

. E x
ξ
t − x

η
t

2] ≤ K ξ − η 2 + sup
r∈[−τ,0]

Ū (ξ(r), η(r)) e−λ̄t , t ∈ R+,

where the positive constant λ̄. is given in Proposition 1.11. 

1.3.3 Invariant M easure

The invariant measure is an important characteristic for describing longtime dynam-
ical behaviors of the solution process for stochastic differential equations. In this 
subsection, we examine the Markov property of the functional solution f or SFDEs
and establish the existence and uniqueness of its corresponding invariant measure.
Relevant foundational definitions are provided in Appendix B. 

Due to the dependence on the past, it is known that the R
d
.-valued solution 

{xξ (t)}t≥−τ . of (1.1) is no longer Markovian. In contrast, the functional solution
{xξ

t }t≥0 . has the Markov property in the state space Cd
., which plays an important 

role in investigating the existence of the invariant measure of the functional solution.

Proposition 1.13 For the initial datum ξ ∈ Cd
., the functional solution {xξ

t }t≥0 . of 
(1.1) is a Cd

.-valued time-homogeneous Markov process and satisfies that for any
A ∈ B(Cd)., t > s ≥ 0., and ζ ∈ Cd

., 

.P x
ξ
t ∈ A|Fs = P x

ξ
t ∈ A|xξ

s ,

P x
ξ
t ∈ A|xξ

s = ζ = P x
ζ
t−s ∈ A|xζ

0 = ζ .
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The proof of this proposition is similar to those of [80, Theorem 6.1] and
[92, Theorem 4.2], and is omitted. Next, we study the in variant measure for the
functional solution of (1.1). Denote by P. the space of probability measures on
(Cd ,B(Cd)).. For any ξ ∈ Cd

. and t ≥ 0., denote by μ
ξ
t . the probability measure 

induced by x
ξ
t ., namely ,

. μ
ξ
t (A) = P ω ∈ : x

ξ
t ∈ A ∀A ∈ B(Cd).

Define the bounded-Wasserstein distanceWq (q ∈ [1,∞)). as 

.Wq(u1, u2) := inf
π∈ u1,u2) Cd×Cd

1 φ1 − φ2
qπ(dφ1, dφ2)

1
q
, (1.26) 

where u1, u2). denotes the collection of all probability measures on Cd × Cd
. 

with marginal measures u1 . and u2 .; see [87, Chapter 6] for details. In t he infinite-
dimensional state space Cd

., to obtain the tightness of the family of probability 
measures induced by the f unctional solutions, we need the following lemma; see
[13, Theorem 7.3] and [35, Theorem 2.2] for details.

Lemma 1.14 The family of probability measures {μξ
t }t≥0 . on Cd

. is tight if and only 
if the following two conditions hold:

(a) For any ε̄1 > 0., there exists a constant M̄ > 0. such that 

. sup
t≥0

P x
ξ
t ∈ Cd : |xξ

t (−τ)| ≥ M̄ ≤ ε̄1.

(b) For any ε̄2, ε̄3 > 0., there exists a constant δ̄ ∈ (0, τ ). such that 

. sup
t≥0

P x
ξ
t ∈ Cd : sup

|s1−s2|≤δ̄
s1,s2∈[−τ,0]

|xξ
t (s1) − x

ξ
t (s2)| ≥ ε̄2 ≤ ε̄3.

Based on Lemma  1.14, and using Propositions 1.9 and 1.12, we give the  
existence and uniqueness of the invariant measure for (1.1). 

Theorem 1.15 Under the conditions in Proposition 1.12, the functional solution of
(1.1) admits a unique invariant measure μ ∈ P. satisfying 

. W2(μ,μ
ξ
t ) ≤ K(1 ξ )e− λ̄t

2 , t ∈ R+,

for any ξ ∈ Cd
., wher e λ̄. is given in Proposition 1.11.
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Proof Step 1. Prove the uniqueness of the invariant measure. Assume that there 
exist two invariant measures μ1 . and μ2 . of the functional solution for Eq. (1.1). 
According to Proposition 1.12, we have  

. W2(μ1, μ2) = W2(μ
ξ̄
t , μ

η̄
t ) ≤ E x

ξ̄
t − x

η̄
t

2] 1
2

≤ K ξ̄ − η̄ 2 + sup
r∈[−τ,0]

Ū (ξ̄ (r), η̄(r))
1
2 e

−λ̄t
2 → 0

as t tends to∞., where ξ̄ .and η̄.denote Cd
.-valued random variables with distributions

μ1 . and μ2 ., respectively. This implies the uniqueness of the invariant measure. 
Step 2. We show the existence of the invariant measure. Applying the Krylov–

Bogoliubov theorem [32, Section 7.1], it suffices to show that {xξ
t }t≥0 . is Feller 

and {μξ
t }t≥0 . is tight. It follows from Proposition 1.12 that for any t > 0., xξ

t →
x

η
t in L2 ;Cd). as ξ → η . with ξ, η ∈ Cd

.. By [81, p. 256, Theorem 2], w e derive
x

ξ
t → x

η
t in distribution. as ξ → η,. which implies the Feller property, i.e., for a ny

continuous and bounded functional : Cd → R., 

. lim
ξ→η

E[ ξ
t )] = E[ η

t )].

Now, we apply Lemma 1.14 to prove the tightness of {μξ
t }t≥0 .. Note that conditions 

in Proposition 1.12 yield those in Proposition 1.9 for p = 2.. It then follows directly 
from Proposition 1.9 that Lemma 1.14 (a). holds. 

We proceed to prove that Lemma 1.14 (b). holds. For any t ≥ 0. and M > ξ ., 
define a stopping time by ζM

t := inf{u ≥ t x
ξ
u > M}.. Let δ̄ ∈ (0, τ ]., using the  

Burkholder–Davis–Gundy inequality leads to

. E sup
s∈[0,δ̄]

|xξ ((t + s) ∧ ζM
t ) − xξ (t ∧ ζM

t )|2

≤ KE δ̄
(t+δ̄)∧ζM

t

t∧ζM
t

|b(xξ
s )|2ds + K

(t+δ̄)∧ζM
t

t∧ζM
t

|σ(xξ
s )|2ds ≤ K(M)δ̄,

where we used the local boundedness of coefficients b and σ ., which ensures that
K sup φ M |b(φ)|2+|σ(φ)|2 . is bounded above by some positive constantK(M).. 
Noting ξ ∈ Cd

., for any ε̄2 ∈ (0, 1)., there exists a constant δ̄1 ∈ (0, τ ]. such that 
sup|s1−s2|≤δ̄1

|ξ(s1) − ξ(s2)| < ε̄2 .. This implies that for δ̄ ∈ (0, δ̄1]., 

. sup
t≥0

P x
ξ
t ∈ Cd : sup

s1,s2∈[−τ,0],|s1−s2|≤δ̄

|xξ
t (s1) − x

ξ
t (s2)| ≥ ε̄2

= sup
t≥τ

P x
ξ
t ∈ Cd : sup

s1,s2∈[−τ,0],|s1−s2|≤δ̄

|xξ
t (s1) − x

ξ
t (s2)| ≥ ε̄2



28 1 Stochastic Functional Differential Equation

= sup 
t≥τ 

P sup 
s1,s2∈[−τ,0],|s1−s2|≤δ̄ 

|xξ (t + s1) − xξ (t − τ) + xξ (t − τ)  

− xξ (t + s2)| ≥  ̄ε2 

≤ 2 sup  
t≥0 

P sup 
0≤s≤δ̄ 

|xξ (t + s) − xξ (t)| ≥  ̄
ε2 
2 

≤ 2 sup  
t≥0 

P sup 
0≤s≤δ̄ 

|xξ (t + s) − xξ (t)| ≥ ε̄2

2
, ζM

t ≥ t + τ

+ 2 sup
t≥0

P{ζM
t < t + τ }.

Combining the Chebyshev i nequality yields

. sup
t≥0

P x
ξ
t ∈ Cd : sup

s1,s2∈[−τ,0],|s1−s2|≤δ̄

|xξ
t (s1) − x

ξ
t (s2)| ≥ ε̄2

≤ 8

ε̄22

sup
t≥0

E sup
s∈[0,δ̄]

|xξ ((t + s) ∧ ζM
t ) − xξ (t ∧ ζM

t )|2

+ 2 sup
t≥0

P x
ξ
t x

ξ
t+τ > M} ≤ K(M)

δ̄

ε̄22

+ K
(1 ξ 2)

M2
. (1.27) 

Let M > 0. be sufficiently large such that K
(1 ξ 2)

M2 <
ε̄3
2 ., and choose δ̄ ∈ (0, δ̄1). 

such that K(M) δ̄

ε̄22
<

ε̄3
2 ., which leads to Lemma 1.14 (b).. Therefore, {μξ

t }t≥0 . is 
tight. 

Step 3. It follows from Proposition 1.12 that 

. W2(μ,μ
ξ
t ) = E x

η̄
t − x

ξ
t

2] 1
2 ≤ K(1 ξ )e− λ̄t

2 , t ∈ R+.

Combining Steps 1–3, we finish the proof.

Remark 1.6 In this subsection, we study the existence and uniqueness o f the
invariant measure for (1.1) based on the boundedness and the attractiveness in the 
mean-square sense for the functional solution on the infinite time horizon. Recently,
authors in [91] establish this result under weaker conditions, i.e., the boundedness 
and the attractiveness in probability sense for the functional solution on the infinite 
time horizon. Additionally, coupling approaches provide a frame work for analyzing
the uniqueness of the invariant measure for SFDEs, as demonstrated in works such
as [4, 43, 52, 78].
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1.3.4 Probabilistic Limit Theorems

Probabilistic limit theorems, including the strong law of large numbers (SLLN) and 
the central limit theorem (CLT), are fundamental topics in the theory of stochastic 
processes and are closely related to the invariant measure and ergodic theory of
the process (see e.g. [26, 44]). For SFDEs with bounded and invertible diffusion 
coefficient, the probabilistic limit behavior of the functional solutions has been
investigated in [9, 96]. In this subsection, we focus on SFDEs under a weaker 
condition on the diffusion coefficient, with a particular emphasis on the SLLN and
CLT for the functional solution {xξ

t }t≥0 .. Specifically, we investigate the probabilistic 
limit behaviors of the time-average 1

T

T

0 f (x
ξ
t )dt . as T → ∞. over a suitable class 

of test functionals f , which is strongly connected with the corresponding invariant
measure μ. of the functional solution. 

Denote by
d−→.,

P−→., and P-a.s.−→. the convergence in distribution, in probability, and 
in the almost sure sense, respectively. For μ̄ ∈ P., define μ̄(f ) := Cd f (u)dμ̄(u). 

the integral of the measurable functional f with respect to μ̄.. For fixed positi ve
constants q ≥ 1. and γ ∈ (0, 1]., define the quasi-metric dq,γ . on Cd

. by 

.dq,γ (u1, u2) := (1 u1 − u2
γ )(1 u1

q u2
q)

1
2 . (1.28) 

Then we introduce a test functional space related to this quasi-metric. Define
Cq,γ := Cq,γ (Cd;R). the set of continuous functionals on Cd

. endowed with the 
follo wing norm

. f q,γ := sup
u∈Cd

|f (u)|
1 u

q
2

+ sup
u1,u2∈Cd

u1 u2

|f (u1) − f (u2)|
dq,γ (u1, u2)

. (1.29) 

Based on Propositions 1.9 and 1.12, and together with Theorem 1.15, we derive 
the SLLN and the CLT for the functional solution {xξ

t }t≥0 .. The proofs of these 
results are analogous to those for the general time-homogeneous Markov processes
presented in Chap. 4 and are t hus omitted.

Theorem 1.16 Let the conditions in Propositions 1.9 and 1.12 hold with p ≥ 6., 
U(x) = |x|p̃p

. for p̃ ≥ 1., and Ū(x, y) = |x − y|2(1 + |x|2β + |y|2β). for β ≥ 0.. In  
addition, assume that there exists a constant q ≥ 1. satisfying 2p̃ qp̃+2+3β) ≤ p.. 

Then, the functional solution {xξ
t }t≥0 . fulfills the SLLN and the CL T: for any f ∈

Cq,1,. 

.
1

T

T

0
f (x

ξ
t )dt

P-a.s.−→ μ(f ) as T → ∞,

1√
T

T

0
(f (x

ξ
t ) − μ(f ))dt

d−→ N (0, v2) as T → ∞,
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where μ. is the invariant measure of {xξ
t }t≥0 .and v2 := 2μ (f −μ(f ))

∞
0 E[f (x·

t )−
μ(f )]dt .. 

Theorem 1.16 shows that under suitable conditions, t he time-average
1
T

T

0 f (x
ξ
t )dt . of the functional solution converges to the ergodic limit μ(f ). in 

the almost sure sense and the normalized fluctuations around μ(f ). can be described 
by a centered Gaussian random variable with variance v2 .. 

The significance of such results lies in their ability to quantify the longtime statis-
tical behavior of infinite-dimensional functional solutions of SFDEs. In particular, 
they ensure that time-averages over a single trajectory converge to the statistical 
mean, and that deviations from this limit obey Gaussian statistics. This is crucial for
the statistical inference and uncertainty quantification of SFDEs.

For example, in financial modeling, where asset prices, volatility, or interest rates
are often described by SFDEs (e.g., Example 1.5), Theorem 1.16 provides a basis 
for analyzing longtime averages and fluctuations of these quantities. Specifically, in 
option pricing or risk management under models with memory, the CLT can be used 
to approximate the distribution of cumulative returns. Moreover, the result justifies 
the use of ergodic estimators in calibrating delay models from market data, ensuring
that temporal averages reliably reflect the underlying invariant distribution.

1.3.5 Density Function

It is known that the density of a solution process at a given time, describing the 
probability law, is one of the most essential characteristics that reveals behaviors of
the solution; see [36, 77] and references therein. The study of density functions for 
solutions of SFDEs has been an active research topic in recent decades. Particularly, 
the case o f globally Lipschitz drift coefficients has been extensively investigated.
For instance, [12, 30] establish the existence and smoothness of the density for exact
solutions of SFDEs, and [39] studies the asymptotic behavior of perturbed densities
for SFDEs with small noise.

In this subsection, we study the existence of the density function for solutions 
of SFDEs under the one-sided Lipschitz condition on the drift coefficient, which
allows for certain non-Lipschitz examples. For α ∈ N+ ., let  D. and D denote the 
Gâteaux derivative operator and the Malliavin derivati ve operator, respectively, with
Dα

. and Dα
. representing their corresponding operators of order α .. Furthermore, 

(Dα,p(Rd), α,p). denotes the Malliavin Sobolev space consisting of all random
variables f : → R

d
. whose Malliavin derivatives up to order α . belong to Lp

., 
endowed with the norm

. f α,p := E |f |p +
α

j=1

Djf
p

H⊗j

1
p
.
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HereH := L2(T;Rm). is a Hilbert space endowed with the inner product g, h H :=
T

g(t) h(t)dt . for g, h ∈ H . and the norm H ,
1
2
H ., where T = [0, T ]. or 

[0,+∞).; see Appendix C for details. We first give the pth moment estimates of
both the functional solution of (1.1) and its Gâteaux deriv ative.

Lemma 1.17 Let (1.25) hold. Assume that coefficients b, σ . have continuous 
Gâteaux derivatives. In addition, assume that there exists a positive constant ā4 . 

and a probability measure ν̄4 . on [−τ, 0]. such that for any φ1, φ2 ∈ Cd
., 

. b(φ1) − b(φ2), φ1(0) − φ2(0)

≤ ā4 |φ1(0) − φ2(0)|2 +
0

−τ

|φ1(r) − φ2(r)|2dν̄4(r) . (1.30) 

Then for any p ≥ 2. and T > 0., 

. E sup
t∈[0,T ]

x
ξ
t

p ≤ KT , sup
r∈[0,T ]

E sup
t∈[r,T ]

Drx
ξ
t

p ≤ KT .

Proof Under (1.25) and (1.30), the existence and uniqueness of the global solution
of (1.1) can be obtained by using Theorem 1.3. Combining Proposition 1.8, we  
can obtain the first inequality. For the second inequality, using the chain r ule for
Malliavin derivatives (see Lemma C.4), when v ≤ t,. Dvx

ξ (t). satisfies 

. Dvx
ξ (t) =

t

v

Db(xξ
s )Dvx

ξ
s ds +

t

v

Dσ(xξ
s )Dvx

ξ
s dW(s) + σ(xξ

v )1[0,t](v).

(1.31) 

By the Itô formula, we derive

. d(|Dvx
ξ (t)|2p) ≤ p|Dvx

ξ (t)|2p−2 2 Dvx
ξ (t),Db(x

ξ
t )Dvx

ξ
t dt

+ (2p − 1)|Dσ(x
ξ
t )Dvx

ξ
t |2dt

+ 2 Dvx
ξ (t),Dσ(x

ξ
t )Dvx

ξ
t dW(t) . (1.32) 

It follows from (1.25) and (1.30) that for any φ, φ1 ∈ Cd
., 

.|Dσ(φ1)φ|2 ≤ K |φ(0)|2 +
0

−τ

|φ(r)|2dν̄3(r) ,

Db(φ1)φ, φ(0) a4 |φ(0)|2 +
0

−τ

|φ(r)|2dν̄4(r) .



32 1 Stochastic Functional Differential Equation

Inserting above inequalities into (1.32), we arrive at  

. |Dvx
ξ (t)|2p ≤ |σ(xξ

v )|2p1[0,t](v) + K
t

v

|Dvx
ξ (s)|2p + |Dvx

ξ (s)|2p−2

×
0

−τ

|Dvx
ξ
s (r)|2dν̄3(r) +

0

−τ

|Dvx
ξ
s (r)|2dν̄4(r) ds

+ 2p
t

v

|Dvx
ξ (s)|2p−2 Dvx

ξ (s),Dσ(xξ
s )Dvx

ξ
s dW(s) .

Applying the Burkholder–Davis–Gundy inequality, we deduce

. E sup
v≤t≤T

|Dvx
ξ (t)|2p

≤ E[|σ(xξ
v )|2p] + K

T

v

E |Dvx
ξ (s)|2p + |Dvx

ξ (s)|2p−2
0

−τ

|Dvx
ξ
s (r)|2dν̄3(r)

+
0

−τ

|Dvx
ξ
s (r)|2dν̄4(r) ds

+ KE

T

v

|Dvx
ξ (s)|4p−2|Dσ(xξ

s )Dvx
ξ
s |2ds

1
2

.

According to (1.25) and the Young inequality, we a rrive at

.E sup
v≤t≤T

|Dvx
ξ (t)|2p

≤ KT + K
T

v

E |Dvx
ξ (s)|2p +

0

−τ

|Dvx
ξ
s (r)|2pdν̄3(r)

+
0

−τ

|Dvx
ξ
s (r)|2pdν̄4(r) ds + 1

2
E sup

v≤t≤T

|Dvx
ξ (t)|2p

+ KE

T

v

|Dσ(xξ
s )Dvx

ξ
s |2pds

≤ KT + K
T

v

E |Dvx
ξ (s)|2p +

0

−τ

|Dvx
ξ
s (r)|2pdν̄3(r)

+
0

−τ

|Dvx
ξ
s (r)|2pdν̄4(r) ds + 1

2
E sup

v≤t≤T

|Dvx
ξ (t)|2p

≤ KT + K
T

v

E sup
v≤r≤s

|Dvx
ξ (r)|2p ds + 1

2
E sup

v≤t≤T

|Dvx
ξ (t)|2p .
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Using the Gronwall inequality , one has

. sup
0≤v≤T

E sup
v≤t≤T

|Dvx
ξ (t)|2p ≤ KT .

The proof is completed.

Based on Lemma 1.17 and Drx
ξ (t) = 0. for r > t ., we derive that xξ (t) ∈

D
1,p(Rd). for all p ≥ 1.. Hence, according to Theorem C.8, in order to obtain the 

existence of the density function of the solution of (1.1), it suffices to show that the 
Malliavin covariance matrix of xξ (t). for t ∈ [0, T ]., 

. γ E(t) :=
t

0
Drx

ξ (t)(Drx
ξ (t)) dr

is P.-a.s. invertible. To this end, we introduce a uniform non-degeneracy condition
on the diffusion coefficient (i.e., (1.34)). Under this condition, by virtue of [31, 
Section 3.3], we prove that for some q > 0,. there exists a small number 0(q). such 
that for any 0(q),. sup

u∈Rd ,|u|=1
P(u γ E(t)u ≤ ≤ KT

q, t ∈ [0, T ].. This is 
stated as follows by taking q = 1.. 

Proposition 1.18 Let the conditions in Lemma 1.17 hold. In addition, assume that 
there exist positive constants K, β̄, σ̄0,. such that for any φ, φ1, φ2 ∈ Cd

., 

.|Db(φ1)φ2| ≤ K(1 φ1
β̄ ) φ2 , . (1.33) 

inf 
φ∈Cd 

min 
u∈Rd ,|u|=1 

u σ(φ)σ (φ) u ≥ σ̄0. (1.34) 

Then for any ∈ (0, 1)., it holds that

. sup
u∈Rd ,|u|=1

P(u γ E(t)u ≤ ≤ KT ∈ [0, T ].

Proof Fix ∈ (0, 1). and let 1 := 2
σ̄0

.. For any r ≤ t,. it follows from (1.31) that 

.u γ E(t)u ≥
t

t− 1

u Drx
ξ (t)(Drx

ξ (t)) udr ≥
t

t− 1

u σ(xξ
r )(σ (xξ

r )) udr

+ 2
t

t− 1

u
t

r

Db(xξ
s )Drx

ξ
s ds +

t

r

Dσ(xξ
s )Drx

ξ
s dW(s)

× (σ (xξ
r )) udr.
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Using (1.34), we deri ve

. 

t

t− 1

u σ(xξ
r )(σ (xξ

r )) udr ≥ 1σ̄0 = 2

This, along with the Chebyshev inequality, implies that for any u ∈ R
d
.with |u| = 1,. 

. P(u γ E(t)u ≤

≤ P 2
t

t− 1

u
t

r

Db(xξ
s )Drx

ξ
s ds

+
t

r

Dσ(xξ
s )Drx

ξ
s dW(s) (σ (xξ

r )) udr ≥

≤ 8 −2
E

t

t− 1

u
t

r

Db(xξ
s )Drx

ξ
s ds(σ (xξ

r )) udr
2

+ 8 −2
E

t

t− 1

u
t

r

Dσ(xξ
s )Drx

ξ
s dW(s)(σ (xξ

r )) udr
2

.

Utilizing the Hölder inequality and the B urkholder–Davis–Gundy inequality yields

. P(u γ E(t)u ≤

≤ 8 −2
1

t

t− 1

E sup
r≤s≤T

|Db(xξ
s )Drx

ξ
s |2|σ(xξ

r )|2 (t − r)2dr

+ 8 −2
1

t

t− 1

E |
t

r

Dσ(xξ
s )Drx

ξ
s dW(s)|4

1
2

E[|σ(xξ
r )|4]

1
2
dr

≤ 2 sup
0≤r≤T

E sup
r≤s≤T

|Db(xξ
s )Drx

ξ
s |4

1
2

sup
0≤r≤T

E[|σ(xξ
r )|4]

1
2

+ sup
0≤r≤T

E sup
r≤s≤T

|Dσ(xξ
s )Drx

ξ
s |4

1
2

sup
0≤r≤T

E[|σ(xξ
r )|4]

1
2

≤ T ,

where in the last inequality we used

. |Db(xξ
s )Drx

ξ
s | ≤ K(1 xξ

s
β̄ ) Drx

ξ
s , |Dσ(xξ

s )Drx
ξ
s | ≤ K Drx

ξ
s

due to (1.33), the condition (1.25), and Lemma 1.17. The proof is finished.

The existence of the density function of the solution of (1.1) is stated as follows.
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Theorem 1.19 Under the conditions in Proposition 1.18, for any T > 0., the law of  
xξ (T ). admits a density function.

Proof Based on Proposition 1.18, we have  

. sup
u∈Rd ,|u|=1

P(u γ E(T )u = 0)≤ sup
u∈Rd ,|u|=1

P(u γ E(T )u ≤ ≤ KT ∀ ∈ (0, 1),

which shows the P.-a.s. invertibility of γ E(T ). due to the arbitrariness of .. This,  
together with xξ (T ) ∈ D

1,p(Rd). and Theorem C.8, completes the proof.

The above result offers practical value across diverse fields, including statistical 
physics, financial mathematics, biological modeling, and stochastic optimization 
involving delayed feedback effects. A r epresentative example is the Black–Scholes-
type asset price model given in Example 1.5. In this financial setting, the existence 
and smoothness of the density function for the solution enable the explicit com-
putation of expectations, probabilities, and derivatives of payoff f unctions, which
underlie essential tasks such as option pricing, risk assessment, and sensitivity
analysis. Specifically, as shown in [85], the availability of such a density function 
allows the derivation of c losed-form expressions for the Greeks of European and
Asian options.

1.3.6 Large Deviation Principle

The theory of large deviations, concerning asymptotics of small probabilities of 
rare events on an exponential s cale, is a fundamental area in probability and
statistics (see, for instance, [34, 37, 86]). One main interest in this area is the 
study of Freidlin–Wentzell type large deviation principle (LDP) for stochastic 
differential equations driven by small noise. It characterizes the exponential decay 
rates of probabilities f or solution trajectories subject to small random perturbations,
describing how sample paths deviate from the deterministic limit. We refer the
reader to Appendix D for some standard definitions and results from the LDP. In 
this subsection, we study the F reidlin–Wentzell LDP for the solution of the SFDE.
Let ∈ (0, 1).. Consider the SFDE (1.1) driven by small noise

.
dx (t) = b(xt )dt + √

t )dW(t), t > 0,
x (t) = ξ(t), t ∈ [−τ, 0], (1.35) 

where ξ ∈ Cd .. Denote by C0([0, T ];Rm). the space of continuous functions w :
[0, T ] → R

m
. with w(0) = 0.. Denote by Cξ ([−τ, T ];Rd). the space of continuous

functions ψ : [−τ, T ] → R
d
. with ψ(r) = ξ(r). for r ∈ [−τ, 0]., endowed with 

the norm ψ Cξ := sup−τ≤t≤T |ψ(t)|.. Let  H0 . denote the Cameron–Martin space
of C0([0, T ];Rm). endowed with the norm H0 .. Specifically, H0 . consists of all
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the absolutely continuous functions ψ ∈ C0([0, T ];Rm). with a square integrable 
derivative, that is, ψ(t) = t

0 ψ̇(s)ds . with ψ̇(·) ∈ L2([0, T ];Rm).. The norm i s
defined as ψ H0 ψ̇ L2([0,T ];Rm) . (see [46]). It is known in [34] that the family 
of Brownian motions {√ ·)} 0 . satisfies the LDP with the good rate function

. IW (f ) :=
f 2

H0
2 , f ∈ H0,

∞, f /∈ H0.

For f ∈ C0([0, T ];Rm),. let xξ,f
. be the solution of t he skeleton equation

. dxξ,f (t) = b(x
ξ,f
t )dt + σ(x

ξ,f
t )f (t)dt, t > 0,

where the initial datum xξ,f (t) = ξ(t), t ∈ [−τ, 0].. We give the Freidlin–Wentzell 
LDP for the family of exact solutions {x (·)} 0 . under the globally Lipschitz 
condition o n the coefficients.

Theorem 1.20 Under condition (1.2), the family {x (·)} 0 . satisfies the L DP on
Cξ ([−τ, T ];Rd). with the good r ate function

. I (g) = inf{IW (f ) : f ∈ H0, g = xξ,f (·)}, g ∈ Cξ ([−τ, T ];Rd).

The proof of Theorem 1.20 under the global Lipschitz condition follows directly 
from the classical results (see e.g. [39, Theorem 2.1] and [72, Theorem 3.1]) and 
thus is omitted. For the case of superlinearly growing drift coefficient, the Freidlin– 
Wentzell LDP remains v alid, whose proof is based on the weak convergence
approach (see [50] for details). 

Theorem 1.20 asserts that the probability of the solution path deviating from 
its typical behavior decays exponentially, with the decay rate characterized by the 
good rate function I . This result provides a way for quantifying rare events in
stochastic applications with time-lag effects. For example, in financial modeling,
Theorem 1.20 offers a valuable tool for analyzing rare events in markets with mem-
ory or hereditary structure. In this context, rare events correspond to measurable sets 
in the path space, such as the set of paths where asset prices exit a stable region, drop 
below a critical threshold, or experience sudden liquidity crises. The LDP can be 
employed to estimate the probability of these events, providing i nsight into extreme
market behavior. Similar large deviation results have also been obtained for various
practical stochastic functional differential models, such as the stochastic Predator–
Prey model, the stochastic SIR model, and the stochastic Lotka–Volterra model; see
[93] for relevant studies on LDPs of these models.
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1.4 Numerical M ethods

The exact solution of the SFDE arising in many fields, such as biology, mechanics, 
neural networks, and finance, seldom admits an explicit expression. Even when the 
coefficients are linear, a closed-form of the exact solution may still be unavailable.
To illustrate this, consider the simple one-dimensional linear stochastic delay
differential equation

.dx(t) = σx(t − τ) dW(t), t > 0, (1.36) 

with the initial datum x(t) = ξ(t), t ∈ [−τ, 0].. In the non-delay case (τ = 0.), 
(1.36) reduces to a linear stochastic ordinary differential equation with the explicit
solution

. x(t) = x(0)eσW(t)−(σ 2t)/2, t ≥ 0.

When the delay τ > 0., the structure of the solution of (1.36) becomes more 
complex. This is because the solution process possesses a finite memory, leading 
to a piecewise recursive dependence. A clarifying perspecti ve is to examine the
solution over the sequence of intervals [iτ, (i + 1)τ ]. for i ∈ N.. Specifically, once 
the solution is determined on the preceding interval [(i−1)τ, iτ ]., Eq.  (1.36) reduces 
to a stochastic ordinary differential equation on the current interval [iτ, (i + 1)τ ].. 
This recursive nature implies that the solution process satisfies the f ollowing relation
derived from Itô integrals

. x(t) = ξ(0) + σ
t

0
ξ(u − τ) dW(u), 0 ≤ t ≤ τ,

x(t) = x(τ) + σ
t

τ

ξ(0) + σ
(v−τ)

0
ξ(u − τ) dW(u) dW(v), τ < t ≤ 2τ,

· · · · · · .

The above indicates that a closed-form solution on the interval [0, T ]. with T =
N0τ,N0 ∈ N+ . is generally unavailable. Moreover, at each step the solution acquires 
additional nested Itô integrals, causing its representation to accumulate multiple
layers of stochastic integration.

In response, numerical methods for SFDEs have emerged as essential tools, 
enabling qualitative and quantitative study of prevalent stochastic phenomena and 
time-lag effect. This capability has motivated substantial research interest in recent
years. We refer to [3, 5, 15, 18, 23, 33, 41, 47, 83, 90] for the stochastic delay 
differential equation, [27, 60, 82, 99] for the stochastic differential equation with 
piecewise continuous argument, and [57, 80] for SFDEs with distributed delay. In 
this section, we introduce several widely used Euler–Maruyama-type (EM-type)
numerical methods for SFDEs in the globally Lipschitz coefficient case and non-
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globally Lipschitz drift case, respectively. Without loss of generality, we take a 
sufficiently large integerN such that the time stepsize := τ

N
∈ (0, 1].. Let tk = . 

for k = −N,−N + 1, . . . ,. and δWk = W(tk+1) − W(tk).. 

I. Globally Lipschitz Coefficient Case When coefficients b and σ . satisfy the 
globally Lipschitz continuity, the simplest numerical method for solving (1.1) is 
the following Euler–Maruyama (EM) method established in [62], 

.
y (tk) = ξ(tk), k = −N,−N + 1, . . . , 0,

y (tk+1) = y (tk) + b(ytk
+ σ(ytk

)δWk, k ∈ N.
(1.37) 

Here, ytk
. is a Cd

.-valued random variable defined by

. ytk
(r) = tj+1 − r

y (tk+j ) + r − tj
y (tk+j+1)

for r ∈ [tj , tj+1], j ∈ {−N, . . . ,−1}.. 
The EM method can be viewed as a specific instance (i.e., θ = 0.) of a broader 

class of one-step numerical methods known as the the θ .-EM method. By i ntroducing
a parameter θ ∈ [0, 1]., this family of methods provides a unified framework that 
encompasses both explicit and implicit methods, which is defined by

. 
y (tk) = ξ(tk), k = −N,−N + 1, . . . , 0,

y (tk+1)= y (tk)+ (1− θ)b(ytk
+ θb(ytk+1

+ σ(ytk
)δWk, k ∈ N.

(1.38) 

Here, the definition of ytk
. is formally identical to that in the EM method (1.37), 

i.e., 

.ytk
(r) = tj+1 − r

y (tk+j ) + r − tj
y (tk+j+1) (1.39) 

for r ∈ [tj , tj+1], j ∈ {−N, . . . ,−1}.. We call {y (tk)}k≥−N . the θ .-EM solution 
and {ytk

}k∈N . the θ .-EM functional solution. In particular, when θ = 1., this method 
is referred to as the backward EM method, i.e.,

. 
y (tk) = ξ(tk), k = −N,−N + 1, . . . , 0,

y (tk+1) = y (tk) + b(ytk+1
+ σ(ytk

)δWk, k ∈ N.

In recent decades, numerical analysis for SFDEs with globally Lipschitz coeffi-
cients, including the convergence and stability of numerical solutions, has been well 
established. F or instance, strong convergence has been proved for the EM method
(1.37) in [62] and for the θ .-EM method (1.38) in [16]. Weak convergence of the EM 
method is examined in [19]. Stability analyses are provided for the EM method in
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[95] and for the θ .-EM method in [59]. Furthermore, the existence and uniqueness 
of the numerical invariant measure for the EM method is proved in [11]. 

In addition, the author in [17] establishes the fundamental convergence theorem 
of numerical methods for SFDEs with globally Lipschitz coefficients, clarifying the 
relationship between local and global errors. Following this framework, consider a
general class of one-step methods of the form

.

⎧⎪⎪⎨
⎪⎪⎩

y (tk) = ξ(tk), k = −N,−N + 1, . . . , 0,

y (tk+1) = y (tk) + b tk+1, tk, ytk+1
, ytk

+ σ tk, ytk
;W(s), s ∈ [tk, tk+1] , k ∈ N,

(1.40) 

where ytk
. denotes the approximation of the functional solution x

ξ
tk

., the mapping

b : R⊗2+ × (Cd)⊗2 → R
d
., and the mapping σ : R+ × Cd × R

m → R
d
.. For  

example, for the θ .-EM method (1.38), functions b . and σ . are defined as

. b tk+1, tk, ytk+1
, ytk

= (1 − θ)b(ytk
+ θb(ytk+1

),

σ tk, ytk
;W(s), s ∈ [tk, tk+1] = σ(ytk

)δWk,

where ytk
. is defined according to (1.39). Based on [17, Theorem 1], the following 

fundamental convergence theorem is established for the one-step method (1.40). 

Theorem 1.21 Assume that coefficients b and σ . of (1.1) satisfy the globally 
Lipschitz continuity. Further suppose that for integers k, i ∈ N. with k > i . and 
Xt, Yt ∈ Cd

. with t ≥ 0., the mapping b . in (1.40) satisfies 

. b(tk, ti , Xtk , Xti ) − b(tk, ti , Ytk , Yti )

≤ K |Xtk (0) − Ytk (0)| +
0

j=−N

|Xti (tj ) − Yti (tj )| ,

and the mapping σ . in (1.40) satisfies 

. E σ tk, Xtk ;W(s), s ∈ [tk, tk+1] − σ tk, Ytk ;W(s), s ∈ [tk, tk+1] Ftk = 0,

and 

.E σ tk, Xtk ;W(s), s ∈ [tk, tk+1] − σ tk, Ytk ;W(s), s ∈ [tk, tk+1]
2

≤
0

j=−N

|Xti (tj ) − Yti (tj )|2,
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where K > 0.. Then for T > 0. and ∈ (0 ∗). with some small constant ∗ > 0., 

. E xξ (tk) − y (tk)
2

1
2

≤ KT sup
0≤ ≤T

−1
E E[ek|Ftk ] 2

1
2 + − 1

2 E |ek|2
1
2 ,

where the local error ek . is defined by

. ek := xξ (tk+1) − xξ (tk) + b tk+1, tk, x
ξ
tk+1

, x
ξ
tk

+ σ tk, x
ξ
tk
;W(s), s ∈ [tk, tk+1] .

In addition, if the one-step method (1.40) is mean-square consistent of order p (p >

0)., i.e .,

. sup
0≤ ≤T

E E[ek|Ftk ] 2
1
2 ≤ KT

p+1,

sup
0≤ ≤T

E |ek|2
1
2 ≤ KT

p+ 1
2 ,

then 

. sup
0≤ ≤T

E xξ (tk) − y (tk)
2

1
2 ≤ KT

p.

II. Non-globally Lipschitz Drift Case Many SFDEs of practical interest, how-
ever, do not satisfy the globally Lipschitz condition. Consequently, a variety of 
explicit and implicit EM–type methods have been designed to handle equations 
with superlinear coef ficients. In what follows, we present an introduction to the
construction of the numerical methods for the SFDE with the non-globally Lipschitz
drift coefficient.

Truncated EM method (see [57]). First, we construct a t runcated mapping. Under
Assumption 1.1, choose a strictly increasing continuous function ·). from [1,∞). 

to R+ . such that liml→∞ = ∞. and 

. sup
φ1 φ2 l

φ1=φ2

|b(φ1) − b(φ2)|
1, φ2))1/2

∨ |σ(φ1) − σ(φ2)|2
1, φ2)

≤ ≥ 1,
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where φ1, φ2 ∈ Cd
., and 

. 1, φ2) := |φ1(0) − φ2(0)|2 + 1

τ

0

−τ

|φ1(r) − φ2(r)|2dr.

Denote by −1(·.) the inverse function of ·). from [ 1),∞). to R+ .. For the  
stepsize ∈ (0, 1]., define a truncated mapping T

γ̃
: Rd → R

d
. by 

. T γ̃ (x) = |x| ∧ −1(K −γ̃ )
x

|x| ,

where K := 1) ∨ |b(0)| ∨ |σ(0)|2 . and γ̃ ∈ (0, 1/2).. Then, define the t runcated
EM method by

. 

⎧⎪⎨
⎪⎩

y̆ (tk) = ξ(tk), k = −N, . . . , 0,
y (tk) = T

γ̃
(y̆ (tk)), k = −N, . . . , 0, 1, . . . ,

y̆ (tk+1) = y (tk) + b(ytk
+ σ(ytk

)δWk, k ∈ N.

The numerical solution {y (tk)}k≥−N . approximates the solution {xξ (t)}t≥−τ .. 
The strong convergence, stability, and existence and uniqueness of the numerical 
invariant measure for the truncated EM method have been studied; see [56–58] for  
detailed r esults.

θ .-EM method. In fact, the θ .-EM method (1.38) with θ ∈ ( 12 , 1]. is well-suited for 
SFDEs with locally Lipschitz coefficients. Noting that the θ .-EM method (1.38) is 
an implicit method for θ ∈ (0, 1].. The following lemma ensures the solvability of
(1.38) for superlinear SFDEs.

Lemma 1.22 ([80, Lemma 3.2]) Assume that there exists a positive constant L̄. 

such that for any φ1, φ2 ∈ Cd
., 

. φ1(0) − φ2(0), b(φ1) − b(φ2) L̄ φ1 − φ2
2. (1.41) 

Then the solution of the θ .-EM method (1.38) exists uniquely for any ∈ (0, 1
θL̄

). 

with θ ∈ (0, 1].. 
Proof Fix θ ∈ (0, 1].. For any φ ∈ Cd

. and u ∈ R
d
., define continuous functions

φ,u : [−τ, 0] → R
d
. and Fθ,φ : Rd → R

d
., respectively, by

. φ,u(r) = φ(r + ∈ [−τ,−
−r φ(0) + +r u, r ∈ [− 0] (1.42) 

and 

.Fθ,φ(u) = u − φ,u
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Moreover, by virtue of (1.41), we have that for any 0., 

. lim|u|→∞
u, Fθ,φ(u)

|u|2 = 1 − lim|u|→∞
φ,u(0 φ,u)

|u|2

≥ 1 − lim|u|→∞
L̄ φ,u

2
φ,u(0), b(0)

|u|2 .

It follows from the Young inequality and (1.42) that 

. lim|u|→∞
u, Fθ,φ(u)

|u|2 ≥ 1 − lim|u|→∞
(L̄ + φ,u

2 + K

|u|2

≥ 1 − lim|u|→∞
(L̄ + φ 2 + |u|2) + K

|u|2
= 1 − L̄ +

Since ∈ (0, 1
θL̄

)., one has lim|u|→∞
u,Fθ,φ(u)

|u|2 > 0. by letting . be sufficiently 
small, which implies that Fθ,φ . is coercive. In addition, for any u1, u2 ∈ R

d
. with 

u1 u2 ., by (1.41) and (1.42), we deri ve

. u1 − u2, Fθ,φ(u1) − Fθ,φ(u2)

= |u1 − u2|2 − φ,u1
(0) − φ,u2

(0 φ,u1
) − φ,u2

)

≥ |u1 − u2|2 − L̄ φ,u1
− φ,u2

2

≥ |u1 − u2|2 − L̄ sup
r∈[− 0]

+ r |u1 − u2|2

≥ (1 − L̄)|u1 − u2|2 > 0,

which shows the monotone property of Fθ,φ .. Hence, according to [66, Lemma 3.1], 
we arrive at that for any v ∈ R

d
., the equation Fθ,φ(u) = v . has a unique solution

u ∈ R
d ,. and the inverse (Fθ,φ)−1

. of Fθ,φ . exists. For the fixed integer k ≥ 0. and 
ytk

., we observ e

.F
θ,ytk

(y (tk+1)) = y (tk+1) −
ytk

,y (tk+1)

= y (tk+1) − θb(ytk+1
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where we used  (1.39) and (1.42). Then (1.38) can be rewritten as

. F
θ,ytk

(y (tk+1)) = y (tk) + (1 − θ)b(ytk
+ σ(ytk

)δWk.

By virtue of the existence of (F
θ,ytk

)−1
., we derive that y (tk+1). exists uniquely 

and satisfies

. y (tk+1) = (F
θ,ytk

)−1 y (tk) + (1 − θ)b(ytk
+ σ(ytk

)δWk P-a.s.

Thus, the proof is finished.

Split-step θ .-EM method. Based on θ .-EM method (1.38), we define the split-step
θ .-EM method as follows:

.
z (tk) = ξ(tk), k = −N,−N + 1, . . . ,−1,

z (tk) = y (tk) − θb(ytk
∈ N,

(1.43) 

where ytk
. is given b y (1.39). It follows from  (1.43) that 

.z (tk) = z (tk−1) + b(ytk−1
+ σ(ytk−1

)δWk−1, k ∈ N+. (1.44) 

Here, {z (tk)}k≥−N ., which is called the split-step θ .-EM solution, serves as an  
auxiliary process that closely approximates the solution {y (tk)}k≥−N . of the θ .-
EM method. It plays a key role in analyzing the properties of the θ .-EM solution and 
thus is used frequently in the subsequent chapters. 

For SFDEs with non-Lipschitz continuous coefficients, the convergence of the
θ .-EM method in the finite time horizon has been established in [100, 101]. More 
recently, authors in [80] use the  θ .-EM method with θ = 1. to approximate the 
invariant measure of SFDEs. In the present work, we concentrate on the longtime
asymptotics and probabilistic characteristics of the θ .-EM method with θ ∈ ( 12 , 1].. 
By analyzing the relationship between y (tk). and z (tk)., we will investigate 
the mean-square convergence and weak conver gence in the infinite time horizon of
the θ .-EM method, the convergence of the invariant measure, the numerical SLLN 
and CLT, the existence of the density function of the numerical solution, and the 
Freidlin–Wentzell LDP of numerical solutions. 

To conclude this section, we briefly comment on several numerical method-
ologies for SFDEs from the perspective of computational performance. From the
viewpoint of accuracy, a variety of high-order numerical methods for SFDEs have
been proposed, including Milstein-type and Taylor-based methods (see e.g. [23, 47, 
69, 99]). In contrast, in the setting of stochastic ordinary and partial differential 
equations, the adaptive time-stepping strategy and parareal strategy have been 
e xtensively studied and shown to significantly enhance computational efficiency
(see e.g. [22, 28, 29, 38, 51, 54, 55] for adaptive methods and [14, 45, 49, 97, 98] for
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parareal methods). For SFDEs, however, analogous efficiency-oriented methodolo-
gies, especially adaptive and parareal numerical strategies that account for memory 
and delay structures, remain largely undeveloped. This highlights an important open 
problem: the development of such efficient numerical strategies tailored to SFDEs, 
together with their effective integration with high-order numerical methods, so as to
achieve both accuracy and efficiency in the numerical simulation of SFDEs.
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Chapter 2 
Mean-Square Convergence Analysis 
in the Infinite Time Horizon

Mean-square convergence is one of the crucial features in assessing the accuracy of 
stochastic numerical methods. Over the past few decades, considerable attention has 
been paid to this topic for SFDEs on the finite time horizon. This chapter extends the 
discussion to the longtime r egime. Specifically, we address the following question:
for the superlinearly growing coefficients case, how can one obtain the longtime
mean-square convergence of numerical methods for the SFDE?

We focus on the θ .-EM method to analyze its longtime mean-square conv ergence
for the SFDE (1.1) with a superlinearly growing drift coefficient. In contrast to the 
finite time horizon case, the key to obtaining the desired convergence result lies in
the time-independent boundedness of high-order moment of the numerical solution,
which is addressed in Sect. 2.1. Then, in Sect. 2.2, we derive the exponential 
attractiveness and the exponential stability of the θ .-EM method. Section 2.3 is 
devoted to the longtime mean-square convergence analysis for the θ .-EM method, 
where we show that the convergence is uniform in time t with a rate of 1

2 .. The  
proof leverages the growth properties of the current terms to effectively control the 
influence of the delay terms, pre venting significant deviations from occurring during
the numerical discretization of the delayed components.

Both in this chapter and in the subsequent ones, we will focus on the case θ ∈
( 12 , 1]. and provide a detailed analysis. For the case θ ∈ [0, 1

2 ]., analogous results can 
be obtained by additionally imposing linear growth conditions on the coefficients.

2.1 Time-Independent Moment Boundedness of Numerical
Solution

In this section, we investigate the time-independent moment boundedness of the
θ .-EM functional solution, which is the key to obtaining the longtime mean-square 
convergence rate of the considered numerical method.
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To begin with, we first propose the globally Lipschitz condition for the coefficient
σ : Cd → R

d×m
. and the one-sided Lipschitz condition f or the coefficient b : Cd →

R
d
.. 

Assumption 2.1 There exist a constant L > 0. and a probability measure ν1 . on 
[−τ, 0]. such that for any φ1, φ2 ∈ Cd

., 

. |σ(φ1) − σ(φ2)|2 ≤ L |φ1(0) − φ2(0)|2 +
0

−τ

|φ1(r) − φ2(r)|2dν1(r) .

Assumption 2.2 The drift coefficient b is continuous and ther e exist a probability
measure ν2 . on [−τ, 0]. and positive constants a1, a2 . satisfying a1 > a2 + L. such 
that for any φ1, φ2 ∈ Cd

., 

. φ1(0) − φ2(0), b(φ1) − b(φ2)

≤ −a1|φ1(0) − φ2(0)|2 + a2

0

−τ

|φ1(r) − φ2(r)|2dν2(r).

Note that under Assumption 2.2, the drift coefficient b may e xhibit superlinear
growth.

Example 2.1 We present several typical examples of diff usion and drift coefficients
satisfying Assumptions 2.1 and 2.2. 

• When σ . is a constant matrix, Assumption 2.1 is clearly satisfied with L = 0.. 
• Consider the diffusion coefficient

. σ(φ) = 1√
2m

0

−τ

φ(s)dν̄1(s), . . . ,
0

−τ

φ(s)dν̄m(s) ∈ R
d×m,

where φ ∈ Cd
., and ν̄i ,. i = 1, 2, . . . , m. are probability measures on [−τ, 0].. 

Then, 

. |σ(φ1) − σ(φ2)|2 = 1

2m

m

i=1

0

−τ

(φ1(s) − φ2(s))dν̄i (s)
2

≤ 1

2

0

−τ

|φ1(s) − φ2(s)|2dν1(s),

which verifies Assumption 2.1 with L = 1
2 . and ν1(·) := 1

m
m
i=1 ν̄i (·)..
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• Let d = 1.. For the drift coefficient b(φ) = −αφ(0)+βφ(−τ). for φ ∈ C1 . and the 
constant diffusion coefficient σ > 0. given in Example 1.2, the Young inequality
yields

. φ1(0) − φ2(0), b(φ1) − b(φ2)

≤ −(α − β

2
)|φ1(0) − φ2(0)|2 + β

2
|φ1(−τ) − φ2(−τ)|2.

Thus, Assumption 2.2 is fulfilled whenever α > β,. with a1 = α − β
2 , a2 = β

2 ,. 

and L = 0.. 
• Consider the drift coefficient b(φ) = 1

τ

0
−τ

φ(s)ds − |φ(0)|2φ(0) − 2φ(0), φ ∈
Cd

. given in Example 1.6. Using the e lementary identity

. u1|2u1−|u2|2u2, u1−u2
1

2
(|u1|2+|u2|2)|u1−u2|2+ 1

2
(|u1|2−|u2|2)2 ≥ 0

for all u1, u2 ∈ R
d
., we obtain

. φ1(0) − φ2(0), b(φ1) − b(φ2)

≤ φ1(0) − φ2(0),
1

τ

0

−τ

(φ1(s) − φ2(s))ds − 2|φ1(0) − φ2(0)|2

≤ −3

2
|φ1(0) − φ2(0)|2 + 1

2τ

0

−τ

|φ1(s) − φ2(s)|2ds,

where the last step follows from the Young inequality. H ence, if the Lipschitz
constant L of σ . satisfies L < 1., then Assumption 2.2 holds with a1 = 3

2 ,.a2 = 1
2 .. 

• Recall the function b(·) = b1(·) + b2(·). given in Example 1.6 with 

. b1(φ) = ψ1(φ(0)) and b2(φ) =
0

−τ

ψ2(φ(s))k(s)dν(s),

where ψ2 . is a Lipschitz continuous function with the Lipschitz constant Lipψ2
. 

and k is a bounded function with bound k ∞ .. Assume that for u1, u2 ∈ R
d
., 

. ψ1(u1) − ψ1(u2), u1 − u2 K1|u1 − u2|2

with K1 > 0.. It follows from the Y oung inequality that

. b2(φ1) − b2(φ2), φ1(0) − φ2(0)

≤ 1

2
|φ1(0) − φ2(0)|2 + 1

2
Lip2ψ2

k 2∞
0

−τ

|φ1(s) − φ2(s)|2dν(s).
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Therefore, if K1 − 1
2 > 1

2Lip
2
ψ2

k 2∞ + L,. then b satisfies Assumption 2.2 with 
ν2 = ν .. 

Under Assumptions 2.1 and 2.2, the SFDE (1.1) with the initial datum ξ ∈ Cd
. 

has a unique solution xξ (·). on [−τ,∞). according to Theorem 1.2. In addition, by
Propositions 1.9 and 1.12, we can obtain the second moment boundedness and the 
exponential attractiveness for the functional solution of (1.1). Moreover, it follows 
from Theorem 1.15 that this functional solution of (1.1) admits a unique invariant 
measure. Precisely, under Assumptions 2.1 and 2.2, the functional solution x

ξ· . of 
(1.1) satisfies 

. sup
t≥0

E x
ξ
t

2] ≤ K(1 ξ 2)

and 

.E x
ξ
t − x

η
t

2] ≤ K ξ − η 2e−λt ∀ t ≥ 0, (2.1) 

where ξ, η ∈ Cd , K > 0., and λ > 0. from Proposition 1.12 here s atisfies

.cλ := 2a1 − L − (2a2 + L)eλτ − λ > 0. (2.2) 

Moreover, the functional solution is asymptotically stable in distribution and admits
a unique invariant measure μ. satisfying 

.W2(μ
ξ
t , μ) ≤ K(1 ξ )e− λ

2 t , (2.3) 

where μξ
t . defined in Sect. 1.3.3 is the probability measure induced by x

ξ
t .. 

2.1.1 Time-Independent Boundedness of Second Moment

This subsection is devoted to proving the time-independent boundedness of the
second moment of the θ .-EM functional solution. Before that, we first estimate the
pth moment of the θ .-EM solution on any bounded time interval, which ensures that 
the stochastic integral related to the numerical solution is a martingale.

For this purpose, define the continuous version {z (t)}t≥−τ . of (1.43) as an 
auxiliary process which is gi ven by

.z (t) =

⎧⎪⎪⎨
⎪⎪⎩

z (tk) + b(ytk
)(t − tk) + σ(ytk

)(W(t) − W(tk)),

t ∈ [tk, tk+1), k ∈ N,

tj+1−t
z (tj ) + t−tj z (tj+1), t ∈ [tj , tj+1], j ∈ {−N, . . . ,−1}.
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We see c learly that

.z (t) = z (0) +
t

0
b(ys )ds +

t

0
σ(ys )dW(s), t > 0, (2.4) 

where 

. ys :=
∞

k=0

ytk
1[tk ,tk+1)(s).

Denote by {zt }t≥0 . the segment process with respect to {z (t)}t≥−τ ., namely, for 
any t ≥ 0. and r ∈ [−τ, 0]., we have zt (r) = z (t + r).. For θ ∈ (1/2, 1]., under 
Assumptions 2.1 and 2.2, the solvability of (1.38) is guaranteed for ∈ (0, 1]., 
whose proof is similar to that of Lemma 1.22. 

We first present the moment boundedness of the numerical solution on any finite
interval [0, T ].. 
Lemma 2.1 Let Assumptions 2.1 and 2.2 hold. Then for any T > 0. and p ∈ N+ ., 

. sup
∈(0,1]

sup
tk∈[0,T ]

E |z (tk)|2p + |y (tk)|2p < K( ξ 2p + |b(ξ)|2p 2p + T )eKT .

(2.5) 

Proof Let ∈ (0, 1]. and k ∈ N.. For any M > ξ ., define a stopping time ζM . by 

. ζM = inf{i ∈ N : |y (ti)| ∨ |z (ti)| > M}.

Obviously, 

. {ω ∈ : ζM (ω) ≥ i + 1} = {ω ∈ : ζM (ω) ≤ i}c ∈ Fti ∀ i ∈ N.

To simplify notation, we introduce the f ollowing abbreviations

. z(tk) = z (tk), ztk = ztk
,

y(tk) = y (tk), ytk = ytk
,

bk = b(ytk
), σk = σ(ytk

), ζM = ζM . (2.6) 

It follows from Assumption 2.2 that for any φ ∈ Cd
., 

.2 φ(0), b(φ) K − 3a1 + a2 + L

2
|φ(0)|2 + 2a2

0

−τ

|φ(r)|2dν2(r). (2.7)
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This, along with (1.43) implies t hat

. |z(tk+1)|2 = |z(tk)|2 + |bk|2 2 + |σkδWk|2 + 2 y(tk) − θbk k

+ 2 z(tk), σkδWk 2 bk, σkδWk

≤ |z(tk)|2 + (1 − 2θ)|bk|2 2 + |σkδWk|2 +

− 3a1 + a2 + L

2
|y(tk)|2 + 2a2

0

−τ

|ytk (r)|2dν2(r)

+ 2 z(tk), σkδWk

2

θ
y(tk) − z(tk), σkδWk . (2.8) 

By θ ∈ ( 12 , 1]., we have  

. |z(tk+1)|2 ≤ |z(tk)|2 + |σkδWk|2 + + 2a2
0

−τ

|ytk (r)|2dν2(r) +Mk,

(2.9) 

where {Mk}∞k=0 . is a local martinga le defined by

.Mk = 2(θ − 1)

θ
z(tk), σkδWk

2

θ
y(tk), σkδWk . (2.10) 

If ζM ≥ k + 1., we have k ∧ ζM = k . and 

. |z(t(k+1)∧ζM
)|2 = |z(tk+1)|2

≤ |z(tk∧ζM
)|2 + |σkδWk|2 +

+ 2a2
0

−τ

|ytk (r)|2dν2(r) +Mk.

If ζM < k + 1., we have ζM ≤ k . and 

. |z(t(k+1)∧ζM
)|2 = |z(tζM

)|2 = |z(tk∧ζM
)|2.

The above two cases imply that

.|z(t(k+1)∧ζM
)|2 ≤ |z(tk∧ζM

)|2 + |σkδWk|2 +

+ 2a2
0

−τ

|ytk (r)|2dν2(r) +Mk 1{ζM≥k+1}.
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Then for any p ∈ N+ ., 

. E[|z(t(k+1)∧ζM
)|2p] ≤ E[|z(tk∧ζM

)|2p] +
p

l=1

Cl
pE |z(tk∧ζM

)|2(p−l) |σkδWk|2

+ + 2a2
0

−τ

|ytk (r)|2dν2(r) +Mk

l

1{ζM≥k+1}

=: E[|z(tk∧ζM
)|2p] +

p

l=1

Il , (2.11) 

where the positive constant Cl
p . is the binomial coefficient. Note that

. δWk1{ζM≥k+1} = W(t(k+1)∧ζM
) − W(tk∧ζM

).

By virtue of the martingale stopping theorem (see Theorem A.6), we obtain

. E A(tk)δWk1{ζM≥k+1} Ftk∧ζM
= 0,

E A(tk)δWk
21{ζM≥k+1} Ftk∧ζM

= |A(tk)|21{ζM≥k+1}

where A(tk). is an R
d×m

.-valued Ftk .-measurable random variable for k ∈ N.. T hen

. I1 = C1
pE E |z(tk∧ζM

)|2(p−1) |σkδWk|2 + + 2a2
0

−τ

|ytk (r)|2dν2(r)

+Mk 1{ζM≥k+1} Ftk∧ζM

= C1
p E |z(tk∧ζM

)|2(p−1) |σk|2 + K + 2a2
0

−τ

|ytk (r)|2dν2(r) 1{ζM≥k+1} .

Making use of Assumption 2.1 and applying the Young inequality, we derive

. I1 ≤ C1
p E |z(tk∧ζM

)|2(p−1) 2L|y(tk)|2 + 2L
0

−τ

|ytk (r)|2dν1(r) + K

+ 2a2
0

−τ

|ytk (r)|2dν2(r) 1{ζM≥k+1}

≤ + E[|z(tk∧ζM
)|2p] + E |y(tk∧ζM

)|2p1{ζM≥k+1}

+ E

0

−τ

|ytk (r)|2pdν1(r) +
0

−τ

|ytk (r)|2pdν2(r) 1{ζM≥k+1} .

(2.12)
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Moreover, for l ∈ N+ . with 2 ≤ l ≤ p ., we obtain

. |σkδWk|2 + + 2a2
0

−τ

|ytk (r)|2dν2(r) +Mk
l

≤ K |σkδWk|2l + l + l
0

−τ

|ytk (r)|2ldν2(r) + |z(tk)|l |σkδWk|l

+ |y(tk)|l |σkδWk|l .

This, along with the f ollowing fact

. E A(tk)δWk
i1{ζM≥k+1} Ftk∧ζM

≤ K|A(tk)|i i
2 1{ζM≥k+1} ∀ i ∈ N with i ≥ 2

implies t hat

. 

p

l=2

Il ≤
p

l=2

KE E |z(tk∧ζM
)|2(p−l) |σkδWk|2l + l + l

0

−τ

|ytk (r)|2ldν2(r)

+ |z(tk)|l |σkδWk|l + |y(tk)|l |σkδWk|l 1{ζM≥k+1} Ftk∧ζM

≤
p

l=2

E |z(tk∧ζM
)|2(p−l) |σk|2l + 1 +

0

−τ

|ytk (r)|2ldν2(r)

+ |z(tk)|l |σk|l + |y(tk)|l |σk|l 1{ζM≥k+1} .

Applying Assumption 2.1 and the Young inequality again, we arrive at

. 

p

l=2

Il ≤ + E[|z(tk∧ζM
)|2p] + E |y(tk∧ζM

)|2p1{ζM≥k+1}

+ E

0

−τ

|ytk (r)|2pdν1(r) +
0

−τ

|ytk (r)|2pdν2(r) 1{ζM≥k+1} .

(2.13) 

Inserting (2.12) and (2.13) into (2.11) and by the recursive calculation, we obtain

.E[|z(t(k+1)∧ζM
)|2p]

≤ E[|z(tk∧ζM
)|2p] + + E[|z(tk∧ζM

)|2p]

+ |y(tk∧ζM
)|2p1{ζM≥k+1} + E

0

−τ

|ytk (r)|2pdν1(r)
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+ 
0 

−τ 
|ytk (r)|2pdν2(r) 1{ζM≥k+1} 

≤ E[|z(0)|2p] +  K(k + 1 + 
k 

i=0 
E[|z(ti∧ζM )|2p] 

+ 
k 

i=0 
E |y(ti∧ζM )|2p1{ζM≥k+1} + 

k 

i=0 
E 

0 

−τ 
|yti (r)|2pdν1(r) 

+
0

−τ

|yti (r)|2pdν2(r) 1{ζM≥i+1} . (2.14) 

It follows from (1.39) and the convex property of | · |2p . that 

. 

k

i=0

0

−τ

|yti (r)|2pdν1(r)1{ζM≥i+1}

=
−1

j=−N

k

i=0

tj+1

tj

tj+1 − r
y(ti+j ) + r − tj

y(ti+j+1)
2p
dν1(r)1{ζM≥i+1}

≤
−1

j=−N

k

i=0

tj+1

tj

tj+1 − r
dν1(r)|y(ti+j )|2p1{ζM≥i+j+1}

+
−1

j=−N

k

i=0

tj+1

tj

r − tj
dν1(r)|y(ti+j+1)|2p1{ζM≥i+j+2}.

We apply the change of variables for indices i + j + 1. and i + j + 2., respectively, 
to obtain

.

k

i=0

0

−τ

|yti (r)|2pdν1(r)1{ζM≥i+1}

≤
−1

j=−N

k−1

l=−N

tj+1

tj

tj+1 − r
dν1(r)|y(tl)|2p1{ζM≥l+1}

+
−1

j=−N

k

l=−N+1

tj+1

tj

r − tj
dν1(r)|y(tl)|2p1{ζM≥l+1}
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≤ 
−1 

j=−N 

k 

l=−N 

tj+1 

tj 
dν1(r)|y(tl)|2p1{ζM≥l+1} 

≤ N ξ 2p + 
k 

i=0 
|y(ti)|2p1{ζM≥i+1}. (2.15) 

Similarly, 

.

k

i=0

0

−τ

|yti (r)|2pdν2(r)1{ζM≥i+1} ≤ N ξ 2p +
k

i=0

|y(ti)|2p1{ζM≥i+1}. (2.16) 

Inserting (2.15) and (2.16) into (2.14), we have  

. E[|z(t(k+1)∧ζM
)|2p] ≤ E[|z(0)|2p] + K(k + 1 +

k

i=0

E[|z(ti∧ζM
)|2p]

+ Kτ ξ 2p +
k

i=0

E |y(ti)|2p1{ζM≥i+1} . (2.17) 

It is straightforward to see from z(ti) = y(ti) − θbi . and (2.7) that 

. |z(ti)|2 = |y(ti)|2 + θ2 2b2i − 2 y(ti), bi

≥ − + (1 + 3a1 + a2 + L

2
)|y(ti)|2 − 2a2

0

−τ

|yti (r)|2dν2(r).
(2.18) 

According to [36, Lemma 4.1], we know that for any u, v ∈ R., q ≥ 1., and ε > 0., 
there exists a constant Kε > 1. such that |u + v|q ≤ Kε|u|q + (1 + ε)|v|q .. This, 
along with (2.18) and |u|q + |v|q ≤ (|u| + |v|)q . implies t hat

. 1 + 3a1 + a2 + L

2
p

k

i=0

|y(ti)|2p1{ζM≥i+1}

≤ 1 + 3a1 + a2 + L

2

p
k

i=0

|y(ti)|2p1{ζM≥i+1}

≤
k

i=0

+ |z(ti)|2 + 2a2
0

−τ

|yti (r)|2dν2(r)
p

1{ζM≥i+1}
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≤ Kε 

k 

i=0 
+ |z(ti)|21{ζM≥i+1} 

p 

+ (1 + ε)(2a2 
p 

k 

i=0 

0 

−τ 
|yti (r)|2p dν2(r)1{ζM≥i+1}.

By (2.16), we deri ve

. 1 + 3a1 + a2 + L

2
p

k

i=0

|y(ti)|2p1{ζM≥i+1}

≤ KKε(k + 1 + KKε

k

i=0

|z(ti∧ζM
)|2p + p−1 ξ 2p

+ (1 + ε)(2a2
p

k

i=0

|y(ti)|2p1{ζM≥i+1}.

Choose a sufficiently small ε > 0. such that 

. 
3a1 + a2 + L

2

p

> (1 + ε)(2a2)
p.

Then, 

. 

k

i=0

|y(ti)|2p1{ζM≥i+1} ≤ K(k + 1 + K

k

i=0

|z(ti∧ζM
)|2p + p−1 ξ 2p

− (
3a1 + a2 + L

2
)p − (1 + ε)(2a2)

p θp p
k

i=0

|y(ti)|2p1{ζM≥i+1}

≤ K(k + 1 + K

k

i=0

|z(ti∧ζM
)|2p + K ξ 2p. (2.19) 

Inserting this into (2.17) yields 

.E[|z(t(k+1)∧ζM
)|2p] ≤ K |b(ξ)| ξ

2p + K(k + 1

+
k

i=0

E[|z(ti∧ζM
)|2p].
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By the discrete Gronwall inequality (see Proposition A.4), we have that for any
T > 0., 

. sup
0≤tk≤T

E[|z(tk∧ζM
)|2p] ≤ K( ξ 2p + |b(ξ)|2p 2p + T )eKT .

Letting M → ∞., one has

. sup
0≤tk≤T

E[|z(tk)|2p] ≤ K( ξ 2p + |b(ξ)|2p 2p + T )eKT . (2.20) 

Similarly, it follows from (2.18) that 

. (1 + 3a1 + a2 + L

2
)p)|y(tk)|2p

≤ Kε + |z(tk)|2 p + (1 + ε)(2a2
p

0

−τ

|ytk (r)|2pdν2(r).

Note that 

. sup
0≤tk≤T

E

0

−τ

|ytk (r)|2pdν2(r) ≤ sup
0≤tk≤T

0

−τ

sup
−τ≤u≤0

E[|ytk (u)|2p]dν2(r)

≤ sup
0≤tk≤T

E[|y(tk)|2p ξ 2p.

Hence, we deri ve

. (1 + 3a1 + a2 + L

2
)p) sup

0≤tk≤T

E[y(tk)|2p]

≤ KKε + sup
0≤tk≤T

E[|z(tk)|2p]

+ (1 + ε)(2a2
p sup

0≤tk≤T

E[|y(tk)|2p ξ 2p .

This yields 

. sup
0≤tk≤T

E[y(tk)|2p] ≤ K(1 ξ 2p) + sup
0≤tk≤T

E[|z(tk)|2p],

where we used 3a1+a2+L
2 )p > (1 + ε)(2a2 p

.. Combining (2.20), we  
complete t he proof.

When making no distinction among initial data of numerical solutions, we use
the abbreviations in (2.6).
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Proposition 2.2 Let Assumptions 2.1 and 2.2 hold. Then for any T > 0. and p ∈
N+ ., 

. sup
∈(0,1]

E sup
tk∈[0,T ]

|z (tk)|2p + |y (tk)|2p ≤ KT (1 ξ 2p + |b(ξ)|2p 2p),

where KT . is a positive constant.

Proof Our analysis focuses on integers p ∈ N+ . with p ≥ 2., since the case p = 1. 
is an immediate consequence of the Hölder inequality

. E sup
tk∈[0,T ]

|z (tk)|2 + |y (tk)|2

≤ K E sup
tk∈[0,T ]

|z (tk)|2p + |y (tk)|2p
1
p
.

Similar to the proof of Lemma 2.1, by (2.9) and the recursive calculation, we obtain
that for p ∈ N+ . with p ≥ 2., 

. |z(tk+1)|2p

≤ |z(0)|2p +
k

i=0

C1
p|z(ti)|2(p−1) |σiδWi |2 + + 2a2

0

−τ

|yti (r)|2dν2(r)

+
k

i=0

p

l=2

Cl
p|z(ti)|2(p−l) |σiδWi |2 + + 2a2

0

−τ

|yti (r)|2dν2(r) +Mi

l

+
k

i=0

C1
p|z(ti)|2(p−1)Mi .

Then 

.E sup
0≤tk≤T

|z(tk)|2p ≤ |z(0)|2p + I1 + I2 + I3, (2.21) 

where 

.I1 :=
k=0

C1
pE |z(tk)|2(p−1) |σkδWk|2 + + 2a2

0

−τ

|ytk (r)|2dν2(r)

+
p

l=2

Cl
pE |z(tk)|2(p−l) |σkδWk|2 + + 2a2

0

−τ

|ytk (r)|2dν2(r)

+Mk

l

,
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I2 := E sup 
0≤tk≤T 

k 

i=0 
C1 

p 
2(θ − 1) 

θ 
|z(ti)|2(p−1) z(ti), σiδWi , 

I3 := E sup 
0≤tk≤T 

k 

i=0 
C1 

p 
2 
θ
|z(ti)|2(p−1) y(ti), σiδWi .

By similar arguments to those in the proof of Lemma 2.1, we deri ve

. I1 ≤
k=0

E[|z(tk)|2p] + + K ξ 2p +
k=0

E[|y(tk)|2p].
(2.22) 

Applying the Burkholder–Davis–Gundy inequality, we a rrive at

. I2 ≤ KE

k=0

|z(tk)|4p−2|σk|2
1
2

≤ E sup
0≤ti≤T

|z(ti)|2p−1

k=0

|σk|2
1
2 .

Using the Young inequality, the Hölder inequality, and Assumption 2.1, one has

. I2 ≤ 1

4
E sup

0≤tk≤T

|z(tk)|2p + KE

k=0

|σk|2 p

≤ 1

4
E sup

0≤tk≤T

|z(tk)|2p + p−1 + 1)
k=0

E[|σk|2p]

≤ 1

4
E sup

0≤tk≤T

|z(tk)|2p + K(T p−1 + 1)

+ p−1 + 1)
k=0

E |y(tk)|2p +
0

−τ

|ytk (r)|2pdν1(r) ,

which together with (2.15) with M → ∞. yields 

. I2 ≤ 1

4
E sup

0≤tk≤T

|z(tk)|2p + p−1 + 1)
k=0

E[|y(tk)|2p]

+ K(T p−1 + 1)(1 ξ 2p). (2.23)
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Similarly, for p ∈ N+ . with p ≥ 2,. by the Young inequality and the H ölder
inequality, we obtain

. I3 ≤ KE

k=0

|z(tk)|4p−4|y(tk)|2|σk|2
1
2

≤ 1

4
E sup

0≤tk≤T

|z(tk)|2p + KE

k=0

|y(tk)|2|σk|2
p
2

≤ 1

4
E sup

0≤tk≤T

|z(tk)|2p + p
2 −1 + 1)

k=0

E[|y(tk)|p|σk|p].

Using the Young inequality again and combining Assumption 2.1 and (2.15) with 
M → ∞., we deri ve

. I3 ≤ 1

4
E sup

0≤tk≤T

|z(tk)|2p + p
2 −1 + 1)

k=0

E[|y(tk)|2p]

+ p
2 −1 + 1)

k=0

E[|σk|2p]

≤ 1

4
E sup

0≤tk≤T

|z(tk)|2p + p
2 −1 + 1)

k=0

E[|y(tk)|2p]

+ K(T
p
2 −1 + 1)(1 ξ 2p). (2.24) 

Plugging (2.22)–(2.24) into (2.21), a direct computation derives

.E sup
0≤tk≤T

|z(tk)|2p

≤ K +
k=0

E[|z(tk)|2p] + + K(T p−1 + 1)(1 ξ 2p)

+ p−1 + 1)
k=0

E[|y(tk)|2p] + 1

2
E sup

0≤tk≤T

|z(tk)|2p .
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This leads to

. E sup
0≤tk≤T

|z(tk)|2p

≤ 2 K +
k=0

E[|z(tk)|2p] + + K(T p−1 + 1)(1 ξ 2p)

+ p−1 + 1)
k=0

E[|y(tk)|2p]

≤ K(T p−1 + 1)(1 ξ 2p) + K(T + 1) sup
0≤tk≤T

E[|z(tk)|2p]

+ K(T p + 1) sup
0≤tk≤T

E[|y(tk)|2p]

≤ KT (1 ξ 2p + |b(ξ)|2p 2p),

where KT . is a positive constant. From the above inequality and (2.18), one obtains 
that

. E sup
0≤tk≤T

|y(tk)|2p ≤ KT (1 ξ 2p + |b(ξ)|2p 2p).

Thus the proof is completed.

The following lemma establishes the boundedness of the second moment of the
numerical solution in the infinite time horizon.

Lemma 2.3 Let Assumptions 2.1 and 2.2 hold. Then 

. sup
∈(0,1]

sup
k≥−N

(E[|z (tk)|2] + E[|y (tk)|2]) ≤ K(1 ξ 2 + |b(ξ)|2 2).

Proof For any ∈ (0, 1]. and k ∈ N., according to (2.8) and z(tk) = y(tk) − θbk ., 
we ha ve

.|z(tk+1)|2 ≤ |z(tk)|2 + 1 − 2θ

θ2
|y(tk) − z(tk)|2 + |σkδWk|2 +

− 3a1 + a2 + L

2
|y(tk)|2 + 2a2

0

−τ

|ytk (r)|2dν2(r) +Mk

= (1 − θ)2

θ2
|z(tk)|2 + 1 − 2θ

θ2
|y(tk)|2

+ 2(2θ − 1)

θ2
z(tk), y(tk) σkδWk|2
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+ − 
3a1 + a2 + L 

2
|y(tk)|2 

+ 2a2 
0 

−τ 
|ytk (r )|2dν2(r) +Mk,

whereMk . is defined by (2.10). By a1 > a2 + L. given in Assumption 2.2, one can 
choose a sufficiently small κ > 0. such that 

. ̃cκ := a1 + a2 − (
a1 − a2 + L

2
+ 2a2)e

κτ > 0.

For the term z(tk), y(tk) ., applying the Y oung inequality yields

. 2 z(tk), y(tk)
1

1 + c̃κ

|z(tk)|2 + (1 + c̃κ |y(tk)|2.

Recall that θ ∈ ( 12 , 1].. Then we ha ve

. |z(tk+1)|2 ≤ (1 − θ)2

θ2
+ 2θ − 1

θ2(1 + c̃κ

|z(tk)|2 + |σkδWk|2 +

− 3a1 + a2 + L

2
− c̃κ |y(tk)|2 + 2a2

0

−τ

|ytk (r)|2dν2(r) +Mk,

where we used 0 ≤ 2θ−1
θ2

≤ 1.. Hence, for any ε ∈ (0, κ]., 

. eεtk+1 |z(tk+1)|2 = |z(0)|2 +
k

i=0

(eεti+1 |z(ti+1)|2 − eεti |z(ti)|2)

≤ |z(0)|2 + (1 − θ)2

θ2
+ 2θ − 1

θ2(1 + c̃κ

− e−
k

i=0

eεti+1 |z(ti)|2

+
k

i=0

eεti+1 |σiδWi |2 +
k

i=0

eεti+1

− (
3a1 + a2 + L

2
− c̃κ

k

i=0

eεti+1 |y(ti)|2

+ 2a2

k

i=0

eεti+1
0

−τ

|yti (r)|2dν2(r) +
k

i=0

eεti+1Mi . (2.25)
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According to Proposition 2.2, we obtain that Mk . is a martingale and hence

E
k
i=0 eεti+1Mi = 0.. By Assumption 2.1, we derive that for ι ∈ (0, 1)., 

. |σ(φ)|2 ≤ Kι|σ(0)|2 + (1 + ι)L |φ(0)|2 +
0

−τ

|φ(r)|2dν1(r) ,

where the constant Kι > 0. depends on ι.. Noting a1 > a2 + L., we choose ι =
a1−a2+L

2L − 1. and deriv e

. |σ(φ)|2 ≤ Kι|σ(0)|2 + a1 − a2 + L

2
|φ(0)|2 +

0

−τ

|φ(r)|2dν1(r) .

Taking expectations on both sides of (2.25) and the above inequality, we a rrive at

. eεtk+1E[|z(tk+1)|2]

≤ |z(0)|2 + (1 − θ)2

θ2
+ 2θ − 1

θ2(1 + c̃κ

− e−
k

i=0

eεti+1E[|z(ti)|2]

+
k

i=0

eεti+1

− (a1 + a2 − c̃κ

k

i=0

eεti+1E[|y(ti)|2] + a1 − a2 + L

2

k

i=0

eεti+1

× E

0

−τ

|yti (r)|2dν1(r) + 2a2

k

i=0

eεti+1E

0

−τ

|yti (r)|2dν2(r) .

(2.26) 

Similar t o (2.15), we deduce that for ı = 1, 2., 

.

k

i=0

eεti+1
0

−τ

|yti (r)|2dνı(r)

≤ eετ
−1

j=−N

k

i=0

eεti+j+1
tj+1

tj

tj+1 − r
dνı(r)|y(ti+j )|2

+ eετ
−1

j=−N

k

i=0

eεti+j+2
tj+1

tj

r − tj
dνı(r)|y(ti+j+1)|2
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≤ eετ 
−1 

j=−N 

k−1 

l=−N 
eεtl+1 

tj+1 

tj 

tj+1 − r 
dνı(r)|y(tl)|2 

+ eετ 
−1 

j=−N 

k 

l=−N 
eεtl+1 

tj+1 

tj 

r − tj 
dνı(r)|y(tl)|2 

≤ eετ 
−1 

j=−N 

k 

l=−N 
eεtl+1 

tj+1 

tj 
dνı(r)|y(t l )|2

≤ Neετ ξ 2 + eετ
k

i=0

eεti+1 |y(ti)|2, (2.27) 

which y ields

. 
a1 − a2 + L

2

k

i=0

eεti+1
0

−τ

|yti (r)|2dν1(r) + 2a2

k

i=0

eεti+1
0

−τ

|yti (r)|2dν2(r)

≤ a1 − a2 + L

2
+ 2a2 eετ τ ξ 2 + a1 − a2 + L

2
+ 2a2

× eετ
k

i=0

eεti+1 |y(ti)|2.

Inserting this into (2.26) yields 

.eεtk+1E[|z(tk+1)|2]

≤ |z(0)|2 + (1 − θ)2

θ2
+ 2θ − 1

θ2(1 + c̃κ

− e−
k

i=0

eεti+1E[|z(ti)|2] + K

ε
eεtk+2

− a1 + a2 − c̃κ − (
a1 − a2 + L

2
+ 2a2)e

ετ
k

i=0

eεti+1E[|y(ti)|2]

+ (
a1 − a2 + L

2
+ 2a2)e

ετ τ ξ 2.
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It follows from the definition of c̃κ . that a1 + a2 − c̃κ − ( a1−a2+L
2 + 2a2)eετ ≥ 0.. 

Moreover, using e− > 1 − ., we conclude that

. 
(1 − θ)2

θ2
+ 2θ − 1

θ2(1 + c̃κ

− e− <
(1 − θ)2

θ2
+ 2θ − 1

θ2(1 + c̃κ

− (1 −

= − (2θ − 1)c̃κ

θ2(1 + c̃κ

+ − (2θ − 1)c̃κ

θ2(1 + c̃κ )
(2.28) 

Hence, letting ε = (2θ−1)c̃κ

θ2(1+c̃κ )
∧ κ . yields 

. eεtk+1E[|z(tk+1)|2] ≤ K( ξ 2 + |b(ξ)|2 2) + Keεtk+2 ,

which i mplies

. sup
∈(0,1]

sup
k≥−N

E[|z(tk)|2] ≤ K(1 ξ 2 + |b(ξ)|2 2).

In addition, by (2.18), we obtain

. (1 + 3a1 + a2 + L

2
) sup

∈(0,1]
sup

k≥−N

E[|y(tk)|2]

≤ + sup
∈(0,1]

sup
k≥−N

E[|z(tk)|2] + 2a2 sup
∈(0,1]

sup
k≥−N

E[|y(tk)|2]. (2.29) 

Together with a1 > a2 + L., we arrive at  

. sup
∈(0,1]

sup
k≥−N

E[|y(tk)|2] ≤ K(1 ξ 2 + |b(ξ)|2 2).

The proof is completed.

Proposition 2.4 Let Assumptions 2.1 and 2.2 hold. Then 

. sup
∈(0,1]

sup
k≥0

E ztk
2 ytk

2 ≤ K(1 ξ 2 + |b(ξ)|2 2).

Proof It follows from (2.25), (2.27), (2.28), and ε = (2θ−1)c̃κ

θ2(1+c̃κ )
∧ κ . that 

.eεti+1 |z(ti+1)|2

≤ |z(0)|2 + K ξ 2 +
k

i=0

eεti+1 |σiδWi |2 +
k

i=0

eεti+1
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− ( 
3a1 + a2 + L 

2
−  ̃cκ − 2a2eετ 

k 

i=0 
eεti+1 |y(ti)|2 + 

k 

i=0 
eεti+1Mi 

≤ |z(0)|2 + K ξ 2 + 
k 

i=0 
eεti+1 |σiδWi |2 +

k

i=0

eεti+1 +
k

i=0

eεti+1Mi ,

where we used 3a1+a2+L
2 − c̃κ − 2a2eετ > a1 + a2 − c̃κ − 2a2eετ > 0. in the last 

inequality . Hence,

. E sup
(k−N)∨0≤i≤k

eεti+1 |z(ti+1)|2

≤ |z(0)|2 + K ξ 2 + E sup
(k−N)∨0≤i≤k

i

l=0

eεtl+1 |σlδWl |2 +
k

i=0

eεti+1

+ E sup
(k−N)∨0≤i≤k

i

l=0

eεtl+1Ml

≤ |z(0)|2 + K ξ 2 + E

k

l=0

eεtl+1 |σl |2 + K

ε
eεtk+2

+ E sup
(k−N)∨0≤i≤k

i

l=(k−N)∨0
eεtl+1Ml . (2.30) 

Using Assumption 2.1 and Lemma 2.3, we obtain

. E

k

l=0

eεtl+1 |σl |2 ≤ K

k

l=0

eεtl+1E |y(tl)|2 +
0

−τ

|ytl (r)|2dν1(r) + eεtk+2

≤ K sup
i≥−N

E[|y(ti)|2]
k

l=0

eεtl+1 + eεtk+2

≤ K(1 ξ 2 + |b(ξ)|2 2)eεtk+2 . (2.31) 

Similar to the estimates of I2 . and I3 . in Proposition 2.2, one has

.E sup
(k−N)∨0≤i≤k

i

l=(k−N)∨0
eεtl+1Ml

≤ E sup
(k−N)∨0≤i≤k

eεti |z(ti)|2 Ke

k

l=(k−N)∨0
eεtl+1 |σl |2

1
2
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+ E sup 
(k−N)∨0≤i≤k 

eεti |y(ti)|2 Ke 
k 

l=(k−N)∨0 
eεtl+1 |σl |2 

1 
2 

≤ 
1 
4 
E sup 

(k−N)∨0≤i≤k 
eεti |z(ti)|2 + 

1 
4 
E sup 

(k−N)∨0≤i≤k 
eεti |y(ti)|2 

+ E 
k 

i=(k−N)∨0 
eεti+1 |σi |2 

≤ 
1 
4 
E sup 

(k−N)∨0≤i≤k 
eεti |z(ti)|2 + 

1 
4 
E sup 

(k−N)∨0≤ i≤k

eεti |y(ti)|2

+ K(1 ξ 2 + |b(ξ)|2 2)eεtk+2 . (2.32) 

From (2.18), we deri ve

.(1 + 3a1 + a2 + L

2
)E sup

(k−N)∨0≤i≤k

eεti |y(ti)|2

≤ εtk + E sup
(k−N)∨0≤i≤k

eεti |z(ti)|2

+ 2a2 E sup
(k−N)∨0≤i≤k

eεti
0

−τ

|yti (r)|2dν2(r)

≤ εtk + E sup
(k−N)∨0≤i≤k

eεti |z(ti)|2 + 2a2 E sup
(k−N)∨0≤i≤k

sup
−N≤j≤−1

tj +1

tj

e−εtj eεti+j
tj+1 − r |y(ti+j )|2

+ e−εtj+1eεti+j+1
r − tj |y(ti+j+1)|2 dν2(r)

≤ εtk + E sup
(k−N)∨0≤i≤k

eεti |z(ti)|2

+ 2a2
ετ

k

i=(k−2N)∨(−N)

eεtiE[|y(ti)|2]

≤ εtk + E sup
(k−N)∨0≤i≤k

eεti |z(ti)|2 + 4a2θeετ τeεtk sup
i≥−N

E[|y(ti)|2]

≤ εtk + E sup
(k−N)∨0≤i≤k

eεti |z(ti)|2 + eεtkK(1 ξ 2 + |b(ξ)|2 2),



2.1 Time-Independent Moment Boundedness of Numerical Solution 71

which i mplies

. E sup
(k−N)∨0≤i≤k

eεti |y(ti)|2

≤ E sup
(k−N)∨0≤i≤k

eεti |z(ti)|2 + eεtkK(1 ξ 2 + |b(ξ)|2 2). (2.33) 

Inserting (2.33) into (2.32) leads to 

. E sup
(k−N)∨0≤i≤k

i

l=(k−N)∨0
eεtl+1Ml

≤ 1

2
E sup

(k−N)∨0≤i≤k

eεti |z(ti)|2 + K(1 ξ 2 + |b(ξ)|2 2)eεtk+2

≤ 1

2
E sup

(k−N)∨0≤i≤k

eεti+1 |z(ti+1)|2 + K(1 ξ 2 + |b(ξ)|2 2)eεtk+2

+ |z(0)|2 + E[eεtk−N |z(tk−N)|2]

≤ 1

2
E sup

(k−N)∨0≤i≤k

eεti+1 |z(ti+1)|2 + K(1 ξ 2 + |b(ξ)|2 2)eεtk+2 .

(2.34) 

Substituting (2.31) and (2.34) into (2.30), we deduce

. eεtk−NE sup
(k−N)∨0≤i≤k

|z(ti+1)|2 ≤ E sup
(k−N)∨0≤i≤k

eεti+1 |z(ti+1)|2

≤ K(1 ξ 2 + |b(ξ)|2 2)eεtk+2 ,

which i mplies

. sup
∈(0,1]

sup
k≥0

E sup
(k−N)∨0≤i≤k

|z(ti+1)|2 ≤ K(1 ξ 2 + |b(ξ)|2 2).

Combining (2.33), we finish the proof.

2.1.2 Time-Independent Boundedness of High-Order Moment

For the SFDE (1.1) with superlinearly growing coefficients, the time-independent 
boundedness of high-order moment of the numerical solution is required in the
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longtime mean-square convergence analysis of the numerical method. Note that
Assumption 2.2 ensures 

. φ(0), b(φ) K − a1|φ(0)|2 + a2

0

−τ

|φ(r)|2dν2(r),

which is used to establish the time-independent mean-square boundedness of the
θ .-EM functional solution. To estimate the time-independent boundedness of higher-
order moment, we introduce the f ollowing stronger assumptions on the coefficient
b and the initial datum ξ.. 

Assumption 2.3 There exist positive constants K, a3, a4 ., and a pr obability
measure ν2 . on [−τ, 0]. such that for any φ ∈ Cd

., 

. φ(0), b(φ) K − a3|φ(0)|2+ + a4

0

−τ

|φ(r)|2dν2(r).

Assumption 2.4 There exist positive constants K and β . such that for any φ1, φ2 ∈
Cd

., 

. |b(φ1) − b(φ2)| ≤ K φ1 − φ2 (1 φ1
β φ2

β).

Assumption 2.5 There exist positive constants K and ρ ≥ 1/2. such that 

. |ξ(s1) − ξ(s2)| ≤ K|s1 − s2|ρ, s1, s2 ∈ [−τ, 0].

Example 2.2 We now verify that the drift coefficient b presented in Example 1.6, 
given by

. b(φ) = 1

τ

0

−τ

φ(r)dr − |φ(0)|2φ(0) − 2φ(0), φ ∈ Cd

satisfies Assumptions 2.3 and 2.4. For φ, φ1, φ2 ∈ Cd
., direct computations yield

. φ(0), b(φ) φ(0),
1

τ

0

−τ

φ(r)dr − |φ(0)|4 − 2|φ(0)|2

≤ −|φ(0)|4 + 1

2τ

0

−τ

|φ(r)|2dr

and 

.|b(φ1) − b(φ2)|

≤ 1

τ

0

−τ

|φ1(r) − φ2(r)|dr + |φ1(0)|2φ1(0) − |φ2(0)|2φ2(0)
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+ 2|φ1(0) − φ2(0)| 
≤ 3 φ1 − φ2 φ1(0) − φ2(0)||φ1(0) 

+ φ2(0)||φ1(0)| + |φ2(0)|2|φ1(0) − φ2(0)| 

φ1 − φ2 3 + 
3 
2 

φ1 
2 + 

3 
2 

φ2 
2 ≤ 3 φ1 − φ2 1 φ1

2 φ2
2 .

The preceding inequalities confirm that Assumptions 2.3 and 2.4 are fulfilled with 
the parameters a3 = 1., a4 = 1

2 ., = 2., and β = 2.. 

Note that under Assumptions 2.1 and 2.3, the conditions in Proposition 1.7 
Theorem 1.15 are fulfilled. As a result, for integer p ≥ 2., 

. sup
t≥0

E xξ (t) p] ≤ K(1 ξ p). (2.35) 

Moreover, the invariant measure μ. given i n (2.3) satisfies 

.μ( p) :=
Cd

φ pdμ(φ) ≤ K. (2.36) 

We begin with showing the time-independent boundedness of the auxiliary process
{z (tk)}k∈N .. The proof is first performed for the stepsize ∈ (0 ∗]. with some 

∗ ∈ (0, 1). (see Lemma 2.5) and then is extended to ∈ ∗, 1]. (see Lemma 2.6). 

Lemma 2.5 Let Assumptions 2.1, 2.3, and 2.4 hold. Then there exists ∗ ∈ (0, 1). 
such that for integer p ≥ 2., 

. sup
∈(0 ∗]

sup
k≥0

E[|z (tk)|p] ≤ K(1 ξ p(β+1)) ∀p ≥ 2.

Proof Similar t o (2.8), by Assumption 2.3, z(tk) = y(tk) − θbk ., and 

. 2 z(tk), y(tk)
1

1 + |z(tk)|2 + (1 + |y(tk)|2,

we derive that for any ∈ (0, 1]. and k ∈ N., 

. |z(tk+1)|2 ≤ A |z(tk)|2 + 2 − 2a3 |y(tk)|2+ + 2a4
0

−τ

|ytk (r)|2dν2(r)

+ 2θ − 1

θ2
|y(tk)|2 + |σkδWk|2 +Mk, (2.37)
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where A := (1−θ)2

θ2
+ 2θ−1

θ2(1+ ., andMk . is defined by (2.10). Taking R2 > 2L., 
and by the Young inequality, there exists a sufficiently large R1 > 0. such that 

. 2 − 2a3 |y(tk)|2+ + 2θ − 1

θ2
|y(tk)|2

≤ 2 − 2a3 |y(tk)|2+ + |y(tk)|2

= 2 − 2a3 |y(tk)|2+ − R2 |y(tk)|2 + (R2 + 1 |y(tk)|2

≤ R1 − a3 |y(tk)|2+ − R2 |y(tk)|2,

where we used (R2 + 1 |y(tk)|2 ≤ (R2 + 1)Kε̃ + (R2 + 1)˜ |y(tk)|2+ . with 
(R2 + 1)ε̃ < a3 .. Inserting the above inequality into (2.37), we obtain

. |z(tk+1)|2 ≤ A |z(tk)|2 + R1 − a3 |y(tk)|2+ + 2a4
0

−τ

|ytk (r)|2dν2(r)

− R2 |y(tk)|2 + |σkδWk|2 +Mk. (2.38) 

For any integer p ≥ 2., 

.E |z(tk+1)|2 + a3 |y(tk)|2+ p ≤ A
p

E[|z(tk)|2p] +
p

i=1

Ci
pE[Ii], (2.39) 

where 

. Ii := A
p−i |z(tk)|2(p−i) R1 − R2 |y(tk)|2 + 2a4

0

−τ

|ytk (r)|2dν2(r)

+ |σkδWk|2 +Mk

i

.

For any ε1 ∈ (0, 1)., it follows from Assumption 2.1 and the Y oung inequality

. ab ≤ p − 1

p
ε1a

p + 1

pε
p−1
1

bp, a, b > 0

that 

.E[I1] ≤ E A
p−1|z(tk)|2(p−1) R1 − (R2 − 2 |y(tk)|2 + 2|σ(0)|2

+ 2a4
0

−τ

|ytk (r)|2dν2(r) + 2
0

−τ

|ytk (r)|2dν1(r)

≤ 3ε1
p

E[|z(tk)|2p] + R(ε1
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− (R2 − 2 E A p−1|z(tk)|2(p−1)|y(tk)|2 

+ 
(2a4)p 

ε p−1 
1 

E 
0 

−τ 
|ytk (r)|2pdν2(r) + 

(2L)p 

ε p−1 
1 

E 
0

−τ

|ytk (r)|2pdν1(r) .

(2.40) 

By (1.43) and Assumption 2.3, one has

. |y(tk)|2 ≤ |z(tk)|2 + 2 − 2a3 |y(tk)|2+ + 2a4
0

−τ

|ytk (r)|2dν2(r)

≤ |z(tk)|2 + 2 + 2a4
0

−τ

|ytk (r)|2dν2(r). (2.41) 

It is straightforward to see that

. |y(tk)|2p ≤ |z(tk)|2 + 2 + 2a4
0

−τ

|ytk (r)|2dν2(r)
p−1|y(tk)|2

≤ 3p−1|z(tk)|2(p−1)|y(tk)|2 + (6 p−1|y(tk)|2

+ (6a4
p−1|y(tk)|2

0

−τ

|ytk (r)|2(p−1)dν2(r).

This implies 

. − |z(tk)|2(p−1)|y(tk)|2

≤ − 1

3p−1 |y(tk)|2p + (2 p−1|y(tk)|2

+ (2a4
p−1|y(tk)|2

0

−τ

|ytk (r)|2(p−1)dν2(r)

≤ − 1

3p−1
|y(tk)|2p + (2 p−1 + (2 p−1(Kp−1 + a

p−1
4 )|y(tk)|2p

+ (2a4
p−1

0

−τ

|ytk (r)|2pdν2(r), (2.42) 

where we used the Young inequality in the last step. Inserting (2.42) into (2.40) and 
using A ∈ (0, 1). yield 

.E[I1] ≤ 3ε1
p

E[|z(tk)|2p] + R(ε1 − (R2 − 2L)A
p−1

3p−1 E[|y(tk)|2p]

+ (R2 − 2L)2p−1(Kp−1 + a
p−1
4

p
E[|y(tk)|2p]
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+ (R2 − 2L)(2a4)
p−1 p 

E 
0 

−τ 
|ytk (r)|2pdν2(r) 

+ 
(2a4)p 

ε p−1 
1 

E 
0 

−τ 
|ytk (r)|2pdν2(r) + 

(2L)p 

ε p−1 
1

E

0

−τ

|ytk (r)|2pdν1(r) .

(2.43) 

For the term Ii . with i ∈ {2, . . . , p}., by (
6
l=1 cl)

i ≤ 6i (
6
l=1 |cl |i ), cl ∈ R. and 

E[|gkδWk|i] ≤ m(i − 1)!!|gk|i i
2 . with gk . being Ftk .-measurable, we deri ve

. E[Ii] ≤ 6iA
p−i

E |z(tk)|2(p−i) R1
i + R2

i |y(tk)|2i + m(2i − 1)!!|σk|2i i

+ (2a4)
i i

0

−τ

|ytk (r)|2idν2(r) + 2im(i − 1)!!A
i
2 |z(tk)|i |σk|i i

2

+ 4im(i − 1)!!|y(tk)|i |σk|i | i
2

≤ 6ε1
p

E[|z(tk)|2p] + R(ε1 + 6piR
p
i

2
2

pε
(p−i)/i

1

E[|y(tk)|2p]

+ i(12a4)p

pε
(p−i)/i

1

E

0

−τ

|ytk (r)|2pdν2(r) + 6p(m(2i − 1)!!) p
i

pε
(p−i)/i

1

E[|σk|2p]

+ 122p(m(i − 1)!!) 2p
i

2pε
(2p−i)/i

1

E[|σk|2p]

+ 24p(m(i − 1)!!) p
i

pε
(p−i)/i

1

E[|y(tk)|p|σk|p],

where i!!. represents the double factorial of i, and we used the Young inequalities

. ab ≤ p − i

p
ε1a

p
p−i + i

pε
(p−i)/i

1

b
p
i ,

.ab ≤ 2p − i

2p
ε1a

2p
2p−i + i

2pε
(2p−i)/i

1

b
2p
i , a, b > 0.
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Together with ε
(2p−i)/i

1 ≤ ε
(p−i)/i

1 ., the Young inequality, and Assumption 2.1, we  
obtain 

. E[Ii] ≤ 6ε1
p

E[|z(tk)|2p] + R(ε1 + 6pR
p
i

2
2

ε
(p−i)/i

1

E[|y(tk)|2p]

+ (12a4)p

ε
(p−i)/i

1

E

0

−τ

|ytk (r)|2pdν2(r) + 122p(m(2i − 1)!!) 2p
i

ε
(2p−i)/i

1

E[|σk|2p]

+ 24p(m(i − 1)!!) p
i

ε
(p−i)/i

1

E |y(tk)|2p + |σk|2p

≤ 6ε1
p

E[|z(tk)|2p] + R(ε1 + 6pR
p
i

2
2

ε
(p−i)/i

1

E[|y(tk)|2p]

+ (12a4)p

ε
(p−i)/i

1

E

0

−τ

|ytk (r)|2pdν2(r)

+ Bi E[|y(tk)|2p] + Bi E

0

−τ

|ytk (r)|2pdν1(r) , (2.44) 

where 

. Bi := (12)2p(2L)p22p−2(m(2i − 1)!!) 2p
i

ε
(2p−i)/i

1

+ 24p(1 + (2L)p22p−2)(m(i − 1)!!) p
i

ε
(p−i)/i

1

,

and we used

. |σk|2p ≤ 2|σk − σ(0)|2 + 2|σ(0)|2 p

≤ 2L |y(tk)|2 +
0

−τ

|ytk (r)|2dν1(r) + 2|σ(0)|2 p

≤ 22p−2(2L)p |y(tk)|2p +
0

−τ

|ytk (r)|2pdν1(r) + 22p−1|σ(0)|2p.

(2.45)
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Plugging (2.43) and (2.44) into (2.39) leads to 

. E[|z(tk+1)|2p]

≤ 1 + 3ε1 + 6ε1

p

i=2

Ci
p A

p
E[|z(tk)|2p]

+ R(ε1 + Jk,1(R2) + Jk,2(R2),

where 

. Jk,1(R2) = −p(R2 − 2L)A
p−1

3p−1 E[|y(tk)|2p]

+ p(2a4)p

ε
p−1
1

E

0

−τ

|ytk (r)|2pdν2(r)

+ p(2L)p

ε
p−1
1

E

0

−τ

|ytk (r)|2pdν1(r) +
p

i=2

Ci
p BiE[|y(tk)|2p]

+ (12a4)p

ε
(p−i)/i

1

E

0

−τ

|ytk (r)|2pdν2(r) + BiE

0

−τ

|ytk (r)|2pdν1(r) ,

Jk,2(R2) = p2p−1(R2 − 2L)(Kp−1 + a
p−1
4

p
E[|y(tk)|2p] + p(R2 − 2L)

× (2a4)
p−1 p

E

0

−τ

|ytk (r)|2pdν2(r) +
p

i=2

Ci
p

6pR
p
i

2
2

ε
(p−i)/i

1

E[|y(tk)|2p].

It follows from p

i=1 Ci
p = 2p

. that for any ε > 0., 

. eεtk+1E[|z(tk+1)|2p] − eεtkE[|z(tk)|2p]
≤ (1 + 2p6ε1

p
e − 1 eεtkE[|z(tk)|2p] + R(ε1)e

εtk+1

+ eεtk+1Jk,1(R2) + eεtk+1Jk,2(R2),

which leads to

. eεtk+1E[|z(tk+1)|2p] ≤ |z(0)|2p +
k

l=0

(1 + 2p6ε1
p

e − 1 eεtlE[|z(tl)|2p]

+
k

l=0

R(ε1)e
εtl+1 + eεtl+1Jl,1(R2) + eεtl+1Jl,2(R2) .

(2.46)
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Note that 

. (1 + 2p6ε1
p

e = (1 + 2p6ε1
(1 − θ)2

θ2
+ 2θ − 1

θ2(1 +
p

e

= (1 + 2p6ε1 1 − (2θ − 1

θ2(1 + )pe

≤ (1 − (2θ − 1

2θ2
)e(2p6ε1+ ≤ e

(− (2θ−1)
2θ2

+2p6ε1+ ,

where we used e−x ≥ 1 − x . for x ∈ [0, 1]. in the last s tep. Letting 2p6ε1 = ε =
(2θ−1)
4θ2

,. we deriv e

.(1 + 2p6ε1
p

e ≤ 1. (2.47) 

This, along with (2.46) implies t hat

. eεtk+1E[|z(tk+1)|2p]

≤ |z(0)|2p +
k

l=0

R(ε1)e
εtl+1 + eεtl+1Jl,1(R2) + eεtl+1Jl,2(R2) . (2.48) 

By the definition of A . with θ ∈ (1/2, 1]., we have  

. 0 < Aθ := (1 − θ)2

θ2
+ 2θ − 1

2θ2
<

(1 − θ)2

θ2
+ 2θ − 1

θ2(1 + = A < 1.

It follows from (2.27) that 

. 

k

l=0

eεtl+1Jl,1(R2)

≤ − p(R2 − 2L)A
p−1
θ

3p−1 − eετ B̃ −
p

i=2

Ci
pBi

k

l=0

eεtl+1E[|y(tl)|2p]

+ eετ B̃τ ξ 2p,

where 

.B̃ := p(2a4)p

ε
p−1
1

+ p(2L)p

ε
p−1
1

+
p

i=2

Ci
p

(12a4)p

ε
(p−i)/i

1

+ Bi .
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Choose a sufficiently large number R∗
2 > 0. such that 

. 
p(R∗

2 − 2L)A
p−1
θ

2 · 3p−1 − eετ B̃ −
p

i=2

Ci
pBi > 0.

This leads to

. 

k

l=0

eεtl+1Jl,1(R
∗
2)

≤ −p(R∗
2 − 2L)A

p−1
θ

2 · 3p−1

k

l=0

eεtl+1E[|y(tl)|2p] + eετ B̃τ ξ 2p. (2.49) 

Similarly, 

. 

k

l=0

eεtl+1Jl,2(R
∗
2) ≤ D

k

l=0

eεtl+1E[|y(tl)|2p] + eετ τp(R∗
2 − 2L)(2a4)

p−1 ξ 2p,

where 

. D := p2p−1(R∗
2 − 2L)(Kp−1 + a

p−1
4

p−1 + eετp(R∗
2 − 2L)(2a4)

p−1 p−1

+
p

i=2

Ci
p

6p(R∗
2)

p
i

ε
(p−i)/i

1

.

Choose a sufficiently small number ∗ ∈ (0, 1). such that D ∗ ≤ p(R∗
2−2L)A

p−1
θ

2·3p−1 .. 

Together with (2.49), we obtain that for any ∈ (0 ∗]., 

. 

k

l=0

eεtl+1(Jl,1(R
∗
2) + Jl,2(R

∗
2)) ≤ eετ τ B̃ + p(R∗

2 − 2L)(2a4)
p−1 ξ 2p.

(2.50) 

Inserting (2.50) into (2.48) and using Assumption 2.4 yield 

.eεtk+1E[|z(tk+1)|2p]

≤ |ξ − |2p +
k

l=0

R(ε1)e
εtl+1

+ eετ τ B̃ + p(R∗
2 − 2L)(2a4)

p−1 ξ 2p
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≤ K(1 ξ 2p(β+1) ) + 
R(ε1)e

εtk+2 

ε 
+ eετ τ B̃ + p(R∗

2 − 2L)(2 a4)p−1 ξ 2p,

which finishes the proof.

Lemma 2.6 Let conditions of Lemma 2.5 hold. Then for integer p ≥ 2., 

. sup
∈(0,1]

sup
k≥−N

E[|z (tk)|p] ≤ K(1 ξ p(β+1)).

Proof Combining Lemma 2.5, we only need to show that for any ∈ ∗, 1]., 

. sup
k≥−N

E[|z (tk)|p] ≤ K(1 ξ p(β+1)).

Recalling (2.39), we reestimate terms Ii, i = 1, . . . , p .. 
In fact, similar to (2.43), we have that for any κ1 ∈ (0, 1)., 

. E[I1] ≤ 3κ1A
p

E[|z(tk)|2p] + R(κ1 − (R2 − 2L)A
p−1

3p−1 E[|y(tk)|2p]

+ (R2 − 2L)2p−1(Kp−1 + a
p−1
4

p
E[|y(tk)|2p]

+ (R2 − 2L)(2a4)
p−1 + (2a4)p

κ
p−1
1

p
E

0

−τ

|ytk (r)|2pdν2(r)

+ (2 p

κ
p−1
1

E

0

−τ

|ytk (r)|2pdν1(r) . (2.51) 

Similar to the proof of (2.44), for i ∈ {2, . . . , p},. we deriv e

.E[Ii]

≤ 6κ1A
p

E[|z(tk)|2p] + R(κ1
p + 6piR

p
i

2
p

pκ
(p−i)/i

1

E[|y(tk)|2p]

+ i(12a4 p

pκ
(p−i)/i

1

E

0

−τ

|ytk (r)|2pdν2(r) + 6p(m(2i − 1)!!) p
i p

pκ
(p−i)/i

1

E[|σk|2p]

+ 122p(m(i − 1)!!) 2p
i p

2pκ
(2p−i)/i

1

E[|σk|2p]

+ 24p(m(i − 1)!!) p
i

p
2

pκ
(p−i)/i

1

E[|y(tk)|p|σk|p]
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≤ 6κ1A p 
E[|z(tk)|2p] + R(κ1 

p + R(κ1 
p 
E[|y(tk)|2p] 

(12a4 p 

κ (p−i)/i 
1 

E 
0 

−τ 
|ytk (r)|2pdν2(r) + 

122p (m(2i − 1)!!) 2p 
i p 

κ (2p−i)/i 
1 

E[|σk|2p] 

+ 
24p (m(i − 1 )!!) p

i

κ
(p−i)/i

1

E |y(tk)|2p + |σk|2p .

It follows from (2.45) with ι = 1. that 

. E[Ii]
≤ 6κ1A

p
E[|z(tk)|2p] + R(κ1 + R(κ1

p
E[|y(tk)|2p]

+ (12a4 p

κ
(p−i)/i

1

E

0

−τ

|ytk (r)|2pdν2(r)

+ 22p−2(2L)p
122p(m(2i − 1)!!) 2p

i p

κ
(2p−i)/i

1

E

0

−τ

|ytk (r)|2pdν1(r)

+ (1 + 22p−2(2L)p)
24p(m(2i − 1)!!) p

i

κ
(p−i)/i

1

E |y(tk)|2p +
0

−τ

|ytk (r)|2pdν1(r) ,

(2.52) 

where A = (1−θ)2

θ2
+ 2θ−1

θ2(1+ .. Plugging (2.51) and (2.52) into (2.39) leads to 

. E[|z(tk+1)|2p] + (a3
p

2p
E[|y(tk)|(2+ ]

≤ (1 + 3κ1p + 6κ1

p

i=2

Ci
p)A

p
E[|z(tk)|2p] + R(κ1 + Jk,3 + Jk,4,

where 

.Jk,3 := − p(R2 − 2L)A
p−1

3p−1
−

p

i=2

Ci
p 1 + 22p−2(2L)p

24p(m(2i − 1)!!) p
i

κ
(p−i)/i

1

× E[|y(tk)|2p] +
p

i=2

Ci
p 1 + 22p−2(2L)p

24p(m(2i − 1)!!) p
i

κ
(p−i)/i

1

× E

0

−τ

|ytk (r)|2pdν1(r) ,
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Jk,4 := R(κ1 
p 
E[|y(tk)|2p] +  p p(R2 − 2L)(2a4)

p−1 + p 
(2a4)p 

κ p−1 
1 

+ 
p 

i=2 
Ci 

p 
(12a4)p 

κ (p−i)/i 
1 

E 
0 

−τ 
|ytk (r)|2pdν2(r) + 

p(2L)p 

κ p−1 
1 

+ 
p 

i=2 
Ci 

p2
2p−2(2L)p 12

2p (m(2i − 1) !!) 2p
i

κ
(2p−i)/i

1

p
E

0

−τ

|ytk (r)|2pdν1(r) .

It is clear that for any κ > 0., 

. eκtk+1E[|z(tk+1)|2p]

≤ |z(0)|2p +
k

l=0

(1 + 2p6κ1)A
p

e − 1 eκtlE[|z(tl)|2p]

+
k

l=0

R(κ1)e
κtl+1 + eκtl+1Jl,3 + eκtl+1Jl,4

− (a3
p

2p
eκtl+1E[|y(tl)|(2+ ] . (2.53) 

By the definition of A ., we have that for any ∈ [ ∗, 1]., 

. Aθ = (1 − θ)2

θ2
+ 2θ − 1

2θ2
<

(1 − θ)2

θ2
+ 2θ − 1

θ2(1 + = A ≤ A ∗ < 1.

Choose a sufficiently small number κ1 > 0. such that 

. (1 + 2p6κ1)A
p

∗ < 1.

For such κ1,. choose another sufficiently small number κ > 0. such that 

.(1 + 2p6κ1)A
p

∗eκ ≤ 1. (2.54) 

This, along with (2.53) implies t hat

. eκtk+1E[|z(tk+1)|2p] ≤ |z(0)|2p +
k

l=0

R(κ1)e
κtl+1 + eκtl+1Jl,3

+ eκtl+1Jl,4 − (a3
p

2p
eκtl+1E[|y(tl)|(2+ ] . (2.55)
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By (2.27), we deduce

. 

k

l=0

eκtl+1Jl,3

≤ − p(R2 − 2L)A
p−1

3p−1 −
p

i=2

Ci
p 1 + 22p−2(2L)p

× 24p(m(2i − 1)!!) p
i

κ
(p−i)/i

1

(1 + eκτ )

×
k

l=0

eκtl+1E[|y(tl)|2p] +
p

i=2

Ci
p 1 + 22p−2(2L)p

× 24p(m(2i − 1)!!) p
i

κ
(p−i)/i

1

eκτ τ ξ 2p.

Letting R2 > 0. be sufficiently large s uch that

. 
p(R2 − 2L)A

p−1
θ

3p−1 −
p

i=2

Ci
p 1 + 22p−2(2L)p

24p(m(2i − 1)!!) p
i

κ
(p−i)/i

1

(1 + eκτ ) > 0,

we obtain 

. 

k

l=0

eκtl+1Jl,3 ≤
p

i=2

Ci
p 1 + 22p−2(2L)p

24p(m(2i − 1)!!) p
i

κ
(p−i)/i

1

eκτ τ ξ 2p.

(2.56) 

Similarly, 

. 

k

l=0

eκtl+1Jl,4 − (a3
p

2p
eκtl+1E[|y(tl)|(2+ ]

≤ p
k

l=0

eκtl+1E[|y(tl)|2p] − (a3
p

2p

k

l=0

eκtl+1E[|y(tl)|(2+ ]

+ K ξ 2p ≤ K ξ 2p + Keκtk+1 , (2.57)
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where 

. G := R(κ1) + eκτ p (R2 − 2L)(2a4)
p−1 + (2a4)p

κ
p−1
1

+
p

i=2

Ci
p

(12a4)p

κ
(p−i)/i

1

+ eκτ p(2L)p

κ
p−1
1

+
p

i=2

Ci
p2

2p−2(2L)p
122p(m(2i − 1)!!) 2p

i

κ
(2p−i)/i

1

.

Then the desired result follows from (2.55)–(2.57). 

Lemma 2.7 Let Assumptions 2.1, 2.3, and 2.4 hold. Then for integer p ≥ 2., it holds 
that

. sup
∈(0,1]

sup
k≥−N

E[|y (tk)|p] ≤ K(1 ξ p(β+1)).

Proof It follows from (2.41) that 

. sup
k≥0

E |y(tk)|2p + (2a3
p|y(tk)|p(2+

≤ sup
k≥0

E |y(tk)|2 + 2a3 |y(tk)|2+
p

≤ K sup
k≥0

E[|z(tk)|2p] + p sup
k≥0

E

0

−τ

|ytk (r)|2pdν2(r) + p

≤ K sup
k≥0

E[|z(tk)|2p] + p(1 ξ 2p) + p sup
k≥0

E[|y(tk)|2p].

This, along with the Young inequality and Lemma 2.6 implies t hat

. sup
k≥−N

E[|y (tk)|p]

≤ K sup
k≥0

E[|z(tk)|2p] + K(1 ξ 2p) + p sup
k≥0

E[|y(tk)|2p]

− (2a3
p
E[|y(tk)|p(2+ ]

≤ K sup
k≥0

E[|z(tk)|2p] + K(1 ξ 2p)

≤ K(1 ξ p(1+β)) ∀ p ≥ 2.

This proof is therefore completed.
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Proposition 2.8 Let Assumptions 2.1, 2.3, and 2.4 hold. Then for any inte ger p ≥
2., it holds that

. sup
∈(0,1]

sup
k≥0

E ztk
p ytk

p ≤ K(1 ξ p(β+1)). (2.58) 

Proof We divide the proof into two cases. Recall that ∗ ∈ (0, 1). and ε = 2θ−1
4θ2

. 

are defined in the proof of Lemma 2.5. 
Case 1: ∈ (0 ∗].. It follows from (2.38) that for k ∈ N., 

. |z(tk+1)|2p ≤ A |z(tk)|2 + R1 + 2a4
0

−τ

|ytk (r)|2dν2(r)

+ |σkδWk|2 +Mk

p

≤ A
p |z(tk)|2p +

p

i=1

Ci
pĨk,i ,

where A = (1−θ)2

θ2
+ 2θ−1

θ2(1+ .,Mk . is defined by (2.10), and 

. Ĩk,i := A
p−i |z(tk)|2(p−i) R1 + 2a4

0

−τ

|ytk (r)|2dν2(r) + |σkδWk|2 +Mk

i

.

This yields 

. eεtk+1 |z(tk+1)|2p =
k

l=0

eεtl+1 |z(tl+1)|2p − eεtl |z(tl)|2p + |z(0)|2p

≤ |z(0)|2p + (A
p

e − 1)
k

l=0

eεtl |z(tl)|2p

+
k

l=0

p

i=1

Ci
peεtl+1 Ĩl,i . (2.59) 

Applying the Young inequality derives

. Ĩl,1 ≤ 3ε1
p |z(tl)|2p

+
ε
p−1
1

R
p

1 + (2a4)
p

0

−τ

|ytl (r)|2pdν2(r) + |σlδWl |2p
p

+ A
p−1|z(tl)|2(p−1)Ml (2.60)
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and 

. Ĩl,i ≤ 5i p−i |z(tl)|2(p−i) Ri
1 + (2a4)

i
0

−τ

|ytl (r)|2idν2(r) + |σlδWl |2i

+ A
i
2 (2|z(tl)||σlδWl |)i + (4|y(tl)||σlδWl |)i

≤ 5ε1
p |z(tl)|2p + 5p

ε
(p−i)/i

1

R
p

1 + (2a4)
p

0

−τ

|ytl (r)|2pdν2(r)

+ |σlδWl |2p
p
i

+ (4|y(tl)||σlδWl |)p
p
i

+ (10|σlδWl |)2p
ε
(2p−i)/i

1

2p
i

−1
∀ i ∈ {2, . . . , p},

(2.61) 

where ε1 . is given in the proof of Lemma 2.5, and we used 0 ≤ 2(θ−1)
θ

≤ 2A
1
2

., 
0 < 2

θ
≤ 4.. Inserting (2.60) and (2.61) into (2.59), we arrive at  

. eεtk+1 |z(tk+1)|2p

≤ |z(0)|2p + (1 + 3pε1 + 5ε1

p

i=2

Ci
p)A

p
e − 1

k

l=0

eεtl |z(tl)|2p

+
k

l=0

eεtl+1 J̃l,1 + pA
p−1

k

l=0

eεtl+1 |z(tl)|2(p−1)Ml ,

where 

. J̃l,1 := p

ε
p−1
1

+
p

i=2

5pCi
p

ε
(p−i)/i

1

R
p

1 + (2a4)
p

0

−τ

|ytl (r)|2pdν2(r)

+ p|σlδWl |2p
(ε1 p−1

+ 5p

p

i=2

Ci
p

ε
(p−i)/i

1

|σlδWl |2p
p
i

+ (4|y(tl)||σlδWl |)p
p
i

+
p

i=2

Ci
p(10|σlδWl |)2p

ε
(2p−i)/i

1

2p
i

−1
.

It follows from (2.47) that 

.(1 + 3pε1 + 5ε1

p

i=2

Ci
p)A

p
e − 1 ≤ (1 + 2p6ε1

p
e − 1 ≤ 0,
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which i mplies

. eεtk+1 |z(tk+1)|2p ≤ |z(0)|2p +
k

l=0

eεtl+1 J̃l,1 + p

k

l=0

A
p−1

eεtl+1 |z(tl)|2(p−1)Ml .

Taking the supremum over the index set {k − N, . . . , k}. and then taking the 
expectations, on both sides of the abov e inequality, we clearly see that

. E sup
(k−N)∨0≤j≤k

eεtj+1 |z(tj+1)|2p

≤ |z(0)|2p + E

k

l=0

eεtl+1 J̃l,1 + pE sup
(k−N)∨0≤j≤k

(k−N)∨0

l=0

eεtl+1A
p−1×

|z(tl)|2(p−1)Ml + sup
(k−N)∨0≤j≤k

j

l=(k−N)∨0
eεtl+1A

p−1|z(tl)|2(p−1)Ml

= |z(0)|2p + E

k

l=0

eεtl+1 J̃l,1

+ pE sup
(k−N)∨0≤j≤k

j

l=(k−N)∨0
eεtl+1A

p−1|z(tl)|2(p−1)Ml . (2.62) 

By the linear growth condition on coefficient σ ., one has

.E

k

l=0

eεtl+1 J̃l,1

≤ Kε1 E

k

l=0

eεtl+1 1 +
0

−τ

|ytl (r)|2pdν2(r) + |σl |2p + |y(tl)|2p

≤ Kε1 E

k

l=0

eεtl+1 1 +
0

−τ

|ytl (r)|2pdν2(r) + |y(tl)|2p

+
0

−τ

|ytl (r)|2pdν1(r) .
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Utilizing Lemma 2.7 yields that 

. E

k

l=0

eεtl+1 J̃l,1

≤ Kε1 ξ 2p + Kε1 sup
j≥−N

E[|y(tj )|2p]
k

l=0

eεtl+1 + Kε1

k

l=0

eεtl+1

≤ Kε1(1 ξ 2p(β+1))
eεtk+2

ε
. (2.63) 

Recalling the definition ofMk ., we apply the Burkholder–Dav is–Gundy inequality
to obtain

. pE sup
(k−N)∨0≤j≤k

j

l=(k−N)∨0
eεtl+1A

p−1|z(tl)|2(p−1)Ml

≤ √
32pE

k

l=(k−N)∨0
2eεtl+1A

p− 1
2 |z(tl)|2p−1|σl | 2

1
2

+ √
32pE

k

l=(k−N)∨0
4eεtl+1A

p−1|z(tl)|2(p−1)|y(tl)||σl | 2
1
2

.

By virtue of A ∈ (0, 1). and the Young inequality, we obtain

.pE sup
(k−N)∨0≤j≤k

j

l=(k−N)∨0
eεtl+1A

p−1|z(tl)|2(p−1)Ml

≤ 2
√
32pE sup

(k−N)∨0≤j≤k

(eεtj+1)
2p−1
2p |z(tj )|2p−1

k

l=(k−N)∨0
(eεtl+1)

1
p |σl |2

1
2

+ 4
√
32pE sup

(k−N)∨0≤j≤k

(eεtj+1)
(p−1)

p |z(tj )|2(p−1)×

k

l=(k−N)∨0
(eεtl+1)

2
p |y(tl)|2|σl |2

1
2

≤ 1

2e
E sup

(k−N)∨0≤j≤k

eεtj+1 |z(tj )|2p

+ (2
√
32p)2p(4e )2p−1

E

k

l=(k−N)∨0
e

εtl+1
p |σl |2 p
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+ (4
√
32p)p (4e )p−1

E 
k 

l=(k−N)∨0 
(eεtl+1) 

2 
p |y(tl)|2|σl | 2

p
2 .

Then it follows from the Hölder inequality and the fact = τ . that 

. pE sup
(k−N)∨0≤j≤k

j

l=(k−N)∨0
eεtl+1A

p−1|z(tl)|2(p−1)Ml

≤ eεt(k−N)∨0E[|z(t(k−N)∨0)|2p] + 1

2
E sup

(k−N)∨0≤j≤k

eεtj+1 |z(tj+1)|2p

+ K(N + 1)p−1 p
k

l=(k−N)∨0
eεtl+1E[|σl |2p]

+ K(N + 1)
p
2 −1 p

2

k

l=(k−N)∨0
eεtl+1E[|y(tl)|p|σl |p]

≤ eεt(k−N)∨0E[|z(t(k−N)∨0)|2p] + 1

2
E sup

(k−N)∨0≤j≤k

eεtj+1 |z(tj+1)|2p

+ K(τ + 1)p−1
k

l=(k−N)∨0
eεtl+1E[|σl |2p]

+ K(τ + 1)
p
2 −1

k

l=(k−N)∨0
eεtl+1E[|y(tl)|2p].

According to Assumption 2.1 and Lemmas 2.6 and 2.7, we deduce

. pE sup
(k−N)∨0≤j≤k

j

l=(k−N)∨0
eεtl+1A

p−1|z(tl)|2(p−1)Ml

≤ K(1 ξ 2p(β+1))eεtk+1 + 1

2
E sup

(k−N)∨0≤j≤k

eεtj+1 |z(tj+1)|2p

+
k

l=(k−N)∨0
eεtl+1E |y(tl)|2p +

0

−τ

|ytl (r)|2pdν1(r)

≤ K(1 ξ 2p(β+1))eεtk+1 + 1

2
E sup

(k−N)∨0≤j≤k

eεtj+1 |z(tj+1)|2p
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+ K sup 
j≥−N 

E[|y(tj )|2p] 
k 

l=(k−N)∨0 
eεtl+1 

≤ Kε(1 ξ 2p(β+1) )eεtk+2 + 
1 
2 
E sup 

(k−N)∨0≤j≤k 
eεtj+1 |z(tj+1)|2p . (2.64) 

Inserting (2.63) and (2.64) into (2.62) yields 

. E sup
(k−N)∨0≤j≤k

eεtj+1 |z(tj+1)|2p ≤ Kε1,ε(1 ξ 2p(β+1))eεtk+2 .

This implies that for any ∈ (0 ∗]., 

. E sup
(k−N)∨0≤j≤k

|z(tj+1)|2p ≤ e−εt(k−N)∨0+1Kε1,ε(1 ξ 2p(β+1))eεtk+2

≤ K(1 ξ 2p(β+1)).

Case 2: ∈ [ ∗, 1].. We reestimate Ĩl,i . in (2.59). Similar arguments to Case 1 ,
we deduce

. Ĩl,1 ≤ 3κ1A
p |z(tl)|2p + 1

κ
p−1
1

(R1
p + (2a4

p
0

−τ

|ytl (r)|2pdν2(r)

+ |σlδWl |2p + A
p−1|z(tl)|2(p−1)Ml

and 

. Ĩl,i ≤ 5κ1A
p |z(tl)|2p + 5p

κ
(p−i)/i

1

(R1
p + (2a4

p
0

−τ

|ytl (r)|2pdν2(r)

+ |σlδWl |2p + (4|y(tl)||σlδWl |)p + (10|σlδWl |)2p
κ

(2p−i)/i

1

∀ i ∈ {2, . . . , p},

where κ1 . is given in the proof of Lemma 2.6. Hence, for any ∈ [ ∗, 1]., 

. eκtk+1 |z(tk+1)|2p

≤ |z(0)|2p + (1 + 3pκ1 + 5κ1

p

i=2

Ci
p)A

p
e − 1

k

l=0

eκtl |z(tl)|2p

+
k

l=0

eκtl+1 J̃l,2 + pA
p−1

k

l=0

eκtl+1 |z(tl)|2(p−1)Ml , (2.65)
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where κ > 0. is given in the proof of Lemma 2.6, and 

. J̃l,2 := p p

κ
p−1
1

+
p

i=2

5pCi
p

κ
(p−i)/i

1

R
p

1 + (2a4)
p

0

−τ

|ytl (r)|2pdν2(r)

+ p|σlδWl |2p
κ

p−1
1

+
p

i=2

5pCi
p

κ
(p−i)/i

1

|σlδWl |2p + (4|y(tl)||σlδWl |)p

+
p

i=2

Ci
p(10|σlδWl |)2p

κ
(2p−i)/i

1

.

Similar t o (2.63) and (2.64), we deri ve

. E

k

l=0

eκtl+1 J̃l,2 ≤ Kκ,κ1(1 ξ 2p(β+1))eκtk+2 ,

pE sup
(k−N)∨0≤j≤k

j

l=(k−N)∨0
A

p−1
eκtl+1 |z(tl)|2(p−1)Ml

≤ Kκ(1 ξ 2p(β+1))eκtk+2

+ 1

2
E sup

(k−N)∨0≤j≤k

eκtj+1 |z(tj+1)|2p .

Plugging these into (2.65), and combining (2.54), we have  

. E sup
(k−N)∨0≤j≤k

eκtj+1 |z(tj+1)|2p

≤ |z(0)|2p + 1 + 2p6κ1)A
p

∗e − 1
k

l=0

eκtlE[|z(tl)|2p]

+ Kκ,κ1(1 ξ 2p(β+1))eκtk+2 + 1

2
E sup

(k−N)∨0≤j≤k

eκtj+1 |z(tj+1)|2p

≤ Kκ,κ1(1 ξ 2p(β+1))eκtk+2 + 1

2
E sup

(k−N)∨0≤j≤k

eκtj+1 |z(tj+1)|2p .

This implies that for any ∈ [ ∗, 1]., 

.E sup
(k−N)∨0≤j≤k

|z(tj+1)|2p ≤ K(1 ξ 2p(β+1)).
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Consequently, 

. sup
∈(0,1]

sup
k≥0

E sup
k−N≤j≤k

|z(tj+1)|2p ≤ K(1 ξ 2p(β+1)). (2.66) 

In addition, by virtue of (2.41), Lemma 2.7, and (2.66), we obtain that for any ∈
(0, 1]., 

. E sup
(k−N)∨0≤j≤k

|y(tj )|2p

≤ KE sup
(k−N)∨0≤j≤k

|z(tj )|2p +

+ E sup
(k−N)∨0≤j≤k

0

−τ

|ytj (r)|2pdν2(r)

≤ K(1 ξ 2p(β+1)) + E sup
(k−2N)∨(−N)≤j≤k

|y(tj )|2p

≤ K(1 ξ 2p(β+1)) + · (2N) sup
k≥−N

E[|y(tk)|2p] ≤ K(1 ξ 2p(β+1)),

where we used  

. E sup
(k−2N)∨−N≤j≤k

|y(tj )|2p ≤ E

k

j=(k−2N)∨(−N)

|y(tj )|2p

≤ 2N sup
k≥−N

E |y(tk)|2p .

The proof is finished.

The following lemma gives the pth moment estimate of zt −yt .on the infinite 
time horizon.

Lemma 2.9 Let Assumptions 2.1–2.5 hold. Then for any ∈ (0, 1]. and p ≥ 1., 

. sup
t∈R+

E zt − yt
p] ≤ K(1 ξ p(1+β)2

p
2 ∀ ξ ∈ Cd .

Proof For any t ≥ 0. and r ∈ [−τ, 0]., there exist k ∈ N. and j ∈ {−N,−N +
1, . . . , −1}. such that t ∈ [tk, tk+1). and r ∈ [tj , tj+1].. It is straightforward t o see
that

.t + r ∈ [tk+j , tk+j+2), tk + r ∈ [tk+j , tk+j+1).
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Recall zt (r) = z (t + r). and yt (r) = ytk
(r) = y (tk + r).. We first giv e

estimates of |zt (r) − yt (r)|., whose proof is divided into four cases.
Case 1: t + r ∈ [tk+j , tk+j+1) ∈ R+ .. By (1.39) and (2.4), we deri ve

. zt (r) − yt (r) = z (t + r) − ytk
(r)

= z (tk+j ) + b(ytk+j
)(t + r − tk+j )

+ σ(ytk+j
)(W(t + r) − W(tk+j ))

− tj+1 − r
y (tk+j ) + r − tj

y (tk+j+1)

= tj+1 − r
z (tk+j ) − y (tk+j )

+ r − tj
z (tk+j ) − y (tk+j+1)

+ b(ytk+j
)(t + r − tk+j ) + σ(ytk+j

)(W(t + r) − W(tk+j )).

Combining z (tl) = y (tl) − θb(ytl
. for all l ∈ N. yields 

. zt (r) − yt (r)

= − tj+1 − r
θb(ytk+j

− r − tj
θb(ytk+j+1

+ r − tj
z (tk+j )

− z (tk+j+1) + b(ytk+j
)(t + r − tk+j ) + σ(ytk+j

)(W(t + r) − W(tk+j ))

= − tj+1 − r
θb(ytk+j

− r − tj
θb(ytk+j+1

+ b(ytk+j
)(t − tk)

+ σ(ytk+j
) W(t + r) − W(tk+j ) − r − tj

(W(tk+j+1) − W(tk+j ) .

This implies that for any p ≥ 1., 

.|zt (r) − yt (r)|p

≤ p |b(ytk+j
)|p + |b(ytk+j+1

)|p + K σ(ytk+j
) W(t + r) − W(tk+j )

p

+ K σ(ytk+j
) W(tk+j+1) − W(tk+j )

p
.
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Case 2: t + r ∈ [tk+j , tk+j+1) ∈ [−τ, 0).. It is obvious that yt (r) = ytk
(r)., 

and 

. |zt (r) − yt (r)|p = tk+j+1 − (t + r)
ξ(tk+j ) + t + r − tk+j

ξ(tk+j+1)

− tj+1 − r
ξ(tk+j ) − r − tj

ξ(tk+j+1)
p

= (
t − tk

)p|ξ(tk+j+1) − ξ(tk+j )|p ≤ p
2 ,

where we used Assumption  2.5. 
Case 3: t + r ∈ [tk+j+1, tk+j+2) ∈ R+ .. Similar to Case 1 , we obtain

. |zt (r) − yt (r)|p

= z (tk+j+1) + b(ytk+j+1
)(t + r − tk+j+1)

+ σ(ytk+j+1
) W(t + r) − W(tk+j+1)

− tj+1 − r
y (tk+j ) + r − tj

y (tk+j+1)
p

≤ p|b(ytk+j+1
)|p + K σ(ytk+j+1

) W(t + r) − W(tk+j+1)
p

+ K|z (tk+j+1)

− y (tk+j+1)|p + K|z (tk+j+1) − z (tk+j )|p

+ K|z (tk+j ) − y (tk+j )|p

≤ p |b(ytk+j
)|p + |b(ytk+j+1

)|p + K σ(ytk+j+1
) W(t + r) − W(tk+j+1)

p

+ K|z (tk+j+1) − z (tk+j )|p 1{tk+j+1>0} + 1{tk+j+1=0}

≤ p |b(ytk+j
)|p + |b(ytk+j+1

)|p + K σ(ytk+j+1
) W(t + r) − W(tk+j+1)

p

+ K σ(ytk+j
) W(tk+j+1) − W(tk+j )

p1{tk+j+1>0} + p
2 ,

where we used Assumption  2.5. 
Case 4: t + r ∈ [tk+j+1, tk+j+2) ∈ [−τ, 0).. Similar to Case 2, it can be calcu-

lated that

.|zt (r) − yt (r)|p ≤ p
2 .
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Together with Cases 1–4, we h  ave

. E sup
r∈[−τ,0]

|zt (r) − yt (r)|p

≤ K(1 ξ p(1+β)
p
2 + K(I1 + I2 + I3), (2.67) 

where 

. I1 := E sup
j∈{−N,...,−1}

|b(ytk+j ∨0)|p p + |b(ytk+j+1∨0)|p p ,

I2 := E sup
j∈{−N,...,−1}

sup
r∈[tj ,tj+1]

σ(ytk+j ∨0) W((t + r) ∨ 0) − W(tk+j ∨ 0) p

× 1{t+r∈[tk+j ,tk+j+1)} + σ(ytk+j+1∨0) W((t + r) ∨ 0) − W(tk+j+1 ∨ 0) p

× 1{t+r∈[tk+j+1,tk+j+2)} ,

I3 := E sup
j∈{−N,...,−1}

σ(ytk+j ∨0) W(tk+j+1 ∨ 0) − W(tk+j ∨ 0) p
.

It follows from Assumption 2.4 that 

. I1 ≤ 2 p
E sup

j∈{−N,...,0}
|b(ytk+j ∨0)|p

≤ p
E sup

j∈{−N,...,0}
(1 ytk+j ∨0

p(β+1)) .

Since 

. sup
j∈{−N,...,0}

ytk+j
ytk−N

ytk
,

by (2.58), we have  

. I1 ≤ p
E[1 ξ p(β+1) ytk−N

p(1+β) ytk
p(1+β)]

≤K(1 ξ p(1+β)2 p. (2.68) 

Applying the Hölder inequality yields

.I2 ≤ E sup
j∈{−N,...,−1}

σ(ytk+j ∨0)|2p
1
2

E sup
s1−s2∈[0 ]

W(s1) − W(s2)
2p

1
2

+ E sup
j∈{−N,...,−1}

σ(ytk+j+1∨0)|2p
1
2

E sup
s1−s2∈[0 ]

W(s1) − W(s2)
2p

1
2
.
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Similar t o (2.68), by virtue of Assumption 2.1 and (2.58), we arrive at  

. I2 ≤ K(1 ξ p(β+1)) E sup
s1−s2∈[0 ]

W(s1) − W(s2)
2p

1
2
.

Applying the Burkholder–Davis–Gundy inequality, we obtain

.I2 ≤ K(1 ξ p(β+1) p
2 . (2.69) 

Similarly, we ha ve

.I3 ≤ K(1 ξ p(β+1) p
2 . (2.70) 

The desired argument follows from (2.67)–(2.70). The proof is completed.

2.2 Attractiveness and Stability of Numerical Solution

In this subsection, we demonstrate that the numerical solution obtained via the θ .-EM 
method can inherit simultaneously the exponential attractiveness and exponential 
stability of the exact solutions. The inheritance of these longtime asymptotic behav-
iors ensures that the numerical method can effectively characterize the qualitative
dynamics of the underlying stochastic system.

Proposition 2.10 Let Assumptions 2.1 and 2.2 hold. Then for any ∈ (0, 1]. and 
k ∈ N., 

. E ytk
− ytk

2] ≤ K |b(ξ) − b(η)|2 ξ − η 2 e−λ0tk ∀ ξ, η ∈ Cd ,

where λ0 ∈ (0, (2θ−1)cλ

θ2(1+cλ)
∧ λ)., and positive constants λ. and cλ . are defined by (2.2). 

Proof Let ξ, η ∈ Cd
., ∈ (0, 1]., and k ∈ N.. Similar to the proof in Lemma 2.3, we  

deduce that for λ0 ∈ (0, λ]., 

.eλ0tk+1 |z (tk+1) − z (tk+1)|2

=
k

i=0

eλ0ti+1 |z (ti+1) − z (ti+1)|2 − eλ0ti |z (ti) − z (ti)|2

+ |z (0) − z (0)|2

≤ (
(1 − θ)2

θ2
+ 2θ − 1

θ2(1 + cλ

− e−λ0 )

k

i=0

eλ0ti+1 |z (ti) − z (ti)|2
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+ |z (0) − z (0)|2 + 
k 

i=0 
eλ0ti+1 σ(yti ) − σ(yti ) δWi 

2 

− (2a1 − cλ 

k 

i=0 
eλ0ti+1 |y (ti) − y (ti)|2 

+ 2a2 

k 

i=0 
eλ0ti+1 

0 

−τ 
|yti (r) − yti (r)|2dν2(r) + 

k 

i=0 
eλ0ti+1 M̂i 

≤ |z (0) − z (0)|2 + 2a2eλ0τ τ ξ − η 2 

+ ( 
(1 − θ)2 

θ2 + 2θ − 1 
θ2(1 + cλ 

− e−λ0 ) 
k 

i=0 
eλ0ti+1 |z (ti) − z (ti)|2 

+ 
k 

i=0 
eλ0ti+1 σ(yti ) − σ(yt i ) δWi

2 +
k

i=0

eλ0ti+1M̂i

− (2a1 − cλ − 2a2e
λ0τ

k

i=0

eλ0ti+1 |y (ti) − y (ti)|2, (2.71) 

where 

. M̂k := 2 z (tk) − z (tk), σ (ytk
) − σ(ytk

) δWk

+ 2 b(ytk
) − b(ytk

), σ (ytk
) − σ(ytk

) δWk .

It follows from Assumptions 2.1 and 2.2 that 

. eλ0tk+1E[|z (tk+1) − z (tk+1)|2]
≤ |z (0) − z (0)|2 + (L + 2a2)τeλ0τ ξ − η 2

+ (
(1 − θ)2

θ2
+ 2θ − 1

θ2(1 + cλ

− e−λ0 )

k

i=0

eλ0ti+1E[|z (ti) − z (ti)|2]

− (2a1 − L − cλ − (L + 2a2)e
λ0τ

k

i=0

eλ0ti+1E[|y (ti) − y (ti)|2].

It follows from (2.2) that 

.2a1 − L − cλ − (L + 2a2)e
λ0τ > 2a1 − L − cλ − (L + 2a2)e

λτ = λ > 0.
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Similar t o (2.28), we obtain

. 
(1 − θ)2

θ2
+ 2θ − 1

θ2(1 + cλ

− e−λ0 < (λ0 − (2θ − 1)cλ

θ2(1 + cλ)

Letting λ0 ∈ (0, (2θ−1)cλ

θ2(1+cλ)
∧ λ]., we have  

. E[|z (tk) − z (tk)|2]
≤ (1 ∨ ((L + 2a2)τeλ0τ )) |z (0) − z (0)|2 ξ − η 2 e−λ0tk . (2.72) 

Next, we shall show that {y· (tk)}k∈N . has a similar property by an induction 
argument. In fact, it follows from z (tk) = y (tk) − θb(ytk

. and Assump-
tion 2.2 that 

. (1 + 2a1 |y (tk) − y (tk)|2

≤ |z (tk) − z (tk)|2 + 2a2
0

−τ

|ytk
(r) − ytk

(r)|2dν2(r). (2.73) 

By virtue of (1.39), we arriv e at

. (1 + 2a1 E[|y (tk) − y (tk)|2]

≤ E[|z (tk) − z (tk)|2] + 2a2
0

−
r +

dν2(r)

× E[|y (tk) − y (tk)|2]

+ 2a2 ν2([−τ,− ]) +
0

−
−r

dν2(r)

× sup
k−N≤l≤k−1

E[|y (tl) − y (tl)|2]. (2.74) 

For k = 1., according to a2e
λ0 < a2e

λ0τ < a1 ., (2.72), and (2.73), we deri ve

. 1 + 2a1 1 −
0

−
r +

dν2(r) E[|y (t1) − y (t1)|2]

≤ E[|z (t1) − z (t1)|2] + 2a2 ν2([−τ,− ])

+
0

−
−r

dν2(r) ξ − η 2
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≤ 1 + 2a1 1 − 
0 

− 

r + 
dν2(r) 1 ∨ (L + 2a2)τeλ0t1 

× |z (0) − z (0)|2 ξ − η 2 e−λ0t1 ,

where we used  

. ν2([−τ,− ]) +
0

−
−r

dν2(r) = 1 −
0

−
r +

dν2(r).

It is clear that

. E[|y (t1) − y (t1)|2]
≤ (1 ∨ ((L + 2a2)τeλ0τ )) |z (0) − z (0)|2 ξ − η 2 e−λ0t1 . (2.75) 

Assume that for some integer k > 1. and l ∈ {1, . . . , k}., 

. E[|y (tl) − y (tl)|2]
≤ (1 ∨ ((L + 2a2)τeλ0τ )) |z (0) − z (0)|2 ξ − η 2 e−λ0tl . (2.76) 

Then for k + 1., taking into account (2.72), (2.74), and (2.76), we deduce

. 1 + 2a1 1 −
0

−
r +

dν2(r) E[|y (tk+1) − y (tk+1)|2]

≤ E[|z (tk+1) − z (tk+1)|2] + 2a2 1 −
0

−
r +

dν2(r)

× sup
k−N+1≤l≤k

E[|y (tl) − y (tl)|2]

≤ 1 ∨ ((L + 2a2)τeλ0τ ) 1 + 2a2θeλ0τ 1 −
0

−
r +

dν2(r)

× |z (0) − z (0)|2 ξ − η 2 e−λ0tk+1 ,

which i mplies

. E[|y (tk+1) − y (tk+1)|2]
≤ (1 ∨ ((L + 2a2)τeλ0τ )) |z (0) − z (0)|2 ξ − η 2 e−λ0tk+1 .

(2.77)
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Hence, we conclude from (2.75)–(2.77) that for any k ∈ N., 

. E[|y (tk) − y (tk)|2]
≤ (1 ∨ ((L + 2a2)τeλ0τ )) |z (0) − z (0)|2 ξ − η 2 e−λ0tk . (2.78) 

Furthermore, by similar arguments to those in Proposition 2.4, it follows from (2.71) 
that 

. E sup
(k−N)∨0≤i≤k

eλ0ti+1 |z (ti+1) − z (ti+1)|2

≤ |z (0) − z (0)|2 + 2a2e
λ0τ τ ξ − η 2

+ E

k

i=0

eλ0ti+1 σ(yti
) − σ(yti

)
2

+ E sup
(k−N)∨0≤i≤k

i

l=(k−N)∨0
eλ0tl+1M̂l . (2.79) 

Making use of Assumption 2.1, we deri ve

. E

k

i=0

eλ0ti+1 σ(yti
) − σ(yti

)
2

≤ E

k

i=0

eλ0ti+1 |y (ti) − y (ti)|2 +
0

−τ

|yti
(r) − yti

(r)|2dν1(r)

≤
k

i=0

eλ0ti+1E[|y (ti) − y (ti)|2] + K ξ − η 2. (2.80) 

Similar t o (2.32), one has

.E sup
(k−N)∨0≤i≤k

i

l=(k−N)∨0
eλ0tl+1M̂l

≤ 1

4
E sup

(k−N)∨0≤i≤k

eλ0ti |z (ti) − z (ti)|2

+ 1

4
E sup

(k−N)∨0≤i≤k

eλ0ti |y (ti) − y (ti)|2
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+ E 
k 

i=(k−N)∨0 
eλ0ti+1 σ(yti ) − σ(yti ) 

2 

≤ 
1 
4 
E sup 

(k−N)∨0≤i≤k 
eλ0ti |z (ti) − z (ti)|2 

+ 
1 
4 
E sup 

(k−N)∨0≤i≤k 
eλ0ti |y (ti) − y (ti)|2 

+ 
k 

i=0 
eλ0ti+1E[|y (ti) − y (ti)|2] + K ξ − η 2. (2.81) 

Inserting (2.80) and (2.81) into (2.79) derives 

. E sup
(k−N)∨0≤i≤k

eλ0ti+1 |z (ti+1) − z (ti+1)|2

≤ K |z (0) − z (0)|2 ξ − η 2

+
k

i=0

eλ0ti+1E[|y (ti) − y (ti)|2]

+ 1

4
E sup

(k−N)∨0≤i≤k

eλ0ti |z (ti) − z (ti)|2

+ 1

4
E sup

(k−N)∨0≤i≤k

eλ0ti |y (ti) − y (ti)|2 . (2.82) 

Similar t o (2.33), we arriv e at

. E sup
(k−N)∨0≤i≤k

eλ0ti |y (ti) − y (ti)|2

≤ E sup
(k−N)∨0≤i≤k

eλ0ti |z (ti) − z (ti)|2

+ 2a2
λ0τ

k

i=(k−2N)∨(−N)

eλ0tiE |y (ti) − y (ti)|2 .

This, along with (2.82) implies t hat

.E sup
(k−N)∨0≤i≤k

eλ0ti+1 |z (ti+1) − z (ti+1)|2

≤ K |z (0) − z (0)|2 ξ − η 2 +
k

i=0

eλ0tiE[|y (ti) − y (ti)|2]
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+ 
1 
2 
E sup 

(k−N)∨0≤i≤k 
eλ0ti+1 |z (ti+1) − z (ti+1)|2 

+ 
1 
2 
E eλ0tk−N |z (tk−N) − z (tk−N)|2 .

Using (2.72) and (2.78), we obtain

. E sup
(k−N)∨0≤i≤k

eλ0ti+1 |z (ti+1) − z (ti+1)|2

≤ K(|b(ξ) − b(η)|2 ξ − η 2)(1 + tk),

which yields that for any ε ∈ (0, λ0)., 

. E sup
(k−N)∨0≤i≤k

|z (ti+1) − z (ti+1)|2

≤ K(|b(ξ) − b(η)|2 ξ − η 2)e−(λ0−ε)tk . (2.83) 

Without loss of generality, we redefine λ0 ∈ (0, (2θ−1)cλ

θ2(1+cλ)
∧λ).. Then, it follo ws from

(2.83) that 

. E sup
(k−N)∨0≤i≤k

|z (ti+1) − z (ti+1)|2

≤ K(|b(ξ) − b(η)|2 ξ − η 2)e−λ0tk . (2.84) 

Using (2.73) leads to 

. (1 + 2a1 E sup
(k−N)∨0≤i≤k

|y (ti) − y (ti)|2

≤ E sup
(k−N)∨0≤i≤k

|z (ti) − z (ti)|2

+ 2a2 E sup
(k−2N)∨(−N)≤i≤k

|y (ti) − y (ti)|2

≤ E sup
(k−N)∨0≤i≤k

|z (ti) − z (ti)|2

+ 4a2θτ sup
(k−2N)∨(−N)≤i≤k

E[|y (ti) − y (ti)|2]. (2.85) 

Then the desired argument follows from (2.78) and (2.84). We finish the proof.

Numerical stability is an important characteristic to measure the reliability of 
numerical methods in longtime computation. Below, we present the exponential
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stability of the trivial solution of (1.1). We propose the following condition to ensure 
the existence of the trivial solution.

Assumption 2.6 The drift and diffusion coefficients satisfy b(0) = σ(0) = 0.. 

It follows from Assumption 2.6 that x0(t) ≡ 0., which implies x0
t ≡ 0.. By virtue of

(2.1), it is straightforward to obtain the exponential stability of the trivial functional
solution of (1.1). 

Proposition 2.11 Let Assumptions 2.1, 2.2, and 2.6 hold. Then the trivial functional 
solution is m ean-square exponentially stable and satisfies

. E x
ξ
t

2] ≤ K(1 ξ 2)e−λt

for any initial data ξ ∈ Cd
., where the positive constant λ. satisfies (2.2). 

Similarly, by virtue of Proposition 2.10, we can deduce that the θ .-EM method 
inherits the mean-square e xponential stability.

Theorem 2.12 Let Assumptions 2.1, 2.2, and 2.6 hold. Then for any ∈ (0, 1]., the  
numerical functional solution satisfies

. E ytk
2] ≤ K(1 + |b(ξ)|2 ξ 2)e−λ0tk

for any initial data ξ ∈ Cd
., where the constant λ0 . is defined in Proposition 2.10. 

Remark 2.1 In fact, if the coefficients b and σ . are locally Lipschitz continuous, 
and Assumptions 2.1 and 2.2 are relaxed as

. 2 φ(0), b(φ) σ (φ)|2 ≤ −d1|φ(0)|2 + d2

0

−τ

|φ(r)|2dν(r),

we can also deduce the above stability results of the trivial functional solution and
the inheritance of this property by the θ .-EM method. Here, d1 . and d2 . are positive 
constants with d1 > d2 ., and ν . is a probability measure on [−τ, 0].. The proof is 
similar to that of Proposition 2.10. 

2.3 Mean-Square Converg ence Rate

In this subsection, we aim to establish the mean-square convergence rate of the θ .-
EM method on the infinite time horizon, under the one-sided Lipschitz condition
on the drift coefficient (Assumption 2.2) and the globally Lipschitz condition on 
the diffusion coefficient (Assumption 2.1). The proof is based on the estimates of 
high-order moments of both the numerical solution and the exact solution, and the
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estimates between the functional solution and the continuous process of the split-
step θ .-EM solution (2.4). 

Lemma 2.13 Let Assumptions 2.1–2.5 hold. Then 

. sup
t≥0

E x
ξ
t − zt

2] ≤ K(1 ξ 4β(1+β)3 ∀ ξ ∈ Cd .

Proof It follows from (1.1) and (2.4) that 

. xξ (t) − z (t) = +
t

0
b(xξ

s ) − b(ys ) ds

+
t

0
σ(xξ

s ) − σ(ys ) dW(s).

By the Itô formula, Young inequality, and Assumption 2.4, we obtain that for any
ε ∈ (0, 1)., 

. eεt |xξ (t) − z (t)|2

=
t

0
eεs ε|xξ (s) − z (s)|2 + 2 xξ (s) − z (s), b(xξ

s ) − b(ys )

+ |σ(xξ
s ) − σ(ys )|2 ds +Nt + θ2|b(ξ)|2 2

≤ K(1 ξ 2(β+1) 2 +
t

0
eεs ε|xξ (s) − z (s)|2 + 2 xξ (s) − z (s),

b(xξ
s ) − b(zs ) (1 + ε)|σ(xξ

s ) − σ(zs )|2 ds

+
t

0
εeεs |xξ (s) − z (s)|2ds + Et +Nt ,

where 

. Et :=
t

0
eεs 1

ε
|b(zs ) − b(ys )|2 + (1 + 1

ε
)|σ(zs ) − σ(ys )|2 ds,

and Nt . is a martingale defined by

.Nt := 2
t

0
eεs xξ (s) − z (s), (σ (xξ

s ) − σ(ys ))dW(s) .
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According to Assumptions 2.1 and 2.2, we deri ve

. eεt |xξ (t) − z (t)|2

≤ K(1 ξ 2(β+1) 2 +
t

0
− 2a1 − 2ε − (1 + ε)L eεs |xξ (s) − z (s)|2

+ 2a2
0

−τ

eεs |xξ
s (r) − zs (r)|2dν2(r)

+ (1 + ε)L
0

−τ

eεs |xξ
s (r) − zs (r)|2dν1(r) ds + Et +Nt

≤ K(1 ξ 2(β+1) 2 − 2a1 − 2ε − (1 + ε)L − (2a2 + (1 + ε)L)eετ

×
t

0
eεs |xξ (s) − z (s)|2ds + (2a2 + (1 + ε)L)eετ

×
0

−τ

eεs |xξ (s) − z (s)|2ds + Et +Nt ,

where in the last step we used

. 

t

0

0

−τ

eεs |xξ
s (r) − zs (r)|2dνl(r)ds

≤ eετ
0

−τ

t

0
eε(s+r)|xξ (s + r) − z (s + r)|2dsdνl(r)

≤ eετ
0

−τ

eεs |xξ (s) − z (s)|2ds + eετ
t

0
eεs |xξ (s) − z (s)|2ds, l = 1, 2

due to the Fubini theorem. In view of a1 > a2 + L., choose a suf ficiently small
number ε ∈ (0, 1). such that 

. 2a1 − 2ε − (1 + ε)L − (2a2 + (1 + ε)L)eετ ≥ 0.

By Assumption 2.5, we have  

. (2a2 + (1 + ε)L)eετ
0

−τ

eεs |xξ (s) − z (s)|2ds ≤ K(1 ξ 2(β+1)

Thus, 

.eεt |xξ (t) − z (t)|2 ≤ K(1 ξ 2(β+1) + Et +Nt . (2.86)
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By virtue of Assumptions 2.1 and 2.4, we apply the Hölder inequality to deduce

. E[Et ] ≤KE

t

0
eεs zs − ys

2(1 zs
2β ys

2β)ds

≤K
t

0
eεs

E zs − ys
4] 1

2 E[1 zs
4β ys

4β ] 1
2 ds.

Making use o f (2.58) and Lemma 2.9 yields 

. E[Et ] ≤ K(1 ξ 2(1+β)2)(1 ξ 2β(1+β)
t

0
eεsds

≤ K(1 ξ 4β(1+β)3)eεt

This, along with (2.86) implies t hat

. E[|xξ (t) − z (t)|2] ≤ e−εt K(1 ξ 2(1+β) + E[Et ]
≤ K(1 ξ 4β(1+β)3 (2.87) 

where the positive constant K is independent of . and t . Furthermore, according to
(2.86), we apply the Burkholder–Davis–Gundy inequality to derive

. E sup
(t−τ)∨0≤u≤t

eεu|xξ (u) − z (u)|2

≤ K(1 ξ 2(1+β) + E[Et ] + E sup
(t−τ)∨0≤u≤t

Nu

≤ K(1 ξ 4β(1+β)3)eεt

+ KE

t

(t−τ)∨0
e2εs |xξ (s) − z (s)|2|σ(xξ

s ) − σ(ys )|2ds 1
2

≤ K(1 ξ 4β(1+β)3)eεt + KE sup
(t−τ)∨0≤u≤t

eεu|xξ (u) − z (u)|2

×
t

(t−τ)∨0
eεs |σ(xξ

s ) − σ(ys )|2ds
1
2

.

By virtue of the Young inequality and Assumption 2.1, we arrive at  

.E sup
(t−τ)∨0≤u≤t

eεu|xξ (u) − z (u)|2

≤ K(1 ξ 4β(1+β)3)eεt + 1

2
E sup

(t−τ)∨0≤u≤t

eεu|xξ (u) − z (u)|2
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+ KE 
t 

(t−τ)∨0 
eεs |σ(xξ 

s ) − σ(ys )|2ds 

≤ K(1 ξ 4β(1+β)3 
)eεt + 

1 
2 
E sup 

(t−τ)∨0≤u≤t 
eεu|xξ (u) − z (u)|2 

+ KE 
t 

(t−τ)∨0 
eεs |σ(xξ 

s ) − σ(zs )|2ds 

+ KE 
t 

(t−τ)∨0 
eεs |σ(zs ) − σ(ys )|2ds 

≤ K(1 ξ 4β(1+β)3 
)eεt + 

1 
2 
E sup 

(t−τ)∨0≤u≤t 
eεu|xξ (u) − z (u)|2 

+ K 
t 

(t−τ)∨0 
eεs 

E[|xξ (s) − z (s)|2]ds 

+ K 
t 

(t−τ)∨0 
e εsE zs − ys

2]ds

+ K
t

(t−τ)∨0
eεs

0

−τ

E[|xξ
s (r) − zs (r)|2]dν1(r)ds.

It follows from (2.87) and Lemma 2.9 that 

. 
1

2
eε(t−τ)∨0

E sup
(t−τ)∨0≤u≤t

|xξ (u) − z (u)|2

≤ 1

2
E sup

(t−τ)∨0≤u≤t

eεu|xξ (u) − z (u)|2

≤ K(1 ξ 4β(1+β)3)eεt + K(1 ξ 4β(1+β)3
t

(t−τ)∨0
eεsds

≤ K(1 ξ 4β(1+β)3)eεt

which i mplies

. E sup
(t−τ)∨0≤u≤t

|xξ (u) − z (u)|2 ≤ K(1 ξ 4β(1+β)3

The proof is completed.

Utilizing Lemmas 2.9 and 2.13, we conclude the following mean-square conve r-
gence rate of the θ .-EM functional solution.
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Theorem 2.14 Let Assumptions 2.1–2.5 hold. Then for ∈ (0, 1]. and ξ ∈ Cd
., 

. sup
k≥0

E x
ξ
tk

− ytk
2] ≤ K(1 ξ 4β(1+β)3

Remark 2.2 In particular, for the SFDE (1.1) with additive noise, the mean-square 
convergence rate established in Theorem 2.14 can be increased to 1.

Remark 2.3 Building on the longtime mean-square convergence result, we can 
derive several practical benefits for applications. Specifically, we can obtain the
convergence rate of 1/2. of the numerical invariant measure to the underlying exact 
one. Nonetheless, for a higher convergence rate, we turn to Chap. 3, addressing the 
rigorous analysis of the convergence rate for the numerical invariant measure. To 
this end, we will employ the method of weak convergence analysis, which offers
a more refined approach for this investigation. Additionally, as another application,
we present in Corollary 4.5 the SLLN and the CLT of the time-average of the θ .-EM 
functional solution.

2.4 Numerical E xperiments

In this section, we present numerical algorithms and numerical experiments to v erify
the mean-square convergence rate of the θ .-EM method applied to SFDEs. Two one-
dimensional concrete numerical examples are provided to illustrate the theoretical
convergence results.

Algorithm 1 illustrates the numerical procedure used to verify the mean-square 
convergence rate of the θ .-EM method for SFDEs. A reference solution computed 
with a sufficiently small stepsize is used as a proxy for the exact solution, and all
approximations are driven by the same underlying Brownian motion path.

Linear Stochastic Delay Differential Equation We first consider the linear
stochastic delay differential equation:

.dxξ (t) = (−αxξ (t) + βxξ (t − τ))dt + σdW(t), t > 0, (2.88) 

where in the numerical experiment, constants α = 1.2, β = 0.8, σ = 0.5, τ = 1,. 
and initial datum ξ(t) = 1. for t ∈ [−τ, 0].. We employ M = 2000. independent 
trajectories to estimate expectations of errors. Figure 2.1a illustrates the mean-
square convergence rate of the EM method for this model. The mean-square error 
at the terminal time is plotted against the stepsize on a log-log scale. The dashed 
line indicates the reference slope of rate 1. The numerical errors exhibit a clear
linear decay with respect to the stepsizes, which is consistent with the theoretical
mean-square convergence rate one. Figure 2.1b depicts the longtime evolution of the 
mean-square convergence error between the EM solution and the reference solution.
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Algorithm 1 Mean-square convergence rate for θ .-EM method applied t o SFDEs
Require: SFDE parameters (b,  σ,  ξ,  τ),  parameter θ , final time T , stepsizes { j }J 

j=1, reference 
stepsize ref, Monte Carlo size M . 

Output: Mean-square errors {ej }J 
j=1. 

1: Generate M independent Brownian motion increments δW ( m̃) 
ref (k) ∼ N (0 ref), k = 

0,  .  .  .  ,  Nref − 1, with Nref = ref. 
2: Set d̃ref = ref. 
3: Initialize x ( m̃) 

ref (tk), k = −d̃ref,  .  .  .  , 0, m̃ = 1,  .  .  .  ,  M.  
4: for m̃ = 1,  .  .  .  ,  M  do 
5: for k = 0,  .  .  .  ,  Nref − 1 do 

x ( m̃) 
ref (tk+1) = x ( m̃) 

ref (tk) + θb(x  ( m̃) 
ref,tk+1 

) + (1 − θ)b(x  ( m̃) 
ref,tk 

) ref + σ(x  ( m̃) 
ref,tk 

)δW ( m̃) 
ref (k). 

6: end for 
7: end for 
8: for j = 1,  .  .  .  ,  J  do 
9: Set = j , N = , d̃ = , r = ref . 
10: Construct coarse Brownian motion increments 

δW( m̃) (k) = 
(k+1)r−1 

i=kr 
δW ( m̃) 

ref (i), k = 0,  .  .  .  ,  N  − 1. 

11: Initialize y( m̃) (tk), k = −d̃,  .  .  .  , 0. 
12: for m̃ = 1,  .  .  .  ,  M  do 
13: for k = 0,  .  .  .  ,  N  − 1 do 

y( m̃) (tk+1) = y( m̃) (tk) + θb(y  ( m̃) 
tk+1 ) + (1 − θ)b(y

(m̃)
tk

) + σ(y
(m̃)
tk

)δW(m̃)(k).

14: end for
15: end for

16: Compute the mean-square error ej = 1
M

M
m̃=1 y

(m̃)
T − x

(m̃)
ref,T

2 1/2
.

17: end for

It can be observed that the mean-square error remains uniformly bounded o ver long
time intervals [0, 500]., confirming our longtime mean-square con vergence result.

Nonlinear Stochastic Functional Differential Equation We then investigate the 
mean-square convergence of the backward EM method applied to the following
nonlinear SFDE:

. dxξ (t) = 1

τ

0

−τ

xξ (t + s)ds − (xξ (t))3 − 2xξ (t) dt

+ a

τ

0

−τ

xξ (t + s)ds + 1

2
xξ (t) + 1

2
dW(t), (2.89)
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Fig. 2.1 Mean-square convergence for EM method of (2.88); α = 1.2, β = 0.8, σ = 0.5, τ =
1,M = 2000, ξ ≡ 1.. (a) = 2−3, 2−4, . . . , 2−7

ref = 2−12, T = 1,. and (b ) = 2−4
ref =

2−8, T = 500.. (a) Mean-square convergence rate. (b) Longtime e volution of mean-square error
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Fig. 2.2 Mean-square convergence for backward EMmethod of (2.89); τ = 0.125, a = 0.1,M =
400, ξ ≡ 1.. (a) = 2−5, 2−6, . . . , 2−9

ref = 2−13, T = 1,. and (b ) = 2−7
ref =

2−10, T = 500.. (a) Mean-square convergence rate. (b) Longtime evo lution of mean-square error

where τ = 0.125, a = 0.1,. and the initial datum ξ(t) = 1. for t ∈ [−τ, 0].. We 
employ M = 400. independent trajectories to estimate expectations of errors. As 
shown in Fig. 2.2a, the numerical errors decrease linearly with respect to

1
2 . , and 

the slope of the error curve agrees well with the reference slope 1
2 .. This confirms 

the theoretical mean-square convergence rate of the backward EM method for the
nonlinear SFDE. Figure 2.2b illustrates the longtime evolution of the mean-square 
error between the solution of the backward EM method and the reference solution. 
The mean-square error remains uniformly bounded over long time intervals [0, 500]., 
validating the longtime mean-square convergence result for the nonlinear SFDE
with multiplicative noise.
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2.5 Summary a nd Outlook

This chapter has studied the longtime mean-square convergence of the θ .-EM 
method for the SFDE (1.1) with a superlinearly growing drift coefficient, and 
established a mean-square convergence rate of 1

2 .. Existing studies on the mean-
square convergence analysis over the finite time horizon include the analysis of
the Milstein method in [22], the Wong–Zakai type approximation in [2], EM-type 
methods in [13, 34, 35], and drift-implicit one-step numerical methods in [1]. For 
the infinite time horizon setting, we highlight a recent paper [7], in which the mean-
square convergence rate of the EM method for the SFDE on t he infinite time horizon
is proved to be 1

2 . under the globally Lipschitz condition. 
In this chapter, we have presented some sufficient conditions for analyzing the 

problem under consideration. Nev ertheless, there is still some flexibility in relaxing
these conditions. For example, if Assumption 2.3 is weakened to

. b(φ), φ(0) K − a3|φ(0)|α+ + a4

0

−τ

|φ(r)|αdν2(r)

with 0, α ≥ 2, a3, a4 > 0., and φ ∈ Cd
., the mean-square convergence 

result established in this chapter still holds by essentially the same approach. 
When both the drift and the diffusion coefficients exhibit superlinear growth, 
some longtime mean-square convergence results for numerical methods applied to
stochastic ordinary differential equations have been established; see e.g. [33] for  
the analysis of the BEM method. However, knowledge regarding the SFDE case 
remains relatively scarce. 

While this chapter focuses on SFDEs driven by Brownian motion, SFDEs 
driven by other stochastic processes, such as fractional Brownian motion and the 
Lévy noise, are also of substantial theoretical and practical interest. The numerical
analysis on stochastic ordinary and partial differential equations driven by such
noises has been extensively developed (see e.g., [5, 6, 8, 17, 28, 29, 37] for Lévy 
noise and see [15, 19–21, 23–25, 32] for fractional Brownian motion). By contrast, 
corresponding research on SFDEs remains rather limited. Existing contributions 
mainly address the convergence analysis in the finite time horizon and stability
properties for stochastic delay differential equations driven by Lévy noise or
fractional Brownian motion (see [13, 14, 18, 30]), whereas the convergence analysis 
in the infinite time horizon of numerical methods for general SFDEs in this setting 
appears to be far less explored. This points to the need for developing appropriate 
numerical schemes and rigorously analyzing their longtime behavior. 

The study of SFDEs presented here motivates consideration of stochastic partial 
differential equations with memory effects. In this setting, the introduction of time
delays leads naturally to stochastic partial differential equations with delay, for
which a number of numerical methods have been developed; see e.g., [16, 31, 
38, 40]. In addition to the Euclidean spatial domain, stochastic partial differential 
equations with delay have been considered on manifolds and other geometric
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settings. We refer to [39] and the references therein for related theoretical analysis 
and numerical investigations. Building on recent progress i n graph theory and
stochastic partial differential equations on graphs (see e.g., [3, 4, 9–12, 26, 27]), 
stochastic delay equations on graphs remain largely unexplored, and the study 
of their well-posedness together with the construction and analysis of suitable
numerical methods for SFDE-type models in this setting constitutes a promising
direction for future research.
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Chapter 3 
Numerical Invariant Measure and Weak 
Convergence Analysis i n the Infinite Time
Horizon

For the SFDE with either discrete or distributed delay arguments, it is known 
that the solution is non-Markovian due to the dependence on the past. Hence, 
the functional solution, which is proved to be Markovian, becomes the focus for 
studying the existence and uniqueness of the in variant measure of the underlying
SFDE. This chapter investigates the existence, uniqueness, and convergence rate
of the invariant measure of the numerical functional solution of the θ .-EM method. 
Recall that in Chap. 2, we obtained the time-independent moment boundedness and 
the exponential attractiveness of the θ .-EM functional solution. Building on t hese
properties, in Sect. 3.1, we prove the existence and uniqueness of the numerical 
invariant measure by using the Krylov–Bogoliubov theorem. In Sect. 3.2, we  
analyze the longtime weak convergence rate of the θ .-EM method, which provides 
a quantitative estimate between the numerical invariant measure and the exact one. 
The analysis relies on the Malliavin calculus. We first derive the time-independent 
estimates for Malliavin derivatives and Gâteaux derivatives of both the exact and
numerical functional solutions. Then, we show that the weak convergence rate of
the θ .-EM method is 1, which is twice the mean-square convergence rate.

3.1 Numerical Invariant M easure

In this section, we show that the θ .-EM functional solution admits a unique in variant
measure. Recall

. yt :=
∞

k=0

ytk
1[tk ,tk+1)(t)
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and define the measure μt . by 

. μt (A) := P ω ∈ : yt ∈ A ∀A ∈ B(Cd).

Denote by Pt . the Markov semigroup associated to μt .. According to Proposi-
tions 2.4 and 2.10, we can obtain the tightness of the sequence {μtk

}k∈N .. 

Lemma 3.1 Let Assumptions 2.1 and 2.2 hold. Then for ξ ∈ Cd
. and ∈ (0, 1]., 

the family {μtk
}k∈N . is tight. 

Proof Since Cd
. is a Polish s pace and

. sup
k∈N

E ytk
2] ≤ K(1 ξ 2 + |b(ξ)|2 2),

by virtue of [14, Lemma 6.14], it suffices to prove that the family {μtk
}k∈N . is a 

Cauchy sequence in the space (P,W1).. In fact, for any k, i ∈ N., applying [14, 
Remark 6.5] leads to

. W1(μtk+i
, μtk

) = sup
Lip ∞≤1 Cd

dμtk+i
(φ) −

Cd
dμtk

(φ) ,

where : Cd → R. satisfies the Lipschitz condition, and norms Lip . and ∞ . 

are defined, respectively , by

. Lip = sup
φ1,φ2∈Cd

φ1 φ2

| 1) − 2)|
φ1 − φ2

and ∞ = sup
φ∈Cd

| |.

By the definition of μ· . and the time-homogeneous Markov property of {ytk
}k∈N ., 

we deduce

.W1(μtk+i
, μtk

) = sup
Lip ∞≤1

|E[ tk+i
)] − E[ tk

)]|

= sup
Lip ∞≤1

E E tk+i
)|Fti − E[ tk

)]

= sup
Lip ∞≤1

E E tk
)

ζ=yti

− E[ tk
)]

= sup
Lip ∞≤1

E E tk
) − tk

)
ζ=yti

.
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It follows from the Lipschitz property of . and Proposition 2.10 that for an y
constant M > ξ ., 

. W1(μtk+i
, μtk

) ≤ E E 2 ytk
− ytk ζ=yti

≤ KE |b(yti
) − b(ξ) yti

− ξ 1
yti

M} e− λ0 tk
2

+ 2P yti
> M}.

According to the Chebyshev inequality and Proposition 2.4, we have  

. W1(μtk+i
, μtk

) ≤ K sup
φ M

|b(φ) φ e− λ0 tk
2 + 2

E yti
2]

M2

≤ K sup
φ M

|b(φ) φ e− λ0 tk
2 + K(1 ξ 2 + |b(ξ)|2 2)

M2
.

For any ε > 0., choose a sufficiently large number M > 0. such that 

. 
K(1 ξ 2 + |b(ξ)|2 2)

M2 <
ε

2
.

By virtue of the continuity of b(·)., choose a sufficiently large number k ∈ N. such 
that 

. K sup
φ M

|b(φ) φ e− λ0 tk
2 <

ε

2
.

Hence, the family {μtk
}k∈N . is a Cauchy sequence in (P,W1).. The proof is

finished.

Taking advantage of Proposition 2.10 and Lemma 3.1, we give the existence and 
uniqueness of the numerical invariant measure of the θ .-EM functional solution.

Theorem 3.2 Let Assumptions 2.1 and 2.2 hold. Then for ∈ (0, 1]., the  θ .-EM 
functional solution admits a unique invariant measure μ ., which satisfies

. sup
∈(0,1]

μ ( 2) := sup
∈(0,1] Cd

φ 2dμ (φ) ≤ K. (3.1) 

Proof We divide the proof of the existence and uniqueness of the numerical 
invariant measure into two steps. 

Step 1. We present the existence of numerical invariant measure based on the

Krylov–Bogoliubov theorem [10, Theorem 3.1.1]. For any ξ ∈ Cd
., ∈ (0, 1]., and 

k ∈ N., it follows from Lemma 3.1 that the family {μtk
}k∈N . is tight. Hence we only
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need to prove that Ptk
. is Feller, i.e., to show that the mapping

. ξ → Ptk
= E[ tk

)]

is continuous for any bounded continuous functional : Cd → R.. In fact, for
ξ, η ∈ Cd ,. by Proposition 2.10, we have  

. ytk
→ ytk

in L2 ;Cd)

as ξ → η .. By [13, p.256, Theorem 2], we derive

. ytk
→ ytk

in distribution

as ξ → η,. which implies the Feller property. Hence, for any ξ ∈ Cd
. and ∈ (0, 1]., 

the θ .-EM functional solution admits an invariant measure μ .. 
Step 2. We shall show that for any ∈ (0, 1]., the numerical invariant measure 

is unique. Assume that there exist two numerical invariant measures μ1 . and μ2 .. 
Then in view of the convex property of W2 . and Proposition 2.10, we obtain that for
any k ∈ N., 

. (W2(μ1 , μ2 ))2

≤
Cd×Cd

(W2(μtk
, μtk

))2dμ1 (ξ)dμ2 (η)

≤
Cd×Cd

1 ∧ K |b(ξ) − b(η)|2 ξ − η 2 e−λ0tk dμ1 (ξ)dμ2 (η).

(3.2) 

Letting k → ∞. and applying the dominated convergence theorem, we derive

. W2(μ1 , μ2 ) = 0,

which finishes the proof of Step 2. 
In addition, it follows from

. lim
k→∞W2(μ

0
tk

, μ ) = 0

that for any bounded continuous functional : Cd → R., 

. lim
k→∞ Cd

dμ
0
tk

(u) =
Cd

dμ (u).
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This, along with Proposition 2.4 implies t hat

. 
Cd

u 2dμ (u) = lim
M→∞ Cd

(M u 2)dμ (u)

= lim
M→∞ lim

k→∞E M y
0
tk

2

≤ sup
k∈N

E y
0
tk

2] ≤ K.

The proof is therefore finished.

Taking advantage of Theorem 2.14, we can obtain a rough estimate for the error 
between the numerical invariant measure and the exact one.

Theorem 3.3 Let Assumptions 2.1to 2.5 hold. Then for any ∈ (0, 1]., 

. W2(μ,μ ) ≤ 1
2 .

Proof For any ∈ (0, 1]. and k ∈ N., by virtue of (2.3) and Theorem 2.14, we  
obtain 

. W2(μ,μ ) ≤ W2(μ,μ0
tk
) + W2(μ

0
tk
, μ

0
tk

) + W2(μ
0
tk

, μ )

≤ Ke− λ
2 tk + E x0

tk
− y

0
tk

2] 1
2 + W2(μ

0
tk

, μ )

≤ Ke− λ
2 tk + 1

2 + W2(μ
0
tk

, μ ), (3.3) 

where the positive constant λ. satisfies (2.2). Similar to the proof of (3.2), and by 
Assumption 2.4, we have  

. W2(μ
0
tk

, μ ) ≤
Cd

K |b(0) − b(η)|2 η 2 e−λ0tk dμ (η)

1
2

≤Ke− λ0
2 tk

Cd
1 η 2(β+1) dμ (η)

1
2

≤Ke− λ0
2 tk .

This, along with (3.3) implies t hat

. W2(μ,μ ) ≤ Ke− λ
2 tk + 1

2 + Ke− λ0
2 tk .

Letting k → ∞., we obtain the desired argument.
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3.2 Weak Converg ence Analysis

In this section, we investigate the convergence rate of the numerical invariant 
measure based on the longtime weak convergence analysis of the θ .-EM method. 

We first introduce some notation. Without loss of generality, let T be a multiple
of τ ., i.e., there exists a number N ∈ N+ . such that T = tN .. Let ϕ(t; ti , η). and 
ϕt (ti , η). denote the solution and functional solution of the SFDE (1.1) at time t with 
the initial value η ∈ Cd

.at ti ., k; ti , η).and tk (ti , η).denote the θ .-EM solution and
θ .-EM functional solution at time tk .with initial value η .at ti .. Let  (C([−τ, T ];Rd),

). denote the family of continuous functions φ : [−τ, T ] → R
d
. equipped with the 

norm φ sup−τ≤s≤T |φ(s)|.. For Y ∈ C([−τ, T ];Rd),. denote its segment 
process by {Yr(·)}r≥0 . satisfying Yr(·) ∈ Cd

. and Yr(s) = Y (r + s). for s ∈ [−τ, 0].. 
The error between the numerical invariant measure of the θ .-EM method and the 

invariant measure of (1.1) is split as follows: for the test functional f which belongs
to some suitable space,

. |μ(f ) − μ (f )|
= |E[f (xξ̂ (T ))] − E[f (yξ̄ (T ))]|
≤ |E[f (xξ̂ (T ))] − E[f (y

ˆ
(T ))]| + |E[f (y

ˆ
(T ))] − E[f (y

¯
(T ))]|,

(3.4) 

where ξ̂ , ξ̄ . are initial data with distributions being μ,μ ., respectively. When f has 
the uniformly bounded first-order derivative, according to the mean value theorem
and Proposition 2.10, the second term in the right hand of (3.4) decays exponentially 
in time, namely, |E[f (y

ˆ
(T ))] − E[f (y

¯
(T ))]| ≤ Ke− λ0

2 T .. Hence, it suffices 
to estimate the term |E[f (xξ̂ (T ))] − E[f (y

ˆ
(T ))]|,. which is commonly called 

the weak error of the numerical method.
The decomposition of the weak error is mainly based on a d imensionality

reduction argument, which projects the infinite-dimensional spaces Cd
. and 

C([−τ, T ];Rd). into finite-dimensional ones via linear interpolation. The r esulting
projection spaces are denoted by CInt

. and CInt ([−τ, T ];Rd)., respectively. 
Precisely, for ξ ∈ Cd ,. let ξInt ∈ CInt

. denote the linear interpolation
of ξ . at grids {(tk, ξ(tk))}0

k=−N ..  For Y (·) ∈ C([−τ, T ];Rd),. the p rocess
Y Int (·) ∈ CInt ([−τ, T ];Rd). denotes the linear interpolation w ith respect to
{(tk, Y (tk))}Nk=−N ., whose segment process {Y Int

r (·)}r≥0 . satisfies Y Int
r (·) ∈ Cd

. and 
Y Int

r (s) = Y Int (r + s), s ∈ [−τ, 0].. It is worth pointing out that CInt = C̃Int ⊗R
d
., 

where C̃Int
. denotes the (N +1).-dimensional linear interpolation space of piecewise
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linear functions from [−τ, 0]. to R. with the following basis functions:

. I [−N ](s) := N

τ
(t−N+1 − s)1 −N

(s),

I [j ](s) := N

τ
(s − tj−1)1 j−1(s) + N

τ
(tj+1 − s)1

j
(s), j = −N + 1, . . . ,−1,

(3.5) 

I [0](s) := 
N 
τ 

(s − t−1)1 −1(s),

where j := [tj , tj+1). for j = −N, . . . ,−2., and −1 := [t−1, 0].. Thus, any  
element u : [−τ, 0] → R

d
. in CInt

. can be expressed as 0
j=−N I [j ](·)uj ., w here

I [j ] ∈ C̃Int
. and uj ∈ R

d
.. 

Denote by C3
b(R

d ;R). the family of all continuous functions with bounded partial 
derivatives up to order 3. We always use the relation ϕInt (tl; tj , ϕtj (0, ξ Int )) =
ϕInt (tl; 0, ξ Int ) = ϕ(tl; 0, ξ Int ). for l ≥ j ≥ 0. in the decomposition of the weak
error. Let f ∈ C3

b(R
d;R).. We split the w eak error as

. E[f (xξ (T ))] − E[f (y (T ))]
= E[f (ϕ(T ; 0, ξ))] − E[ ; 0, ξ Int ))]
= E[ ; tN , ϕInt

t
N

(0, ξ)))] − E[ ; 0, ξ Int ))]
= E[ ; tN , ϕInt

t
N

(0, ξ)))] − E[ ; tN , ϕInt
t
N

(0, ξ Int )))]
+ E[ ; tN , ϕInt

t
N

(0, ξ Int )))] − E[ ; 0, ξ Int ))], (3.6) 

where we used the relation ϕ(T ; 0, ξ) = ϕInt
t
N

(0, ξ)(0) = ; tN , ϕInt
t
N

(0, ξ)).. 

We split the term E[ ; tN , ϕInt
t
N

(0, ξ Int )))]−E[ ; 0, ξ Int ))]. further 
as 

.E[ ; tN , ϕInt
t
N

(0, ξ Int )))] − E[ ; 0, ξ Int ))]

=
N

i=1

E[ ; ti , ϕ
Int
ti

(0, ξ Int )))] − E[ ; ti−1, ϕ
Int
ti−1

(0, ξ Int )))]

=
N

i=1

E E ; ti , ϕ
Int
ti

(ti−1, ϕti−1(0, ξ Int ))))

− ; ti ti (ti−1, ϕ
Int
ti−1

(0, ξ Int )))) Fti
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= 
N 

i=1 

1 

0 
E f ; ti ,  Y  ς 

i ))D ; ti ,  Y  ς 
i ) 

ϕInt  
ti (ti−1,  ϕti−1(0,  ξInt )) − ti (ti−1, ϕ

Int
ti−1

(0, ξ Int )) dς, (3.7) 

where we used ϕInt
ti

(ti−1, ϕti−1(0, ξ Int )) = ϕInt
ti

(0, ξ Int )., ; ti−1, ϕ
Int
ti−1

(0, ξ Int ))

= ; ti ti (ti−1, ϕ
Int
ti−1

(0, ξ Int ))),. and 

.Y
ς
i := ςϕInt

ti
(ti−1, ϕti−1(0, ξ Int )) + (1 − ti (ti−1, ϕ

Int
ti−1

(0, ξ Int )). (3.8) 

We further deal with the CInt
.-valued random v ariable

. ϕInt
ti

(ti−1, ϕti−1(0, ξ Int )) − ti (ti−1, ϕ
Int
ti−1

(0, ξ Int ))

in (3.7). It follows from the expansion η(·) = 0
j=−N I [j ](·)η(tj ). for η ∈ CInt

. and 
the r elation

. i + tj ; ti−1, ϕ
Int
ti−1

(0, ξ Int )) = ϕInt (ti+j ; 0, ξ Int ), j = −N, . . . ,−1

that 

. ϕInt
ti

(ti−1, ϕti−1(0, ξ Int )) − ti (ti−1, ϕ
Int
ti−1

(0, ξ Int ))

=
0

j=−N

I [j ] ϕInt
ti

(ti−1, ϕti−1(0, ξ Int ))(tj ) − ti (ti−1, ϕ
Int
ti−1

(0, ξ Int ))(tj )

=
0

j=−N

I [j ] ϕInt (ti + tj ; ti−1, ϕti−1(0, ξ Int ))− i + tj ; ti−1, ϕ
Int
ti−1

(0, ξ Int ))

=
−1

j=−N

I [j ] ϕ(ti+j ; 0, ξ Int ) − ϕInt (ti+j ; 0, ξ Int )

+ I [0] ϕ(ti; ti−1, ϕti−1(0, ξ Int )) − i; ti−1, ϕ
Int
ti−1

(0, ξ Int )) ,

which together with the relation ϕInt (tl; 0, ξ Int ) = ϕ(tl; 0, ξ Int ). leads to 

. ϕInt
ti

(ti−1, ϕti−1(0, ξ Int )) − ti (ti−1, ϕ
Int
ti−1

(0, ξ Int ))

= I [0] ϕ(ti; ti−1, ϕti−1(0, ξ Int )) − i; ti−1, ϕ
Int
ti−1

(0, ξ Int )) . (3.9)
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Note that for any i ∈ N+ ., by the expression of the solution, we have the follo wing
decomposition of the difference in (3.9) 

. ϕ(ti; ti−1, ϕti−1(0, ξ Int )) − i; ti−1, ϕ
Int
ti−1

(0, ξ Int ))

=
ti

ti−1

b(ϕr(ti−1, ϕti−1(0, ξ Int )))dr +
ti

ti−1

σ(ϕr(ti−1, ϕti−1(0, ξ Int )))dW(r)

−
ti

ti−1

(1 − θ)b(ϕInt
ti−1

(0, ξ Int )) + ti (ti−1, ϕ
Int
ti−1

(0, ξ Int ))) dr

−
ti

ti−1

σ(ϕInt
ti−1

(0, ξ Int ))dW(r) = Ii
b + Ii

b,θ + Ii
σ , (3.10) 

where 

. Ii
b :=

ti

ti−1

b(ϕr(ti−1, ϕti−1(0, ξ Int ))) − b(ϕInt
ti−1

(0, ξ Int )) dr,

Ii
b,θ := θ

ti

ti−1

b(ϕInt
ti−1

(0, ξ Int )) − ti (ti−1, ϕ
Int
ti−1

(0, ξ Int ))) dr,

Ii
σ :=

ti

ti−1

σ(ϕr(ti−1, ϕti−1(0, ξ Int ))) − σ(ϕInt
ti−1

(0, ξ Int )) dW(r).

According to (3.6)–(3.10), we derive the following decomposition o f the weak error

. E[f (xξ (T ))] − E[f (y (T ))]
= E[ ; tN , ϕInt

t
N

(0, ξ)))] − E[ ; tN , ϕInt
t
N

(0, ξ Int )))]

+
N

i=1

1

0
E f ; ti , Y

ς
i ))D ; ti , Y

ς
i ), I [0](Ii

b + Ii
b,θ + Ii

σ ) dς

= I0 + Ib + Ib,θ + Iσ , (3.11) 

where 

.I0 := E[ ; tN , ϕInt
t
N

(0, ξ)))] − E[ ; tN , ϕInt
t
N

(0, ξ Int )))],

Ib :=
N

i=1

1

0
E f ; ti , Y

ς
i ))D ; ti , Y

ς
i ), I [0]Ii

b dς,
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Ib,θ := 
N 

i=1 

1 

0 
E f ; ti ,  Y  ς 

i ))D ; ti ,  Y  ς 
i ), I

[0]Ii 
b,θ dς, 

Iσ := 
N 

i=1 

1 

0 
E f ; ti , Y

ς
i ))D ; ti , Y

ς
i ), I [0]Ii

σ dς.

3.2.1 A Priori Estimates

In this subsection, we present some a priori estimates for the exact functional
solution and the θ .-EM functional solution. These estimates encompass the time-
independent boundedness of high-order moments for the Malliavin derivatives and 
Gâteaux derivatives of both exact and numerical solutions, ensuring uniform control 
of the growth of solutions over a long time. These fundamental estimates play a
crucial role in the longtime weak convergence analysis of the numerical method.
We introduce the following assumptions on the coefficients σ . and b .

Assumption 3.1 Assume that coefficients b and σ . have continuous first-order 
Gâteaux derivatives.

For any φ, φ1 ∈ Cd ,. and t ∈ R., it follows from Assumption 3.1 and the definition 
of the Gâteaux derivative that b(φ1 + tφ) − b(φ1) = tDb(φ1)φ + o(t)., where 
the symbol o(·). represents a higher-order infinitesimal quantity. T hen based on
Assumptions 2.1 and 2.2, we have  

. Db(φ1)φ, φ(0) a1|φ(0)|2 + a2

0

−τ

|φ(r)|2dν2(r), . (3.12) 

|Dσ(φ1)φ|2 ≤ L |φ(0)|2 + 
0 

−τ 
|φ(r)|2dν1(r) , (3.13) 

where φ, φ1 ∈ Cd;. see [6, Eq. (2.4)] for a similar proof. 
The following lemmas give some regularity estimates of both the exact solution

and the numerical solution.

Lemma 3.4 Let Assumptions 2.1and 2.2 with a1 − a2 − (2p − 1)L > 0. hold for 
some p ≥ 1.. And let Assumption 3.1 hold. Then for any t ≥ 0., 

. E[|Dxξ̃ (t) · η|2p] ≤ K η 2pe−λ̂1pt ,

E Dx
ξ̃
t · η 2p] ≤ K η 2pe−λ̂1pt ,

where ξ̃ ∈ L2p ;Cd)., η ∈ Cd
., and constants K, λ̂1 > 0..
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Proof For η ∈ Cd ,.Dxξ̃ (t) · η. satisfies 

. dDxξ̃ (t) · η = Db(x
ξ̃
t )Dx

ξ̃
t · ηdt +Dσ(x

ξ̃
t )Dx

ξ̃
t · ηdW(t), t > 0

with the initial datum Dxξ̃ (r) · η = η(r). for r ∈ [−τ, 0].. Let λ̂1 ∈ (0, 1). be 
determined later. Applying the I tô formula, we obtain

. d(eλ̂1pt |Dxξ̃ (t) · η|2p)

= λ̂1peλ̂1pt |Dxξ̃ (t) · η|2pdt + 2peλ̂1pt |Dxξ̃ (t) · η|2p−2

× Dxξ̃ (t) · η,Db(x
ξ̃
t )Dx

ξ̃
t · η dt Dxξ̃ (t) · η,Dσ(x

ξ̃
t )Dx

ξ̃
t · ηdW(t)

+ 2p(p − 1)eλ̂1pt |Dxξ̃ (t) · η|2p−4|(Dσ(x
ξ̃
t )Dx

ξ̃
t · η) Dxξ̃ (t) · η|2dt

+ peλ̂1pt |Dxξ̃ (t) · η|2p−2|Dσ(x
ξ̃
t )Dx

ξ̃
t · η|2dt.

Combining (3.12) and (3.13), we deduce

. eλ̂1pt |Dxξ̃ (t) · η|2p

≤ |η(0)|2p +
t

0
λ̂1peλ̂1ps |Dxξ̃ (s) · η|2pds +

t

0
2peλ̂1ps |Dxξ̃ (s) · η|2p−2

× − a1|Dxξ̃ (s) · η|2 + a2

0

−τ

|Dxξ̃ (s + r) · η|2dν2(r) ds +
t

0
2peλ̂1ps

× |Dxξ̃ (s) · η|2p−2 Dxξ̃ (s) · η,Dσ(xξ̃
s )Dxξ̃

s · ηdW(s) +
t

0
p(2p − 1)eλ̂1ps

× |Dxξ̃ (s) · η|2p−2L |Dxξ̃ (s) · η|2 +
0

−τ

|Dxξ̃ (s + r) · η|2dν1(r) ds.

For the term concerning the double integrals, it follows from the Hölder inequality
and the Fubini theorem that

.

t

0
eλ̂1ps |Dxξ̃ (s) · η|2p−2

0

−τ

|Dxξ̃ (s + r) · η|2dνi(r)ds

≤ p − 1

p

t

0
eλ̂1ps |Dxξ̃ (s) · η|2pds + 1

p

t

0
eλ̂1ps

0

−τ

|Dxξ̃ (s + r) · η|2pdνi(r)ds

≤ p − 1

p

t

0
eλ̂1ps |Dxξ̃ (s) · η|2pds + 1

p
eλ̂1pτ

t

−τ

eλ̂1pz|Dxξ̃ (z) · η|2pdz

≤ 1

p
τeλ̂1pτ η 2p + eλ̂1pτ

t

0
eλ̂1ps |Dxξ̃ (s) · η|2pds, i = 1, 2.
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Hence, we deri ve

. E[eλ̂1pt |Dxξ̃ (t) · η|2p]
≤ |η(0)|2p + p λ̂1 − 2a1 + 2a2e

λ̂1pτ + (2p − 1)L(1 + eλ̂1pτ )

×
t

0
eλ̂1ps

E[|Dxξ̃ (s) · η|2p]ds + (2a2 + (2p − 1)L)τeλ̂1pτ η 2p.

Owing to a1 − a2 − (2p − 1)L > 0., there exists a sufficiently small number λ̂1 > 0. 

such that 

. ̂λ1 − 2a1 + 2a2e
λ̂1pτ + (2p − 1)L(1 + eλ̂1pτ ) ≤ 0

This gives E[eλ̂1pt |Dxξ̃ (t) · η|2p] ≤ K η 2p.. Moreover, applying the Burkholder– 
Davis–Gundy inequality, w e have

. E sup
0∨(t−τ)≤r≤t

eλ̂1pr |Dxξ̃ (r) · η|2p

≤ |η(0)|2p + (2a2 + (2p − 1)L)τeλ̂1pτ η 2p + E sup
0∨(t−τ)≤r≤t

r

0
2peλ̂1ps

× |Dxξ̃ (s) · η|2p−2 Dxξ̃ (s) · η,Dσ(xξ̃
s )Dxξ̃

s · ηdW(s)

≤ K η 2p + E sup
0∨(t−τ)≤r≤t

r

0∨(t−τ)

2peλ̂1ps |Dxξ̃ (s) · η|2p−2 Dxξ̃ (s) · η,

Dσ(xξ̃
s )Dxξ̃

s · ηdW(s)

≤ K η 2p + KE

t

0∨(t−τ)

e2λ̂1ps |Dxξ̃ (s) · η|4p−2|Dσ(xξ̃
s )Dxξ̃

s · η|2ds

1
2

.

Then, we arriv e at

.E sup
0∨(t−τ)≤r≤t

eλ̂1pr |Dxξ̃ (r) · η|2p

≤ K η 2p + KE sup
0∨(t−τ)≤s≤t

eλ̂1(p− 1
2 )s |Dxξ̃ (s) · η|2p−1

×
t

0∨(t−τ)

eλ̂1s |Dσ(xξ̃
s )Dxξ̃

s · η|2ds

1
2

.
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According to the Young inequality, (3.13), and the Hölder inequality , we obtain

. E sup
0∨(t−τ)≤r≤t

eλ̂1pr |Dxξ̃ (r) · η|2p

≤ K η 2p + 1

2
E sup

0∨(t−τ)≤s≤t

eλ̂1ps |Dxξ̃ (s) · η|2p

+ KE

t

0∨(t−τ)

eλ̂1s |Dxξ̃ (s) · η|2 +
0

−τ

|Dxξ̃ (s + r) · η|2dν1(r) ds
p

≤ K η 2p + 1

2
E sup

0∨(t−τ)≤s≤t

eλ̂1ps |Dxξ̃ (s) · η|2p

+ τp−1K
t

0∨(t−τ)

sup
−τ≤r≤s

E eλ̂1pr |Dxξ̃ (r) · η|2p ds.

Making use o f

. E[eλ̂1pt |Dxξ̃ (t) · η|2p] ≤ K η 2p,

we deriv e

. eλ̂1p(0∨(t−τ))
E Dx

ξ̃
t · η 2p] ≤ K η 2p,

which giv es

. E Dx
ξ̃
t · η 2p] ≤ K η 2pe−λ̂1pt .

The proof is finished.

Lemma 3.5 Let Assumptions 2.1 and 2.2 with a1 − a2 − (2p − 1)L > 0. hold for 
some p ≥ 1.. Assume further that Assumptions 2.3 and 3.1 hold. Then for any t ≥ 0. 

and u ≥ −τ ., 

. E Dux
ξ̃
t

2p] ≤ Ke−λ̂1p(t−u) 1 + E ξ̃ 2p] + E Duξ̃
2p] ,

where ξ̃ ∈ L2p ;Cd). and Duξ̃ ∈ L2p ;Cd ⊗ R
m)., K > 0., and λ̂1 > 0. is given 

in Lemma 3.4. 

Proof When 0 ≤ u ≤ t,. Dux
ξ̃ (t). satisfies 

.Dux
ξ̃ (t) =

t

u

Db(xξ̃
s )Dux

ξ̃
s ds +

t

u

Dσ(xξ̃
s )Dux

ξ̃
s dW(s)

+ σ(xξ̃
u)1[0,t](u) + Duξ̃(0).
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By the Itô formula, we derive

. d(eλ̂1pt |Dux
ξ̃ (t)|2p)

≤ λ̂1peλ̂1pt |Dux
ξ̃ (t)|2pdt + 2peλ̂1pt |Dux

ξ̃ (t)|2p−2

× Dux
ξ̃ (t),Db(x

ξ̃
t )Dux

ξ̃
t dt + Dux

ξ̃ (t),Dσ(x
ξ̃
t )Dux

ξ̃
t dW(t)

+ p(2p − 1)eλ̂1pt |Dux
ξ̃ (t)|2p−2|Dσ(x

ξ̃
t )Dux

ξ̃
t |2dt.

Similar to the proof of Lemma 3.4, we have  

. E[eλ̂1pt |Dux
ξ̃ (t)|2p]

≤ KE[eλ̂1pu(|σ(xξ̃
u)|2p + |Duξ̃(0)|2p)]

+ p λ̂1 − 2a1 + 2a2e
λ̂1pτ + (2p − 1)L(1 + eλ̂1pτ )

×
t

u

eλ̂1ps
E[|Dux

ξ̃ (s)|2p]ds

+ (2a2 + (2p − 1)L)τeλ̂1pτ Duξ̃
2p

≤ KE[eλ̂1pu(|σ(xξ̃
u)|2p + |Duξ̃(0)|2p] + (2a2 + (2p − 1)L)τeλ̂1pτ Duξ̃

2p,

where we used the facts Dux
ξ̃ (s) = 0. for u > s . and 

. 

t

u

0

−τ

eλ̂1ps |Dux
ξ̃
s (r)|2pdνi(r)ds

=
t

0

0

−τ

eλ̂1ps |Dux
ξ̃
s (r)|2pdνi(r)ds

≤ τeλ̂1pτ Duξ̃
2p + eλ̂1pτ

t

u

eλ̂1ps |Dux
ξ̃ (s)|2pds, i = 1, 2.

This, along with Assumption 2.1 and (2.35) implies t hat

. E[|Dux
ξ̃ (t)|2p] ≤ Ke−λ̂1p(t−u) 1 + E ξ̃ 2p] + E Duξ̃

2p] .

Moreover, to obtain the estimates of the functional solution, we apply the chain rule 
of the Malliavin derivatives, and then use the Burkholder–Davis–Gundy inequality
to derive that
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. E sup
u∨(t−τ)≤r≤t

eλ̂1pr |Dux
ξ̃ (r)|2p

≤ Keλ̂1pu
E[|σ(xξ̃

u)|2p + |Duξ̃(0)|2p1[−τ,0](u)] + (2a2 + (2p − 1)L)τeλ̂1pτ

Duξ̃
2p + E sup

u∨(t−τ)≤r≤t

r

u

2peλ̂1ps |Dux
ξ̃ (s)|2p−2Dux

ξ̃ (s),

Dσ(xξ̃
s )Dux

ξ̃
s dW(s)

≤ Keλ̂1pu 1 + E ξ̃ 2p] + E Duξ̃
2p]

+ KE

t

u∨(t−τ)

e2λ̂1ps |Dux
ξ̃ (s)|4p−2|Dσ(xξ̃

s )Dux
ξ̃
s |2ds

1
2

≤ Keλ̂1pu 1 + E ξ̃ 2p] + E Duξ̃
2p] + KE sup

u∨(t−τ)≤s≤t

eλ̂1(p− 1
2 )s

× |Dux
ξ̃ (s)|2p−1

t

u∨(t−τ)

eλ̂1s |Dσ(xξ̃
s )Dux

ξ̃
s |2ds

1
2

.

Applying the Young inequality to the above inequality , we derive

. E sup
u∨(t−τ)≤r≤t

eλ̂1pr |Dux
ξ̃ (r)|2p

≤ Keλ̂1pu 1 + E ξ̃ 2p] + E Duξ̃
2p]

+ 1

2
E sup

u∨(t−τ)≤s≤t

eλ̂1ps |Dux
ξ̃ (s)|2p

+ KE

t

u∨(t−τ)

eλ̂1s |Dσ(xξ̃
s )Dux

ξ̃
s |2ds

p

≤ Keλ̂1pu 1 + E ξ̃ 2p] + E Duξ̃
2p]

+ 1

2
E sup

u∨(t−τ)≤s≤t

eλ̂1ps |Dux
ξ̃ (s)|2p

+ τp−1K
t

u∨(t−τ)

eλ̂1ps sup
s−τ≤r≤s

E |Dux
ξ̃ (r)|2p ds

≤ K(1 + τp)eλ̂1pu 1 + E ξ̃ 2p] + E Duξ̃
2p] .

Hence, 

.eλ̂1p(t−τ)
E Dux

ξ̃
t

2p] ≤ Keλ̂1pu 1 + E ξ̃ 2p] + E Duξ̃
2p] ,
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which i mplies

. E Dux
ξ̃
t

2p] ≤ Keλ̂1p(u−t) 1 + E ξ̃ 2p] + E Duξ̃
2p] .

We complete t he proof.

The pth moment of {Dy
˜
tk

· η}k∈N . is estimated based on the auxiliary process

{Dz
˜
tk

· η}k∈N .. Precisely, b y (1.43) and (1.44), taking the Gâteaux deriv atives on

z
˜
tk

., one has that for k ∈ N,. 

. Dz
˜

(0) · η = η(0) − Db(ξ̃ ) · η,

Dz
˜

(tk) · η = Dy
˜

(tk) · η − Db(y
˜
tk

)Dy
˜
tk

· η, (3.14) 

and 

. Dzξ̃ (tk+1) · η = Dzξ̃ (tk) · η +Db(y
˜
tk

)Dy
˜
tk

·
+Dσ(y

˜
tk

)Dy
˜
tk

· ηδWk. (3.15) 

Using (3.12) and the relation (3.14), we deri ve

. |Dz
˜

(tk) · η|2

≥ |Dyξ̃ (tk) · η|2 − 2 Dyξ̃ (tk) · η,Db(y
˜
tk

)Dy
˜
tk

· η

≥ (1 + 2a1 |Dyξ̃ (tk) · η|2 − 2a2

0

−τ

|Dy
˜
tk

(r) · η|2dν2(r),

which deduces 

. (1 + 2a1 |Dy
˜

(tk) · η|2

≤ |Dz
˜

(tk) · η|2 + 2a2

0

−τ

|Dy
˜
tk

(r) · η|2dν2(r). (3.16) 

In the following, we give the estimate of {Dz
˜

(tk) · η}k∈N . by considering two 
distinct cases: ∈ (0, ˜ ]. and ∈ ( ˜ 1]. for some ˜ ∈ (0, 1)..
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Lemma 3.6 Let Assumptions 2.1, 2.2, 2.4, and 3.1 hold. Then for p ∈ N+ ., there 
exist constants ã1 := ã1(L, a2, θ, p) > 0., λ̃2 > 0., and ˜ ∈ (0, 1). such that for
a1 > ã1 . and k ∈ N., 

. sup
∈(0, ˜ ]

E[|Dzξ̃ (tk+1) · η|2p] ≤ Ke−λ̃2ptk+1 η 2p(1 + E ξ̃ 2pβ ]).

where ξ̃ ∈ L2pβ ;Cd)., η ∈ Cd
., and K > 0.. 

Proof For the case of p = 1., one can obtain the result by using t he similar technique
to that in Lemma 2.3. We are in the position to show the proof of p > 1.. 

Squaring both sides of (3.15), we obtain

. |Dz
˜

(tk+1) · η|2

= |Dz
˜

(tk) · η|2 + |Db(y
˜
tk

)Dy
˜
tk

· η|2 2 + |Dσ(ytk
)Dy

˜
tk

· ηδWk|2

+Mk + 2 Dz
˜

(tk) · η,Db(y
˜
tk

)Dy
˜
tk

· η

whereMk := 2 Dz
˜

(tk) · η +Db(y
˜
tk

)Dy
˜
tk

· Dσ(y
˜
tk

)Dy
˜
tk

· ηδWk .. 
It follows from (3.12) and (3.14) that 

. |Dz
˜

(tk+1) · η|2

= (1 − θ)2

θ2 |Dz
˜

(tk) · η|2 + 1 − 2θ

θ2 |Dy
˜

(tk) · η|2

+ 2(2θ − 1)

θ2
Dy

˜
(tk) · η,Dz

˜
(tk) · η 2 Dy

˜
(tk) · η,

Db(y
˜
tk

)Dy
˜
tk

· η + |Dσ(y
˜
tk

)Dy
˜
tk

· ηδWk|2 +Mk

≤ A |Dz
˜

(tk) · η|2 + 2θ − 1

θ2
|Dy

˜
(tk) · η|2

+ 2 Dyξ̃ (tk) · η,Db(y
˜
tk

)Dy
˜
tk

· η

+ |Dσ(y
˜
tk

)Dy
˜
tk

· ηδWk|2 +Mk

≤ A |Dz
˜

(tk) · η|2 + 2θ − 1

θ2
|Dy

˜
(tk) · η|2 − 2 1|Dy

˜
(tk) · η|2

+ 2a2

0

−τ

|Dy
˜
tk

(r) · η|2dν2(r) + |Dσ(y
˜
tk

)Dy
˜
tk

· ηδWk|2 +Mk,

(3.17)



132 3 Numerical Invariant Measure and Weak Convergence Analysis in the Infinite. . .

where A = (1−θ)2

θ2 + 2θ−1
θ2(1+ .. Hence, taking the pth power on both sides of the

above inequality yields

.E[|Dz
˜

(tk+1) · η|2p] ≤ A
p

E[|Dz
˜

(tk) · η|2p] +
p

i=1

Ci
pE[Ii], (3.18) 

where 

. Ii := A
p−i |Dz

˜
(tk) · η|2(p−i) − 2a1 − 2θ − 1

θ2 )|Dy
˜

(tk) · η|2

+ 2a2

0

−τ

|Dy
˜
tk

(r) · η|2dν2(r) + |Dσ(y
˜
tk

)Dy
˜
tk

· ηδWk|2 +Mk

i

.

For the term I1 . of (3.18), by  (3.13) and the property of the conditional e xpectation,
we obtain that for 1 ∈ (0, 1)., 

. E[I1] ≤ E A
p−1|Dz

˜
(tk) · η|2(p−1) − 2a1 − 2θ − 1

θ2 − L)|Dy
˜

(tk) · η|2

+ 2a2

0

−τ

|Dy
˜
tk

(r) · η|2dν2(r) +
0

−τ

|Dy
˜
tk

(r) · η|2dν1(r)

≤ − 2a1 − 2θ − 1

θ2 − L)A
p−1

E[|Dzξ̃ (tk) · η|2(p−1)|Dyξ̃ (tk) · η|2]

+
p−1
1

0

−τ

E[|Dy
˜
tk

(r) · η|2p]dν1(r)

+ 2a2
p−1
1

0

−τ

E[|Dy
˜
tk

(r) · η|2p]dν2(r)

+ (2a2 + 1
p

E[|Dzξ̃ (tk) · η|2p], (3.19) 

where in the last step we used the Young inequality . To estimate the term |Dz
˜

(tk)·
η|2(p−1)|Dy

˜
(tk)·η|2,. taking the pth power on both sides of (3.16) and combining 

the Young inequality, w e derive

.|Dy
˜

(tk) · η|2p

≤ |Dz
˜

(tk) · η|2 + 2θa2

0

−τ

|Dy
˜
tk

(r) · η|2dν2(r)
2(p−1)|Dy

˜
(tk) · η|2

≤ |Dzξ̃ (tk) · η|2(p−1)|Dyξ̃ (tk) · η|2 + |Dyξ̃ (tk) · η|2
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× 
p−1 

j=1 
C j p−1|Dzξ̃ (tk) · η|2(p−1−j)  2θa2 

0 

−τ 
|Dy

˜ 
tk (r) · η|2dν2(r) 

j 

≤ (1 + 1)|Dzξ̃ (tk) · η|2(p−1)|Dyξ̃ (tk) · η|2 + K 1 |Dyξ̃ (tk) · η|2 

× 2θa2 
0

−τ

|Dy
˜
tk

(r) · η|2dν2(r)
p−1

.

This yields 

. − |Dzξ̃ (tk) · η|2(p−1)|Dyξ̃ (tk) · η|2

≤ −(1 + 1)
−1|Dy

˜
(tk) · η|2p

+ K 1(1 + 1)
−1|Dy

˜
(tk) · η|2 2θa2

0

−τ

|Dy
˜
tk

(r) · η|2dν2(r)
p−1

.

(3.20) 

Inserting (3.20) into (3.19), we obtain

.E[I1] ≤ 2a1 − 2θ − 1

θ2
− L)A

p−1
E − (1 + 1)

−1|Dy
˜

(tk) · η|2p

+ K 1(1 + 1)
−1|Dy

˜
(tk) · η|2 2θa2

0

−τ

|Dy
˜
tk

(r) · η|2dν2(r)
p−1

+ (2a2 + 1
p

E[|Dz
˜

(tk) · η|2p]

+
0

−τ

E[|Dy
˜
tk

(r) · η|2p]dν2(r)

× 2a2
p−1
1

+ L

p−1
1

0

−τ

E[|Dy
˜
tk

(r) · η|2p]dν1(r)

≤ − 1 + 1)
−1(2a1 − 2θ − 1

θ2 − L)

× A
p−1

E[|Dy
˜

(tk) · η|2p] + (2a2 + L)

× 1
p

E[|Dzξ̃ (tk) · η|2p] + K 1
p

0

−τ

E[|Dy
˜
tk

· η|2p]dν2(r)

+ K 1
p
E[|Dy

˜
(tk) · η|2p] + 2a2

p−1
1

0

−τ

E[|Dy
˜
tk

(r) · η|2p]dν2(r)

+ L

p−1
1

0

−τ

E[|Dy
˜
tk

(r) · η|2p]dν1(r).
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For the term I2 ., by the Young inequality and (3.13), we have  

.E[I2] = E A
p−2|Dzξ̃ (tk) · η|2(p−2) − 2a1 − 2θ − 1

θ2 )|Dyξ̃ (tk) · η|2

+ 2a2

0

−τ

|Dy
˜
tk

(r) · η|2dν2(r) + |Dσ(y
˜
tk

)Dy
˜
tk

· ηδWk|2

+ 2 Dz
˜

(tk) · η + 1

θ
(Dy

˜
(tk) · η −Dz

˜
(tk) · η),

Dσ(y
˜
tk

)Dy
˜
tk

· ηδWk

2

≤ E A
p−2|Dzξ̃ (tk) · η|2(p−2)

8A |Dz
˜

(tk) · η|2|Dσ(y
˜
tk

)Dy
˜
tk

· η|2

+ 8

θ2 |Dyξ̃ (tk) · ηDσ(y
˜
tk

)Dy
˜
tk

· η|2 + − 2a1 − 2θ − 1

θ2 )

× |Dy
˜

(tk) · η|2 + 2a2

0

−τ

|Dy
˜
tk

(r) · η|2dν2(r)

+ |Dσ(y
˜
tk

)Dy
˜
tk

· ηδWk|2
2

≤ 8 2 1A
p

E[|Dz
˜

(tk) · η|2p] + 1
p−1
1

|Dσ(y
˜
tk

)Dy
˜
tk

· η|2p

+ 1
p−2

2
1

1

θp
|Dy

˜
(tk) · ηDσ(y

˜
tk

)Dy
˜
tk

· η|p

+ 2A
p

E[|Dz
˜

(tk) · η|2p] + 2
E[|Dy

˜
(tk) · η|2p]

+ 2
E

0

−τ

|Dy
˜
tk

(r) · η|2pdν2(r)

+ 2
E Dσ(y

˜
tk

)Dy
˜
tk

· η|2p

≤ 16 1
p

E[|Dzξ̃ (tk) · η|2p] + 2A
p

E[|Dzξ̃ (tk) · η|2p]

+ (
8

p−1
1

+ 4
p−2

2
1

1

θp
)

E |Dy
˜

(tk) · η|2p +
0

−τ

|Dy
˜
tk

(r) · η|2pdν1(r)
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+ 
4 
p−2 

2 
1 

1 
θp E[|Dyξ̃ (tk) · η|2p] +  2

E[|Dyξ̃ (tk) · η|2p] 

+ 2
E 

0 

−τ 
|Dy

˜ 
tk (r) · η|2pdν1(r) 

+ 2
E 

0 

− τ
|Dy

˜
tk

(r) · η|2pdν2(r) .

Similarly, for the term Ii . with i ∈ {3, . . . , p},. we obtain t hat

. E[Ii] ≤ 2A
p

E[|Dz
˜

(tk) · η|2p] + 2
E[|Dy

˜
(tk) · η|2p]

+ 2
E

0

−τ

|Dy
˜
tk

(r) · η|2pdν1(r)

+ 2
E

0

−τ

|Dy
˜
tk

(r) · η|2pdν2(r) .

Therefore, inserting estimates of Ii . for i ∈ {1, . . . , p}. into (3.18), we arrive at  

.E[|Dz
˜

(tk+1) · η|2p]

≤ A
p

E[|Dz
˜

(tk) · η|2p] + pE[I1] + p(p − 1)

2
E[I2] +

p

i=3

Ci
pE[Ii]

≤ (1 + p(2a2 + 1 + 16p(p − 1)

2
1 + 2)A

p
E[|Dzξ̃ (tk) · η|2p]

− 1 + 1)
−1(2a1 − 2θ − 1

θ2 − L)A
p−1

E[|Dyξ̃ (tk) · η|2p] + 2pa2
p−1
1

×
0

−τ

E[|Dy
˜
tk

(r) · η|2p]dν2(r) + pL

p−1
1

0

−τ

E[|Dy
˜
tk

(r) · η|2p]dν1(r)

+ p(p − 1)L

2
(

8
p−1
1

+ 4
p−2

2
1

1

θp
E |Dy

˜
(tk) · η|2p

+
0

−τ

|Dy
˜
tk

(r) · η|2pdν1(r) + 2p(p − 1)

θp
p−2

2
1

E[|Dy
˜

(tk) · η|2p]

+ 2 + K 1
p)E[|Dy

˜
(tk) · η|2p]

+ 2
E

0

−τ

|Dy
˜
tk

(r) · η|2pdν1(r)
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+ 2 + K 1 
p )E 

0 

−τ 
|Dy

˜ 
tk (r) · η|2pdν2(r) 

≤ (1 + 1 + p 
E[|Dzξ̃ (tk ) · η|2p] + 1,k + 2J2,k,

where 

. J1,k := −p(1 + 1)
−1(2a1 − 2θ − 1

θ2 − L)A
p−1

E[|Dyξ̃ (tk) · η|2p] + 2pa2
p−1
1

×
0

−τ

E[|Dy
˜
tk

(r) · η|2p]dν2(r) + pL

p−1
1

0

−τ

E[|Dy
˜
tk

(r) · η|2p]dν1(r)

+ p(p − 1)L

2
(

8
p−1
1

+ 4
p−2

2
1

1

θp
)E |Dy

˜
(tk) · η|2p

+
0

−τ

|Dy
˜
tk

(r) · η|2pdν1(r) + 2p(p − 1)

θp
p−2

2
1

E[|Dy
˜

(tk) · η|2p],

J2,k := (K + K 1
p−2)E[|Dy

˜
(tk) · η|2p] + KE

0

−τ

|Dy
˜
tk

(r) · η|2pdν1(r)

+ (K + K 1
p−2)E

0

−τ

|Dy
˜
tk

(r) · η|2pdν2(r) .

Then we derive that for λ̃2 > 0., 

. eλ̃2ptk+1E[|Dz
˜

(tk+1) · η|2p]

=
k

l=0

eλ̃2ptl+1E[|Dz
˜

(tl+1) · η|2p] − eλ̃2ptlE[|Dz
˜

(tl) · η|2p]

+ E[|Dzξ̃ (0) · η|2p]

≤ E[|Dz
˜

(0) · η|2p] +
k

l=0

eλ̃2ptl+1
1,l + 2J2,l)

+ (1 + 1 + p
eλ̃2 − 1

k

l=0

eλ̃2ptlE[|Dz
˜

(tl) · η|2p].
(3.21)
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Similar t o (2.27), we deduce

. 

k

l=0

eλ̃2ptl+1J1,l ≤ − 1, a1, λ̃2

k

l=0

eλ̃2ptl+1E[|Dy
˜

(tl) · η|2p]

+ K 1e
λ̃2τ τE Dy

˜
0 · η 2p]

and 

. 
2

k

l=0

eλ̃2ptl+1J2,l ≤ 2 K + K 1
p−2

k

l=0

eλ̃2ptl+1E[|Dy
˜

(tl) · η|2p]

+ K 1e
λ̃2τ τE Dy

˜
0 · η 2p],

where 

. 1, a1, λ̃2) := p(1 + 1)
−1(2a1 − 2θ − 1

θ2
− L)A

p−1 − 2pa2e
λ̃2τ

p−1
1

− pLeλ̃2τ

p−1
1

− p(p − 1)L(1 + eλ̃2τ )

2
(

8
p−1
1

+ 4
p−2

2
1

1

θp
) − 2p(p − 1)

θp
p−2

2
1

.

Note that A = 1− (2θ−1
θ2(1+ ≤ e

− (2θ−1)

θ2(1+ . implies (1+ 1+ p
eλ̃2 −

1 ≤ e
1+ +λ̃2p− p(2θ−1)

θ2(1+ − 1.. Let 1 ∈ (0, 1
K

p(2θ−1)

2θ2 ). and denote 

. R 1, a1, λ̃2) := p(1 + 1)
−1(2a1 − 2θ − 1

θ2 − L)
(1 − θ)2

θ2 + 2θ − 1

2θ2
p−1

− 2pa2e
λ̃2τ

p−1
1

− pLeλ̃2τ

p−1
1

− p(p − 1)L(1 + eλ̃2τ )

2
(

8
p−1
1

+ 4
p−2

2
1

1

θp
)

− 2p(p − 1)

θp
p−2

2
1

.

Take a sufficiently large number ã1 . such that R 1, ã1, 0) > 0.. Then choose a 
sufficiently small number ˜̃

λ2 . such that 1 + ˜̃
λ2p <

p(2θ−1)

2θ2 . and R 1, ã1,
˜̃
λ2) > 0.. 

Furthermore, there exists a number ˜ ∈ (0, 1]. such that for any ∈ (0, ˜ ].,
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1 + + ˜̃
λ2p − p(2θ−1)

2θ2 < 0. and − 1, ã1, λ̃2) + + K 1
p−2) < 0., 

which y ields

. (1 + 1 + p
e

˜̃
λ2 − 1 ≤ e

1+ +˜̃
λ2p− p(2θ−1)

θ2(1+ − 1 ≤ 0.

Hence, combining (3.21) we have that for a1 > ã1 ., λ̃2 ∈ (0,
˜̃
λ2]., and ∈ (0, ˜ ]., 

. eλ̃2ptk+1E[|Dz
˜

(tk+1) · η|2p] ≤ E[|Dz
˜

(0) · η|2p] + Keλ̃2τ τ η 2p

≤ K η 2p + KE Db(ξ̃ ) · η 2p].

According to Assumptions 2.4 and 3.1, we have Db(ξ̃ ) · η (1 ξ̃ β) η ,. 

which i mplies

. eλ̃2ptk+1E[|Dzξ̃ (tk+1) · η|2p] ≤ K η 2p(1 + E ξ̃ 2pβ ]).

The proof is completed.

Lemma 3.7 Let Assumptions 2.1, 2.2, 2.4, and 3.1 hold. Then for p ∈ N+ . with 
p ≥ 2., there exist constants a1 := a1(L, a2, θ, p) ≥ ã1 ., λ̂2 ∈ (0, λ̃2]. such that for
a1 > ã1 ., ∈ (0, 1]., and k ∈ N., 

. eλ̂2ptk+1E[|Dzξ̃ (tk+1) · η|2p] ≤ K η 2p(1 + E ξ̃ 2pβ ]),

where ξ̃ ∈ L2pβ ;Cd)., η ∈ Cd
., K > 0., and ã1, λ̃2 . are given in Lemma 3.6. 

Proof In light of Lemma 3.6, we may restrict our attention t o the case where ∈
( ˜ 1].. Similar to the proof of Lemma 3.6, for any 2 ∈ (0, 1)., terms  I1 . and I2 . of 
(3.18) can be estimated as

.E[I1] ≤ − 1 + 2)
−1(2a1 − 2θ − 1

θ2 − L)

× A
p−1

E[|Dy
˜

(tk) · η|2p] + (2a2 + L)

× 2A
p

E[|Dzξ̃ (tk) · η|2p]
+ K 2(1 + 2)

−1 pA
p−1

E[|Dy
˜

(tk) · η|2p]

+ K 2(1 + 2)
−1 + 2a2

p−1
2

p
0

−τ

E[|Dy
˜
tk

(r) · η|2p]dν2(r)

+ L

p−1
2

p
0

−τ

E[|Dy
˜
tk

(r) · η|2p]dν1(r),
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and 

. E[I2] ≤ 17 2A
p

E[|Dz
˜

(tk) · η|2p] + (
8

p−1
2

p + 4
p−2

2
2

1

θp

p
2 )L

× E |Dyξ̃ (tk) · η|2p +
0

−τ

|Dy
˜
tk

(r) · η|2pdν1(r)

+ 4
p−2

2
2

1

θp

p
2 |Dyξ̃ (tk) · η|2p + K 2

p
E[|Dyξ̃ (tk) · η|2p]

+ K 2
p
E

0

−τ

|Dy
˜
tk

(r) · η|2pdν1(r) +
0

−τ

|Dy
˜
tk

(r) · η|2pdν2(r) .

For term s Ii . with i ∈ {3, . . . , p},. we hav e

. E[Ii] ≤ 2A
p

E[|Dz
˜

(tk) · η|2p] + K 2

p
2 E[|Dy

˜
(tk) · η|2p]

+ K 2

p
2 E

0

−τ

|Dy
˜
tk

(r) · η|2pdν1(r) +
0

−τ

|Dy
˜
tk

(r) · η|2pdν2(r) .

Combining these estimates, we obtain that for λ̂2 ∈ (0, λ̃2]., 

. eλ̂2ptk+1E[|Dzξ̃ (tk+1) · η|2p]
≤ E[|Dz

˜
(0) · η|2p] + [(1 + 2)A

p
eλ̂2 − 1]

×
k

l=0

eλ̂2ptlE[|Dzξ̃ (tl) · η|2p]

− p(1 + 2)
−1(2a1 − 2θ − 1

θ2 − L)A
p−1 − 2pa2e

λ̂2τ

p−1
2

+ pLeλ̂2τ

p−1
2

p−1

− p(p − 1)L(1 + eλ̂2τ )

2

8
p−1
2

p−1 + 4
p−2

2
2

1

θp

p−2
2 − 4

p−2
2

2

1

θp

p−2
2

− K 2

p−2
2

k

l=0

eλ̂2ptl+1E[|Dy
˜

(tl) · η|2p] + Keλ̂2τ τ η 2p. (3.22) 

Noting (1 + 2)A
p

eλ̂2 ≤ e 2+λ̂2 − p(2θ−1) ˜
2θ2 ,. we choose a suf ficiently small

number 2 > 0. such that 2 <
p(2θ−1) ˜

2θ2 .. Let a1 ≥ ã1 . be sufficiently large such
that
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. p(1 + 2)
−1(2a1 − 2θ − 1

θ2
− L)

(1 − θ)2

θ2
+ 2θ − 1

θ2(1 + ˜
p−1 − 2pa2

p−1
2

+ pL

p−1
2

− p(p − 1)L

2
(

8
p−1
2

+ 4
p−2

2
2

1

θp
) − 4

p−2
2

2

1

θp
− K 2 > 0,

where ã1 . is given by Lemma 3.6. Letting the positive constant λ̂2 . sufficiently small, 
we obtain that 2 + λ̂2p ˜ − p(2θ−1) ˜

2θ2 ≤ 0. and for a1 ≥ a1 . and ∈ ( ˜ 1]., 

. p(1 + 2)
−1(2a1 − 2θ − 1

θ2 − L)A
p−1 − 2pa2e

λ̂2τ

p−1
2

+ pLeλ̂2τ

p−1
2

p−1

− p(p − 1)L(1 + eλ̂2τ )

2

8
p−1
2

p−1 + 4
p−2

2
2

1

θp

p−2
2 − 4

p−2
2

2

1

θp

p−2
2

− K 2

p−2
2 ≥ 0.

Combining (3.22), we deri ve

. eλ̂2ptk+1E[|Dz
˜

(tk+1) · η|2p] ≤ K( Dz
˜
0 · η 2p η 2p)

≤ K η 2p(1 + E ξ̃ 2pβ ]).

We complete t he proof.

Lemma 3.8 Let conditions in Lemma 3.7 hold. Then 

. E Dy
˜
tk

· η 2p] ≤ Ke−λ̂3ptk η 2p(1 + E ξ̃ 2pβ ]),

where ξ̃ ∈ L2pβ ;Cd)., η ∈ Cd
., K > 0., and λ̂3 ∈ (0, λ̂2). with λ̂2 . given by 

Lemma 3.7. 

Proof The proof is divided into two steps. 
Step 1. We show that for p ≥ 2. and k ∈ N., 

.eλ̂2ptk+1E[|Dy
˜

(tk+1) · η|2p] ≤ K η 2p(1 + E ξ̃ 2pβ ]). (3.23) 

Similar t o (2.74), we obtain from (3.16) that for ε̃ ∈ (0, 1),. 

. 1 + (2a1
p |Dy

˜
(tk) · η|2p

≤ Kε̃|Dz
˜

(tk) · η|2p + (2a2
p(1 + ε̃)

0

−τ

|Dy
˜
tk

(r) · η|2pdν2(r)
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≤ Kε̃|Dz
˜ 

(tk) · η|2p + (2a2 
p (1 + ε̃) 

− 

−τ 
|Dy

˜ 
tk (r) · η|2pdν2(r) 

+ (2a2 
p (1 + ε̃) 

× 
0 

− 

−r |Dy
˜ 

(tk−1) · η|2p + 
r + |Dy

˜ 
(tk) · η|2p dν2(r) 

≤ Kε̃|Dzξ̃ (tk) · η|2p + (2a2 
p (1 + ε̃) 

0 

− 

r + 
dν2(r)|Dyξ̃ (tk) · η|2p 

+ (2a2 
p (1 + ε̃) ν 2([−τ,− ]) +

0

−
−r

dν2(r)

× sup
k−N≤i≤k−1

|Dy
˜

(ti) · η|2p. (3.24) 

It follows from 1, ã1, λ̃2) > 0. in the proof of Lemma 3.6, λ̂2 ≤ λ̃2 ., and a1 ≥ ã1 . 

that a1 > a2e
λ̂2τ .. Choose a sufficiently small ε̃ ∈ (0, 1). such that (1 + ε̃)a

p

2 eλ̂2pτ ≤
a

p

1 .. This, along with (3.24) derives that 

. 1 + (2a1
p 1 −

0

−
r +

dν2(r) |Dy
˜

(tk) · η|2p

≤ (2a2
p(1 + ε̃) 1 −

0

−
r +

dν2(r) sup
k−N≤i≤k−1

|Dyξ̃ (ti) · η|2p

+ Kε̃|Dz
˜

(tk) · η|2p. (3.25) 

Next, we shall show (3.23) by the induction argument. To make the proof clearer ,
we replace the constant K in Lemma 3.7 with a fixed constant Kz ., i.e., 

. E[|Dz
˜

(tk) · η|2p] ≤ Kz η 2p(1 + E ξ̃ 2pβ ])e−λ̂2ptk .

For k = 1., by (3.25), Lemma 3.7, andDξ(tj )·η = η(tj ), j ∈ {−N,−N+1, . . . , 0}., 
we arriv e at

. 1 + (2a1
p 1 −

0

−
r +

dν2(r) E[|Dy
˜

(t1) · η|2p]

≤ (2a2
p(1 + ε̃) 1 −

0

−
r +

dν2(r) η 2p + Kε̃E[|Dz
˜

(t1) · η|2p]

≤ (1 ∨ Kε̃Kz) 1 + (2a2
p(1 + ε̃)eλ̂2 1 −

0

−
r +

dν2(r)

η 2p(1 + E ξ̃ 2pβ ])e−λ̂2pt1 .
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Utilizing (1 + ε̃)a
p

2 eλ̂2pτ ≤ a
p

1 ., one has

. 1 + (2a1
p 1 −

0

−
r +

dν2(r)

≥ 1 + (2a2
p(1 + ε̃)eλ̂2 1 −

0

−
r +

dν2(r) ,

which deriv es

.E[|Dy
˜

(t1) · η|2p] ≤ (1 ∨ Kε̃Kz) η 2p(1 + E ξ̃ 2pβ ])e−λ̂2pt1 . (3.26) 

Assume that for some integer k > 1. and l ∈ {1, 2, . . . , k}., 

.E[|Dy
˜

(tl) · η|2p] ≤ (1 ∨ Kε̃Kz) η 2p(1 + E ξ̃ 2pβ ])e−λ̂2ptl . (3.27) 

Then for k + 1., we arriv e at

. 1 + (2a1
p 1 −

0

−
r +

dν2(r) E[|Dy
˜

(tk+1) · η|2p]

≤ (2a2
p(1 + ε̃) 1 −

0

−
r +

dν2(r) (1 ∨ Kε̃Kz) η 2p

× (1 + E ξ̃ 2pβ ])e−λ̂2ptk+1−N + Kε̃Kz η 2p(1 + E ξ̃ 2pβ ])e−λ̂2ptk+1

≤ (1 ∨ Kε̃Kz) 1 + (2a2
p(1 + ε̃)eλ̂2pτ 1 −

0

−
r +

dν2(r)

η 2p(1 + E ξ̃ 2pβ ])e−λ̂2ptk+1 ,

which i mplies

.E[|Dy
˜

(tk+1) · η|2p] ≤ (1 ∨ Kε̃Kz) η 2p(1 + E ξ̃ 2pβ ])e−λ̂2ptk+1 . (3.28) 

Hence, (3.23) follows from (3.26)–(3.28). 
Step 2. We prove that for p ≥ 2., k ∈ N., and λ̂3 ∈ (0, λ̂2)., 

. E Dy
˜
tk

· η 2p] ≤ Ke−λ̂3ptk η 2p(1 + E ξ̃ 2pβ ]).

In fact, based on (3.17) and 2a1 > 2θ−1
θ2 ., which is ensured by the condition

R 1, ã1, 0) > 0. in the proof of Lemma 3.6 together with a1 ≥ ã1 ., we obtain
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. eλ̂2ptk+1 |Dz
˜

(tk+1) · η|2p

=
k

l=0

eλ̂2ptl+1 |Dz
˜

(tl+1) · η|2p − eλ̂2ptl |Dz
˜

(tl) · η|2p

+ |Dz
˜

(0) · η|2p

≤ |Dzξ̃ (0) · η|2p +
k

l=0

A
p

eλ̂2 − 1 eλ̂2ptl |Dzξ̃ (tl) · η|2p

+
p

i=1

k

l=0

Ci
pÎi,l ,

where 

. Îi,l := eλ̂2ptl+1A
p−i |Dz

˜
(tl) · η|2(p−i) 2a2

0

−τ

|Dy
˜
tl

(r) · η|2dν2(r)

+ |Dσ(y
˜
tl

)Dy
˜
tl

· ηδWl |2 +Ml

i

with 

. Ml = 2 Dz
˜

(tl) ·η+ 1

θ
Dy

˜
(tl) ·η−Dz

˜
(tl) ·η ,Dσ(y

˜
tl

)Dy
˜
tl

·ηδWl .

It follows from the proofs of Lemmas 3.6 and 3.7 that A
p

eλ̂2 − 1 ≤ 0. for 
∈ (0, 1]., which implies

. eλ̂2ptk+1 |Dzξ̃ (tk+1) · η|2p ≤ |Dzξ̃ (0) · η|2p +
p

i=1

k

l=0

Ci
pÎi,l .

Thus, 

. E sup
(k−N)∨0≤j≤k

eλ̂2ptj+1 |Dz
˜

(tj+1) · η|2p

≤ E[|Dz
˜

(0) · η|2p] +
p

i=1

Ci
pE sup

(k−N)∨0≤j≤k

j

l=0

Îi,l . (3.29) 

We estimate E sup(k−N)∨0≤j≤k
j

l=0 Î1,l .. Applying the Y oung inequality and

(3.13) yields
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. E sup
(k−N)∨0≤j≤k

j

l=0

Î1,l

= E A
p−1 sup

(k−N)∨0≤j≤k

j

l=0

eλ̂2ptl+1 |Dz
˜

(tl) · η|2(p−1)Ml

+ E A
p−1

k

l=0

eλ̂2ptl+1 |Dz
˜

(tl) · η|2(p−1) 2a2

0

−τ

|Dy
˜
tl

(r) · η|2dν2(r)

+ |Dσ(y
˜
tl

)Dy
˜
tl

· ηδWl |2

≤ E A
p−1 sup

(k−N)∨0≤j≤k

j

l=0

eλ̂2ptl+1 |Dz
˜

(tl) · η|2(p−1)Ml

+
k

l=0

eλ̂2ptlE |Dz
˜

(tl) · η|2p +
0

−τ

|Dy
˜
tl

(r) · η|2pdν2(r)

+ |Dσ(y
˜
tl

)Dy
˜
tl

· η|2p

≤ E A
p−1 sup

(k−N)∨0≤j≤k

j

l=0

eλ̂2ptl+1 |Dz
˜

(tl) · η|2(p−1)Ml

+
k

l=0

eλ̂2ptlE |Dz
˜

(tl) · η|2p + |Dy
˜

(tl) · η|2p + K η 2p.

Using Lemma 3.7 and (3.23), we obtain

. E sup
(k−N)∨0≤j≤k

j

l=0

Î1,l

≤ E A
p−1 sup

(k−N)∨0≤j≤k

j

l=0

eλ̂2ptl+1 |Dz
˜

(tl) · η|2(p−1)Ml

+ K η 2p(1 + E ξ̃ 2pβ ])tk + K η 2p. (3.30) 

Following a similar argument as used in (2.23), (2.24), and (2.32), we deduce

.E A
p−1 sup

(k−N)∨0≤j≤k

j

l=0

eλ̂2ptl+1 |Dz
˜

(tl) · η|2(p−1)Ml



3.2 Weak Convergence Analysis 145

≤ KE 
k 

l=(k−N)∨0 
e2λ̂2ptl+1 |Dz

˜ 
(tl) · η|4p−2|Dσ(y

˜ 
tl )Dy

˜ 
tl · η|2 

1 
2 

+ KE 
k 

l=(k−N)∨0 
e2λ̂2ptl+1 |Dz

˜ 
(tl) · η|4p−4|Dy

˜ 
(tl) · η|2 

× |Dσ(y
˜ 
tl )Dy

˜ 
tl · η|2 

1 
2 

≤ 
1 
2 
E sup 

(k−N)∨0≤i≤k 
eλ̂2pti+1 |Dz

˜ 
(ti+1) · η|2p 

+ 
1 
2 
E eλ̂2pt(k−N)∨0 |Dz

˜ 
(t(k−N)∨0) · η|2p 

+ E 
k 

l=(k−N)∨0 
eλ̂2ptl |Dyξ̃ (tl) · η|2p

+ E

k

l=(k−N)∨0

eλ̂2ptl |Dσ(y
˜
tl

)Dy
˜
tl

· η|2p .

Making use o f (3.13), Lemma 3.7, and (3.23), we arrive at  

. E A
p−1 sup

(k−N)∨0≤j≤k

j

l=0

eλ̂2ptl+1 |Dz
˜

(tl) · η|2(p−1)Ml

≤ 1

2
E sup

(k−N)∨0≤i≤k

eλ̂2pti+1 |Dz
˜

(ti+1) · η|2p

+ K η 2p(1 + E ξ̃ 2pβ ]) + K η 2p. (3.31) 

Inserting (3.31) into (3.30) derives 

. E sup
(k−N)∨0≤j≤k

j

l=0

Î1,l

≤ 1

2
E sup

(k−N)∨0≤i≤k

eλ̂2ptl+1 |Dzξ̃ (ti+1) · η|2p

+ K η 2p(1 + E ξ̃ 2pβ ])(1 + tk) + K η 2p. (3.32) 

For i ∈ {2, 3, . . . , p}., based on the Young inequality, (3.13), Lemma 3.7, and (3.23), 
E sup(k−N)∨0≤j≤k

j

l=0 Îi,l . satisfies
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. E sup
(k−N)∨0≤j≤k

j

l=0

Îi,l

≤ KE

k

l=0

eλ̂2ptl+1 |Dz
˜

(tl) · η|2(p−i) i
0

−τ

|Dy
˜
tl

(r) · η|idν2(r)

+ |Dσ(y
˜
tl

)Dy
˜
tl

· ηδWl |2i + |Ml |i

≤
k

l=0

eλ̂2ptlE |Dz
˜

(tl) · η|2p + |Dy
˜

(tl) · η|2p + K η 2p

≤ K η 2p(1 + E ξ̃ 2pβ ])tk + K η 2p. (3.33) 

Plugging (3.32) and (3.33) into (3.29) leads to 

. E sup
(k−N)∨0≤i≤k

eλ̂2ptl+1 |Dz
˜

(ti+1)|2p

≤ K η 2p(1 + E ξ̃ 2pβ ])(1 + tk) + K η 2p.

Similar t o (2.33), we obtain

. E sup
(k−N)∨0≤l≤k

eλ̂2ptl+1 |Dy
˜

(tl+1) · η|2p

≤ E sup
(k−N)∨0≤l≤k

eλ̂2ptl+1 |Dzξ̃ (tl+1) · η|2p

+ λ̂2pτ 2N sup
(k−2N+1)∨−N≤l≤k+1

eλ̂2ptlE[|Dy
˜

(tl) · η|2p]

≤ E sup
(k−N)∨0≤l≤k

eλ̂2ptl+1 |Dz
˜

(tl+1) · η|2p

+ K η 2p(1 + E ξ̃ 2pβ ]) + K η 2p.

Above two inequalities imply

. E sup
(k−N)∨0≤k≤k

|Dyξ̃ (tl+1) · η|2p

≤ e−λ̂2ptk+1−N K η 2p(1 + E ξ̃ 2pβ ])(tk + 1) + K η 2p

≤ K η 2p(1 + E ξ̃ 2pβ ])e−λ̂3ptk ,

where λ̂3 ∈ (0, λ̂2).. We finish the proof.
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Lemma 3.9 Let Assumptions 2.1 to 2.3 and 3.1 hold. Then for p ∈ N+ ., a1 > a1 ., 
∈ (0, 1]., k ∈ N., and u ≥ −τ ., 

. E Duy
˜
tk

2p]
≤ Ke−λ̂3p(tk−u) 1 + E ξ̃ 2p(β+1)] + E Duξ̃

2p] + E[|Db(ξ̃ )Duξ̃ |2p] ,

where ξ̃ ∈ L2p(β+1) ;Cd)., Duξ̃ ∈ L2p ;Cd ⊗ R
m)., Db(ξ̃ )Duξ̃ ∈

L2p ;Rd×m)., η ∈ Cd ,. K > 0., λ̂3 ∈ (0, λ̂2). with λ̂2 . being given by Lemma 3.7, 
and a1 . is given in Lemma 3.7. 

Proof The proof is similar to that of Lemma 3.8 and is omitted.

The following assumption on the second-order derivatives of coefficients is 
used to derive estimates of the second-order Malliavin derivatives and Gâteaux
derivatives for the exact functional solution and the numerical one.

Assumption 3.2 Assume that coefficients b and σ . have continuous derivatives up 
to order 2 satisfying that for any φ, φ1, φ2 ∈ Cd ,. 

. |D2b(φ)(φ1, φ2)| ≤ K(1 φ (β−1)∨0) φ1 φ2 ,

|D2σ(φ)(φ1, φ2)| ≤ K φ1 φ2 ,

where K > 0,. and the constant β > 0. is given in Assumption 2.4. 

Lemma 3.10 Let Assumptions 2.1 and 2.2 with a1 − a2 − (2p − 1)L > 0. hold for 
some p ≥ 1.. And let Assumptions 2.3, 3.1, and 3.2 hold. Then for any t ≥ 0. and 
u ≥ −τ ., 

. E[|DuDxξ̃ (t) · η|2p] ≤ Ke−λ̂1pt η 2p 1 + E ξ̃ 4p((β−1)∨1)] + E Duξ̃
8p] ,

E DuDx
ξ̃
t · η 2p] ≤ Ke−λ̂1pt η 2p 1 + E ξ̃ 4p((β−1)∨1)] + E Duξ̃

8p] ,

where ξ̃ ∈ L4p((β−1)∨1) ;Cd). and Duξ̃ ∈ L8p ;Cd ⊗ R
m)., η ∈ Cd ,. K > 0., 

and λ̂1 > 0. is given in Lemma 3.4. 

Proof For u ≤ t,. by the chain rule, DuDxξ̃ (t) · η. satisfies 

.DuDxξ̃ (t) · η =
t

u

D2b(xξ̃
s )(Dux

ξ̃
s ,Dxξ̃

s · η) +Db(xξ̃
s )DuDxξ̃

s · η ds

+
t

u

D2σ(xξ̃
s )(Dux

ξ̃
s ,Dxξ̃

s · η) +Dσ(xξ̃
s )DuDxξ̃

s · η dW(s)

+Dσ(xξ̃
u)Dxξ̃

u · η1[0,t](u).
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Applying the Itô formula to the function eλ̂1pt |DuDxξ̃ (t) · η|2p
., we have  

. d(eλ̂1pt |DuDxξ̃ (t) · η|2p)

≤ λ̂1peλ̂1pt |DuDxξ̃ (t) · η|2pdt + 2peλ̂1pt |DuDxξ̃ (t) · η|2p−2

× DuDxξ̃ (t) · η,D2b(x
ξ̃
t )(Dux

ξ̃
t ,Dx

ξ̃
t · η) +Db(x

ξ̃
t )DuDx

ξ̃
t · η dt

+ DuDxξ̃ (t) · η, D2σ(x
ξ̃
t )(Dux

ξ̃
t ,Dx

ξ̃
t · η) +Dσ(x

ξ̃
t )DuDx

ξ̃
t · η dW(t)

+ p(2p − 1)eλ̂1pt |DuDxξ̃ (t) · η|2p−2|D2σ(x
ξ̃
t )(Dux

ξ̃
t ,Dx

ξ̃
t · η)

+Dσ(x
ξ̃
t )DuDx

ξ̃
t · η|2dt.

Taking expectations on both sides, and using Assumptions 3.1 and 3.2 together with 
the Young inequality , we obtain

.E[eλ̂1pt |DuDxξ̃ (t) · η|2p]

≤ E[eλ̂1pu|Dσ(xξ̃
u)Dxξ̃

u · η|2p] +
t

u

E λ̂1peλ̂1ps |DuDxξ̃ (s) · η|2p + 2peλ̂1ps

× |DuDxξ̃ (s) · η|2p−2

× − a1|DuDxξ̃ (s) · η|2 + a2

0

−τ

|DuDxξ̃ (s + r) · η|2dν2(r)

+ Keλ̂1ps |DuDxξ̃ (s) · η|2p−1(1 xξ
s

(β−1)∨0) Dux
ξ
s Dxξ̃

s · η

+ p(2p − 1)eλ̂1ps |DuDxξ̃ (s) · η|2p−2 (1 + 1

γ1
)|D2σ(xξ̃

s )(Dux
ξ̃
s ,Dxξ̃

s · η)|2

+ (1 + γ1)L |DuDxξ̃ (s) · η|2 +
0

−τ

|DuDxξ̃ (s + r) · η|2dν1(r) ds

≤ E[eλ̂1pu|Dσ(xξ̃
u)Dxξ̃

u · η|2p] + pC(λ̂1, γ1)
t

u

eλ̂1ps
E[|DuDxξ̃ (s) · η|2p]ds

+ K
t

u

eλ̂1ps
E[|DuDxξ̃ (s) · η|2p−1(1 xξ

s
(β−1)∨0) Dux

ξ̃
s Dxξ̃

s · η ds

+ p(2p − 1)(1 + 1

γ1
)

×
t

u

eλ̂1ps
E[|DuDxξ̃ (s) · η|2p−2|D2σ(xξ̃

s )Dux
ξ̃
sDxξ̃

s · η|2]ds
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≤ E[eλ̂1pu|Dσ(xξ̃ 
u)Dxξ̃ 

u · η|2p] +  pC(λ̂1,  γ1) 
t 

u 
eλ̂1ps 

E[|DuDxξ̃ (s) · η|2p]ds 

+ 
t 

u 
pγ2e

λ̂1ps 
E[|DuDxξ̃ (s) · η|2p] +  pKγ2e

λ̂1ps 
E[(1 xξ̃ 

s 
2p((β−1)∨0) ) 

Dux
ξ̃ 
s 

2p Dxξ̃ 
s · η 2p] ds + p(2p − 1) 

t 

u 
γ3e

λ̂1ps 
E[|DuDxξ̃ (s ) · η|2p]

+ Kγ3e
λ̂1ps

E Dux
ξ̃
s

2p Dxξ̃
s · η 2p] ds.

where C(λ̂1, γ1) := λ̂1 − 2a1 + 2a2e
λ̂1pτ + (2p − 1)(1 + γ1)L(1 + eλ̂1pτ ).. By  

taking γ1, γ2, γ3 . sufficiently small such that C(λ̂1, γ1) + γ2 + (2p − 1)γ3 ≤ 0,. and 
combining Lemmas 3.4 and 3.5, we arriv e at

. E[eλ̂1pt |DuDxξ̃ (t) · η|2p]

≤ E[eλ̂1pu|Dσ(xξ̃
u)Dxξ̃

u · η|2p] + K
t

u

eλ̂1ps
E (1

xξ̃
s

2p((β−1)∨0)) Dux
ξ̃
s

2p Dxξ̃
s · η 2p Dux

ξ̃
s

2p Dxξ̃
s · η 2p ds

≤ E[eλ̂1pu|Dσ(xξ̃
u)Dxξ̃

u · η|2p] + K
t

u

eλ̂1ps
E[1 xξ̃

s
4p((β−1)∨0)]

1
2

× E Dux
ξ̃
s

8p]
1
4

E Dxξ̃
s · η 8p]

1
4
ds

≤ E[eλ̂1pu|Dσ(xξ̃
u)Dxξ̃

u · η|2p] + K
t

u

eλ̂1ps 1 + E ξ̃ 4p((β−1)∨0)] 1
2

+ e−λ̂1ps−λ̂1p(s−u) η 2p 1 + E ξ̃ 8p] 1
4 + E Duξ̃

8p] 1
4 ds

≤ Keλ̂1pu
E Dxξ̃

u · η 2p] + K η 2p 1 + E ξ̃ 4p((β−1)∨1)] + E Duξ̃
8p]

≤ K η 2p 1 + E ξ̃ 4p((β−1)∨1)] + E Duξ̃
8p] ,

which i mplies

. E[|DuDxξ̃ (t) · η|2p] ≤ Ke−λ̂1pt η 2p(1 + E ξ̃ 4p((β−1)∨1)] + E Duξ̃
8p]).

Similar to the proof of Lemmas 3.4 and 3.5, by using the Burkholder–Davis–Gundy 
inequality, one has

.E DuDx
ξ̃
t · η 2p] ≤ Ke−λ̂1pt η 2p 1 + E ξ̃ 4p((β−1)∨1)] + E Duξ̃

8p] .
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We finish the proof.

Lemma 3.11 Let Assumptions 2.1 and 2.2 with a1 − a2 − (2p − 1)L > 0. hold for 
some p ≥ 1.. And let Assumptions 2.3, 3.1, and 3.2 hold. Then for t ≥ 0., u ≥ −τ ., 
and w ≥ −τ ., 

. E[|DwDux
ξ̃ (t)|2p] ≤ Ke−λ̂1p(t−u∨w) 1 + E ξ̃ 4p((β−1)∨1)] + E Duξ̃

8p]

+ E Dwξ 8p] + E DwDuξ̃
2p] ,

E DwDux
ξ̃
t

2p] ≤ Ke−λ̂1p(t−u∨w) 1 + E ξ̃ 4p((β−1)∨1)] + E Duξ̃
8p]

+ E Dwξ 8p] + E DwDuξ̃
2p] ,

where ξ̃ ∈ L4p((β−1)∨1) ;Cd)., Duξ̃ ∈ L8p ;Cd ⊗R
m)., DwDuξ̃ ∈ L2p ;Cd)., 

K > 0., and λ̂1 . is given by Lemma 3.4. 

Proof The proof is similar to that of Lemma 3.10. We only give the sk etch of the
proof. DwDux

ξ̃ (t). satisfies 

. DwDux
ξ̃ (t) =

t

u∨w

D2b(xξ̃
s )(Dwxξ̃

s ,Dux
ξ̃
s ) +Db(xξ̃

s )DwDux
ξ̃
s ds

+
t

u∨w

D2σ(xξ̃
s )(Dwxξ̃

s ,Dux
ξ̃
s +Dσ(xξ̃

s )DwDux
ξ̃
s dW(s)

+Dσ(xξ̃
w)Dux

ξ̃
w1[u,t](w) +Dσ(xξ̃

u)Dwxξ̃
u1[w,t](u) + DwDuξ̃(0).

Applying the Itô formula, (3.12) and (3.13), and Assumption 3.2, we deduce

. E[eλ̂1pt |DwDux
ξ̃ (t)|2p]

≤ E eλ̂1p(u∨w)|Dσ(xξ̃
w)Dux

ξ̃
w1[u,u∨w](w)

+Dσ(xξ
u)Dwxξ̃

u1[w,u∨w](u) + DwDuξ̃(0)|2p

+ K
t

u∨w

eλ̂1ps
E[(1 xξ̃

s
2p((β−1)∨0)) Dwxξ̃

s
2p Dux

ξ̃
s

2p]ds.

It follows from (2.35) and Lemma 3.5 that 

.E[|DwDux
ξ̃ (t)|2p] ≤ Ke−λ̂1p(t−u∨w) 1 + E ξ̃ 4p((β−1)∨1)] + E Duξ̃

8p]

+ E Dwξ 8p] + E DwDuξ̃
2p] .
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Similarly, one can deri ve

. E DwDux
ξ̃
t

2p] ≤ Ke−λ̂1p(t−u∨w) 1 + E ξ̃ 4p((β−1)∨1)] + E Duξ̃
8p]

+ E Dwξ 8p] + E DwDuξ̃
2p] .

The proof is completed.

To derive estimates of the third-order derivatives of the numerical functional 
solution, we give the following assumption on the third-order derivatives of
coefficients b and σ.. 

Assumption 3.3 Assume that coefficients b and σ . have continuous derivatives up 
to order 3 satisfying that for any φ, φ1, φ2, φ3 ∈ Cd ,. 

. |D3b(φ)(φ1, φ2, φ3)| ≤ K(1 φ (β−2)∨0) φ1 φ2 φ3 ,

|D3σ(φ)(φ1, φ2, φ3)| ≤ K φ1 φ2 φ3 ,

where K > 0., the constant β > 0. is given in Assumption 2.4. 

Similarly, we have the following estimates of the numerical solution.

Lemma 3.12 Let Assumptions 2.1 to 2.3 and 3.1 to 3.3 hold. Then for p ∈ N+ ., 
there exists a number a2 := a2(L, a2, θ, p) > 0. such that for a1 > a2 ., ∈ (0, 1]., 
u ≥ −τ ., and w ≥ −τ ., 

. E DuDy
˜
tk

· η 2p] ≤ Ke−λ̂3tk η 2p 1 + E ξ̃ p p] + E Duξ̃
16p] ,

E DwDuy
˜
tk

2p] ≤ Ke−λ̂3(tk−u∨w) 1 + E ξ̃ p p] + E Duξ̃
16p]

+ E Dwξ̃ 16p] + E DwDuξ̃
2p] ,

E DwDuDy
˜
tk

· η 2p] ≤ Ke−λ̂3tk η 2p 1 + E ξ̃ p p] + E Duξ̃
32p]

+ E Dwξ̃ 32p] + E DwDuξ̃
4p] ,

where ξ̃ ∈ Lp p ;Cd). with some p > 0., η ∈ Cd
., K > 0., and λ̂3 > 0. is the 

number given in Lemma 3.8. 

3.2.2 Convergence Rate via Weak C onvergence Analysis

For the SFDE with distributed delay, under the globally Lipschitz continuous condi-
tion on coefficients, there have been some works devoted to the weak convergence of
numerical methods on the finite time horizon. For instance, authors in [3] investigate
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the weak convergence of the EM method by using the infinite-dimensional ve rsion
of the Kolmogorov equation; Authors in [9] obtain the weak convergence rate of the 
EM method by developing a dual approach. To deepen the study, this subsection is 
devo ted to presenting the weak convergence rate on the infinite time horizon of the
θ .-EM method for the SFDE with superlinearly growing coefficients. Before that, 
we propose the following assumption on the coefficients b and σ .. 

Assumption 3.4 Assume that there exist constants nb, nσ ∈ N+ . and probability 
measures νi

3, ν
j

4 . on [−τ, 0]. for i ∈ {1, . . . , nb}., j ∈ {1, . . . , nσ }., such that 
coefficients b and σ . satisfy that for any φ1, φ2 ∈ Cd ,. 

. Db(φ1)φ2 =
nb

i=1

0

−τ

ki
b(φ1)φ2(s)dνi

3(s),

Dσ(φ1)φ2 =
nσ

j=1

0

−τ

kj
σ (φ1)φ2(s)dν

j

4 (s),

where ki
b : Cd → R

d×d
. and k

j
σ : Cd → L(Rd;Rd×m). satisfy 

. sup
i∈{1,...,nb}

Dki
b(φ1)

L(Cd ;Rd×d )
+ |ki

b(φ1)| ≤ K(1 φ1
β),

sup
j∈{1,...,nσ }

sup
φ1∈Cd

Dkj
σ (φ1)

L(Cd ;L(Rd ;Rd×m))
kj
σ (φ1) L(Rd ;Rd×m) ≤ K.

Examples satisfying Assumption 3.4 are given as follows.

Example 3.1 Coefficients b and σ . considered in [3, 9] satisfy Assumption 3.4, 
where the coefficients have the forms: b(φ) = b̃(

0
−τ

φ(r)dν3(r)). and σ(φ) =
σ̃ (

0
−τ

φ(r)dν4(r)). for φ ∈ Cd
. with some functions b̃ : Rd → R

d
. and σ̃ : Rd →

R
d×m

.. In fact, it can be calculated that for φ1 ∈ Cd ,. 

. Db(φ)φ1 = Db̃(
0

−τ

φ(r)dν3(r))φ1 =
0

−τ

Db̃(
0

−τ

φ(r)dν3(r))φ1(s)dν3(s),

Dσ(φ)φ1 = Dσ̃ (
0

−τ

φ(r)dν4(r))φ1 =
0

−τ

Dσ̃ (
0

−τ

φ(r)dν4(r))φ1(s)dν4(s).

Example 3.2 Let b(φ) = 1
τ

0
−τ

φ(s)ds − |φ(0)|2φ(0) − 2φ(0)., φ ∈ Cd
.. Then it 

can be verified that Assumption 3.4 is satisfied: for φ1 ∈ Cd ,. 

.Db(φ)φ1 = 1

τ

0

−τ

φ1(s)ds − 2φ(0) φ1(0)φ(0) − |φ(0)|2φ1(0) − 2φ1(0).
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In this example, nb = 2,. k1
b(φ) = Idd×d, k2

b(φ) = −2φ(0)φ (0) − (|φ(0)|2 +
2)Idd×d, ν1

3(ds) = 1
τ

ds, ν2
3(ds) = δ0(ds).. 

The following theorem establishes the weak convergence of the θ .-EM method, 
with the proof presented in the next subsection.

Theorem 3.13 Let conditions in Lemma 3.12, Assumption 2.5 with ρ ≥ 1., and 
Assumption 3.4 hold. Then for f ∈ C3

b(R
d ;R)., 

. |E[f (xξ (T ))] − E[f (y (T ))]| ≤

where K is independent of T .

As a consequence, we obtain the convergence rate of the numerical invariant
measure.

Theorem 3.14 Let conditions in Theorem 3.13 hold. Then for f ∈ C3
b(R

d;R),. 

. |μ(f ) − μ (f )| ≤

3.2.3 Proof of Theorem 3.13 

We are in the position to show the proof of Theorem 3.13. To simplify the proof of
Theorem 3.13, we take parameters nb, nσ . in Assumption 3.4 to be nb = nσ = 1.. 
The case of nb > 1, nσ > 1. can be proven similarly. By (3.11), it suffices to 
provide estimates for the terms I0,Ib,Ib,θ ., and Iσ .. 

Lemma 3.15 Let conditions in Theorem 3.13 hold. Then |Ib| ≤ . 

Proof By the Taylor formula, we have

. Ib =
N

i=1

1

0
E f ; ti , Y

ς
i ))D ; ti , Y

ς
i ), I [0] ti

ti−1

1

0
Db(Z

β1
i,r )

ϕr(ti−1, ϕti−1(0, ξ Int )) − ϕInt
ti−1

(0, ξ Int ) dβ1dr dς,

where Z
β1
i,r := β1ϕr(ti−1, ϕti−1(0, ξ Int )) + (1 − β1)ϕ

Int
ti−1

(0, ξ Int ).. To estimate Ib,. 

we need to split ϕr(ti−1, ϕti−1(0, ξ Int )) − ϕInt
ti−1

(0, ξ Int ). for r ∈ [ti−1, ti)., based 
on the definitions of the exact functional solution and its linear interpolation. For
s ∈ [tj , tj+1] ⊂ [−τ, 0],. we have
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. ϕInt
ti−1

(0, ξ Int )(s) = tj+1 − s
ϕ(ti+j−1; 0, ξ Int ) + s − tj

ϕ(ti+j ; 0, ξ Int ).

(3.34) 

We also have r + s ∈ [ti+j−1, ti+j+1),. which leads to the following two cases. 
For notational simplicity and to illustrate the main idea of the proof, we suppose
ti+j−1 ≥ 0.. The case ti+j−1 < 0., which involves contributions from the i nitial
values on [−τ, 0]., can be treated similarly .

Case 1: r + s ∈ [ti+j−1, ti+j ).. In this case, by the integral form of the exact
solution of (1.1), we have  

. ϕr(ti−1, ϕti−1(0, ξ Int ))(s)

= ϕ(r + s; 0, ξ Int )

= ϕ(ti+j−1; 0, ξ Int ) +
r+s

ti+j−1

b(ϕu(0, ξ Int ))du +
r+s

ti+j−1

σ(ϕu(0, ξ Int ))dW(u).

Hence, combining this with (3.34) yields 

. ϕr(ti−1, ϕti−1(0, ξ Int ))(s) − ϕInt
ti−1

(0, ξ Int )(s)

= tj − s
(ϕ(ti+j ; 0, ξ Int ) − ϕ(ti+j−1; 0, ξ Int ))

+
r+s

ti+j−1

b(ϕu(0, ξ Int ))du +
r+s

ti+j−1

σ(ϕu(0, ξ Int ))dW(u).

Case 2: r + s ∈ [ti+j , ti+j+1).. In this case, by the integral form of the exact
solution of (1.1) again, we ha ve

. ϕr(ti−1, ϕti−1(0, ξ Int ))(s) = ϕ(ti+j ; 0, ξ Int ) +
r+s

ti+j

b(ϕu(0, ξ Int ))du

+
r+s

ti+j

σ (ϕu(0, ξ Int ))dW(u).

This, together with (3.34) leads to 

.ϕr(ti−1, ϕti−1(0, ξ Int ))(s) − ϕInt
ti−1

(0, ξ Int )(s)

= tj+1 − s
(ϕ(ti+j ; 0, ξ Int ) − ϕ(ti+j−1; 0, ξ Int ))

+
r+s

ti+j

b(ϕu(0, ξ Int ))du +
r+s

ti+j

σ (ϕu(0, ξ Int ))dW(u).
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Combining Case 1 and Case 2 , we deduce

. ϕr(ti−1, ϕti−1(0, ξ Int )) − ϕInt
ti−1

(0, ξ Int )

=
−1

j=−N

1[ti+j−1−r,ti+j −r)(·) tj − · ti+j

ti+j−1

b(ϕu(0, ξ Int ))du

+
ti+j

ti+j−1

σ(ϕu(0, ξ Int ))dW(u) +
r+·

ti+j−1

b(ϕu(0, ξ Int ))du

+
r+·

ti+j−1

σ(ϕu(0, ξ Int ))dW(u) + 1[ti+j −r,ti+j+1−r)(·)

× tj+1 − · ti+j

ti+j−1

b(ϕu(0, ξ Int ))du +
ti+j

ti+j−1

σ(ϕu(0, ξ Int ))dW(u)

+
r+·

ti+j

b(ϕu(0, ξ Int ))du +
r+·

ti+j

σ (ϕu(0, ξ Int ))dW(u) . (3.35) 

Inserting the above equality into Ib ., we are in the position to estimate Ib.. We only 
estimate t he sub-term

. I0
b :=

N

i=1

1

0
E f ; ti , Y

ς
i ))D ; ti , Y

ς
i ), I [0] ti

ti−1

1

0
Db(Z

β1
i,r )

−1

j=−N

1[ti+j−1−r,ti+j −r)(·) tj − · ti+j

ti+j−1

b(ϕu(0, ξ Int ))dudβ1dr dς,

the s ub-term

. I1
b :=

N

i=1

1

0
E f ; ti , Y

ς
i ))D ; ti , Y

ς
i ), I [0] ti

ti−1

1

0
Db(Z

β1
i,r )

−1

j=−N

1[ti+j−1−r,ti+j −r)(·) tj − · ti+j

ti+j−1

σ(ϕu(0, ξ Int ))dW(u)dβ1dr dς,

and the s ub-term

. I2
b :=

N

i=1

1

0
E f ; ti , Y

ς
i ))D ; ti , Y

ς
i ), I [0] ti

ti−1

1

0
Db(Z

β1
i,r )

−1

j=−N

1[ti+j−1−r,ti+j −r)(·)
r+·

ti+j−1

σ(ϕu(0, ξ Int ))dW(u)dβ1dr dς,

since other sub-terms in Ib . can be estimated similarly.
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Estimate of term I0
b.. It follows from Assumption 3.4 that |Db(x)y| ≤ K(1 +

x β) y .. This, along with supu∈Rd |f (u)| ≤ K ., Assumption 2.4, and Lemma 3.8 
implies t hat

. |I0
b| ≤ K

N

i=1

1

0
D ; ti , Y

ς
i )I [0] ti

ti−1

1

0
Db(Z

β1
i,r )

−1

j=−N

1[ti+j−1−r,ti+j −r)(·)

× tj − · ti+j

ti+j−1

b(ϕu(0, ξ Int ))dudβ1dr
L2

dς

≤ K

N

i=1

1

0
e−λ̂3(T −ti )E I [0] ti

ti−1

1

0
Db(Z

β1
i,r )

−1

j=−N

1[ti+j−1−r,ti+j −r)(·)

× tj − · ti+j

ti+j−1

b(ϕu(0, ξ Int ))dudβ1dr
2
(1 Y

ς
i

2β)

1
2
dς

≤ K

N

i=1

1

0
e− λ̂3(T −ti )

2 E

ti

ti−1

1

0
(1 Z

β1
i,r

β)
ti−1

ti−2

(1+

ϕu(0, ξ Int ) β+1)dudβ1dr
4 1 + sup

i≥0
E Y

ς
i

4β ]
1
4
dς

≤ 2
N

i=1

e− λ̂3(T −ti )

2

1 + sup
u≥0

E ϕu(0, ξ Int ) 4(2β+1)] 1
4 sup

i≥0
1 + E Y

ς
i

4β ] 1
4 ,

where we used the fact I [0](s)φ(s) = 0. for φ ∈ Cd
., s ∈ [−τ,− ]. in the 

penultimate inequality , and applied

.E

ti

ti−1

1

0
(1 Z

β1
i,r

β)
ti−1

ti−2

(1 ϕu(0, ξ Int ) β+1)dudβ1dr
4

≤ KE 1 + sup
r∈[ti−1,ti ]

Z
β1
i,r

4β

× 1 ϕti−2(0, ξ Int ) 4(β+1) ϕti−1(0, ξ Int ) 4(β+1) 2

≤ 2 1 + sup
u≥0

E ϕu(0, ξ Int ) 4(2β+1)
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in the last inequality. Making use of (2.35), Proposition 2.8, and 

. sup
T >0

N

i=1

e− λ̂3(T −ti )

2 = sup
N >0

N

i=1

e− λ̂3 −i)

2 < ∞,

yields |I0
b| ≤ . 

Estimate of term I1
b.. By the duality formula (C.1), the term  I1

b . can be estimated 
as

. I1
b =

N

i=1

1

0

ti

ti−1

1

0

−1

j=−N

1[ti+j−1−r,ti+j −r )(·) tj − ·
E (I [0]Db(Z

β1
i,r ))

∗

f ; ti , Y
ς
i ))D ; ti , Y

ς
i ),

ti+j

ti+j−1

σ(ϕu(0, ξ Int ))dW(u) dβ1drdς

=
N

i=1

1

0

ti

ti−1

1

0

ti+j

ti+j−1

−1

j=−N

1[ti+j−1−r,ti+j −r )(·) tj − ·

× E Du (I [0]Db(Z
β1
i,r ))

∗

f ; ti , Y
ς
i ))D ; ti , Y

ς
i ) , σ (ϕu(0, ξ Int )) dudβ1drdς

=
N

i=1

1

0

ti

ti−1

1

0

ti+j

ti+j−1

E f ; ti , Y
ς
i ))D ; ti , Y

ς
i ), I [0]D2b(Z

β1
i,r )

DuZ
β1
i,r ,

−1

j=−N

1[ti+j−1−r,ti+j −r)(·) tj − ·
σ(ϕu(0, ξ Int ))

+ E f ; ti , Y
ς
i ))DuD ; ti , Y

ς
i ), I [0]Db(Z

β1
i,r )

−1

j=−N

1[ti+j−1−r,ti+j −r)(·) tj − ·
σ(ϕu(0, ξ Int )) + E f ; ti , Y

ς
i ))

Du ; ti , Y
ς
i ),D ; ti , Y

ς
i )I [0]Db(Z

β1
i,r )

−1

j=−N

1[ti+j−1−r,ti+j −r)(·) tj − ·
σ(ϕu(0, ξ Int )) dudβ1drdς,

This, along with supu∈Rd (|f (u)| + |f (u)|) ≤ K . leads to 

.|I1
b| ≤ I1

b,1 + I1
b,2 + I1

b,3,



158 3 Numerical Invariant Measure and Weak Convergence Analysis in the Infinite. . .

where 

. I1
b,1 := K

N

i=1

1

0

ti

ti−1

1

0

ti+j

ti+j−1

D ; ti , Y
ς
i )I [0]D2b Z

β1
i,r )(DuZ

β1
i,r ,

−1

j=−N

1[ti+j−1−r,ti+j −r)(·) tj − ·
σ(ϕu(0, ξ Int ))

L2
dudβ1drdς,

I1
b,2 := K

N

i=1

1

0

ti

ti−1

1

0

ti+j

ti+j−1

DuD ; ti , Y
ς
i )I [0]Db(Z

β1
i,r )

−1

j=−N

1[ti+j−1−r,ti+j −r)(·) tj − ·
σ(ϕu(0, ξ Int ))

L2
dudβ1drdς,

I1
b,3 := K

N

i=1

1

0

ti

ti−1

1

0

ti+j

ti+j−1

Du ; ti , Y
ς
i )|

L2 D ; ti , Y
ς
i )I [0]

Db(Z
β1
i,r )

−1

j=−N

1[ti+j−1−r,ti+j −r)(·) tj − ·
σ(ϕu(0, ξ Int ))

L2
dudβ1drdς.

By (2.35), Proposition 2.8, Lemmas 3.5 and 3.8, and Assumptions 2.1 and 3.2, we  
hav e

. I1
b,1 ≤ K

N

i=1

1

0

ti

ti−1

1

0

ti+j

ti+j−1

e− λ̂3(T −ti )

2 E I [0]D2b(Z
β1
i,r ) DuZ

β1
i,r ,

−1

j=−N

1[ti+j−1−r,ti+j −r)(·) tj − ·
σ(ϕu(0, ξ Int ))

2
(1 Y

ς
i

2β)

1
2

dudβ1drdς ≤

For the term I1
b,2,. by virtue of (2.35), Lemmas 3.5, 3.9, and 3.12, we arrive at  

.I1
b,2 ≤ K

N

i=1

1

0

ti

ti−1

1

0

ti+j

ti+j−1

e− λ̂3(T −ti )

2 E I [0]Db(Z
β1
i,r )

−1

j=−N

1[ti+j−1−r,ti+j −r)(·) tj − ·
σ(ϕu(0, ξ Int ))

2
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× (1 Y ς 
i 

p DuY ς 
i 

16) 
1 
2 

dudβ1drdς 

≤ K 
N 

i=1 

1 

0 

ti 

ti−1 

1 

0 

ti−1 

ti−2 

e− λ̂3(T −ti ) 
2 E (1 Z β1 

i,r 
4β )|σ(ϕu(0,  ξInt  ))|4 

+ 1 + E Y ςi
2p ] + E DuY

ς
i

32
1
4
dudβ1drdς ≤

Similar to the estimates of I1
b,1 . and I1

b,2 ., for the term I1
b,3,. we obtain I1

b,3 ≤ . 

Hence, we can derive that |I1
b| ≤ . 

Estimate of term I2
b.. Based on Assumption 3.4 and (C.1), we have  

.I2
b =

N

i=1

1

0
E f ; ti , Y

ς
i ))D ; ti , Y

ς
i ), I [0] ti

ti−1

1

0

0

−τ

k1
b(Z

β1
i,r )

−1

j=−N

1[ti+j−1−r,ti+j −r)(s)
r+s

ti+j−1

σ(ϕu(0, ξ Int ))dW(u)dν1
3(s)dβ1dr dς

=
N

i=1

−1

j=−N

1

0

ti

ti−1

1

0

(ti+j −r)∧0

−τ∨(ti+j−1−r)

E (I [0]k1
b(Z

β1
i,r ))

∗f ; ti , Y
ς
i ))

D ; ti , Y
ς
i ),

r+s

ti+j−1

σ(ϕu(0, ξ Int ))dW(u) dν1
3(s)dβ1drdς

=
N

i=1

−1

j=−N

1

0

ti

ti−1

1

0

(ti+j −r)∧0

−τ∨(ti+j−1−r)

r+s

ti+j−1

E Du[(I [0]k1
b(Z

β1
i,r ))

∗

f ; ti , Y
ς
i ))D ; ti , Y

ς
i )], σ (ϕu(0, ξ Int )) dudν1

3(s)dβ1drdς

=
N

i=1

−1

j=−N

1

0

ti

ti−1

1

0

(ti+j −r)∧0

−τ∨(ti+j−1−r)

r+s

ti+j−1

E f ; ti , Y
ς
i ))D ; ti , Y

ς
i ),

I [0]Duk
1
b(Z

β1
i,r )σ (ϕu(0, ξ Int )) + E f ; ti , Y

ς
i ))DuD ; ti , Y

ς
i ),

I [0]k1
b(Z

β1
i,r )σ (ϕu(0, ξ Int )) + E f ; ti , Y

ς
i ))Du ; ti , Y

ς
i )

D ; ti , Y
ς
i ), I [0]k1

b(Z
β1
i,r )σ (ϕu(0, ξ Int )) dudν1

3(s)dβ1drdς,
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which leads to

. |I2
b| ≤ K

N

i=1

−1

j=−N

1

0

ti

ti−1

1

0

(ti+j −r)∧0

−τ∨(ti+j−1−r)

r+s

ti+j−1

D ; ti , Y
ς
i )

I [0]Duk
1
b(Z

β1
i,r )σ (ϕu(0, ξ Int ))

L2 + DuD ; ti , Y
ς
i )I [0]k1

b(Z
β1
i,r )

σ (ϕu(0, ξ Int ))
L2 Du ; ti , Y

ς
i ) L2 D ; ti , Y

ς
i )

I [0]k1
b(Z

β1
i,r )σ (ϕu(0, ξ Int ))

L2 dudν1
3(s)dβ1drdς ≤

Here we used the property

. sup
u∈[ti+j ,ti+j+1]

E Duk
1
b(Z

β1
i,r )

2p0

L(Cd ;Rd×d )
] + E[|k1

b(Z
β1
i,r )|2p0] ≤ K

for some p0 > 0., which is an application of Assumption 3.4, (2.35), and Lemma 3.5. 
Hence, the term I2

b . is estimated as |I2
b| ≤ . 

Combining estimates of I0
b ., I1

b ., and I2
b ., we complete t he proof.

Lemma 3.16 Let conditions in Theorem 3.13 hold. Then |Iσ | ≤ . 

Proof Recalling the definition of Iσ ., we have  

. Iσ =
N

i=1

1

0
E f ; ti , Y

ς
i ))D ; ti , Y

ς
i ), I [0] ti

ti−1

1

0
Dσ(Z

β1
i,r )

(ϕr(ti−1, ϕti−1(0, ξ Int )) − ϕInt
ti−1

(0, ξ Int ))dβ1dW(r) dς. (3.36) 

Following a similar strategy for estimating Ib ., we need to split
ϕr(ti−1, ϕti−1(0, ξ Int )) − ϕInt

ti−1
(0, ξ Int ). for r ∈ [ti−1, ti ).. For  s ∈ [tj , tj+1] ⊂

[−τ, 0],. one has r + s ∈ [ti+j−1, ti+j+1).. For notational convenience and to 
highlight the main idea of the proof, we continue to assume ti+j−1 ≥ 0.. The case 
where ti+j−1 < 0., which involves contributions from the initial values on [−τ, 0]., 
can be handled analogously. Inserting (3.35) into (3.36), we are in the position to
estimate Iσ .. For the estimate of Iσ ,. we only give the estimates of the sub-term

.I1
σ :=

N

i=1

1

0
E f ; ti , Y

ς
i ))D ; ti , Y

ς
i ), I [0] ti

ti−1

1

0
Dσ(Z

β1
i,r )

−1

j=−N

1[ti+j−1−r,ti+j −r)(·) tj − · ti+j

ti+j−1

σ(ϕu(0, ξ Int ))dW(u)dβ1dW(r) dς,
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and the s ub-term

. I2
σ :=

N

i=1

1

0
E f ; ti , Y

ς
i ))D ; ti , Y

ς
i ), I [0] ti

ti−1

1

0
Dσ(Z

β1
i,r )

−1

j=−N

1[ti+j−1−r,ti+j −r)(·)
r+·

ti+j−1

σ(ϕu(0, ξ Int ))dW(u)dβ1dW(r) dς,

since other terms can be estimated similarly .
Estimate of term I1

σ .. By (C.1), we deri ve

.I1
σ =

N

i=1

1

0

ti

ti−1

E Dr [f ; ti , Y
ς
i ))D ; ti , Y

ς
i )], I [0] 1

0
Dσ(Z

β1
i,r )

−1

j=−N

1[ti+j−1−r,ti+j −r)(·) tj − · ti+j

ti+j−1

σ(ϕu(0, ξ Int ))dW(u) dβ1 drdς

=
N

i=1

1

0

ti

ti−1

1

0

ti+j

ti+j−1

E Du (I [0]Dσ(Z
β1
i,r )

−1

j=−N

1[ti+j−1−r,ti+j −r)(·) tj − ·
)∗

Dr [f ; ti , Y
ς
i ))D ; ti , Y

ς
i )] , σ (ϕu(0, ξ Int )) dudβ1drdς

=
N

i=1

1

0

ti

ti−1

1

0

ti+j

ti+j−1

E Dr [f ; ti , Y
ς
i ))D ; ti , Y

ς
i )], I [0]D2σ(Z

β1
i,r )

DuZ
β1
i,r ,

−1

j=−N

1[ti+j−1−r,ti+j −r)(·) tj − ·
σ(ϕu(0, ξ Int ))

+ E DuDr [f ; ti , Y
ς
i ))D ; ti , Y

ς
i )], I [0]Dσ(Z

β1
i,r )

−1

j=−N

1[ti+j−1−r,ti+j −r)(·) tj − ·
σ(ϕu(0, ξ Int )) dudβ1drdς.
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This, along with f ∈ C3
b(R

d ;R). leads to 

.|I1
σ | ≤ K

N

i=1

1

0

ti

ti−1

1

0

ti+j

ti+j−1

DrD ; ti , Y
ς
i )I [0]D2σ(Z

β1
i,r )

DuZ
β1
i,r ,

−1

j=−N

1[ti+j−1−r,ti+j −r)(·) tj − ·
σ(ϕu(0, ξ Int ))

L2

Dr ; ti , Y
ς
i ) L2 D ; ti , Y

ς
i )I [0]D2σ(Z

β1
i,r ) DuZ

β1
i,r ,

−1

j=−N

1[ti+j−1−r,ti+j −r)(·) tj − ·
σ(ϕu(0, ξ Int ))

L2

+ DuDrD ; ti , Y
ς
i )

I [0]Dσ(Z
β1
i,r )

−1

j=−N

1[ti+j−1−r,ti+j −r)(·) tj − ·
σ(ϕu(0, ξ Int ))

L2

Du ; ti , Y
ς
i ) L2 DrD ; ti , Y

ς
i )I [0]Dσ(Z

β1
i,r )

−1

j=−N

1[ti+j−1−r,ti+j −r)(·) tj − ·
σ(ϕu(0, ξ Int ))

L2

Dr ; ti , Y
ς
i ) L2

× DuD ; ti , Y
ς
i )I [0]Dσ(Z

β1
i,r )

−1

j=−N

1[ti+j−1−r,ti+j −r)(·) tj − ·

× σ(ϕu(0, ξ Int ))
L2

DuDr ; ti , Y
ς
i ) L2 D ; ti , Y

ς
i )

I [0]Dσ(Z
β1
i,r )

−1

j=−N

1[ti+j−1−r,ti+j −r)(·) tj − ·
σ(ϕu(0, ξ Int ))

L2

Du ; ti , Y
ς
i )Dr ; ti , Y

ς
i ) L2 D ; ti , Y

ς
i )I [0]Dσ(Z

β1
i,r )

−1

j=−N

1{i+j≥1}1[ti+j−1−r,ti+j −r)(·) tj − ·
σ(ϕu(0, ξ Int ))

L2
dudβ1drdς

≤
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Estimate of term I2
σ .. It follows from Assumption 3.4 and (C.1) that 

. I2
σ =

N

i=1

1

0
E f ; ti , Y

ς
i ))D ; ti , Y

ς
i ),

ti

ti−1

1

0

0

−τ

k1
σ (Z

β1
i,r )I

[0](s)

−1

j=−N

1[ti+j−1−r,ti+j −r)(s)

r+s

ti+j−1

σ(ϕu(0, ξ Int ))dW(u)dν1
4(s)dβ1dW(r) dς

=
N

i=1

1

0

ti

ti−1

E Dr [f ; ti , Y
ς
i ))D ; ti , Y

ς
i )],

1

0

−1

j=−N

(ti+j −r)∧0

(ti+j−1−r)∨−τ

k1
σ (Z

β1
i,r )I

[0](s)
r+s

ti+j−1

σ(ϕu(0, ξ Int ))dW(u)

dν1
4(s)dβ1drdς

=
N

i=1

−1

j=−N

1

0

ti

ti−1

1

0

(ti+j −r)∧0

(ti+j−1−r)∨−τ

r+s

ti+j−1

E Du

−1

j=−N

k1
σ (Z

β1
i,r )I

[0](s) ∗

Dr [f ; ti , Y
ς
i ))D ; ti , Y

ς
i )] , σ (ϕu(0, ξ Int )) dudν1

4(s)dβ1drdς

=
N

i=1

−1

j=−N

1

0

ti

ti−1

1

0

(ti+j −r)∧0

(ti+j−1−r)∨−τ

r+s

ti+j−1

E Dr [f ; ti , Y
ς
i ))

D ; ti , Y
ς
i )],Du(k

1
σ (Z

β1
i,r ))I

[0](s)σ (ϕu(0, ξ Int )))

+ E DuDr [f ; ti , Y
ς
i ))D ; ti , Y

ς
i )],

k1
σ (Z

β1
i,r )I

[0](s)σ (ϕu(0, ξ Int ))

dudν1
4(s)dβ1drdς.

This leads to

.I2
σ ≤ K

N

i=1

−1

j=−N

1

0

ti

ti−1

1

0

(ti+j −r)∧0

(ti+j−1−r)∨−τ

r+s

ti+j

DrD ; ti , Y
ς
i )

Du(k
1
σ (Z

β1
i,r ))I

[0](s)σ (ϕu(0, ξ Int ))
L2

Dr ; ti , Y
ς
i ) L2
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× D ; ti ,  Y  ς 
i )Du(k

1 
σ (Z β1 

i,r ))I
[0](s)σ (ϕu(0,  ξInt  )) 

L2 

+ DuDrD ; ti ,  Y  ς 
i )k

1 
σ (Z β1 

i,r )I
[0](s)σ (ϕu(0,  ξInt  )) 

L2 

Du ; ti ,  Y  ς 
i ) L2 

× DrD ; ti ,  Y  ς 
i )k

1 
σ (Z β1 

i,r )I
[0](s)σ (ϕu(0,  ξInt  )) 

L2 

Dr ; ti ,  Y  ς 
i ) L2 

× DuD ; ti ,  Y  ς 
i )k

1 
σ (Z β1 

i,r )I
[0](s)σ (ϕu(0,  ξInt  )) 

L2 

DuDr ; ti ,  Y  ς 
i ) L2 

× D ; ti ,  Y  ς 
i )k

1 
σ (Z β1 

i,r )I
[0](s)σ (ϕu(0,  ξInt  )) 

L2

Du ; ti , Y
ς
i )Dr ; ti , Y

ς
i ) L2 D ; ti , Y

ς
i )k1

σ (Z
β1
i,r )I

[0](s)

σ (ϕu(0, ξ Int ))
L2

dudν1
4(s)dβ1drdς ≤

where we used t he property

. sup
i,j

sup
u∈[ti+j ,ti+j+1]

E Duk
1
σ (Z

β1
i,r )

2p0

L(Cd ;L(Rd ;Rd×m))

+ E k1
σ (Z

β1
i,r )

2p0
L(Rd ;Rd×m)

≤ K

for some p0 > 0.. We complete t he proof.

Proof of Theorem 3.13 By (3.11), Lemma 3.15, and Lemma 3.16, it remains to
estimate I0 . and Ib,θ .. 

Estimate of I0.. Note that Assumption 2.5 with ρ ≥ 1. implies 

. ξ − ξInt sup
j∈{−N,...,−1}

sup
s∈[tj ,tj+1]

|ξ(s) − tj+1 − s
ξ(tj )

− s − tj
ξ(tj+1)| ≤

Using supu∈Rd |f (u)| ≤ K . and Lemma 3.4, the term  I0 . is estimated as

.|I0| = |E[f (ϕInt (tN ; 0, ξ)] − E[f (ϕInt (tN ; 0, ξ Int ))]|

=
1

0
E f (ϕInt (tN ; 0, ςξ + (1 − ς)ξInt ))
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DϕInt  (tN ; 0,  ςξ  + (1 − ς)ξInt  )(ξ − ξInt  ) dς 

≤ K 
1 

0 
E DϕInt  (tN ; 0,  ςξ  + (1 − ς)ξInt  )(ξ − ξInt  ) dς 

≤ 
1 

0 
E DϕInt (tN ; 0, ςξ + (1 − ς)ξInt ) dς

≤

Estimate of Ib,θ .. We rewrite Ib,θ . as 

. Ib,θ =
N

i=1

1

0
E f ; ti , Y

ς
i ))D ; ti , Y

ς
i ), θI [0] ti

ti−1

1

0
Db(Z

β2
i )

(ϕInt
ti−1

(0, ξ Int ) − ti (ti−1, ϕ
Int
ti−1

(0, ξ Int )))dβ2dr dς,

where Z
β2
i,r = β2ϕ

Int
ti−1

(0, ξ Int ) + (1 − β2 ti (ti−1, ϕ
Int
ti−1

(0, ξ Int )).. Similar t o (3.9), 
we have that for any i ∈ N+ ., 

. ϕInt
ti−1

(0, ξ Int ) − ti (ti−1, ϕ
Int
ti−1

(0, ξ Int ))

=
−1

j=−N

I [j ][ϕ(ti+j−1; 0, ξ Int ) − ϕ(ti+j ; 0, ξ Int )] + I [0][ϕ(ti−1; 0, ξ Int )

− i; ti−1, ϕ
Int
ti−1

(0, ξ Int ))]

= −
−1

j=−N

1{i+j≥1}I [j ]

ti+j

ti+j−1

b(ϕu(0, ξ Int ))du +
ti+j

ti+j−1

σ(ϕu(0, ξ Int ))dW(u)

+
−1

j=−N

1{i+j≤0}I [j ] ξ(ti+j−1) − ξ(ti+j ) − I [0] (1 − θ)b(ϕInt
ti−1

(0, ξ Int

+ ti (ti−1, ϕ
Int
ti−1

(0, ξ Int + σ(ϕInt
ti−1

(0, ξ Int ))δWi−1 .

Hence, similar to the estimate of Ib,. we can derive that |Ib,θ | ≤ .. 
Combining estimates of terms I0,Ib,Ib,θ ., and Iσ ., we complete the proof.
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3.3 Numerical E xperiments

This section presents numerical algorithms together with numerical experiments 
aimed at verifying the weak convergence rate of the θ .-EM method when applied 
to SFDEs. Two one-dimensional numerical examples are included to illustrate the
corresponding theoretical results.

Algorithm 2 describes the numerical framework employed to verify the weak 
convergence rate of the θ .-EM method for SFDEs. The exact solution is approxi-
mated by a reference solution computed with a sufficiently fine stepsize, while all 
numerical solutions share the same realization of the driving Brownian motion. The
weak error is computed by evaluating the Monte Carlo approximation, where the
test function is taken as f (x) = sin(|x|), x ∈ R.. 

Linear Stochastic Delay Differential Equation We first consider the one-
dimensional linear stochastic delay differential equation:

.dxξ (t) = (−αxξ (t) + βxξ (t − τ))dt + σdW(t), t > 0, (3.37) 

where in the numerical experiment, constants α = 1.2, β = 0.8, σ = 0.5, τ = 1,. 

and initial datum ξ(t) = 1. for t ∈ [−τ, 0].. We employ M = 2000. independent 
trajectories to estimate expectations of errors. Figure 3.1a illustrates the weak 
convergence rate of the EM method for this linear model. The dashed line indicates 
the reference slope of rate 1. The weak errors exhibit a clear linear decay with
respect to the stepsizes, which is consistent with the theoretical weak convergence
rate one. Figure 3.1b depicts the longtime evolution of the weak error between 
the EM solution and the reference solution. It can be observed t hat the weak
error remains uniformly bounded over long time intervals [0, 500]., confirming our 
longtime weak con vergence result.

Nonlinear Stochastic Functional Differential Equation We then verify the weak 
conver gence rate of the following one-dimensional nonlinear SFDE:

. dxξ (t) = 1

τ

0

−τ

xξ (t + s)ds − (xξ (t))3 − 2xξ (t) dt

+ a

τ

0

−τ

xξ (t + s)ds + 1

2
xξ (t) + 1

2
dW(t), (3.38) 

where τ = 0.125, a = 0.1,. and the initial datum ξ(t) = 1. for t ∈ [−τ, 0].. 
We employ M = 1000. independent trajectories to estimate e xpectations of errors.
Figure 3.2a displays the weak convergence rate of the backward E M method applied
to this nonlinear model (3.38). As shown in Fig. 3.2a, the numerical errors agree 
well with the reference slope 1. This confirms the theoretical weak conver gence
rate of the backward EM method for the nonlinear SFDE. Figure 3.2b illustrates 
the longtime evolution of the weak error between the solution of the backward EM
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Algorithm 2 Weak convergence rate for θ .-EM method applied t o SFDEs

Require: SFDE parameters (b,  σ,  ξ,  τ),  parameter θ,  final time T , stepsizes { j }J 
j=1, reference 

stepsize ref, Monte Carlo size M , test function f. 
Output: Weak errors {ej }J 

j=1. 
1: Generate M independent Brownian motion increments δW ( m̃) 

ref (k) ∼ N (0 ref), k = 
0,  .  .  .  ,  Nref − 1, with Nref = ref. 

2: Set d̃ref = ref. 
3: Initialize x ( m̃) 

ref (tk), k = −d̃ref,  .  .  .  , 0, m̃ = 1,  .  .  .  ,  M.  
4: for m = 1,  .  .  .  ,  M  do 
5: for k = 0,  .  .  .  ,  Nref − 1 do 

x ( m̃) 
ref (tk+1) = x ( m̃) 

ref (tk) + θb(x  ( m̃) 
ref,tk+1 

) + (1 − θ)b(x  ( m̃) 
ref,tk 

) ref + σ(x  ( m̃) 
ref,tk 

)δW ( m̃) 
ref (k). 

6: end for 
7: end for 
8: for j = 1,  .  .  .  ,  J  do 
9: Set = j , N = , d̃ = , r = ref. 

10: Construct coarse Brownian motion increments 

δW( m̃) (k) = 
(k+1)r−1 

i=kr 
δW ( m̃) 

ref (i), k = 0,  .  .  .  ,  N  − 1. 

11: Initialize y( m̃) (tk), k = −d̃,  .  .  .  , 0. 
12: for m̃ = 1,  .  .  .  ,  M  do 
13: for k = 0,  .  .  .  ,  N  − 1 do 

y( m̃) (tk+1) = y( m̃) (tk) + θb(y  ( m̃) 
tk+1 ) + (1 − θ)b(y

(m̃)
tk

) + σ(y
(m̃)
tk

)δW(m̃)(k).

14: end for
15: end for
16: Compute the weak error

ej = 1

M

M

m̃=1

f (y(m̃)(T )) − f (x
(m̃)
ref (T )) .

17: end for

method and the reference solution. The weak error remains uniformly bounded over
long time intervals [0, 500]., validating the longtime weak convergence result for the
nonlinear SFDE with multiplicative noise.
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Fig. 3.1 Weak convergence for EM method of (3.37); α = 1.2, β = 0.8, σ = 0.5, τ = 1,M =
2000, ξ ≡ 1, f (x) = sin(|x|).. (a) = 2−3, 2−4, . . . , 2−7

ref = 2−12, T = 1,. and (b ) =
2−4

ref = 2−8, T = 500.. (a) Weak convergence rate. (b) Longtime evo lution of weak error
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Fig. 3.2 Weak convergence for backward EM method of (3.38); τ = 0.125, a = 0.1,M =
1000, ξ ≡ 1, f (x) = sin(|x|).. (a) = 2−5, 2−6, . . . , 2−9

ref = 2−13, T = 1,. and (b )
= 2−7

ref = 2−10, T = 500.. (a) Weak convergence rate. (b) Longtime e volution of weak
error

3.4 Summary a nd Outlook

In this chapter, we have investigated the numerical approximation of t he invariant
measure for the SFDE (1.1) with the superlinearly growing drift coefficient. In 
particular, we have proved the existence and uniqueness of the invariant measure for
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the θ .-EM functional solution and established the convergence rate of the numerical 
invariant measure via the weak convergence analysis.

Regarding the weak convergence analysis of numerical methods for SFDEs, 
several significant advances have been made. For example, authors in [3, 4] establish 
the weak convergence of the EM method in the finite time horizon for stochastic 
delay differential equations with Lipschitz continuous coefficients, and authors in
[1] prove the result to SFDEs with Hölder continuous drift coefficient. In the 
context of numerical approximation of invariant measures for superlinear SFDEs,
several results have been established. Authors in [2] investigate the convergence of 
the EM method in approximating the invariant measure o f the functional solution
for SFDEs. Authors in [12] obtain the half-order convergence for the numerical 
invariant measure of the backward EM method applied to SFDEs with distribu ted
argument, based on the longtime mean-square convergence analysis. Authors in [7] 
prove the first-order convergence for the backward EM method applied to stochastic 
differential equations with piecewise continuous arguments, using longtime weak
convergence analysis.

It is worth noting that the weak convergence analysis methodology developed 
in this chapter is also applicable to exploring the convergence properties of 
the numerical density function. A more detailed presentation of the theoretical
derivations and explanations will be provided in Chap. 4. Moreover, we have 
observed that the ergodic measure precisely depicts the longtime stable state of 
the system and is intrinsically linked to the longtime probabilistic behavior of the 
functional solution for SFDEs. In light of this observation, our attention in t he
subsequent chapter will be directed towards this very aspect. Specifically, we will
conduct a comprehensive examination of the relationship between the numerical
time-average 1

T

T

0 f (yt )dt . and the ergodic limit μ(f ) := Cd f (x)dμ(x). for the 
invariant measure μ. of (1.1) and some class of suitable functionals f .

We remark that Assumption 3.4 is introduced mainly for technical reasons, 
primarily to facilitate the use of the dual property of the Malliavin derivative
operator (i.e., (C.1), commonly referred to as the integration by parts formula) in 
the weak convergence analysis. In fact, there are still some problems associated 
with the weak convergence and the approximation of the invariant measure for the
SFDE that are challenging and far from being well understood. For example, how
to weaken or even eliminate Assumption 3.4 to include a more general class of 
SFDEs? Can we obtain the same weak convergence rate if the diffusion coefficient 
grows superlinearly? For the SFDE driven by noises rougher than Brownian motion, 
such as the fractional Brownian motion or rough path, does the invariant measure of
the numerical method exist uniquely, and if so, does the numerical invariant measure
converge to the exact one?

It is worth noting that the invariant measure of numerical methods, which is the 
main focus of this chapter, represents only one facet of numerical stochastic dynam-
ics. Beyond invariant measures, there are several other fundamental dynamical
objects that play a central role in understanding the longtime behavior of numer-
ical methods, such as numerical random attractors, Sinai–Ruelle–Bowen (SRB)
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measures, and intermittency. In recent years, significant progress has been made 
in analyzing these numerical dynamical behaviors for various stochastic systems.
For instance, [11] and [15] show that Euler-type discretizations of rough differential 
equations and stochastic sine-Gordon lattice equations generate a random dynamical 
system, and establish the existence and convergence of corresponding numerical
attractors. Regarding SRB measures, [8] provides the first work on the existence of 
SRB measures for numerical discretizations of stochastic Hopf bifurcation. In terms
of the intermittency, [5] establishes weak intermittency for numerical discretizations 
of stochastic heat equations for the first time. However, for SFDEs, such numerical 
stochastic dynamics remain largely unexplored to our knowledge, which presents a
challenging and promising direction for future research.
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Chapter 4 
Numerical Central Limit Theor em

In Sect. 1.3.4, we have investigated the strong law of large numbers (SLLN) and the 
central limit theorem (CLT) for the functional solution of SFDEs, thereby clarifying 
the connection between these probabilistic limit theorems and the corresponding 
invariant measure. It is well-known that the functional solution of an autonomous 
SFDE, viewed in its natural infinite-dimensional state space, constitutes a time-
homogeneous Markov process. However, due to its inherent dependence on the 
path history, the ergodicity and longtime behavior of such systems are routinely
analyzed within this infinite-dimensional framework. For equations of this type,
often characterized by highly degenerate coefficients, a natural question arises: can
numerical discretizations preserve the probabilistic limit theorems of the original
equation, particularly the SLLN and CLT?

In this chapter, we address this question by shifting our focus to general time-
homogeneous Markov processes and studying the probabilistic limit behavior of 
their numerical discretizations. We provide a positive answer b y developing a
unified and transparent analytical approach for establishing corresponding limit the-
orems for numerical methods applied to such processes. In Sect. 4.1, we introduce 
some notation, and present the probabilistic limit theorems for time-homogeneous 
Markov processes, including the SLLN and the CLT. Section 4.2 presents our main 
results, including the SLLN and the CLT for numerical discretizations of time-
homogeneous Markov processes, as well as the applications to the θ .-EM method 
of the SFDE. Sections 4.3.1 and 4.3.2 are devoted to presenting proofs of the SLLN 
and the CLT of numerical discretizations, respectively. These proofs are based on 
the convergence of the numerical invariant measure and the decomposition of the
normalized time-average of numerical discretizations.
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4.1 Limit Theorems of Time-Homogeneous Mark ov
Processes

In this section, we investigate the probabilistic limit theorems, including the SLLN 
and the CLT , for the Banach space-valued time-homogeneous Markov process.

We begin by introducing some preliminary notation. Let (E, ). be a real-
valued separable Banach space and B(E). be the Borel σ .-algebra. Denote by P(E). 

the family of probability measures on (E,B(E)). and by ν(f ) :=
E

f (u)dν(u). the 
integral of the measurable functional f with respect to ν ∈ P(E).. Recall that the 
definition of dp,γ . with p ≥ 1, γ ∈ (0, 1]. is given i n (1.28). Define the Wasserstein 
quasi-distance induced by the quasi-metric as

.Wp,γ (ν1, ν2) := inf
π∈ 1,ν2) E×E

dp,γ (u1, u2)π(du1, du2), (4.1) 

where ν1, ν2 ∈ Pp,γ (E) := {ν ∈ P(E) :
E×E

dp,γ (u1, u2)dν(u1)dν(u2) < ∞}. 
and 1, ν2). denotes the collection of all probability measures on E × E . with 
marginal measures ν1 . and ν2 .. 

Note that when ν1(
p) < ∞. and ν2(

p) < ∞., 

. Wp,γ (ν1, ν2)

≤ 1+ν1(
p)+ν2(

p)
1
2 inf

π∈ 1,ν2) E×E

1 u1 −u2
2π(du1, du2)

γ
2

= 1 + ν1(
p) + ν2(

p)
1
2 (W2(ν1, ν2))

γ ,

where (1.28) and the Hölder inequality are used, and Wp . is the bounded-Wasserstein 
distance defined by

. Wp(ν1, ν2) := inf
π∈ 1,ν2) E×E

1 u1 − u2
pπ(du1, du2)

1
p
.

This leads to that for any f ∈ Cp,γ ., 

. |ν1(f ) − ν2(f )| = inf
π∈ 1,ν2) E×E

(f (u1) − f (u2))π(du1, du2)

f p,γWp,γ (ν1, ν2)

f p,γ 1 + ν1(
p) + ν2(

p)
1
2 (W2(ν1, ν2))

γ . (4.2) 

Let {Xx
t }t≥0 . be the E-valued time-homogeneous Markov process w ith the

deterministic initial datum Xx
0 = x ∈ E . on a filtered p robability space

F, {Ft }t≥0,P)., in which the corresponding expectation is denoted by E..
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Denote by μx
t . the probability measure induced by Xx

t ., i.e., for any A ∈ B(E)., 
μx

t (A) = P ω ∈ : Xx
t ∈ A .. Denote by Bb := Bb(E;R). (resp. Cb := Cb(E;R).) 

the family of bounded Borel measurable (resp. bounded and continuous) functions
on E.

Define the linear operators Pt . induced by X·
t . as 

. Pt : Bb → Bb, Ptf (x) := E f (Xx
t ) =

E

f (u)dμx
t (u) ∀ x ∈ E.

According to the Markov property of Xx
t ., one deduces that Pt . is a Markov 

semigroup. If Xx
t . admits a unique invariant measure μ. satisfying μ( l) < ∞. 

for some constant l > 0., it follows from [12, Theorem 5.8] that Pt . is uniquely 
extendible to a bounded linear operator on Ll(E,μ). which is still denoted by Pt .. 
Here, denote by Ll(E,μ). the family of Borel measurable functions f : E → R. 

such that
E

|f (u)|ldμ(u) < ∞.. In addition, for the space Cp,γ . with some p ≥ 1. 

and γ ∈ (0, 1]., if there are functions : E → [0,+∞). and ρ̄ : [0,+∞) →
[0,+∞). satisfying ∞

0 ρ̄(t)dt < ∞. such that for any f ∈ Cp,γ ., 

. |Ptf (x) − μ(f )| ≤ K f p,γ ρ̄(t) ∀ x ∈ E, t ≥ 0,

then the Markov process {Xx
t }t≥0 . is said to be uniformly mixing on the space Cp,γ .; 

see [29, Definition 2.5]. This property characterizes that the process “forgets” its
initial states as time goes on.

We first introduce the assumption on the time-homogeneous Markov process. 
This assumption guarantees the existence of a unique invariant measure and ensures
that probabilistic limit theorems including the SLLN and the CLT hold.

Assumption 4.1 Assume that the time-homogeneous Markov process {Xx
t }t≥0 . 

satisfies the f ollowing conditions.

(i) There exist constants r ≥ 2, r̃ ≥ 1., and L1 > 0. such that for any x ∈ E ., 

. sup
t≥0

E Xx
t

r ] ≤ L1(1 x r̃r ).

(ii) There exist constants γ1 ∈ (0, 1]., β ∈ [0, r − 1], L2 > 0., and a continuous
function ρ : [0,+∞) → [0,+∞). with ∞

0 ργ1(t)dt < ∞. such that for any
x, y ∈ E,. 

. E Xx
t − X

y
t

2] 1
2 ≤ L2 x − y (1 x β y β)ρ(t).

The probabilistic limit theorems including the SLLN and the CLT of Mark ov
processes have been well-studied in [19, 20]. For our convenience, we present a 
modified version of [20, Proposition 5.3.5] in the following proposition.
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Proposition 4.1 Let Assumption 4.1 hold. Then {Xx
t }t≥0 . admits a unique in variant

measure μ ∈ P(E)..Moreover, if γ ∈ [γ1, 1]. and p satisfy 2r̃ pr̃ + (2+3β)γ ≤ r,. 

then the SLLN and the CLT hold: for any f ∈ Cp,γ ,. 

. 
1

T

T

0
f (Xx

t )dt
P-a.s.−→ μ(f ) as T → ∞,

1√
T

T

0
(f (Xx

t ) − μ(f ))dt
d−→ N (0, v2) as T → ∞,

where v2 := 2μ (f − μ(f ))
∞

0 (Ptf − μ(f ))dt .. 

Remark 4.1 We remark that by Assumption 4.1, the Markov process {Xx
t }t≥0 . is 

uniformly mixing for the space Cp,γ . with γ ∈ [γ1, 1]. and pr̃ + 2(1 + β)γ ≤ r ., 
which follo ws from

. |Ptf (x) − μ(f )| = |μx
t (f ) − μ(f )|

≤ K f p,γ (1 + E Xx
t

p] + μ( p))
1
2 W2(μ

x
t , μ)

γ

≤ K f p,γ (1 x
pr̃
2 +(1+β)γ )ργ (t), (4.3) 

due to (4.2). The function ρ . characterizes the decay speed in time, ensuring that the 
influence on the initial state diminishes rapidly o ver longtime. Moreover, using the
same technique as (4.3), we obtain that for any x, y ∈ E ., 

. |Ptf (x) − Ptf (y)| ≤ K f p,γ x − y γ (1 x
pr̃
2 +γβ y

pr̃
2 +γβ)ργ (t).

(4.4) 

The following lemma plays an important role in investigating the SLLN and 
the CLT of the time-homogeneous Markov process, whose proof is based on [29, 
Proposition 2.6] and the uniformly mixing (4.3). 

Lemma 4.2 Let Assumption 4.1 hold, γ ∈ [γ1, 1],. ¯ ∈ N+,. and p ≥ 1. satisfy 
¯ p

2 (1 + r̃) + (1 + β)γ ≤ r.. Then for any f ∈ Cp,γ . and x ∈ E ., we have

. E
1

T

T

0
f (Xx

s )ds − μ(f )
2 ¯

≤ K f
2 ¯
p,γ (1 x ¯ r̃( p

2 (1+r̃)+(1+β)γ ))T −¯ ∀ T > 0.

Next, with this lemma in hand, we give the proof of the SLLN and the C LT of
the time-homogeneous Markov process stated in Proposition 4.1.
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Proof of Proposition 4.1 Proof of the SLLN. For any T ≥ 1., one has

. 
1

T

T

0
f (Xx

s )ds − μ(f ) ≤ 1

T

T

T

f (Xx
s )ds + 1

T

T

0
f (Xx

s )ds − μ(f )

+ 1

T
− 1

T

T

0
f (Xx

s )ds . (4.5) 

We first estimate the term 1
T

T

T
f (Xx

s )ds .. For any k ∈ N+ ., denote 

. Dx
k := ω ∈ : sup

T ∈[k,k+1)

T

k

f (Xx
s )ds > f p,γ k

3
4 .

Using the Chebyshev inequality, the Hölder inequality, and Assumption 4.1 (i), we 
hav e that

. 

∞

k=1

P(Dx
k ) ≤

∞

k=1

E supT ∈[k,k+1)
T

k
f (Xx

s )ds
2

f 2
p,γ k

3
2

≤
∞

k=1

E supT ∈[k,k+1)
T

k
|f (Xx

s )|2ds(T − k)

f 2
p,γ k

3
2

≤ K

∞

k=1

k− 3
2

k+1

k

(1 + E Xx
s

p])ds

≤ K(1 x r̃p)

∞

k=1

k− 3
2 ≤ K(1 x r̃p).

Define 

. Ñx(ω) := inf j ∈ N+ : sup
T ∈[k,k+1)

T

k

f (Xx
s )ds f p,γ k

3
4 for all k ≥ j .

Applying the Borel–Cantelli lemma leads to that for P.-a.s. ω ∈ . Ñx(ω) < ∞., 
and when k ≥ Ñx(ω),. supT ∈[k,k+1)

T

k
f (Xx

s )ds f p,γ k
3
4 ,. which i mplies

.
1

T

T

T

f (Xx
s )ds

P-a.s.−→ 0 as T → ∞. (4.6) 

Next, we estimate the second term 1
T

T

0 f (Xx
s )ds − μ(f ) .. For any N ∈ N+ . 

and δ ∈ (0, 1
4 )., denoteAx

N := {ω ∈ : | 1
N

N

0 f (Xx
s )ds − μ(f )| > f p,γ N−δ}..
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This, combining Lemma 4.2 with ¯ = 2. gives 

. 

∞

N=1

P(Ax
N) ≤ K(1 x r̃(p(1+r̃)+2(1+β)γ ))

∞

N=1

N4δ−2

≤ K(1 x r̃(p(1+r̃)+2(1+β)γ )).

Define 

. Kx(ω) := inf j ∈ N+ : 1

N

N

0
f (Xx

s )ds − μ(f ) (ω) f p,γ N−δ for all N ≥ j .

Applying the Borel–Cantelli lemma yields that for P.-a.s. ω ∈ . when N ≥
K x(ω),. 

.
1

N

N

0
f (XN

s )ds − μ(f ) f p,γ N−δ, (4.7) 

which i mplies

.
1

T

T

0
f (Xx

s )ds − μ(f )
P-a.s.−→ 0 as T → ∞. (4.8) 

For the third term 1
T

− 1
T

T

0 f (Xx
s )ds ., by (4.7) we deduce that

. 
1

T
− 1

T

T

0
f (Xx

s )ds ≤ 1

T T

T

0
f (Xx

s )ds

≤ 1

T
|μ(f ) f p,γ T −δ P-a.s.−→ 0 as T → ∞.

(4.9) 

Therefore, plugging (4.6), (4.8), and (4.9) into (4.5) we derive the SLLN of {Xx
t }t≥0 .. 

Proof of the CLT. For any T ≥ 1., note t hat

.
1√
T

T

0
f (Xx

s ) − μ(f ) ds

= 1√
T

T

T

f (Xx
s ) − μ(f ) ds + 1√

T
− 1√

T

T

0
f (Xx

s ) − μ(f ) ds

+ 1√
T

T

0
f (Xx

s ) − μ(f ) ds.
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It follows from Assumption 4.1 (i) t hat

. E
1√
T

T

T

f (Xx
s ) − μ(f ) ds ≤ 1√

T

T

T

K f p,γ 1 + sup
t≥0

E Xx
t

p
2 ] ds

≤ K(1 x
r̃p
2 )

1√
T

→ 0 as T → ∞.

Making use of Lemma 4.2 and (
√

T − √
T )2 ≤ T T 1., we deduce

. E
1√
T

− 1√
T

T

0
f (Xx

s ) − μ(f ) ds
2

≤ T

T
E

1

T

T

0
f (Xx

s ) − μ(f ) ds
2

≤ K f 2
p,γ (1 x r̃(

p
2 (1+r̃)+(1+β)γ ))T −1 → 0 as T → ∞.

Those imply that it suffices to prove the CLT for the case of T = N ∈ N+ .. We have  
the decomposition

. 
1√
N

N

0
f (Xx

t ) − μ(f ) dt = 1√
N

M x
N + 1√

N
Rx

N ,

where 

. M x
N :=

∞

0
E f (Xx

t )|FN − μ(f ) dt −
∞

0
E f (Xx

t )|F0 − μ(f ) dt,

Rx
N := −

∞

N

E f (Xx
t )|FN − μ(f ) dt +

∞

0
E f (Xx

t )|F0 − μ(f ) dt.

It can be shown that {M x
N }N∈N . is an {FN }N∈N .-adapted martingale with M x

0 = 0.. 

Define the martingale difference sequence of {M x
N }N∈N . by 

. Zx
N := M x

N − M x
N−1 ∀N ∈ N+, Zx

0 = 0.

Since 

.Zx
N+1 =

N+1

N

f (Xx
t ) − μ(f ) dt +

∞

N+1
E[f (Xx

t )|FN+1 − μ(f ) dt

−
∞

N

E[f (Xx
t )|FN − μ(f ) dt

=
N+1

N

f (Xx
t ) − μ(f ) dt +

∞

0
Ptf (Xx

N+1) − μ(f ) dt
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− 
∞ 

0 
Ptf  (Xx 

N) − μ(f ) dt, (4.10) 

we deduce that supN∈N E[|Zx
N |c] ≤ K . when c(

pr̃
2 + (1 + β)γ ) ≤ r .. Moreover ,

. E |Zx
N+1|2|FN = E

1

0
f (X

y
t ) − μ(f ) dt +

∞

0
Ptf (X

y

1 ) − μ(f ) dt

−
∞

0
Ptf (y) − μ(f ) dt

2

y=Xx
N

=: H(Xx
N). (4.11) 

Without loss of generality, below we assume that μ(f ) = 0.. Otherwise, we let
f̃ := f − μ(f ). and consider f̃ . instead of f . 

Claim 1: H ∈ C2p̄γ ,γ .and H 2p̄γ ,γ ≤ K f 2
p,γ .with p̄γ := r̃(pr̃+(2+3β)γ ).. 

It can be calculated that

. H(u) = E

1

0
f (Xu

t )dt
2 + E

∞

0
Ptf (Xu

1 )dt
2 +

∞

0
Ptf (u)dt

2

+ 2E
1

0
f (Xu

t )dt
∞

0
Ptf (Xu

1 )dt − 2E
1

0
f (Xu

t )dt
∞

0
Ptf (u)dt

− 2E
∞

0
Ptf (Xu

1 )dt
∞

0
Ptf (u)dt. (4.12) 

By the property of the semigroup Pt ., we have  

.E

1

0
f (Xu

t )dt
∞

0
Ptf (u)dt =

1

0
Ptf (u)dt

∞

0
Ptf (u)dt (4.13) 

and 

. E

∞

0
Ptf (Xu

1 )dt
∞

0
Ptf (u)dt =

∞

0
Pt+1f (u)dt

∞

0
Ptf (u)dt

=
∞

0
Ptf (u)dt

2 −
1

0
Ptf (u)dt

∞

0
Ptf (u)dt. (4.14) 

Combining the property of the conditional e xpectation gives

.E

1

0
f (Xu

t )dt
2 = 2E

1

0
f (Xu

t )
1

t

f (Xu
s )dsdt

= 2
1

0
E f (Xu

t )E
1

t

f (Xu
s )ds Ft dt
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= 2 
1 

0 

1−t 

0 
Pt f  Psf (u)dsdt (4.15) 

and 

. E

1

0
f (Xu

t )dt
∞

0
Ptf (Xu

1 )dt

=
1

0
E f (Xu

t )E
∞

0
Psf (Xu

1 )ds|Ft dt

=
1

0
E f (Xu

t )
∞

0
P1−t+sf (Xu

t )ds dt

=
1

0
E f (Xu

t )
∞

0
Psf (Xu

t )ds dt −
1

0
E f (Xu

t )
1−t

0
Psf (Xu

t )ds dt

=
1

0
E f (Xu

t )
∞

0
Psf (Xu

t )ds dt −
1

0

1−t

0
Pt f Psf (u)dsdt. (4.16) 

Plugging (4.13)–(4.16) into (4.12) yields 

. H(u) = E

∞

0
Ptf (Xu

1 )dt
2 −

∞

0
Ptf (u)dt

2

+ 2E
1

0
f (Xu

t )
∞

0
Psf (Xu

t )dsdt .

We derive from r̃ ≥ 1., pr̃ + 2(1 + β)γ ≤ r ., Assumption 4.1 (i), and (4.3) that 

. |H(u)| ≤ KE

∞

0
f p,γ (1 Xu

1

pr̃
2 +(1+β)γ )(ρ(t))γ dt

2

+ K
∞

0
f p,γ (1 u

pr̃
2 +(1+β)γ )(ρ(t))γ dt

2

+ KE

1

0

∞

0
f 2

p,γ (1 Xu
t

p
2 (1+r̃)+(1+β)γ )(ρ(s))γ dsdt

≤ K f 2
p,γ (1 u r̃(pr̃+2(1+β)γ )), (4.17) 

and hence supu∈E
|H(u)|

1 u p̄γ
≤ K f 2

p,γ .. For any u1, u2 ∈ E ., 

.H(u1) − H(u2) =
3

i=1

Ĩi (u1, u2),
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where 

. Ĩ1(u1, u2) = E

∞

0
Ptf (X

u1
1 )dt

2 − E

∞

0
Ptf (X

u2
1 )dt

2
,

Ĩ2(u1, u2) = −
∞

0
Ptf (u1)dt

2 +
∞

0
Ptf (u2)dt

2
,

Ĩ3(u1, u2) = 2E
1

0
f (X

u1
t )

∞

0
Psf (X

u1
t )dsdt

− 2E
1

0
f (X

u2
t )

∞

0
Psf (X

u2
t )dsdt .

Using (4.3) and (4.4) and the Hölder inequality leads to

. |Ĩ2(u1, u2)| ≤ K f 2
p,γ u1 − u2

γ (1 u1
pr̃+(1+2β)γ u2

pr̃+(1+2β)γ ).

By the relation Ĩ1(u1, u2) = −E[Ĩ2(X
u1
1 , X

u2
1 )]., 2pr̃ + 2(1 + 2β)γ ≤ r ., and 

Assumption 4.1, we obtain

. |Ĩ1(u1, u2)|
≤ K f 2

p,γE X
u1
1 − X

u2
1

γ (1 X
u1
1

pr̃+(1+2β)γ X
u2
1

pr̃+(1+2β)γ )

≤ K f 2
p,γ u1 − u2

γ (1 u1
r̃(pr̃+(1+2β)γ )+γβ

u2
r̃(pr̃+(1+2β)γ )+γβ).

Similarly, Ĩ3 . can be estimated as follows:

.|Ĩ3(u1, u2)|

≤ 2E
1

0
|f (X

u1
t ) − f (X

u2
t )|

∞

0
Psf (X

u1
t )ds dt

+2E
1

0
|f (X

u2
t )|

∞

0
|Psf (X

u1
t ) − Psf (X

u2
t )|dsdt

≤ K f 2
p,γ

1

0
E X

u1
t − X

u2
t

γ (1 X
u1
t

p X
u2
t

p)
1
2

(1 X
u1
t

pr̃
2 +γ (1+β)) X

u1
t − X

u2
t

γ (1 X
u1
t

pr̃
2 +γβ X

u2
t

pr̃
2 +γβ)

(1 X
u2
t

p
2 ) dt
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≤ K f 2 
p,γ u1 − u2 

γ (1 u1 
r̃p 
2 (1+r̃)+r̃(1+β)γ+βγ 

u2 
r̃p 
2 (1+r̃)+r̃(1+β)γ+βγ ),

where we used (4.3) and (4.4), the Hölder inequality, p(1 + r̃) + 2(1 + β)γ ≤ r ., 
and Assumption 4.1. This, together with the definition of p̄γ . gives that H ∈ C2p̄γ ,γ . 

and H 2p̄γ ,γ ≤ K f 2
p,γ ,. which finishes the proof of Claim 1.

Claim 2: μ(H) = v2.. In fact, H can be rewritten as

. H = P1

∞

0
Ptf dt

2 −
∞

0
Ptf dt

2 + 2
1

0
Pt

∞

0
f Psf ds dt,

which together with the fact that P ∗
t μ = μ. for t > 0. finishes the proof of Claim 2,

where P ∗
t . is the dual operator of Pt .. 

Claim 3: 1√
N

Rx
N

P−→ 0. as N → ∞.. Combining Assumption 4.1 and (4.3) leads 
to 

. E
1√
N

Rx
N ≤ 1√

N
E

∞

0
Ptf (Xx

N)dt +
∞

0
Ptf (x)dt → 0 as N → ∞.

Claim 4: 1√
N

M x
N

d−→ N (0, v2). as N → ∞.. The aim is to s how that

. lim
N→∞E exp iιN− 1

2 M x
N = e− v2ι2

2 ∀ ι ∈ R,

where i. is the imaginary unit. It is decomposed as

. e
v2ι2

2 E exp iιN− 1
2 M x

N − 1 = Ĩ1(N) + Ĩ2(N) + Ĩ3(N),

where 

.Ĩ1(N) :=
N−1

j=0

e
v2ι2(j+1)

2N (1 − e− v2ι2
2N − v2ι2

2N
)E[exp (iιN− 1

2 M x
j )],

Ĩ2(N) := − ι2N−1
N−1

j=0

e
v2ι2(j+1)

2N E exp (iιN− 1
2 M x

j )(Zx
j+1)

2Q(ιN− 1
2Zx

j+1) ,

Ĩ3(N) := ι2

2N

N−1

j=0

e
v2ι2(j+1)

2N E exp (iιN− 1
2 M x

j ) v2 − (Zx
j+1)

2 .
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Here, Q(ζ) = ζ−2 ζ

0
ζ2

0 (eiζ1 − 1)dζ1dζ2 . satisfies supζ∈R |Q(ζ)| ≤ 1, |Q(ζ)| =
O(|ζ |) for ζ 1., where O(·). denotes a quantity of the same order as its argument.
Applying the inequality |1 − e−ζ − ζ | ≤ 1

2ζ 2
. for ζ > 0. gives 

. lim
N→∞ |Ĩ1(N)| ≤ lim

N→∞ e
v2ι2

2

N−1

j=0

|1 − e− v2ι2
2N − v2ι2

2N
|

≤ lim
N→∞ e

v2ι2
2

N−1

j=0

v4ι4

8N2
≤ lim

N→∞
K

N
= 0.

For the estimate of Ĩ2(N),. we arrive at that for 1. and c1 > 2,. 

. |Ĩ2(N)| ≤ι2e
v2ι2

2 N−1 sup
|ζ |≤

|Q(ζ)|
N−1

j=0

E[(Zx
j+1)

2]

+
N−1

j=0

(E (Zx
j+1)

c1 )
2
c1 P(|Zx

j+1|
√

N)
c1−2
c1 .

Since the condition on p in Proposition 4.1 implies that there exists c1 > 2. such 
that c1(

pr̃
2 + (1 + β)γ ) ≤ r,. we have supj∈N E[(Zx

j )
c1] ≤ K .. Thus |Ĩ2(N)|. tends 

to 0 as N → ∞. and → 0.. 
For the estimate of Ĩ3(N),. we define N N1− 0 . with some 0 1. and 

M N/N ., and denote

. Bi = {(i − 1)N, (i − 1)N + 1, . . . , iN − 1} for all i ∈ {1, . . . ,M − 1},
BM = {(M − 1)N, . . . , N − 1}.

Then the term Ĩ3(N). can be estimated as

.|Ĩ3(N)|

≤ ι2

2N

M

i=1

E exp (iιN− 1
2 M x

(i−1)N
)

j∈Bi

e
v2ι2(j+1)

2N v2 − (Zx
j+1)

2

+ ι2

2N
e

v2ι2
2

M

i=1 j∈Bi

E exp iιN− 1
2 (M x

j − M x

(i−1)N
) − 1 v2 + (Zx

j+1)
2

=: Ĩ3,1(N) + Ĩ3,2(N).
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The condition of p in Proposition 4.1 implies 2p̄γ ≤ r .. Then, using the property of 
the conditional expectation, Claims 1–2, (4.3), and Assumption 4.1 yields that 

. Ĩ3,1(N) ≤ ι2

2N

M

i=1

E E

j∈Bi

e
v2ι2(j+1)

2N v2 − (Zx
j+1)

2 F(i−1)N

≤ ι2

2N
e

v2ι2
2

M

i=1

E

j∈B1

v2 − E[(Zy

j+1)
2]

y=Xx

(i−1)N

≤ ι2

2N
e

v2ι2
2

M

i=1

E

j∈B1

|μ(H) − PjH(y)|
y=Xx

(i−1)N

→ 0 as N → ∞.

The term Ĩ3,2(N). can be estimated as

. Ĩ3,2(N) ≤ ι2

2N
e

v2ι2
2

M

i=1 j∈Bi

ι˜0E[v2 + (Zx
j+1)

2]

+ 2E (v2 + (Zx
j+1)

2)1{N− 1
2 |M x

j −M x
(i−1)N

|> ˜0}

≤ K ˜0 + K
ι2

N
e

v2ι2
2

M

i=1 j∈Bi

(E[vc1 + (Zx
j+1)

c1 ]) 2
c1

× E[|M x
j − M x

(i−1)N
|2]( ˜2

0N)−1
c1−2
c1

≤ K ˜0 + K N/(˜2
0N)

c1−2
c1 → 0 as N → ∞ and ˜0 → 0,

where we used  

. E |M x
j − M x

(i−1)N
|2 =

j

l=(i−1)N

E (Zx
l )

2 ≤
N−1

l=0

sup
j∈N

E[(Zx
j )

2] ≤ KN.

Combining Claims 1–4 completes the proof of the CLT.

4.2 Limit Theorems of N umerical Discretizations

In this section, we present the preservation of limit theorems, in particular the SLLN 
and the CLT for time-homogeneous Markov processes by numerical discretizations.



184 4 Numerical Central Limit Theorem

Table 4.1 Definitions of the uniform stepsize . and the state space Eh . 

Temporal semi-discretization f or
h = 0. 

Spatial-temporal full discretization for
h 0. 

Stepsize . := (0, τ ) . := (h, τ ) . 

State space Eh . E0 := E . Eh(⊂ E). with norm h . satisfying 
uh

h ≤ K uh . for uh ∈ Eh . 

Then we apply the main results to numerical discretizations of the θ .-EM method for 
SFDEs.

We begin with some notation for numerical discretizations. The temporal semi-
discretization is considered for the finite or infinite dimensional case and the spatial-
temporal full discretization is considered for the infinite dimensional case. Let h ∈
[0, 1]. and τ ∈ (0, 1]. be stepsizes in spatial and temporal directions, respectively. 
To unify the notation, we define the uniform stepsize . and the state space Eh

. for 
the temporal semi-discretization or spatial-temporal full discretization a s shown in
Table 4.1. 

When the initial datum x ∈ Eh,. we always take xh = x.. Denote tk := kτ . for 
k ∈ N.. For each given ., let {Y xh

tk
}k∈N . denote the Eh

.-valued discretization o f
{Xx

t }t≥0 . satisfying Y
xh

0 = xh
., and define the time-homogeneous Markov process 

on the whole time horizon by

. Y
xh

t =
∞

k=0

Y
xh

tk
1[tk ,tk+1)(t), t > 0.

Denote by μ
xh

t . the probability measure induced by Y
xh

t ., i.e., for any A ∈ B(E)., 
μ

xh

t (A) = P ω ∈ : Y
xh

t ∈ A .. Similar to the definition of Pt ,. we define the 
linear operator Pt . induced by Y

·
t . as 

. Pt : Bb → Bb, Pt f (xh) := E f (Y
xh

t ) =
E

f (u)dμ
xh

t (u) ∀ xh ∈ Eh.

If Y
xh

t . admits a unique invariant measure μ . satisfying μ ( l) < ∞. for 
some constant l > 0., Pt . is uniquely extendible to a bounded linear operator on
Ll(Eh, μ ). which is still denoted by Pt .. When there is no confusion, we also
denote Bb(E

h;R),Cb(E
h;R),Cp,γ (Eh;R). by Bb, Cb, Cp,γ ,. respectively. 

We propose sufficient conditions on numerical discretizations to ensure the 
preservation of the SLLN and the CLT of time-homogeneous Markov processes. 
These conditions are related to moment boundedness, attractiveness, and strong
convergence of numerical discretizations.
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Assumption 4.2 Assume that there exists ˜ = (h̃, τ̃ ) ∈ [0, 1] × (0, 1]. such that 
for any h ∈ [0, h̃]., τ ∈ (0, τ̃ ]., and xh ∈ Eh

., {Y xh

tk
}k∈N . is a time homogeneous 

Markov process and satisfies the following conditions.

(i) There exist constants q ≥ 2, q̃ ≥ 1., and L3 > 0. such that 

. sup
k≥0

E Y
xh

tk
q ] ≤ L3(1 xh q̃q).

(ii) There exist constants γ2 ∈ (0, 1], κ ∈ [0, q − 1], L4 > 0., and a function
ρ : [0,+∞) → [0,+∞). with 

. sup
{h∈[0,h̃],τ∈(0,τ̃ ]}

τ

∞

k=0

ρ (tk)
γ2 < ∞

such that for any xh, yh ∈ Eh
., 

. E Y
xh

tk
− Y

yh

tk
2] 1

2 ≤ L4 xh − yh (1 xh κ yh κ)ρ (tk).

Below, when there is no confusion, we always assume that h ∈ [0, h̃]. and τ ∈
(0, τ̃ ].. And constants r and q in Assumptions 4.1 (i) and 4.2 (i), respectively, are 
always assumed to be l arge enough to meet the need.

Assumption 4.3 Assume that there exist α = (α1, α2) ∈ R
2+ . and L5 > 0. such 

that for any x ∈ E ., 

. sup
t≥0

E Xx
t − Y

xh

t
2] 1

2 ≤ L5(1 x r̃∨q̃ )| α|,

where α := (hα1, τα2) . and | α| := hα1 + τα2 .. 

Denote the time-average of the numerical discretization by

. 
1

k
S

xh

k := 1

k

k−1

i=0

f (Y
xh

ti
)

for f ∈ Cp,γ . with suitable parameters p ≥ 1. and γ ∈ (0, 1].. Then we obtain the 
SLLN of the time-average of numerical discretizations.

Theorem 4.3 Let Assumption 4.1 hold for the time-homogeneous Marko v pro-
cess {Xx

t }t≥0 ., Assumption 4.2 hold for the time-homogeneous Markov process
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{Y xh

tk
}k∈N ., Assumption 4.3 hold for {Xx

t }t≥0 . and {Y xh

tk
}k∈N ., γ ∈ [γ2, 1]., and 

p ≥ 1. with p(1 + q̃) + 2(1 + κ)γ ≤ q .. Then for any f ∈ Cp,γ ,. we have 

. lim| |→0
lim

k→∞
1

k
S

xh

k = μ(f ) P-a.s. (4.18) 

The following CLT characterizes the limit behavior of 1√
kτ

k−1
i=0 f (Y

xh

ti
) −

μ(f ) τ ., which is called the normalized time-average of the numerical discretiza-
tion. Here, f ∈ Cp,γ . with suitable parameters p ≥ 1. and γ ∈ (0, 1].. Recall t hat
v2 = 2μ (f − μ(f ))

∞
0 (Ptf − μ(f ))dt . is given in Proposition 4.1. 

Theorem 4.4 Let Assumption 4.1 hold for the time-homogeneous Marko v pro-
cess {Xx

t }t≥0 ., Assumption 4.2 hold for the time-homogeneous Mark ov process

{Y xh

tk
}k∈N ., and Assumption 4.3 hold for {Xx

t }t≥0 . and {Y xh

tk
}k∈N .. For any fixed

λ ∈ (0, α2γ ). with γ ∈ [γ1 ∨ γ2, 1]., set k τ−1−2λ
. and h := τα2/α1 . (for h 0.). 

Let p ≥ 1. satisfy 

.q̃2 3 ∨ (
1

λ
+ 1) p(q̃ ∨ r̃) + 3 + 4(κ ∨ β) γ ≤ q ∧ r, (4.19) 

and ε λ. with
√

ε − ε
λ

− ε
√

ε

λ
> 0. satisfy 

. lim
τ→0

τ ε
k

i τ
−1− ε

4

(ρ (ti))
γ = 0. (4.20) 

Then for any f ∈ Cp,γ ,. 

.
1√
kτ

k−1

i=0

f (Y
xh

ti
) − μ(f ) τ

d−→ N (0, v2) as τ → 0. (4.21) 

Remark 4.2 

(i) If Assumption 4.1 (i) is replaced by: “for any r ≥ 2,. there exist r̃ ≥ 1. and 
L1 > 0. such that supt≥0 E Xx

t
r ] ≤ L1(1 x r̃r ).”, and Assumption 4.2 

(i) is replaced by: “for any q ≥ 2,. there exist q̃ ≥ 1. and L3 > 0. such that 
supk≥0 E Y

xh

tk
q ] ≤ L3(1 xh q̃q).”, then the restriction (4.19) on p is not 

necessary.
(ii) When Ptk

. is exponential mixing, i.e., ρ (tk) = e−ctk . with some c > 0,. then 
(4.20) is satisfied naturally .

Remark 4.3 Our main results in Theorems 4.3 and 4.4 are proved with a strong 
convergence condition but for test f unctionals with lower regularity, i.e., f ∈
Cp,γ .. In general, strong convergence rates are no larger than the weak ones. The 
numerical SLLN and CLT still hold with certain trade-off between the convergence
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condition of numerical discretizations (i.e., Assumption 4.3) and the regularity of 
test functionals. Precisely, if Assumption 4.3 is replaced by:

. sup
t≥0

|E[f (Xx
t ) − f (Y

xh

t )]| ≤ K| α| (4.22) 

for test functionals belonging to some space C., then Theorems 4.3 and 4.4 still hold 
for f ∈ Cp,γ ∩ C.. 

The main difference between the proofs of this remark and Theorem 4.4 lies in 
the estimation of terms |Ptf (u) − Pt f (u)|. and |μ(f ) − μ (f )|., where u ∈ Eh,. 

and μ . is the invariant measure of the numerical discretization (see Proposition 4.6). 
Under the assumption (4.22), we have that for u ∈ Eh,. 

. |Ptf (u) − Pt f (u)| ≤ sup
t≥0

|E[f (Xu
t ) − f (Yt )]| ≤ K| α|.

Hence, by (4.3), we have that |μ(f ) − μ (f )|. can be estimated as

. |μ(f )−μ (f )| ≤ |Ptkf (u)−μ(f )|+|Ptk
f (u)−μ (f )|+|Ptkf (u)−Ptk

f (u)|
≤ K| α|,

where we used  (4.24), and in the last step we let k → ∞.. 

Remark 4.4 Based on the SLLN and CL T results of numerical discretizations
(Theorems 4.3 and 4.4), we provide an analysis on the computational cost of the 
time-average of numerical discretizations for approximating the ergodic limit to
achieve a given accuracy .. For a significance level ϑ ∈ (0, 1)., let the Gaussian 
confidence interval [−Iϑ , Iϑ ]. be such that P{|Z| ≤ Iϑ } = 1 − ϑ ., where Z is 
a standard Gaussian random variable. Then by the numerical CL T, an asymptotic
confidence interval with level 1−ϑ ., centered around μ(f )., is  [μ(f )− Iϑv√

kτ
, μ(f )+

Iϑv√
kτ

].. This, along with the relation k τ−1−2λ
. implies that for a giv en accuracy

., when τ . is set to be the size of (Iϑv
)

1
λ ., one arrives at P{| 1

k
S

xh

k − μ(f )| ≤ } =
1 − ϑ .. Hence, for any λ ∈ (0, α2γ ),. the computational cost of 1

k
S

xh

k . is estimated 

as h−1k = − 1
λ
(

α2
α1

+1)−2
). (resp. k = − 1

λ
−2).) for  h 0. (resp. h = 0.), where 

α = (α1, α2) . is the weak convergence rate given in Remark 4.3 of the numerical 
discretization. Here, O(|ζ |). is a quantity of the same order as |ζ |.. 

The main results in Theorems 4.3 and 4.4 can be applied to numerical discretiza-
tions of a large class of autonomous stochastic differential equations. Here, we focus
on the application to the case of the θ .-EM functional solution of the SFDE (1.1).
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Theorem 4.5 Under Assumptions 2.1 to 2.5,  t  he θ .-EM functional solution
{ytk

}k≥0 . fulfills the SLLN and the CLT, namely, for any p ≥ 1, γ ∈ (0, 1],. 
and f ∈ Cp,γ ., 

. lim→0
lim

m1→∞
1

m1

m1−1

k=0

f (ytk
) = μ(f ) P-a.s.,

lim→0

1√
m2

m2−1

k=0

(f (ytk
) − = N (0, v2) in distribution,

where m2
−1−2λ

. with λ ∈ (0, 1
2γ ),. v2 = 2μ (f − μ(f ))

∞
0 E[f (x·

t ) −
μ(f )]dt .. 

Proof Assumption 4.1 is ensured by Propositions 1.9 and 1.12. By Proposition 2.8, 
we obtain that Assumption 4.2 (i) is satisfied. By Proposition 2.10, we have t hat
Assumption 4.2 (ii) is satisfied with κ = 0., ρ (t) = e−ct

. for some c > 0., and 
any γ2 ∈ (0, 1].. Theorem 2.14 ensures that Assumption 4.3 is satisfied with α1 =
0, α2 = 1

2 .. Applying Theorems 4.3 and 4.4 finishes the p roof.

4.3 Proofs of Numerical L imit Theorems

In this section, we present the proofs of the numerical SLLN (Theorem 4.3) and the 
numerical CLT (Theorem 4.4) in Sects. 4.3.1 and 4.3.2, respectively. The proofs are 
respectively based on the convergence of the numerical invariant measure and the
decomposition of the normalized time-average of numerical discretizations.

4.3.1 Proof of Theorem 4.3 

This subsection is devoted to giving the proof of the preservation of the SLLN 
of numerical discretizations, based on the existence and uniqueness as well as the
convergence of the numerical invariant measure.

Proposition 4.6 Let Assumption 4.2 hold for the time-homogeneous Marko v pro-

cess {Y xh

tk
}k∈N .. Then for each fixed . {Y xh

tk
}k∈N . admits a unique numerical 

invariant measure μ ∈ P(Eh).. Furthermore, if in addition Assumption 4.1 holds 
for the time-homogeneous Markov process {Xx

t }t≥0 . and Assumption 4.3 holds for 
{Xx

t }t≥0 . and {Y xh

tk
}k∈N ., then we have W2(μ,μ ) ≤ K| α|., where | α|. is given 

in Assumption 4.3.
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Proof The proof of the existence and uniqueness of the numerical in variant measure
is analogous to that of Theorem 3.2, and the argument for the convergence rate 
follows similarly to the proof of Theorem 3.3. Therefore, we omit the details.

Note that Assumption 4.2 leads to 

.μ q ≤ lim
t→∞ Eh

u qdμ
0
t (u) ≤ sup

t≥0
E Y

0
t

q ] ≤ L3. (4.23) 

Similar to the proof of (4.3), we derive that for f ∈ Cp,γ . with p ∈ [1, q]. and 
γ ∈ (0, 1],. 

. |Ptk
f (u) − μ (f )| ≤ K f p,γ (1 u

pq̃
2 +(1+κ)γ )(ρ (tk))

γ , k ∈ N.

(4.24) 

This is the uniformly mixing property of numerical discretizations. Based on [29, 
Proposition 2.6 and Remark 2.7], we obtain the estimate between 1

k
S

xh

k . and 
μ (f )., which is stated in the following lemma.

Lemma 4.7 Let Assumption 4.2 hold for the time-homogeneous Mark ov process

{Y xh

tk
}k∈N ., γ ∈ [γ2, 1],. ∈ N+,. and p ≥ 1. satisfy p

2 (1 + q̃) + (1 + κ)γ ≤ q.. 

Then for any f ∈ Cp,γ . and xh ∈ Eh
., we have

. E
1

k
S

xh

k − μ (f )
2 ≤ K f

2
p,γ (1 xh q̃(

p
2 (1+q̃)+(1+κ)γ ))t

−
k ∀ k ∈ N+.

(4.25) 

With these in hand, we present the proof of the SLLN, i.e., 1
k
S

xh

k

P-a.s.−→ μ(f ). as 
k → ∞. and | | → 0.. 

Proof of Theorem 4.3 Applying (4.2) and Proposition 4.6 leads to 

.|μ(f ) − μ (f )| ≤ K f p,γ | α|γ , f ∈ Cp,γ . (4.26) 

Hence it suffices to prove that limk→∞ 1
k
S

xh

k − μ (f ) = 0. P.-a.s. for each fix ed
stepsize . and f ∈ Cp,γ .. 

For any δ ∈ (0, 1
4 ). and k ∈ N. with k 1/τ ., define 

.Axh

k := ω ∈ : 1

k
S

xh

k − μ (f ) (ω) > f p,γ t−δ
k τ− 1

4 .
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Note that the condition p(1 + q̃) + 2(1 + κ)γ ≤ q . coincides with the one in
Lemma 4.7 with = 2.. By virtue of (4.25) with = 2. one has 

. E
1

k
S

xh

k − μ (f )
4 ≤ K f 4

p,γ (1 xh q̃(p(1+q̃)+2(1+κ)γ ))t−2
k .

Applying the Chebyshev i nequality yields

. P(Axh

k ) ≤ t4δ
k τ

f 4
p,γ

E |1

k
S

xh

k − μ (f )|4

≤ K(1 xh q̃(p(1+q̃)+2(1+κ)γ ))t
2(2δ−1)
k τ. (4.27) 

Then it follows from 2(1 − 2δ) > 1. that 

.

∞

k 1
τ

P(Axh

k ) ≤ K(1 xh q̃(p(1+q̃)+2(1+κ)γ )). (4.28) 

Define the random variable Kxh

. by 

. Kxh

(ω) := inf j ∈ N with j
1

τ

1

k
S

xh

k − μ (f ) (ω)

f p,γ t−δ
k τ− 1

4 ∀k ≥ j + 1 .

Inequality (4.28), along with the Borel–Cantelli lemma implies that Kxh

< ∞. 

P.-a.s. and 

. P ω ∈ : 1

k
S

xh

k −μ (f ) (ω) f p,γ t−δ
k τ− 1

4 for all k ≥ Kxh

(ω)+1 = 1.

(4.29) 

Let T xh = τKxh

.. Noting 2(2δ − 1) < −1., there exists a constant l > 0. (e.g., 
l = − 1+2(2δ−1)

2 > 0.) such that l + 2(2δ − 1) < −1.. This, combining (4.27) implies 

. E[(T xh

)l] =
∞

j 1
τ

E (T xh

)l1{Kxh =j} =
∞

j 1
τ

(jτ )lP Kxh = j

≤
∞

j 1
τ

(tj )
l
P(Axh

j ) ≤ K(1 xh q̃(p(1+q̃)+2(1+κ)γ )). (4.30)
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For δ̃ > 0. and N ∈ N+,. define Dxh

N := ω ∈ : T xh + 1 > Nδ̃ .. When δ̃ . is 
chosen so that δ̃l > 1., it follows from (4.30) that 

. 

∞

N=1

P(Dxh

N ) ≤
∞

N=1

(
1

N
)δ̃lE[(T xh + 1)l] ≤ K(1 xh q̃(p(1+q̃)+2(1+κ)γ )).

Using the Borel–Cantelli lemma again yields that there exists a random variable
Nxh

< ∞. P.-a.s. such that

.P ω ∈ : T xh

(ω) + 1 ≤ Nδ̃ for all N ≥ Nxh

(ω) = 1. (4.31) 

Combining (4.29) and (4.31) yields that for a.s. ω ∈ . when k ≥ (Nxh
(ω))δ̃

τ
1+ 1

4δ

≥
T xh

(ω)+1
τ

≥ Kxh

(ω) + 1,. we hav e

. 
1

k
S

xh

k − μ (f ) (ω) f p,γ t−δ
k τ− 1

4 f p,γ (Nxh

(ω))−δ̃δ,

which implies limk→∞ 1
k
S

xh

k = μ (f ). almost surely for fixed . This finishes 
the proof.

4.3.2 Proof of Theorem 4.4 

In this section, we present the proof of the preservation of the CLT of numerical 
discretizations, based on the decomposition of the normalized time-av erage of
numerical discretizations. Precisely, we introduce the following decomposition of

the normalized time-average 1√
kτ

k−1
i=0 f (Y

xh

ti
) − μ(f ) τ ., 

.
1√
kτ

k−1

i=0

f (Y
xh

ti
) − μ(f ) τ = 1√

kτ
M xh

k + 1√
kτ

Rxh

k , (4.32) 

where 

.M xh

k := τ

∞

i=0

E f (Y
xh

ti
)|Ftk − μ (f ) − τ

∞

i=0

E f (Y
xh

ti
)|F0 − μ (f ) ,

(4.33)
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Rxh 

k := − τ 
∞ 

i=k 
E f  (Y  x

h 
ti )|Ftk − μ (f ) + τ 

∞ 

i=0 
E f  (Y  x

h 
t i )|F0 − μ (f )

+ kτ(μ (f ) − μ(f )).

By virtue of the Slutsky theorem, the idea for proving Theorem 4.4 is to prov e that
1√
kτ

M xh

k

d−→ N (0, v2). and 1√
kτ

Rxh

k

P−→ 0,. where we recall that
d−→. and 

P−→. denote the convergence in distribution and in probability , respectively.
By fully utilizing the Markov property and the uniformly mixing property of 

numerical discretizations of the time-homogeneous Mark ov process, it is shown in

the following proposition that M xh

k . is well-defined and is a martingale for k ∈ N.. 

Proposition 4.8 Let Assumption 4.2 hold for the time-homogeneous Marko v pro-

cess {Y xh

tk
}k∈N ., γ ∈ [γ2, 1]., and p ≥ 1. satisfy pq̃

2 + (1 + κ)γ ≤ q .. Then for any
xh ∈ Eh

., f ∈ Cp,γ ., the sequence {M xh

k }k∈N . is an {Ftk }k∈N .-adapted martingale 
with M xh

0 = 0.. Moreover, w e have

. |M xh

k | ≤ τ

k−1

i=0

f (Y
xh

ti
) − μ (f )

+ K f p,γ 1 Y
xh

tk

pq̃
2 +(1+κ)γ xh

pq̃
2 +(1+κ)γ . (4.34) 

Proof From the definition of M xh

k ., we have  

. M xh

k = τ

k−1

i=0

f (Y
xh

ti
) − μ (f ) + τ

∞

i=0

Pti
f (Y

xh

tk
) − μ (f )

− τ

∞

i=0

Pti
f (xh) − μ (f ) . (4.35) 

It follows from (4.24) that 

.|M xh

k | ≤ τ

k−1

i=0

f (Y
xh

ti
) − μ (f ) + K f p,γ (1 Y

xh

tk

pq̃
2 +(1+κ)γ )

× τ

∞

i=0

(ρ (ti))
γ + K f p,γ (1 xh

pq̃
2 +(1+κ)γ )τ

∞

i=0

(ρ (ti))
γ .
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Using the conditions γ ∈ [γ2, 1]. and pq̃
2 + (1 + κ)γ ≤ q ., and Assumption 4.2 leads 

to 

. E[|M xh

k |] ≤ K f p,γ k(1 xh q̃(
pq̃
2 +(1+κ)γ )) < ∞.

In addition, by (4.35), we have  

. M xh

k − M xh

k−1 = τ f (Y
xh

tk−1
) − μ (f ) + τ

∞

i=0

Pti
f (Y

xh

tk
) − μ (f )

− τ

∞

i=0

Pti
f (Y

xh

tk−1
) − μ (f ) , (4.36) 

which giv es

. E (M xh

k+j − M xh

k )|Ftk = τ

j−1

i=0

Pti
f (Y

xh

tk
) − μ (f )

+ τPtj

∞

i=0

Pti
f − μ (f ) (Y

xh

tk
)

− τ

∞

i=0

Pti
f (Y

xh

tk
) − μ (f ) . (4.37) 

Applying the dominated conver gence theorem yields

. τPtj

∞

i=0

Pti
f − μ (f ) (Y

xh

tk
) = τ

∞

i=0

Pti+j
f − μ (f ) (Y

xh

tk
)

= τ

∞

i=j

Pti
f (Y

xh

tk
) − μ (f ) .

Inserting the above equality into (4.37) leads to E (M xh

k+j − M xh

k )|Ftk = 0.. 

This finishes the proof.

Define the martingale difference sequence of {M xh

k }k∈N . by 

. Zxh

k := M xh

k − M xh

k−1 ∀ k ∈ N+, Zxh

0 = 0.

Denote by E |Zxh

k |2|Ftk−1 . the conditional variance of the martingale difference 
sequence, whose properties are presented in following propositions.
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Proposition 4.9 Let Assumption 4.2 hold for the time-homogeneous Marko v pro-

cess {Y xh

tk
}k∈N . and γ ∈ [γ2, 1].. 

(i) For any constant c satisfying c
pq̃
2 + (1 + κ)γ ≤ q ., it holds that

. sup
k≥0

E[|Zxh

k |c] ≤ K f c
p,γ (1 xh cq̃(

pq̃
2 +(1+κ)γ )). (4.38) 

(ii) Let p ≥ 1. satisfy pq̃ + 2(1 + κ)γ ≤ q.. Then E[|Zxh

k+1 |2|Ftk ] = H (Y
xh

tk
). 

for all k ∈ N., where H : Eh → R. is defined as

. H (u) = −τ 2|f (u) − μ (f )|2 + τ 2
E

∞

i=0

Pti
f (Yt1

) − μ (f )
2

− τ 2|
∞

i=0

Pti
f (u) − μ (f ) |2

+ 2τ 2 f (u) − μ (f )

∞

i=0

Pti
f (u) − μ (f ) . (4.39) 

(iii) Let p ≥ 1. satisfy 2pq̃+2(1+2κ)γ ≤ q..ThenH ∈ C2p̃γ ,γ .and H 2p̃γ ,γ ≤
K f 2

p,γ ,. where p̃γ := q̃ pq̃ + (2 + 3κ)γ .. 

Proof 

(i) It follows from (4.23), (4.24), and (4.36), Assumption 4.2, and the condition
γ ∈ [γ2, 1]. that 

. |Zxh

k | ≤ τ f (Y
xh

tk−1
) − μ (f ) + τ

∞

i=0

Pti
f (Y

xh

tk
) − μ (f )

+ τ

∞

i=0

Pti
f (Y

xh

tk−1
) − μ (f )

≤ K f p,γ τ 1 Y
xh

tk−1

p
2 + K f p,γ 1 Y

xh

tk

pq̃
2 +(1+κ)γ

Y
xh

tk−1

pq̃
2 +(1+κ)γ . (4.40) 

Taking any constant c satisfying c
pq̃
2 + (1 + κ)γ ≤ q . and using A ssump-

tion 4.2 (i) finish the proof of (i).



4.3 Proofs of Numerical Limit Theorems 195

(ii) The condition pq̃ + 2(1 + κ)γ ≤ q . coincides with the one in (i) with c = 2,. 

thus E |Zxh

l+1 |2|Ftl . is well-defined. It follows from (4.36) that 

. E |Zxh

l+1 |2|Ftl = E τ f (yh) − μ (f ) + τ

∞

i=0

Pti
f (Y

yh

t1
) − μ (f )

− τ

∞

i=0

Pti
f (yh) − μ (f )

2

yh=Y
xh

tl

=: G (Y
xh

tl
).

(4.41) 

For any u ∈ Eh
., 

. G (u) = τ 2|f (u) − μ (f )|2 + τ 2
∞

i=0

Pti
f (u) − μ (f )

2

+ τ 2
E

∞

i=0

Pti
f (Yt1

) − μ (f )
2

+ 2τ 2 f (u) − μ (f ) Pt1

∞

i=0

Pti
f − μ (f ) (u)

− 2τ 2 f (u) − μ (f )

∞

i=0

Pti
f (u) − μ (f )

− 2τ 2
∞

i=0

Pti
f (u) − μ (f ) Pt1

∞

j=0

Ptj
f − μ (f ) (u).

(4.42) 

Applying the dominated conver gence theorem yields

. f (u) − μ (f ) Pt1

∞

i=0

Pti
f − μ (f ) (u)

= f (u) − μ (f )

∞

i=0

Pti
f (u) − μ (f ) − |f (u) − μ (f )|2.

(4.43)
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Similarly, 

. 

∞

i=0

Pti
f (u) − μ (f ) Pt1

∞

i=0

Pti
f − μ (f ) (u)

=
∞

i=0

Pti
f (u) − μ (f )

2 − f (u) − μ (f )

∞

i=0

Pti
f (u) − μ (f ) .

(4.44) 

Inserting (4.43) and (4.44) into (4.42) implies G = H ., which finishes the 
proof of (ii).

(iii) For any u ∈ Eh
., using  (4.23), (4.24), the conditions γ ∈ [γ2, 1]. and pq̃ +

2(1 + κ)γ ≤ q ., and Assumption 4.2, we deduce

. |H (u)| ≤ K f 2
p,γ τ 2(1 u p) + K f 2

p,γ 1 + E Yt1
pq̃+2(1+κ)γ ]

× τ

∞

i=0

ρ (ti)
γ 2

+ K f 2
p,γ 1 u pq̃+2(1+κ)γ τ

∞

i=0

ρ (ti)
γ 2

+ K f 2
p,γ τ (1 u

p
2 ) 1 u

p
2 (1+q̃)+(1+κ)γ τ

∞

i=0

ρ (ti)
γ

≤ K f 2
p,γ (1 u q̃(pq̃+2(1+κ)γ )) ≤ K f 2

p,γ (1 u p̃γ ),

which i mplies

. sup
u∈Eh

|H (u)|
1 u p̃γ

≤ K f 2
p,γ . (4.45) 

By the definition of H ,. we deduce that for any u1, u2 ∈ Eh
., 

.H (u1) − H (u2) =
4

l=1

Il(u1, u2), (4.46) 

where 

.I1(u1, u2) := τ 2 |f (u2) − μ (f )|2 − |f (u1) − μ (f )|2 ,
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I2(u1,  u2) := τ 2
E 

∞ 

i=0 
Pti f  (Y  u1 

t1 ) − μ (f ) 
2 

− 
∞ 

i=0 
Pti f  (Y  u2 

t1 ) − μ (f ) 
2 

, 

I3(u1,  u2) 

:= − τ 2 
∞ 

i=0 
Pti f  (u1) − μ (f ) 

2 + τ 2 
∞ 

i=0 
Pti f  (u2) − μ (f ) 

2 
, 

I4(u1,  u2) = 2τ 2 f (u1) − μ (f )

∞

i=0

Pti
f (u1) − μ (f )

− 2τ 2 f (u2) − μ (f )

∞

i=0

Pti
f (u2) − μ (f ) .

By the definition of Cp,γ . and (4.23), we have  

. |I1(u1, u2)| = τ 2|f (u1) + f (u2) − 2μ (f )||f (u1) − f (u2)|
≤ K f 2

p,γ τ 2(1 u1 − u2
γ )(1 u1

2p u2
2p)

1
2 .

(4.47) 

It follows from (4.24) that 

. |I3(u1, u2)| = τ 2
∞

i=0

Pti
f (u1) − μ (f )

+
∞

i=0

Pti
f (u2) − μ (f )

∞

i=0

Pti
f (u2) − Pti

f (u1)

≤ K f 2
p,γ (1 u1

pq̃
2 +(1+κ)γ

u2
pq̃
2 +(1+κ)γ )(τ

∞

i=0

(ρ (ti))
γ )2

u1 − u2
γ (1 u1

pq̃
2 +γ κ u2

pq̃
2 +γ κ)

≤ K f 2
p,γ u1 − u2

γ (1 u1
pq̃+(1+2κ)γ u2

pq̃+(1+2κ)γ ),

(4.48)
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where we u sed

. |Ptk
f (u1) − Ptk

f (u2)|
= |μu1

tk
(f ) − μ

u2
tk

(f )|
≤ K f p,γ u1 − u2

γ (1 u1
pq̃
2 +γ κ

u2
pq̃
2 +γ κ)(ρ (tk))

γ , u1, u2 ∈ Eh.

Noting I2(u1, u2) = −E I3(Y
u1
t1

, Y
u2
t1

) ,. by (4.48), 2pq̃+2(1+2κ)γ ≤ q ., 
the Hölder inequality, and Assumption 4.2, we obtain

. |I2(u1, u2)| ≤ K f 2
p,γ

E Y
u1
t1

− Y
u2
t1

γ (1 Y
u1
t1

pq̃+(1+2κ)γ Y
u2
t1

pq̃+(1+2κ)γ )

≤ K f 2
p,γ u1 − u2

γ

1 u1
q̃(pq̃+(1+2κ)γ )+γ κ u2

q̃(pq̃+(1+2κ)γ )+γ κ . (4.49) 

Arguments similar to those of I1 . and I3 . lead to 

. |I4(u1, u2)| ≤ 2τ 2|f (u1) − f (u2)||
∞

i=0

Pti
f (u1) − μ (f ) |

+ 2τ 2|f (u2) − μ (f )||
∞

i=0

Pti
f (u1) − Pti

f (u2) |

≤ K f 2
p,γ τ u1 − u2

γ

(1 u1
p
2 (1+q̃)+(1+κ)γ u2

p
2 (1+q̃)+(1+κ)γ ). (4.50) 

According to q̃ ≥ 1. and p ≥ 1,. one has pq̃2 ≥ p
2 (1 + q̃),. which i mplies

. p̃γ := q̃ pq̃ + (2 + 3κ)γ ≥ p

2
(1 + q̃) + (1 + κ)γ.

Plugging (4.47)–(4.50) into (4.46) deduces 

. sup
u1,u2∈Eh

u1 u2

|H (u1) − H (u2)|
u1 − u2

γ (1 u1
2p̃γ u2

2p̃γ )
1
2

≤ K f 2
p,γ .



4.3 Proofs of Numerical Limit Theorems 199

This, along with (4.45) implies t hat

. sup
u1,u2∈Eh

u1 u2

|H (u1) − H (u2)|
(1 u1 − u2

γ )(1 u1
2p̃γ u2

2p̃γ )
1
2

≤ K f 2
p,γ + sup

u1,u2∈Eh

u1 u2

|H (u1) − H (u2)|1 u1−u2 >1}
(1 u1

2p̃γ u2
2p̃γ )

1
2

≤ K f 2
p,γ + sup

u1,u2∈Eh

u1 u2

|H (u1)| + |H (u2)|
(1 u1

2p̃γ u2
2p̃γ )

1
2

≤ K f 2
p,γ .

The proof is completed.

Proposition 4.10 Let Assumption 4.1 hold for the time-homogeneous Mark ov
process {Xx

t }t≥0 ., Assumption 4.2 hold for the time-homogeneous Mark ov process

{Y xh

tk
}k∈N ., Assumption 4.3 hold for {Xx

t }t≥0 . and {Y xh

tk
}k∈N ., γ ∈ [γ1 ∨ γ2, 1]., 

and p ≥ 1. satisfy p(1 + q̃ ∨ r̃) + 2(1 + κ ∨ β)γ ≤ q ∧ r.. Then for any f ∈ Cp,γ ., 

. μ (H ) = −τ 2μ |f −μ (f )|2 +2τμ f −μ (f )

∞

i=0

Pti
f −μ (f ) τ .

(4.51) 

Moreover, |μ (H )| ≤ Kτ f 2
p,γ . and lim| |→0

μ (H )
τ

= v2.. 

Proof Step 1: Proof of (4.51). The condition on p in Proposition 4.10 implies that 
the one in Proposition 4.9 (ii) holds, and then H . is well-defined. Moreover, H . 

can be rewritten as

.H (u) = −τ 2|f (u) − μ (f )|2 + τ 2Pt1

∞

i=0

Pti
f − μ (f )

2
(u)

− τ 2
∞

i=0

Pti
f (u) − μ (f )

2

+ 2τ 2 f (u) − μ (f )

∞

i=0

Pti
f (u) − μ (f ) ,
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which together with (Pt1
)∗μ = μ . gives 

. μ (H ) = −τ 2μ |f −μ (f )|2 +2τμ f −μ (f )

∞

i=0

Pti
f −μ (f ) τ .

Here, (Pt )∗ . is the transpose operator of P .; see [12, Section 5.2]. 
Step 2: Proof of |μ (H )| ≤ Kτ f 2

p,γ .. According to the Young inequality, 
we arrive at

. |μ (H )| ≤ 2τμ |f − μ (f )|2 + τμ

∞

i=0

Pti
f − μ (f )

2
τ 2 .

(4.52) 

The fact f ∈ Cp,γ . implies that f 2 ∈ C2p,γ . and f 2
2p,γ ≤ K f 2

p,γ .. Together 
with (4.23), we deri ve

. μ (|f − μ (f )|2) = μ (f 2) − |μ (f )|2

≤ K f 2
p,γ μ (1 p) + K f p,γ μ (1

p
2 )

2

≤ K f 2
p,γ . (4.53) 

It follows from (4.24), pq̃ + 2(1 + κ)γ ≤ q ., and (4.23) that 

. μ

∞

i=0

Pti
f −μ (f )

2
τ 2 ≤ K f 2

p,γ μ (1 pq̃+2(1+κ)γ ) ≤ K f 2
p,γ .

(4.54) 

Inserting (4.53) and (4.54) into (4.52) yields |μ (H )| ≤ Kτ f 2
p,γ .. 

Step 3: Proof of lim| |→0
μ (H )

τ
= v2.. Without loss of generality, belo w we

assume that μ(f ) = 0.. Otherwise, we let f̃ := f − μ(f ). and consider f̃ . instead of 
f . The condition on p in Proposition 4.10 leads to p

2 (1+ q̃ ∨ r̃)+ (1+β ∨κ)γ ≤ r ., 
which along with f ∈ Cp,γ ., (4.3), and (4.24) implies t hat

. μ f

∞

i=0

Pti
f − μ (f ) τ1{Eh} < ∞ and μ f

∞

0
Ptf dt < ∞.

Together with (4.51), we arrive at  

.
μ (H )

τ
− v2

≤ τμ |f − μ (f )|2 + 2|μ (f )|μ
∞

i=0

Pti
f − μ (f ) τ
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+ 2 μ f 
∞ 

i=0 
Pti f − μ (f ) τ1{Eh} − μ f 

∞ 

i=0 
Pti f − μ (f ) τ1{Eh} 

+ 2 μ f 
∞ 

i=0 
Pti f − μ (f ) τ1{Eh} − μ f

∞

0
Ptf dt =:

4

i=1

IIi .

Due t o (4.53), we have II1 → 0. as | | → 0.. By (4.23), (4.24), and (4.26), we  
arrive at

. II2 ≤ K|μ (f )|μ f p,γ (1
pq̃
2 +(1+κ)γ )

∞

i=0

ρ (ti)
γ
τ

≤ K f p,γ |μ (f ) − μ(f )| ≤ K f 2
p,γ | α|γ , (4.55) 

where we used μ(f ) = 0.. D enote

. F := f

∞

i=0

Pti
f − μ (f ) τ1{Eh}.

Using similar techniques to the proof of Proposition 4.9, we obtain

. F ∈ Cp(1+q̃)+2(1+κ)γ,γ and F p(1+q̃)+2(1+κ)γ,γ ≤ K f 2
p,γ .

Then by p(1 + q̃) + 2(1 + κ)γ ≤ r ∧ q . and (4.26), we deduce

.II3 ≤ K F p(1+q̃)+2(1+κ)γ,γ | α|γ ≤ K f 2
p,γ | α|γ . (4.56) 

For the term II4,. we hav e

. II4 ≤ 2μ 1{Eh}
∞

0
f Pt f − Ptf + f μ(f ) − μ (f ) dt

+ 2μ f
∞

0
Ptf dt1{E\Eh} ,

where E\Eh
. represents the complementary set of Eh

. and we used μ(f ) = 0.. It  
follows from (4.2) and Assumptions 4.2 and 4.3 that for any u ∈ Eh

., 

. |Ptf (u) − Pt f (u) f p,γ 1 + E Xu
t

p] + E Yu
t

p] 1
2 W2(μ

u
t , μt )

γ

≤ K f p,γ (1 u (
p
2 +γ )(r̃∨q̃))| α|γ . (4.57)
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This, along with (4.26) implies t hat

. 1{u∈Eh} f (u) Pt f (u) − Ptf (u) + f (u) μ(f ) − μ (f )

≤ 1{u∈Eh}|f (u)| Pt f (u) − Ptf (u) + K f p,γ | α|γ

≤ K f 2
p,γ (1 u (

p
2 +γ )(r̃∨q̃)+ p

2 1{u∈Eh})| α|γ .

Applying the Fubini theorem and the Fatou lemma leads to

. lim| |→0
μ 1{Eh}

∞

0
f Pt f − Ptf − f μ (f ) − μ(f ) dt

≤
∞

0
μ lim| |→0

1{Eh} f Pt f − Ptf + f μ(f ) − μ (f ) dt = 0,

which together with lim| |→0 μ f
∞

0 Ptf dt1{E\Eh} = 0.gives II4 → 0.as | | →
0.. Combining estimates of terms IIi, i = 1, 2, 3, 4. completes the p roof.

With these results at hand, we are now in a position to prove Theorem 4.4, which 
follows directly from the combination of Propositions 4.11 and 4.12. 

Proposition 4.11 Under the conditions of Theorem 4.4, 1√
kτ

M xh

k . converges in 
distribution to N (0, v2). as | | → 0., where k τ−2λ−1

.. 

Proof By the definition of k, it is equivalent to showing that τλM xh

τ−2λ−1 . converges 
in distribution to N (0, v2).. To this end, we show that the characteristic function of

τλM xh

τ−2λ−1 . satisfies 

. lim| |→0
E exp iιτ λM xh

τ−2λ−1 = e− v2ι2
2 ∀ ι ∈ R, (4.58) 

where i. is the imaginary unit. Without loss of generality, we assume that μ(f ) = 0.. 
Otherwise, we let f̃ = f − μ(f ). and consider f̃ . instead of f . 

A direct calculation gives

.e
v2ι2

2 E exp (iιτ λM xh

k ) − 1

=
k−1

j=0

e
v2ι2(j+1)

2k E exp (iιτ λM xh

j+1 ) − e
v2ι2j

2k E exp (iιτ λM xh

j )

=
k−1

j=0

e
v2ι2(j+1)

2k E exp (iιτ λM xh

j ) exp (iιτ λZxh

j+1 ) − 1 + v2ι2

2k
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+ 
k−1 

j=0 
e 

v2ι2(j+1) 
2k (1 − e− v2ι2 

2k − 
v2ι2 

2k 
)E exp (iιτ λM xh

j ) . (4.59) 

Note that for any ζ ∈ R \ {0}., eiζ = 1 + iζ − ζ 2

2 − ζ 2Q(ζ),. where Q(ζ) =
ζ−2 ζ

0
ζ2

0 (eiζ1 − 1)dζ1dζ2 . satisfies supζ∈R |Q(ζ)| ≤ 1, |Q(ζ)| = O(|ζ |) for ζ

1.. Along with E[Zxh

j+1 |Ftj ] = 0., we obtain

. E exp (iιτ λM xh

j ) exp (iιτ λZxh

j+1 ) − 1 + v2ι2

2k

= E exp (iιτ λM xh

j )E − ι2τ 2λ(Zxh

j+1 )2

2
− ι2τ 2λ(Zxh

j+1 )2Qj+1 + v2ι2

2k
Ftj

= ι2τ 2λ

2
E exp (iιτ λM xh

j )
v2

kτ 2λ
− (Zxh

j+1 )2

− ι2τ 2λ
E exp (iιτ λM xh

j )(Zxh

j+1 )2Qj+1 , (4.60) 

where Qj+1 := Q(ιτλZxh

j+1 ).. Plugging (4.60) into (4.59) yields 

.e
v2ι2

2 E[exp (iιτ λM xh

k )] − 1 = I1(k) + I2(k) + I3(k), (4.61) 

where 

. I1(k) :=
k−1

j=0

e
v2ι2(j+1)

2k (1 − e− v2ι2
2k − v2ι2

2k
)E[exp (iιτ λM xh

j )],

I2(k) := − ι2τ 2λ
k−1

j=0

e
v2ι2(j+1)

2k E exp (iιτ λM xh

j )(Zxh

j+1 )2Qj+1 ,

I3(k) := ι2τ 2λ

2

k−1

j=0

e
v2ι2(j+1)

2k E exp (iιτ λM xh

j )
v2

kτ 2λ
− (Zxh

j+1 )2 .

Estimate of the Term I1(k). Applying the inequality |1−e−ζ −ζ | ≤ 1
2ζ 2

. for ζ > 0. 

gives 

. lim
τ→0

|I1(k)| ≤ lim
τ→0

e
v2ι2

2

k−1

j=0

|1 − e− v2ι2
2k − v2ι2

2k
|

≤ lim
τ→0

e
v2ι2

2

k−1

j=0

v4ι4

8k2 ≤ lim
τ→0

K

k
= 0.
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Estimate of the Term I2(k). It follows from supζ∈R |Q(ζ)| ≤ 1. that for any 0., 

.|I2(k)| ≤ ι2e
v2ι2

2 τ 2λ
k−1

j=0

E (Zxh

j+1 )2|Qj+1| ≤ I2,1(k) + I2,2(k), (4.62) 

where 

. I2,1(k) := ι2e
v2ι2

2 τ 2λ
k−1

j=0

E (Zxh

j+1 )21{|Zxh

j+1 | −λ} ,

I2,2(k) := ι2e
v2ι2

2 τ 2λ
k−1

j=0

E (Zxh

j+1 )2|Qj+1|1{|Zxh

j+1 |≤ −λ} .

Using Propositions 4.9 and 4.10 leads to that for any ε ∈ (0, λ)., 

. I2,2(k) ≤ ι2e
v2ι2

2 τ 2λ sup
|ζ |≤

|Q(ζ)|
k−1

j=0

E[(Zxh

j+1 )2]

≤ ι2e
v2ι2

2 sup
|ζ |≤

|Q(ζ)| τ 2λ

τ−1−(λ−ε) 1

j=0

E[(Zxh

j+1 )2]

+ τ 2λ
k−1

j τ−1−(λ−ε)

Ptj
H (xh) − μ (H ) + K f 2

p,γ . (4.63) 

Combining E |M xh

τ−1−(λ−ε) |2 = τ−1−(λ−ε) 1
j=0 E[(Zxh

j+1 )2].and (4.34) yields that 

. 

τ−1−(λ−ε) 1

j=0

E[(Zxh

j+1 )2] ≤ Kτ 1−(λ−ε)

τ−1−(λ−ε) 1

j=0

E |f (Y
xh

tj
)|2 + |μ (f )|2

+ K f 2
p,γE 1 Y

xh

t
τ−1−(λ−ε)

pq̃+2(1+κ)γ xh pq̃+2(1+κ)γ .

Since the condition (4.19) implies that pq̃ + 2(1 + κ)γ ≤ r ., by Assumption 4.2 (i) 
we obtain

. 

τ−1−(λ−ε) 1

j=0

E[(Zxh

j+1 )2] ≤ K f 2
p,γ (1 xh q̃(pq̃+2(1+κ)γ ))τ−2(λ−ε).

(4.64)
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It follows from (4.19) and Proposition 4.9 (iii) that H ∈ C2p̃γ ,γ . with 2p̃γ ≤ q.. 

Making use o f (4.24) yields 

. τ 2λ
k−1

j τ−1−(λ−ε)

Ptj
H (xh) − μ (H )

≤ K f 2
p,γ (1 xh q̃p̃γ +(1+κ)γ )τ 2λ

k−1

j τ−1−(λ−ε)

ρ (tj )
γ
. (4.65) 

Inserting (4.64) and (4.65) into (4.63) leads to 

. I2,2(k) ≤Kι2e
v2ι2

2 sup
|ζ |≤

|Q(ζ) f 2
p,γ 1 xh q̃(pq̃+2(1+κ)γ ) xh q̃p̃γ +(1+κ)γ

× τ 2ε + τ 2λ
k−1

j τ−1−(λ−ε)

ρ (tj )
γ + 1 . (4.66) 

Note that (4.20) implies limτ→0 τ 2λ k−1
j τ−1−(λ−ε) ρ (tj )

γ = 0.. This, along 
with (4.66) leads to 

. lim→0
lim
τ→0

I2,2(k) = 0. (4.67) 

By virtue of the condition (4.19) there exists a positive constant c such that c >
2
λ

∨ 4. and c
pq̃
2 + (1 + κ

2 )γ ≤ q .. Applying the Hölder inequality, the Chebyshev
inequality, and (4.38), we have  

. I2,1(k) ≤ ι2e
v2ι2

2 τ 2λ
k−1

j=0

E[|Zxh

j+1 |4] 1
2 P{|Zxh

j+1 | −λ} 1
2

≤ ι2e
v2ι2

2
1
c/2 τ 2λ+ cλ

2

k−1

j=0

E[|Zxh

j+1 |4] 1
2 E[|Zxh

j+1 |c] 1
2

≤ Kι2e
v2ι2

2
1
c/2 τ

cλ
2 −1 f

4+c
2

p,γ (1 xh
(4+c)q̃

2
pq̃
2 +(1+κ)γ

). (4.68) 

Plugging (4.67) and (4.68) into (4.62) yields 

. lim
τ→0

|I2(k)| ≤ lim→0
lim
τ→0

Kι2e
v2ι2

2
1
c/2 τ

cλ
2 −1 f

4+c
2

p,γ 1 xh
(4+c)q̃

2
pq̃
2 +(1+κ)γ

+ lim→0
lim
τ→0

|I2,2(k)| = 0.
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Estimate of the Term I3(k). To simplify the notation, we denote k̃ τ−1−ε
. and 

M k/k̃ .. Divide {0, 1, . . . , k − 1}. into M blocks, and denote

. Bi = {(i − 1)k̃, (i − 1)k̃ + 1, . . . , ik̃ − 1} for i ∈ {1, . . . ,M − 1},
BM = {(M − 1)k̃, . . . , k − 1}.

We estimate the term I3(k). as 

.|I3(k)| ≤ I3,1(k) + I3,2(k), (4.69) 

where 

. I3,1(k) := ι2τ 2λ

2

M

i=1

E exp (iιτ λM xh

(i−1)k̃
)

j∈Bi

e
v2ι2(j+1)

2k
v2

kτ 2λ
− (Zxh

j+1 )2 ,

I3,2(k) := ι2τ 2λ

2

M

i=1 j∈Bi

E exp (iιτ λM xh

j ) − exp (iιτ λM xh

(i−1)k̃
) e

v2ι2(j+1)
2k

× v2

kτ 2λ
− (Zxh

j+1 )2 .

It follows from the property of the conditional expectation and the time-

homogeneous Markov property of {Zxh

k }k∈N . that 

. I3,1(k) ≤ ι2τ 2λ

2

M

i=1

E E

j∈Bi

e
v2ι2(j+1)

2k
v2

kτ 2λ
− (Zxh

j+1 )2 Ft
(i−1)k̃

≤ ι2τ 2λ−ε

2
e

v2ι2
2

M

i=1

E τ ε

j∈B1

v2

kτ 2λ
− E[(Zyh

j+1 )2]
yh=Y

xh

t
(i−1)k̃

.

(4.70) 

It is straightforward to see from Proposition 4.9 (ii) that 

.τ ε

j∈B1

v2

kτ 2λ
− E[(Zyh

j+1 )2]

≤ τ ε
k̃−1

j=0

v2

kτ 2λ
− μ (H ) + τ ε

k̃−1

j=0

|μ (H ) − E[(Zyh

j+1 )2]|
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+ τ ε 
k̃−1 

j τ
−1− ε 

4 

|μ (H ) − E[(Zyh 

j+1 )
2]| 

≤ τ ε+1k̃v2| 1 
kτ 2λ+1 − 1| +  τ ε+1k̃|v2 − 

μ (H ) 
τ 

| +  τ ε−1− ε 
4 |μ (H )| 

+ τ ε 
τ

−1− ε 
4 1 

j=0 
E[(Zyh 

j+1 ) 
2] + τ ε

k̃−1

j τ
−1− ε

4

|μ (H ) − Ptj
H (yh)|.

(4.71) 

Using the similar arguments to (4.64) and (4.65), we deri ve

.

τ
−1− ε

4 1

j=0

E[(Zyh

j+1 )2] ≤ K f 2
p,γ (1 yh q̃(pq̃+2(1+κ)γ ))τ− ε

2 (4.72) 

and 

. τ ε
k̃−1

j τ
−1− ε

4

|μ (H ) − Ptj
H (yh)|

≤ K f 2
p,γ (1 yh q̃p̃γ +(1+κ)γ )τ ε

k̃−1

j τ
−1− ε

4

ρ (tj )
γ
. (4.73) 

Inserting (4.72) and (4.73) into (4.71) and using |μ (H )| ≤ Kτ f 2
p,γ ., we arrive  

at 

. τ ε

j∈B1

v2

kτ 2λ
− E[(Zyh

j+1 )2]

≤ τ ε+1k̃v2 1

kτ 2λ+1 − 1 + τ ε+1k̃ v2 − μ (H )

τ
+ τ

3ε
4 K f 2

p,γ + K f 2
p,γ τ

ε
2

× (1 yh q̃(pq̃+2(1+κ)γ )) + K f 2
p,γ (1 yh q̃p̃γ +(1+κ)γ )τ ε

×
k̃−1

j τ
−1− ε

4

ρ (tj )
γ
. (4.74)
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Since q̃(pq̃ + 2(1 + κ)γ ) ≤ q . and q̃p̃γ + (1 + κ)γ ≤ q ., plugging (4.74) into (4.70) 
and applying Assumption 4.2 (i), we ha ve

. I3,1(k) ≤ Kι2e
v2ι2

2 v2| 1

kτ 2λ+1 − 1| + |v2 − μ (H )

τ
| + τ

3ε
4 f 2

p,γ

f 2
p,γ (1 xh q̃2(pq̃+2(1+κ)γ ))τ

ε
2

f 2
p,γ (1 xh q̃(qp̃γ +(1+κ)γ ))τ ε

k̃−1

j τ
−1− ε

4

ρ (tj )
γ

,

where we used k τ−2λ−1
., k̃ τ−1−ε

., and M k/k̃ O(τ−2λ+ε).. It  
follows from (4.20) that limτ→0 τ ε k̃−1

j τ
−1− ε

4
ρ (tj )

γ = 0,. This, along with

p(1 + q̃ ∨ r̃) + 2(1 + κ ∨ β)γ ≤ q ∧ r . and Proposition 4.10 implies t hat

. lim| |→0
I3,1(k) = 0. (4.75) 

Furthermore, by |eiu−1| ≤ u. and the Hölder inequality, one has that for any ε1 > 0., 

. I3,2(k) ≤ ι2τ 2λ

2
e

v2ι2
2

M

i=1 j∈Bi

E exp iιτ λ(M xh

j − M xh

(i−1)k̃
) − 1

× v2

kτ 2λ
+ (Zxh

j+1 )2

≤ ε1ι
ι2τ 2λ

2
e

v2ι2
2

M

i=1 j∈Bi

v2

kτ 2λ
+ E[(Zxh

j+1 )2]

+ ι2τ 2λe
v2ι2

2

M

i=1 j∈Bi

E
v2

kτ 2λ
+ (Zxh

j+1 )2 1{τλ|M xh

j −M xh

(i−1)k̃
|>ε1}

≤ Kε1ι
3e

v2ι2
2 + ε1

ι3τ 2λ

2
e

v2ι2
2

k−1

j=0

E H (Y
xh

tj
)

+ Kι2τ 2λe
v2ι2

2

M

i=1 j∈Bi

v4 + E[(Zxh

j+1 )4] 1
2

P{τλ|M xh

j − M xh

(i−1)k̃
| > ε1}

1
2 . (4.76)
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It follows from (4.24) and the definition of M xh

i . that for any j ∈ Bi \ {(i − 1)k̃}., 

. |M xh

j − M xh

(i−1)k̃
| ≤ τ

j−1

l=(i−1)k̃

f (Y
xh

tl
) − μ (f )

+K f p,γ (1 Y
xh

tj

pq̃
2 +(1+κ)γ Y

xh

t
(i−1)k̃

pq̃
2 +(1+κ)γ ).

Choose ε 1. such that 1+√
ε

λ
1
λ

+ 1.. This, along with the condition (4.19) 
implies t hat

. 2 3 ∨ 1 + √
ε

λ

pq̃

2
+ (1 + κ)γ ≤ q.

Combining the Chebyshev inequality and Assumption 4.2 (i) y ields

. P{τλ|M xh

j − M xh

(i−1)k̃
| > ε1}

≤ K(
τλ+1

ε1
)2 3∨ 1+√

ε
λ

× E E

j−(i−1)k̃−1

l=0

f (Y
yh

tl
) − μ (f )

2 3∨ 1+√
ε

λ

yh=Y
xh

t
(i−1)k̃

+ K f
2 3∨ 1+√

ε
λ

p,γ (
τλ

ε1
)2 3∨ 1+√

ε
λ (1 xh 2q̃ 3∨ 1+√

ε
λ

pq̃
2 +(1+κ)γ

).

(4.77) 

Note that condition (4.19) implies that the requirement on p in Lemma 4.7 is 
satisfied with 3 ∨ 1+√

ε

λ
.. By virtue of Lemma 4.7 with 3 ∨ 1+√

ε

λ
., 

we obtain

.E

j−(i−1)k̃−1

l=0

f (Y
yh

tl
) − μ (f )

2 3∨ 1+√
ε

λ

≤ K f 2
p,γ j − (i − 1)k̃

2
t−1
j−(i−1)k̃

3∨ 1+√
ε

λ
(1 yh 3∨ 1+√

ε
λ

q( p
2 (1+q̃)+(1+κ)γ )).
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This, along with (4.77), q̃ 3 ∨ 1+√
ε

λ
p
2 (1 + q̃) + (1 + κ)γ ≤ q ., and Assump-

tion 4.2 (i) implies that  

. 

j∈Bi

P{τλ|M xh

j − M xh

(i−1)k̃
| > ε1}

1
2

≤ K f
3∨ 1+√

ε
λ

p,γ

j∈Bi

(
τ λ+1(j − (i − 1)k̃)

ε1
) 3∨ 1+√

ε
λ

× E Y
xh

t
(i−1)k̃

q̃ 3∨ 1+√
ε

λ ( p
2 (1+q̃)+(1+κ)γ )] + 1

1
2 t

3∨ 1+√
ε

λ
/2

j−(i−1)k̃

+ K f
3∨ 1+√

ε
λ

p,γ (
τλ

ε1
) 3∨ 1+√

ε
λ (1 xh q̃ 3∨ 1+√

ε
λ

pq̃
2 +(1+κ)γ

)

≤ K f
3∨ 1+√

ε
λ

p,γ (1 xh 3∨ 1+√
ε

λ
q̃2

2 ( p
2 (1+q̃)+(1+κ)γ ))

×
j∈B1

(
τλ+1j

ε1
) 3∨ 1+√

ε
λ t

3∨ 1+√
ε

λ
/2

j

+ K f
3∨ 1+√

ε
λ

p,γ (
τλ

ε1
) 3∨ 1+√

ε
λ (1 xh q̃ 3∨ 1+√

ε
λ

pq̃
2 +(1+κ)γ

)

≤ K f
3∨ 1+√

ε
λ

p,γ (1 xh 3∨ 1+√
ε

λ
q2 pq̃

2 +(1+κ)γ
)

× (
τλ

ε1
) 3∨ 1+√

ε
λ

τ−1 1

j=0

t
3∨ 1+√

ε
λ

/2
j

+ (
τλ−ε

ε1
) 3∨ 1+√

ε
λ

k̃−1

j τ−1

(
j

τ−1−ε
) 3∨ 1+√

ε
λ t

3∨ 1+√
ε

λ
/2

j + (
τλ

ε1
) 3∨ 1+√

ε
λ

≤ 1

ε
3∨ 1+√

ε
λ

1

K f
3∨ 1+√

ε
λ

p,γ (1 xh 3∨ 1+√
ε

λ
q2 pq̃

2 +(1+κ)γ
)

(1 + τ
(λ−ε)(1+√

ε)
λ

−1 + τ).

Inserting the above inequality into (4.76) leads to 

.I3,2(k) ≤ Kε1ι
3e

v2ι2
2 + ε1

ι3τ 2λ

2
e

v2ι2
2

k−1

j=0

E H (Y
xh

tj
)
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+ Kι2e 
v2ι2 

2 v4 + sup 
n≥0 

E[(Zxh 
n )4] 1 

2 
1 

ε 3∨ 1+√
ε 

λ 
1 

f 3∨ 1+√
ε 

λ 
p,γ 

× (1 xh 3∨ 1+√
ε 

λ q2 p ̃q 
2 +( 1+κ)γ

)(1 + τ
√

ε− ε
λ
− ε

√
ε

λ + τ)Mτ 2λ.

Recalling M = O(τ−2λ+ε)., letting ε ∈ (0, 1). satisfy
√

ε − ε
λ

− ε
√

ε

λ
> 0., and using

(4.38) and (4.63)–(4.65) yield 

. lim
ε1→0

lim
τ→0

I3,2(k) = 0. (4.78) 

We conclude from (4.69), (4.75), and (4.78) that lim| |→0 |I3(k)| = 0.. The desired 
argument (4.58) follows from estimates of terms Ii, i = 1, 2, 3.. 

Proposition 4.12 Under the conditions of Theorem 4.4, 1√
kτ

Rxh

k . converges in 
probability to 0 as | | → 0., where k τ−2λ−1

.. 

Proof By the definition of k,. it is equivalent to showing that τλRxh

τ−2λ−1 . converges 

in probability to 0. Let Rxh

k = Rxh

k,1 + Rxh

k,2 ,. where 

. Rxh

k,1 := −τ

∞

i=k

E f (Y
xh

ti
)|Ftk −μ (f ) +τ

∞

i=0

E f (Y
xh

ti
)|F0 −μ (f )

and Rxh

k,2 := kτ(μ (f ) − μ(f )).. By (4.24) we deduce 

. |Rxh

k,1 | ≤ τ

∞

i=0

Pti
f (Y

xh

tk
) − μ (f ) + τ

∞

i=0

Pti
f (xh) − μ (f )

≤ K f p,γ (1 Y
xh

tk

pq̃
2 +(1+κ)γ xh

pq̃
2 +(1+κ)γ ).

Taking expectations on both sides of |Rxh

k,1 |. and using Assumption 4.2 (i), we 
deri ve

. E[|Rxh

k,1 |] ≤ K f p,γ (1 xh q̃(
pq̃
2 +(1+κ)γ )).

This, along with pq̃
2 + (1 + κ)γ ≤ q . and Assumption 4.2 (i) leads to that

. lim| |→0

1√
kτ

E[|Rxh

k,1 |] ≤ lim| |→0
K f p,γ (1 xh q̃(

pq̃
2 +(1+κ)γ ))τλ = 0.

(4.79)
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It follows from (4.26) that 

. 
1√
kτ

|Rxh

k,2 | = √
kτ μ (f ) − μ(f ) ≤ K f p,γ

√
kτ(hα1γ + τα2γ ).

Since h = τα2/α1 . for h 0., one has

. K f p,γ

√
kτ(hα1γ + τα2γ ) = K f p,γ τα2γ−λ,

which tends to 0 as τ → 0. by letting λ ∈ (0, α2γ ).. This finishes the proof.

4.4 Numerical E xperiments

From Theorem 1.16 we know that when the uniformly moment boundedness and 
the attractiveness of the functional solution hold, the functional solution of the
SFDE (1.1) has the SLLN and the CLT. This section is devoted to the numerical 
verification of the SLLN and the CLT for numerical solutions of SFDEs. We 
propose algorithms designed to capture the longtime statistical properties for time-
averages of numerical solutions. Then we apply the algorithms to representative
SFDE models, with θ .-EM methods applied to discretize the equations, to verify the 
limit behaviors of the functional solution.

We begin by providing an algorithm (Algorithm 3) to verify the numerical SLLN 
for SFDEs using the θ .-EM method. The main objective is to demonstrate that, 
regardless of the initial condition, the time-average of a test function f along 
the numerical functional solution converges to the same deterministic value as 
time increases. The algorithm starts with initialization, including model parameters 
and simulation parameters. To ensure a fair comparison across different initial 
conditions, we generate a single sequence of Brownian increments and use it
for all trajectories associated with these initial conditions. This guarantees that
any differences in the time-averages are solely due to the initial conditions and
not to stochastic variability. Then, for each initial condition ξj ., the SFDE (1.1) 
is numerically approximated by using the θ .-EM method. And at each time step

tk ., the observable f (y
j

tk
). is computed and the r unning time-average A

(j)
t :=

1
n

n−1
k=0 f (y

j

tk
). is updated, where t = .. The time-averages A

(j)
t . for all initial 

conditions are finally plotted as functions of time.
Then we present a Monte Carlo algorithm for the v erification of numerical

CLT for SFDEs (1.1). The objective is to generate an empirical distribution of the 
normalized time-average of numerical solutions and compare it with the theoretical
Gaussian limit. The overall simulation framework, summarized in Algorithm 4, 
begins by estimating the stationary mean μ(f ),. which is generally unknown. 
Invoking the ergodicity and the SLLN of the process, we approximate μ(f ). by 
computing the time-average of the reference trajectory over a longtime Tlong ., where
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Algorithm 3 Verification of numerical SLLN for SFDEs
Require: SFDE parameters (b,  σ,  τ), a set of initial conditions {ξ1,  ξ2,  .  .  .  ,  ξM }, parameter θ,  

sufficiently large final time T , stepsizes , N = , test function f . 
Output: Numerical time-average A (j) 

t = 1 
n 

n−1 
k=0 f  (y  j 

tk ) for each ξj with j = 1,  .  .  .  ,  M  and 
t = with n = 1, 2,  .  .  .  ,  N . 

1: Generate a common Brownian motion increment sequence {δWk}N−1 
k=0 to ensure identical noise 

for all initial conditions. 
2: for j = 1,  .  .  .  ,  M  do 
3: Initialize y j 

0 = ξInt  
j with ξInt  

j denoting the linear interpolation of ξj . 
4: for k = 0,  .  .  .  ,  N  − 1 do 

y j (tk+1) = y j (tk) + θb(y  j 
tk+1 ) + (1 − θ)b(y  j 

tk ) + σ(y  j 
tk )δWk. 

5: end for 
6: Compute the running time-average A (j) 

t = 1 
n 

n−1 
k=0 f  (y  j 

tk ) for t = with n = 
1, 2,  .  .  .  ,  N.  

7: end for 
Comparison: 

8: Plot A
(j)
t versus t for all j .

9: Examine whether all numerical time-averages A
(j)
t converge to the same limit as t increases,

indicating the validity of the numerical SLLN.

the evolution of the system at each step is performed using the θ .-EM method. We 
collect the values of the observation function f (xt ). on the time interval [0, Tlong].. 
The time-average of these values yields a global estimate μ̂

global
f ., which serves as a 

reference for the true mean μ(f ). in the s ubsequent steps.
The second step constitutes the main Monte Carlo simulation. We execute Mtrials . 

independent trials, which can be performed in parallel to improve computational 
efficiency. For each trial n = 1, . . . ,Mtrials ., we first initialize the system with the 
same initial datum. Then, we simulate the process by using the θ .-EM method ove r
time Tmax . (we suppose Tlong > Tmax .) and compute the sample mean μ̂

(n)
f . for this 

path. Finally, we compute the normalized CLT statistic Sn = √
Tmax(μ̂

(n)
f −μ̂

global
f )., 

and store it. The resulting collection of samples S = {Sn}Mtrials
n=1 . forms the empirical 

distrib ution.
In the third step, we analyze the statistical properties of the collected samples

in S.. We construct a histogram to visualize the empirical probability density 
function and compute key statistical moments (the skewness and kurtosis), to assess 
the closeness to a centered Gaussian distribution. These provide a quantitative 
verification of the CLT for numerical solutions. In particular, the empirical distri-
bution should exhibit near-zero skewness and near-three kurtosis, confirming the
asymptotic normality of the time-average for numerical solutions.

To demonstrate the implementation of Algorithms 3 and 4, we conduct numerical 
experiments on two examples: a linear stochastic delay differential equation and a
superlinear SFDE.
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Algorithm 4 Verification of numerical CL T for SFDEs
Input: SFDE parameters: (b,  σ,  τ,  ξ); simulation parameters: long,  Tmax,  Mtrials; parameter θ , 

test function f . 
Output: Empirical distribution of the numerical normalized sum 

Sn = Tmax 
1 

Tmax 

Tmax 

0 
f  (y  (n) 

t )dt − μ(f ) ,  n  = 1,  .  .  .  ,  Mtrials. 

Step 1: Estimation of the stationary mean 
1: Generate a long reference trajectory {x(t)}Tlong 

t=0 of the SFDE using the θ -EM method. 
2: Estimate the stationary mean as μ̂global 

f ≈ 1 
Tlong 

Tlong 
0 f  (xt )dt. 

Step 2: Generation of CLT samples 
3: Initialize an empty set of samples S. 
4: for n = 1,  .  .  .  ,  Mtrials do In parallel 
5: Generate an independent sample path {y (n) 

t }Tmax 
t =0 of the SFDE using the θ -EM method. 

6: Compute the sample mean for this path: μ̂ (n) 
f = 1 

Tmax 
Tmax 

0 f  (y  (n) 
t )dt . 

7: Compute the normalized statistic: Sn = √
Tmax( ̂μ (n) 

f −  ̂μglobal 
f ). 

8: Add Sn to the set S. 
9: end for 

Step 3: Statistical analysis
10: Analyze the empirical distribution of the samples in S (e.g., plot histogram, compute skewness

and kurtosis) and compare it with a centered Gaussian distribution N (0, v2) to assess CLT
validity.

Linear Stochastic Delay Differential Equation We consider the following one-
dimensional linear stochastic delay differential equation

.dx(t) = (−αx(t) + βx(t − τ))dt + σdW(t), t > 0, (4.80) 

with various initial data ξj ∈ C1, j = 1, . . . ,M .. From Theorem 1.15, we know t hat
when α > β,. the exact solution has ergodicity, the SLLN and the CLT. Namely, the 
time-average of the exact solution converges almost surely to the ergodic limit μ(f ). 

for all j . Then we apply Algorithm 3 to numerically verify this behavior based on 
the EM method. We take five different initial data: for t ∈ [−τ, 0],. 

. ξ1(t) = 0.5 sin(2πt) + 0.3t2,

ξ2(t) = 0.8 cos(πt) − 0.2t,

ξ3(t) = 0.6 sin(3πt) + 0.1t,

ξ4(t) = et − 1.2,

ξ5(t) = 0.4 sin(4πt) + 0.2 cos(2πt), (4.81)
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Fig. 4.1 Numerical SLLN of EM functional solutions for linear SFDE (4.80) with five different 
initial values; α = 2, β = 1, σ = 0.8, τ = 1, T = 50 = 0.01.. (a) Five sample paths of 
numerical solutions starting from different initial values; (b) Corresponding time-averages A

(j)
t . of 

these solutions for j = 1, . . . , 5. and t ∈ [0, 50]., where the test function f (φ) = 1
τ

0
−τ

φ2(s)ds .. 
(a) Sample path of numerical solutions. (b) T ime-average of numerical solutions

and the test function is taken as f (φ) = 1
τ

0
−τ

φ2(s)ds . for φ ∈ C1.. The results 
are shown in Fig. 4.1. Subfigure (a) displays sample paths of numerical solutions 
starting from different initial values. After a period of time, the trajectories overlap 
and thus show that the system loses sensitivity to initial conditions. Subfigure (b)
depicts the corresponding time-averages A

(j)
t . of these solutions for j = 1, . . . , 5.. 

The convergence of these time-averages towards a common v alue as time increases
signifies the SLLN.

Then we verify the CLT of the numerical functional solution based on the pro-
posed Algorithm 4. Figure 4.2 presents the empirical distribution of the normalized 
time-average of the numerical solution for f (φ) = 1

τ

0
−τ

φ(s)ds, φ ∈ C1
. at 

Tmax = 100,. which approximates well to a Gaussian distribution with mean 0.0292. 

and variance 1.5021.. Figures 4.3 and 4.4 further illustrate the evolution of empirical 
distributions of normalized time-averages as the stepsize decreases, for different 
test functions. Each subplot corresponds to a distinct stepsize, with the red curve 
representing the fitted normal density. From these two figures, we observe that the 
empirical distributions of the normalized time-average exhibit convergence toward
a centered Gaussian distribution as the stepsize decays to zero. In comparison with
the linear test function f (φ) = 1

τ

0
−τ

φ(s)ds, φ ∈ C1
. in Fig. 4.3, the nonlinear case

f (φ) = 1
τ

0
−τ

φ2(s)ds, φ ∈ C1
. in Fig. 4.4 requires longer simulation times for the 

empirical distributions to reach convergence toward a centered Gaussian distribution
as the stepsize decreases.
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Fig. 4.2 Numerical CLT of 
EM functional solutions for
linear SFDE (4.80); α =
1.2, β = 0.8, σ = 0.5, τ = 1., 
Tlong = 105 ., 
Tmax = 100,Mtrials = 2000., 
ξ(t) = 0.5 sin(2πt). with 
t ∈ [−τ, 0]., 
f (φ) = 1

τ

0
−τ

φ(s)ds . 

Fig. 4.3 Numerical CLT of EM functional solutions for linear SFDE (4.80) under different 
stepsizes and running times; α = 1.2., β = 0.8., τ = 1., σ = 0.5., ξ ≡ 1., λ = 0.45., Tlong = 105 ., 
Mtrials = 2000., f (φ) = 1

τ

0
−τ

φ(s)ds .. (a) Top left: = 2−2 ., Tmax = −2λ .; (b) Top right:

= 2−4 ., Tmax = −2λ .; (c) Bottom left: = 2−6 ., Tmax = −2λ .; (d) Bottom right: = 2−8 ., 
Tmax = −2λ . 

Nonlinear Stochastic Functional Differential Equation We consider the follow-
ing one-dimensional superlinear SFDE

. dx(t) = 1

τ

0

−τ

x(t + s)ds − x3(t) − 2x(t) dt + a

τ

0

−τ

x(t + s)dsdW(t),

(4.82) 

with five different initial conditions ξj , j = 1, . . . , 5. given by (4.81). Here, 
a > 0. represents the noise intensity. From Proposition 4.1, we derive that the 
exact functional solution of (4.82) admits a unique invariant measure and satisfies 
both the SLLN and the CLT. We now apply the backw ard EM method to generate
numerical solutions. The results are shown in Fig. 4.5. To be specific, Subfigure (a) 
shows the simulated trajectories of the numerical solution for five different initial
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Fig. 4.4 Numerical CLT of EM functional solutions for linear SFDE (4.80) under different 
stepsizes and running times; α = 1.2., β = 0.8., τ = 1., σ = 0.5., ξ ≡ 1., λ = 0.45., Tlong = 105 ., 
Mtrials = 2000., f (φ) = 1

τ

0
−τ

φ2(s)ds .. (a) Top left: = 2−5 ., Tmax = −2λ .; (b) Top right:

= 2−7 ., Tmax = −2λ .; (c) Bottom left: = 2−9 ., Tmax = −2λ .; (d) Bottom right: = 2−11 ., 
Tmax = −2λ . 

0  10  20  30  40 50 
t
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Initial datum 5

Fig. 4.5 Numerical SLLN of backward EM functional solutions for the nonlinear SFDE (4.82) 
with different initial values; τ = 1., a = 0.5,. T = 50 = 0.01.. (a) Five sample paths of 
numerical solutions starting from different initial values; (b) Corresponding time-averages A

(j)
t . of 

these solutions for j = 1, . . . , 5. and t ∈ [0, 50],. where the test function f (φ) = 1
τ

0
−τ

φ(s)ds .. (a) 
Sample path of numerical solutions. (b) Time-average of numerical solutions
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Fig. 4.6 Numerical CLT of backward EM functional solutions for nonlinear SFDE (4.82); a =
0.1,. τ = 0.5., ξ ≡ 2., λ = 0.4, Tlong = 1000., Mtrials = 2000., f (φ) = 1

τ

0
−τ

φ(s)ds .. (a) Top  
left: = 2−3 ., Tmax = −2λ .; (b) Top right: = 2−5 ., Tmax = −2λ .; (c) Bottom left: = 2−7 ., 
Tmax = −2λ .; (d) Bottom right: = 2−9 ., Tmax = −2λ . 

values. The paths are distinct and noisy at the beginning, reflecting the influence of 
the multiplicative noise and different initial values. After a period of time, they 
are overlapped, which indicates that the system may attain an equilibrium state 
(constant zero). Subfigure (b) displays the evolution of the time-averages for each of 
the five paths. It is observed that despite starting from different initial values, all five
time-averages converge towards the same value as time increases. These indicate
that the system is ergodic, and the longtime behavior of the numerical functional
solution is independent of the initial condition.

We next examine the CLT for the functional solution of the backward EM method
with the linear test function f (φ) = 1

τ

0
−τ

φ(s)ds, φ ∈ C1
.. The numerical solutions 

are computed using the backward EM method. Figure 4.6 displays the empirical 
distributions of the normalized time-averages of the numerical solutions for different 
stepsizes. As the stepsize decreases, the histograms become increasingly symmetric 
and centered around the mean 0, indicating that the normalized time-averages 
converge in distribution to a centered Gaussian distribution. This observation
provides numerical verification supporting the CLT for the numerical functional
solution of the nonlinear SFDE (4.82).
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4.5 Summary a nd Outlook

This chapter has focused on general time-homogeneous Markov processes and has 
investigated probabilistic limit theorems, including the SLLN and the C LT, for
numerical discretizations, with the aim of applying these results to the θ .-EM method 
for the SFDE (1.1). The analysis is based on uniformly mixing properties and on 
strong or weak convergence of numerical discretizations, which are fundamental
topics in numerical analysis; see e.g. [11, 14] and references therein. The main 
results in this chapter are adapted from [8]. 

There have been some works on studying numerical SLLN and numerical 
CLT of numerical methods for specific autonomous stochastic ordinary differential 
equations and stochastic partial differential equations. For e xample, for stochastic
ordinary differential equations with globally Lipschitz continuous coefficients, the
SLLN for Euler-type methods is derived in [4, 25]; [28] obtains the CLT for the EM 
method with decreasing stepsize of a wide class of Brownian ergodic diffusions;
[23] proves the CLT and the self-normalized Cramér-type moderate deviation of 
the time-average for the EM method. F or stochastic ordinary differential equations
with non-globally Lipschitz continuous coefficients, [18] establishes the CLT of the 
BEM method. For the case of s tochastic partial differential equations, a first attempt
is [5], where the SLLN and the CLT for approximating the ergodic limit via a full 
discretization are established for the parabolic stochastic partial differential equation 
with the linearly gro wing drift coefficient. More recently, for the stochastic reaction-
diffusion equation near sharp interface limit, [10] establishes a CLT for a temporal 
semi-discretization. 

In addition to the considered SLLN and CLT, there are also other types of proba-
bilistic limit theorems, such as the law of iterated logarithm [1, 2, 13, 21, 30, 31], the 
moderate deviations [3, 9, 15, 16], and the large deviations [17, 24, 26, 27], for the 
time-average of stochastic processes. These theorems can be viewed as important 
complements to the SLLN and the CLT. As for the numerical discretizations, [6] 
investigates the law of iterated logarithm for linear stochastic Hamiltonian systems 
and their numerical methods, providing a novel perspective for revealing t he supe-
riority of stochastic symplectic methods over their non-symplectic counterparts.
The recent work [7] has investigated the law of iterated logarithm for numerical 
discretizations of time-homogeneous Markov processes, and presents verifiable 
criteria for preserving the pathwise asymptotic behavior. It is of interest to explore 
how the moderate and large deviations for the time-average of the Markov process 
are inherited by numerical discretizations in future studies. 

The above discussions are mainly focused on autonomous equations and time-
homogeneous Markov processes. In the non-autonomous case, however, the analysis
is more intricate because the transition probability functions depend on both the
initial and current times, which complicates the corresponding ergodic theory. We
mention that for the non-autonomous two-dimensional stochastic Navier–Stokes
equation on the torus, [22] establishes the SLLN, the CLT, and the law of iterated 
logarithm by using the martingale approximation procedure. This naturally raises
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the question of how these limit theorems can be established for non-autonomous 
SFDEs, and more generally for non-homogeneous Mark ov processes, as well as
how they can be inherited by numerical discretizations.
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Chapter 5 
Numerical Density Function and 
Con vergence Analysis

The density function for the solution of a stochastic differential equation, character-
izing all the relevant probabilistic information, is one of the essential characteristics 
that reveals the probabilistic behavior of the underlying solution. It is of interest 
to investigate: (1) whether the numerical method can admit the density function
when the exact solution is known to possess one, and (2) the error between density
functions when both the exact and numerical solutions admit a density function.

This chapter focuses on studying the existence and convergence of the density 
function for the solution of the θ .-EM method for the SFDE (1.1). In Sect. 5.1, we  
present the nondegeneracy of the numerical solution and prove the existence of the 
corresponding numerical density function by means of the Malliavin calculus. In
Sect. 5.2, we investigate the convergence of the numerical density function. For
the SFDE (1.1) with the multiplicative noise, we show that the numerical density 
function converges to the exact one in L1(Rd). using a localization a rgument.
Section 5.3 is devoted to the convergence rate of the numerical density function 
for the case of the additive noise. And we prove that the convergence rate of the 
numerical density function in the pointwise sense is 1, based on the test-functional-
independent weak convergence analysis.

5.1 Existence of Numerical D ensity Function

In this section, we investigate the existence of density functions of solutions
for (1.1) and the θ .-EM method based on the technique of the M alliavin calculus.
The deterministic initial datum ξ . is fixed in this section. Consider the f ollowing
assumptions in this section.

Assumption 5.1 Assume that there exists a constant a5 > 0. such that for any
φ1, φ2 ∈ Cd

., 
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C. Chen et al., Numerical A nalysis of Stochastic Functional Differential Equations,
Lecture Notes in Mathematics 2399, https://doi.org/10.1007/978-981-92-1592-8_5

223

http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-92-1592-8protect T1	extunderscore 5&domain=pdf
https://doi.org/10.1007/978-981-92-1592-8_5
https://doi.org/10.1007/978-981-92-1592-8_5
https://doi.org/10.1007/978-981-92-1592-8_5
https://doi.org/10.1007/978-981-92-1592-8_5
https://doi.org/10.1007/978-981-92-1592-8_5
https://doi.org/10.1007/978-981-92-1592-8_5
https://doi.org/10.1007/978-981-92-1592-8_5
https://doi.org/10.1007/978-981-92-1592-8_5
https://doi.org/10.1007/978-981-92-1592-8_5
https://doi.org/10.1007/978-981-92-1592-8_5
https://doi.org/10.1007/978-981-92-1592-8_5


224 5 Numerical Density Function and Convergence Analysis

. b(φ1) − b(φ2), φ1(0) − φ2(0)

≤ a5 |φ1(0) − φ2(0)|2 +
0

−τ

|φ1(r) − φ2(r)|2dν2(r) .

Assumption 5.2 Assume that the coefficient b has continuous Gâteaux derivative ,
and that there exists a constant β̃ ≥ 0. such that 

. |Db(φ1)φ2| ≤ K(1 φ1
β̃ ) φ2 ,

where φ1, φ2 ∈ Cd
. and K > 0.. 

Assumption 5.3 Assume that the coefficient σ . has continuous Gâteaux derivative, 
and that there exists some σ0 > 0. such that 

. inf
φ∈Cd

min
u∈Rd ,|u|=1

u σ(φ)σ (φ) u ≥ σ0.

We present the existence of the density function of the θ .-EM solution based on 
the criterion given by Theorem C.8. We first show the moment estimates on both
the θ .-EM functional solution and its Malliavin derivative.

Lemma 5.1 Let Assumptions 2.1, 5.1, and 5.2 hold. Assume that the coefficient σ . 

has continuous Gâteaux derivative. Then for ∈ (0, 1
4θa5

)., p ≥ 2., and T > 0., 

. E sup
0≤ ≤T

ytk
p ≤ KT , sup

0≤u≤T

E sup
u≤ ≤T

Duytk
p ≤ KT .

Proof The proof of E[sup0≤ ≤T ytk
p] ≤ KT . is similar to that of Proposi-

tion 2.2 and thus is omitted. Below w e prove sup0≤u≤T E[supu≤ ≤T Duytk
p] ≤

KT .. The proof is split into three steps. 
Step 1: We show that for u ∈ [0, T ],. 

. E[|Duz (tk+1)|2p]

≤ K

k

i=0

+ 1[ti ,ti+1](u) E |Duz (ti)|2p + |Duy (ti)|2p + KT .

(5.1) 

For any k ∈ N.with 0 ≤ ≤ T . and u ∈ [0, T ]., from the definition of the auxiliary
process z . and the chain rule (see Lemma C.4), we ha ve

.|Duz (tk+1)|2

= |Duz (tk)|2 + |Db(ytk
)Duytk

|2 2
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+ |Dσ(ytk )Duytk δWk|2 + |σ(ytk )1[tk ,tk+1](u)|2 

+ 2 Duy (tk) − Db(ytk )Duytk ,Db(ytk )Duytk 

+ 2 Duz (tk) +Db(ytk )Duytk tk )1[tk,tk+1](u) + M̃k 

≤ |Duz (tk)|2 + |Dσ(ytk )Duytk δWk|2 + |σ(ytk )1[tk ,tk+1](u)|2 

+ 2 Duy (tk),Db(ytk )Duytk 

+ 
2(θ − 1) 

θ 
Duz (tk) + 

2

θ
Duy (tk), σ (ytk

)1[tk,tk+1](u) + M̃k,

where we used 1 − 2θ ≤ 0. for θ ∈ ( 12 , 1]., the notation

. M̃k := 2 Duz (tk) +Db(ytk
)Duytk

+ σ(ytk
)1[tk,tk+1](u),Dσ(ytk

)Duytk
δWk ,

and relation 

.Duz (tk) = Duy (tk) − Db(ytk
)Duytk

, k ≥ 0. (5.2) 

By Assumption 5.1, one has that for any φ, φ1 ∈ Cd
., 

. φ(0),Db(φ1)φ a5 |φ(0)|2 +
0

−τ

|φ(r)|2dν2(r) . (5.3) 

This implies that for any p ∈ N+ ., 

.|Duz (tk+1)|2p ≤ |Duz (tk)|2p +
p

l=1

Cl
pIk,l ≤

k

i=0

p

l=1

Cl
pIi,l , (5.4) 

where 

. Ii,l := |Duz (ti)|2(p−l) |Dσ(yti
)Duyti

δWi |2 + |σ(yti
)1[ti ,ti+1](u)|2

+ |Duy (ti)|2 +
0

−τ

|Duyti
(r)|2dν2(r) + 2(θ − 1)

θ
Duz (ti)

+ 2

θ
Duy (ti), σ (yti

)1[ti ,ti+1](u) + M̃i

l

.

For the term Ii,1 ., by the Young inequality and the property of the conditional
expectation, we obtain
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. E[Ii,1] ≤ E |Duz (ti)|2(p−1) |Dσ(yti
)Duyti

|2 + |σ(yti
)1[ti ,ti+1](u)|2

+ |Duy (ti)|2 +
0

−τ

|Duyti
(r)|2dν2(r)

+ 2(θ − 1)

θ
Duz (ti) + 2

θ
Duy (ti), σ (yti

)1[ti ,ti+1](u)

≤ K + 1[ti ,ti+1](u) E |Duz (ti)|2p + |Duy (ti)|2p

+ E

0

−τ

|Duyti
(r)|2pdν1(r) +

0

−τ

|Duyti
(r)|2pdν2(r)

+ KT 1[ti ,ti+1](u), (5.5) 

where in the last inequality we used Assumptions 2.1 and 

. E sup
0≤ti≤T

|y (ti)|2p ≤ KT .

For the term Ii,2 ., we have  

. E[Ii,2] = E |Duz (ti)|2(p−2) |Dσ(yti
)Duyti

δWi |2 + |σ(yti
)1[ti ,ti+1](u)|2

+ |Duy (ti)|2 +
0

−τ

|Duyti
(r)|2dν2(r) + 2(θ − 1)

θ
Duz (ti)

+ 2

θ
Duy (ti), σ (yti

)1[ti ,ti+1](u)
2 + |Duz (ti)|2(p−2)M̃2

i

≤ K + 1[ti ,ti+1](u) E |Duz (ti)|2p + |Duy (ti)|2p

+ E

0

−τ

|Duyti
(r)|2pdν1(r) +

0

−τ

|Duyti
(r)|2pdν2(r)

+ KT 1[ti ,ti+1](u). (5.6) 

Similarly, we deduce that for any l ∈ {3, . . . , p}., 

. E[|Ii,l |] ≤ K + 1[ti ,ti+1](u) E |Duz (ti)|2p + |Duy (ti)|2p +

× E

0

−τ

|Duyti
(r)|2pdν1(r) +

0

−τ

|Duyti
(r)|2pdν2(r)

+ KT 1[ti ,ti+1](u). (5.7)
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Inserting (5.5)–(5.7) into (5.4), we arrive at  

. E[|Duz (tk+1)|2p]

≤ K

k

i=0

+ 1[ti ,ti+1](u) E |Duz (ti)|2p + |Duy (ti)|2p

+ KT

k

i=0

1[ti ,ti+1](u)

+
k

i=0

E

0

−τ

|Duyti
(r)|2pdν1(r) +

0

−τ

|Duyti
(r)|2pdν2(r)

≤ K

k

i=0

+ 1[ti ,ti+1](u) E |Duz (ti)|2p + |Duy (ti)|2p + KT .

Here, we u sed

. 

k

i=0

0

−τ

|Duyti
(r)|2pdνj (r) ≤

k

i=0

|Duy (ti)|2p, j = 1, 2,

whose proof is similar to (2.15). 
Step 2: We show that for u ∈ [0, T ],. 

. 

k

i=0

+ 1[ti ,ti+1](u))E[|Duy (ti)|2p]

≤ K

k

i=0

+ 1[ti ,ti+1](u))E[|Duz (ti)|2p]. (5.8) 

It follows from (5.2) and (5.3) that 

.|Duz (ti)|2 ≥ |Duy (ti)|2 − 2 Duy (ti),Db(yti
)Duyti

≥ |Duy (ti)|2 − 2 5 |Duy (ti)|2

+
0

−τ

|Duyti
(r)|2dν2(r) .
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Let 1 ∈ (0, 1
4θa5

).. Then for ∈ (0, 1−2θa5 1
2θa5 1

− 1). and ∈ (0 1)., 

. (1 − 2θa5
p|Duy (ti)|2p

≤ |Duz (ti)|2p + (1 + 2θa5
p

0

−τ

|Duyti
(r)|2pdν2(r). (5.9) 

This implies t hat

. 

k

i=0

E[|Duy (ti)|2p] ≤ K

(1 − 2θa5 1)p − (1 + 2θa5 1)p

×
k

i=0

E[|Duz (ti)|2p]

≤ K

k

i=0

E[|Duz (ti)|2p], (5.10) 

and 

. 

k

i=0

1[ti ,ti+1](u)E[|Duy (ti)|2p]

≤ K

k

i=0

1[ti ,ti+1](u)E[|Duz (ti)|2p] +
k

i=0

E[|Duy (ti)|2p]

≤ K

k

i=0

+ 1[ti ,ti+1](u) E[|Duz (ti)|2p]. (5.11) 

Combining (5.10) and (5.11) yields (5.8). 
Step 3: We show sup0≤u≤T E supu≤tk+1≤T |Duy (tk+1)|2p ≤ KT .. Insert-

ing (5.8) into (5.1) and applying the discrete Gronwall inequality, we derive

. sup
u≤tk≤T

E[|Duz (tk)|2p] ≤ sup
u≤tk≤T

KT eKtk+1+1 ≤ KT . (5.12) 

It follows from (5.9) that 

. sup
u≤tk≤T

E[|Duy (tk)|2p] ≤ KT . (5.13)
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In addition, by (5.4), we obtain

. E sup
u≤tk+1≤T

|Duz (tk+1)|2p

≤ E sup
u≤tk≤T

k

i=0

C1
pIi,1 + C2

pIi,2 + E

i=0

p

l=3

Cl
p|Ii,l |

≤ E sup
u≤tk≤T

k

i=0

C1
pIi,1 + C2

pIi,2 +
i=0

+ 1[ti ,ti+1](u)

× E |Duz (ti)|2p + |Duy (ti)|2p + KT

≤ E sup
u≤tk≤T

k

i=0

C1
pIi,1 + C2

pIi,2 + KT . (5.14) 

Utilizing the Burkholder–Davis–Gundy inequality, (5.12), and (5.13), we have  

.E sup
u≤tk≤T

k

i=0

Ii,1

≤ K

i=0

+ 1[ti ,ti+1](u) E |Duz (ti)|2p + |Duy (ti)|2p

+ KT

i=0

1[ti ,ti+1](u) + E sup
u≤tk≤T

k

i=0

|Duz (ti)|2(p−1)M̃i

≤ KT + KE

i

|Duz (ti)|4(p−1) |Duz (ti)| + |Duy (ti)|

+ |σ(yti
)|1[ti ,ti+1](u)

2|Dσ(yti
)Duyti

|2
1
2

≤ KT + 1

4C1
p

E sup
u≤ti≤T

|Duz (ti)|2p

+ KE

i

|Dσ(yti
)Duyti

|2 p

+ KE

i

(|σ(yti
)|21[ti ,ti+1](u)



230 5 Numerical Density Function and Convergence Analysis

+ |Duy (ti)|2)|Dσ(yti )Duyti |2 
p 
2 

≤ KT + 
1 

4C1 
p 
E sup 

u≤ti≤T 
|Duz (ti)|2p . (5.15) 

Similarly, the summation of Ii,2 . can be estimated as

. E sup
u≤tk≤T

k

i=0

Ii,2 ≤ KT + 1

4C2
p

E sup
u≤tk≤T

|Duz (tk)|2p .

This, along with (5.14) and (5.15) gives t hat

. sup
0≤u≤T

E sup
u≤tk+1≤T

|Duz (tk+1)|2p ≤ KT .

It follows from (5.9) that sup0≤u≤T E supu≤tk+1≤T |Duy (tk+1)|2p ≤ KT .. The 
proof is completed.

As a consequence, we obtain y (tk) ∈ D
1,p(Rd)..Below we show the existence 

of the numerical density function by further verifying that the Malliavin cov ariance
matrix of the numerical solution is almost surely invertible.

Theorem 5.2 Under Assumptions 2.1, 5.1, 5.2, and 5.3, for ∈ (0, 1
4θa5

). and 
k ∈ N+,. the law of y (tk). admits a density function, where a5 . is given in 
Assumption 5.1. 

Proof According to Theorem C.8, it suffices to show that the Mallia vin covariance
matrix of y (tk)., defined by

. γk :=
tk

0
Dry (tk)(Dry (tk)) dr,

is P.-a.s. invertible. 
Taking the Malliavin derivative on both sides of the θ .-EM solution, we deri ve

from DrδWk = 1[tk,tk+1](r). and the chain rule (see Lemma C.4) that for r ≥ 0,. 

. Dry (tk+1) = Dry (tk) + (1 − θ)Db(ytk
)Drytk

+ θDb(ytk+1
)Drytk+1

+Dσ(ytk
)Drytk

δWk + σ(ytk
)1[tk,tk+1](r).

Similar to (3.9),  we  have ytk+1
= 0

j=−N I [j ]ytk+1
(tj ),. where I [j ](·) ∈

C([−τ, 0];R), j = −N, . . . , 0. are given in (3.5). This implies
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. Drytk+1
= Dr

−1

j=−N

I [j ]ytk+1
(tj ) + Dry (tk+1)I

[0].

Using this expansion, we derive t he following expression

. Dry (tk+1) − θDb(ytk+1
)Dry (tk+1)I

[0]

= Dry (tk) + (1 − θ)Db(ytk
)Drytk

+ σ(ytk
)1[tk,tk+1](r)

+ θDb(ytk+1
)

−1

j=−N

I [j ]Drytk+1
(tj ) +Dσ(ytk

)Drytk
δWk

= Dry (tk) + (1 − θ)Db(ytk
)Dr

0

j=−N

I [j ]ytk
(tj )

+ θDb(ytk+1
)I [−1]Dry (tk + θDb(ytk+1

)

−2

j=−N

I [j ]Drytk+1
(tj

+Dσ(ytk
)Dr

0

j=−N

I [j ]ytk
(tj ) δWk + σ(ytk

)1[tk ,tk+1](r).

It is straightforward to see that

. Idd×d − θDb(ytk+1
)(I [0]Idd×d Dry (tk+1)

=
0

j=−N

Aj,k + σ(ytk
)1[tk ,tk+1](r), (5.16) 

where 

.A0,k : = Idd×d + (1 − θ)Db(ytk
)(I [0]Idd×d

+ θDb(ytk+1
)(I [−1]Idd×d Dry (tk)

+Dσ(ytk
)(I [0]Dry (tk))δWk,

A−N,k : = (1 − θ)Db(ytk
)(I [−N ]Idd×d Dry (tk−N)

+Dσ(ytk
)(I [−N ]Dry (tk−N))δWk,
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and 

. Aj,k := (1 − θ)Db(ytk
)(I [j ]Idd×d + θDb(ytk+1

)(I [j−1]Idd×d

× Dry (tk+j )

+Dσ(ytk
)(I [j ]Dry (tk+j ))δWk

for j = −1, . . . ,−N + 1.. Here, I [j ]Idd×d, j = −N, . . . , 0. are elements o f
C([−τ, 0];Rd×d) ∼= Cd ⊗ R

d
. and thus can be acted upon by the operators

Db(ytk
),Db(ytk+1

).. Similar t o (3.12), it follows from Assumption 5.1 that for 
any u ∈ R

d
. with u 0., one has

. u Db(ytk+1
)(I [0]Idd×d)u

≤ a5 |u|2 +
0

−τ

|I [0]Idd×du|2dν2(r)

≤ a5 |u|2 +
0

−τ

s − t−1 1 −1(s)
2|u|2dν2(r) ≤ 2a5|u|2,

where we used I [0](0) = 1.. Then for ∈ (0, 1
4θa5

)., 

. u Idd×d − θDb(ytk+1
)(I [0]Idd×d u ≥ (1 − 2θa5 |u|2 > 0,

which implies that Idd×d − θDb(ytk+1
)(I [0]Idd×d . is invertible. D enoting

. A1,k := Idd×d − θDb(ytk+1
)(I [0]Idd×d

−1
,

we derive A1,k L(Rd ;Rd ) ∈ (0, 1
1−2θa5

).. According to (5.16), we arriv e at

. γk+1 =
tk+1

0
Dry (tk+1)(Dry (tk+1)) dr

=
tk

0
A1,k

0

j=−N

Aj,k

0

j=−N

Aj,k (A1,k) dr

+
tk+1

tk

A1,kσ (ytk
)σ (ytk

) (A1,k) dr, (5.17)



5.2 Density Convergence for Multiplicative Noise Case 233

where we used Dry (tk) = 0. for r > tk .. Since σ(x)σ (x) . is positive definite, w e
deduce

. u γk+1u ≥ u A1,kσ (ytk
)σ (ytk

) (A1,k) 0 P-a.s.

Moreover, utilizing again the invertibility of σσ ,. we have that

. γ1 =
t1

0
A1,0σ(ξ)σ (ξ) (A1,0) dr

is also P.-a.s. invertible. This finishes the proof.

Remark 5.1 Under conditions in Theorem 5.2, if we further assume that coeffi-
cients b and σ . are smooth with bounded derivatives of arbitrary orders, then for
each k ∈ N+,. the law of y (tk). admits a smooth density function.

5.2 Density Convergence for Multiplicati ve Noise Case

In this section, we investigate the convergence of the numerical density function of
the θ .-EM method. We show the convergence of the density function inL1(Rd).when 
SFDE (1.1) has superlinearly growing drift coefficient and multiplicative noise. We 
present the following assumptions on the second-order deriv atives of coefficients
and on the Hölder continuity of the initial datum.

Assumption 5.4 Assume that coefficients b and σ .have continuous Gâteaux deriva-
tives up to order 2 satisfying

. |D2b(φ1)(φ2, φ3)| ≤ K(1 φ1
(β̃−1)∨0) φ2 φ3 ,

|D2σ(φ1)(φ2, φ3)| ≤ K φ2 φ3 ,

where φ1, φ2, φ3 ∈ Cd
., K > 0., and β̃ . is given in Assumption 5.2. 

We note that the example

. b(φ) = |φ(0)|2φ(0) +
0

−τ

φ(r)dν2(r), φ ∈ Cd

satisfies Assumption 5.4 with β̃ = 2.. The main result on the convergence of the 
density function concerned in this subsection is stated as follows.
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Theorem 5.3 Let Assumptions 2.1, 2.5 and 5.1 to 5.4 hold. Then for any T > 0., 

. lim→0
sup

0 ≤T Rd

|p (tk, x) − p(tk, x)|dx = 0,

where p(tk, ·).and p (tk, ·).are density functions of xξ (tk).and y (tk)., respectively .

Proof The proof is based on a localization argument and is divided into three steps. 
Step 1. In this step, we introduce the truncated version of the SFDE (1.1) together 

with its corresponding θ .-EM solution. We then estimate the error between the 
solutions of the truncated SFDE and that of its numerical approximation. Introduce
the smooth cut-off functional R : Cd → [0, 1]. with continuous derivatives and 
compact support. For R > ξ ., let R(x) = 1. for x R . and R(x) = 0. for 
x > R + 1.. Then we consider the truncated version of (1.1) on [0, T ]., 

.dxξ,R(t) = bR(x
ξ,R
t )dt + σR(x

ξ,R
t )dW(t), t ∈ (0, T ], (5.18) 

xξ,R (t) = ξ,  t  ∈ [  −τ, 0],

where bR(·) = R(·)b(·). and σR(·) = R(·)σ (·). are globally Lipschitz continuous 
for each R. Moreover, the coefficients bR

. and σR
. satisfy 

.|DbR(φ1)φ2|2 ≤ KR |φ2(0)|2 +
0

−τ

|φ2(r)|2dν2(r) , . (5.19) 

|DσR (φ1)φ2|2 ≤ KR |φ2(0)|2 + 
0 

−τ 
|φ2(r)|2dν1(r) , (5.20) 

where φ1, φ2 ∈ Cd
.. In addition, the numerical solution and the numerical functional

solution of the θ .-EM method for (5.18) are denoted by {y (tk)}k≥−N . and 
{ytk

}k≥0 ., respectively. We need to estimate the error between xξ,R(t). and 
y (t). in 1,2 .. Here we recall the norm G 1,2 = (E[|G|2 DG 2

H⊗Rd ]) 1
2 . 

for all R
d
.-valued random variable G, where H = L2([0, T ];Rm).. For the  

strong convergence errors of the θ .-EM solution and its truncated version, similar 
to the proof of Theorem 2.14, using Lemmas 1.17 and 5.1, we deduce from
Assumptions 2.1, 2.5, 5.1, and 5.2 that 

.E sup
0≤tk≤T

|xξ (tk) − y (tk)|4 ≤ KT
2 (5.21) 

and 

.E sup
0≤tk≤T

|xξ,R(tk) − y (tk)|4 ≤ KT,R
2. (5.22)
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Now we estimate t he term

. E Dxξ,R(tk) − Dy (tk)
2
H⊗Rd ] =

T

0
E[|Dux

ξ,R(tk) − Duy (tk)|2]du.

Define the auxiliary process of the θ .-EM discretization as f ollows:

. 
z (tk) = ξ(tk), −N ≤ k ≤ −1,

z (tk) = y (tk) − θbR(ytk
0 ≤ k ≤ N .

Then for 1 ≤ k ≤ N ,. 

. z (tk) = z (tk−1) + bR(ytk−1
+ σR(ytk−1

)δWk−1, 1 ≤ k ≤ N ,

and the continuous version {z (t)}t≥−τ . satisfies 

. z (t) = z (tk) + b(ytk
)(t − tk) + σ(ytk

)(W(t) − W(tk)),

for t ∈ [tk, tk+1), 0 ≤ k ≤ N . with the i nitial datum

. z (t) = tk+1 − t
z (tk) + t − tk

z (tk+1),

for t ∈ [tk, tk+1],−N ≤ k ≤ −1.. Then by the Hölder inequality and Burkholder– 
Davis–Gundy inequality, the second moment of the error between Malliavin
derivative of xξ,R

. and z . can be estimated as

. E[|Dux
ξ,R(t) − Duz (t)|2]

≤ K(t − u)E
t

u

DbR(xξ,R
s )Dux

ξ,R
s −DbR(y s )Duy s |2ds

+ KE

t

u

DσR(xξ,R
s )Dux

ξ,R
s −DσR(y s )Duy s |2ds

+ KE |σR(xξ,R
u )1[0,t](u) − σR(y u )1[0,t](u)|2 . (5.23) 

It follows from the T aylor formula that

. DbR(xξ,R
s )Dux

ξ,R
s −DbR(y s )Duy s

≤
1

0
D2bR ςx

ξ,R
s + (1 − ς)ys (xξ,R

s − y s ,Dux
ξ,R
s )dς

+ DbR(y s )(Dux
ξ,R
s − Duy s )
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≤ KR xξ,R 
s − y s Dux

ξ,R 
s KR |Dux

ξ,R (s) − Duy ( s )|2 

+ 
0 

−τ 
|Dux

ξ,R 
s (r) − Duy s (r)|2dν2(r)

1
2
,

where in the last inequality we used the boundedness of operators DbR(·). 
(see (5.19)) and D2bR(·). on their compact support {x ∈ Cd x R + 1}.. 
Similar to the proof of Lemma 2.9, we obtain

. sup
u≤t≤T

E Duy t − Duzt
2] ≤ KT,R

Then 

. E DbR(xξ,R
s )Dux

ξ,R
s −DbR(y s )Duy s

2

≤ KRE xξ,R
s − y s

2 Dux
ξ,R
s

2 + KRE |Dux
ξ,R(s) − Duz (s)|2

+
0

−τ

|Dux
ξ,R
s (r) − Duzs (r)|2dν2(r) + KT,R (5.24) 

Similarly, by using (5.20), we deduce

. E DσR(xξ,R
s )Dux

ξ,R
s −DσR(y s )Duy s

≤ KRE xξ,R
s − y s

2 Dux
ξ,R
s

2 + KRE |Dux
ξ,R(s) − Duz (s)|2

+
0

−τ

|Dux
ξ,R
s (r) − Duzs (r)|2dν1(r) + KT,R (5.25) 

Inserting (5.24) and (5.25) into (5.23), and then using Assumption 2.1, Lemmas 1.17 
and 5.1, and (5.22), we obtain that

.E |Dux
ξ,R(t) − Duz (t)|2

≤ KT,R + KT,R

T

u

E x
ξ,R
s − y s

4] 1
2 ds

+ KT,R

T

u

E x
ξ,R
s − xξ,R

s
4] 1

2 ds

+ KT,RE

T

u

|Dux
ξ,R(s) − Duz (s)|2ds

+ K sup
0≤s≤T

E x
ξ,R
s − xξ,R

s
2]
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≤ KT,R  + KT,R  
T 

u 
E |Dux

ξ,R (s) − Duz (s)|2 ds.

Applying the Gronwall inequality, we a rrive at

. E |Dux
ξ,R(t) − Duz (t)|2 ≤ KT,R

which i mplies

.

T

0
E |Dux

ξ,R(tk) − Duy (tk)|2 du ≤ KT,R (5.26) 

It follows from (5.22) and (5.26) that 

. sup
0≤ ≤T

y (tk) − xξ,R(tk) 1,2 ≤ KT,R

1
2 .

Step 2. In this step, we aim to apply [21, Lemma A.1] to estimate t he error in

L1(Rd). between density functions of xξ,R(·). and y (·).. To this end, we first 
claim that for ∈ (0, 1)., 

.E

T

0
|Drx

ξ,R(t)|2dr − ≤ K . (5.27) 

In fact, by Proposition 1.18 with u = 1
d
(1, . . . , 1) ∈ R

d
., we obtain that

. P

T

0
|Drx

ξ,R(t)|2dr ≤ ε ≤ KT,Rε

for any ε ∈ (0, 1).. Hence for any ∈ (0, 1),. we derive t hat

. 

∞

n=1

n −1
P

T

0
|Drx

ξ,R(t)|2dr −1 ≥ n

≤ 1 + KT,R

∞

n=2

n −1n−1 ≤ K . (5.28) 

Then for any ∈ (0, 1),. 

.E

T

0
|Drx

ξ,R(t)|2dr −

≤ 1 +
∞

n=1

(n + 1) P n ≤
T

0
|Drx

ξ,R(t)|2dr −1 ≤ n + 1
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≤ 2 + 
∞ 

n=1 
((n + 1) − n )P 

T 

0 
|Drx

ξ,R (t)|2dr −1 ≥ n 

≤ 2 + 
∞ 

n=1 
n −1

P 
T 

0 
| Drx

ξ,R(t)|2dr −1 ≥ n ≤ K ,

where in the last step we used (5.28). This proves the claim (5.27). 
Furthermore, similar to the proof of Lemma 1.17, it follows from Assump-

tions 2.1, 5.1, and 5.4 that xξ (t) ∈ D
2,4(Rd). for all t ∈ [0, T ].. Then, by [21, 

Eq. (6.1) and Lemma A.1], we arrive at

. sup
0<tk≤T Rd

|p (tk, x) − pR(tk, x)|dx

= sup
0<tk≤T

dT V (y (tk), x
ξ,R(tk))

≤ KT,R sup
0≤tk≤T

y (tk) − xξ,R(tk)

2
2 +2
1,2 ≤ KT,R

2 +2 , (5.29) 

where dT V (X, Y ). denotes the total variation distance between two R
d
.-valued 

random variables X and Y , and pR(tk, ·), p (tk, ·). are density functions of
xξ,R(tk). and y (tk)., respectively. 

Step 3. In this step, we demonstrate t hat the numerical density function of the
θ .-EM solution o f (1.1) converges to that of the exact solution of (1.1), building 
upon the convergence of the density function for the truncated solution established 
in Step 2. Denoting two sequences of events by

. R := {ω ∈ : sup
t∈[0,T ]

|xξ (t)| ≤ R},

R,y := {ω ∈ : sup
tk∈[0,T ]

|y (tk)| ≤ R},

we hav e

. lim
R→∞P R) = P = lim

R→∞P R,y) = 1.

According to [21, Eq. (6.1)], we derive

. sup
0 ≤T Rd

|p (tk, x) − p(tk, x)|dx

= sup
0 ≤T

dT V (y (tk), x
ξ (tk))
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≤ 4P c 
R−1) + 2P sup 

0≤tk≤T 
|xξ (tk) − y (tk)| ≥  1 

+ sup 
0 ≤T 

dT  V  (y (tk), xξ,R (tk)) 

≤ 4 
E[sup0≤t≤T |xξ (t)|2] 

(R − 1)2
+ 2E sup 

0≤tk≤T 
|xξ (tk) − y (tk)|2 + KT,R  2 +2

≤ KT

(R − 1)2
+ KT + KT,R

2 +2 ,

where we used Lemma 1.17, (5.21), and (5.29). Letting → 0., R → ∞., we  
obtain the desired argument.

Remark 5.2 It follows from the proof of Theorem 5.3 that when the coef ficients
b and σ . are globally Lipschitz continuous, the convergence rate of the numerical
density function is almost 1/4. in L1(Rd).. We will show that for the additive noise 
case, the convergence rate could attain 1 in the pointwise sense (see Theorem 5.4). 

It is known that the estimate between density functions of random variables is 
closely related to the total variation distance of random variables. Let

. dT V (X, Y ) := sup
∈Bb(H), ∞≤1

|E[ ] − E[ ]|

denote the total variation distance of two H.-valued random variables X, Y ., w here
H = R

d
. or H = Cd

., Bb(H). is the set of bounded and measurable mappings from
H. to R., and ∞ := supx∈H | |.. As a result of Theorem 5.3, we obtain the 
convergence in the t otal variation distance

. lim→0
dT V (xξ (tn), y (tn)) = 0. (5.30) 

While for the θ .-EM functional solution, as a Cd
.-valued random variable, its law 

does not converge in t otal variation distance, namely,

. lim sup
→0

dT V (x
ξ
tn
, ytn

) > 0. (5.31) 

In order to illustrate (5.31), we consider the test function 1 x C1/2([− 2 ,0];Rd )
<∞},. 

where C1/2([− 2 , 0];Rd). is the space of all continuous functions f : [− 2 , 0] →
R

d
. that is 1

2 .-Hölder continuous, equipped with the norm x C1/2([− 2 ,0];Rd ) :=
supt,s∈[− 2 ,0],t s

|x(t)−x(s)|
|t−s| 12

..On the one hand, the θ .-EM functional solution satisfies
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. ytn C1/2([− 2 ,0];Rd ) ≤ sup
t,s∈[− 2 ,0],t s

|t − s| 12
(|y (tn−1)| + |y (tn)|)

≤ − 1
2 < ∞, ω ∈

due to the definition (1.39). On the other hand, by the Kolmogorov continuous 
theorem, there is a modification of t he exact solution such that the path is almost
surely ( 12 − .-Hölder continuous with any small constant ∈ (0, 1

2 ).. This leads to

. x
ξ
tn C1/2([− 2 ,0];Rd ) = sup

t,s∈[− 2 ,0],t s

|x(tn + t) − x(tn + s)|
|t − s| 12

= ∞, P-a.s.

Hence, recalling the definition of the total variation distance, we arrive at

. dT V (x
ξ
tn
, ytn

) ≥ |P( x
ξ
tn C1/2([− 2 ,0];Rd ) < ∞)

− P( ytn C1/2([− 2 ,0];Rd ) < ∞)| = 1,

which sho ws (5.31) by taking the upper limit.

5.3 Convergence Rate for Additi ve Noise Case

In this section, we consider the additive noise case and study the conve rgence
rate for the density function of the θ .-EM method, based on the test-functional-
independent weak convergence analysis of the numerical method. Assumptions on 
the coefficients considered in this subsection are given below.

Assumption 5.5 Assume that the noise of (1.1) is of additive type, i.e., d = m,. and 
there exists some constant σ̃ > 0. such that for any φ ∈ Cd

., σ(φ) ≡ σ̃ Idd×d .. 

Since {−W(t)}t≥0 . is also a Brownian motion whenever {W(t)}t≥0 . is a Brownian 
motion, we only consider the case σ̃ > 0.. The next assumption imposes higher-order 
regularity on the coefficients, which is needed to obtain estimates for the higher-
order Malliavin derivatives of the solutions.

Assumption 5.6 Assume that the coefficient b has continuous and bounded deriva-
tives up to order 4 satisfying

. sup
φ∈Cd

Dkb(φ) L (Cd )⊗k;Rd ≤ K
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for k ∈ N+ . with k ≤ 4.. In addition, assume that b satisfies

.|b(φ)|2 ≤ K 1 + |φ(0)|2 +
0

−τ

|φ(r)|2dν2(r) , (5.32) 

for φ ∈ Cd .. 

The longtime convergence rate of the numerical density function is stated as
follows.

Theorem 5.4 Let Assumption 2.2 with 2a1 − 2θ−1
θ2

− 2a2 > 0., Assumption 2.5 
with ρ ≥ 1., Assumption 3.4 with Lb := supi∈{1,...,nb} supφ∈Cd |ki

b(φ)| < ∞., 
Assumptions 5.5 and 5.6 hold. In addition, assume that b satisfies

. sup
i∈{1,...,nb}

sup
l∈{1,2,3}

sup
φ∈Cd

Dlki
b(φ) L((Cd )⊗l;Rd×d ) ≤ K.

Then there exists a constant ˜ ∈ (0, 1]. such that for any ∈ (0, ˜ ]., 

. sup
T ≥T0

sup
z∈Rd

|p(T , z) − p (T , z)| ≤

where T0 := ln( 32 )

2Lbnb(θ+2) .. 

It is worth noting that the threshold T0 ., arising from the lower bound estimate of 
the Malliavin covariance matrix (see Lemma 5.8), is necessary only for establishing 
the uniform estimate of the density convergence on the infinite time horizon T > T0 .. 
This restriction is not required for the fixed time case. Indeed, for each fixed T > 0,. 
there exists KT > 0. such that supz∈Rd |p(T , z) − p (T , z)| ≤ KT .. 

Remark 5.3 Under conditions in Theorem 5.4, we can also obtain (5.30). In fact, 
it follows from the Scheffé lemma and [9, Section 3.1] that for T ≥ T0,. 

. 
Rd

|p(T , z) − p (T , z)|dz → 0 as → 0.

The proof of Theorem 5.4 is based on a weak convergence analysis of the θ .-EM 
method. We would like to mention that there have been some works devoted to the 
weak convergence of the EM method for SFDEs. For instance, weak error estimates
have been obtained that depend on a given test functional; see e.g. [7, 12]. When 
analyzing the convergence rate of the density function of the numerical solution, 
an effective approach is to apply the Malliavin integ ration by parts formula to
derive a test-functional-independent weak convergence analysis; see [9] for the  
relevant study of the stochastic heat equation. For SFDEs, the high degeneracy 
of coefficients makes the derivation of the Malliavin integration by parts formula
challenging. In this subsection, we will fully utilize the dimensionality reduction
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argument presented in Sect. 3.2 to establish the negative moment estimates for 
the determinant of the Malliavin covariance matrix, which allows us to derive the
integration by parts formula; see Lemmas 5.8 and 5.9 for details. Then combining a 
priori estimates of both the exact solution and the numerical solution, we obtain the
test-functional-independent weak convergence analysis for the θ .-EM method. 

We begin by presenting the relation between the error of density functions and the
weak error of the numerical method. According to [9, 23], we have the following 
approximation of density functions for both the e xact solution and the numerical
solution: for fixed T > 0. and z ∈ R

d ,. 

. p(T , z) = lim
n→∞

Rd

gn−1(y − z)p(T , y)dy = lim
n→∞E[gn−1(x

ξ (T ) − z)],

p (T , z) = lim
n→∞

Rd

gn−1(y − z)p (T , y)dy = lim
n→∞E[gn−1(y (T ) − z)],

where gζ . denotes the Gaussian density function with mean 0 and covariance matrix
ζ Idd×d .. This gives t hat

. |p(T , z) − p (T , z)| = lim
n→∞ |E[gn−1(x

ξ (T ) − z)] − E[gn−1(y (T ) − z)]|.
(5.33) 

Noting that for any n ≥ 1., the function {gn−1(· − z)}n≥1,z∈Rd . belongs to 

. C := f : Rd → R f ∈ C∞
pol(R

d ;R), ∃ F : Rd → R with 0 ≤ F ≤ 1 such that

F(x1, . . . , xd) =
x1

−∞
· · ·

xd

−∞
f (y1, . . . , yd)dyd · · · dy1 , (5.34) 

we hav e

.|p(T , z) − p (T , z)| ≤ sup
f ∈C

|E[f (xξ (T ))] − E[f (y (T ))]|. (5.35) 

Hence, to obtain the convergence rate of the numerical density function, it suffices
to estimate the error |E[f (xξ (T ))] − E[f (y (T ))]|. for any f ∈ C .. 

Here we rewrite the decomposition of the error in (3.11) for f ∈ C . in the additive 
noise case a s follows

. E[f (xξ (T ))] − E[f (y (T ))]
= E[ ; tN , ϕInt

t
N

(0, ξ)))] − E[ ; tN , ϕInt
t
N

(0, ξ Int )))]

+
N

i=1

1

0
E f ; ti , Y

ς
i ))D ; ti , Y

ς
i ), I [0](Ii

b + Ii
b,θ ) dς

= I0 + Ib + Ib,θ , (5.36)
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where I0,Ib . and Ib,θ . coincide with those of (3.11). 
Based on this decomposition of the weak error, we will prove that the test-

functional-independent weak convergence rate is 1 (see Theorem 5.10). Then the 
proof of Theorem 5.4 follows from (5.35). To proceed, we make some preparations 
in the following subsection.

5.3.1 A Priori Estimates

This subsection gives some moment estimates for derivatives of the exact solution 
and numerical solution. In addition, we also present the negative moment estimates 
of the determinant of the Malliavin covariance matrix for the numerical solution. We 
begin by showing that the moments of high-order derivatives of the exact solution
and numerical solution are bounded, which are stated in Lemmas 5.5 to 5.7. 

Lemma 5.5 Let Assumptions 2.2 and 5.5, and (5.32) in Assumption 5.6 hold. Then 
for any p ∈ N+ . with p ≥ 2., 

. sup
t≥0

E x
ξ
t

2p] ≤ K(1 ξ 2p). (5.37) 

In addition, there exists a constant ˜ := ˜ ∈ (0, 1]. such that for any ∈
(0, ˜ ]., 

. sup
k∈N

E ytk
2p] ≤ K(1 ξ 2p). (5.38) 

Proof The proof of (5.37) is similar to that of [28, Theorem 3] and is omitted. Below 
we show the proof of (5.38). The proof is split into three steps. 

Step 1: In this step, we give a one-step recursion for the 2pth moment of z . 

and show that

. E[|z (tk+1)|2p] ≤ E[|y (tk)|2p]

+ Kε1 − 2p(1 − θ) a1 − a2(p − 1)

p
− − Kε1

× E[|y (tk)|2p]

+ 2a2(1 − θ) + E

0

−τ

|ytk
(r)|2pdν2(r) .

(5.39)
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By virtue of (1.43), we have that for any k ∈ N., 

. |z (tk+1)|2 = |y (tk) + (1 − θ)b(ytk
+ σ̃ δWk|2

= |y (tk)|2 + (1 − θ)2|b(ytk
)|2 2 + |σ̃ δWk|2

+ 2(1 − y (tk), b(ytk
)

+ 2 y (tk) + (1 − θ)b(ytk
σ̃ δWk .

Then for any p ∈ N+ . with p ≥ 2., 

.E[|z (tk+1)|2p] = E[|y (tk)|2p] +
p

i=1

Ci
pE[Ii], (5.40) 

where 

. Ii := |y (tk)|2(p−i) (1 − θ)2|b(ytk
)|2 2 + |σ̃ δWk|2

+ 2(1 − y (tk), b(ytk
)

+ 2 y (tk) + (1 − θ)b(ytk
σ̃ δWk

i

.

For the term I1 ., it follows from the property of the conditional expectation,
Assumption 2.2, and (5.32) that for ε1 ∈ (0, 1)., 

. E[I1] ≤ E |y (tk)|2(p−1) (1 − θ)2|b(ytk
)|2 2 + |σ̃ |2 +

− 2a1(1 − |y (tk)|2 + 2a2(1 −
0

−τ

|ytk
(r)|2dν2(r)

≤ E |y (tk)|2(p−1) + (1 − θ)2|b(ytk
)|2 2 − 2(a1 − a2(p − 1)

p
)

× (1 − E[|y (tk)|2p] + 2a2
p

(1 − E

0

−τ

|ytk
(r)|2pdν2(r)

≤ Kε1 + 2
E[|y (tk)|2p] + E

0

−τ

|ytk
(r)|2pdν2(r)

− 2(a1 − a2(p − 1)

p
− ε1)(1 − E[|y (tk)|2p]

+ 2a2
p

(1 − E

0

−τ

|ytk
(r)|2pdν2(r) , (5.41)
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where we used the Young inequality in the last step. For the term I2 ., using  (5.32) 
and the Young inequality again, we have

. E[I2] = E |y (tk)|2(p−2) (1 − θ)2|b(ytk
)|2 2 + |σ̃ δWk|2

+ 2(1 − y (tk), b(ytk
)

2

+ |y (tk)|2(p−2) 2 y (tk) + (1 − θ)b(ytk
σ̃ δWk

2

≤ 2 1 + E[|y (tk)|2p] + E

0

−τ

|ytk
(r)|2pdν2(r)

+ K E[|y (tk)|2(p−1)] + 3
E |y (tk)|2(p−2)|b(ytk

)|2

≤ Kε1 + 2
E[|y (tk)|2p] + E

0

−τ

|ytk
(r)|2pdν2(r)

+ ε1 E[|y (tk)|2p]. (5.42) 

Similarly, we derive that for i = 3, . . . , p,. 

. E[Ii] ≤ Kε1 + 2
E[|y (tk)|2p] + E

0

−τ

|ytk
(r)|2pdν2(r)

+ ε1 E[|y (tk)|2p]. (5.43) 

Inserting (5.41)–(5.43) into (5.40), one has (5.39). 
Step 2: In this step, we show that the 2pth moment of z (tk). is bounded 

uniformly with k ≥ −N,. i.e. supk≥−N E[|z (tk)|2p] ≤ K(1 ξ 2p).. 
Noting that for ∈ (0, 1)., we have t he identity

. e k+1E[|z (tk+1)|2p]

=
k

i=0

e i+1E[|z (ti+1)|2p] − e iE[|z (ti)|2p] + E[|z (0)|2p].

Plugging (5.39) into the above identity and using (2.27), we deri ve

.e k+1E[|z (tk+1)|2p]

≤
k

i=0

e i+1E[|y (ti)|2p] −
k

i=0

e iE[|z (ti)|2p] + Kε1

k

i=0

e i+1
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− 2p(1 − θ)  a1 − 
a2(p − 1) 

p 
− − Kε1 

k 

i=0 
e i+1E[|y (ti)|2p] 

+ 2a2(1 − θ) + 
k 

i=0 
e i+1E 

0 

−τ 
|yti (r)|2pdν2(r) 

+ E[|z (0)|2p] 

≤ 
k 

i=0 
e i+1E[|y (ti)|2p] −  

k 

i=0 
e i E[|z (ti)|2p] +  Kε1 e k+1 + K ξ 2p 

− 2p(1 − θ) a1 − a2e − − Kε1

k

i=0

e i+1E[|y (ti)|2p].
(5.44) 

According to z (tk) = y (tk) − θb(ytk
. and Assumption 2.2, we obtain

. |z (tk)|2 ≥ − + (1 + 2a1 |y (tk)|2 − 2a2
0

−τ

|ytk
(r)|2dν2(r).

This implies 

.(1 + 2a1
p

k

i=0

e i |y (ti)|2p

≤ (1 + ε1)

k

i=0

e i |z (ti)|2 + 2a2
0

−τ

|yti
(r)|2dν2(r)

p

+ Kε1
p

k

i=0

e i

≤ (1 + ε1)

k

i=0

p

l=0

Cl
p(2a2 l (p − l)

p
e i |z (ti)|2p

+ (1 + ε1)

k

i=0

p

l=0

Cl
p(2a2 l l

p
e i

0

−τ

|yti
(r)|2pdν2(r) + Kε1

k

≤ (1 + ε1)

k

i=0

p

l=0

Cl
p(2a2 l (p − l)

p
e i |z (ti)|2p
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+ (1 + ε1)e 
k 

i=0 

p 

l=0 

Cl 
p(2a2 l l 

p 
e i |y (ti)|2p + K ξ 2p + Kε1

k .

(5.45) 

Owing to a1 > a2 ., choose sufficiently small numbers ε1 0. such that a1 >

a2(1 + ε1)e .. Combining (5.45) and the r elation

. (1 + ε1)e

p

l=0

Cl
p(2a2 l l

p
≤

p

l=0

Cl
p(2a2θ(1 + ε1)e

ll

p

≤
p

l=0

Cl
p(2a1 l l

p

and 

. (1 + 2a1
p − (1 + ε1)e

p

l=0

Cl
p(2a2 l l

p

≥
p

l=0

Cl
p(2a1

l −
p

l=0

Cl
p(2a1 l l

p

=
p

l=0

Cl
p(2a1 l (p − l)

p
,

we arrive at

. 

k

i=0

p

l=0

Cl
p(2a1 l (p − l)

p
e i |y (ti)|2p

≤ (1 + ε1)

k

i=0

p

l=0

Cl
p(2a2 l (p − l)

p
e i |z (ti)|2p

+ K ξ 2p + Kε1
k .

Plugging the above inequality into (5.44), we deduce

.e k+1E[|z (tk+1)|2p]

≤ e −
p

l=0 Cl
p(2a1 l (p − l)

p

l=0 Cl
p(2a2(1 + ε1 l (p − l)
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× 
k 

i=0 
e i E[|y (ti)|2p] +  Kε1 e k+1 + K ξ 2p 

− 2p(1 − θ)  a1 − a2e − − Kε1 

k 

i =0

e i+1E|y (ti)|2p].

Since 

. 

p

l=0 Cl
p(2a1 l (p − l)

p

l=0 Cl
p(2a2(1 + ε1 l (p − l)

≥ 1 +
p

l=1 Cl
p(2(a1 − a2(1 + ε1

l (p − l)
p

l=0 Cl
p(2a2(1 + ε1 l (p − l)

≥ 1 + C1
p(p − 1)2(a1 − a2(1 + ε1))θ

p

l=0 Cl
p(2a2(1 + ε1)θ)lp

= 1 + (p − 1)2(a1 − a2(1 + ε1))θ

(2a2(1 + ε1)θ + 1)p

it is straightforward to see that

. e k+1E[|z (tk+1)|2p]

≤ e − 1 − (p − 1)2(a1 − a2(1 + ε1))θ

(2a2(1 + ε1)θ + 1)p

k

i=0

e iE[|y (ti)|2p]

+ Kε1 e k+1 + K ξ 2p − 2p(1 − θ) a1 − a2e − − Kε1

×
k

i=0

e i+1E[|y (ti)|2p]. (5.46) 

It follows from e ≤ 1 + + e
2

2
. that 

.e − 1 − (p − 1)2(a1 − a2(1 + ε1))θ

(2a2(1 + ε1)θ + 1)p

− 2p(1 − θ) a1 − a2e − − Kε1

≤ − (p − 1)2(a1 − a2(1 + ε1))θ

(2a2(1 + ε1)θ + 1)p

− 2p(1 − θ) a1 − a2e − − Kε1 −
2

2
.
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There exist sufficiently small constants ε1 0. such that 

. − (p − 1)2(a1 − a2(1 + ε1))θ

(2a2(1 + ε1)θ + 1)p
≤ 0,

p(1 − θ) a1 − a2e ≥ Kε1.

Further choose sufficiently small ˜ := ˜ ∈ (0, 1]. such that 

. p(1 − θ) a1 − a2e ≥ K ˜ −
2

2
˜

Thus for any ∈ (0, ˜ ]., 

. e − 1 − (p − 1)2(a1 − a2(1 + ε1))θ

(2a2(1 + ε1)θ + 1)p

− 2p(1 − θ) a1 − a2e − − Kε1 ≤ 0.

Combining (5.46), we conclude that

. e k+1E[|z (tk+1)|2p] ≤ Kε1 e k+1 + K ξ 2p,

which yields supk≥−N E[|z (tk)|2p] ≤ K(1 ξ 2p).. 
Step 3: By using the moment estimate of z . obtained in Step 2, along with

z (tk) = y (tk) − θb(ytk
., we have that supk≥−N E[|y (tk)|2p] ≤ K(1 +

ξ 2p).. Furthermore, similar to the proof of Proposition 2.4, we conclude that
supk∈N E ytk

2p] ≤ K(1 ξ 2p).. The proof is completed.

Lemma 5.6 Let n ∈ {1, 2}.. Under Assumptions 2.2, 5.5, and 5.6, there exists a
constant λ̂4 > 0. such that for any p ∈ N+ . with p ≥ 2., the following hold.

(i) For t > r1 ∨ · · · ∨ rn,. we have 

. E D(r1,...,rn)x
ξ̃
t

2p]

≤ Ke−λ̂4p(t−r1∨···∨rn) 1 +
n

k=0 1≤i1<···<ik≤n

E D(ri1 ,...,rik )ξ̃
2p̃] ;

(ii) For t > 0., we have

. E Dx
ξ̃
t · η 2p] ≤ Ke−λ̂4pt η 2p,
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and 

. E D(r1,··· ,rn)Dx
ξ̃
t · η 2p]

≤ Ke−λ̂4pt η 2p 1 +
n

k=0 1≤i1<···<ik≤n

E D(ri1 ...,rik )ξ̃
2p̃] .

Here, r1, . . . , rn > 0,. p̃ ≥ p . is some constant, ξ̃ ∈ D
n,2p̃(Cd),. and we adopt the 

convention that D(ri1 ,...,rik )ξ̃ := ξ̃ . for k = 0.. 

Proof The proofs are similar to those of Lemmas 3.4, 3.5, 3.10, and 3.11, and hence 
are omitted.

Lemma 5.7 Let n ∈ {1, 2, 3, 4}. and ñ ∈ {1, 2, 3}.. Let Assumption 2.2 with 2a1 −
2θ−1
θ2

− 2a2 > 0., Assumptions 5.5 and 5.6 hold. Then there exists a constant λ̂5 > 0. 

such that for any p ∈ N+ . and ∈ (0, ˜ ]. with ˜ := ˜ ., the following hold.

(i) For tk > r1 ∨ · · · ∨ rn,. we have 

. E D(r1,...,rn)y
˜
tk

2p]

≤ Ke−λ̂5p(tk−r1∨···∨rn) 1 +
n

k=0 1≤i1<···<ik≤n

E D(ri1 ,...,rik )ξ̃
2p̃] ;

(ii) For tk > 0,. we have 

. E Dy
˜
tk

· η 2p] ≤ Ke−λ̂5ptk η 2p,

and 

. E D(r1,...,rñ)Dy
˜
tk

· η 2p]

≤ Ke−λ̂5ptk η 2p 1 +
ñ

k=0 1≤i1<···<ik≤ñ

E D(ri1 ,...,rik )ξ̃
2p̃] .

Here, r1, . . . , rn > 0,. p̃ ≥ p . is some constant, ξ̃ ∈ D
4,2p̃(Cd),. and we adopt the 

convention that D(ri1 ,...,rik )ξ̃ := ξ̃ . for k = 0.. 

Proof We only show the estimate of Dy
˜
tk

· η ., since other terms can be estimated 
similarly. Similar to the proof of (3.17), by Assumptions 2.2 and 5.5, we derive
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. |Dz
˜

(tk+1) · η|2

= |Dzξ̃ (tk) · η|2 + |Db(y
˜
tk

)Dy
˜
tk

· η|2 2

+ 2 Dy
˜

(tk) · η − Db(y
˜
tk

)Dy
˜
tk

· η,Db(y
˜
tk

)Dy
˜
tk

· η

≤ A |Dz
˜

(tk) · η|2 − 2a1 − 2θ − 1

θ2
|Dy

˜
(tk) · η|2

+ 2a2
0

−τ

|Dy
˜
tk

(r) · η|2dν2(r),

where A = (1−θ)2

θ2
+ 2θ−1

θ2(1+ .. For λ̂5 > 0., we arrive at  

. eλ̂5tk+1 |Dz
˜

(tk+1) · η|2

≤ |Dz
˜

(0) · η|2 + (A eλ̂5 − 1)
k

i=0

eλ̂5ti |Dz
˜

(tk) · η|2

− 2a1 − 2θ − 1

θ2

k

i=0

eλ̂5ti+1 |Dy
˜

(ti) · η|2

+ 2a2

k

i=0

eλ̂5ti+1
0

−τ

|Dy
˜
ti

(r) · η|2dν2(r)

≤ K η 2 + (A eλ̂5 − 1)
k

i=0

eλ̂5ti |Dz
˜

(tk) · η|2

− 2a1 − 2θ − 1

θ2
− 2a2e

λ̂5τ
k

i=0

eλ̂5ti+1 |Dy
˜

(ti) · η|2.

Note that A = 1 − (2θ−1
θ2(1+ ≤ e

− (2θ−1
2θ2 .. Choose a suf ficiently small number

λ̂5 > 0. such that A eλ̂5 < 1. and 2a1 − 2θ−1
θ2

− 2a2eλ̂5τ > 0.. T hen

.eλ̂5tk+1 |Dz
˜

(tk+1) · η|2 ≤ K η 2, P-a.s. (5.47) 

According to Dzξ̃ (tk) · η = Dyξ̃ (tk) · η − Db(y
˜
tk

)Dy
˜
tk

· η . and 
Assumption 2.2, we obtain
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. (1 + 2a1 sup
0≤i≤k

eλ̂5ti |Dy
˜

(ti) · η|2

≤ sup
0≤i≤k

eλ̂5ti |Dz
˜

(ti) · η|2 + 2a2 sup
0≤i≤k

eλ̂5ti
0

−τ

|Dy
˜
ti

(r) · η|2dν2(r)

≤ K η 2 + sup
0≤i≤k

eλ̂5ti |Dz
˜

(ti) · η|2 + 2a2θeλ̂5τ sup
0≤i≤k

eλ̂5ti |Dy
˜

(ti) · η|2.

This, along with a2e
λ̂5τ < a1 . and (5.47), implies t hat

. sup
0≤i≤k

eλ̂5ti |Dyξ̃ (ti) · η|2 ≤ K η|2, P-a.s.

Furthermore, we conclude

. sup
0≤i≤k

eλ̂5ti Dy
˜
ti

· η 2 ≤ eλ̂5τ sup
0≤i≤k

sup
i−N≤l≤i

eλ̂5tl Dy
˜

(tl) · η 2

≤ K η 2, P-a.s

and 

. sup
0≤i≤k

eλ̂5pti Dy
˜
ti

· η 2p ≤ K η 2p, P-a.s.

The desired argument follows by taking expectations.

The following lemma shows the negative moment estimates of the determinant 
of the Malliavin covariance matrix for the numerical solution.

Lemma 5.8 Let Assumption 3.4 with Lb = supi∈{1,...,nb} supφ∈Cd |ki
b(φ)| < ∞. and 

Assumption 5.5 hold. Then for any u ∈ R
d
. with |u| = 1. and ∈ (0, 1

2Lbnbθ
]., 

.|u γ ;tj ,Y
ς
j )u| ≥ 1

4
(T ∧ T0)σ̃

2, j = 1, . . . , N , (5.48) 

where T0 = ln( 32 )

2Lbnb(θ+2) . is given in Theorem 5.4, and Y
ς
j . is given in (3.8). In  

particular, we have det (γ ;ti ,Y ς
i ))

−1 ∈ L∞−
. 

Proof We first pro ve (5.48) for the case of d = 1.. For r ∈ (tk, tk+1]. with j ≤ k ≤
i − 1., we have  

.Dr i; tj , Y
ς
j ) =

i−1

n=k

(1 − θ)D tn (tj , Y
ς
j ))Dr tn(tj , Y

ς
j

+ θD tn+1(tj , Y
ς
j ))Dr tn+1(tj , Y

ς
j + σ̃ .
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This, together with Dr tn(tj , Y
ς
j ) = 0

l=−N I [l]Dr n+l; tj , Y
ς
j ). and Assump-

tion 3.4, implies t hat

. Dr i; tj , Y
ς
j )

=
i−1

n=k

(1 − θ)

nb

=1

0

l=−N

0

−τ

kb tn(tj , Y
ς
j )(s))I [l](s)dν3(s)Dr n+l; tj , Y

ς
j

+ θ

nb

=1

0

l=−N

0

−τ

kb tn+1(tj , Y
ς
j )(s))I [l](s)dν3(s)Dr n+l+1; tj , Y

ς
j

+ σ̃ . (5.49) 

Below we split the proof into three steps. 
Step 1. In this step, we present a discrete comparison principle, which will be

used in Step 3 to derive a lower bound of Dr i; tj , Y
ς
j ).. Define a two-parameter 

nonnegative sequence {Ak
i }0≤k,i≤N . as follows: when i ≤ k ., define Ak

i = 0.; w hen
0 ≤ k ≤ i − 1,. define 

. Ak
i = Lb

i−1

n=k

nb

=1

0

l=−N

ν3 l−1 + l ) (1 − θ)Ak
n+l + θAk

n+l+1 + σ̃ ,

where we let ν3 −N−1) = ν3 0) = 0. and Lb = sup ∈{1,...,nb} supφ∈Cd |kb(φ)|.. It  
follows from the definition that when i1 − k1 = i2 − k2 > 0,. Ak1

i1
= A

k2
i2

=: Ai1−k1 .. 
Then 

. Ai−k = Ak
i = Lb

nb

=1

0

l=−N

ν3 l−1 + l ) (1 − θ)Ak
i−1+l + θAk

i+l

+ Lb

i−2

n=k

nb

=1

0

l=−N

ν3 l−1 + l ) (1 − θ)Ak
n+l + θAk

n+1+l + σ̃

= Lb

nb

=1

0

l=−N

ν3 l−1 + l ) (1 − θ)Ak
i−1+l + θAk

i+l +Ai−k−1.

This gives that for any ∈ (0, 1
Lbθnb

)., 

.Ai−k = 1 − Lb

nb

=1

ν3 −1)
−1 Ai−k−1
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+ Lb (1 − θ)  
nb 

=1 

0 

l=−N 
ν3 l−1 + l )Ai−1−k+l 

+ θ 
nb 

=1 

0 

l=−N+1 
ν3 l−2 + l−1)Ai−k+l−1 .

By the relation (1 − Lb b)
−1 = 1 + Lb b

1−Lb b
. and by iteration, we obtain

. Ai−k ≤ (1 + Lb b

1 − Lb b

)Ai−k−1 + (1 − Lb b)
−1

× Lb (1 − θ)

nb

=1

0

l=−N

ν3 l−1 + l )Ai−1−k+l

+ θ

nb

=1

0

l=−N+1

ν3 l−2 + l−1)Ai−k+l−1

≤ A1 +
i−k−1

n=1

Lb b

1 − Lb b

An + (1 − Lb b)
−1

× Lb

nb

=1

i−k−1

n=1

(1 − θ)

0

l=−N

ν3 l−1 + l )An+l

+ θ

0

l=−N+1

ν3 l−2 + l−1)An+l .

Noting t hat

. 

i−k−1

n=1

0

l=−N

ν3 l−1 + l )An+l =
0

l=−N

i−k−1

n=1

ν3 l−1 + l )An+l

≤
0

l=−N

i−k−1

m=−N

ν3 l−1 + l )Am ≤ 2
i−k−1

n=1

An

andA1 = (1 − Lb
nb

=1 ν3 −1
−1σ̃ ≤ (1 − Lb b)

−1σ̃ ,. we arrive at

.Ai−k ≤ (1 − Lb b)
−1σ̃ + Lbnb(θ + 2)

1 − Lb b

i−k−1

n=1

An
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Combining the discrete Gronwall inequality , we deduce

. Ai−k ≤ (1 − Lb b)
−1σ̃ exp

Lbnb(θ + 2 − k − 1)

1 − Lb b

=: K0 exp
Lbnb(θ + 2 − k − 1)

1 − Lb b

. (5.50) 

Step 2. We claim that

.|Dr i; tj , Y
ς
j )| ≤ Ak

i , for any r ∈ (tk, tk+1], j ≤ k ≤ i − 1. (5.51) 

We prove the claim by induction argument on i − k .. In fact, when j ≤ i1 ≤
k1 . and r ∈ (tk1 , tk1+1],. we have Dr i1; tj , Y

ς
j ) = 0 = A

k1
i1

.. This gi ves
|Dr i1; tj , Y

ς
j )| = A

k1
i1

. for i1 − k1 ≤ 0.. Suppose that (5.51) holds for i ntegers
k, i . satisfying 0 ≤ i − k ≤ i − k − 1.. Then we show (5.51) holds for i − k = i − k .. 

By (5.49) and the induction assumption |Dr n; tj , Y
ς
j )| ≤ Ak

n , n ≤ i − 1., we  
hav e

. |Dr i; tj , Y
ς
j )|

≤
i−2

n=k

nb

=1

0

l=−N

Lbν3 l−1 + l ) (1 − θ)Ak
n+l + θAk

n+l+1 + σ̃

+ (1 − θ)

nb

=1

0

l=−N

Lbν3 l−1 + l )A
k
i−1+l

+ θ

nb

=1

−1

l=−N

Lbν3 l−1 + l )A
k
i+l

+ Lb

nb

=1

ν3 −1)|Dr i; tj , Y
ς
j )|,

which y ields

.|Dr i; tj , Y
ς
j )|

≤ 1 − Lb

nb

=1

ν3 −1)
−1

× Ak
i−1 + Lb 1 − θ)

nb

=1

0

l=−N

ν3 l−1 + l )A
k
i−1+l
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+ Lb 

nb 

=1 

−1 

l=−N 
ν3 l−1 + l )A

k 
i+l = Ak 

i , r ∈ (tk , tk +1].

This finishes the proof of the claim (5.51). 
Step 3. In this step, we prove the lower bound of |Dr i; tj , Y

ς
j )|. and then 

sho w (5.48). From  (5.49) and (5.50), we obtain

. |Dr i; tj , Y
ς
j )|

≥ σ̃ − Lb

i−1

n=k

nb

=1

0

l=−N

(1 − θ)ν3 l−1 + l )A
k
n+l

+ θν3 l−1 + l )A
k
n+l+1

≥ σ̃ − Lb

i−1

n=k

nb

=1

0

l=−N

(1 − θ)ν3 l−1 + l )K0e
− Lbnb(θ+2

1−Lb b

+ θν3 l−1 + l )K0 exp{Lbnb(θ + 2 + l − k)

1 − Lb b

}

≥ σ̃ − 2Lbnb (1 − θ)K0e
− Lbnb(θ+2

1−Lb b + θK0
exp{Lbnb(θ+2 −k)

1−Lb b
} − 1

exp{Lbnb(θ+2
1−Lb b

} − 1

≥ σ̃ − 2

θ + 2
exp

Lbnb(θ + 2 − k)

1 − Lb b

− 1 σ̃

≥ σ̃ − exp
Lbnb(θ + 2 − k)

1 − Lb b

− 1 σ̃ ,

where we used ex ≥ x + 1, x ≥ 0.. Then, 

. |Dr i; tj , Y
ς
j )| ≥ 1

2
σ̃ ,

when ≤ 1
2Lbθnb

. and i − k ≤ ln( 32 )

2Lbnb(θ+2 .. T hus,

. γ ;tj ,Y
ς
j ) :=

T

0
Dr ; tj , Y

ς
j )(Dr ; tj , Y

ς
j )) dr

≥
T

(T −T0)∨0
|Dr ; tj , Y

ς
j )|2dr ≥ 1

4
(T ∧ T0)σ̃

2,

where T0 = ln( 32 )

2Lbnb(θ+2) .. This finishes the proof of (5.48) for d = 1..
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For the case of d ≥ 2,. by replacing Dr . with u Dr . in the above argument, 
one can obtain (5.48). 

Moreover, it follows from (5.48) that 

. λmin(γ ;tj ,Y
ς
j )) = min

u∈Rd ,|u|=1
u γ ;tj ,Y

ς
j )u ≥ 1

4
(T ∧ T0)σ̃

2,

which i mplies

. |(γ ;tj ,Y
ς
j ))

−1| ≤ K| det(γ ;tj ,Y
ς
j ))

−1| ≤ K[1
4
(T ∧ T0)σ̃

2]−d .

Thus the proof is completed.

With Lemmas 5.7 and 5.8 in hand, we present the following Malliavin integration 
by parts formula, which plays an important role in the test-functional-independent
weak convergence analysis.

Lemma 5.9 Let α = (α1, . . . , αd). be the multi-index with αj ∈ N, j = 1, . . . , d . 

and |α| := d
j=1 αj ≤ 2., f ∈ C ,. and G1 ∈ D

|α|+1,∞(Rd).. Then under conditions 
in Lemmas 5.7 and 5.8, there exist a constant 2 ∈ (0, 1]. and an element H|α|+1 . 

such that for ∈ (0 2]., i ∈ N. with i ≤ N ,. 

. E[∂α ; ti , Y
ς
i ))G1] = E[ ; ti , Y

ς
i ))H|α|+1 ; ti , Y

ς
i ),G1)],

(5.52) 

where F is an antiderivative of f given in the definition of C . (5.34). Moreover ,

. sup
T ≥T0

|E[∂α ; ti , Y
ς
i ))G1]| ≤ K G1 |α|+1,2, (5.53) 

where T0 . is given in Theorem 5.4, and Yς
i . is given in (3.8). 

Proof According to the definition ofC ,.and applying [30, Proposition 2.1.4, (2.29)– 
(2.32)] give (5.52). Moreover, for q > q1 ≥ 1,. there exist constants η1, η2 > 0. and 
integers n1, n2 > 0. such that 

. H|α|+1 ; ti , Y
ς
i ),G1) q1

≤ K(q1, q) γ −1
;ti ,Y ς

i )

n1
0,η1

; ti , Y
ς
i )

n2|α|+1,η2
G1 |α|+1,q .

It follows from Lemmas 5.7 and 5.8 that for any ∈ (0 2].with 2 := ˜ ∧ 1
2Lbnbθ

., 

. H|α|+1 ; ti , Y
ς
i ),G1) q1 ≤ K

1

4
(T ∧ T0)σ̃

2
−dn1

G1 |α|+1,q
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where ˜ := ˜ 2). is given in Lemma 5.7. Taking q1 = 1, q = 2. and supremum 
for T ≥ T0 ., we finish the proof.

5.3.2 Weak Conve rgence Analysis

In this subsection, we give the test-functional-independent weak con vergence rate
of the θ .-EM m ethod.

Theorem 5.10 Let conditions in Theorem 5.4 hold. Then there exists ˜ 0. such 
that for ∈ (0, ˜ ]., 

. sup
f ∈C

sup
T ≥T0

E[f (xξ (T ))] − E[f (y (T ))] ≤

where T0 . is given in Theorem 5.4. 

Proof In order to obtain the test-functional-independent weak conver gence rate,
we need to estimate terms I0,Ib,. and Ib,θ . in (5.36) by means of the Malliavin 
integration by parts formula (5.52) and the inequality (5.53). 

Estimate of Term I0 . Recalling 

. I0 = E[ ; tN , ϕInt
t
N

(0, ξ)))] − E[ ; tN , ϕInt
t
N

(0, ξ Int )))],

it follows from (5.53), Lemma 5.6, and ξ − ξInt
. that 

. |I0| = |E[f (ϕInt (tN ; 0, ξ)] − E[f (ϕInt (tN ; 0, ξ Int ))]|

≤
1

0
E f (ϕInt (tN ; 0, ςξ + (1 − ς)ξInt ))DϕInt (tN ; 0, ςξ

+ (1 − ς)ξInt )(ξ − ξInt ) dς

≤ K
1

0
DϕInt (tN ; 0, ςξ + (1 − ς)ξInt )(ξ − ξInt ) 2,2dς

≤
1

0
DϕInt (tN ; 0, ςξ + (1 − ς)ξInt ) 2,2dς ≤

Estimate of Term Ib . Recalling the definition of Ib ., we have that

.Ib =
N

i=1

1

0
E f ; ti , Y

ς
i ))D ; ti , Y

ς
i ), I [0] ti

ti−1

1

0
Db(Z

β1
i,r )

ϕr(ti−1, ϕti−1(0, ξ
Int )) − ϕInt

ti−1
(0, ξ Int ) dβ1dr dς,
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where 

. Z
β1
i,r = β1ϕr(ti−1, ϕti−1(0, ξ

Int )) + (1 − β1)ϕ
Int
ti−1

(0, ξ Int ).

Inserting (3.35) (with σ ≡ σ̃ Idd×d .) into  Ib ., we are in the position to estimate Ib.. 

We only estimate t he sub-term

. I0b :=
N

i=1

1

0
E f ; ti , Y

ς
i ))D ; ti , Y

ς
i ), I [0] ti

ti−1

1

0
Db(Z

β1
i,r )

−1

j=−N

1[ti+j−1−r,ti+j −r)(·) tj − · ti+j

ti+j−1

b(ϕu(0, ξ
Int ))dudβ1dr dς,

the s ub-term

. I1b :=
N

i=1

1

0
E f ; ti , Y

ς
i ))D ; ti , Y

ς
i ), I [0] ti

ti−1

1

0
Db(Z

β1
i,r )

−1

j=−N

1[ti+j−1−r,ti+j −r)(·) tj − · ti+j

ti+j−1

σ̃dW(u)dβ1dr dς,

and the s ub-term

. I2b :=
N

i=1

1

0
E f ; ti , Y

ς
i ))D ; ti , Y

ς
i ), I [0] ti

ti−1

1

0
Db(Z

β1
i,r )

−1

j=−N

1[ti+j−1−r,ti+j −r)(·)
r+·

ti+j−1

σ̃dW(u)dβ1dr dς,

since other sub-terms in Ib . can be estimated similarly. 

For the term I0b,. it follows from (5.52) and (5.53) that 

. |I0b| ≤ K

N

i=1

1

0
D ; ti , Y

ς
i )I [0] ti

ti−1

1

0
Db(Z

β1
i,r )

−1

j=−N

1[ti+j−1−r,ti+j −r)(·) tj − · ti+j

ti+j−1

b(ϕu(0, ξ
Int ))dudβ1dr

2,2
dς.

(5.54)
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According to Lemma 5.7, supφ1∈Cd |Db(φ1)φ2| ≤ K φ2 ., (5.32), and (5.37), we  
hav e

. D ; ti , Y
ς
i )I [0] ti

ti−1

1

0
Db(Z

β1
i,r )

−1

j=−N

1[ti+j−1−r,ti+j −r)(·)

× tj − · ti+j

ti+j−1

b(ϕu(0, ξ
Int ))dudβ1dr

0,2

≤ K e−λ̂5(T −ti )E I [0] ti

ti−1

1

0
Db(Z

β1
i,r )

−1

j=−N

1[ti+j−1−r,ti+j −r)(·)

× tj − · ti+j

ti+j−1

b(ϕu(0, ξ
Int ))dudβ1dr

2 1
2 ≤ Ke− λ̂5(T −ti )

2 2. (5.55) 

In addition, similar to the proof of Lemma 3.13, using Assumptions 5.7 and 5.6, we  
derive that for some p̃ ≥ 2,. 

.

T

ti

E Dr1 D ; ti , Y
ς
i )I [0] ti

ti−1

1

0
Db(Z

β1
i,r )

−1

j=−N

1[ti+j−1−r,ti+j −r)(·)

× tj − · ti+j

ti+j−1

b(ϕu(0, ξ
Int ))dudβ1dr

2
dr1

1
2

≤ K
T

ti

e−λ̂5(T −ti )E I [0] ti

ti−1

1

0
Db(Z

β1
i,r )

−1

j=−N

1[ti+j−1−r,ti+j −r)(·)

× tj − · ti+j

ti+j−1

b(ϕu(0, ξ
Int ))dudβ1dr

2
1 Dr1Y

ς
i

p̃

+ e−λ̂5(T −ti )E I [0] ti

ti−1

1

0
D2b(Z

β1
i,r ) Dr1Z

β1
i,r ,

−1

j=−N

1[ti+j−1−r,ti+j −r)(·)

× tj − · ti+j

ti+j−1

b(ϕu(0, ξ
Int ))du dβ1dr

2

+ e−λ̂5(T −ti )E I [0] ti

ti−1

1

0
Db(Z

β1
i,r )

−1

j=−N

1[ti+j−1−r,ti+j −r)(·)

× tj − · ti+j

ti+j−1

Db(ϕu(0, ξ
Int ))Dr1ϕu(0, ξ

Int )dudβ1dr
2

dr1
1
2
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≤ K 
T 

ti 

4e−λ̂5(T −ti ) (1 + sup 
u≥0 

E ϕu(0,  ξInt  ) 4]) 1 
2 1 + E Dr1Y ς 

i 
2p̃ 1 

2 

+ 3e−λ̂5(T −ti ) 
ti 

ti−1 

1 

0 
E Dr1Z β1 

i,r 
4] 1 

2 dβ1dr(1 + sup 
u≥0 

E ϕu(0,  ξInt  ) 4]) 1 
2 

+ 3e−λ̂5(T −ti ) 
ti+j 

ti+j−1 

E Dr1ϕu(0, ξ
Int ) 2]du dr1

1
2

≤ Ke− λ̂5(T −ti )

2 (T − ti )
1
2 2. (5.56) 

Similarly, 

. 

T

ti

T

ti

E Dr1,r2 D ; ti , Y
ς
i )I [0] ti

ti−1

1

0
Db(Z

β1
i,r )

−1

j=−N

1[ti+j−1−r,ti+j −r)(·) tj − · ti+j

ti+j−1

b(ϕu(0, ξ
Int ))dudβ1dr

2
dr1dr2

1
2

≤ Ke− λ̂5(T −ti )

2 (T − ti
2. (5.57) 

Inserting (5.55)–(5.57) into (5.54), one has

. |I0b| ≤ K

N

i=1

e− λ̂5(T −ti )

2 2 1 + (T − ti )
1
2 + (T − ti ) ≤

where we used t he fact

. sup
T >0

N

i=1

e− λ̂5
2 (T −ti )(T −ti )

l ≤ sup
T ≥0

T

0
e

λ̂5
2 e− λ̂5

2 (T −s)(T −s)lds < ∞ ∀ l ∈ N.

For the sub-term I1b ., we have  

.I1b =
N

i=1

1

0

ti

ti−1

1

0

−1

j=−N

1[ti+j−1−r,ti+j −r )(·) tj − ·
E (I [0]Db(Z

β1
i,r ))

∗

f ; ti , Y
ς
i ))D ; ti , Y

ς
i ),

ti+j

ti+j−1

σ̃dW(u) dβ1drdς

=
N

i=1

−1

j=−N

1

0

ti

ti−1

1

0

ti+j

ti+j−1

1[ti+j−1−r,ti+j −r)(·) tj − ·
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× E Du (I
[0]Db(Z β1 

i,r ))
∗f ; ti ,  Y  ς 

i ))D ; ti ,  Y  ς 
i ) , σ̃ Idd×d 

dudβ1drdς 

= 
N 

i=1 

−1 

j=−N 

1 

0 

ti 

ti−1 

1 

0 

ti+j 

ti+j−1 

E f ; ti ,  Y  ς 
i ))D ; ti ,  Y  ς 

i ), 

I [0]D2b(Z β1 
i,r ) DuZ β1 

i,r , 1[ti+j−1−r,ti+j −r)(·) tj − ·
σ̃ Idd×d 

+ E f ; ti ,  Y  ς 
i ))DuD ; ti ,  Y  ς 

i ), I
[0]Db(Z β1 

i,r ) 

1[ti+j−1−r,ti+j −r)(·) tj − ·
σ̃ Idd×d) 

+ E f ; t i , Y ς
i ))Du ; ti , Y

ς
i )

D ; ti , Y
ς
i ), I [0]Db(Z

β1
i,r )1[ti+j−1−r,ti+j −r)(·) tj − ·

σ̃ Idd×d

dudβ1drdς.

This, together with (5.52) and (5.53), implies t hat

. |I1b| ≤ K

N

i=1

−1

j=−N

1

0

ti

ti−1

1

0

ti+j

ti+j−1

D ; ti , Y
ς
i )I [0]D2b(Z

β1
i,r )

DuZ
β1
i,r , 1[ti+j−1−r,ti+j −r)(·) tj − ·

σ̃ Idd×d
2,2

+ DuD ; ti , Y
ς
i )I [0]Db(Z

β1
i,r )1[ti+j−1−r,ti+j −r)(·) tj − ·

σ̃ Idd×d
2,2

+ Du ; ti , Y
ς
i )D ; ti , Y

ς
i )I [0]Db(Z

β1
i,r )1[ti+j−1−r,ti+j −r)(·)

× tj − ·
σ̃ Idd×d

3,2
dudβ1drdς =: I1b,1 + I1b,2 + I1b,3.

By Assumption 5.6, Lemmas 5.6 and 5.7, and (5.37), the term  I1b,1 . is estimated as

.I1b,1 ≤ K

N

i=1

−1

j=−N

1

0

ti

ti−1

1

0

ti+j

ti+j−1

e−λ̂5(T −ti )E I [0]D2b(Z
β1
i,r )

DuZ
β1
i,r , 1[ti+j−1−r,ti+j −r)(·) tj − ·

σ̃ Idd×d

2 1
2
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+ 
T 

ti 
E Dr1 D ; ti ,  Y  ς 

i )I
[0]D2b(Z β1 

i,r ) 

DuZ β1 
i,r , 1[ti+j−1−r,ti+j −r)(·) tj − ·

σ̃ Idd×d 
2 
dr1 

1 
2 

+ 
T 

ti 

T 

ti 
E Dr1,r2 D ; ti ,  Y  ς 

i )I
[0]D2b(Z β1 

i,r ) 

DuZ β1 
i,r , 1[ti+j−1−r,ti+j −r)( ·) tj − ·

σ̃ Idd×d

2
dr1dr2

1
2

dudβ1drdς ≤

For the term I1b,2,. we have that for some p̃ ≥ 2,. 

. I1b,2 ≤ K

N

i=1

−1

j=−N

1

0

ti

ti−1

1

0

ti+j

ti+j−1

e−λ̂5(T −ti )E I [0]Db(Z
β1
i,r )

1[ti+j−1−r,ti+j −r)(·) tj − ·
σ̃ Idd×d

2
1 DuY

ς
i

p̃
1
2

+
T

ti

E Dr1 DuD ; ti , Y
ς
i )I [0]Db(Z

β1
i,r )

1[ti+j−1−r,ti+j −r)(·) tj − ·
σ̃ Idd×d

2
dr1

1
2 +

T

ti

T

ti

E Dr1,r2

DuD ; ti , Y
ς
i )I [0]Db(Z

β1
i,r )1[ti+j−1−r,ti+j −r)(·)

tj − ·
σ̃ Idd×d

2
dr1dr2

1
2

dudβ1drdς ≤

Similar to estimates of I1b,1 . and I
1
b,2 ., for the term I1b,3,. we obtain that for some

p̃ ≥ 2,. 

. I1b,3 ≤ K

N

i=1

−1

j=−N

1

0

ti

ti−1

1

0

ti+j

ti+j−1

Du ; ti , Y
ς
i )

3,p̃
D ; ti , Y

ς
i )I [0]

Db(Z
β1
i,r )1[ti+j−1−r,ti+j −r)(·) tj − ·

σ̃ Idd×d
3,p̃

dudβ1drdς ≤

Other terms can be estimated similarly as above. Therefore, we have |I1b| ≤ .
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For the sub-term I2b,. based on Assumption 3.4, we have  

. I2b =
N

i=1

1

0
E f ; ti , Y

ς
i ))D ; ti , Y

ς
i ), I [0] ti

ti−1

1

0

0

−τ

k1b(Z
β1
i,r )

−1

j=−N

1[ti+j−1−r,ti+j −r)(s)
r+s

ti+j−1

σ̃dW(u)dν13(s)dβ1dr dς

=
N

i=1

−1

j=−N

1

0

ti

ti−1

1

0

(ti+j −r)∧0

−τ∨(ti+j−1−r)

r+s

ti+j−1

E Du[(I [0]k1b(Z
β1
i,r ))

∗

f ; ti , Y
ς
i ))D ; ti , Y

ς
i )], σ̃ Idd×d dudν13(s)dβ1drdς

=
N

i=1

−1

j=−N

1

0

ti

ti−1

1

0

(ti+j −r)∧0

−τ∨(ti+j−1−r)

r+s

ti+j−1

E f ; ti , Y
ς
i ))

D ; ti , Y
ς
i ), I [0]Duk

1
b(Z

β1
i,r )σ̃ Idd×d + E f ; ti , Y

ς
i ))

DuD ; ti , Y
ς
i ), I [0]k1b(Z

β1
i,r )σ̃ Idd×d + E f ; ti , Y

ς
i ))

Du ; ti , Y
ς
i )D ; ti , Y

ς
i ), I [0]k1b(Z

β1
i,r )σ̃ Idd×d dudν13(s)dβ1drdς,

where without loss of generality, we took the parameter nb . in Assumption 3.4 to be 
nb = 1.. Combining (5.52), (5.53), and Lemma 5.7, we deduce

. |I2b| ≤ K

N

i=1

−1

j=−N

1

0

ti

ti−1

1

0

(ti+j −r)∧0

−τ∨(ti+j−1−r)

r+s

ti+j−1

D ; ti , Y
ς
i )

I [0]Duk
1
b(Z

β1
i,r )σ̃ Idd×d

2,2
+ DuD ; ti , Y

ς
i )I [0]k1b(Z

β1
i,r )σ̃ Idd×d

2,2

+ Du ; ti , Y
ς
i ),D ; ti , Y

ς
i )I [0]k1b(Z

β1
i,r )σ̃ Idd×d 3,2

dudν13(s)dβ1drdς

≤

where we used the assumption  

. sup
l∈{1,2,3}

sup
φ∈Cd

Dlk1b(φ) L((Cd )⊗l;Rd×d ) + |k1b(φ)| ≤ K.

Hence, we have |Ib| ≤ ..
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Estimate of Ib,θ . Similar to proof of Ib,. we derive that |Ib,θ | ≤ .. 

Combining estimates of terms I0,Ib . and Ib,θ ., and taking supremum for T ≥ T0 . 

and f ∈ C ., we complete t he proof.

5.4 Numerical E xperiments

In this section, we present the numerical algorithm and corresponding numerical 
experiments to verify the convergence rate of the numerical density function for the
θ .-EM methods applied to SFDEs. Both the L1

.-error and L∞
.-error are examined to 

illustrate the con vergence results.
Algorithm 5 outlines the procedure for investigating the weak con vergence of

the θ .-EM method in approximating the density function of SFDEs. The reference 
solution, computed with a fine time step, and the numerical solutions with coarser 
time steps are generated using a common Brownian motion trajectory. The values of 
all sample paths at the final time T are collected. Then the terminal density function
is estimated using the kernel density estimation. Specifically, the empirical density
function is constructed by

. p (T , z) ≈ 1

Mh

M

i=1

K(
z − yi (T )

h
),

where K. is a smooth kernel function (e.g., Gaussian kernel), h > 0. is the 
bandwidth parameter controlling the smoothness of the estimate, M is the total
number of simulated trajectories, and yi (T ). denotes the θ .-EM solution at time 
T for the i-th trajectory. The selection of h represents a trade-off between bias and
variance, and it is chosen as h = 0.4. through numerical calibration in this work. 
In the numerical implementation, the probability density function is approximated 
using the MATLAB built-in function ksdensity, which performs kernel density
estimation with an automatically selected bandwidth.

To quantify the convergence rate, we evaluate the error between the numerical 
density and the reference density. The error is measured in either the L∞

. or L1
. 

sense as f ollows:

. p (T , ·) − p(T , ·) L∞(Rd ) = max
z∈Rd

|p (T , z) − p(T , z)|,

p (T , ·) − p(T , ·) L1(Rd ) =
z∈Rd

|p (T , z) − p(T , z)|dz.

By repeating the procedure for multiple stepsizes, a log-log plot of the density error 
versus the stepsize is generated, and the convergence rate is estimated.
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Algorithm 5 Density convergence of numerical method for SFDE

Require: SFDE parameters (b,  σ,  ξ,  τ),  parameter θ,  final time T , stepsizes { j }J 
j=1, reference 

stepsize ref, Monte Carlo size M . 
Output: Error of terminal density function for each j . 
1: Generate M independent Brownian motion increments δW ( m̃) 

ref (k) ∼ N (0 ref), k = 
0,  .  .  .  ,  Nref − 1, with Nref = ref and m̃ = 1,  .  .  .  ,  M . 

2: Set d̃ref = ref. 
3: Initialize x ( m̃) 

ref (tk), k = −d̃ref,  .  .  .  , 0, m̃ = 1,  .  .  .  ,  M.  
4: for m̃ = 1,  .  .  .  ,  M  do 
5: for k = 0,  .  .  .  ,  Nref − 1 do 

x ( m̃) 
ref (tk+1) = x ( m̃) 

ref (tk) + θb(x  ( m̃) 
ref,tk+1 

) + (1 − θ)b(x  ( m̃) 
ref,tk 

) ref + σ(x  ( m̃) 
ref,tk 

)δW ( m̃) 
ref (k). 

6: end for 
7: end for 
8: Compute reference terminal density function pref(T , ·) from {x m̃ 

ref(T )}M 
m=1 using kernel density 

estimation 
9: for j = 1,  .  .  .  ,  J  do 
10: Set = j , N = , d̃ = , r = ref. 
11: Construct coarse Brownian motion increments 

δW( m̃) (k) = 
(k+1)r−1 

i=kr 
δW ( m̃) 

ref (i), k = 0,  .  .  .  ,  N  − 1. 

12: Initialize y( m̃) (tk), k = −d̃,  .  .  .  ,  0. 
13: for m̃ = 1,  .  .  .  ,  M  do 
14: for k = 0,  .  .  .  ,  N  − 1 do 

y( m̃) (tk+1) = y( m̃) (tk) + θb(y  ( m̃) 
tk+1 ) + (1 − θ)b(y  ( m̃) 

tk ) + σ(y  ( m̃) 
tk

)δW(m̃)(k).

15: end for
16: end for
17: Compute terminal density function p (T , ·) using kernel density estimation
18: Compute error ej = maxz |p (T , z) − pref(T , z)| or |p (T , z) − pref(T , z)|dz
19: end for
20: return {ej }Jj=1

Linear Stochastic Delay Differential Equation In this part, we tak e the linear
stochastic delay differential equation (4.80) as an example to demonstrate the 
convergence rate of the numerical density function obtained via the EM method.
Figure 5.1 illustrates the convergence rate of the numerical density function f or
the EM method, with parameters α = 2, β = 1, σ = 0.5,. and delay τ = 1.. 
The terminal time is set to T = 8,. and the time stepsizes are chosen as =
2−3, 2−4, . . . , 2−7,.with a fine reference stepsize ref = 2−9..Subfigure (a) presents 
the L1

.-error, and Subfigure (b) displays the L∞
.-error between the numerical and 

reference terminal densities. The dashed line indicates a reference slope of order
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Fig. 5.1 Density convergence of EM method for (4.80): α = 2, β = 1, σ = 0.5, τ = 1, ξ(t) =
sin(2πt) for t ∈ [−τ, 0],M = 5000, T = 8 = 2−3, 2−4, . . . , 2−7

ref = 2−9, h = 0.4.. (a) 
L1 .-error. (b) L∞ .-error 
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Fig. 5.2 Density convergence of backward EM method for (4.82): a = 0.5, τ = 1, ξ(t) =
sin(2πt) for t ∈ [−τ, 0], T = 1,M = 5000 = 2−3, 2−4, . . . , 2−7

ref = 2−9, h = 0.4.. 
(a) L1 .-error. (b) L∞ .-error 

one. Both plots show that the numerical density function achiev es convergence with
rate one.

Nonlinear Stochastic Functional Differential Equation In this part, we investi-
gate the convergence rate of the numerical density function via the backward EM
method for the nonlinear SFDE (4.82). Figure 5.2 demonstrates the convergence 
behavior of the numerical density function f or the backward EM method, with
parameters a = 0.5, τ = 1,. and terminal time T = 1.. The stepsizes are chosen as

= 2−3, 2−4, . . . , 2−7,. while a reference solution is computed with ref = 2−9
.. 

Subfigure (a) shows the L1
.-error and (b) the L∞

.-error between the numerical and 
reference terminal densities. The dashed lines represent a reference slope of order
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one. Both error curves exhibit an approximately linear trend on the log-log scale, 
indicating that the numerical density function achieves convergence with rate one.

5.5 Summary a nd Outlook

This chapter has studied the existence and convergence of the density function for
the θ .-EM method of the SFDE. The content of this chapter is based on the results
presented in [10]. For related works on density functions for solutions of SFDEs, we
refer to [2, 11] for the study of the existence and smoothness of the density function 
of the exact solution of SFDEs with globally Lipschitz drift; and refer to [19] for  
the investigation of the asymptotic behavior for the perturbed densities for SFDEs 
with small noise under the globally Lipschitz drift condition. We also mention 
that for stochastic ordinary differential equations and stochastic partial differential
equations, density approximations have been well studied in recent decades, and
for interested readers, we refer to [1, 13, 18, 20, 22–25, 31–33] for the density 
approximations of stochastic ordinary differential equations and to [9, 21] for those 
of stochastic partial differential equations.

Our convergence results also indicate that the total variation distance between 
laws of solutions for the SFDE and its discretizations vanishes to zero as the 
time stepsize diminishes, while that between laws of functional solutions fails to 
vanish due to the high degeneracy of the equation. This finding highlights one 
of the main distinctions in asymptotic behaviors of the corresponding discretized 
systems when compared to stochastic ordinary (partial) differential equations. 
We mention some related results regarding the convergence of discretizations in
total variation distance, building on existing studies concerning the convergence
of densities for discretizations. For stochastic ordinary differential equations, the
convergence in total variation distance for Itô–Taylor type discretizations can be
obtained from the corresponding density convergence results in [1, 13, 20, 22–24], 
with the convergence rate detailed in [3, 4, 27]. For stochastic partial differential 
equations, utilizing the density convergence of discretizations, one can establish the 
convergence in total v ariation distance for random field solutions of discretizations,
as shown in [9, 21]. The convergence behavior in total variation distance for the 
Hilbert-valued solution of temporal semi-discretizations depends on the choice of 
discretization methods, with some methods failing to converge; see e.g. [5, 6]. 

There remain several open problems concerning the study of density functions 
of SFDEs, both from theoretical and numerical perspectives. Building on the results 
established in this chapter, it is of interest to investigate whether the convergence rate 
1 of the numerical density function can be achieved for SFDEs with multiplicative 
noise. Another important question is whether the convergence rate of density 
approximations can be established under weaker assumptions on the coefficients.
Furthermore, when the driving noise is rougher than Brownian motion, such as
SFDEs driven by fractional Brownian motion or rough paths, the density functions
of solutions have been studied only to a very limited extent. In particular, for
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SFDEs driven by fractional Brownian motion, the existence and smoothness o f
density functions have been obtained in [26]. However, for SFDEs in the rough 
path setting, such results appear to be unavailable to the best of our knowledge. 
Moreover, for both cases, the numerical approximations of density functions have
not yet been addressed. We therefore propose these problems as open questions for
future investigation.

The density functions of solution processes have a wide range of applications, 
and one of them is in the study of hitting probabilities, which have been deeply
investigated for stochastic differential equations, see e.g. [14–17, 29]. In the 
numerical context of hitting probabilities, the first result is [8], which presents a 
noteworthy result: numerical discretizations can alter the hitting behaviors of the 
system. Specifically, for linear stochastic parabolic systems, the critical dimensions 
for the spatial semi-discretizations based on the finite difference method or the 
spectral Galerkin method, and temporal semi-discretizations by using the expo-
nential EM method, are shown to be half of those for the original system. It is 
worth mentioning that for the finite dimensional case, the numerical solution derived 
from the continuous exponential EM method preserves the critical dimension of 
the exact solution of the original system. This motivates a compelling direction for 
future research to investigate the hitting probabilities for SFDEs. We note that in
this chapter, based on the density functions, we have shown that the solution and
the functional solution for the SFDE exhibit intrinsic distinctions. An interesting
question is to explore how these differences manifest in hitting probabilities, and
to understand the effect of numerical discretizations on hitting properties of the
original SFDE.
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Chapter 6 
Large Deviation Principle of Numerical
Solution

Large deviations describe the asymptotic behavior of small probabilities of rare 
events on an exponential scale. In Theorem 1.20, we have established the Freidlin– 
Wentzell type large deviation principle (LDP) for the exact solution of the SFDE 
with small noise. In large deviation theory, the decay rates of probabilities associated 
with rare events are characterized by the large deviation rate function, which is 
typically defined through a constrained minimization problem and, in general, 
cannot be expressed explicitly. Therefore, it is of great interest to investigate whether
numerical methods can asymptotically preserve the LDPs of the underlying systems,
particularly when it comes to predicting rare-event probabilities that are of practical
significance. In this chapter, based on the weak convergence approach, we study
Freidlin–Wentzell type LDPs for θ .-EM methods applied to SFDEs with small noise 
in the infinite time horizon.

In Sect. 6.1, we first establish the compactness of solutions for both the skeleton 
equation and the stochastic controlled equation of the θ .-EM method in Banach space
CξInt ([−τ,+∞);Rd).. Using the weak convergence approach, we then show that
the θ .-EM solution satisfies the LDP on CξInt ([−τ,+∞);Rd). with the rate function 
given by the corresponding skeleton equation. In Sect. 6.2, we prove the existence 
and smoothness of the numerical density function for the θ .-EM method applied to 
SFDEs with small noise. Combining techniques from the Malliavin calculus, we 
also present the logarithmic estimates of the numerical density function and reveal
the relation between the logarithmic limit and the rate function of the LDP.
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6.1 The Freidlin–Wentzell Large De viation of Numerical
Solution

In this section, we consider the SFDE with small noise (1.35) on the infinite time 
horizon. For convenience, we recall the equation here

.
dx (t) = b(xt )dt + √

t )dW(t), t > 0,

x (0) = ξ ∈ Cd ,
(6.1) 

where ∈ (0, 1).. The aim is to study the Freidlin–Wentzell l arge deviation of the
θ .-EM method of (6.1) by means of the weak convergence approach. The θ .-EM 
method of (6.1) reads as 

. 
y (tk+1) = y (tk) + (1 − θ)b(ytk

+ θb(ytk+1
+ √

tk
)δWk, k ∈ N,

y (tk) = ξ(tk), k = −N, . . . , 0,

(6.2) 

where ytk
(r) = tj+1−r

y (tk+j ) + r−tj y (tk+j+1). for r ∈ [tj , tj+1], j ∈
{−N, . . . ,−1}.. The continuous version for the solution of (6.2) is defined by the 
linear interpolation of the solution. Here, for notational abbreviation, we omit the
initial datum on the notation y· . and y (·). of the numerical solutions. 

Fix the stepsize ∈ (0, 1).. We denote 

. L2 ([0,+∞);Rm)

:= v : [0,+∞) → R
m is measurable

+∞

0
|v( s )|2ds < ∞ ,

where s . is the largest grid point that no larger than time s..For any M ∈ (0,+∞)., 
set 

. SM := v ∈ L2 ([0,+∞);Rm)
+∞

0
|v( s )|2ds ≤ M

and 

. AM := v : × [0,+∞) → R
m | v(·, t) is Ft -measurable and v ∈ SM P-a.s. .

It follows from [22, Chapter III, Section 28, Theorem 1’] that SM . is a Polish 
space endowed with the weak topology. Introduce the space CξInt ([−τ,+∞);Rd).
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consisting of continuous functions u : [−τ,∞) → R
d
. with u(r) = ξInt (r), r ∈

[−τ, 0],. which is a Polish space endo wed with the norm

. u a :=
∞

k=1

e−atk sup
t∈[−τ,tk]

|u(t)|

for some constant a > 0.. Here, we recall that ξInt ∈ CInt
. is the linear interpolation

of ξ(ti), i = −N, . . . , 0. (see Sect. 3.2). 
In order to present the LDP for the solution of (6.2), we consider the follo wing

stochastic controlled equation

.

⎧⎪⎪⎨
⎪⎪⎩

y (tk+1) = y (tk) + (1 − θ)b(ytk
+ θb(ytk+1

+σ(ytk
)

√
k + v (tk , k ∈ N,

y (tk) = ξ(tk), k = −N, . . . , 0,

(6.3) 

and the ske leton equation

.

⎧⎪⎪⎨
⎪⎪⎩

w (tk+1) = w (tk) + (1 − θ)b(wtk
+ θb(wtk+1

+σ(wtk
)v(tk ∈ N,

w (tk) = ξ(tk), k = −N, . . . , 0,

(6.4) 

where v , v ∈ L2 ([0,+∞);Rm)., and ytk
. and wtk

. are defined as follo ws: for
r ∈ [tj , tj+1]., j ∈ {−N, . . . ,−1}., 

. ytk
(r) := tj+1 − r

y (tk+j ) + r − tj
y (tk+j+1),

wtk
(r) := tj+1 − r

w (tk+j ) + r − tj
w (tk+j+1).

The continuous versions for solutions of (6.3) and (6.4) are defined by the 
linear interpolations of the solutions, respectively. Define measurable mappings
G ,G : C([0,+∞);Rm) → CξInt ([−τ,+∞);Rd). respectively, by 

. G
√ ·) +

·

0
v ( s )ds = y (·), G

·

0
v( s )ds = w (·).

Introduce the auxiliary process of (6.4) as follo ws:

.
z (tk) = ξ(tk), k = −N, . . . ,−1,

z (tk) = w (tk) − θb(wtk
∈ N.

(6.5)
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It follows from (6.5) that 

. z (tk) = z (tk−1) + b(wtk−1
+ σ(wtk−1

)v(tk−1 ∈ N+.

The corresponding continuous version {z (t)}t≥−τ . is defined as: for t ∈ [tk, tk+1). 

with k ∈ N,. 

.z (t) = z (tk) + b(wtk
)(t − tk) + σ(wtk

)v(tk)(t − tk), (6.6) 

where for t ∈ [−τ, 0],. the initial datum z (t). is defined by the linear interpolation
of z (ti), i = −N, . . . , 0.. 

Theorem 6.1 Let Assumptions 2.1 to 2.4 hold. Then for any ∈ (0, 1
4θa2

]. with 
a2 . given in Assumption 2.2, the family of random variables {y (·)} ∈(0,1) . satisfies 
the LDP on CξInt ([−τ,+∞);Rd)., i.e .,

(i) for each closed subset F of CξInt ([−τ,+∞);Rd)., 

. lim sup
→0

logP y (·) ∈ F ≤ − inf
x∈F

I (x);

(ii) for each open subset O of CξInt ([−τ,+∞);Rd)., 

. lim inf→0
logP y (·) ∈ O ≥ − inf

x∈O
I (x),

where the good rate function I is given by

. I (f ) = inf
{v∈L2 ([0,+∞);Rm):f =G (

·
0 v( s )ds)}

1

2

+∞

0
|v( s )|2ds.

According to the contraction principle (see e.g. [11, Theorem 4.2.1]), we obtain 
the following LDP for the family {y (t)} ∈(0,1) . for each t > 0.. 

Corollary 6.2 Under conditions in Theorem 6.1, for any t > 0,. the family of 
random variables {y (t)} ∈(0,1) . satisfies the LDP on R

d
. with the good rate 

function given by

. Ĩ (z) = inf{I (f ) : f ∈ CξInt ([−τ,∞);Rd), z = f (t)},

where I (·). is given in Theorem 6.1. 

The proof of Theorem 6.1 is based on the equivalence of the LDP and the Laplace
principle. According to [15, Condition 2.1, Theorem 2.10], it suffices to prove the 
compactness of solutions of the skeleton equation and the stochastic controlled
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equation (i.e., Propositions 6.4 and 6.6). We first give the a priori estimates of w . 

and z .. 

Lemma 6.3 Let M > 0. and v ∈ SM .. Under Assumptions 2.1, 2.2, and 2.4, it  
holds that for any ∈ (0, 1

4θa2
]., 

. sup
k≥0

|w (tk)| + sup
k≥0

|z (tk)| ≤ (1 ξ β+1)K(M),

where a2 . is given in Assumption 2.2 and β . is given in Assumption 2.4. 

Proof By the definition of z ., we have  

. 
1

2
d|z (t)|2 b(w t ), z (t) dt σ (w t )v( t ), z (t) dt

= b(w t ), w ( t ) − θb(w t + b(w t )(t t )

+ σ(w t )v( t )(t t ) dt

+ σ(w t )v( t ), z ( t ) + b(w t )(t t )

+ σ(w t )v( t )(t t ) dt

= (t t − |b(w t )|2 + b(w t ), w ( t )

+ 2b(w t )(t t ) + z ( t ), σ (w t )v( t )

+ |σ(w t )v( t )|2(t t ) dt.

This implies 

. |z (tk+1)|2 = |z (tk)|2 + 2
tk+1

tk

|b(wtk
)|2(t − tk − dt

+ 2
tk+1

tk

b(wtk
), w (tk) dt +

tk+1

tk

4b(wtk
)(t − tk)

+ 2z (tk), σ (wtk
)v(tk) dt

+ 2
tk+1

tk

|σ(wtk
)v(tk)|2(t − tk)dt.

Using 

.b(w t ) = 1
w ( t ) − z ( t ) ,
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2 tk+1
tk

(t − tk − dt = (1 − 2 2
., and tk+1

tk
(t − tk)dt = 1

2
2
., we deri ve

. |z (tk+1)|2 = |z (tk)|2 + 1 − 2θ

θ2 |w (tk) − z (tk)|2

+ 2
tk+1

tk

b(wtk
), w (tk) dt

+
tk+1

tk

2
1

θ
(w (tk) − z (tk)) + z (tk), σ (wtk

)v(tk) dt

+
tk+1

tk

|σ(wtk
)v(tk)|2dt

≤ (1 − θ)2

θ2 + 2θ − 1

θ2(1 + ˜ |z (tk)|2

+ 2θ − 1

θ2 (1 + ˜ + 1 − 2θ

θ2 |w (tk)|2

+ 2
tk+1

tk

b(wtk
), w (tk) dt +

tk+1

tk

|σ(wtk
)v(tk)|2dt

+
tk+1

tk

2
1

θ
(w (tk) − z (tk)) + z (tk), σ (wtk

)v(tk) dt,

where in the last step we used the inequality

. 2 a, b (1 + ˜ |a|2 + 1

1 + ˜ |b|2

for c̃ > 0.. Therefore, by iterating, we obtain that for ι ∈ (0, 1)., 

.eιtk+1 |z (tk+1)|2

= |z (0)|2 +
k

i=0

eιti+1 |z (ti+1)|2 − eιti |z (ti)|2

≤ |z (0)|2 + (1 − θ)2

θ2 + 2θ − 1

θ2(1 + ˜ − e−
k

i=0

eιti+1 |z (ti)|2

+
k

i=0

eιti+1
2θ − 1

θ2
c̃|w (ti)|2 + 2 b(wti

), w (ti)

+ |σ(wti
)|2|v(ti)|2

+ 2
1

θ
(w (ti) − z (ti)) + z (ti), σ (wti

)v(ti) .
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In virtue of (2.28), we can take sufficiently small numbers ι, c̃ > 0. independent of 
. such that (1−θ)2

θ2 + 2θ−1
θ2(1+˜ − e− ≤ 0.. By Assumption 2.1 and the condition

a1 − a2 − L > 0,. we hav e

. |σ(φ) − σ(0) + σ(0)|2 ≤ K + a1 − a2 + L

2L
|σ(φ) − σ(0)|2

≤ K + a1 − a2 + L

2
|φ(0)|2 +

0

−τ

|φ(r)|2dν1(r) ,

where we used the Young inequality in the first step. Recall that Assumption 2.2 
implies (2.7). As a result, we obtain

. 2 φ(0), b(φ) σ (φ)|2 ≤K − (a1 + a2)|φ(0)|2 + a1 − a2 + L

2

0

−τ

|φ(r)|2dν1(r)

+ 2a2

0

−τ

|φ(r)|2dν2(r). (6.7) 

Then, utilizing the Young inequality, (6.7), and Assumption 2.1, we s ee that

. eιtk+1 |z (tk+1)|2

≤ |z (0)|2 +
tk+1

0
eι t 2θ − 1

θ2 c̃|w ( t )|2 + 2 b(w t ), w ( t )

+ |σ(w t )|2|v( t )|2 + |σ(w t )|2

+ 1

θ
w ( t ) + θ − 1

θ
z ( t )

2|v( t )|2 dt

≤ |ξ(0) − |2 +
tk+1

0
eι t K + 2θ − 1

θ2 c̃ − a1 − a2 |w ( t )|2

+ a1 − a2 + L

2

0

−τ

|w t (r)|2dν1(r) + 2a2

0

−τ

|w t (r)|2dν2(r) dt

+ K
tk+1

0
eι t |w ( t )|2 + |z ( t )|2 +

0

−τ

|w t (r)|2dν1(r)

× |v( t )|2dt,

where t := min{tk > t : tk = = 0, 1, . . .}. and we used

. sup
t≥0

|v( t )|2 <

∞

i=0

|v(ti)|2 =
∞

0
|v( t )|2dt ≤ M.
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Similar to the estimate of (2.15), we have that for n = 1, 2,. 

. 

k

i=0

eιti+1
0

−τ

|wti
(r)|2dνn(r)

=
−1

j=−N

k

i=0

eιti+1
tj+1

tj

| tj+1 − r
w (ti+j ) + r − tj

w (ti+j+1)|2dνn(r)

≤
−1

j=−N

k

i=0

eιti+1
tj+1

tj

tj+1 − r
dνn(r)|w (ti+j )|2

+
−1

j=−N

k

i=0

eιti+1
tj+1

tj

r − tj
dνn(r)|w (ti+j+1)|2

≤
−1

j=−N

k

l=−N

eιtl−j+1
tj+1

tj

tj+1 − r
dνn(r)|w (tl)|2

+
−1

j=−N

k

l=−N

eιtl−j

tj+1

tj

r − tj
dνn(r)|w (tl)|2

≤ ιτ
−1

j=−N

k

l=−N

eιtl+1
tj+1

tj

dνn(r)|w (tl)|2

≤ eιτ τ ξ 2 + eιτ
k

l=0

eιtl+1 |w (tl)|2.

Hence, utilizing this and the polynomial growth of b (see Assumption 2.4), we 
derive that

.eιtk+1 |z (tk+1)|2

≤ K(1 ξ 2(β+1)) +
tk+1

0
eι t 2θ − 1

θ2
c̃ − a1 − a2

+ a1 − a2 + L

2
+ 2a2 eιτ

× |w ( t )|2 dt + Keιtk+1 + (
a1 − a2 + L

2
+ 2a2)e

ιτ τ ξ 2

+ K
tk+1

0
sup

r∈[−τ,t]
eι r |w ( r )|2 + sup

r∈[0,t]
eι r |z ( r )|2

× |v( t )|2dt.
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Analogously to the proof of Proposition 2.4, parameters c̃ . and ι. can further be take n
such that

. 
2θ − 1

θ2
c̃ − a1 − a2 + a1 − a2 + L

2
+ 2a2 eιτ ≤ 0.

Consequently, 

. eιtk+1 |z (tk+1)|2 ≤ K(1 ξ 2(β+1) + eιtk+1)

+ K
tk+1

0
sup

r∈[−τ,t]
eι r |w ( r )|2

+ sup
r∈[0,t]

eι r |z ( r )|2 |v( t )|2dt. (6.8) 

By Assumption 2.2, one has that for any φ ∈ Cd
., 

. φ(0), b(φ) φ(0)||b(0)| − a1|φ(0)|2 + a2

0

−τ

|φ(r)|2dν2(r).

This, along with (6.5), implies t hat

. |z (tk+1)|2

≥ |w (tk+1)|2 − 2 w (tk+1), b(wtk+1
)

≥ |w (tk+1)|2 − K − 2a1|w (tk+1)|2 + 2a2

0

−τ

|wtk+1
(r)|2dν2(r)

≥ |w (tk+1)|2 − − 2θa2

0

−τ

|wtk+1
(r)|2dν2(r),

which y ields

. eιtk+1 |z (tk+1)|2

≥ eιtk+1 |w (tk+1)|2 − ιtk+1 − 2θa2e
ιτ sup

t∈[−τ,tk+1]
eι t |w ( t )|2.

Plugging (6.8) into the above inequality leads to

.eιtk+1 |w (tk+1)|2

≤ ιtk+1 + 2θa2e
ιτ sup

t∈[−τ,tk+1]
eι t |w ( t )|2

+ K(1 ξ 2(β+1) + eιtk+1) + K
tk+1

0
sup

r∈[−τ,t]
eι r |w ( r )|2



280 6 Large Deviation Principle of Numerical Solution

+ sup 
r∈[0,t] 

eι r |z ( r )|2 |v( t )|2dt.

Noting that the above estimate holds for any k ∈ N,. we hav e

. sup
t∈[−τ,tk+1]

eι t |w ( t )|2

≤ ιtk+1 + 2θa2e
ιτ sup

t∈[−τ,tk+1]
eι t |w ( t )|2

+ K(1 ξ 2(β+1) + eιtk+1) + K
tk+1

0
sup

r∈[−τ,t]
eι r |w ( r )|2

+ sup
r∈[0,t]

eι r |z ( r )|2 |v( t )|2dt.

Now we choose a number ι. such that eιτ ≤ 3
2 .. Then for ∈ (0, 1

4θa2
],. 

. 
1

4
sup

t∈[−τ,tk+1]
eι t |w ( t )|2

≤ K(1 ξ 2(β+1) + eιtk+1) + K
tk+1

0
sup

r∈[−τ,t]
eι r |w ( r )|2

+ sup
r∈[0,t]

eι r |z ( r )|2 |v( t )|2dt,

which, together with (6.8) gives t hat

. sup
t∈[−τ,tk+1]

eι t |w ( t )|2 + sup
t∈[0,tk+1]

eι t |z ( t )|2

≤ K(1 ξ 2(β+1) + eιtk+1) + K
tk+1

0
sup

r∈[−τ,t]
eι r |w ( r )|2

+ sup
r∈[0,t]

eι r |z ( r )|2 |v( t )|2dt.

Applying the Gronwall inequality (see Proposition A.3) and using v ∈ SM ., we  
deduce 

. sup
t∈[−τ,tk+1]

eι t |w ( t )|2 + sup
t∈[0,tk+1]

eι t |z ( t )|2

≤ K(1 ξ 2(β+1) + eιtk+1)eK
tk+1
0 |v( t )|2dt

≤ K(1 ξ 2(β+1) + eιtk+1)eKM.
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This implies t hat

. sup
k≥0

|w (tk)| + sup
k≥0

|z (tk)| ≤ (1 ξ β+1)K(M).

The proof is finished.

Proposition 6.4 Let M > 0.. Under Assumptions 2.1, 2.2, and 2.4,  fo  r
any ∈ (0, 1

4θa2
]., KM := {G (

·
0 v( s )ds)|v ∈ SM}. is compact in

CξInt ([−τ,+∞);Rd).. 

Proof Since SM . is compact with respect to the weak topology, it s uffices to
show that the mapping G ◦ F . is continuous, w here F : L2 ([0,+∞);Rm) →
C([0,∞);Rm). is defined by F(v)(·) := ·

0 v( s )ds .. Namely, letting v → v . in 
SM ., we shall prove w → w . in CξInt ([−τ,+∞);Rd).. First, we show that 
for any k ∈ N+,. supt∈[0,tk] |w ( t )−w ( t )| → 0. as v → v . in SM .. By  
(6.5) and the continuous version of z (·),. we hav e

. 
1

2
d|z (t) − z (t)|2

b(w t ) − b(w t ), z (t) − z (t) dt

σ (w t )v ( t ) − σ(w t )v( t ), z (t) − z (t) dt

b(w t ) − b(w t ), b(w t ) − b(w t ) (t t )dt

b(w t ) − b(w t ), σ (w t )v ( t )

− σ(w t )v( t ) (t t )dt

b(w t ) − b(w t ), w ( t ) − w ( t ) dt

− b(w t ) − b(w t ), b(w t ) − b(w t ) dt

σ (w t )v ( t ) − σ(w t )v( t ), z (t) − z (t) dt.

This implies 

.|z (tk+1) − z (tk+1)|2

= |z (tk) − z (tk)|2 + (1 − 2 2|b(wtk
) − b(wtk

)|2

+
tk+1

tk

2 b(w t ) − b(w t ), w ( t ) − w ( t ) dt

+
tk+1

tk

2 (σ (w t ) − σ(w t ))v ( t ), z (t) − z (t)
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+ 
1 
2 

b(w t ) − b(w t ) dt 

+ 
tk+1 

tk 
2 σ(w  t )(v ( t ) − v( t )), z (t) − z (t) 

+ 
1 
2 

b(w t ) − b(w t ) dt.

By 2 tk+1
tk

(t − tk)dt = 2,. 

. b(w t ) − b(w t )

= 1
w ( t ) − z ( t ) − w ( t ) − z ( t ) , (6.9) 

and taking into account 1 − 2θ ≤ 0,. one has 

. (1 − 2 2|b(wtk
) − b(wtk

)|2

≤ (1 − 2θ)

θ2
(1 − 1

(1 + cλ

)|z (tk) − z (tk)|2

+ (1 − 2θ)

θ2 (1 − (1 + cλ |w (tk) − w (tk)|2,

where the constant cλ . is defined by (2.2). Then we obtain

. |z (tk+1) − z (tk+1)|2

≤ (1 − θ)2

θ2
+ 2θ − 1

θ2(1 + cλ

|z (tk) − z (tk)|2

+ cλ |w (tk) − w (tk)|2

+
tk+1

tk

2 b(w t ) − b(w t ), w ( t ) − w ( t ) dt

+
tk+1

tk

2 (σ (w t ) − σ(w t ))v ( t ), z (t) − z (t)

+ 1

2
b(w t ) − b(w t ) dt

+
tk+1

tk

2 σ(w t )(v ( t ) − v( t )), z (t) − z (t)

+ 1

2
b(w t ) − b(w t ) dt, (6.10)
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Applying the Young inequality, one derives

. 

tk+1

tk

2 σ(w t ) − σ(w t ) v ( t ), z (t) − z (t)

+ 1

2
b(w t ) − b(w t ) dt

=
tk+1

tk

2 σ(w t ) − σ(w t ) v ( t ), z ( t ) − z ( t )

+ b(w t ) − b(w t ) dt +
tk+1

tk

| σ(w t )

− σ(w t ) v ( t )|2 dt

+
tk+1

tk

(σ (w t ) − σ(w t ))v ( t ), σ (w t ))

(v ( t ) − v( t )) dt

≤
tk+1

tk

|σ(w t ) − σ(w t )|2dt

+ K
tk+1

tk

|v ( t )|2 |z ( t ) − z ( t )|2

+ |w ( t ) − w ( t )|2 dt

+
tk+1

tk

| σ(w t ) − σ(w t ) v ( t )|2 dt

+
tk+1

tk

(σ (w t ) − σ(w t ))v ( t ), σ (w t ))

(v ( t ) − v( t )) dt, (6.11) 

where we used (6.9) in the last step. Inserting (6.11) into (6.10), and then by 
iterating, we obtain that for γ ∈ (0, 1)., 

.eγ tk+1 |z (tk+1) − z (tk+1)|2

=
k

i=0

eγ ti+1 |z (ti+1) − z (ti+1)|2 − eγ ti |z (ti) − z (ti)|2

≤
k

i=0

eγ ti+1
(1 − θ)2

θ2
+ 2θ − 1

θ2(1 + cλ

− e− |z (ti) − z (ti)|2
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+ cλ |w (ti) − w (ti)|2 

+ 
tk+1 

0 
eγ t 2 b(w t ) − b(w t ), w ( t ) 

− w ( t ) σ (w  t ) − σ(w  t )|2 dt + K 
tk+1 

0 
eγ t |v ( t )|2 

× |z ( t ) − z ( t )|2 + |w ( t ) − w ( t )|2 dt 

+ 
tk+1 

0 
eγ t σ (w t )

− σ(w t )
2|v ( t )|2 dt + J (tk+1),

where J is defined by

. J (s) :=
s

0
2eγ t σ (w t )(v ( t ) − v( t )),

1

2 t ) − σ(w t ))

× v ( t ) + z (t) − z (t) + 1

2
b(w t ) − b(w t ) dt.

It follows from Assumptions 2.1 and 2.2 that 

.eγ tk+1 |z (tk+1) − z (tk+1)|2

≤
k

i=0

eγ ti+1
(1 − θ)2

θ2
+ 2θ − 1

θ2(1 + cλ

− e− |z (ti) − z (ti)|2

−
k

i=0

2a1 − L − cλ − (L + 2a2)e
γ τ γ ti+1 |w (ti) − w (ti)|2

+ K
tk+1

0
|z ( t ) − z ( t )|2 + |w ( t ) − w ( t )|2

× eγ t |v ( t )|2dt + 2Leγ (τ+

×
tk+1

0
sup

s∈[0,t]
eγ s |w ( s ) − w ( s )|2

× |v ( t )|2 dt + J (tk+1).
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Similar to the proof of Proposition 2.10, one can take a sufficiently small number γ . 

independent of . such that 

. 
(1 − θ)2

θ2 + 2θ − 1

θ2(1 + cλ

− e− ≤ 0, 2a1 − L − cλ − (L + 2a2)e
γ τ ≥ 0.

Then, we see that

. eγ tk+1 |z (tk+1) − z (tk+1)|2

≤ K
tk+1

0
|v ( t )|2 sup

s∈[0,t]
eγ s |z ( s ) − z ( s )|2

+ eγ s |w ( s ) − w ( s )|2 dt + J (tk+1). (6.12) 

Denote E (t) = t

0 σ(w s )(v ( s ) − v( s ))ds .. Applying the integration by 
parts formula yields

.J (tk+1) =
k

i=0

ti+1

ti

2eγ ti+1
1

2 ti
) − σ(wti

))v (ti) + z (t) − z (t)

+ 1

2
b(wti

) − b(wti
) , dE (t)

=
k

i=0

2eγ ti+1
1

2 ti
) − σ(wti

))v (ti) + z (t) − z (t)

+ 1

2
b(wti

) − b(wti
) , E (t)

t=ti+1

t=ti

−
ti+1

ti

E (t), d(z (t) − z (t))

= 2eγ t E (t),
1

2 t ) − σ(w t ))v ( t )

+ z (t) − z (t)

+ 1

2
b(w t ) − b(w t )

t=tk+1

t=0

− 2
tk+1

0
eγ t E (t),

d(z (t) − z (t))

dt
dt,
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which together with the differential form of z (t) − z (t). and (6.9) gives t hat

. J (tk+1) ≤ eγ tk+2 |E (tk+1)||σ(wtk+1
) − σ(wtk+1

)|
tk+2

tk+1

|v ( t )|dt

+ Keγ tk+1 |E (tk+1)|2

+ 1

8
sup

t∈[0,tk+1]
eγ t |z ( t ) − z ( t )|2 + |w ( t )

− w ( t )|2

− 2
tk+1

0
eγ t E (t), b(w t ) − b(w t ) + σ(w t )v ( t )

− σ(w t )v( t ) dt.

By v (·), v(·) ∈ SM ., Assumptions 2.1 and 2.4, and Lemma 6.3, we arrive at  

. J (tk+1) ≤ K(M)eγ tk+1 sup
j≥−N

(1 + |w (tj )| + |w (tj )|)|E (tk+1)|

+ Keγ tk+1 |E (tk+1)|2 + 1

8
sup

t∈[0,tk+1]
eγ t |z ( t ) − z ( t )|2

+ |w ( t ) − w ( t )|2

+ K
tk+1

0
eγ t |E (t)| 1 + sup

k≥−N

(|w (tk)|β+1 + |w (tk)|β+1)

+ (1 + sup
k≥−N

|w (tk)|)|v ( t )|

+ (1 + sup
k≥−N

|w (tk)|)|v( t )| dt

≤ K(M)eγ tk+1 sup
t∈[0,tk+1]

|E (t)|2 + K(M)eγ tk+1 sup
t∈[0,tk+1]

|E (t)|

+ 1

8
sup

t∈[0,tk+1]
eγ t

× |z ( t ) − z ( t )|2 + |w ( t ) − w ( t )|2 ,

(6.13)
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where we used the Hölder inequality in the last step. Noticing that

. eγ tk+1 |z (tk+1) − z (tk+1)|2

≥ eγ tk+1 |w (tk+1) − w (tk+1)|2

− 2θeγ tk+1 w (tk+1) − w (tk+1), b(wtk+1
) − b(wtk+1

)

≥ eγ tk+1 |w (tk+1) − w (tk+1)|2

− 2θeγ tk+1 − a1|w (tk+1) − w (tk+1)|2

+ a2

0

−τ

|wtk+1
(r) − wtk+1

(r)|2dν2(r)

≥ eγ tk+1 |w (tk+1) − w (tk+1)|2

− 2θa2e
γ τ sup

t∈[0,tk+1]
eγ t |w ( t ) − w ( t )|2

≥ eγ tk+1 |w (tk+1) − w (tk+1)|2

− 9

16
sup

t∈[0,tk+1]
eγ t |w ( t ) − w ( t )|2,

where we used ∈ (0, 1
4a2θ

]. and we chose γ . such that eγ τ ≤ 9
8 .. Thus inserting

(6.13) into (6.12) and together with the above inequality, w e obtain that for ∈
(0, 1

4a2θ
]., 

.eγ tk+1 |w (tk+1) − w (tk+1)|2

≤ K
tk+1

0
|v ( t )|2 sup

s∈[0,t]
eγ s |z ( s ) − z ( s )|2

+ eγ s |w ( s )

− w ( s )|2 dt + 1

8
sup

t∈[0,tk+1]
eγ t |z ( t ) − z ( t )|2

+ (
9

16
+ 1

8
) sup

t∈[0,tk+1]
eγ t |w ( t ) − w ( t )|2

+ K(M)eγ tk+1 sup
t∈[0,tk+1]

|E (t)| + K(M)eγ tk+1 sup
t∈[0,tk+1]

|E (t)|2.
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Combining the estimates of eγ tk+1 |z (tk+1)−z (tk+1)|2 .and eγ tk+1 |w (tk+1)

− w (tk+1)|2 . yields that 

. sup
t∈[0,tk+1]

eγ t |z ( t ) − z ( t )|2

+ sup
t∈[0,tk+1]

eγ t |w ( t ) − w ( t )|2

≤ K
tk+1

0
|v ( t )|2 sup

s∈[0,t]
eγ s |z ( s ) − z ( s )|2

+ eγ s |w ( s ) − w ( s )|2 dt

+ 1

4
sup

t∈[0,tk+1]
eγ t |z ( t ) − z ( t )|2dt

+ 13

16
sup

t∈[0,tk+1]
eγ t |w ( t ) − w ( t )|2dt

+ K(M)eγ tk+1 sup
t∈[0,tk+1]

|E (t)| + K(M)eγ tk+1 sup
t∈[0,tk+1]

|E (t)|2.

Simplifying the inequality by combining like terms on both sides, t hen applying the
Gronwall inequality (see Proposition A.3) and the fact that v (·) ∈ SM ., we obtain

. sup
t∈[0,tk+1]

eγ t |z ( t ) − z ( t )|2

+ sup
t∈[0,tk+1]

eγ t |w ( t ) − w ( t )|2

≤ K(M)eγ tk+1 sup
t∈[0,tk+1]

|E (t)| + K(M)eγ tk+1 sup
t∈[0,tk+1]

|E (t)|2. (6.14) 

To proceed, we now prove that supt∈[0,tk+1)
|E (t)| → 0. as → 0.. We  

begin by showing the compactness of {E (·)} ∈(0,1) . in C([0, tk+1];Rd),. where 
C([0, tk+1];Rd). denotes the space of continuous functions on [0, tk+1].. According 
to Assumption 2.1, Lemma 6.3, v (·), v(·) ∈ SM ., and the Hölder inequality , one
has

.

r2

r1

σ(w s )(v ( s ) − v( s ))ds

≤ K(M)(1 ξ β+1) |r2 − r1|,

sup
∈(0,1)

sup
t∈[0,+∞)

+∞

0
σ(w s )(v ( s ) − v( s ))ds

≤ K(M)(1 ξ β+1),
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which, respectively, implies the equicontinuity of {E (t), t ∈ [0,+∞)} ∈(0,1) . and 
the uniform boundedness of {E (·)} ∈(0,1) .. Hence, according to the Ascoli–Arzela 
theorem, we obtain that {E (·)} ∈(0,1) . is compact in C([0, tk+1];Rd).. 

We next show that σ(w )(v ( ) − v( )) → 0. as → 0. with respect to 
the weak topology of SM . with some M > 0.. For any h ∈ L2 ([0,+∞);Rm),. by 
Lemma 6.3, we have  

. 

∞

0
|σ(w t )∗h(t)|2dt

≤
∞

0
K(1 + sup

t≥0
w t

2)|h(t)|2dt ≤ K(M)(1 ξ 2(β+1)),

which together with v → v . as → 0. in SM . yields that for a ny h ∈
L2 ([0,+∞);Rm),. 

. 

∞

0
h(t), σ (w t )(v ( t ) − v( t )) dt

=
∞

0
σ(w t )∗h(t), v ( t ) − v( t ) dt → 0 as → 0.

This is to say that

. σ(w )(v ( ) − v( )) → 0 as → 0

with respect to the weak topology of SM . for some M > 0.. By [9, Chapter VI, 
Proposition 3.3], we conclude that supt∈[0,tk+1)

|E (t)| → 0.. 
Together with (6.14), we derive that for each k ∈ N+,. 

. sup
t∈[0,tk+1]

|w ( t ) − w ( t )|2 → 0 as → 0.

Thus, by the dominated convergence theorem, we arrive at

. lim→0
w − w a

= lim→0

∞

k=1

e−atk sup
t∈[0,tk]

|w ( t ) − w ( t )|

=
∞

k=1

e−atk lim→0
sup

t∈[0,tk]
|w ( t ) − w ( t )| = 0.

This finishes the proof.
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In order to obtain the boundedness of the moments of y ,. we introduce the 
auxiliary process

.
Z (tk) = ξ(tk), k = −N, . . . ,−1,

Z (tk) = y (tk) − θb(ytk
∈ N,

(6.15) 

which satisfies that for k ∈ N+,. 

. Z (tk) = Z (tk−1) + b(ytk−1
+ √

tk−1
)δWk−1

+ σ(ytk−1
)v (tk−1

Define the continuous version Z (·). as follows: for t ∈ [tk, tk+1). with k ∈ N., 

. Z (t) := Z (tk) + b(ytk
)(t − tk) + √

tk
) W(t) − W(tk)

+ σ(ytk
)v (tk)(t − tk),

and for t ∈ [−τ, 0]., Z (t). is defined as the linear interpolation of Z (ti), i =
−N, . . . , 0.. 

Lemma 6.5 Let M > 0. and {v } ∈(0,1) ⊂ AM.. Under Assumptions 2.1 to 2.4, for  
any ∈ (0, 1]. and p ∈ N+,. we have 

. E sup
t∈[0,tk+1]

|Z ( t )|2p + E sup
t∈[0,tk+1]

|y ( t )|2p

≤ K(M)(1 ξ 2p(β+1))e k+1 .

As a consequence, for sufficiently small 0., Z (·). and y (·). belong to 
L2p ;CξInt ([−τ,+∞);Rd)).. 

Proof Step 1. We show that for ∈ (0 ∗]. with some ∗ ∈ (0, 1),. 

. E sup
t∈[0,tk+1]

|Z ( t )|2p + E sup
t∈[0,tk+1]

|y ( t )|2p

≤ K(M)(1 ξ 2p(β+1))e k+1 .

It follows from the definition of Z . and the Young inequality that

.|Z (tk+1)|2

= |Z (tk)|2 + |b(ytk
)|2 2 + |σ(ytk

)δWk|2

+ 2 y (tk) − tk
), b(ytk

2 Z (tk),
√

tk
)δWk



6.1 The Freidlin–Wentzell Large Deviation of Numerical Solution 291

+ 2
√ 

b(ytk tk )δWk σ(ytk )v (tk)|2 2 

+ 2 Z (tk) + b(ytk + √ 
tk )δWk,  σ(ytk )v (tk 

≤ 
(1 − θ)2 

θ2 + 
2θ − 1 

θ2(1 + 
|Z (tk)|2 

+ 
1 − 2θ 

θ2 + 
2θ − 1 

θ2 (1 + |y (tk)|2 

+ 2 y (tk), b(ytk ) |σ(ytk )|2 + |v (tk)|2 

× |Z (tk) + b(ytk
|2 + |σ(ytk

)|2 + |σ(ytk
)δWk|2 + 2Mk,

where 

. Mk := √
tk

)δWk, σ (ytk
)v (tk + Z (tk) + b(ytk

.

Recalling the notation A = (1−θ)2

θ2 + 2θ−1
θ2(1+ . and using Assumptions 2.1 to 2.3, 

we ha ve

. |Z (tk+1)|2

≤ A |Z (tk)|2 + 2θ − 1

θ2 |y (tk)|2 +

− 2a3 |y (tk)|2+ + 2 |y (tk)|2 + 2
0

−τ

|ytk
(r)|2dν1(r)

+ 2a4

0

−τ

|ytk
(r)|2dν2(r) + |v (tk)|2 |Z (tk) + b(ytk

|2

+ |σ(ytk
)|2 + |σ(ytk

)δWk|2 + 2Mk

≤ A |Z (tk)|2 + − a3 |y (tk)|2+l − |y (tk)|2

+ 2
0

−τ

|ytk
(r)|2dν1(r) + 2a4

×
0

−τ

|ytk
(r)|2dν2(r) + |σ(ytk

)δWk|2

+ |v (tk)|2 |Z (tk) + b(ytk
|2 + |σ(ytk

)|2 + 2Mk,

(6.16)
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where R is a positive constant with R > 2L. (which is similar to R2 . in (2.38)) and 
we used the Young inequality. From this, we obtain that for p ∈ N. with p > 1., 

. (|Z (tk+1)|2 + a3 |y (tk)|2+ )p ≤ A
p |Z (tk)|2p +

p

i=1

Ci
pIi ,

where for i = 1, . . . , p,. 

. Ii := A
p−i |Z (tk)|2(p−i) − |y (tk)|2 + 2

0

−τ

|ytk
(r)|2dν1(r)

+ 2a4

0

−τ

|ytk
(r)|2dν2(r) + |σ(ytk

)δWk|2

+ |v (tk)|2 |Z (tk) + b(ytk
|2 + |σ(ytk

)|2 + 2Mk

i

.

For the term I1,. applying the Young inequality yields that for γ1 ∈ (0, 1),. 

. I1 ≤ γ1
p |Z (tk)|2p + K(γ1 − p−1|Z (tk)|2(p−1)|y (tk)|2

+ K(γ1

0

−τ

|ytk
(r)|2pdν1(r) + K(γ1

0

−τ

|ytk
(r)|2pdν2(r)

+ |v (tk)|2 |Z (tk)|2p + |y (tk)|2p +
0

−τ

|ytk
(r)|2pdν1(r)

+ A
p−1|Z (tk)|2(p−1) |σ(ytk

)δWk|2 + 2Mk).

By (6.15) and Assumption 2.3 (see a lso (2.41)), we ha ve

. |y (tk)|2 + 2a3 |y (tk)|2+

≤ |Z (tk)|2 + + 2a4

0

−τ

|ytk
(r)|2dν2(r), (6.17) 

which i mplies

.|y (tk)|2p ≤ |Z (tk)|2 + + 2a4

0

−τ

|ytk
(r)|2dν2(r)

p−1

× |y (tk)|2

≤ 2|Z (tk)|2(p−1)|y (tk)|2

+ K|y (tk)|2 + 2a4

0

−τ

|ytk
(r)|2dν2(r)

p−1
,
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where we used (|a| + |b|)q ≤ (1 + ε)|a|q + Cε,q |b|q . for q ≥ 1. with ε = 1. in the 
last step. In consequence,

. − |Z (tk)|2(p−1)|y (tk)|2

≤ −1

2
|y (tk)|2p + K|y (tk)|2 + 2a4

0

−τ

|ytk
(r)|2dν2(r)

p−1
.

Inserting the above inequality into I1 ., we deri ve

. I1 ≤ γ1
p |Z (tk)|2p + K(γ1 − 1

2
p−1|y (tk)|2p + K(γ1

× |y (tk)|2p +
0

−τ

|ytk
(r)|2pdν1(r) +

0

−τ

|ytk
(r)|2pdν2(r)

+ |v (tk)|2 |Z (tk)|2p + |y (tk)|2p +
0

−τ

|ytk
(r)|2pdν1(r)

+ A
p−1|Z (tk)|2(p−1) |σ(ytk

)δWk|2 + 2Mk).

For the term Ii . with i = 2, . . . , p,. 

. Ii ≤ γ1
p |Z (tk)|2p + K(γ1

2

× 1 + |y (tk)|2p +
0

−τ

|ytk
(r)|2pdν1(r)

+
0

−τ

|ytk
(r)|2pdν2(r) + |v (tk)|2

× |Z (tk)|2p + |y (tk)|2p

+
0

−τ

|ytk
|2pdν1(r) + KA

p−i |Z (tk)|2(p−i)

× |σ(ytk
)δWk|2i + |Mk|i ),

where we used |v (tk)|2 ≤ M . P.-a.s. Combining the estimates of the terms Ii , i =
1, . . . , p ., we arriv e at

.|Z (tk+1)|2p

≤ (1 + Kγ1
p |Z (tk)|2p + K(γ1 +Jk1(R) +Jk2

+ |v (tk)|2 |Z (tk)|2p + |y (tk)|2p +
0

−τ

|ytk
(r)|2pdν1(r)
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+ K|Z (tk)|2(p−1) |σ(ytk )δWk|2 +Mk 

+ K 
p 

i=2 
Ci 

p|Z (tk)|2(p−i) |σ(ytk )δWk |2i + |Mk|i ,

where 

. Jk1(R) := − p

2
RA

p−1 − K(γ1) |y (tk)|2p

+ K(γ1

0

−τ

|ytk
(r)|2pdν1(r) +

0

−τ

|ytk
(r)|2pdν2(r) ,

Jk2 := K(γ1
2 |y (tk)|2p +

0

−τ

|ytk
(r)|2pdν1(r)

+
0

−τ

|ytk
(r)|2pdν2(r) .

Then for γ2 > 0., 

. eγ2tk+1 |Z (tk+1)|2p

≤ |Z (0)|2p + (1 + Kγ1
p

eγ2 − 1
k

l=0

eγ2tl |Z (tl)|2p

+ K(γ1)e
γ2tk+1 +

k

l=0

eγ2tl+1 Jl1(R) +Jl2 + K(M)

k

l=0

eγ2tl+1 |v (tl)|2

× |Z (tl)|2p + |y (tl)|2p +
0

−τ

|ytl
(r)|2pdν1(r)

+ K

k

l=0

eγ2tl+1 |Z (tl)|2(p−1) |σ(ytl
)δWl |2 +Ml

+ K

k

l=0

eγ2tl+1

p

i=2

Ci
p|Z (tl)|2(p−i) |σ(ytl

)δWl |2i + |Ml |i .

Similar to the estimate of (2.47) in the proof of Lemma 2.5, take  γ1 . and γ2 . 

independent of . such that (1 + Kγ1
p

eγ2 − 1 ≤ 0.. Similar to the proof of
(2.50), by choosing R sufficiently large and further choosing ∗

. sufficiently small, 
we obtain that for ≤ ∗,. 

.

k

l=0

eγ2tl+1 Jl1(R) +Jl2 ≤ K ξ 2p.
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Hence, 

. eγ2tk+1 |Z (tk+1)|2p

≤ |Z (0)|2p + K ξ 2p+Keγ2tk+1 + K(M)
tk+1

0
|v ( s )|2

× sup
r∈[0,s]

eγ2 r |Z ( r )|2p + sup
r∈[0,s]

eγ2 r |y ( r )|2p ds

+ K

k

l=0

eγ2tl |Z (tl)|2(p−1) |σ(ytl
)δWl |2 +Ml

+ K

k

l=0

eγ2tl

p

i=2

Ci
p|Z (tl)|2(p−i) |σ(ytl

)δWl |2i + |Ml |i .

Moreover, it follows from (6.17) and the γ̃ .-Young inequality that

. e
γ2
p

tk |y (tk)|2 + 2a3

γ2
p

tk |y (tk)|2+

≤ e
γ2
p

tk |Z (tk)|2 + Ke
γ2
p

tk + 2a4

γ2
p

tk

×
0

−τ

γ̃ |ytk
(r)|2+ + K(γ̃ ) dν2(r)

≤ sup
tl∈[0,tk]

e
γ2
p

tl |Z (tl)|2 + γ̃ 2a4

γ2
p

τ sup
tl∈[0,tk]

(e
γ2
p

tl |y (tl)|2+ )

+ K( ˜
γ2
p

tk ,

which i mplies

. sup
tl∈[0,tk]

e
γ2
p

tl |y (tl)|2 ≤ sup
tl∈[0,tk]

e
γ2
p

tl |Z (tl)|2 +
γ2
p

tk

by taking γ̃ . such that 2γ̃ a4e
γ2
p

τ ≤ 2a3.. Then taking the pth power on both sides
yields that

. sup
t∈[0,tk]

eγ2 t |y ( t )|2p ≤ Keγ2tk + K sup
t∈[0,tk]

eγ2 t |Z ( t )|2p.

We conclude 

. sup
t∈[0,tk+1]

eγ2 t |Z ( t )|2p + sup
t∈[0,tk+1]

eγ2 t |y ( t )|2p
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≤ Keγ2tk+1 + K(1 ξ 2p(β+1) ) + K(M) 
tk+1 

0 
|v ( s )|2 

× sup 
r∈[0,s] 

eγ2 r |Z ( r )|2p + sup 
r∈[0,s] 

eγ2 r |y ( r )|2p ds 

+ K sup 
j≤k 

j 

l=0 
eγ2tl |Z (tl)|2(p−1) |σ(ytl )δWl |2 +Ml 

+ K 
k 

l=0 
eγ2tl 

p 

i =2

Ci
p|Z (tl)|2(p−i) |σ(ytl

)δWl |2i + |Ml |i ,

(6.18) 

where we used |Z (0)| ≤ K(1 ξ β+1). due to Assumption 2.4. By virtue of 
the Gronwall inequality (see Proposition A.3), one has

. sup
t∈[0,tk+1]

eγ2 t |Z ( t )|2p + sup
t∈[0,tk+1]

eγ2 t |y ( t )|2p

≤ eK(M)M K(1 ξ 2p(β+1)) + Keγ2tk+1 + K sup
j≤k

j

l=0

eγ2tl |Z (tl)|2(p−1)

× |σ(ytl
)δWl |2 +Ml + K

k

l=0

eγ2tl

p

i=2

Ci
p|Z (tl)|2(p−i)

× |σ(ytl
)δWl |2i + |Ml |i . (6.19) 

Applying the Burkholder–Davis–Gundy inequality (see Proposition A.5) and the 
Young inequality, we arrive at that for γ3 ∈ (0, 1)., 

.E sup
j≤k

j

l=0

eγ2tl |Z (tl)|2(p−1) |σ(ytl
)δWl |2 +Ml

≤ E

k

l=0

eγ2tl |Z (tl)|2(p−1)|σ(ytl
)|2

+ KE

k

l=0

e2γ2tl |Z (tl)|4(p−1)

× |σ(ytl
)|2 |σ(ytl

)|2M + |Z (tl)|2 + |y (tl)|2
1
2
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≤ 3) 
tk+1 

0 
E sup 

r∈[0,s] 
eγ2 r |Z ( r )|2p 

+ sup 
r∈[0,s] 

eγ2 r |y ( r )|2p ds + γ3K(M) 

× sup 
t∈[0,tk+1] 

eγ2 t |Z ( t )|2p 

+ sup 
t∈[0,tk+1] 

e γ2 t |y ( t )|2p + K ξ 2p.

Similarly, 

. E

k

l=0

eγ2tl

p

i=2

Ci
p|Z (tl)|2(p−i) |σ(ytl

)δWl |2i + |Ml |i

≤
tk+1

0
E sup

r∈[0,s]
eγ2 r |Z ( r )|2p

+ sup
r∈[0,s]

eγ2 r |y ( r )|2p ds

+ γ3K(M) sup
t∈[0,tk+1]

eγ2 t |Z ( t )|2p

+ sup
t∈[0,tk+1]

eγ2 t |y ( t )|2p

+ K ξ 2p.

Taking expectation on both sides of (6.19), inserting the above two inequalities into
(6.19), letting γ3 > 0. be sufficiently small, and using the Gronw all inequality (see
Proposition A.3) again, w e deduce

. E sup
t∈[0,tk+1]

eγ2 t |Z ( t )|2p + E sup
t∈[0,tk+1]

eγ2 t |y ( t )|2p

≤ KeK(M)(1 ξ 2p(β+1) + eγ2tk+1)e k+1 ,

which i mplies

. E sup
t∈[0,tk+1]

|Z ( t )|2p + E sup
t∈[0,tk+1]

|y ( t )|2p

≤ K(M)(1 ξ 2p(β+1))e k+1 .

We finish the proof of Step 1.
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Step 2. We show that for ∈ [ ∗, 1],. 

. E sup
t∈[0,tk+1]

|Z ( t )|2p + E sup
t∈[0,tk+1]

|y ( t )|2p

≤ K(M)(1 ξ 2p(β+1))e k+1 .

The proof is similar to that of Lemma 2.6, and thus we only give the sketch of the 
proof.

Similar to the estimate of Ii . for ∈ (0 ∗]., we have that for small constant
γ̄1 ∈ (0, 1),. 

. I1 ≤ γ̄1A
p |Z (tk)|2p + K(γ̄1 − 1

2
p−1|y (tk)|2p

+ K(γ̄1
p |y (tk)|2p +

0

−τ

|ytk
(r)|2pdν2(r)

+
0

−τ

|ytk
(r)|2pdν1(r)

+ |v (tk)|2 |Z (tk)|2p + |y (tk)|2p +
0

−τ

|ytk
(r)|2pdν1(r)

+ A
p−1|Z (tk)|2(p−1) |σ(ytk

)δWk|2 + 2Mk ,

and for i ∈ {2, . . . , p},. 

. Ii ≤ γ̄1A
p |Z (tk)|2p + K(γ̄1

p |y (tk)|2p +
0

−τ

|ytk
(r)|2pdν1(r)

+
0

−τ

|ytk
(r)|2pdν2(r) + |v (tk)|2 |Z (tk)|2p + |y (tk)|2p

+
0

−τ

|ytk
|2pdν1(r) + KA

p−i |Z (tk)|2(p−i)

× |σ(ytk
)δWk|2i + |Mk|i .

It follows from (|a| + |b|)p ≥ |a|p + |b|p . for p ∈ N+ . that 

.|Z (tk+1)|2p + a
p

3
p|y (tk+1)|p(2+

≤ (1 + Kpγ̄1)A
p |Z (tk)|2p + +Jk1(R) +Jk2

+ |v (tk)|2 |Z (tk)|2p + |y (tk)|2p +
0

−τ

|ytk
(r)|2pdν1(r)
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+ K|Z (tk)|2(p−1) |σ(ytk )δWk|2 + 2Mk 

+ K 
p 

i=2 
Ci 

p|Z (tk)|2(p−i) |σ(ytk )δ Wk|2i + |Mk|i ,

where 

. Jk1(R) = −p

2
RA

p−1 |y (tk)|2p,

Jk2 = K(γ̄1
p |y (tk)|2p +

0

−τ

|ytk
(r)|2pdν1(r)

+
0

−τ

|ytk
(r)|2pdν2(r) .

Similar t o (2.54), by taking γ̄1 . and γ̄2 . sufficiently small s uch that
(1 + Kpγ̄1)A

p
∗eγ̄2 − 1 ≤ 0,. we obtain that for ∈ ∗, 1]., 

. eγ̄2tk+1 |Z (tk+1)|2p

≤ |Z 0)|2p + Keγ̄2tk+1 +
k

l=0

eγ̄2tl+1Jl1(R)

+
k

l=0

eγ̄2tl+1(Jl2 − a
p

3
p|y (tl)|p(2+ ) + K(M)

k

l=0

eγ̄2tl |v (tl)|2

× |Z (tl)|2p + |y (tl)|2p +
0

−τ

|ytl
(r)|2pdν1(r)

+ K

k

l=0

eγ̄2tl |Z (tl)|2(p−1) |σ(ytl
)δWl |2 + 2Ml

+ K

k

l=0

eγ̄2tl

p

i=2

Ci
p|Z (tl)|2(p−i) |σ(ytl

)δWl |2i + |Ml |i .

Then by the similar procedure to the proofs of (2.56) and (2.57), and choosing a 
sufficiently large number R independent of ., we conclude that

.

k

l=0

eγ̄2tl+1Jl1(R) +
k

l=0

eγ̄2tl+1(Jl2 − a
p

3
p|y (tl)|p(2+ )

≤ K( ξ 2p + 1 + eγ̄2tk+1).
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The remaining proof is similar to that of Step 1 and is omitted.
Combining Steps 1–2 finishes the proof.

Proposition 6.6 Let M > 0. and {v } ∈(0,1) ⊂ AM . such that v
d−→→0

v . as SM .-

valued random variables. Under Assumptions 2.1 to 2.4, it holds that for any ∈
(0, 1

4a2θ
]., 

. G
√ +

·

0
v ( s )ds

d−→→0
G

·

0
v( s )ds .

Proof To show y
d−→→0

w . as v
d−→→0

v ., by the duality formula for the 
Kantorovich–Rubinstein distance (see e.g. [27, Remark 6.5]), it suffices to prove
that E[1 y − w a] → 0. as → 0.. Note t hat

. lim→0
E 1 y − w a

≤
∞

k=1

lim→0
E 1 ∧ −atk sup

t∈[0,tk]
|y (t) − w (t)|

≤
∞

k=1

−atk lim→0
E (eatk −1) ∧ sup

t∈[0,tk]
|y (t) − w (t)| .

Hence, we only need to show that for any k ∈ N+ ., 

. lim→0
E (eatk −1) ∧ sup

t∈[0,tk]
|y (t) − w (t)| = 0.

By virtue of

. Z (t) − z (t) = Z ( t ) − z ( t ) + b(y t )

− b(w t ) (t t )

+ √
t ) W(t) − W( t )

+ σ(y t )v ( t ) − σ(w t )v( t ) (t t ),

and the Itô formula, we have that

.d|Z (t) − z (t)|2

= 2 Z (t) − z (t), b(y t ) − b(w t )

+ |σ(y t )|2 + 2 Z (t) − z (t), σ (y t )v ( t )
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− σ(w  t )v( t ) dt 

+ 2
√ 

Z (t) − z (t), σ(y t )dW(t) .

Further utilizing 

. Z ( t ) − z ( t )

= y ( t ) − w ( t ) − θ b(y t ) − b(w t )

we deduce 

. d|Z (t) − z (t)|2

= 2 y ( t ) − w ( t ), b(y t ) − b(w t )

− 2 |b(y t ) − b(w t )|2 + 2 (b(y t )

− b(w t ))(t t ), b(y t ) − b(w t )

+ 2 σ(y t )v ( t ) − σ(w t )v( t ), (b(y t ) − b(w t ))(t t )

+ Z (t) − z (t) + |σ(y t )|2 dt

+ 2
√

b(y t ) − b(w t ), σ (y t )(W(t) − W( t )) dt

+ 2
√

Z (t) − z (t), σ (y t )dW(t) .

By the Young inequality, we have

.|Z (s) − z (s)|2

=
s

0
2 y ( t ) − w ( t ), b(y t ) − b(w t )

+ 2 t t − b(y t ) − b(w t )
2 dt +

s

0
2 σ(y t )v ( t )

− σ(w t )v( t ), b(y t ) − b(w t ) (t t ) + Z (t) − z (t)

+ |σ(y t )|2 dt + 2
√ s

0
b(y t ) − b(w t ), σ (y t )(W(t)

− W( t )) dt

+ 2
√ s

0
Z (t) − z (t), σ (y t )dW(t)
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≤ 
s 

0 
2 y ( t ) − w ( t ), b(y t ) − b(w t ) 

+ |σ(y  t ) − σ(w  t )|2 

+ |σ(y  t )|2 dt + K 
s 

0 
|v ( t )|2 1 

θ 
y ( t ) − w ( t ) 

+ Z ( t ) − z ( t ) + Z (t) − z (t) 
2 
dt 

+ 
s 

0 
2 σ(w  t ) v ( t ) − v( t ) , b(y t ) − b(w t ) (t t ) 

+ Z (t) 

− z (t) dt + 2
√ s 

0
b(y t ) − b(w t ), σ (y t )(W(t) − W( t )) dt

+ 2
√ s

0
Z (t) − z (t), σ (y t )dW(t) ,

where we used tk+1
tk

2(t t − dt = (1 − 2 2 ≤ 0.. It follows from
Assumptions 2.1 and 2.2 and 

. 

s

0

0

−τ

|y t (r) − w t (r)|2dνi(r)dt

≤
s

0
|y ( t ) − w ( t )|2dt ∀ i = 1, 2

that 

.|Z (s) − z (s)|2

≤
s

0
− 2(a1 − a2 − L)|y ( t ) − w ( t )|2 + |σ(y t )|2 dt

+ K
s

0
|v ( t )|2 sup

r∈[0,t]
|y ( r ) − w ( r )|2

+ |Z (r) − z (r)|2 dt

+ E1(s) + 2
√ s

0
b(y t ) − b(w t ), σ (y t )(W(t) − W( t )) dt

+ 2
√ s

0
Z (t) − z (t), σ (y t )dW(t) ,
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where 

. E1(s) :=
s

0
2 σ(w t ) v ( t ) − v( t ) , b(y t ) − b(w t ) (t t )

+ Z (t) − z (t) dt.

By a1 > a2 + L., we arriv e at

. |Z (s) − z (s)|2

≤
s

0
K|v ( t )|2 sup

r∈[0,t]
|y ( r ) − w ( r )|2 + |Z (r)

− z (r)|2 dt +
s

0
|σ(y t )|2dt + E1(s)

+ 2
√ s

0
b(y t ) − b(w t ), σ (y t )(W(t) − W( t )) dt

+ 2
√ s

0
Z (t) − z (t), σ (y t )dW(t) .

Denote E (t) := t

0 σ(w r )(v ( r ) − v( r ))dr.. By virtue of the Malliavin 
integration b y parts formula, one has

.E1(s) = 2 E (s), (b(y s ) − b(w s ))(s s ) + Z (s) − z (s)

−2
s

0
E (t), 2 b(y t ) − b(w t ) dt + √

t )dW(t)

+ σ(y t )v ( t ) − σ(w t )v( t ) dt

≤ K|E (s)|2 + 1

4
|y ( s ) − w ( s )|2

+ 1

4
|Z ( s ) − z ( s )|2

+ 1

4
|Z (s) − z (s)|2 − 4

s

0
E (t), b(y t ) − b(w t ) dt

− 2
s

0
E (t), σ (y t ) − σ(w t ) v ( t ) dt

− 2
s

0
E (t), σ (w t )

× v ( t ) − v( t ) dt − 2
√ s

0
E (t), σ (y t )dW(t)
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≤ K sup 
r∈[0,s] 

|E (r)|2 + 
1 
4
|y ( s ) − w ( s )|2 

+ 
1 
2 

sup 
r∈[0,s] 

|Z (r) − z (r)|2 

+ K 
s 

0 
(|v ( t )|2 + 1) 

× sup 
r∈[0,t] 

|y ( r ) − w ( r )|2 + |Z (r) 

− z (r)|2 dt − 2
√ s

0
E (t), σ (y t )dW(t) ,

where we used  

. 2
s

0
E (t), σ (w t )(v ( t ) − v( t )) dt

= 2
s

0
E (t), dE (t) E (s)|2.

Note that 

. |Z (tk) − z (tk)|2

≥ |y (tk) − w (tk)|2 − 2 y (tk) − w (tk), b(ytk
) − b(wtk

)

≥ |y (tk) − w (tk)|2 − 2 − a1|y (tk) − w (tk)|2

+ a2

0

−τ

|ytk
(r) − wtk

(r)|2dν2(r) ,

which i mplies

. |Z (tk) − z (tk)|2

≥ |y (tk) − w (tk)|2 − 2a2 sup
r∈[0,tk]

|y ( r ) − w ( r )|2.

Then, 

.|y (tk) − w (tk)|2

≤ 2a2 sup
t∈[0,tk]

|y ( t ) − w ( t )|2
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+ K 
tk 

0 
(|v ( t )|2 + 1) sup 

r∈[0,t] 
|y ( r ) − w ( r )|2 + |Z (r) 

− z (r)|2 dt + 
tk 

0 
|σ(y  t )|2dt 

+ 2
√ tk 

0 
b(y t ) − b(w t ), σ(y t )(W(t) − W(  t )) dt 

+ 2
√ tk 

0 
Z (t) − z (t), σ(y t )dW(t)  

+ K sup 
r∈[0,tk] 

|E (r)|2 + 
1 
4
|y (tk) − w (tk)|2 

+ 
1 
2

sup
r∈[0,tk]

|Z (r) − z (r)|2

+ sup
r∈[0,tk]

2
√ r

0
E (t), σ (y t )dW(t) .

Under the condition ∈ 0, 1
4a2θ

., and noting that the above inequality remains 
valid when the left-hand side is evaluated at any tl ., l = 0, 1, . . . , k ., we have  

.
1

2
sup

t∈[0,tk]
|y ( t ) − w ( t )|2

≤ K
tk

0
(|v ( t )|2 + 1) sup

r∈[0,t]
|y ( r ) − w ( r )|2 + |Z (r)

− z (r)|2 dt +
tk

0
|σ(y t )|2dt

+ 2
√ tk

0
b(y t ) − b(w t ), σ (y t )(W(t) − W( t )) dt

+ 2
√ tk

0
Z (t) − z (t), σ (y t )dW(t)

+ K sup
r∈[0,tk]

|E (r)|2 + 1

4
|y (tk) − w (tk)|2

+ 1

2
sup

r∈[0,tk]
|Z (r) − z (r)|2

− 2
√ tk

0
E (t), σ (y t )dW(t) .
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Combining the estimate

. 
1

2
sup

t∈[0,tk]
|Z (t) − z (t)|2

≤
tk

0
K(|v ( t )|2 + 1) sup

r∈[0,t]
|y ( r ) − w ( r )|2 + |Z (r)

− z (r)|2 dt +
tk

0
|σ(y t )|2dt

+ 2
√

sup
r∈[0,tk]

r

0
b(y t ) − b(w t ), σ (y t )(W(t) − W( t )) dt

+
r

0
Z (t) − z (t), σ (y t )dW(t)

+ K sup
r∈[0,tk]

|E (r)|2 + 1

4
sup

s∈[0,tk]
|y ( s ) − w ( s )|2

+ 2
√

sup
r∈[0,tk]

r

0
E (t), σ (y t )dW(t) ,

we therefore arriv e at

. 
1

2
sup

t∈[0,tk]
|Z (t) − z (t)|2 + 1

4
sup

t∈{0,...,tk}
|y (t) − w (t)|2

≤ K
tk

0
(|v ( t )|2 + 1) sup

r∈[0,t]
|y ( r ) − w ( r )|2 + |Z (r)

− z (r)|2 dt + 2
tk

0
|σ(y t )|2dt

+ 4
√

sup
r∈[0,tk]

r

0
b(y t ) − b(w t ), σ (y t )(W(t) − W( t )) dt

+
r

0
Z (t) − z (t), σ (y t )dW(t)

+ K sup
t∈[0,tk]

|E (t)|2 + 4
√

sup
r∈[0,tk]

r

0
E (t), σ (y t )dW(t) .

Applying the Gronwall inequality and v (·) ∈ AM ., we arriv e at

. sup
t∈[0,tk]

|Z (t) − z (t)|2 + sup
t∈[0,tk]

|y ( t ) − w ( t )|2
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≤ KeK(M)tk 
tk 

0 
|σ(y  t )|2dt 

+ √ 
sup 

r∈[0,tk] 

r 

0 
b(y t ) − b(w t ), σ(y t )(W(t) − W(  t )) dt 

+ 
r 

0 
Z (t) − z (t), σ(y t )dW(t)  

+ sup 
t∈[0,tk] 

|E (t)|2 + 
√

sup
r∈[0,tk]

r

0
E (t), σ (y t )dW(t) .

Utilizing Lemmas 6.3 and 6.5, the Burkholder–Davis–Gundy inequality, and the 
Y oung inequality, we obtain

. E (eatk −1) ∧ sup
t∈[0,tk]

|y ( t ) − w ( t )|2

≤ KeK(M)tk
tk

0
E[1 y t

2]dt + √ tk

0
E |b(y t ) − b(w t )|

× |σ(y t )||W(t) − W( t )| dt

+ √
E

tk

0
|Z (t) − z (t)|2|σ(y t )|2dt

1
2

+ sup
t∈[0,tk]

E |E (t)|2 ∧ (eatk −1) + √
E

tk

0
|E (t)|2|σ(y t )|2dt

1
2

≤ K(M)eK(M)tk (1 ξ 2(β+1) + √ + E sup
t∈[0,tk]

|E (t)|2 ∧ (eatk −1) .

It follows from v
d−→→0

v . that 

. lim→0
E sup

t∈[0,tk]
|E (t)|2 ∧ (eatk −1) = 0.

Consequently, letting → 0. finishes the p roof.

6.2 Logarithmic Estimate for Numerical Density Function

This section is devoted to the logarithmic estimate on the finite time horizon
for the density function of the θ .-EM method (6.2), based on the smoothness of 
the numerical density function and the technique of the Malliavin calculus. The
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constant T > 0. is fixed in this section. For the numerical solution y (·)., under 
Assumptions 2.1, 5.1–5.3, it follows from Theorem 5.2 that for any ∈ (0, 1

4θa5
). 

and k ∈ N+ ., y (tk). admits a density function denoted by p (tk, ·).. We introduce 
the following assumption to ensure the smoothness of p (tk, ·).. 
Assumption 6.1 Assume that coefficients b and σ . are smooth with bounded 
derivatives of arbitr ary orders.

The proof of the smoothness of the density p (tk, ·). depends on the estimate of 
the Malliavin covariance matrix γk . of the numerical solution y (tk). and the r esult
that y (tk) ∈ D

∞(Rd).. 

Lemma 6.7 Let Assumptions 2.1, 5.1, 5.3, and 6.1 hold. Then for any p ≥ 1. and 
∈ (0, 1

4θ(a5∨(2 Db L(Cd ;Rd )
))

). with a5 . given in Assumption 5.1, 

. det(γ
N

)−1
Lp ≤ −d −d .

Proof Since det(γ
N

)−1 = d
i=1 λ−1

i ≤ (λ−1
min)

d ,. where λi, i = 1, . . . , d . are the 
eigenvalues of γ

N
. and λmin := min{λi, i = 1, . . . , d},. it suffices to estimate the 

smallest eigenvalue of γ
N

..For the Malliavin covariance matrix γk .of the numerical 
solution y (tk),. similar to the recursive relation (5.17), for any ∈ (0, 1

4θa5
)., 

using t he equality

. A1,N −1 := Idd×d − θDb(yt
N

)(I [0]Idd×d
−1

= Idd×d + A1,N −1θDb(yt
N

)(I [0]Idd×d (6.20) 

we deriv e

. λmin(γN
) = min

u∈Rd ,|u|=1
u γ

N
u

≥ min
u∈Rd ,|u|=1

u A1,N −1σ(yt
N −1

)σ (yt
N −1

) (A1,N −1) u

= min
u∈Rd ,|u|=1

u σ(yt
N −1

)σ (yt
N −1

)

+ A1,N −1θDb(yt
N

)(I [0]Idd×d)σ (yt
N −1

)

× σ(yt
N −1

) + σ(yt
N −1

)σ (yt
N −1

)

× (A1,N −1θDb(yt
N

)(I [0]Idd×d

+ A1,N −1θDb(yt
N

)(I [0]Idd×d t
N −1

)σ (yt
N −1

)

× (A1,N −1θDb(yt
N

)(I [0]Idd×d u. (6.21)
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According to Assumption 5.3, the fact A
1,N −1 L(Rd ;Rd ) ≤ 2. showed in the p roof

of Theorem 5.2, and the inequality

. 2 A1,N −1θDb(yt
N

)(I [0]Idd×d) ≤ 1

2

for ∈ (0, 1
4θ(a5 Db L(Cd ;Rd )

)
)., we obtain

. λmin(γN
)

≥ 1

2
min

u∈Rd ,|u|=1
u σ(yt

N −1
)σ (yt

N −1
) u

+ min
u∈Rd ,|u|=1

u
1

4
Idd×d + A1,N −1θDb(yt

N
)(I [0]Idd×d

× σ(yt
N −1

)σ (yt
N −1

)

+ σ(yt
N −1

)σ (yt
N −1

)
1

4
Idd×d + A1,N −1θDb(yt

N
)(I [0]Idd×d u

≥ 1

2
min

u∈Rd ,|u|=1
u σ(yt

N −1
)σ (yt

N −1
) u + 0 min

u∈Rd ,|u|=1
u

1

2
Idd×d

+ A1,N −1θDb(yt
N

)(I [0]Idd×d

+ A1,N −1θDb(yt
N

)(I [0]Idd×d) u

≥ 1

2
inf

φ∈Cd
min

u∈Rd ,|u|=1
u σ(φ)σ (φ) u

+ 0 min
u∈Rd ,|u|=1

1

2
|u|2 − 2|u|2 A1,N −1θDb(yt

N
)(I [0]Idd×d)

≥ 1

2
0, (6.22) 

where in the first step we dropped the last term in (6.21) and σ0 . is given i n
Assumption 5.3. This gives that det(γ

N
)−1 ≤ ( 1

2σ0
−d .. 

Similar to proofs of Lemmas 5.1 and 6.3 with ι = 0., we obtain the following 
regularity estimates of y (·). and w (·).. 
Proposition 6.8 Under the conditions in Lemma 6.7, for any T > 0., p ∈ N+ ., and 

∈ (0, 1
4θa5

)., 

. sup
0≤tk≤T

|w (tk)|2p ≤ KT , E sup
0≤tk≤T

|y (tk)|2p ≤ KT .
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Moreover, for n ∈ N+ ., 

. sup
r1,...,rn∈[0,T ]

E sup
r1∨···∨rn≤tk≤T

|Dr1,...,rny (tk)|p ≤ KT .

Therefore, y (tk) ∈ D
∞(Rd). for k = 1, 2, . . . , N .. 

Proposition 6.9 Under the conditions in Lemma 6.7, for any k ∈ N+ . and ∈
(0, 1

4θ(a5∨(2 Db L(Cd ;Rd )
))

)., y (tk). admits a smooth density p (tk, ·).. 
Proof The proof follows from Lemma 6.7, Proposition 6.8, and Theorem C.9. 

The limit of the logarithmic estimate on the finite time horizon of the numerical 
density function is closely related to the rate function of the LDP of {y (t)} ∈(0,1) . 

for t ∈ [0, T ].. To proceed, we list the LDPs of {y (·)} ∈(0,1) . and {y (t)} ∈(0,1) . 

in the following proposition, whose proofs are similar to those of Theorem 6.1 and 
Corollary 6.2 and thus are omitted. Denote by CξInt ([−τ, T ];Rd). the space of all 
continuous functions u : [−τ, T ] → R

d
. with u(r) = ξInt (r). for r ∈ [−τ, 0]., 

endowed with the norm u C
ξInt ([−τ,T ];Rd ) := supt∈[−τ,T ] |u(t)|.. Let  

. L2 ([0, T ];Rm) := v : [0, T ] → R
m is measurable

T

0
|v( s )|2ds < ∞ .

Proposition 6.10 Under the conditions in Lemma 6.7, it holds that:

(i) The family of random variables {y (·)} ∈(0,1) . in CξInt ([−τ, T ];Rd). satisfies 
the LDP with the good r ate function given by

. IT (f ) = inf
v∈L2 ([0,T ];Rm):f =G (

·
0 v( s )ds)

1

2

T

0
|v( s )|2ds.

(ii) For any t ∈ [0, T ],. the family of random variables {y (t)} ∈(0,1) . satisfies the 
LDP in R

d
. with the good rate function given by

.Ĩt (z) = inf IT (f ) : f ∈ CξInt ([−τ, T ];Rd), z = f (t) . (6.23) 

Now we state our main result as follows.

Theorem 6.11 Under the conditions in Lemma 6.7, for any k ∈ N+ . and sufficiently 
small 0., 

. lim→0
log p (tk, y) = −Ĩtk (y), y ∈ R

d .



6.2 Logarithmic Estimate for Numerical Density Function 311

We prove Theorem 6.11 by introducing the f ollowing equation

. 

⎧⎪⎨
⎪⎩

y (tk+1) = y (tk) + (1 − θ)b(ytk
+ θb(ytk+1

+ √
tk

)δWk

+σ(ytk
)v(tk ∈ N,

y (tk) = ξ(tk), k = −N, . . . , 0,

where ytk
. is the linear interpolation with respect to y (tk−N), . . . , y (tk)., 

and v ∈ L2 ([0, T ];Rm).. Define Z . as follo ws:

. 

⎧⎪⎪⎨
⎪⎪⎩
Z (tk+1) = Z (tk) + (1 − θ)Db(wtk

)Ztk
+ θDb(wtk+1

)Ztk+1

+Dσ(wtk
)Ztk

v(tk + σ(wtk
)δWk, k ∈ N,

Z (tk) = 0, k = −N, . . . , 0,

where w . is the solution of (6.4), and Ztk
. is the linear interpolation w ith respect

to Z (tk−N), . . . ,Z (tk).. 
Introduce the auxiliary processes associated to y . and Z ., respectively a s

. 
Z (tk) = ξ(tk), k = −N, . . . ,−1,

Z (tk) = y (tk) − θb(ytk
≥ 0,

and 

. 
Z (tk) = 0, k = −N, . . . ,−1,

Z (tk) = Z (tk) − θDb(wtk
)Ztk

≥ 0.

For k ∈ N,. they satisfy that

. Z (tk+1) = Z (tk) + b(ytk
+ √

tk
)δWk + σ(ytk

)v(tk

and 

. Z (tk+1) = Z (tk) +Db(wtk
)Ztk

+Dσ(wtk
)Ztk

v(tk + σ(wtk
)δWk,

respectively. Moreover, define the continuous versions Z (·). and Z (·). by 

.Z (t) := Z (tk) + b(ytk
)(t − tk) + √

tk
)(W(t) − W(tk))

+ σ(ytk
)v(tk)(t − tk),
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Z (t) := Z (tk) +Db(wtk )Ztk (t − tk) +Dσ(wtk )Ztk v(tk)(t − tk) 

+ σ(w  tk )(W(t) − W(tk))

for t ∈ [tk, tk+1). with k ∈ N., and as usual, the initial data are defined by the linear
interpolation.

Similar to the proof of Lemma 5.1, we obtain the following regularity estimates
of y (·).. 
Proposition 6.12 Let Assumptions 2.1, 5.1, 5.3, and 6.1 hold. Then for any T > 0., 
p ∈ N+ ., and ∈ (0, 1

4θa5
)., 

. E sup
0≤tk≤T

|y (tk)|2p ≤ KT .

Proof of Theorem 6.11 We first pro ve

. lim sup
→0

log p (tk, y) ≤ −Ĩtk (y). (6.24) 

By Lemma 6.7 and the boundedness of the pth moment of y (·)., we obtain

. (γk )−1
Lp ≤ K det(γk )−1

L2p ≤ −d −d .

This, combining (6.23), Proposition 6.8, and [13, Proposition 4.1] finishes the proof
of (6.24). 

Next, we show that lim inf →0 log p (tk, y) ≥ −Ĩtk (y)., whose proof is 
divided into the following five steps. 

Step 1. Prove that for any p ≥ 1. and ∈ (0, 1
8θa5

] ∧ 0, 1
4θ Db L(Cd ;Rd )

., 

. lim→0
E sup

0≤k≤N

|y (tk) − w (tk)|p = 0.

By the definitions of Z . and z ,. we have that for p ≥ 2,. 

.|Z (t) − z (t)|p ≤ K
t

0
b(y s ) − b(w s )ds

p

+ K
t

0
σ(y s )v( s )

− σ(w s )v( s )ds
p + K

√ t

0
σ(y s )dW(s)

p

.
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It follows from the boundedness of derivatives of b, σ ., and the Burkholder–Davis– 
Gundy inequality (see Proposition A.5) t hat

. E sup
t∈[0,T ]

|Z (t) − z (t)|p

≤ KT

T

0
E y s − w s

p]ds + KT

T

0
E y s

− w s
p]ds

T

0
|v( s )|2ds

p
2 + KT

p
2

T

0
1 + E y s

p] ds

≤ KT

T

0
E[ sup

r∈[0,s]
|y ( r ) − w ( r )|p]ds

+ KT

p
2

T

0
1 + E y s

p] ds.

Moreover, we h ave

. |y (tk+1) − w (tk+1)|2

≤ |Z (tk+1) − z (tk+1)|2

+ 2 y (tk+1) − w (tk+1), b(ytk+1
) − b(wtk+1

)

≤ |Z (tk+1) − z (tk+1)|2 + 4θa5 sup
0≤k≤N

|y (tk) − w (tk)|2.

By ≤ 1
8θa5

., we obtain

. sup
0≤k≤N

|y (tk) − w (tk)|2 ≤ 2 sup
0≤k≤N

|Z (tk) − z (tk)|2, (6.25) 

which implies t hat

. E sup
0≤k≤N

|y (tk) − w (tk)|p

≤ KT

T

0
E[ sup

r∈[0,s]
|y ( r ) − w ( r )|p]ds

+ KT

p
2

T

0
1 + sup

s∈[0,T ]
E y s

p] ds.

According to Proposition 6.12 and the Gronwall inequality , one has

.E sup
0≤k≤N

|y (tk) − w (tk)|p ≤ KT

p
2 ,
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which finishes the proof of Step 1 by taking → 0.. 

Step 2. Prove that for any p ≥ 1,. 

. lim→0
E sup

0≤k≤N

|Y (tk) − Z (tk)|p = 0,

where Y (tk) := 1√ (y (tk) − w (tk)).. 

By the definitions of Z (t)., z (t)., and Z (t)., we arrive at  

. 
1√ (Z (t) − z (t)) − Z (t) = A1(t) + A2(t) + A3(t),

where 

. A1(t) :=
t

0

1√ b(y s ) − b(w s ) −Db(w s )Z s ds,

A2(t) :=
t

0

1√ σ(y s )v( s ) − σ(w s )v( s )

−Dσ(w s )Z s v( s ) ds,

A3(t) :=
t

0
σ(y s ) − σ(w s ) dW(s).

For the term A3,. utilizing the Burkholder–Davis–Gundy inequality, w e deduce that
for p ≥ 2,. 

. E sup
t≤T

|A3(t)|p ≤ KT E

T

0
y s − w s

pds

≤ KT

T

0
E sup

0≤k≤N

|y (tk) − w (tk)|p ds ≤ KT

p
2 ,

where in the last step we used Step 1. 
For the term A1,. by the Taylor formula, we obtain

.b(y s ) − b(w s ) = Db(w s )(y s − w s )

+
1

0
(1 − ς)D2b (1 − ς)w s

+ ςy s dς(y s − w s , y s − w s ),
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which i mplies

. 
1√ b(y s ) − b(w s ) −Db(w s )Z s

= Db(w s )(Y s − Z s ) +
1

0
(1 − ς)D2b (1 − ς)w s

+ ςy s dς Y s , y s − w s , (6.26) 

where Y s = 1√ (y s − w s ).. It follows from Assumption 6.1 and Step 1 
that for p ≥ 2,. 

. E sup
t≤T

|A1(t)|p

≤ KT E

T

0
( Y s − Z s

p Y s
p y s − w s

p)ds

≤ KT

T

0
E sup

r≤s
|Y ( r ) − Z ( r )|p ds

+ KT
− p

2

T

0
E sup

0≤k≤N

|y (tk) − w (tk)|2p ds

≤ KT

T

0
E sup

r≤s
|Y ( r ) − Z ( r )|p ds + KT

p
2 .

Similarly, for the term A2,. by virtue of the Taylor formula, we have that for p ≥ 2,. 

.E sup
t≤T

|A2(t)|p

≤ E

T

0
Dσ(w s )(Y s − Z s ) +

1

0
(1 − ς)

×D2σ (1 − ς)w s + ςy s dς(Y s , y s − w s ) |v( s )|ds
p

≤ KT

T

0
E sup

r≤s
|Y ( r ) − Z ( r )|p ds

T

0
|v( s )|2ds

p
2

+ − p
2

T

0
E sup

0≤k≤N

|y (tk) − w (tk)|2p ds
T

0
|v( s )|2ds

p
2

≤ KT

T

0
E sup

r≤s
|Y ( r ) − Z ( r )|p ds + KT

p
2 .
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Combining estimates of terms A1,A2,. and A3 ., we arrive at that for p ≥ 2,. 

. E sup
t≤T

1√ (Z (t) − z (t)) − Z (t)
p

≤ KT

T

0
E sup

r≤s
|Y ( r ) − Z ( r )|p ds + KT

p
2 . (6.27) 

Notice t hat

. 
1√ (Z (tk) − z (tk)) − Z (tk)

2

≥ 1√ (y (tk) − w (tk)) − Z (tk)
2− 2

1√ (y (tk) − w (tk))

− Z (tk),
1√ (b(ytk

) − b(wtk
)) −Db(wtk

)Ztk
,

and from (6.26) and Assumption 5.1 that 

.2
1√ (y (tk) − w (tk)) − Z (tk),

1√ (b(ytk
) − b(wtk

)) −Db(wtk
)Ztk

= 2 Y (tk) − Z (tk),Db(w s )(Y s − Z s )

+ 2 Y (tk) − Z (tk),
1

0
(1 − ς)D2b (1 − ς)w s

+ ςy s dς Y s , y s − w s

≤ 4a5 sup
0≤k≤N

|Y (tk) − Z (tk)|2

+ 2 Y (tk) − Z (tk),
1

0
(1 − ς)D2b (1 − ς)w s

+ ςy s dς Y s , y s − w s

≤ 5a5 sup
0≤k≤N

|Y (tk) − Z (tk)|2

+ −1 sup
0≤k≤N

|y (tk) − w (tk)|4,
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where in the last step we used the Young inequality . Hence we derive that

. 
1√ (y (tk) − w (tk)) − Z (tk)

2

≤ 1√ (Z (tk) − z (tk)) − Z (tk)
2 + 5θa5 sup

0≤k≤N

|Y (tk)

− Z (tk)|2 + −1 sup
0≤k≤N

|y (tk) − w (tk)|4.

This indicates that for ≤ 1
8θa5

., 

. sup
0≤k≤N

Y (tk) − Z (tk)
2

≤ K sup
0≤k≤N

1√ (Z (tk) − z (tk)) − Z (tk)
2

+ −1 sup
0≤k≤N

|y (tk) − w (tk)|4,

which together with (6.27) yields that for p ≥ 2,. 

. E sup
0≤k≤N

Y (tk) − Z (tk)
p

≤ KT

T

0
E sup

r≤s
|Y ( r ) − Z ( r )|p ds + KT

p
2

+ K E sup
0≤k≤N

|Y (tk)|2p
E sup

0≤k≤N

|y (tk) − w (tk)|2p
1
2

≤ KT

T

0
E sup

r≤s
|Y ( r ) − Z ( r )|p ds + KT

p
2 .

Applying the Gronwall inequality completes the proof of Step 2. 
Step 3. Prove that for any p ≥ 1,. 

. lim→0
E sup

α≤tk≤T

|Dαy (tk)|p = 0.
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It follows from the definition of Z . that DαZ . for α ≤ t . satisfies 

. DαZ (t) =
t

0
Db(y s )Dαy s ds +

t

0

√
Dσ(y s )Dαy s dW(s)

+
t

0
Dσ(y s )Dαy s v( s )ds + √

α )1[0,t](α).

(6.28) 

We obtain from the Burkholder–Davis–Gundy inequality and the Hölder inequality
that for p ≥ 2,. 

. E sup
t≤T

|DαZ (t)|p

≤ KT

T

0
E Dαy s

p]ds + KT

p
2

T

0
E Dαy s

p]ds

+ p
2 1 + E y α

p]

≤ KT

T

0
E sup

r≤s
|Dαy ( r )|p ds + p

2 1 + E y α
p] .

Moreover, similar to the proof of (6.25), we have  

. sup
0≤k≤N

|Dαy (tk)|2 ≤ 2 sup
0≤k≤N

|DαZ (tk)|2

for ∈ (0, 1
8θa5

],. which together with the Gronwall i nequality (see Proposi-
tion A.3) finishes the proof of Step 3. 

Step 4. Prove that for any p ≥ 1. and sufficiently small 0., 

. lim→0
E sup

α≤tk≤T

|DαY (tk) − DαZ (tk)|p = 0.

Since DαZ (t). for α ≤ t . satisfies 

. DαZ (t) =
t

0
Db(w s )DαZ s ds +

t

0
Dσ(w s )DαZ s v( s )ds

+ σ(w α )1[0,t](α),

we derive from (6.28) that 

.
1√ DαZ (t) − DαZ (t) = ˜A1(t) + ˜A2(t) + ˜A3(t) + ˜A4(t),
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where 

. ˜A1(t) :=
t

0

1√ Db(y s )Dαy s −Db(w s )DαZ s ds,

˜A2(t) :=
t

0

1√ Dσ(y s )Dαy s −Dσ(w s )DαZ s v( s )ds,

˜A3(t) := (σ (y α ) − σ(w α ))1[0,t](α),

˜A4(t) :=
t

0
Dσ(y s )Dαy s dW(s).

By the Taylor formula, we obtain

. Db(y s ) −Db(w s ) Dαy s

= D2b(w s )(y s − w s ,Dαy s )

+
1

0
D3b((1 − ς)w s + ςy s )dς

y s − w s , y s − w s ,Dαy s .

Hence, for p ≥ 2,. 

.E sup
t≤T

| ˜A1(t)|p

= E sup
t≤T

t

0

1√ (Db(y s ) −Db(w s ))Dαy s

+Db(w s )
1√ Dαy s − DαZ s ds

p

≤ KT

T

0
E Y s

p Dαy s
p + − p

2 y s − w s
2p Dαy s

p

1√ Dαy s − DαZ s
p ds

≤ KT E sup
0≤k≤N

|Y (tk)|2p
E sup

0≤k≤N

|Dαy (tk)|2p
1
2

+ KT E sup
0≤k≤N

|Y (tk)|2p
1
2

E sup
0≤k≤N

|y (tk) − w (tk)|4p

× E sup
0≤k≤N

|Dαy (tk)|4p
1
4



320 6 Large Deviation Principle of Numerical Solution

+ KT 
T 

0 
E sup 

r≤s 

1√ Dαy ( r ) − DαZ ( r )
p

ds.

Similarly, 

. E sup
t≤T

| ˜A2(t)|p

≤ KT E sup
0≤k≤N

|Y (tk)|2p
E sup

0≤k≤N

|Dαy (tk)|2p
1
2

+ KT E sup
0≤k≤N

|Y (tk)|2p
1
2

E sup
0≤k≤N

|y (tk) − w (tk)|4p

× E sup
0≤k≤N

|Dαy (tk)|4p
1
4

+ KT

T

0
E sup

r≤s
| 1√ Dαy ( r ) − DαZ ( r )|p ds.

Consequently, we arriv e at

. E sup
t≤T

1√ DαZ (t) − DαZ (t)
p

≤ KT E sup
0≤k≤N

|Y (tk)|2p
E sup

0≤k≤N

|Dαy (tk)|2p
1
2

+ KT E sup
0≤k≤N

|Y (tk)|2p
1
2

E sup
0≤k≤N

|y (tk) − w (tk)|4p

× E sup
0≤k≤N

|Dαy (tk)|4p
1
4 + KT

T

0
E sup

r≤s
| 1√ Dαy ( r )

− DαZ ( r )|p ds + E sup
0≤k≤N

|y (tk) − w (tk)|p

+ KT

T

0
E sup

0≤k≤N

|Dαy (tk)|p ds. (6.29) 

Moreover, we h ave

.
1√ Dαy (tk) − DαZ (tk)

2

≤ 2
1√ DαZ (tk) − DαZ (tk)

2
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+ 2θ2 2 Db(ytk ) 
1√ Dαytk −Db(wtk )DαZ tk

2
.

According to the Taylor expansion ofDb . (6.26), we have  

. sup
0≤k≤N

1√ Dαy (tk) − DαZ (tk)
2

≤ 2 sup
0≤k≤N

1√ DαZ (tk) − DαZ (tk)
2

+ sup
0≤k≤N

|Y (tk)|2|Dαy (tk)|2

+ sup
0≤k≤N

|Y (tk)|2|y (tk) − w (tk)|2|Dαy (tk)|2

+ 4 Db 2
L(Cd ;Rd )

sup
0≤k≤N

1√ Dαy (tk) − DαZ (tk)
2
.

Then, for sufficiently small ., 

. sup
0≤k≤N

1√ Dαy (tk) − DαZ (tk)
2

≤ K sup
0≤k≤N

1√ DαZ (tk) − DαZ (tk)
2

+ sup
0≤k≤N

|Y (tk)|2|Dαy (tk)|2

+ sup
0≤k≤N

|Y (tk)|2|y (tk) − w (tk)|2|Dαy (tk)|2.

Making use o f (6.29), the Gronwall inequality (see Proposition A.3) and Steps 1–3 
finishes the proof of Step 4. 

Step 5. Prove that for any p ≥ 1., l ∈ N+ ., and sufficiently small 0., 

. lim→0
E sup

α1∨···∨αl≤tk≤T

|Dα1···αl
Y (tk) − Dα1···αl

Z (tk)|p = 0.

The case of l = 1. is proved in Step 4, and the case of l > 1. can be proved by the 
induction argument on l. We omit the proof.

Combining Steps 1–5, and according to [13, Proposition 5.1], we obtain

. lim inf→0
log p (tk, y) ≥ −d̃tk (y)

with
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. d̃t (y) := inf{IT (f ) : f ∈ CξInt ([−τ, T ];Rd), y = f (t), det(γ̄w (t)) > 0},

where 

. γ̄ = ( D i ,D j
L2([0,T ];Rm))1≤i,j≤d

with some Fréchet differentiable functional : L2([0, T ];Rm) → R
d
., and D . 

denotes the Fréchet derivative. 
At last, we show that Ĩt = d̃t ,. which is equivalent to pro ving that det(γ̄w (t)) >

0. for each t ∈ (0, T ].. Similar to the argument in [13, Appendix, Page 39], the
mapping v ∈ L2 ([0, T ];Rm) → w (t) ∈ R

d
. is Fréchet differentiable, and the 

Fréchet derivative Dw (t) ∈ L(L2 ([0, T ];Rm);Rd). admits the r epresentation

. Dw (t)(h) =
T

0
Dαw (t)h( α )dα

for h ∈ L2 ([0, T ];Rm)., where Dαw (t) ∈ R
d×m.. Noticing t hat

. Dαw (tk+1) = Dαw (tk) + (1 − θ)Db(wtk
)Dαwtk

+ θDb(wtk+1
)Dαwtk+1

+ Dσ(wtk
)Dαwtk

v(tk + σ(wtk
)1[tk ,tk+1)

the proof of det(γ̄w (t)) > 0. is similar to that of Theorem 5.2 and is omitted. 
Hence the proof of Theorem 6.11 is finished. 

6.3 Numerical E xperiments

In this section, we present numerical algorithms and numerical experiments to 
verify the LDP for numerical solutions of SFDEs. Our approach is to estimate the
probability that the solution hits a small neighborhood of a target value xtarget . at time 
T and investigate the exponential decay property of this hitting probability.

Algorithm 6 is designed to verify the large deviation behavior of numerical 
solutions for a family of small noise SFDEs. We aim to estimate the logarithm of
the hitting probability of a closed set F , i.e., logP(y (T ) ∈ F).. For a sequence of 
decreasing noise intensities 1 > · · · J ,. we simulate Mtrials . trajectories for each
j ,. using the θ .-EM method, and the terminal values of the numerical solutions are

collected. The empirical probability pj = 1
Mtrials

Mtrials
m̃=1 1{y j

m̃
(T )∈F } . is used as an 

estimator of the hitting probability P(y j (T ) ∈ F)., where y
j

m̃
(T ). denotes the 

θ .-EM solution at T for the m̃.-th trajectory and noise intensity j .. Below we present 
two concrete numerical examples.
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Algorithm 6 Verification of the numerical LDP for small noise SFDEs
Input: SFDE parameter (b,  σ,  ξ,  τ), parameter θ , final time T  >  0, stepsize , small noise 

parameters { j }J 
j=1, number of Monte Carlo samples Mtrials, closed set  F ⊂ R. 

Output: Logarithm of hitting probabilities {log P(x j (T ) ∈ F)}J 
j=1 versus {1 j }J 

j=1. 
1: Discretize time: N = , delay steps kτ = . 
2: for j = 1,  .  .  .  ,  J  do Loop over noise levels 
3: Set = j , and set count = 0. 
4: for m̃ = 1,  .  .  .  ,  Mtrials do Monte Carlo sampling 
5: Initialize y0 = ξInt  with ξInt  denoting the linear interpolation of ξ . 
6: for k = 0,  .  .  .  ,  N  − 1 do 
7: Generate Gaussian increment δWk ∼ N (0 . 
8: Compute the numerical solution using the θ -EM method 

y(tk+1) = y(tk) + (1 − θ)b(ytk + θb(ytk+1 + √ 
tk )  δWk. 

9: end for 
10: Let x( m̃) (T ) = y(tN ). 
11: if x( m̃) (T ) ∈ F then 
12: count = count + 1. 
13: end if 
14: end for 
15: Estimate the probability pj = count 

Mtrials 
. 

16: Compute the LDP estimator log pj .

17: end for
18: return {log pj }Jj=1.
19: Plot log pj against 1 j , and superimpose a linear regression fit.

Linear Stochastic Delay Differential Equation We first consider the linear 
stochastic delay differential equation with small noise:

.dx (t) = (−αx (t) + βx (t − τ))dt + √
dW(t), t > 0, (6.30) 

where in the numerical experiment, constants α = 2, β = 1, σ = 0.5, τ =
0.5,. and initial datum ξ(t) = 1. for t ∈ [−τ, 0].. Figure 6.1 illustrates the 
verification of the LDP of the EM method for t his model. For each noise level
j = 0.5, 0.25, 0.125, 0.0625,. we compute the empirical probability that the 

terminal value falls inside the small closed interval F = [xtarget − δ, xtarget + δ]. 
with xtarget = 0.75. and δ = 0.05.. The plot demonstrates that the values of
logP(y j (T ) ∈ F). with T = 1. decrease approximately linearly as 1

j
. becomes 

larger, which serves as a verification o f the numerical LDP.

Nonlinear Stochastic Functional Differential Equation We then verify the 
numerical LDP o f the following nonlinear SFDE with small noise:

.dx (t) = 1

τ

0

−τ

x (t + s)ds − (x (t))3 − 2x (t) dt
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Fig. 6.1 Logarithm of h itting
probability, i.e.,
logP(|x j (T ) − xtarget| ≤
δ), δ = 0.05, xtarget = 0.75., 
for EM solutions of (6.30); 
α = 2, β = 1, σ = 0.5, τ =
0.5, T = 1,Mtrials =
50000 = 0.01, ξ ≡
1 j =
0.5, 0.25, 0.125, 0.0625. 
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Fig. 6.2 Logarithm of h itting
probability, i.e.,
logP(|x j (T ) − xtarget| ≤
δ), δ = 0.05, xtarget = 0.75., 
for backward EM solutions of
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+ 
a
√ 

τ 

0 

−τ 
x (t + s)dsdW(t), (6.31) 

where τ = 0.5, a = 1. and the initial datum ξ(t) = 1. for t ∈ [−τ, 0].. Figure 6.2 
displays the verification of the LDP of the backward EM method for this nonlinear 
model. We take the noise level j = 0.25, 0.125, 0.0625, 0.03125,. and the closed 
interval F = [xtarget −δ, xtarget +δ]. with xtarget = 0.75. and δ = 0.05.. The numerical 
results again show a linearly decreasing trend of logP(y j ∈ F). as 1

j
. becomes 

larger, demonstrating that the discretized system can also capture the expected large 
deviation beha vior in the presence of nonlinear drift and multiplicative noise.

6.4 Summary a nd Outlook

This chapter has investigated Freidlin–Wentzell type LDPs for numerical methods 
applied to SFDEs driven by small noise. One classical approach to establishing
such LDPs for stochastic systems is through the time discretization argument and
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the contraction principle, which requires certain subtle exponential estimates of 
small probabilities (see e.g. [14]). In addition to this approach, the monograph [12] 
develops a weak convergence approach to the large deviation theory utilizing the 
convergence of solutions to associated variational problems. In this chapter , we have
adopted the latter approach to establish the Freidlin–Wentzell LDP of the θ .-EM 
method for SFDEs with small noise over an infinite time horizon. 

In the context of sample paths large deviations, and large deviations of the 
observ ables or invariant measures of stochastic systems, the LDPs of numerical
methods have been studied in e.g., [4, 16, 17] for stochastic ordinary differential 
equations, in e.g., [2, 3, 5–7, 10] for stochastic partial differential equations, and in
e.g. [8, 23] for stochastic delay differential equations. Nevertheless, there are still 
some unresolved issues in the study of numerical preservation of LDPs for SFDEs. 
For example, what is the relationship between the large deviation rate functions 
of the numerical solution and those of the exact solution? Can the rate function 
of the exact solution be exactly preserved by numerical methods? Moreover, if 
a numerical method successfully preserves the LDP of the SFDE, how can this
property be exploited to reliably compute rare-event probabilities or extreme-event
statistics in applications such as statistics, engineering, statistical mechanics, and
applied probability?

The stochastic differential equations with small noise, such as (6.1) considered in 
this chapter, are single-scale models, for which the corresponding LDP characterizes 
the single-scale dynamics of the system. Many realistic models in physics and 
biology exhibit multiscale phenomena described by the interplay between slow and
fast variables, commonly referred to as slow-fast systems or multiscale systems; see
e.g. [18, 25, 26] for relevant studies of stochastic ordinary and partial differential 
equations. The averaging principle provides a fundamental approximation for the 
slow component, effectively serving as a functional LLN; see e.g. [1, 31]. For 
two-time-scale SFDEs, [28–30] establish the averaging principle based on the 
corresponding martingale problem formulation. It is of great interest to investigate 
whether numerical methods can preserve such an averaging principle for SFDEs. 
Furthermore, beyond the averaging limit, the LDP for multiscale stochastic ordinary
and partial differential systems has garnered increasing attention; see e.g., [18, 19, 
25, 30]. A natural and challenging problem is to establish the LDP for two-time-
scale SFDEs, and further to analyze the large deviation properties of their numerical 
discretizations. 

Another key result presented in this chapter is the logarithmic estimate for the
density function of the θ .-EM solution, assuming that drift and diffusion coefficients 
of the SFDE are smooth and have bounded derivatives of arbitrary order. We prove 
the smoothness of the numerical density function for the numerical solution and
give the relation between the logarithmic limit and the rate function of the LDP for
the θ .-EM method of SFDE with small noise. The logarithmic asymptotics of the 
solution density for a stochastic system is also known as the Varadhan estimate;
see e.g. [20, 21, 24] for the relevant study for exact solutions of stochastic systems. 
An important issue is whether, as the discretization parameter tends to zero, the 
logarithmic estimate of the numerical solution can recover the large deviation rate
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function of the exact solution. In addition, it would be interesting to extend the 
study of the logarithmic e stimate for the numerical density function to SFDEs with
superlinearly growing coefficients.

References 

1. S. Cerrai, A Khasminskii type averaging principle for stochastic reaction-diffusion e quations.
Ann. Appl. Probab. 19, 899–948 (2009)

2. C. Chen, A symplectic discontinuous Galerkin full discretization for stochastic Maxwell 
equations. S IAM J. Numer. Anal. 59, 2197–2217 (2021)

3. C. Chen, Z. Chen, J. Hong, D. Jin, Large deviations principles of sample paths a nd invariant
measures of numerical methods for parabolic SPDEs (2021). https://arxiv.org/abs/2106.11018 

4. C. Chen, J. Hong, D. Jin, L. Sun, Asymptotically-preserving large deviations principles by 
stochastic symplectic methods for a linear stochastic oscillator. SIAM J. Numer. Anal. 59,
32–59 (2021)

5. C. Chen, J. Hong, L. Ji, Numerical Approximations of Stochastic Maxwell Equations— 
via Structure-Preserving Algorithms, v ol. 2341 of Lecture Notes in Mathematics (Springer,
Singapore, 2023)

6. C. Chen, J. Hong, D. Jin, L. Sun, Large deviations principles for symplectic discretizations of
stochastic linear Schrödinger equation. Potential Anal. 59, 971–1011 (2023)

7. C. Chen, T. Dang, J. Hong, An adaptive time-stepping fully discrete scheme for stochastic NLS 
equation: strong con vergence and numerical asymptotics. Stoch. Process. Appl. 173, Paper No.
104373 (2024)

8. Z. Chen, D. Wang, L. Chen, Convergence order of one point large deviations rate functions 
for backward Euler method of stochastic delay differential equations with small noise. Appl.
Numer. Math. 202, 67–88 (2024)

9. J.B. Conway, A Course in Functional Analysis, vol. 96 of Graduate Texts in Mathematics
(Springer, New York, 1985)

10. X. Dai, J. Hong, D. Sheng, Mittag–Leffler Euler integrator and large deviations for stochastic 
space-time fractional diffusion equations. Potential Anal. 60, 1333–1367 (2024)

11. A. Dembo, O. Zeitouni, Large Deviations Techniques and Applications, vol. 38 of A pplications
of Mathematics, 2nd edn. (Springer, New York, 1998)

12. P. Dupuis, R.S. Ellis, A Weak Convergence Approach to the Theory of Large Deviations, Wiley 
Series in Probability and Statistics: Probability and Statistics (Wiley, New York, 1997)

13. M. Ferrante, C. Rovira, M. Sanz-Solé, Stochastic delay equations with hereditary drift: 
estimates o f the density. J. Funct. Anal. 177, 138–177 (2000)

14. M.I. Freidlin, A.D. Wentzell, Random Perturbations of Dynamical Systems, vol. 260 of 
Grundlehren der mathematischen Wi ssenschaften [Fundamental Principles of Mathematical
Sciences] (Springer, New York, 1984)

15. P. Gao, Y. Liu, Y. Sun, Z. Zheng, Large deviations principle for stationary solutions of
stochastic differential equations with multiplicative noise (2022). https://arxiv.org/abs/2206. 
02356 

16. J. Hong, L. Sun, Symplectic Integration of Stochastic Hamiltonian Systems, vol. 2314 of 
Lecture Notes in Mathematics (Springer, Singapore, 2022)

17. J. Hong, D. Jin, D. Sheng, L. Sun, Numerically asymptotical preservation of the large 
deviations principles for invariant measures of Langevin equations (2020). https://arxiv.org/ 
abs/2009.13336 

18. W. Hong, S. Li, W. Liu, Freidlin–Wentzell type large deviation principle for multiscale locally
monotone SPDEs. SIAM J. Math. Anal. 53, 6517–6561 (2021)

https://arxiv.org/abs/2106.11018
https://arxiv.org/abs/2106.11018
https://arxiv.org/abs/2106.11018
https://arxiv.org/abs/2106.11018
https://arxiv.org/abs/2106.11018
https://arxiv.org/abs/2106.11018
https://arxiv.org/abs/2206.02356
https://arxiv.org/abs/2206.02356
https://arxiv.org/abs/2206.02356
https://arxiv.org/abs/2206.02356
https://arxiv.org/abs/2206.02356
https://arxiv.org/abs/2206.02356
https://arxiv.org/abs/2009.13336
https://arxiv.org/abs/2009.13336
https://arxiv.org/abs/2009.13336
https://arxiv.org/abs/2009.13336
https://arxiv.org/abs/2009.13336
https://arxiv.org/abs/2009.13336


References 327

19. W. Hong, M. Li, S. Li, W. Liu, Large deviations and averaging for stochastic tamed 3D Navier– 
Stokes equations with fast oscillations. Appl. Math. Optim. 86, Paper No. 15 (2022)

20. A. Kohatsu-Higa, D. Márquez-Carreras, M. Sanz-Solé, Asymptotic behavior of the density in 
a parabolic SPDE. J. Theoret. Probab. 14, 427–462 (2001)

21. A. Kohatsu-Higa, D. Márquez-Carreras, M. Sanz-Solé, Logarithmic estimates for the density 
of hypoelliptic tw o-parameter diffusions. J. Funct. Anal. 190, 481–506 (2002)

22. A.N. Kolmogorov, S.V. Fomin, Elements of the Theory of Functions and Functional Analysis. 
Vol. 1. Metric and Normed Spaces, Russian edn. (Graylock Press, Rochester, 1957)

23. X. Ma, J. Liu, F. Xi, Large deviations for numerical approximation of stochastic differential 
delay e quations. Commun. Nonlinear Sci. Numer. Simul. 152, Paper No. 109389 (2026)

24. D. Márquez-Carreras, M. Mellouk, Density estimates on a parabolic SPDE. Publ. Mat. 46,
77–96 (2002)

25. X. Sun, R. Wang, L. Xu, X. Yang, Large deviation for two-time-scale stochastic B urgers
equation. Stoch. Dyn. 21, Paper No. 2150023 (2021)

26. A.Y. Veretennikov, On large deviations for SDEs with small diffusion and averaging. Stoch.
Process. Appl. 89, 69–79 (2000)

27. C. Villani, Optimal Transport: Old and New, vol. 338 of Grundlehren der mathematischen 
W issenschaften [Fundamental Principles of Mathematical Sciences] (Springer, Berlin, 2009)

28. F. Wu, G. Yin, An averaging principle for two-time-scale stochastic functional differential 
equations. J. Differ. Equ. 269, 1037–1077 (2020)

29. F. Wu, G. Yin, Fast-slow-coupled stochastic functional differential equations. J. Differ. Equ.
323, 1–37 (2022)

30. F. Wu, G. Yin, Two-time-scale stochastic functional differential equations: inclusion of infinite 
delay and coupled segment p rocesses. J. Differ. Equ. 435, Paper No. 113238 (2025)

31. X. Yin, Y. Tian, J.-L. Wu, Large deviation and averaging for multi-scale stochastic tidal 
dynamics equation. J. Math. Phys. 66, Paper No. 072702 (2025)



Appendix A 
Basic Inequalities and Some Tools fr om
Martingale Theory

Below, we present the Young inequality, the Hölder inequality, several versions of 
the Gronwall inequality, Burkholder–Dav is–Gundy inequality, and the martingale
stopping theorem; see e.g. [18]. 

Proposition A.1 (Young Inequality) Let ε .be a positive real number, and p, q > 1. 

such that 1
p

+ 1
q

= 1.. Then 

. |ab| ≤ ε
|a|p
p

+ ε
− q

p
|b|q
q

, a, b ∈ R.

Proposition A.2 (Hölder Inequality) Let p, q > 1. such that 1
p

+ 1
q

= 1.. Then 

. fg L1(Rn) f Lp(Rn) g Lq(Rn), f ∈ Lp(Rn), g ∈ Lq(Rn).

Proposition A.3 (Continuous Gronwall Inequality) Let T > 0, h. be a non-
negative function on [0, T ]. with T

0 h(s)ds < ∞., f, g ∈ L∞(0, T )., and g be a 
monotonically increasing and continuous function. If f satisfies

. f (t) ≤ g(t) +
t

0
f (s)h(s)ds a.e. in t ∈ [0, T ],

then 

. f (t) ≤ g(t)e
t
0 h(s)ds a.e. in t ∈ [0, T ].

Proposition A.4 (Discrete Gronwall Inequality) Let {an}n∈N . and {bn}n∈N . be two 
sequences. Let δ ∈ [0, 1]., c0 > 0., ι > 0., and 1 − δc0ι > 0.. If a0 ≤ b0 . and 
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. an+1 ≤ bn+1 + c0ι

n

j=0

(1 − δ)aj + δaj+1 ∀ n ∈ N,

then for all n ∈ N., 

. an+1 ≤ bn+1 + c0ι

1 − δc0ι

n

j=0

1 + (1 − δ)c0ι

1 − δc0ι

n−j

(1 − δ)bj + δbj+1 .

Moreover, if {bn}n∈N . is monotonically increasing, it follows that for all n ∈ N., 

. an ≤ bn

1 + (1 − δ)c0ι

1 − δc0ι

n

.

Proposition A.5 (Burkholder–Davis–Gundy Inequality) Let g ∈ L2

(R+,Rd×m).. Define, for t ≥ 0., 

. x(t) :=
t

0
g(s)dW(s) and A(t) :=

t

0
|g(s)|2ds.

Then for any p > 0., there exist universal positive constants cp, Cp . such that 

. cpE[|A(t)| p
2 ] ≤ E sup

0≤s≤t

|x(s)|p ≤ CpE[|A(t)| p
2 ]

for all t . In particular, one may take

. cp = (
p

2
)p, Cp = (

32

p
)

p
2 if 0 < p < 2;

cp = 1, Cp = 4 if p = 2;

cp = (2p)−
p
2 , Cp = (

pp+1

2(p − 1)p−1 )
p
2 if p > 2.

Theorem A.6 (Martingale Stopping Theorem) Let {Mt }t≥0 . be an {Ft }t≥0 .-
adapted stochastic process, whose paths are right continuous and locally bounded.
The following properties are equivalent:

(i) {Mt }t≥0 . is a martingale with respect to the filtration {Ft }t≥0 .; 
(ii) For any almost surely bounded stopping time T. such that E[|MT|] < +∞,. we 

have E[MT] = E[M0]..



Appendix B 
Markov Process, Markov Semigroup, 
Invariant Measure, Ergodicity

Denote by H a Banach space endowed with the norm H .. Denote by Cb(H). (resp. 
Bb(H).) the Banach space of all continuous and bounded mappings (resp. Borel
bounded mappings) ϕ : H → R. endowed with the norm ϕ 0 := supu∈H |ϕ(u)|.. 
Denote by L(Bb(H)). the space of all linear bounded operators from Bb(H). into 
itself. Let P(H). be the collection of probability measures on H . The content of this
appendix can be found in e.g. [3]. 

Definition B.1 (Markov Semigroup) A Markov semigroup Pt . on Bb(H). is a 
mapping

. [0,+∞) → L(Bb(H)), t Pt ,

such that 

(i) P0 = 1., Pt+s = PtPs . for all t, s ≥ 0.. 
(ii) For any t ≥ 0. and u ∈ H ., there exists a probability measure πt (u, ·) ∈ P(H). 

such that 

. Ptϕ(u) =
H

ϕ(v)πt (u, dv) for all ϕ ∈ Bb(H).

(iii) For any ϕ ∈ Cb(H). (resp. Bb(H).) and u ∈ H ., the mapping t Ptϕ(u). is 
continuous (resp. B orel measurable).

Definition B.2 (Feller Semigroup) Let Pt . be a Markov semigroup. Pt . is Feller i f
Ptϕ ∈ Cb(H). for any ϕ ∈ Cb(H). and any t ≥ 0.. 

Definition B.3 (Invariant Measure) Let Pt . be a Markov semigroup. A probability
measure π ∈ P(H). is said to be invariant for Pt . if 

. 
H

Ptϕdπ =
H

ϕdπ for all ϕ ∈ Bb(H) and t ≥ 0.

© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2026 
C. Chen et al., Numerical A nalysis of Stochastic Functional Differential Equations,
Lecture Notes in Mathematics 2399, https://doi.org/10.1007/978-981-92-1592-8

331

https://doi.org/10.1007/978-981-92-1592-8
https://doi.org/10.1007/978-981-92-1592-8
https://doi.org/10.1007/978-981-92-1592-8
https://doi.org/10.1007/978-981-92-1592-8
https://doi.org/10.1007/978-981-92-1592-8
https://doi.org/10.1007/978-981-92-1592-8
https://doi.org/10.1007/978-981-92-1592-8
https://doi.org/10.1007/978-981-92-1592-8
https://doi.org/10.1007/978-981-92-1592-8
https://doi.org/10.1007/978-981-92-1592-8


332 B Markov Process, Markov Semigroup, Invariant Measure, Ergodicity

If Pt . is Feller, the above definition is equivalent to

. P ∗
t π = π for all t ≥ 0,

where P ∗
t . is the dual operator of Pt .. 

If π ∈ P(H). is invariant for Pt ., one has

. π(A) = P ∗
t π(A) =

H

Pt1A(u)π(du), A ∈ B(H).

When the Markov semigroup Pt . is Feller, a condition to guarantee that Pt . 

exists at least one invariant measure is the so-called tightness property for the
corresponding probability measures.

Definition B.4 (Tightness) A family of probability measures {Pα;α ∈ I}. is said 
to be tight if, for any ε > 0., there exists a compact set H̄ε ⊂ H . such that 

. sup
α∈I

Pα(H \ H̄ε) ≤ ε.

Definition B.5 (Ergodicity) Let π . be an invariant measure for the M arkov semi-
group Pt .. π . is said to be er godic if

. lim
T →∞

1

T

T

0
Ptϕ(u)dt =

H

ϕ(u)π(du) in L2(H, π)

for any ϕ ∈ L2(H, π)., where L2(H, π). denotes the family of Borel measurable
functions ϕ : H → R. such that

H
|ϕ(u)|2π(du) < ∞..



Appendix C 
Brief Introduction to Mallia vin Calculus

Malliavin calculus is a powerful extension of classical calculus that is specifically 
designed for stochastic processes. It was developed in the late twentieth century
(see [5, 6, 12, 15, 16, 25, 27]) and nowadays has evolved to offer profound insights 
into the properties and behaviors (such as the r egularity and smoothness) of
solutions of stochastic differential equations (see e.g. [4, 19, 21, 23, 26]). It has 
found applications in fields like m athematical finance and stochastic control; see
[1, 13, 17, 20]. This appendix focuses on the basic elements of Malliavin calculus. 
We first give definitions of the Malliavin derivative and its adjoint, which can be 
viewed as infinite-dimensional analogs of the gradient and divergence operators 
in Euclidean space, respectively. We define the Malliavin derivative for a class of 
smooth functionals and give the closability of the Malliavin derivative operator. 
The d ivergence operator is defined as the dual of the Malliavin derivative. We also
give the criteria for the existence and smoothness of density functions of random
variables based on the Malliavin integration by parts formula.

C.1 Malliavin Derivati ve

Let T = [0, T ]. or [0,+∞). and H be the Hilbert space L2(T;Rm). endowed with 
the inner product g, h H :=

T
g(t) h(t)dt . for g, h ∈ H .. By identifying W(t, ω). 

with the value ω(t). at time t of an element ω ∈ C0(T;Rm),. we set = C0(T;Rm). 

as the Wiener space and P. as the Wiener measure. For g = (g1, . . . , gm) ∈ H,. we 
set 

. W(g) :=
m

k=1 T

gk(t)dWk(t).
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Denote b y S. the class of smooth random variables such that G ∈ S. has the f orm
G = f (W(g1), . . . ,W(gn)),. where f ∈ C∞

pol(R
n;R), gi ∈ H, i = 1, . . . , n.. The 

Malliavin derivative of a smooth random variable G is an H -v alued random variable
given by

. DG =
n

i=1

∂f

∂xi

(W(g1), . . . ,W(gn))gi,

which is also an m-dimensional stochastic process DG = {DrG, r ≥ 0}. with 

. DrG =
n

i=1

∂f

∂xi

(W(g1), . . . ,W(gn))gi(r).

Unless specified otherwise, we assume throughout that the σ .-algebra F. is 
generated by the family {W(g), g ∈ H }. and all P.-null sets. The set of random
variables {exp{W(g)}, g ∈ H }. forms a total subset of L2

., and it is important to
note that S. is dense in Lp

. for p ≥ 1.; see e.g. [11]. We introduce the following 
Malliavin inte gration by parts formula.

Lemma C.1 For G ∈ S. and g ∈ H,. we have E DG, g H = E[GW(g)].. 
Applying this formula to a product FG, we obtain

. E[F DG, g H ] = E[FGW(g)] − E[G DF, g H ].

Then it can be shown that D is a closable operator and thus it has a closed extension.

Proposition C.2 For any p ≥ 1,. the operator D : S→ Lp ;H). is closable .

Definition C.1 For any {Gn}n≥0 ⊂ S. satisfying Gn → G. in Lp
. as n → ∞. 

and {DGn}n≥0 . is a Cauchy sequence in Lp ;H). for some p ≥ 1., we define
DG := lim

n→∞ DGn . in Lp ;H).. 

For any p ≥ 1,. we denote the domain of D in Lp
. by D

1,p,. meaning that 
D

1,p
. is the closure of S. with respect to the norm G 1,p := (E[|G|p DG

p
H ]) 1

p .. 
The iterated derivative DkG. is a random variable with values in H⊗k.. Precisely, 

for k ∈ N+,. DkG = {Dr1,...,rkG, ri ≥ 0, i = 1, . . . , k}. is a measurable function on 
the product space [0,+∞)k × . For any p ≥ 1. and k ∈ N+,. denote by D

k,p
. the 

completion o f S. with respect to the norm

. G k,p := E |G|p +
k

j=1

DjG
p

H⊗j

1
p
.
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For G ∈ D
k,p

. and g ∈ H,. define the directional derivative by DgG DG, g H . 

and by induction, Dg1,...,gj G DDg1,...,gj−1G, gj H , j = 2, . . . , k,. where gi ∈
H, i = 1, . . . , k.. 

Define L∞− := ∩p≥1L
p

D
k,∞ := ∩p≥1D

k,p, D
∞ := ∩p≥1∩k≥1D

k,p.. 

Similarly, let V be a real separable Banach space and define the space D
k,p(V ). as 

the completion of V -valued smooth random v ariables with respect to the norm

. G k,p,V = E G
p
V +

k

j=1

DjG
p

H⊗j ⊗V

1
p
.

In this case, the corresponding spaces are denoted by L∞− ;V ),Dk,∞(V ). and 
D

∞(V ),. respectively. We introduce the chain rule for the Malliavin derivative in
the Banach space setting; see [22, Proposition 3 .8].

Lemma C.3 Let V be a separable Banach space and p ≥ 1.. Suppose G : V →
R

d
. is Fréchet differentiable and has a continuous and bounded derivative. If X ∈

D
1,p(V )., then G(X) ∈ D

1,p(Rd). with 

. D(G(X)) = DG(X)DX,

where DG. is the Fréchet derivative of G.. 

As a corollary, we obtain the functional version of the chain rule for Malliavin
derivatives; see also e.g. [2, Lemma 3.4] and [10]. 

Lemma C.4 Let G : Cd → R
d
. be Fréchet differentiable and have a continuous 

and bounded derivative. Suppose that for t ≥ 0,. the Cd
.-valued segment pr ocess

xt ., driven by an m-dimensional Brownian motion, satisfies xt ∈ D
1,p(Cd). for s ome

p ≥ 1.. Then G(xt ) ∈ D
1,p(Rd). with 

. D(G(xt )) = DG(xt )Dxt ,

where for each s ≥ 0,. Dsxt ∈ R
m ⊗ Cd

. denotes the m apping r Dsxt (r) =
Dsx(t + r).. 

C.2 Divergence Operator

A. V. Skorohod [24] introduces a specific type of stochastic integral, now widely 
referred to as the Skorohod integral. This integral f acilitates the integration of non-
adapted processes. As shown in [19], the Skorohod integral is equivalent to the 
adjoint of the Malliavin derivative operator, which is also called the divergence
operator.
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In this section, we restrict our presentation to the real-valued setting to introduce 
the divergence operator and the Skorohod integral. All the r esults presented here
can be extended to the framework of separable Banach spaces; see [22, Section 4] 
for further details. Recall that the Malliavin derivati ve operator D is an unbounded
linear operator from D

1,2 ⊂ L2
. to L2 ;H)., and it is densely defined.

Definition C.2 Let δ . be the adjoint operator of D.. That is, δ . is an unbounded 
operator on L2 ;H). with values in L2

. such that: 

(i) The domain o f δ,. denoted by Dom(δ)., is the set of  H -valued square integrable 
random variables φ ∈ L2 ;H). such that 

. |E φ,DX H ]| ≤ K(φ) X L2

for all X ∈ D
1,2,. where K(φ) > 0. depends on φ.. 

(ii) If φ ∈ Dom(δ),. then δ(φ). is an element of L2
. characterized by 

.E φ,DX H ] = E[Xδ(φ)]. (C.1) 

The operator δ . is called the divergence operator and is closed as the adjoint 
of the unbounded and densely defined operator D. The Malliavin integration by
parts formula (C.1) establishes the duality between D and δ ., which is analogous to 
the relationship between the gradient ∇ . and the negative divergence −∇·. in finite-
dimensional spaces:

. 
Rd

g,∇h dx = −
Rd

h∇ · gdx

for smooth functions g, h. with compact support. 
Recall that {ω(t), t ≥ 0}. is the coordinate process on the classical W iener space.

Denote by L2
ad . the closed subspace of L2(T × . formed by Ft .-adapted processes, 

where Ft . is the σ .-algebra generated by {ω(s), s ≤ t}.. The following proposition 
reveals that the Skorohod integral is an e xtension of the Itô stochastic integral.

Proposition C.5 It holds that L2
ad ⊂ Dom(δ),. and that the Skorohod integral 

restricted to L2
ad . coincides with the Itô stochastic inte gral, i.e.,

. δ(φ) =
m

k=1 T

φk
t dWk(t), φ ∈ L2

ad.

At the end of this section, we present the following property of the divergence 
operator, which allows us to factor out a scalar random variable in a divergence.
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Proposition C.6 Let G ∈ D
1,2

. and φ ∈ Dom(δ). such that Gφ ∈ L2 ;H).. Then 
Gφ ∈ Dom(δ). and the following equality holds

. δ(Gφ) = Gδ(φ) DG, φ H ,

provided the right-hand side of the equation is s quare integrable.

C.3 Existence and S moothness of Density

In this section, we present the criteria for the existence and smoothness of the 
densities of random variables based on the Malliavin calculus technique. These cri-
teria are essential for understanding the regularity of the corresponding probability
distributions.

Let C∞
b (Rd). denote the class of functions f : Rd → R. that are bounded and 

possess bounded derivatives of all orders. For F := (F1, . . . , Fd) ∈ D
1,2(Rd),. and 

f ∈ C∞
b (Rd)., the chain r ule yields

. Df (F),DFl H =
d

k=1

∂kf (F ) DFk,DF l
H , l = 1, . . . , d. (C.2) 

The Malliavin covariance matrix is the symmetric nonnega tive random matrix
defined by

. γF := ( DF i,DFj
H )1≤i,j≤d .

When γF . is invertible a.s., ∂kf (F ). in (C.2) is solvable w ith

. ∂kf (F ) =
d

l=1

D(f (F )), (γ −1
F )klDFl H , a.s.

As a result of the duality between D and δ,. 

. |E[∂kf (F )]| =
d

l=1

E f (F )δ (γ −1
F )klDFl ≤ K sup

z∈Rd

|f (z)|,

provided 

.(γ −1
F )klDFl ∈ Dom(δ) and δ (γ −1

F )klDFl ∈ L1 ∀ k, l. (C.3)
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Based on the following lemma, one obtains that the probability distribution P ◦F−1
. 

admits a density .

Lemma C.7 Let μ. be a finite measure on R
d
.. Assume that for all f ∈ C∞

b (Rd),. 

the following inequality holds:

. 
Rd

∂if dμ ≤ Ki sup
z∈Rd

|f (z)|, 1 ≤ i ≤ d.

Then μ. is absolutely continuous with respect to the Lebesgue measure.

In general, it is not easy to verify the conditions in (C.3). N. Bouleau and F. 
Hirsch obtained the following result on the e xistence of the densities of random
variables.

Theorem C.8 Let F = (F1, . . . , Fd). be a random variable satisfying the following
conditions:

(i) F ∈ D1,p (Rd). for some p > 1.; 
(ii) The Malliavin covariance matrix γF . is invertible a.s.

Then F admits a density, i.e., the law of F is absolutely continuous with respect to
the Lebesgue measure on R

d .. 

To study the smoothness of the densities of random variables, w e introduce the
following non-degeneracy condition.

Definition C.3 A random variable F ∈ D
∞(Rd). is called non-degenerate if its 

Malliavin covariance matrix γF . is invertible a.s. and det(γ −1
F ) ∈ L∞−

.. 

The following proposition provides a criterion for the smoothness o f the densities
of random variables.

Theorem C.9 Let F ∈ D
∞(Rd). be a non-degenerate random variable. Then F

possesses a smooth density.



Appendix D 
Large Deviation Principle via Weak 
Conv ergence Approach

In this appendix, we present the fundamental aspects of the large deviation principle 
(LDP) within the weak convergence approach (see monograph [9]). This approach 
begins with the equivalence between the LDP and the Laplace principle (see Def-
inition D.3 below), provided that the underlying space is Polish. This equivalence 
follows from Varadhan’s Lemma and Bryc’s converse to it, with proofs of the finite-
dimensional case presented in [9] and the infinite-dimensional version giv en in
[7]. One merit of the weak convergence method is that the LDPs can be derived 
under weaker assumptions, like superlinear growth conditions, on the coefficients of 
the considered stochastic systems. This section is devoted to giving some standard
definitions and results from the LDP via the weak convergence approach.

Let X. be a Polish space. Let 0. be an index parameter and {X } 0 . a family 
of random variables from the probability space F,P). to X.. The following are 
definitions of the r ate function and LDP.

Definition D.1 A function I : X → [0,∞]. is called a rate function, if it is lower
semi-continuous, i.e., for each a ∈ [0,∞)., the level set I−1([0, a]) := {x ∈ X :
I (x) ≤ a}. is a closed subset of X.. If all level sets I−1([0, a]). for a ∈ [0,∞). are 
compact, then I is called a good rate function.

Definition D.2 Let I be a rate function on X.. The family of random variables
{X } 0 . is said to satisfy the LDP on X. with rate function I if the f ollowing two
conditions hold:

(i) (Large Deviation Upper Bound) For each closed subset F ⊂ X., 

. lim sup
→0

logP X ∈ F ≤ − inf
x∈F

I (x);

(ii) (Large Deviation Lower Bound) For each open subset O ⊂ X., 

. lim inf→0
logP X ∈ O ≥ − inf

x∈O
I (x).
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Note that {P ◦ (X )−1} 0 . is a family of probability distributions. One can 
similarly define a family of probability measures {μ } 0 . that satisfy an LDP
on X. by considering the supremum limit and infimum limit of log μ (F). and 

log μ (O). instead. 
A classical result is that the LDP is equivalent to the Laplace principle; see e.g.

[9, Theorems 1.2.1 and 1.2.3].

Definition D.3 Let I be a rate function on X.. The family of random variables
{X } 0 . is said to satisfy the Laplace principle on X. with rate function I if for 
all bounded and continuous functions h : X→ R,. 

. lim→0
logE exp − h(X ) = − inf

x∈X{h(x) + I (x)}.

Proposition D.1 The family {X } 0 . satisfies the LDP on X. with rate function I if 
and only if {X } 0 . satisfies the Laplace principle on X.with the same rate f unction
I .

In view of this equivalent result, we will focus on the Laplace principle. T o
present a criterion for the Laplace principle, we set

. L2(T;Rm) := v : T → R
m is measurable

T

|v(s)|2ds < ∞ .

For any M ∈ (0,+∞)., denote 

. SM := v ∈ L2(T;Rm)
T

|v(s)|2ds ≤ M

and 

. AM := {v : × T → R
m|v is Ft -measurable and v ∈ SM P-a.s.}.

It follows from [14, Chapter III, Section 28, Theorem 1’] that SM . is a Polish space 
endowed with the weak topology. Set T̄ = [−τ, T ]. or [−τ,∞).. Introduce the s pace
Cξ (T̄;Rd). consisting of continuous functions u : T̄ → R

d
. with u(r) = ξ(r), r ∈

[−τ, 0].. Let W be an m-dimensional Brownian motion. 
The following assumption for the Laplace principle i s proposed by A. Budhiraja

and P. Dupuis in [7, Assumption 4 .3].

Assumption D.1 For each 0,. let G : C(T;Rd) → Cξ (T̄;Rd). be a 
measurable map. There exists a measurable map G : C(T;Rd) → Cξ (T̄;Rd). such 
that the following two conditions hold:

(i) For each M > 0,. the set {G(
·

0 v(s)ds)|v ∈ SM}. is a compact subset of
Cξ (T̄;Rd)..
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(ii) Let M > 0. and {v } 0 ⊂ AM . such that v
d−→→0

v . as SM .-valued random 
variables. I t holds that

. G
√ +

·

0
v (s)ds

d−→→0
G

·

0
v(s)ds .

The following result is given in [7, Theorem 4.4], which provides sufficient 
conditions for the Laplace principle and thus the LDP.

Theorem D.2 Let Assumption D.1 hold. Then X := G (
√

. satisfies 
the Laplace principle (hence LDP) on Cξ (T̄;Rd). with good ra te function
I : Cξ (T̄;Rd) → [0,∞]. given by 

. I (f ) = inf
v∈L2(T;Rm):f =G(

·
0 v(s)ds)

1

2 T

|v(s)|2ds.

At the end of this section, we introduce the contraction principle; see [8, Theorem 
4.2.1].

Theorem D.3 LetX,Y.be two Polish spaces, f : X→ Y.be a continuous function,
and I : X→ [0,∞]. be a good r ate function.

(i) For each y ∈ Y,. define Ī (y) := inf{I (x) : x ∈ X, y = f (x)}.. Then Ī . is a good 
rate function on Y.. 

(ii) If I controls the LDP associated with a family of probability measures μ . on 
X,. then Ī . controls the LDP associated with the f amily of probability measures
μ ◦ f −1

. on Y.. 
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