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Preface

Stochastic functional differential equations (SFDEs) provide powerful mathematical
tools for modeling and analyzing complex memory-dependent dynamical systems
that arise in diverse fields such as biology, mechanics, neural networks, and finance,
incorporating both randomness and delays. The research on SFDEs dates back to
the 1960s, and since then, substantial efforts have been dedicated to their study.
It is observed that the dynamical behaviors of SFDEs are often distinct from
those of stochastic ordinary differential equations and stochastic partial differential
equations. To qualitatively and quantitatively study stochastic phenomena and time-
lag effects, numerical methods have emerged as a powerful tool. While many
excellent treatises exist on the theoretical analysis of SFDEs, a monograph devoted
specifically to their numerical analysis remains scarce. This monograph aims to fill
that gap by presenting recent developments in the numerical analysis of SFDEs.

This monograph focuses on the numerical analysis of SFDEs, with a particular
emphasis on the longtime asymptotics and probabilistic characteristics of numerical
methods used to solve such equations. The longtime behaviors under investigation
include the time-independent convergence analysis in both the strong and weak
senses, the numerical invariant measure, and the ergodicity of numerical methods.
Additionally, the probabilistic characteristics of numerical solutions explored in
this monograph encompass the density function, limit theorems, and the Freidlin—
Wentzell type large deviation principle. Corresponding numerical simulations are
provided to validate these analytical results in this work. The topics presented here
lie at the intersection of several fascinating areas: numerical analysis, stochastic
analysis, ergodicity theory, Malliavin calculus, large deviation theory, and probabil-
ity theory, providing a rich framework to deepen our understanding of SFDEs from
both theoretical and numerical perspectives.

This monograph consists of six chapters. Chapter 1 starts with a brief review
of the SFDE and demonstrates several concrete examples that involve the time-lag
effect and randomness. We then present the existence and uniqueness of the solution
for the SFDE under the globally Lipschitz continuous condition and the non-
globally Lipschitz continuous condition, respectively. It is known that the solution
of the SFDE defined in R is no longer Markovian, whereas the functional solution



vi Preface

defined in C([—rt, 0]; Rd) is Markovian, where t is the delay. By establishing the
moment boundedness and the exponential attractiveness of the solution and the
functional solution, we show that the functional solution admits a unique invariant
measure. Then we turn to studying the probabilistic characteristics of the SFDE,
including limit theorems, density function, and large deviation principle. At the end
of this chapter, we provide the construction and solvability of several classes of
numerical methods for the SFDE.

In Chap. 2, we focus on a general class of numerical methods, the 6-Euler—
Maruyama (9-EM) method, of the SFDE with superlinearly growing drift coef-
ficient, and study the longtime mean-square convergence of this class of numer-
ical methods. We first establish the time-independent boundedness of high-order
moments of the 6-EM functional solution. Then we derive the inheritance of the
exponential attractiveness and the exponential stability of the exact functional
solution by the 6-EM method. Armed with these preparations, we prove that the
mean-square convergence rate on the infinite time horizon is %

Chapter 3 studies the numerical invariant measure and weak convergence
analysis of the 8-EM method. The existence and uniqueness of the numerical
invariant measure, which yields the ergodicity, are proven by means of the time-
independent moment boundedness and the exponential attractiveness of the 6-EM
functional solution. A common approach to obtaining the convergence rate of
the numerical invariant measure is based on the longtime weak convergence
of the numerical method, which can be established by means of the Malliavin
calculus. The prerequisite is to derive the time-independent estimates for Malliavin
derivatives and Gateaux derivatives of both the exact and numerical functional
solutions. We show that the moments of these derivatives decay exponentially in
time. Based on these properties, we obtain the weak convergence rate 1 on the
infinite time horizon, which is twice the mean-square convergence rate. As a result,
the convergence rate for the numerical invariant measure of the 6-EM functional
solution is derived, which is the same as the weak convergence rate.

Chapter 4 is devoted to investigating probabilistic limit theorems, in particular,
the strong law of large numbers and the central limit theorem of numerical methods
for the SFDE. Taking into consideration the fact that the functional solution of
the autonomous SFDE is a time-homogeneous Markov process, we extend the
study to the general time-homogeneous Markov processes. We propose a unified
and transparent approach to investigating probabilistic limit theorems of numerical
discretizations of the underlying Markov process. Once the properties of uniformly
mixing and convergence for numerical discretizations are satisfied, it is shown that
the numerical strong law of large numbers and the numerical central limit theorem
hold, namely, the time-averages of numerical discretizations converge to the ergodic
limit almost surely and that the normalized time-averages converge in distribution to
a normal distribution. The limits coincide with the ones for the underlying Markov
process. Based on these results, we obtain the corresponding probabilistic limit
theorems of the 6-EM method for the SFDE.



Preface vii

We investigate in Chap. 5 the existence and convergence of the density function
of the 8-EM solution. We first present the nondegeneracy of the numerical solution
and prove the existence of the corresponding numerical density function by means of
the Malliavin calculus. For the SFDE driven by the multiplicative noise, combining
the mean-square convergence result of the 6-EM method, the convergence of the
numerical density function is proved. While for the case of the additive noise, the
convergence rate of the numerical density function is derived, based on the test-
functional-independent weak convergence analysis for the 6-EM method. The major
obstacle in the proof lies in the estimates of the negative moments of the determinant
of the corresponding Malliavin covariance matrix of the numerical solution, which is
overcome by presenting a discrete comparison principle for the SFDE with additive
noise. By making full use of the Malliavin integration by parts formula, the test-
functional-independent weak convergence rate and further the convergence rate of
the numerical density function are both proved to be 1.

The Freidlin—Wentzell type large deviation principle of the 6-EM method is
presented in Chap. 6, for the SFDE with small noise on the infinite time horizon.
A well-known approach to establishing the large deviation principle is through its
equivalence to the Laplace principle, which is also known as the weak convergence
method. The key to the analysis lies in establishing the compactness of solutions
for both the skeleton equation and the stochastic controlled equation in Banach
space Cg¢ ([—T, 00); R9). In this regard, by analyzing the time-independent moment
estimates of the solution of the stochastic controlled equation, we prove that the
6-EM solution satisfies the large deviation principle on the Banach space with the
rate function given by the corresponding skeleton equation. Moreover, combining
the technique of the Malliavin calculus, we present the logarithmic estimate of the
numerical density function and establish the relation between the logarithmic limit
and the rate function of the large deviation principle. Four appendices have also
been provided, which are meant to supply supporting details without interfering
with the main flow of the monograph. They contain some results on commonly used
inequalities, Markov semigroup, invariant measure, ergodicity, Malliavin calculus,
and large deviation principle.

We hope that this monograph will be of value to a wide range of readers, includ-
ing researchers and graduate students with a prior understanding of SFDEs and
Markov processes. The topics covered in this monograph will provide useful tools
for the readers to have a deeper understanding of numerical analysis, particularly in
the context of the longtime asymptotics and probabilistic characteristics of SFDEs.

Beijing, China Chuchu Chen
February, 2025 Tonghe Dang
Jialin Hong

Guoting Song



Acknowledgments Financial support from the National Key R&D Program
of China under Grant (No. 2024YFA1015900 and No. 2020YFA0713701), the
National Natural Science Foundation of China (No. 12031020, No. 12461160278,
and No. 12471386), the Youth Innovation Promotion Association CAS, and Jilin
Province Human Resources and Social Security Department (No. 25JBQ036L.014)
is gratefully acknowledged.

ix



Contents

1 Stochastic Functional Differential Equation.............................
1.1 AnOverview to SFDE ... .. ..o

1.2 Existence and Uniqueness of Exact Solution.........................
1.2.1 Globally Lipschitz Case............covvviiiiiiiiiiiiinnnnn...

1.2.2  Non-globally Lipschitz Case................coovveiiiiennn...

1.3 Properties of Exact Solution .................ooviiiiiiiiiiiiiininn..
1.3.1 Moment Boundedness ..........cccoooiiiiiiiiiiiiiiiiiannn.

1.3.2  AraCtiVENESS .. .. vveteeetiteteeeeae e e aaeeenna

1.3.3  Invariant Measure .............eeeeeiiiiiiieeeennniinneeeennnn.

1.3.4 Probabilistic Limit Theorems............c..coooiiiiiennn

1.3.5 Density Function ...............oooii

1.3.6 Large Deviation Principle.....................oeeeeiiiennn.

1.4 Numerical Methods. ...t
REfETeNCES . ...ttt

2 Mean-Square Convergence Analysis in the Infinite Time Horizon....
2.1 Time-Independent Moment Boundedness of Numerical Solution ...
2.1.1 Time-Independent Boundedness of Second Moment........
2.1.2  Time-Independent Boundedness of High-Order Moment.......

2.2 Attractiveness and Stability of Numerical Solution..................
2.3 Mean-Square Convergence Rate ...................oooviiiiiiiiinnn.

2.4 Numerical Experiments
2.5 Summary and Outlook
References

3 Numerical Invariant Measure and Weak Convergence
Analysis in the Infinite Time Horizon

3.1 Numerical Invariant Measure

3.2 Weak Convergence Analysis
3.2.1 A Priori Estimates

3.2.2 Convergence Rate via Weak Convergence Analysis.........
3.2.3 Proof of Theorem 3.13 .. ...t

N N =

xi



xii

Contents
3.3 Numerical EXperiments ..........ccooviiiiiiiiiiiiiiiieiiiiiee... 166
3.4  Summary and Outlook ...t 168
ReEferenCes . .ueeee e 170
Numerical Central Limit Theorem ....................................... 171
4.1 Limit Theorems of Time-Homogeneous Markov Processes.......... 172
4.2 Limit Theorems of Numerical Discretizations ........................ 183
4.3 Proofs of Numerical Limit Theorems ...............cooooeeeiiiin... 188
4.3.1 Proof of Theorem 4.3 .......ccoiiiiiiiiiiiiiiiiiiiiiiiine. 188
4.3.2 Proof of Theorem 4.4 .......cooiiiiiiiiiiiiiiiiiiiiie. 191
4.4 Numerical EXperiments ............ccoeviiiiiiiiiiiiiiiiiiiineeeennns 212
4.5  Summary and Outlook ...t 219
References ........ooiim 220
Numerical Density Function and Convergence Analysis ................ 223
5.1  Existence of Numerical Density Function............................. 223
5.2 Density Convergence for Multiplicative Noise Case.................. 233
5.3 Convergence Rate for Additive Noise Case ..................coeeeee.. 240
5.3.1 APriori Estimates ........ccoooiiiiiiiiiiiiiiiiiiiiiiiiiinn, 243
5.3.2 Weak Convergence AnalysiS..........c.oooovveieiiiiiinnn.... 258
5.4 Numerical EXperiments ..., 265
5.5 Summary and Outlook ............... i 268
References ... ..o 269
Large Deviation Principle of Numerical Solution ........................ 271
6.1 The Freidlin—Wentzell Large Deviation of Numerical Solution...... 272
6.2 Logarithmic Estimate for Numerical Density Function .............. 307
6.3  Numerical EXperiments ...........ccoooiiiiiiiiiiiiiiiiieeiiiiiee... 322
6.4 Summary and Outlook ... 324
References . ......ooiiii 326
Basic Inequalities and Some Tools from Martingale Theory............ 329
Markov Process, Markov Semigroup, Invariant Measure,
Ergodicity ........ccooii 331
Brief Introduction to Malliavin Calculus.................................. 333
C.1 Malliavin Derivative . .........c..eeeiiiiiiii i 333
C.2 Divergence Operator.......oveeeeeeeereeeeeeeeeeeeeeeeeeeeeeeeeeeenennn. 335
C.3 Existence and Smoothness of Density .......................ooeeeae. 337
Large Deviation Principle via Weak Convergence Approach........... 339
References ........ooiiim 341



Acronyms

lo|
i!
in
i
CP

a Vv b (resp.a A b)
14

¢4 = (C([—7, 0L RY), || - D

C(—7, TERY, |- 1D

Stochastic functional differential equation
Strong law of large numbers

Central limit theorem

Euler—-Maruyama

Backward Euler—-Maruyama
0-Euler—-Maruyama

Large deviation principle

Set of all non-negative integers

Set of all positive integers

d-dimensional Euclidean space

Set of all non-negative numbers

Euclidean norm of x € R or x € R4*™

Inner product for x, y € R4

Kronecker product

Z:’l:l «; for a multi-index @ = (a7, ..., ag)
Factorial of i € N

Double factorial of i € N

Combinatorial number, i.e., C ;7 = l,(;—ll), for
p,i e Nwithi < p

Maximum (resp. minimum) of a, b € R
Indicator function of a set A, defined by
14(x) = 1forx € A and 14(x) = O for
x € A€

Space of continuous functions ¢ : [—t,0] —
R4 equipped with the norm |¢] =

sup [¢(s)]

s€[—1,0]
Space of continuous functions ¢ : [—7,T] —
R? equipped with the norm |[|¢]| =

sup | (s)]

se[—r1,T]

Xiii



Xiv

B(E)
7)
Cy(RY; R)

C%,(RY; R)

pol

Co([0, 00); R™)

(Ce([—7,00); R, || - [la)

CS;Ry)

C>(R? x [—7, 00); Ry)

dﬂ]yV

Cqy '=Cy.y(CHR)

(.7, (Fi}iz0. P)
Elu]
Elu|G]

X

bl 3

,v?)

v
|2
»

Acronyms

Borel o -algebra of some given Banach space E
Space of probability measures on (C¢, B(CY))

Space of continuous functions f : RY —
R with bounded and continuous derivatives of
orders up to k

Space of smooth functions f : R? — R
whose partial derivatives have at most polyno-
mial growth

Space of continuous functions w € C([0, 00);
R™) with w(0) =0

Space of continuous functions u : [—t, 00) —
R? with u(r) = £(r) for r € [—1, 0], endowed
with the norm

lulla ==Y e ¥( sup |u())A

k=1 te[—1,1]

for some a > 0, which is also written as C¢ for
short

Space of continuous functions U : S — Ry,
where S can be taken as R?, RY x R4, R? x
[—7, 00), or RY x RY x [—1, 00)

Space of continuous non-negative functions
V(x,t) defined on R x [—t, c0) such that
they are continuously twice differentiable in x
and once in ¢

Quasi-metric on C¢ defined by dy ., (w1, uz) ==
(1At =z 7)Y (L a1 + uz[[4)2, where
g>1landy € (0, 1]

Space of continuous functionals on c!
endowed with the norm [ fllg,, := sup, -~

|f @)l Lf )= f )
Tl 2 TSPy iy Gy )
uyF£u
Filtered probability space

Expectation of a random variable u
Conditional expectation of u with respect to a
o-algebraG C ¥

Normal distribution with mean 0 and variance

U2

Convergence in distribution with respect to P’
Convergence in probability with respect to P

Convergence almost surely with respect to PP



Acronyms

A

§
xé(-) (resp. x?)

YEA() (resp. y© )

e t,n)
@M (1, m)

D (55 11, ™)

XV

Stepsize of the 6-EM method, usually defined
as A := & € (0,1] for a sufficiently large
integer N

A generic positive constant independent of A
whose value may vary at different occurrences
Largest grid point that no larger than ¢, i.e.,
max{ty <t:ty =kA, k=—N,—-N+1,...}
Smallest grid point greater than 7, i.e., min{#; >
t:ty=kAk=0,1,...}

Largest integer that no larger than ¢

Smallest integer that no less than ¢

Invariant measure of the SFDE

Invariant measure of the 6-EM method
Deterministic initial datum in C?

Solution (resp. functional solution) of the
SFDE

Solution (resp. functional solution) of the 6-EM
method

Solution of the SFDE at time ¢ with initial
datum n at ¢;

Linear interpolation of ¢(-;#,n) by grids
(e, o(tis tiym), k=1i,i+1,...}

Solution of the §-EM method at time #; with
initial datum n’" at ¢;

Probability measure induced by xf

Markov semigroup induced by u,g

Probability measure induced by yf’A

Markov semigroup induced by uf’A
Bounded-Wasserstein distance for ¢ > 1, i.e.,

Wy, up) = (

mn
mwell(uy,uy)

/Cdxcd LA llg1 = gal?
7(dgn, dp) )",

where IT(uj, ) denotes the collection of all
probability measures on C¢ x C? with marginal
measures u; and up

Density function of the solution of the SFDE
Density function of the solution of the 6-EM
method



XVi
LP(Q,E)

Ly = (L0, 00 R™). [ - 12

Swm
Am

(L(Ey; E2), |l - ||.£(E1;E2))

(H, ¢ Ys - Ha)

SESASRS)

D7 R, || - lla, p)

trace[A]

Acronyms

Space of all E-valued random variables which
are p-integrable with respect to [P

Space of functions v : [0, o0) — R’ satisfying
that v(|-]) is square integrable equipped with
some norm denoted by || - || 2

Subspace of L2A([O, 00); R™) for functions v
satisfying ||v||i2 <M

A
Space of {F;};>0-adapted functions v : Q x
[0, c0) — R™ satisfying that v € Sy P-a.s.
Space of bounded linear operators from Ej to
E> endowed with usual operator norm denoted
by 111l £ey: k)
Hilbert space H := L2(T; R™) endowed with
the inner product (g, h)y = [7g(t) h(1)dt

1

for g,h € H and the norm || - |5 := (-, )7,
where T = [0, T'] or [0, +00)

Gateaux derivative operator

Gateaux derivative operator of order ¢ € N
Malliavin derivative operator

Malliavin derivative operator of order « € N
Malliavin Sobolev space consisting of all ran-
dom variables f : @ — R? whose Malliavin
derivatives up to order « belong to L7(S2),
endowed with the norm

1 flla,p = (]E[|f|P n Xa: ”Djf”Z@j])%
=

Trace of a matrix A



Chapter 1 ®
Stochastic Functional Differential Chock or
Equation

Since K. Itd and M. Nisio [48] initiated the study of the stochastic functional
differential equation (SFDE) in 1964, there have been plenty of related works on its
theoretical analysis; see e.g. [2, 610, 20, 26, 40, 42, 52, 63, 65, 73, 79, 88, 89]. In
this chapter, we present a brief introduction to the SFDE and its numerical methods.
Precisely, in Sect. 1.1, we present the general form of the equation and give three
types of examples involving memory effects, which are widely used in population
dynamics, automatic control theory, and finance. In Sect. 1.2, we establish the
existence and uniqueness of the exact solution for the SFDE. In Sect. 1.3, we explore
the properties of the exact solution or functional solution of the SFDE, including the
moment boundedness, exponential attractiveness, invariant measure, probabilistic
limit theorems, density function, and large deviation principle. Finally, in Sect. 1.4,
we discuss several widely used numerical methods for solving the SFDE.

1.1 An Overview to SFDE

The SFDE is commonly used to model systems that depend not only on the present
state but also on the past ones, which has wide applications in a diverse range of
fields such as biology, epidemiology, mechanics, neural networks, economics, and
finance; see e.g. [1, 21, 25, 53, 67, 71, 84, 94]. The general form of the SFDE driven
by Brownian motion reads as follows:

dxf (1) = b(x2)dt + o (xH)dW (), >0, a1
@) =£@0), 1el-1,0] '
where the delay > 0, the initial datum § € c? = (-1, 0: R, | - D,
{W(t), t > 0} is an m-dimensional standard Brownian motion on a filtered complete
probability space (2, 7, {¥:}:>0, P), and the drift coefficient b : ¢! — R and

© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2026 1
C. Chen et al., Numerical Analysis of Stochastic Functional Differential Equations,
Lecture Notes in Mathematics 2399, https://doi.org/10.1007/978-981-92-1592-8_1


http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-92-1592-8protect T1	extunderscore 1&domain=pdf
https://doi.org/10.1007/978-981-92-1592-8_1
https://doi.org/10.1007/978-981-92-1592-8_1
https://doi.org/10.1007/978-981-92-1592-8_1
https://doi.org/10.1007/978-981-92-1592-8_1
https://doi.org/10.1007/978-981-92-1592-8_1
https://doi.org/10.1007/978-981-92-1592-8_1
https://doi.org/10.1007/978-981-92-1592-8_1
https://doi.org/10.1007/978-981-92-1592-8_1
https://doi.org/10.1007/978-981-92-1592-8_1
https://doi.org/10.1007/978-981-92-1592-8_1
https://doi.org/10.1007/978-981-92-1592-8_1

2 1 Stochastic Functional Differential Equation

the diffusion coefficient o : C? — R?*™ are measurable functions. Here for
t >0, x,S is defined by the relation x,é(r) = x5( +7r) forr € [—1,0], and
C(-r,0]; Rd), Il - II) denotes the space of continuous functions ¢ : [—7, 0] — R4
equipped with the norm [[¢|| = supy¢[_ o) [¢ (s)|. We refer to the R?-valued process

(x (t)}/>—7 as the solution, and to the C?-valued process {x,'s }i>0 as the functional
solution (or segment process).

Due to the dependence on the past, it is known that the solution of the SFDE
valued in R is no longer Markovian, whereas the functional solution valued in
C? is Markovian; see e.g. [70]. Hence, the SFDE is highly degenerate (infinite-
dimensional Markov processes with finite-dimensional noises), which has quite
peculiar dynamical behaviors that are different from those of the stochastic ordinary
differential equation and the stochastic partial differential equation.

The SFDE offers a rather broad and general description of the dependence on the
past, which appears in a wide variety of specific forms in the literature. For example,
memory terms of (1.1) may be of the form x¢(r — 1), x¢([¢/7]7), fET xf (r)dv(r)
with v being a probability measure on [—t, 0], in which cases, the corresponding
equation is called the stochastic delay differential equation, the stochastic differen-
tial equation with piecewise continuous argument, and the SFDE with distributed
delay. Here, |#/7] represents the largest integer no larger than ¢/7. Below, we
present concrete formulations and examples of these classes of SFDEs.

Stochastic Delay Differential Equation For n € N, if coefficients b and o are
functions of arguments @), x5 —111), ..., x5t —1,@)), then Eq. (1.1)is also
called a stochastic delay differential equation. Precisely,

dxé(t) = Hi(x5 (), x5t — 51 (1)), ..., x5 (¢t — T,(¢)))dt
+ Hy (x5 (1), x5(t — T1(0)), ..., x5(t — T,()))dW (1), t >0,
xX5(t) =£@), tel-1,0l.

Here H; : (RH)®0+D 5 RA H, . (R)®®+D 5 RIXM gre measurable functions,
functions 7; : Ry — (0,t] fori € {1,...,n}, and W(-) is an m-dimensional
standard Brownian motion.

Example 1.1 In population ecology, the delay Lotka—Volterra model provides a
fundamental framework to describe the dynamics of certain interacting species
subject to time-lag effects (e.g., gestation periods or resource regeneration). Its
deterministic form is expressed as

d):iit) = diag(xl(t), .--,xd(t))<b +Ax(®)+ Bx(r- r)), >0
with initial data & = (¢1,...,&)" € C, where &(r) > 0 for r € [~7,0].

Here, x(1) = (x1(t), ..., xq@)" € R, b = (by,...,by)" € R? with b; > 0
denotes the intrinsic growth vector, A, B € R4%4 are interaction matrices, and
T > 0 is the delay. To account for environmental fluctuations in factors such
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as resource availability and species response rates, authors in [68] establish the
following stochastic delay Lotka—Volterra model,

dx(t) = diag (x1 (1), ..., xd(t))[(A(x(t) —X) + B(x(r—1)—X))dt
+ D(x(t) —)?)dW(t)].

Here, x is the positive equilibrium of the deterministic version (i.e., b + Ax + Bx =
0), W(-) is a one-dimensional standard Brownian motion, and D = (D;j)axd €
R?*4 represents the noise intensity matrix.

Example 1.2 Consider a large population subject to migration, with the aggregate
migration rate modeled as white noise. Assume that each individual undergoes
a fixed development period before contributing to population dynamics. Authors
in [71] propose the following stochastic delay differential equation to model the
evolution of the large population x (¢) at time #:

dx(t) = (—ax(t) + Bx(t — 1))dt + odW (),

where o > 0 denotes the death rate, 8 > 0 is the birth rate, t > 0 represents
the development period of each individual (e.g., T = 9 months), o > 0, and W(.)
denotes a one-dimensional standard Brownian motion.

Stochastic Differential Equation with Piecewise Continuous Argument If coef-
ficients b and o are functions of arguments x(¢), x(|¢/t]t), then Eq. (1.1) is
also called a stochastic differential equation with piecewise continuous argument.
Precisely,
{dx(t) = Hi(x(@®), x(t/t]r))dt + Ho(x(t), x(|¢/T]T))dW (), t >0,
x(0) =xo € R,

where H; : RY x RY — RY, H : RY x RY — R>™ gre measurable functions, the
delay t > 0, and W (-) is an m-dimensional standard Brownian motion.

Example 1.3 In automatic control theory, to stabilize a d-dimensional unstable
stochastic system

dx(t) = b(x(t), t)dt + o (x (1), )dW (),
the author in [64] proposes a feedback control strategy based on discrete-time

observations. Specifically, the control term is designed as u(x(¢), x([.t/t]7), t) and
the corresponding controlled stochastic system is of the form

dx(t) = (b(x(@), 1) + u(x (@), x(|t/t]7), 1))dt + o (x(2), HAW (7).



4 1 Stochastic Functional Differential Equation

Here, coefficients b : RY xRy — RY y - (IRd)®2 xRy — RY and o : RY xRy —
RY*™ are measurable functions, the delay t > 0, and W(-) is an m-dimensional
standard Brownian motion.

Example 1.4 The authors in [27] introduce the following stochastic differential
equation with piecewise continuous argument:

{dx(t) = (=x3() = 10x(®) + 2x([£]) + Ddt + (x(©) + x([£])dW (), t >0,
x(0) =xp e R,

where x(f) € R denotes the state variable, x(|¢]) is the piecewise constant term
which represents the state evaluated at the most recent integer time, and W(-) is
a one-dimensional standard Brownian motion. This equation captures nonlinear
stochastic dynamics that evolve continuously in time and embeds discrete-time
memory through a piecewise constant argument.

SFDE with Distributed Delay If coefficients b and o are functions of arguments
x5@), fi), xf (r)dv(r), then Eq. (1.1) is also called an SFDE with distributed delay.
Precisely,

deé (1) = H, (xé ), J°xf (r)dv(r))dt

+H2(x$(r), 1 xf(r)dv(r))dW(t), t>0,
xX5(t) =&@), t € [—1,0].

Here, H; : RY x RY — RY, H; : RY x RY — RY*™ are measurable functions, the
delay T > 0, v is a probability measure on [—7, 0], and W (-) is an m-dimensional
standard Brownian motion.

Example 1.5 The Black—Scholes model is one of the most famous option pricing
models in finance, proposed by F. Black, M. Scholes, and R. Merton in 1973. This
model provides a mathematical framework for calculating the theoretical price of
European options. In recent years, various generalizations of the model have been
made to better model real-life options. In particular, the literature [24] is one of the
first works that took hereditary structure into consideration in studying the pricing
problem of European option, in which the stock process {S(¢)};>0 satisfies

0 0
dsS@) = / S(t + r)dvy (r)dt +/ S+ r)dva(r)dW(), ¢=>0.

-7 -7

Here, S(t) € R is the stock price at time t € Ry, V; are probability measures on
[—7,0] for j = 1,2, and W(-) is a one-dimensional standard Brownian motion.
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Example 1.6 Precisely, in [88], the drift coefficient takes the form
1[0 . 1
b(¢) = ;/ sin(¢ (s))ds — sign(¢(0))v/ ¢ (0)| — 2¢(0), p € C".
-7
And in [57], the authors consider the drift coefficient
1o 2 d
b(¢) = = @ (s)ds — |9 (0)|7¢(0) — 2¢(0), ¢ € C°.
-7

These drift coefficients can be collectively expressed in the form

b(¢) = b1($) + ba(p), ¢ € C.

Here,

0

b1(¢) = ¥1(¢(0)) and by (¢) = / V2(¢(s))k(s)dv(s),

-7

where ¥ (-) and v (-) are continuous functions from R to R?, k(-) is a continuous
function from [—t, 0] to R, and v is a probability measure on [—t, 0].

1.2 Existence and Uniqueness of Exact Solution

In this section, we investigate the existence and uniqueness of the solution for
Eq. (1.1) under the globally Lipschitz condition and the non-globally Lipschitz
condition, respectively.

1.2.1 Globally Lipschitz Case

A well-known condition imposed for the existence and uniqueness of the solution
is the globally Lipschitz condition; see e.g. [63, 70]. We state this result in the
following theorem.

Theorem 1.1 ([63, Theorem 5.2.2]) Let coefficients b and o satisfy that for any
1.2 € CY,

b(@1) — b($2)| + o (@1) — a(¢2)| < K1 — ¢nll, (1.2)

where K > 0. Then for Eq. (1.1) with the initial datum & € C¢, there exists a unique
solution {xS ®)}i>—z.
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Proof 1t suffices to show that for any T > 0, Eq. (1.1) admits a unique solution on
[—7, T']. The proof is divided into three steps.
Step 1. Show that for any T > 0,

IE[ sup |x5(t)|2]5KT(T+1)(1+||s||2)eKT<T+1>. (1.3)

—Tt<t<T

For any M € N, with M > ||&]|, define a stopping time ty; by t); := T A inf{t >
0: |x(t)| > M}. It follows from (1.1) that for ¢ € [0, T'],

t t
(A ) = £0) + /0 b )1j0, 141 (5)ds + /0 & ()10, (HAW(s).

Using (c1 +c¢2 + C3)2 < 3(0% + c% + c%) for c1, ¢3, ¢3 € R, and applying the Holder
inequality (see Proposition A.2) and the Burkholder—Davis—Gundy inequality (see
Proposition A.5), we derive

T
E[ sup |x( At ] < 3E[lg)2+T /O 1bGE) 10,41 (5) s

0<t<T

T
+4/0 |o(x§)|21[0,t,v,](s)ds]. (1.4)

By (1.2), we have that for ¢ € c?,
bV o (@)] < [bO)| Vo) + K¢l < K1+ ¢,

where 0 denotes the zero element of C?. This yields

E[ sup |xE(r A tM)|2]

0<t<T

T
< KIEP + K@+ DE[ [0+ 110 0065
T
< K|E|I* + K(T + 1)/0 (1 +E[lx5 ., 17D ds

T
5KT(T+1)(1+||é||2)+K(T+1)/ E[ sup |x5(u/\tM)|2]ds.
0

O<u<s

Applying the Gronwall inequality (see Proposition A.3), we obtain

E[ sup |xé(tAtM)|2] < KT(T + (1 + [[g]|*)eXTT+D,

0<t<T

which finishes the proof of Step I by letting M — oo.
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Step 2. Uniqueness. Assume that there exist two solutions x¢(-) and x¢(-). It
follows from (1.1) that

t t
0 =70 = [ 66H - b+ [ 06 - oG
0 0

It follows from Step I that E[SUP()gth Ix6 () — ¢ (t)|2] < 0o. Moreover, using

the globally Lipschitz condition (1.2), and applying the Holder inequality and the
Burkholder-Davis—Gundy inequality, we arrive at that for any 7 > 0,

E[ sup |x5(t)—)z$(t)|2]

0<t<T

< K7E| /0 (165 — bGP + 105 — o GEP)s]

T T
< K7E] / I — E)Pds | < K7 f E[ sup |3 (0) — # ) ]ds.
0 0

O0<u<s

Applying the Gronwall inequality, we conclude IE[ SUPg<;<T |xé () — %8 (t)|2] =0,
which implies the uniqueness of the solution for (1.1).

Step 3. Existence. The proof of the existence of the solution for (1.1) is based
on the Picard iterations. For any T > 0, let x80(r) = £(0) for t € [0, T] and
x50(t) = £(t) for t € [—7, 0]. For each n € N, let x5 (t) = &(¢) for t € [—7, 0],
and define

t t
xS,n(t) e S(O) +/ b(-xf’nil)ds +/ O’(Xf’nil)dW(S)
0 0

for t € [0, T]. We aim to show that x¢"(-) admits a unique limit x5() P-as. as
n — 00, and prove that x5 () is the solution of (1.1). To this end, we estimate the
errors between x5 1 (.) and x5 (.).

Claim: for eachn € Nand t € [0, T],

K(QT +8)K?1)"

n!

(1.5)

B[ sup [x¥"H @) — x5 @] <

O<u<t

where K := (4T2 4+ 16T)(|b(0)|2 + |6 (0)|2 + K2||£]?).
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Similar to the proof of Step I, by the Holder inequality and the Burkholder—
Davis—Gundy inequality, we derive

B[ sup [x¥! @) — x50 ]

O0<u<t

=E[ sup

O0<u<t

t t
< 21&3[:/ |b(xf*0)|2ds+4/ Io(xf’o)lzds]
0 0

/u b(x§>0)ds + /u O'(xfﬁo)dW(S)‘z]

0 0

t
< ZE[/ (2T16(0)2 + 8l @) + 2T + 8)132||x§’0||2)ds] <R.
0

Assume that for any i € {1,2,...,n — 1}, one has ]E[supoiust |x& 1 w) —
xEiw))?| < M Utilizing the Holder inequality, the Burkholder—Davis—

Gundy inequality and the globally Lipschitz condition (1.2) on coefficients, we
arrive at

E[ sup |xs’”+l(u)—xs’”(u)|2]

O0<u<t

= E[ sup

O<u<t

u u 2
/ (b(xf,n)_b(‘xf,nfl))ds—i-/ (O-(xss’n)_O‘(xfynil))dW(S)‘ :I
0 0
t t
< QT + 8)]E[/ bGEm) — b(xEm 1) 2ds + / o (x5 — U(xf’"_1)|2ds]
0 0
t
< QT + 8)15215[/ b — yfon=] ||2ds].
0
This, together with the induction assumption yields

E[ sup [x¥" @) — x5 @)l

O<u<t

t
< QT +8)I€2/ E[ sup x5 (u) —xs’"_l(u)|2]ds
0

0<u<s

K 72 yn—1 - = n
< (2T+8)122/t K(Q2T +8)K~s) ds < K(Q2T + 8)K~t) ’
0 (l’l—l)' n!

which leads to (1.5).



1.2 Existence and Uniqueness of Exact Solution 9

Furthermore, it follows from the Chebyshev inequality and (1.5) that

1\ _4"K(QT +8)K?1T)"
]P{ sup |x§,n+1(t)_x§,n(t)| - 2_n} < (( + ) ) )

0<t<T n!

Applying the Borel-Cantelli lemma leads to that for P-a.s. w € €2, there exists an
ng := no(w) € N4 such that for n € N4 with n > no,

1
sup x5 () — x5 ()] < —.
0<t<T 2"

Since

n—1
X5 =E0) + ) @) - x5 @)

i=0

for t € [—1, T], we obtain that lim,_, - x5 () exists P-a.s., which is denoted
by x5(¢). Note that the above convergence of x&7() is uniform in ¢ € [0, T].
Combining the continuity of x&7(-), we derive that the limit x¢ () is also continuous
in ¢t € [0, T]. In addition, it follows from (1.5) that for ¢t € [0, T], {xf’"}neN is a
Cauchy sequence in L2(; c? ). According to the completeness of L2(Q; Cd), we

derive that xf’" — xf asn — oo in LZ(Q; Cd). Hence, we have

t t
8| [ 0uh - bemas + [ @6h - auEmaw o]
0 0

t
< (2T+8)1€2/ ]E[ sup |xs(u)—x$’”(u)|2]ds—> 0 as n— oo.
0

0<u<s

This implies that x5 (+) is the solution of (1.1). Therefore, we complete the proof.
O

As a direct consequence of Theorem 1.1, the SFDEs in Examples 1.2 and 1.5
are well-posed. Since their drift and diffusion coefficients are globally Lipschitz
continuous, Theorem 1.1 ensures that for any initial datum £ € C?, each equation
in Examples 1.2 and 1.5 admits a unique solution on [—1, 00).

1.2.2 Non-globally Lipschitz Case

In practice, SFDEs may be highly nonlinear, and Theorem 1.1 fails to apply to such
equations. As a result, authors in [88] establish the existence and uniqueness of the
solution for the nonlinear SFDE.
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Theorem 1.2 ([88, Theorem 2.3]) Assume that the coefficients b and o satisfy the
following conditions.

* Weak one-sided locally Lipschitz condition (or monotonicity condition). For any
compact subset C C C4, there exist constants K ¢ > Oand 73 € [0, T] such that

for any ¢1, ¢ € C with ¢1(r) = ¢a(r) forr € [—T, -7zl

2(¢1(0) — $2(0), b(d1) — b($2)) + o ($1) — 7 ($2)I” < Kl — ¢all*.

o Weak growth condition. Coefficients b and o are bounded on bounded subsets
of C and there exists a non-decreasing function W : R, — (0, 00) such that
I ﬁds = oo and for any ¢ € C¢,

2(¢(0), b(®)) + lo ()I* < ¥ (lIglI*).

Then for Eq. (1.1) with the initial datum & € C?, there exists a unique solution
Iy} P

Remark 1.1 Authors in [88] prove that the weak one-sided locally Lipschitz
condition guarantees the existence and uniqueness of the solution for (1.1) in the
local sense. Moreover, they also show that the weak growth condition prevents
explosions from occurring, which implies the existence and uniqueness of the global
solution for (1.1).

Theorem 1.2 provides a general framework for establishing the well-posedness
of SFDEs with non-globally Lipschitz coefficients. We now verify that coefficients
in Examples 1.4 and 1.6 fit within this framework.

Remark 1.2 We first demonstrate that the SFDE in Example 1.4 satisfies the
hypotheses of Theorem 1.2. Recall that its drift and diffusion coefficients are given
by

b(@) :=bu,v)=—u’—10u+2v+1, o(p) =0, v)=u+v,

where ¢ € C', u := ¢(0) and v € {¢(r)}re[—1,0] 1s a certain quantity.
Verification of the Weak Growth Condition Observe that
2(¢(0), b(@®)) + lo(9)|* < —2ul* — (20 — 2)[ul* + 4[ul|v| + 2[v|* + 2u
< 1+4)¢]>

By choosing W(s) = 1 + 4s for s € R4, we conclude that the coefficients b and o
satisfy the weak growth condition.
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Verification of the Weak One-Sided Locally Lipschitz Condition For any
¢1.¢2€C,
2(¢1(0) — $2(0), b(¢1) — b(¢2)) + |o(¢1) — o ()|
= 2(u1 — uz, (—u3 — 10u; +2v1 + 1) — (=13 — 10uz + 2v3 + 1))
+ 1y +v1) — (u2 + v)?
< =2fur — w2 (i + wruz + u3) — 20 = 2)|uy — uzf?
+4luy = uallvr — v2] +2lv; — v
< —lur — w2 Pwf +u3) = 20 = Dluy — ua?
+4luy = ullvr — vo] +2lvy — v

< 4l¢1 — ¢l

which confirms that the coefficients also satisfy the weak one-sided locally Lipschitz
condition. Therefore, for any initial datum xo € R, the SFDE given by Example 1.4
admits a unique solution on R .

Remark 1.3 We now verify that the drift coefficients introduced in Example 1.6,
namely,

1 0
b(9) = ;/ sin(¢ (r))dr — sign(¢(0))/|¢ (0)| — 2¢(0), ¢ € C' (1.6)

—T
and

0

1
b@)=— [ ¢trydr— 16 (0)*¢ (0) — 2¢(0), ¢ € C? (1.7)

satisfy the conditions stated in Theorem 1.2 when o is globally Lipschitz continu-
ous. For simplicity, we take o (¢) = ¢(0) for ¢ € C L

We begin with the first coefficient b in (1.6). Since the function s >
—sign(s)+/[s] is non-increasing on s € R, it follows that for any ¢;, ¢ € C!,

(#10) = #2(0), —sign(¢10))v/[1 O)] - ( — sign(62(0)v/[¢2(0)])) < 0.
Applying the Young inequality (see Proposition A.1), we obtain

2(¢1(0) — $2(0), (1) — b($2) + o (¢1) — o ($2)

0

1
< =31610) = 2O + 2410 = 200, 7 [

-7

(sin(@1 () = sin(@2() )
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1 0
—2(¢1(0) — $2(0)]* + - / | sin(1(r)) — sin(¢2(r))|*dr

IA

IA

1 0
—2|1(0) — $2(0)* + = / |61(r) — g2 (r)[*dr,
-7
which confirms that b satisfies the weak one-sided locally Lipschitz condition.
Moreover, for any ¢ € C!,

| sin(¢ (r))|dr — 3|¢(0)|?

0
26(0), b(@)) + [0 (@) < m

-7

=2|ol.

where we used |sin(s)| < 1 and (s, —sign(s)+/|s]) < 0 for s € R. By choosing
Y(s) = 2s% for s € R4, we conclude that b in (1.6) also satisfies the weak growth

condition.
A similar argument can be applied to the drift coefficient b in (1.7), noticing the
fact that the mapping u — —|u|?u satisfies

2 2
(ur —up, —lur|"uy — (—luzl"uz))

1 1
= —5<|u1|2 + Jua|)uy — ua|* — 5(|u1|2 — uz|?)?

1
—5<|u1|2 + lua)uy —ual?> <0 foruy, up € RY.

IA

Another type of sufficient condition to ensure the existence and uniqueness of
the solution is presented in [61]. They assume that coefficients b and o satisfy
a locally Lipschitz condition and a Khasminskii-type condition, which are stated
below separately.

Denote by C(S; R,) the space of continuous functions U : S — R, where S
can be taken as R, RY x R, RY x [—7, 00), and RY x RY x [—1, 00). Denote
CEHRY x [—1, 00); R ) the space of continuous non-negative functions V (x, )
defined on R? x [—T, 0o) such that they are continuously twice differentiable in x
and once in .

Assumption 1.1 For any M > 0, there exists a constant Ky > 0 such that for any
b1, b2 € C with ||| V |2l < M,

b(@1) — b($2)| + o (@1) — o (d2)| < Kullpr — ¢all.
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Assumption 1.2 There exist two functions V € C>H(R? x [—T, 00); Ry)and U €
C(Rd X [—7, 00); Ry), and two probability measures vy and v> on [—1, 0] such
that

lim inf V(x,t) = oo,
|x]—00 0<t<o0

and for any (¢, 1) € c? x R4,

0

LV(¢.1) = K(l + V(9(0),1) +/ Vip(r),t +r)dl71(r))

-7
0

—U(¢(O),t)+/ U(@(r), t +r)dvy(r), (1.8)

-7

where K > 0, and the functional LV : C¢ x Ry — R is defined by

1
LV, 1) =Vi(9(0), 1) + Vi (¢(0), )b(¢) + Etrace[GT(qﬁ)Vxx(qﬁ(O), No (¢)].
(1.9)

Here, Vy(x,1) = (Vxl (x, 1), ..., Vy,(x, t)) and Viy(x, t) := (in,x]- (x, t))dxdfOV
xeR 1t eRy.

Assumption 1.1 guarantees the existence and uniqueness of the solution for
(1.1) in the local sense, and Assumption 1.2 prevents explosions of the solution
from occurring. The function V (x, t) defined in Assumption 1.2, called Lyapunov
function, is commonly taken as V(x,t) := |x|? for some p > 2. The function
U (x,t) in (1.8) is used to control the higher-order terms of £V, commonly taken as
U(x,t) := |x|P*! for some [ > 0.

The existence and uniqueness of the solution for (1.1) based on the locally
Lipschitz condition and the Khasminskii-type condition is stated as follows.

Theorem 1.3 ([61, Theorem 2]) Assume that Assumptions 1.1and 1.2 hold. Then
for Eq. (1.1) with the initial datum & € C¢, there exists a unique solution

X5 ()}i>—r.

Remark 1.4 The well-posedness of the stochastic delay Lotka—Volterra model
presented in Example 1.1 can be established by applying Theorem 1.3, provided
the conditions D;; > O foralli € {1,2,...,d} and D;; > O for all i # j with
i,je{l,2,...,d} are satisfied. First, it follows from the continuity of derivatives
of the coefficients in this model that the coefficients are locally Lipschitz continuous.
This implies the existence and uniqueness of the solution in the local sense. To
proceed, define the Lyapunov function V : (0, oo)d — (0, 00) introduced in [68]
by

d
V) =Y (\/u—i— | — %log(u,')),
i=1
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where u = (uy,us, ..., ug) . For a solution x(1) = ((x(H)1, ..., x®)a) ' €
R4t > —t of the model in Example 1.1 that stays in (0, oo)d, the associated
operator LV : C? — R, defined as in (1.9), satisfies

{ 1
LV () = 38 (AG(©) =B + B(x(t = 1) = %)) + 71D(x() — )
L d 2
- gZ (x(t))l(Z Dij((x(0)); —x1)> ’
i=1 Jj=1

where g(x(¢)) == (W (x(@)1 —1,..., J(x(t))g — 1). Making use of
! A Y)+ B 5 ''p 0|2
S8 (A0 =B + Bt = 7) = D) + 11D@(0) - D)
1
= 3VAOT+ D(1A10x ()] + 7)) + BI[F])

+ 1BI(d @1+ D+ e = 0P) + 3 1DP (P +15P)

and

d d 2
S VGO (3 D (e, - )
i=1 =1

> iD,%(x(r))%s + fm(fl)m)(fjum - 2foi,»(x<r>>,-),
i=1 i=1 j=1 j=1 j=1
one has
LV (x) < G(x(1) — %'B'('X(’)'z — x( = D)%), (1.10)
where
GGy = /Al + D141l + 151) +1B1151)
d

1 ! N1
+ ZlBl(d(|u| F1)+ |u|2) + §|D|2(|u|2 + lez) g 2 Dhu?

i=1

d d d -
_é;\/u—i(ZDijjj>(ZlDijfj—ZZIDiij)
i= = =
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with u = (uy,..., ud)—r € Ri. Utilizing D;; > 0,i € {1,2,...,d}, it is
straightforward to see that the function G (-) is bounded above on Ri by a positive
constant K. Substituting this bound into (1.10) yields

1
LV(x) <K — Z'B'("‘(’)'z — |x(t — D)%),

which coincides with (1.8) with U (v) = ‘—11|B||v|2 and v = §_; when the solution
x = (x1,..., x) " belongs to (0, 00) in Example 1.1. Here, 6_; represents the
Dirac measure at the point —7. Hence, a standard stopping time argument together
with Theorem 1.3 concludes the existence of a unique global positive solution; see
[68, Theorem 2.3] for details.

1.3 Properties of Exact Solution

Within this section, we present properties of the exact solution and functional
solution. We first demonstrate the moment boundedness and the exponential
attractiveness of the exact solution and functional solution. Then, focusing on the
functional solution, we prove the existence and uniqueness of the invariant measure
and establish probabilistic limit theorems of the functional solution. In the context
of the exact solution, we prove the existence of the density function and investigate
the large deviation principle.

1.3.1 Moment Boundedness

We begin with estimating E[V (x5 (), )] on the finite time horizon, where V (-) is
defined in Assumption 1.2.

Lemma 1.4 ([61, Theorem 2]) Under Assumptions 1.1 and 1.2, the solution of
(1.1) with the initial datum & € C? satisfies that for T > 0,

sup E[V(xf(t),t)]gK(H sup V(E(r),r)+ sup U(g(r),r))e”.
te[—1,T] re[—t,0] re[—t,0]

Proof By the It6 formula and Assumption 1.2, we obtain

t t
V(E (1), 1) = V(£(0),0) + f LV (x5, s)ds + / V(x5 (s), 8)o (x5)dW (s)
0 0

IA

t
vEo.0+ & [ (14v6fe.0
0
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0
+/ VE(s + 1), s + r)din ()

-7

0
—UGE(s), 5) +/ UGE(s +r), s + r)dﬁz(r))ds

—-T

t
+f V(x5 (5), 5)o (x5)dW (s). (1.11)
0

Using the Fubini theorem yields
t 0
/ f V(x5(s +r), s 4+ r)dv; (r)ds
0 J—1
0 ot
=/ / V(xg(s—i—r),s—i—r)dsdf)l(r)
-7 J0
0 t
5/ / V(x5 (u), u)dud?; (r)
—T —T

t t
5/ V(xé(s),s)ds <t sup V(g(z),r)+/ V(x5 (s), s)ds, (1.12)
0

-7 te[—1,0]

and similarly,

t 0 t
/ / US(s+7r),s +r)dip(r)ds <t sup U(E®), 1) +/ U (x5 (s), s)ds.
0 J-t 0

te[—1,0]

Inserting the above two inequalities into (1.11), we arrive at

VaEO.0 < K( sw VEO.0+ swp UED.D)
tel—r, tel—r,

t t
—i—K/ (1 +V(x5(s),s))ds+/ V(x5 (5), s)o (x5)dW (s).
0 0
1.13)

Taking expectations on both sides of (1.13), we deduce

BVEO.01 < K( sup VED.D+ swp UED.D)
tel—r, tel—rt,

t
+K/ (1 +E[V(x5(s), s)])ds.
0

Applying the Gronwall inequality finishes the proof. O
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If the Lyapunov function V(x,?) defined by Assumption 1.2 is taken as
V(x,t) := |x|P for some p > 2, based on Lemma 1.4, we obtain the pth moment
boundedness of the solution {x¢ (t)}>—¢ for (1.1) on the finite time horizon.

Proposition 1.5 Let Assumption 1.1 hold. Assume that for some p > 2, there exist
afunctionU € C(Rd; R.), and two probability measures v and v on [—t, 0] such
that for any ¢ € C?,

9O 2260, b@) + (p ~ DIo @)

0 0
<K(1+1¢0)]” +/ |¢(F)I2d\71(r)) —U(¢(0)) +/ U(p(r)dva(r).
(1.14)

Then the solution of (1.1) with the initial datum & € C? satisfies that for T > 0,

sup Bl (0171 < K (141817 + sup UEr) )eX"
re[—7,T] re[—7,0]

Proof The proof is based on Lemma 1.4 by taking V (x, ) = |x|P. According to
the definition (1.9) of LV and p > 2, one has

1
LY@, = pls " * (16O (0. b(@)) + 310 @)

(r—2
+ L5100, 00))1)
p _
= 281" (206(0). 6@) + (p = DIo@)). (1.15)
This, along with (1.14), implies that coefficients b and o satisfy Assumption 1.2
with V(x,t) = |x|P. Then the desired argument follows from Lemma 1.4
immediately. O

The following lemma shows the moment boundedness of the solution
{xs (t)}s>—¢ for (1.1) on the infinite time horizon.

Lemma 1.6 ([61, Theorem 3]) Let Assumptions 1.1 and 1.2 hold with (1.8) being
replaced by

0
LV(p, 1) =K —ar1V(g(0),1) +52/ Vig(r),t +r)dvi(r)

-7
0

—U(¢(0),t)+c_l3/ U(p(r), t +r)dvy(r), (1.16)

-7
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where K > 0, a; > ap > 0, and a3 € (0, 1). Then the solution of (1.1) with the
initial datum & € CY satisfies

sup E[V(xs(t),t)]sK(H sup V(EM), 1)+ sup U(E(t),t)).

t>—1 te[—1,0] te[—1,0]

Proof For any ¢ > 0, applying the It6 formula to the function e’V (x& (1), 1), we
obtain,

t
EVEEW), 1) = V(g(O),0)+/ e“(sV(xS(s),s)—}—LV(xf,s))ds
0
t
+/ SV (x5 (5), s)o (x5)dW (s).
0

Taking the condition (1.16) into consideration, we derive
EVEE@), 1
t
< V(£(0),0) + Ke*" — (a — s)/ eV (x5 (s), s)ds
0
t 0
+ c_zz[ / SV (xE(s + 1), s +r)dv; (r)ds
0 J—t
t 0
_ / e (U(xg(s), 5)ds — a3 / UGS +1), s + r)dl_)z(r)>ds
0

-7

t
+ f ¢SV (x5 (5), 5)o (x5)dW (s). (1.17)
0

Similar to the derivation of (1.12), one has

t 0
f / ESV(E(s +7), s+ r)dby (r)ds
0 J—1

IA

0 t
e’ / / ESTIYV(xE (s +7), s + r)dsdv ()
-t J0

IA

0 t
e”/ e”V(E(s),s)ds—i—e”/ eV (x5 (s), s)ds
0

-7

IA

t
e”<r sup V(g(t),t)+/ e“vocf(s),s)ds).
0

te[—1,0]
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This, along with (1.17), implies that

eE’V(xf(t),z)gK( sup V(E@), 1)+ sup U(s(t),z))+1<e”
te[—1,0] te[—1,0]

1
— (a1 —e— aze”)/ ¢SV (x5 (s), 5)ds — (1 — aze™)
0
t t
x/ e“U(xf(s),s)dH/ eSSV (x5 (s), s)o (x5)dW (s).
0 0

Let ¢ > 0 be sufficiently small such that a; — ¢ — aze®™ > 0 and 1 — aze®™ > 0.
Then,

e“V(xS(t),t)fK( sup V(E@), 1)+ sup U(g(r),z))+1{e8’
te[—1,0] te[—1,0]

1
+/ ¢SV (x5 (5), s)o (x5)dW (s). (1.18)
0
Taking expectations on both sides of the above inequality, we derive

TRV (x5 (1), 1)] < K( sup V@), 1)+ sup U(EQ@), t)) + Ke*,
te[—1,0] te[—1,0]

which leads to

sup E[V(xé(t),t)]gK(lJr sup V(E(t), 1)+ sup U(E(t),t)). (1.19)

t>—t te[—1,0] te[—1,0]

The proof is completed. O

Remark 1.5 If the parameter K in (1.16) equals zero, the trivial solution of (1.1) is
exponentially stable satisfying

lim sup % log (IEJ[U()CS (1), 0]) < —,

t—00

1
lim sup " log (U(xs(t), t)) < —¢ P-as,

—>0o0

where ¢ is given in the proof of Lemma 1.6; see e.g. [61, Theorem 3 and Theorem
4] for details. If the parameters ap, a; in (1.16) satisfy ay, a; > 0, according to [61,
Theorem 5], the solution {x ()} t>—r has the Hy stability, namely,

. 1 [ £ K
hmsup;/ E[U (x5 (s), s)]ds < a0
0 3

=00 -

where a3 € (0, 1) and K are given in (1.16).
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Based on Lemma 1.6, by taking V (x, t) := |x|?, we can obtain the boundedness
of the pth moment for the solution {x¢ (¢) }+>0 on the infinite time horizon. The proof
is similar to that of Proposition 1.5 and thus is omitted.

Proposition 1.7 Let Assumption 1.1 hold. Assume that for some p > 2, there
exist positive constants ai,az,az with a; > ap and az € (0,1), a function
U e C(Rd; R}), and two probability measures vy and vy on [—t, 0] such that
forany ¢ € C?,

9O (260), b@) + (p — DIo @)

0

0
<K —a¢ ) +a / 16()PdDy () — U($(0)) + a3 / U ((r)dBa(r).
(1.20)

Then the solution of (1.1) with the initial datum & € C? satisfies

supELIx¥ (01”1 < K (1+ 1617 + sup U(E(r)).

t>0 re[—t,0]

In the following, we investigate the moment boundedness of the functional
solution {xf}tzo for (1.1). Our analysis is based on the identity E[||xf||p] =
E[ SUP, <y <t x5 (u)|P ], the Burkholder-Davis—Gundy inequality, and the moment

boundedness of {x¢ (t)}s>—c. Meanwhile, this property can also be established by
using the functional It6 formula of SFDEs; see e.g., [74-76].

Proposition 1.8 Let the conditions in Proposition 1.5 hold. In addition, assume that
there exists a probability measure 3 on [—1, 0] such that for any ¢ € C%,

0
o @ < K(1+16 0 +/ ()Pdi3()). (1.21)

Then the functional solution of (1.1) with the initial datum & € C? satisfies that for
T >0,

E[ sup 1 17] < K(1+1617+ sup UE@))eXT,
tel0,T] te[—1,0]

where U (+) is given in (1.14).
Proof Recalling (1.15), according to (1.13) with V(x,f) = |x|? and the
Burkholder-Davis—Gundy inequality, we have

t
E[ sup |xf(u)|l’] <K|EIP + K sup U(E(t))+KE[fO (1+|x¥(s)|l’)ds]

O<u<t te[—7,0]

! 1
+KE[(/ |x§(s)|2([?—2)|<x$(s)’G(xf)szs)z:I.
0
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It follows from Proposition 1.5, the Young inequality, and the Holder inequality that

E[ sup [x¥@)”]

O0<u<t
= K(1+ 161"+ sup UE@))esT
te[—1,0]

1

+ KIE[( sup [x€ ()2 fol IU(X§)|2dS>E]

0<u<t

<K(1+1817+ swp UG))eT +2B] sup @]

te[—1,0] O<uc<t
t
+KIE[/ |a(x§)|Pds].
0

By means of (1.21) and Proposition 1.5, we obtain

B[ swp b ] < K(1+1617+ s UE@)eX” + S8 swp péar]

O<u<t te[—1,0] O<u<t

which implies the desired argument. O

Furthermore, we give the moment estimate of the functional solution {)c,'sE }i>0 In
the infinite time horizon.

Proposition 1.9 Let (1.21) and the conditions in Proposition 1.7 hold. Then the
functional solution of (1.1) with the initial datum & € C¢ satisfies

supELx/ 7] < K (1+ €17+ sup U(()).

>0 te[—1,0]

Proof The proof is similar to that of Proposition 1.8, and we only give the outline of
the proof. According to (1.18) with V (x, ) = |x|?, the Burkholder-Davis—Gundy
inequality, the Young inequality, and the Holder inequality, we obtain

E[ sup e8"|x5(u)|l’]

(t—1)V0<u<t
<K|EI”+K sup U(E®@)+Ke™
te[—r,0]

t 1

+ KE[(/ e285|x$(s)|2(p_2)|(xs(s), U(xs))|2ds>7j|
(t—1)V0 s
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< K(IglI” + sup UED)) + Ke' + %E[ sup ef“|x5(u)|1’]

te[—1,0] (t—1)V0<u<t

t

+ KE[/ e”|a(xf)|pds],
(t—1)V0

where ¢ is given in the proof of Lemma 1.6. Combining (1.21) and Proposition 1.7,
we derive

ea(t—r)E[”xf ”[’] < EI: sup e |x§ (u)Ip]

(t—1)v0<u<t

<KIEI"+K sup UEQ@)+Ke™,
te[—t,0]

which implies the desired assertion. O

1.3.2 Attractiveness

In this subsection, we investigate the attractiveness of both the solution {x§ ®}i=—

and the functional solution {xf }t=0 of (1.1). For a given function V € C 21(RE x
[—7, 00); R4), define the functional LV : Cc? x ¢4 x R4+ — Rby

LV (¢1, ¢2, 1) = Vi (§1(0) — $2(0), 1) + Vi (¢1(0) — ¢2(0), 1) (b(p1) — b(¢h2))
1
+ 5 trace[(e(¢1) — o)’
X Vax (¢1(0) — $2(0), 1) (0 (¢1) — o ($2))], (1.22)

where Vi (x,1) = (Vi (x, 1), ..., Vo, (x, 1)) and Vir (x, 1) = (Vigx; (x, 1))
xeRY reRy.

dxd for

Assumption 1.3 There exist positive constants as, as, de with as > as and ae €
(0, 1), two probability measures v4 and vs on [—t,0], and two functions V e
C* (R x [—1,00); Ry) and U € C(RY x RY x [—1, 00); Ry.) such that V (x, t)
vanishes only at x = 0, U(x, v, t) vanishes at x =y, and for ¢1, ¢ € e,

0
LV (¢1,¢2,1) < —asV (1(0) — ¢2(0), 1) + as / V(p1(r) — ¢a(r), t + r)dig(r)

-7
0

— U(¢1(0), $2(0), 1) + 516/ U(¢1(r), ga(r), t + r)dvs(r).
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Lemma 1.10 Let Assumptions 1.1 and 1.3 hold. Then for the initial data &, 1) € C,
the solution of (1.1) satisfies

E[V (x%(r) — x"(1), 1)]

< KeH( sup VE =00+ sup TEE),n0).0), 1Ry,

re[—r,0] re[—r,0]

where the positive constant X satisfies as — » — ase™ > 0 and age™ < 1.

Proof Take a positive constant A satisfying a4 — A — ésefX > 0 and Ez6e“_\ <1
Applying the It6 formula, we have

MVGE@) — x"(10), 1)

t
= V€0 - 100+ [ & (VGHE) ~ 21605 + LVGE . 9)ds
0
t
+/ MV = x,s) (0 (x5) — o (x!))dW (s).
0

Using Assumption 1.3, we obtain

MV (E @) — x"(1), 1)

< V(50) — 1(0), 0) + ¢*zas ?UPO] VEE) =n(),r)

+eMrag sup UE®T), n(r).r)
re[—r,0]

_ o

— (G4 — A — ase“)/ SV (xE(s) — x"(s), s)ds
0
_ o

- —aﬁe“)f MU (s), x"(s), s)ds

0

t
+/ MV (x5 (s) — x1(s), ) (0 (x8) — o (x1))dW (s)
0

=K( swp VEO-n0.0+ swp 0E@,00.0)
te[—1,0] te[—1,0]

t
+/ H Ve () = x7(5), ) (0 (x5) — 0 (X)) dW (s), (1.23)
0
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where we used
t 0 _
/ / MVOEGS+r)—x"(s +r), s + r)dia(r)ds
0 J—-1

_ ~ oot
<e™r sup VE@) —x"(), 1) + e”/ SV (xE (s) — x"(s), 5)ds,
te[—1,0] 0

t p0 _
/ / MU (s + 1), x"(s + 1), s +r)dis(r)ds
0 J—1

- _ -t
<e™t sup U(xs(t),x"(t),r)Jre”/ MU (s), x"(s), s)ds.
te[—1,0] 0

We finish the proof by taking expectations on both sides of the above inequality. O

If the Lyapunov function V(x, 1) in Assumption 1.3 is taken as Vix, 1) := |x|2,
combining Lemma 1.10, we can obtain the exponential attractiveness of the solution
{xs (t)}s>0 for (1.1) in the mean-square sense.

Proposition 1.11 Ler Assumption 1.1 hold. Assume that there exist positive con-
stants aa, as, ag with a4 > as and ae¢ € (0, 1), two probability measures vy and
Vs on [—1, 0], and a function U e C(R? x R, Ry) such that U(x, y) vanishes at
x =y, and for ¢, ¢ € 4,

2(¢1(0) — $2(0), (1) — b($2)) + o (¢1) — o ($) I

0
< —asl¢1(0) — ¢2(0)|* + as / 1 () — da(r)1*da(r)

-7
0

— U(91(0), $2(0)) + as / U(g1(r), ¢2(r))dis(r). (1.24)

Then for the initial data &, 1 € C%, the solution of (1.1) satisfies

Ell () =201 < K (1§ =02+ swp TEE), n0))e™, 1€ Ry,

re[—r,0]

where the positive constant . satisfies ag — A — ase™ > 0 and age™ < 1.

Proof The proof is based on Lemma 1.10 by taking V (x, t) := |x|*>. According to
the definition (1.22) of LV, one has that for ¢, ¢» € Cd,

LV (¢1, $2, 1) = 2(¢1(0) — $2(0), (1) — b(¢2)) + |0 (¢1) — 7 (¢2)|*.
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This, along with (1.24), implies that coefficients b and o satisfy Assumption 1.3
with V (x, 1) = |x|2. The desired argument follows from Lemma 1.10 immediately.
O

Let the coefficient o satisfy the globally Lipschitz condition. Based on
Lemma 1.10, by taking V (x, 1) := |x|?, we can obtain the exponential attractiveness
of the functional solution {)ctS }+>0, whose proof is similar to that of Proposition 1.9
and thus is omitted.

Proposition 1.12 Let the conditions in Proposition 1.11 hold. In addition, assume
that there exists a probability measure V3 on [—1, 0] such that for any ¢1, ¢ € C%,

0
o) — o @) = K(I610) — 20 + / 610) = h2()Pdi3(1)).
(1.25)

Then for the initial data &, 1 € C%, the functional solutions of (1.1) satisfy

Elllxf —x/IP1 < K(I§ —nl? + sup TE). () )e ™. 1€ Ry,

re[—r,0]

where the positive constant X is given in Proposition 1.11.

1.3.3 Invariant Measure

The invariant measure is an important characteristic for describing longtime dynam-
ical behaviors of the solution process for stochastic differential equations. In this
subsection, we examine the Markov property of the functional solution for SFDEs
and establish the existence and uniqueness of its corresponding invariant measure.
Relevant foundational definitions are provided in Appendix B.

Due to the dependence on the past, it is known that the R¢-valued solution
{xg(t)},z_r of (1.1) is no longer Markovian. In contrast, the functional solution
{x,s }i=0 has the Markov property in the state space C¢, which plays an important
role in investigating the existence of the invariant measure of the functional solution.

Proposition 1.13 For the initial datum & € C%, the functional solution {x,é }i=0 of
(1.1) is a C¥-valued time-homogeneous Markov process and satisfies that for any
AeBCY, t>5>0and €C?,

P{xf € ATy} = Pfxf € Alxé],

IP’{)C,‘E € Alxf = ¢} = P{xfﬁs € A|xé =¢}.
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The proof of this proposition is similar to those of [80, Theorem 6.1] and
[92, Theorem 4.2], and is omitted. Next, we study the invariant measure for the
functional solution of (1.1). Denote by P the space of probability measures on
?, B8(C%)). For any & € C? and t > 0, denote by ,uf the probability measure
induced by x,s, namely,

1i(A) =PloeQ:xf € A} VA eB(C).

Define the bounded-Wasserstein distance W, (g € [1, 00)) as

1
Wyowi= (k[ Ao = galia@nn.dgn)”. (126)

neH(ul,uz)

where TT(u;, up) denotes the collection of all probability measures on C¢ x C?
with marginal measures u; and uy; see [87, Chapter 6] for details. In the infinite-
dimensional state space C?, to obtain the tightness of the family of probability
measures induced by the functional solutions, we need the following lemma; see
[13, Theorem 7.3] and [35, Theorem 2.2] for details.

Lemma 1.14 The family of probability measures {/Lf }i=0 on C? is tight if and only
if the following two conditions hold:

(a) Forany &, > 0, there exists a constant M > 0 such that

sup]P’{x,E ec?: |x;§(—T)| > M} < .
120

(b) Forany g3, €3 > 0, there exists a constant 8§ € (0, ) such that

supPxf eCl: sup (1) —xf ()l z B2} <.
>0 Is1—s2]<8
s1,52€[—1,0]

Based on Lemma 1.14, and using Propositions 1.9 and 1.12, we give the
existence and uniqueness of the invariant measure for (1.1).

Theorem 1.15 Under the conditions in Proposition 1.12, the functional solution of
(1.1) admits a unique invariant measure L € P satisfying

M
Wou, 1f) < KA+ |ElDe” 2, t e Ry,

forany & € C?, where X is given in Proposition 1.11.
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Proof Step 1. Prove the uniqueness of the invariant measure. Assume that there
exist two invariant measures (1 and pp of the functional solution for Eq. (1.1).
According to Proposition 1.12, we have

P £ T
Wa (1, p2) = Wa(ul, wl) < (BIIxf — x1%1)?

<K(E-7l2+ sup TEX). 7)) e -0

re[—r,0]

as t tends to oo, where ff and 1 denote C?-valued random variables with distributions
w1 and po, respectively. This implies the uniqueness of the invariant measure.

Step 2. We show the existence of the invariant measure. Applying the Krylov—
Bogoliubov theorem [32, Section 7.1], it suffices to show that {xf }i>0 is Feller

and {Mf}zzo is tight. It follows from Proposition 1.12 that for any ¢t > 0, xf —
x;’ in L2(Q; Cd) asé —> npwith &, n € ce. By [81, p. 256, Theorem 2], we derive
xf — x, in distribution as & — 7, which implies the Feller property, i.e., for any

continuous and bounded functional ® : C¢ — R,

lim Bl (x])] = Bl® ()],

Now, we apply Lemma 1.14 to prove the tightness of {/L,E }t=0. Note that conditions
in Proposition 1.12 yield those in Proposition 1.9 for p = 2. It then follows directly
from Proposition 1.9 that Lemma 1.14 (a) holds.

We proceed to prove that Lemma 1.14 (b) holds. For any t > 0 and M > ||§]],
define a stopping time by {,M = inf{u >t : ||x§ | > M}. Let § € (0, t], using the
Burkholder-Davis—Gundy inequality leads to

B[ sup 1x¥(+9) A M) —x¥ @ A P
5€[0,8]

t+8)rgM

< KE[S Ib(x$)[2ds + K
N ’

NG

t+HAgM _
o (H)Pds ] < K0S,

where we used the local boundedness of coefficients b and o, which ensures that
K supgi<m (|b(¢>) 1240 (¢) |2) is bounded above by some positive constant K (M).
Noting & € 4, for any &, € (0, 1), there exists a constant 5 € (0, 7] such that
SUP|, <5, 16(s1) — &(s2)| < &. This implies that for § € (0, 811,

supP|f e ¢ sup x5 (51) = xf (52)] = & |
>0 s1,82€[—1,01, |51 —82|<8
= supIP’{xf ec?: sup |x,‘g(s1) — xf (s2)| = 52}
1>7

s1,52€[—1,01, |51 —s2| <8
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=supIP>{ sup |x§(t+s1)—xs(t—r)+x$(t—7:)

2T % g,s€[—1,0],]51—52|<8

— x5 2 B

<2supP{ sup [x5(r +5)—x5(1)| > 8—2}
120 " 0<s<§ 2

<2supP} sup |xs(t+s)—x5(t)| > %,;,M > t+r]

120 7 0<s<§

+2supP{cM <1 + 7).

t>0

Combining the Chebyshev inequality yields

sup]P’{xf ec?: sup |xf(s1) — xf(sz)| > 52}

120 s1,52€[—7,0], |51 —s2| <8

8
< = swpB[ sup [ +5) A g —xE@ A g
&5 120 “5¢0,5]

5 (+El®)
+2sup Pt || + i || > MY < K(M)—5 + K=

(1.27)
t>0 2 M2

Let M > 0 be sufficiently large such that K (l'wl—i”z) < %3, and choose & € (0, §;)
such that K(M);—2 < % which leads to Lemma 1.14 (b). Therefore, {,uf},zo is
2

tight.
Step 3. It follows from Proposition 1.12 that

= 1 A
Wau, 1f) = (Bl — x5 1121)2 < K(1+ [EDe™ %, 1 € Ry

Combining Steps 1-3, we finish the proof. O

Remark 1.6 In this subsection, we study the existence and uniqueness of the
invariant measure for (1.1) based on the boundedness and the attractiveness in the
mean-square sense for the functional solution on the infinite time horizon. Recently,
authors in [91] establish this result under weaker conditions, i.e., the boundedness
and the attractiveness in probability sense for the functional solution on the infinite
time horizon. Additionally, coupling approaches provide a framework for analyzing
the uniqueness of the invariant measure for SFDEs, as demonstrated in works such
as [4, 43, 52, 78].



1.3 Properties of Exact Solution 29
1.3.4 Probabilistic Limit Theorems

Probabilistic limit theorems, including the strong law of large numbers (SLLN) and
the central limit theorem (CLT), are fundamental topics in the theory of stochastic
processes and are closely related to the invariant measure and ergodic theory of
the process (see e.g. [26, 44]). For SFDEs with bounded and invertible diffusion
coefficient, the probabilistic limit behavior of the functional solutions has been
investigated in [9, 96]. In this subsection, we focus on SFDEs under a weaker
condition on the diffusion coefficient, with a particular emphasis on the SLLN and
CLT for the functional solution {xf }r>0. Specifically, we investigate the probabilistic
limit behaviors of the time-average % fOT f (xf )dt as T — oo over a suitable class
of test functionals f, which is strongly connected with the corresponding invariant
measure w of the functional solution.

Denote by —d> , ﬂ) ,and P—ai the convergence in distribution, in probability, and
in the almost sure sense, respectively. For i € P, define u(f) := fC" fu)di(u)
the integral of the measurable functional f with respect to ft. For fixed positive
constants ¢ > 1 and y € (0, 1], define the quasi-metric dj; , on cd by

1
dg,y (1, u2) == (LA lup — w2 )@ + ur 1 + fluzll)2. (1.28)

Then we introduce a test functional space related to this quasi-metric. Define
Cqy = Cq,y(Cd; RR) the set of continuous functionals on C¢ endowed with the
following norm

1Fllgy = sup 229 gy [0 = fl)]

q
uec? 1+ [|ull2 uy,ueC? dq'V(u]’ uz)
uyF£u

(1.29)

Based on Propositions 1.9 and 1.12, and together with Theorem 1.15, we derive
the SLLN and the CLT for the functional solution {x,S }t>0. The proofs of these
results are analogous to those for the general time-homogeneous Markov processes
presented in Chap. 4 and are thus omitted.

Theorem 1.~16 Let the conditigns in Propositions 1.9 and 1.12 hold with p > 6,
U(x) = |x|PP for p > 1, and U(x, y) = |x — y[*(1 + |x[* + |y|*P) for B = 0. In
addition, assume that there exists a constant q > 1 satisfying 2p (q p+2+38) < p.

Then, the functional solution {xf }i>o0 fulfills the SLLN and the CLT: for any f €
Cq,l,

1 r £ P-a.s.
?/0 f&xH)dt — u(f) asT — oo,

T
% / (FOE) = n(fde -5 40,02 asT — oo,
0
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where  is the invariant measure of{xts},zo and v? = ZM((f—/,L(f)) fooo E[f(x)—
w(f)ldr).

Theorem 1.16 shows that under suitable conditions, the time-average

% fOT f (xf )dt of the functional solution converges to the ergodic limit w(f) in
the almost sure sense and the normalized fluctuations around w( f) can be described
by a centered Gaussian random variable with variance v?.

The significance of such results lies in their ability to quantify the longtime statis-
tical behavior of infinite-dimensional functional solutions of SFDEs. In particular,
they ensure that time-averages over a single trajectory converge to the statistical
mean, and that deviations from this limit obey Gaussian statistics. This is crucial for
the statistical inference and uncertainty quantification of SFDEs.

For example, in financial modeling, where asset prices, volatility, or interest rates
are often described by SFDEs (e.g., Example 1.5), Theorem 1.16 provides a basis
for analyzing longtime averages and fluctuations of these quantities. Specifically, in
option pricing or risk management under models with memory, the CLT can be used
to approximate the distribution of cumulative returns. Moreover, the result justifies
the use of ergodic estimators in calibrating delay models from market data, ensuring
that temporal averages reliably reflect the underlying invariant distribution.

1.3.5 Density Function

It is known that the density of a solution process at a given time, describing the
probability law, is one of the most essential characteristics that reveals behaviors of
the solution; see [36, 77] and references therein. The study of density functions for
solutions of SFDEs has been an active research topic in recent decades. Particularly,
the case of globally Lipschitz drift coefficients has been extensively investigated.
For instance, [12, 30] establish the existence and smoothness of the density for exact
solutions of SFDEs, and [39] studies the asymptotic behavior of perturbed densities
for SFDEs with small noise.

In this subsection, we study the existence of the density function for solutions
of SFDEs under the one-sided Lipschitz condition on the drift coefficient, which
allows for certain non-Lipschitz examples. For « € Ny, let © and D denote the
Gateaux derivative operator and the Malliavin derivative operator, respectively, with
PD* and DY representing their corresponding operators of order «. Furthermore,
D*P(RY), || - llo,p) denotes the Malliavin Sobolev space consisting of all random
variables f : @ — R? whose Malliavin derivatives up to order a belong to L”(2),
endowed with the norm

1/ hap = (E[1117 + Z ||fo||;®,.])11”.

Jj=1
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Here H := L?(T; R™) is a Hilbert space endowed with the inner product (g, k) :=
1

ng(t)Th(t)dt for g, h € H and the norm || - ||g := (-, ~)171, where T = [0, T'] or
[0, 400); see Appendix C for details. We first give the pth moment estimates of
both the functional solution of (1.1) and its Gateaux derivative.

Lemma 1.17 Let (1.25) hold. Assume that coefficients b,o have continuous
Gateaux derivatives. In addition, assume that there exists a positive constant da
and a probability measure v4 on [—t, 0] such that for any ¢1, ¢ € 4,

(b(@1) — b(¢2), ¢1(0) — $2(0))
0
< (1610 = O + f 910) = p2(IPdis(1)). (1.30)
Then forany p >2and T > 0,

B[ suwp Ixf17] < Kr.  sup B[ sup IDx{17] < K.
te[0,T] rel0,T] te[r,T]

Proof Under (1.25) and (1.30), the existence and uniqueness of the global solution
of (1.1) can be obtained by using Theorem 1.3. Combining Proposition 1.8, we
can obtain the first inequality. For the second inequality, using the chain rule for
Malliavin derivatives (see Lemma C.4), when v < 7, D,x% (¢) satisfies

t t
Dvxé(:)=f Z)b(xf)Dvxfds+/ Do (x5)DyxEdW (s) 4 o (x5)110.1(v).
v v

(1.31)
By the It6 formula, we derive
d( D OFF) = pIDux ()72 (2(Dyx (), D) Dy
+ (2p = DIDo (x) Dyx; [2dt
+ 2(Dyxf (1), z)a(xf)Dvxde(m). (1.32)

It follows from (1.25) and (1.30) that for any ¢, ¢ € cl,

0
Do @Dl < K (16 O) + f 6 ()Pdns())

-7

0
Db, 6 O) = (10O + [ 160)Pd0)).
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Inserting above inequalities into (1.32), we arrive at
t
|Dpx* O < o ()P 1o, () + K f (1D @ P + 1Dyt ()27
v
0 0
x ( f |Dyxt (r) 23 (r) + / | Dyx$ (r)|2d174(r))>ds
-7 -7
t
+2p / |Dyx® ()PP 72(Dyx (5), Do (x5) Dyxs AW (s)).
v

Applying the Burkholder—Davis—Gundy inequality, we deduce

E[ sup |Dpxt (t)|21’]

v<t<T

T 0
< Ello () 1+ K f E[IDuxf @7 + 1D PP 2( [ 1D () Pdis ()

-7

0
+ [ Do )P Jas

-7

+ KE[( / Dot ()20 (15 Dy |2ds)%].

v

According to (1.25) and the Young inequality, we arrive at

IE[ sup |Dvx5(t)|21’]

v<t<T

T 0
<kr+ K [ E[IDaf 0P+ [ Dafe)Prane)
v

-7

0
1
+/ |Dvx§(r)|2pdf)4(r)]ds+EE[ sup |Dvx¥(t)|2p]

—T v<t<T

T
+KIE[/ |z)a(x§)Dvxf|2Pds]

v

T 0
<Kr+K / E[ 1D 9)7 + f | Dy ()PP di3 ()
v

-7

0
+/ IDUxf(r)lzpdE4(r)]ds+lE[ sup |D,,x¥(z)|2p]

-7 v<t<T

T 1
< KT—l—K/ E[ sup |D,,xf(r)|2p]ds+—E[ sup |D,,x¥(t)|21’].
v

VSr<s v<t<T
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Using the Gronwall inequality, one has

sup IE[ sup |Dvx5(t)|2”] < Kr.

0<v<T v<t<T

The proof is completed. O

Based on Lemma 1.17 and D,x%(t) = 0 for r > ¢, we derive that x¢(¢) €
Dl.p (Rd) for all p > 1. Hence, according to Theorem C.8, in order to obtain the
existence of the density function of the solution of (1.1), it suffices to show that the
Malliavin covariance matrix of x% (t) fort € [0, T],

t
yE@) = / Dy x* (1) (Dyx* (1)) Tdr
0

is P-a.s. invertible. To this end, we introduce a uniform non-degeneracy condition

on the diffusion coefficient (i.e., (1.34)). Under this condition, by virtue of [31,

Section 3.3], we prove that for some g > 0, there exists a small number €p(g) such

that for any € < €g(g), sup P yE@)u <€) < Kre?, t € [0, T]. This is
ueRd, ju|=1

stated as follows by taking g = 1.

Proposition 1.18 Let the conditi_ons in Lemma 1.17 hold. In addition, assume that
there exist positive constants K , B, &g, such that for any ¢, ¢1, ¢» € C%,

1Db(@D$a] < K+ 1151121, (1.33)

inf min  u'o(P)o(p) u> . (1.34)
peC? ueRd Ju|=1

Then for any € € (0, 1), it holds that

sup P yE(u <e) < Kre, t €[0,T].
ueRd |u|=1

Proof Fixe € (0,1) and lete; := é—f} For any r < t, it follows from (1.31) that

t
ulyEu z/

t—eq

t
uTDrxg(t)(D,xg(t))Tudrzf ulo(x5)(o(x)) Tudr

t—e€;
t t t

+2/ uT(/ Z)b(xf)Drxfds—i—/ z)o(xf)D,xde(s))
1—€q r r

X (o (xf))—rudr.



34 1 Stochastic Functional Differential Equation

Using (1.34), we derive
t
/ uTG(xf)(U(xf))Tudr > €10) = 2e.
1—e€q

This, along with the Chebyshev inequality, implies that for any u € R? with u| = 1,

P yE(tu <€)

' '
/ uT(/ Db(x5)D,xtds
t r

—€)

< ]P’(Z

t
+/ Da(xf)Drxde(s))(G(xf))Tudr‘ ze)

< 8672E[

t t 2
/ uT/ Db(xf)Drxfds(o(xf))Tudr‘ ]
t r

]

Utilizing the Holder inequality and the Burkholder—Davis—Gundy inequality yields

+ 86_2E[

t t
f uT/ Do (x5)Dpx5dW (s) (o (x8)) Tudr
t r

—€

P yE(tu <€)

t
586_261/ IE[ sup |Db(xf)Drxf|2|a(xf)|2](t—r)zdr
t—e;

r<s<T
1

+8e 2 / _ (&[l / Do D afawe)t]) (Be ) o

1 1

< K62< sup E[ sup |Db(x§)Drx§|4])§< sup I[«:[|a(x§)|4])i

0<r<T r<s<T 0<r<T

1 1

+K6< sup IE[ sup |1)o(x§)Drx§|4])7( sup H«:[|o(x§)|“])7
0<r<T r<s<T 0<r=T
< €Kr,
where in the last inequality we used

Db Drxf| < K+ [IXEIAID SN, Do (x3)Dyxb| < K|IDxE |

due to (1.33), the condition (1.25), and Lemma 1.17. The proof is finished. O

The existence of the density function of the solution of (1.1) is stated as follows.
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Theorem 1.19 Under the conditions in Proposition 1.18, for any T > 0, the law of
x&(T) admits a density function.

Proof Based on Proposition 1.18, we have

sup P yE(TMu=0)< sup Pu'yE(T)u<e) <KreVee(0,1),
ueRd, ju|=1 ueRd, ju|=1

which shows the P-a.s. invertibility of ¥ £(T) due to the arbitrariness of €. This,
together with x5(T) e D'P(R9) and Theorem C.8, completes the proof. O

The above result offers practical value across diverse fields, including statistical
physics, financial mathematics, biological modeling, and stochastic optimization
involving delayed feedback effects. A representative example is the Black—Scholes-
type asset price model given in Example 1.5. In this financial setting, the existence
and smoothness of the density function for the solution enable the explicit com-
putation of expectations, probabilities, and derivatives of payoff functions, which
underlie essential tasks such as option pricing, risk assessment, and sensitivity
analysis. Specifically, as shown in [85], the availability of such a density function
allows the derivation of closed-form expressions for the Greeks of European and
Asian options.

1.3.6 Large Deviation Principle

The theory of large deviations, concerning asymptotics of small probabilities of
rare events on an exponential scale, is a fundamental area in probability and
statistics (see, for instance, [34, 37, 86]). One main interest in this area is the
study of Freidlin—Wentzell type large deviation principle (LDP) for stochastic
differential equations driven by small noise. It characterizes the exponential decay
rates of probabilities for solution trajectories subject to small random perturbations,
describing how sample paths deviate from the deterministic limit. We refer the
reader to Appendix D for some standard definitions and results from the LDP. In
this subsection, we study the Freidlin—Wentzell LDP for the solution of the SFDE.
Let € € (0, 1). Consider the SFDE (1.1) driven by small noise

dx5€ () = b(x> )dt + Jeo (x;)dW (), t>0, (135)
x5ty =&@), te[-1,0], ’
where & € C“. Denote by Co([0, T]; R™) the space of continuous functions w :
[0, T] — R™ with w(0) = 0. Denote by C¢([—7, T']; RY) the space of continuous
functions ¥ : [—7, T] — R? with ¥(r) = £(r) for r € [—1, 0], endowed with
the norm ||¥[lc, := sup_, <7 ¥ (7)|. Let Hp denote the Cameron—Martin space
of Co([0, T]; R™) endowed with the norm || - ||g,. Specifically, Hy consists of all
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the absolutely continuous functions ¢ € Co([0, T']; R™) with a square integrable
derivative, that is, ¥(r) = f; ¥(s)ds with ¥(-) € L2([0, T]; R™). The norm is
defined as ||/ ||lm, = ||1ﬁ Il 220, 77;mm) (see [46]). It is known in [34] that the family
of Brownian motions {,/€ W (-)}¢>¢ satisfies the LDP with the good rate function

171, o
Iw(f):=1 "z > [<Ho
o0, f ¢HO

For f € Cyo([0, T]; R™), let x5/ be the solution of the skeleton equation
5L () = b5 Ndt + o 5 Fayde, 1> 0,

where the initial datum x¢/ (r) = &(t), t € [—T, 0]. We give the Freidlin—Wentzell
LDP for the family of exact solutions {xE '“()}e=0 under the globally Lipschitz
condition on the coefficients.

Theorem 1.20 Under condition (1.2), the family {xg’g(o)}€>o satisfies the LDP on
Ce([—7, T RY) with the good rate function

1(g) = inf{lw(f): f € Ho, g =257 ()}, geCe(—1, T RY).

The proof of Theorem 1.20 under the global Lipschitz condition follows directly
from the classical results (see e.g. [39, Theorem 2.1] and [72, Theorem 3.1]) and
thus is omitted. For the case of superlinearly growing drift coefficient, the Freidlin—
Wentzell LDP remains valid, whose proof is based on the weak convergence
approach (see [50] for details).

Theorem 1.20 asserts that the probability of the solution path deviating from
its typical behavior decays exponentially, with the decay rate characterized by the
good rate function /. This result provides a way for quantifying rare events in
stochastic applications with time-lag effects. For example, in financial modeling,
Theorem 1.20 offers a valuable tool for analyzing rare events in markets with mem-
ory or hereditary structure. In this context, rare events correspond to measurable sets
in the path space, such as the set of paths where asset prices exit a stable region, drop
below a critical threshold, or experience sudden liquidity crises. The LDP can be
employed to estimate the probability of these events, providing insight into extreme
market behavior. Similar large deviation results have also been obtained for various
practical stochastic functional differential models, such as the stochastic Predator—
Prey model, the stochastic SIR model, and the stochastic Lotka—Volterra model; see
[93] for relevant studies on LDPs of these models.
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1.4 Numerical Methods

The exact solution of the SFDE arising in many fields, such as biology, mechanics,
neural networks, and finance, seldom admits an explicit expression. Even when the
coefficients are linear, a closed-form of the exact solution may still be unavailable.
To illustrate this, consider the simple one-dimensional linear stochastic delay
differential equation

dx(t) =ox(t —t)dW(), t>0, (1.36)

with the initial datum x(¢) = &(¢), t € [—7, 0]. In the non-delay case (r = 0),
(1.36) reduces to a linear stochastic ordinary differential equation with the explicit
solution

x(1) = x(0)e?WO=@D/2 45,

When the delay T > O, the structure of the solution of (1.36) becomes more
complex. This is because the solution process possesses a finite memory, leading
to a piecewise recursive dependence. A clarifying perspective is to examine the
solution over the sequence of intervals [it, (i + 1)7] for i € N. Specifically, once
the solution is determined on the preceding interval [(i —1)t, it], Eq. (1.36) reduces
to a stochastic ordinary differential equation on the current interval [it, (i 4+ 1)7].
This recursive nature implies that the solution process satisfies the following relation
derived from It6 integrals

t
x(1) = £(0) +o/ Eu— 1) dW (), 0<t<t,
0

t (v—1)
x(t) = x(1) ~|—a/ [5(0) +a/ E(u — r)dW(u)]dW(v), T <1<21,
T 0

The above indicates that a closed-form solution on the interval [0, T] with T =
Not, No € Ny is generally unavailable. Moreover, at each step the solution acquires
additional nested It6 integrals, causing its representation to accumulate multiple
layers of stochastic integration.

In response, numerical methods for SFDEs have emerged as essential tools,
enabling qualitative and quantitative study of prevalent stochastic phenomena and
time-lag effect. This capability has motivated substantial research interest in recent
years. We refer to [3, 5, 15, 18, 23, 33, 41, 47, 83, 90] for the stochastic delay
differential equation, [27, 60, 82, 99] for the stochastic differential equation with
piecewise continuous argument, and [57, 80] for SFDEs with distributed delay. In
this section, we introduce several widely used Euler—Maruyama-type (EM-type)
numerical methods for SFDEs in the globally Lipschitz coefficient case and non-
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globally Lipschitz drift case, respectively. Without loss of generality, we take a
sufficiently large integer N such that the time stepsize A := & € (0, 1]. Letf; = kA
fork=—N,—-N+1,...,and W = W(txy1) — W(t).

I. Globally Lipschitz Coefficient Case When coefficients b and o satisfy the
globally Lipschitz continuity, the simplest numerical method for solving (1.1) is
the following Euler—Maruyama (EM) method established in [62],

yEA) = E(), k=—-N,—N+1,...,0,

(1.37)
VoA (te) = YA M) + b A + o Y)sWe, ke N.

A

o isa C¢-valued random variable defined by

Here, y

A tiy1 —r r—t;
(r) = +—— X YR (e ) + A Ly A (et 1)

i
forr € [t;,tj1], j€{—N,...,—1}.

The EM method can be viewed as a specific instance (i.e., 6 = 0) of a broader
class of one-step numerical methods known as the the 6-EM method. By introducing
a parameter 6 € [0, 1], this family of methods provides a unified framework that
encompasses both explicit and implicit methods, which is defined by

VEA) = Ety), k=—N,—N+1,...,0,

YEA (g1 = Y52 () + (1 = 0)b(ye ) A +0b(yi2

Tk+1

VA +0 (s M )sWi, k eN.
(1.38)

Here, the definition of yfk’A is formally identical to that in the EM method (1.37),
ie.,

r—ij
A

A= T

x YA (teg 1) (1.39)

y,gk’ YR ) +
forr € [tj,tj+1], j € {=N, ..., —1}. We call {yS*A(tk)}kZ_N the 6-EM solution
and {yfk’A}keN the 6-EM functional solution. In particular, when 6 = 1, this method
is referred to as the backward EM method, i.e.,

YR (t)) = YER 1) + DO DA+ o Y )SWi, ke N

{ Yol () = (), k=-N,—N+1,...,0,

In recent decades, numerical analysis for SFDEs with globally Lipschitz coeffi-
cients, including the convergence and stability of numerical solutions, has been well
established. For instance, strong convergence has been proved for the EM method
(1.37) in [62] and for the 6-EM method (1.38) in [16]. Weak convergence of the EM
method is examined in [19]. Stability analyses are provided for the EM method in
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[95] and for the §-EM method in [59]. Furthermore, the existence and uniqueness
of the numerical invariant measure for the EM method is proved in [11].

In addition, the author in [17] establishes the fundamental convergence theorem
of numerical methods for SFDEs with globally Lipschitz coefficients, clarifying the
relationship between local and global errors. Following this framework, consider a
general class of one-step methods of the form

Yohm) = ), k=-N,—-N+1,...,0,
Yor () = YA ) + ©b<tk+1,fk7 ytiﬁ, ytsk A)A (1.40)
+0, (1, 35 W), € it ), ke,

where y,i’A denotes the approximation of the functional solution x,i, the mapping

b R? x (CH®? — R?, and the mapping ®, : Ry x C? x R” — R?. For
example, for the 6-EM method (1.38), functions ®;, and &, are defined as

@y (1e1. 10355 5 Y) = (= OBGEDA + 0505,

A A
@, (tk, yi s W(s), s € [tk,tk+1]> = G(yfk )8 Wi,

where y,k is defined according to (1.39). Based on [17, Theorem 1], the following
fundamental convergence theorem is established for the one-step method (1.40).

Theorem 1.21 Assume that coefficients b and o of (1.1) satisfy the globally
Lipschitz continuity. Further suppose that for integers k,i € N with k > i and
X:, Y e C? witht > 0, the mapping ®p in (1.40) satisfies

| @0t 11, X Xi) = Dot 11, Yy, Yi)

0

= K(1X40) = Y, O+ Y X, = ¥, 1)),

j==N

and the mapping @, in (1.40) satisfies

E[q)a(tk, Xys W(s), s € [1x, tig1]) — Po (tx, Yis W(s), s € [t frg1]) Trk] =0,

and

2
[ |o (1, Xo3 W), s € [tk t1]) = o (16, Yis W), s € L1k, ])|

SKA Y X, (1) = Y ()P,
j:—N
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where K > 0. Then for T > 0. and A € (0, A*) with some small constant A* > 0,
27\ 2
(B[l @0 — 2@ ])

1 1
<kr swp (a7 (E[[EleF 1Y) + a7 E]lal)?).
0<kA<T

where the local error ey is defined by

e = x5 (teg1) — (xg(tk) + O (tky 1. 1 xtgkﬂ,xti)A
.
+ q>(7’ (tk7 xtk’ W(S)’ NS [tk7 thrl]))

In addition, if the one-step method (1.40) is mean-square consistent of order p (p >
0), i.e.,

1

sup <E|:|]E[ek|7:tk]|2i|>7 < KrAP*,
0<kA<T

sup(E[ex2])? < KrAPts,
0<kA<T

then

1

sup (B[ [+ () = y*2w0l*])” = krar,
0<kA<T

I1. Non-globally Lipschitz Drift Case Many SFDEs of practical interest, how-
ever, do not satisfy the globally Lipschitz condition. Consequently, a variety of
explicit and implicit EM—type methods have been designed to handle equations
with superlinear coefficients. In what follows, we present an introduction to the
construction of the numerical methods for the SFDE with the non-globally Lipschitz
drift coefficient.

Truncated EM method (see [57]). First, we construct a truncated mapping. Under
Assumption 1.1, choose a strictly increasing continuous function ®(-) from [1, co)
to R such that lim;_, o ®(/) = 0o and

sup <|b(¢1) —b@)| |, lo(@) — o)
Iouvigali<t > (¥ (@1, $2))1/2 U (1, o)
1%

)= oW, 1=,
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where ¢1, ¢ € Cc4, and

0

1
(g1, ) = |¢1<0)—¢z<0>|2+; / g1 (r) — o (r)|*dr.

—-T

Denote by ®~!() the inverse function of ®(-) from [®(1), c0) to R, . For the
stepsize A € (0, 1], define a truncated mapping '7'3); :R? — R? by
X

T30 = (1l A @7 KA ™))

x|’

where K := ®(1) Vv |b(0)| V |6(0)|*> and 7 € (0, 1/2). Then, define the truncated
EM method by

FEAm) =&wm), k=-N,....,0,
YER@) = To ;G52 @)), k=—N,...,0,1,...,

FEA ) = Yo (1) + b A + 0 (35N )8Wi, ke N,

The numerical solution {y‘g ’A(tk)}kz_ N approximates the solution {x‘g ®}i>—z.
The strong convergence, stability, and existence and uniqueness of the numerical
invariant measure for the truncated EM method have been studied; see [56-58] for
detailed results.

60-EM method. In fact, the 6-EM method (1.38) with 6 € (%, 1] is well-suited for
SFDEs with locally Lipschitz coefficients. Noting that the 6-EM method (1.38) is
an implicit method for 6 € (0, 1]. The following lemma ensures the solvability of
(1.38) for superlinear SFDEs.

Lemma 1.22 ([80, Lemma 3.2]) Assume that there exists a positive constant L
such that for any ¢y, ¢» € C%,

($1(0) — $2(0), b(¢1) — b($2)) < Ll — ¢all*. (1.41)

n

Then the solution of the 0-EM method (1.38) exists uniquely for any A € (0, oL

with 6 € (0, 1].

Proof Fix 6 € (0, 1]. For any ¢ € C% and u € R4, define continuous functions
<I>¢A)qu :[-7,0] = R and FHA,¢ :R? — RY, respectively, by

d(r + A), rel[—-t,—A),

ZLP0) + Au, re[-A,0] (142)

@, (r) = {

and

Fityu) = u —0b(Dy )A.
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Moreover, by virtue of (1.41), we have that for any € > 0,

(u, FA (u 2 (0), b(P2 )
o) o (P 0. B(95,)
oo |uf? lul—>o0 |u|?
L|®5 ,I> + (@5 ,(0), b(0))
>1—6A lim u $.u
|u|—o00 |I/l|2

It follows from the Young inequality and (1.42) that

(u, FA (u)) L +ood |2+ K
%0 > 1—6A lim P
i=oe luf? lut|— o0 |u|?
l_, 2 2 K
S 1—9A fim EHOUSI+ ) +
=1—-0A(L +e).
. Fiiy @)

Since A € (0, 0%), one has limy,|_ oo > 0 by letting € be sufficiently

|u|?
small, which implies that FaA, is coercive. In addition, for any uj, uy € R? with
u1 # uz, by (1.41) and (1.42), we derive

(U1 — uz, Fioy(ur) — Fioy(u2))
= |u1 — uz* — OA (DS, (0) — D3, (0), (D5, ) — b(®S )
> |ur —uz|* — OAL| DY, — Dp,, |17

_ +r
> |uy —uz|* —OAL  sup luy —ua|?

re[—A,0]

> (1 —0AL)|u; — ua* > 0,

which shows the monotone property of FQA@. Hence, according to [66, Lemma 3.1],
we arrive at that for any v € R?, the equation FeA’q5 (u) = v has a unique solution
u € R4, and the inverse (FQA’(#)’1 of F0§¢ exists. For the fixed integer k > 0 and

A
yfk , we observe

FA 54t =y 2 (tey1) — Ob(DY
G’yiA(y (tk+1)) = y> 7 (tk+1) ( ytfk,A’y&-_A(thrl))

= 52 (1) — 06 A,
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where we used (1.39) and (1.42). Then (1.38) can be rewritten as

R eaO5 ) = y5 800 + (= 0bOE ™A +0 ()W

E’A)_l, we derive that y5-® (;41) exists uniquely
I

By virtue of the existence of (FeA
2,

and satisfies

§,A _ A —1(,&.A &A £A

y (tk+1)—(F0Vg.A) (Y20 + (A = )by DA +0(y; ")sWi) P-as.
8

Thus, the proof is finished. O

Split-step 9-EM method. Based on 6-EM method (1.38), we define the split-step
0-EM method as follows:

) = £, k=—-N,-N+1,...,—1, 143)

EAm) = y5Am) — 0bGEMA, keN,

where yi’A is given by (1.39). It follows from (1.43) that
EB) = FA o) F b DA+ o DSWist, k€ Ny, (1.44)

Here, {¢ ’A(tk)}kz_N, which is called the split-step 6-EM solution, serves as an
auxiliary process that closely approximates the solution {y%'*(#;)}s>_n of the 6-
EM method. It plays a key role in analyzing the properties of the 6-EM solution and
thus is used frequently in the subsequent chapters.

For SFDEs with non-Lipschitz continuous coefficients, the convergence of the
6-EM method in the finite time horizon has been established in [100, 101]. More
recently, authors in [80] use the 6-EM method with & = 1 to approximate the
invariant measure of SFDEs. In the present work, we concentrate on the longtime
asymptotics and probabilistic characteristics of the 6-EM method with 6 € (%, 1].
By analyzing the relationship between y&2 (1) and z52 (1), we will investigate
the mean-square convergence and weak convergence in the infinite time horizon of
the 6-EM method, the convergence of the invariant measure, the numerical SLLN
and CLT, the existence of the density function of the numerical solution, and the
Freidlin-Wentzell LDP of numerical solutions.

To conclude this section, we briefly comment on several numerical method-
ologies for SFDEs from the perspective of computational performance. From the
viewpoint of accuracy, a variety of high-order numerical methods for SFDEs have
been proposed, including Milstein-type and Taylor-based methods (see e.g. [23, 47,
69, 99]). In contrast, in the setting of stochastic ordinary and partial differential
equations, the adaptive time-stepping strategy and parareal strategy have been
extensively studied and shown to significantly enhance computational efficiency
(seee.g. [22, 28,29, 38, 51, 54, 55] for adaptive methods and [14, 45, 49, 97, 98] for
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areal methods). For SFDEs, however, analogous efficiency-oriented methodolo-

gies, especially adaptive and parareal numerical strategies that account for memory
and delay structures, remain largely undeveloped. This highlights an important open
problem: the development of such efficient numerical strategies tailored to SFDE:s,

tog

ether with their effective integration with high-order numerical methods, so as to

achieve both accuracy and efficiency in the numerical simulation of SFDE:s.
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Chapter 2 ®
Mean-Square Convergence Analysis Qe
in the Infinite Time Horizon

Mean-square convergence is one of the crucial features in assessing the accuracy of
stochastic numerical methods. Over the past few decades, considerable attention has
been paid to this topic for SFDEs on the finite time horizon. This chapter extends the
discussion to the longtime regime. Specifically, we address the following question:
for the superlinearly growing coefficients case, how can one obtain the longtime
mean-square convergence of numerical methods for the SFDE?

We focus on the 6-EM method to analyze its longtime mean-square convergence
for the SFDE (1.1) with a superlinearly growing drift coefficient. In contrast to the
finite time horizon case, the key to obtaining the desired convergence result lies in
the time-independent boundedness of high-order moment of the numerical solution,
which is addressed in Sect.2.1. Then, in Sect.2.2, we derive the exponential
attractiveness and the exponential stability of the 6-EM method. Section 2.3 is
devoted to the longtime mean-square convergence analysis for the §-EM method,
where we show that the convergence is uniform in time ¢ with a rate of % The
proof leverages the growth properties of the current terms to effectively control the
influence of the delay terms, preventing significant deviations from occurring during
the numerical discretization of the delayed components.

Both in this chapter and in the subsequent ones, we will focus on the case 6 €
(%, 1] and provide a detailed analysis. For the case 6 € [0, %], analogous results can
be obtained by additionally imposing linear growth conditions on the coefficients.

2.1 Time-Independent Moment Boundedness of Numerical
Solution

In this section, we investigate the time-independent moment boundedness of the
0-EM functional solution, which is the key to obtaining the longtime mean-square
convergence rate of the considered numerical method.
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50 2 Mean-Square Convergence Analysis in the Infinite Time Horizon

To begin with, we first propose the globally Lipschitz condition for the coefficient
o : C? — R¥*™ and the one-sided Lipschitz condition for the coefficient b : C¢ —
RY.

Assumption 2.1 There exist a constant L > 0 and a probability measure v| on
[—z, O] such that for any ¢1, ¢2 € ce,

0
o (1) = @I = L(161(0) — ¢2(0) + / 1) = 62(r) Pdvi (1) ).

Assumption 2.2 The drift coefficient b is continuous and there exist a probability
measure vy on [—1, 0] and positive constants ay, ay satisfying a; > ap + L such
that for any ¢y, ¢ € C%,

(@1(0) — ¢2(0), b(¢1) — b(¢2))

0
< —a1|$1(0) — $2(0)]> + a2 / 191 (r) — g2 (r)[*dva(r).

-7

Note that under Assumption 2.2, the drift coefficient b may exhibit superlinear
growth.

Example 2.1 We present several typical examples of diffusion and drift coefficients
satisfying Assumptions 2.1 and 2.2.

* When o is a constant matrix, Assumption 2.1 is clearly satisfied with L = 0.
* Consider the diffusion coefficient

1 0 0 4
= —— dvi(s), ..., dvp, RO,
@) = =([ swane..... [ swanw)e

where ¢ € C4, and vi, i = 1,2,..., m are probability measures on [—t, 0].
Then,

1 & 0 2
o@D —o@)l = -3 ] / (1(5) — $2(s))di (5)
i=1 7T

1 0
= f 161.(5) — da(s)Pelvi (s),

which verifies Assumption 2.1 with L = % and v (+) := % Z;"Zl v; (+).
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e Letd = 1. For the drift coefficient b(¢) = —a ¢ (0)+ B¢ (—7) for ¢ € C! and the
constant diffusion coefficient o > 0 given in Example 1.2, the Young inequality
yields

(01(0) — ¢2(0), b(¢1) — b(¢2))

< —(a— §)|¢>1 0) — p2(0)* + gldn(—r) — (D).

[STheN

Thus, Assumption 2.2 is fulfilled whenever o« > B, witha; = o — g, a =
and L = 0.
¢ Consider the drift coefficient b(¢) = % f?r ¢(s)ds — |¢(O)|2¢ 0) —2¢(0), ¢ €

C? given in Example 1.6. Using the elementary identity

’

1 1
(luy Puy —|uzPuz, uy —uz) = §(|u1|2+|M2|2)|u1—u2I2+§(|u1|2—|u2|2)2 >0

forall uy, up € R4, we obtain

(01(0) — ¢2(0), b(¢1) — b(¢2))

1 0
= (#10 = #2200, = | @106) = $2(5)ds) =211 0) = $2(0)

3 , 1[0 5
< —§|¢1(0) — $(0)]" + 2—/ |1 (s) — p2(s)|"ds,
TJ-

where the last step follows from the Young inequality. Hence, if the Lipschitz
constant L of o satisfies L < 1, then Assumption 2.2 holds with a; = %, a) = %
¢ Recall the function b(-) = b1(-) + by(-) given in Example 1.6 with
0
bi1(¢) = ¥1(¢(0)) and b2(¢) = Va(p(s)k(s)dv(s),

-7

where ; is a Lipschitz continuous function with the Lipschitz constant Lip,,
and k is a bounded function with bound ||k||o. Assume that for u, us € R?,

(Y1 (ur) — Y1 (u2), uy — uz) < —Kiluyp — ua|?

with K7 > 0. It follows from the Young inequality that

(b2(¢1) — D2(92), 91(0) — 2(0))

! UL EIE S 2
=5ld 0) — 200" + ELlpwzllklloo [P1(s) — P2(s)"dv(s).
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Therefore, if K1 — % > %Lip%l,2 ||k||?>o + L, then b satisfies Assumption 2.2 with
vy = .

Under Assumptions 2.1 and 2.2, the SFDE (1.1) with the initial datum & € C?
has a unique solution x¢ (-) on [—7, 00) according to Theorem 1.2. In addition, by
Propositions 1.9 and 1.12, we can obtain the second moment boundedness and the
exponential attractiveness for the functional solution of (1.1). Moreover, it follows
from Theorem 1.15 that this functional solution of (1.1) admits a unique invariant

measure. Precisely, under Assumptions 2.1 and 2.2, the functional solution )c.(5 of
(1.1) satisfies

sup E[[lxS 1171 < K (1 + [1€]%)

t>0

and
Ellxf —xI°1 < K|l§ — nl?e™ Vi>0, 2.1)
where £, 7 € C%, K > 0, and A > 0 from Proposition 1.12 here satisfies
¢.=2a; — L — Qay + L)e’™ — 1 > 0. (2.2)

Moreover, the functional solution is asymptotically stable in distribution and admits
a unique invariant measure u satisfying

Woul, ) < K+ E[De 2", 2.3)

where uf defined in Sect. 1.3.3 is the probability measure induced by xf .

2.1.1 Time-Independent Boundedness of Second Moment

This subsection is devoted to proving the time-independent boundedness of the
second moment of the §-EM functional solution. Before that, we first estimate the
pth moment of the 6-EM solution on any bounded time interval, which ensures that
the stochastic integral related to the numerical solution is a martingale.

For this purpose, define the continuous version {z‘{f’A(Z)},Z_r of (1.43) as an
auxiliary process which is given by

22200 + b M) — 1) + o (W (@) — W),
A1) = t € [t, tit1), keN,

tip1—t t—t; .
L= + FLE ), telty, il jEe{=N, ..., —1}.
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We see clearly that

t t
zS’A(t):zg’A(O)—i—/ b(yf’A)ds+/ o(yS™)dW(s), >0, (2.4)
0 0

where
o0
AL £,A
yf '_Zytk l[tkstk+1)(s)-
k=0

Denote by {Z,S’A}[Zo the segment process with respect to (5 ’A(t)},z_,, namely, for
any t > 0 and r € [—t, 0], we have zf’A(r) = z52(t 4+ r). For 0 € (1/2, 1], under
Assumptions 2.1 and 2.2, the solvability of (1.38) is guaranteed for A € (0, 1],
whose proof is similar to that of Lemma 1.22.

We first present the moment boundedness of the numerical solution on any finite
interval [0, T].

Lemma 2.1 Let Assumptions 2.1 and 2.2 hold. Then for any T > 0 and p € Ny,

sup sup B[540 + [y @017 | < KUIEIP + 1@ A% + T)ekT.
Ae(0,17#4€[0,T]

(2.5)

Proof Let A € (0, 1] and k € N. For any M > ||&||, define a stopping time {f,l’A by

g5 =infli € N: [y 2 @)l v 1254@)] > M).
Obviously,
. EA . L LEA .\ .
lweQ: iy " (@>i+1l}={we:¢ (w) i} e€F, Viel
To simplify notation, we introduce the following abbreviations
() =50, 2 = z,i’A,

LA
Yo = yor @), v =%,

be = by ™), ok =0 (™), tn =" (2.6)
It follows from Assumption 2.2 that for any ¢ € C?,

3a; +ax+ L

2(¢(0),b(¢)) = K — 5

0
16 (0)|* + 2z / lp()Pdva(r).  (2.7)

—-T



54 2 Mean-Square Convergence Analysis in the Infinite Time Horizon
This, along with (1.43) implies that

2@tk )1 = 12t 1> + b P A% + [0S Wi |* + 2(y(tx) — bk A, by) A
+ 2(z(t), ok 6 Wi) + 2(br, ok SWi) A
<1z + (1 = 20) bk A2 + |08 Wi |2 + KA

3a1 +ay + L 0
- #AU(%HZ + ZazA/ [ye (M) 12dva ()
—T
2
+ 2(z(t), ok dWy) + a(y(tk) — z(tk), ord Wy). (2.8)
By 6 € (3, 1], we have
0
2t D < 12t 1P + 1ok Wil * + K A + 2a2A / |y ()2 dv2(r) + M,
—T
2.9)
where {M;}72 , is a local martingale defined by
200 — 1) 2
M = T(Z(tk), o6 Wi) + g(y(tk)a ok Wg). (2.10)

If ¢y > k+1,wehave k A £y = k and

2 2
|ZEr+1)Ae )" = 12+ 1]

< |2(teney)? + lok8 Wi > + KA

0
+2mA / 1y (DPdva(r) + My

—-T

If ¢y < k+ 1, we have ¢y < k and
|2t 1ynen) I* = 12 1? = 12(tncy) 1>

The above two cases imply that

2tarnnan)? = 12lina) 2+ (1oe8 Wil + K A

0
+ ZaQA/ [Vi, (r)|2dv2(r) + Mk)l{;Mzk+1}.
T
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Then for any p € Ny,

p
B2t 1nen)PP’] < Bl12Cnca) P71+ D CHE[I2ncy )PP (oxs Wl
=1
0

!
+ KA+ 2a2A/ Vg (1) [2dva (r) + Mk) 1{§Mzk+1}]

-7

P
=: Ellz(tere, )1+ Y 4, (2.11)
=1

where the positive constant C ﬁ, is the binomial coefficient. Note that
Wiy =41y = Wt acy) = Wltkagy)-

By virtue of the martingale stopping theorem (see Theorem A.6), we obtain

]E[A(lk)3Wk1{;Mzk+1}|7"1WM] =0,

2
E[[A@SWe Ugyzt1)|Finy, | = 1400 Py =040,

where A () is an R -valued ¥, -measurable random variable for k € N. Then

0

S = C},EI:EDZ(U(A;M”Z@1)(|Uk8Wk|2 + KA +2aA / |y () Pdv (r)
T

+Mk)1{cMzk+1}|7’tkA;MH
0
= c},AE[|z(th)|2<P—1>(|ok|2 +K + 2a2/

-7

Iyie (r)|2dvz(r))1{;Mzk+u].

Making use of Assumption 2.1 and applying the Young inequality, we derive
0

1 = CYAB[[z(tnc PO (2Ll P + 2L [ 1y 0P avir) + K
T

0
4202 [ )Pty
T

< KA+ KAE[|z(tkngy) 1*P1 + KAE[D’(U(A{M)|2p1{{Mzk+l}:|

0 0
+KOE[( [ b Prane) + [ 0P ) e ]
2.12)
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Moreover, for/ € N with 2 <[ < p, we obtain

0
(IokdWi> + KA + 2a2 / 1 () Pdva () + M)’

-7
0
< K (Jowo Wil + A" + &' / 1Yo (P dva(r) + 1200 Jors Wil
-7
+ Iyl o Wil').
This, along with the following fact
]E[|A(tk)8Wk|’1{§M2k+1}|7—‘,WM] < KIAGOI A1y =ke1y Vi€ Nwithi >2

implies that

P P 0
DS KE[E[|Z(tkA;M)|2(pl)<|0k5Wk|2l +al ol [P
=2 =2

-7

+ |20l ok Wil + |y(rk>|1|ok6Wk|’)1{<Mzk+1}|%WMH
4 0
< K8 Y Ef ety 20 (10 4 14 [ )P
=2 -t

+ 2@l ol + 1y ol ) ey |

Applying Assumption 2.1 and the Young inequality again, we arrive at

p

DA = KA+ K ABLtin) P71+ K AE| 13 (tinca) P Vg1 |
=2

0 0
+ KAE|( / Yo ()PP dv () + / EROIEING) |
(2.13)

Inserting (2.12) and (2.13) into (2.11) and by the recursive calculation, we obtain

Elz(tw+1ynen) 2]

< Ellz(tengy) 1?1+ KA + K AE[|Z(tkncy, ) 1*F]

0
+ KA[5 ks PPyt + KAE[([ 1 Pramr
T
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0
+f |)’zk(r)|2pdvz(r))1{;Mzk+1}]
T

k
<E[z(0)P1+ Kk + DA+ KA Y El|z(tingy)1*]
i=0

k k 0
+ KA Y B[ 13 (ina) P yzken | + KA Y E[( f |y () 2P dvy ()

i=0 i=0 -7

0
+ f |ys; (r)|2”dvz(r))1{;MZi+1}]. (2.14)

It follows from (1.39) and the convex property of | - |27 that

k 0
> / v () PP v (M) gy =i41)
i=0Y "

Ut = r—t; 2p
= Z Z y(ti-i-j) + —y(ti+j+1) dvl(r)l{{MZi-i—l}
. t; A A
j=—Ni=0""
“L ki,
1=
<2 Z/ Oy g D Ty i)
j=—Ni=0""i
- k Lj+1 r—t;
+ 2 / Oy )P gy i 2.
j=—Ni=0""

We apply the change of variables for indices i + j + 1 and i 4+ j + 2, respectively,
to obtain

k s0
Z/ 1ye ()12 v (M) gy =i41)
i=0Y "

— k-1 Ll fo g —
Mt —r
= Z Z /t o A dvi (MY )PP gy =141y
J

j=—Ni=—N

Lji+1

- k
+ Z Z / A Ldvi(M)|y ) P gy =141y

j=—NI=—N+1"4
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Z Z/ dvi(r)|y@)] p1§M>1+1

j=—NI=—
k

< NIEPPP + ) 1y PP gy =ity (2.15)
i=0

Similarly,

k 0 k
> f 1y (VPP Ava (D gy zin) < NIEIP + Y 1y PP gy=itn).  (2.16)
i=0v""

i=0

Inserting (2.15) and (2.16) into (2.14), we have

k
Ellz(tg+ yaca) 1?71 < EL2O)* ]+ K (k+ DA + KA Y El|z(ting,)[*]
i=0
k
+ KTl + KA E[ly@) P gy=ivn]. (217
i=0

It is straightforward to see from z(#;) = y(t;) — 0b; A and (2.7) that

l2(t) > = |y(t)* + 02 A%b7 — 20 A(y(1;), bi)

3a1 +a» + L 0
> —KA+(1+9A;)|y(n)|2—2&29A/ Iy, () Pdva (r).

2 —z
(2.18)
According to [36, Lemma 4.1], we know that for any u, v € R, ¢ > 1, and ¢ > 0,

there exists a constant K, > 1 such that |u + v|? < K.|ul? + (1 + &)|v|9. This,
along with (2.18) and |u|? + |v|? < (|lu| + |v|)? implies that

k
3a; +a, + L
(14 A= 22)") Y Iy P Ly

i=0

3a + a)+ L
< (1 +ONT— ) Z YD) PP gy =ity

k 0
p
< E (KA + |Z(ti)|2 + 2a29A/ |y, (r)|2dv2(r)) I{CMZI'-H}
i=0 i
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k

p
< Ke 30 (KA + 126 Py )
i=0

k 0
1+ 0)Caon) Y f i () PPdva () Ly i1
i—0Y—T

By (2.16), we derive

k
3a1 +ay + L
(1 + (GAf)Iv Z |)’(ti)|2p1{§M2i+l}
i=0
k
< KKe(k+ DA+ KKe Y 12(ling )1 + K AP €]
i=0

k
+ (14 8) Qa0 A Y Iyt PP gy i)
i=0

Choose a sufficiently small ¢ > O such that

(3a1 +a+ L

: )" > 1+ 22w,

Then,

k k

D P gy zipny < Kk+ DA+ KD [2(ting,) P + KAP7 &2
i=0 i=0

k
3ai +ax+ L
— ()" =+ Qa)")0" A Y 1y @) P gyzitn)

i=0
k
<Kk + DA+ K |zlting) 1 + K€, (2.19)
i=0

Inserting this into (2.17) yields

2 2p
Ellz(tw+1)aey) 11 < K(Ib(é)lA + IIEII) + Kk + DA

k

+ KA Y Ellz(ing,) 1.
i=0
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By the discrete Gronwall inequality (see Proposition A.4), we have that for any
T >0,

sup  Ellz(tkney) 1?71 < KUIEN?P + [bE) PP AP + T)eXT.

0<t,<T
Letting M — 00, one has

sup E[lz(tx)*P1 < K (&1 + |b(E) 1P A% + T)eKT . (2.20)

0<t<T
Similarly, it follows from (2.18) that

3a; +a; + L
1+ (M%)%mn“

0
< Ko (KA + 1zt )’ + (1 + &) (2a20 A)P / [Ye (P27 dva (r).

—-T

Note that

0 0
sup E| / (PP dva()] < sup / sup K[|y, (u)|*"1dvy(r)

0<n <T —T 0<f<T J—1 —t<u<0
< sup E[ly@)*"1+ IIE)2P.
0<u<T
Hence, we derive
3a1 +ay+ L
(1+@A———"—)P) sup E[y(®)*"]
2 0<u <T

< KK:(A+ sup_ E[lz()"))

0<t,<T

+ (1 +)2a08)( sup Elly@)*1+ €1°").

0<(<T
This yields

sup E[y()*P1 < KA+ 1E17P) + sup E[|z(t)|*P1,

0<u <T 0<tx<T
where we used (6A3”‘+++L)p > (1 + &)(2ax0A)P. Combining (2.20), we
complete the proof. O

When making no distinction among initial data of numerical solutions, we use
the abbreviations in (2.6).
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Proposition 2.2 Let Assumptions 2.1 and 2.2 hold. Then for any T > 0 and p €

N,
sup B[ sup (12827 + L w0P) | = K+ 117 + 1b@) PP a%),
Ae(0,11 -uel0,T]

where K7 is a positive constant.
Proof Our analysis focuses on integers p € Ny with p > 2, since the case p = 1
is an immediate consequence of the Holder inequality

B[ sup (I22a@0R + 1y 2 @0 P)]
t€[0,T]

= K(E[ sup (IF2@0 P + 1y @ )]) "
1€[0,T]

Similar to the proof of Lemma 2.1, by (2.9) and the recursive calculation, we obtain

that for p € N with p > 2,

2
lz(terDIP
0

k
<O+ Cll,lz(ti)lz(p_l)<|o;8W; P+ KA+ 2a2A/
i=0 -T
0 ) i
f 191, () Pdva ) + My
-7

135, () Pdva (1))

p
+3 ) cj,|z(ri)|2(!’—l>‘|a,-5w,»|2 + KA+ 2mA

k
i=0 [=2

k
+ Z C},|Z(l‘i)|2(p_l)Mi.

i=0
Then
E[ sup Iz(tk)|2”] <zZOWP + L+ b+ I3, 2.21)
0<p<T
where
\T/A] 0
hi= 3 (RGP D (Wl + KA+ 2008 [ 1y Pava(r)]
-7

k=0

14 0
+y cﬁ,JE[|z(rk)|2<"—’>(|ak6Wk|2 + KA +2mA f |y ()12 dva (r)
-7

=2

x|
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k

20— 1) .
hi=E| sup 3 Cp=——1z) PPV (). oW |
0<t,<T i—0
k
I :=E[ sup 2 Cp 2P ). oW ).
0<te<T

By similar arguments to those in the proof of Lemma 2.1, we derive

[T/A] [T/A]
L <KA Y Ellz@)1+ KA+ K[EIP7 + KA Y Elly@)*].
k=0 k=0

(2.22)

Applying the Burkholder—Davis—Gundy inequality, we arrive at

LT/A]
b= KE[( Y Lo 2loia)’ ]
k=0
L7/A] )

<E[ swp @) (KA Y o))
0<t;<T k=0

Using the Young inequality, the Holder inequality, and Assumption 2.1, one has

L7/A]

1 -
b= B[ s 2P ]+ KE[(A Y loi?)’]
4 -0<t <T _
1 r LT/A]
< JE| sup |z<rk>|2" +KATPT +1) Y Ellow*”]
4 -0t <T k=0
1 -
< -E| sup |z(tk)|2p +K(TP7 4+ 1)
4 -0<t <T
LT/A] 0
FRA@ 1) Y B[P+ [ )PP )]
k=0 -
which together with (2.15) with M — oo yields
1 LT/A]
= 2B sup 2@+ KATTT 4 1) Y Ellyaol)
4 0= =T k=0

+ KP4+ 1+ [IE1P). (2.23)
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Similarly, for p € Ny with p > 2, by the Young inequality and the Holder
inequality, we obtain

LT/A] 1
1y = KE[( 3 1ol iy PlocPa)’ |
k=0

L7/A] »
B[ sup 1zl ]+ KE[(A Y 1y Pion) ]
k=0

0<t,<T

=

Iy

LT/A]

P_
E[ sup [zl’]+ KATE +1) 3 Ellyaolloxl”)
0=t <T k=0

=

=

Using the Young inequality again and combining Assumption 2.1 and (2.15) with
M — oo, we derive

L7/A]
1 )
I = B[ swp P+ KATE T+ 1) Y Bl )
0<t,<T k=0
) L7/A]
+KAT2T +1) Y Ellocl*]
k=0
1 ) L7/4]
= 2B sw @]+ kaTi 4 Y Elyaol?]
0<u<T k=0
+ KT DA+ 5. (224)

Plugging (2.22)—(2.24) into (2.21), a direct computation derives

E[ sup |zwl*]

0<( <T
LT/A]
< (K+KA Y Ellz@oP 1+ KA+ KT~ 4+ 1)1 + [€]*7)
k=0
[T/A] 1
p—1 2p - 2p
+KATPT 1) Y Bl @) + 5[ sup [z |-

k=0 0= <T
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This leads to

E[ sup |z(t)’]

0<t <T
L7/A]
<2(K+KA Y Elz@)lP1+ KA+ KT+ 1+ )
k=0
LT/A]
+KATTT D) Y By )
k=0
<K@+ DA+ 1) + K(T +1) sup Ellz()*”]

0<p<T

+K(TP?+1) sup E[ly)|*]

0<t <T
< K7 (1 + €17 + [b(E)[?P A%P),

where Kt is a positive constant. From the above inequality and (2.18), one obtains
that

E[ sup |y(t)I*"] < K7 (1 + 127 + |b(E)[*P AP).

0<<T

Thus the proof is completed. O

The following lemma establishes the boundedness of the second moment of the
numerical solution in the infinite time horizon.

Lemma 2.3 Let Assumptions 2.1 and 2.2 hold. Then

sup  sup (E[Iz52 ) *1 + Elly52 ) *]) < K(1+ IE1* + 1b(E)1*AY).
A€(0,11k>—N

Proof For any A € (0, 1] and k € N, according to (2.8) and z(fx) = y(tx) — Obi A,
we have

1-—
2t D) < 12 + |y(lk) — 2 * + ok Wi + K A

92
3a1 +ar + L 0
- %Amwz +2mA / Iy () 2dva (r) + My
-7
(1— 0)2 2, —20 5
[z(t)” + —5— Iy ()|
2(29 1)

7 (20, y(®) + + |okS Wy |*
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3a1+ay+ L
+ KA - fAb’(tk”z

0
+2mA / 1y (DPdva(r) + My,

-7

where M is defined by (2.10). By a1 > az + L given in Assumption 2.2, one can
choose a sufficiently small ¥ > 0 such that

a» + L

i a —
e = (a1 4+ a2 —( 5

+ 2a2)e’") > 0.

For the term (z(#x), y(tx)), applying the Young inequality yields

1
2(z(t), y(t)) < mmw + (1 + & M)y

Recall that 6 € (%, 1]. Then we have
(1 —6)? 20 — 1
02 02(1 + ¢ A)

(3a1 +ay+ L
2

el = ( )20 + lows Wl + K A

0
— &) Al ()P + 24 / |ye () Pdva () + M.

—-T

where we used 0 < % < 1. Hence, for any ¢ € (0, x],

k
M 2P = 12O + Y (¢ z(tip )P — e z(t) )
i=0

k
(1—6)? 20— 1 - .
<ROP+ (S + ey ¢ ) e @
a

k k
4 Zestiﬂ lo;SW; |2 + KA Z eflit
i=0 i=0
k

A Y ey )

i=0

3a1+ay+L .
-7
2

k 0 k
+2ayA Y e / v (MPdva(r) + > e HIM;. (2.25)
-7

i=0 i=0
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According to Proposition 2.2, we obtain that M; is a martingale and hence
E[ Zf:o eg’i“Mi] = 0. By Assumption 2.1, we derive that for ¢ € (0, 1),

0
e @F = KloF + 1 +0L (6O + [ 160)Pdn ).

where the constant K, > 0 depends on ¢. Noting a; > a» + L, we choose ¢ =
% — 1 and derive

ay—ax+ L 0
0 @F = KloF + =22 (1907 + [ 160)Pan ).
-7
Taking expectations on both sides of (2.25) and the above inequality, we arrive at

e E[ 2 (t41) 1]

—0)? 20 — 1

k
1
5|z(0)|2+(( B PO TE A)—e—sA)Ze”f“Enz(r,-)P]

i=0

k
+KAY el
i=0
k k

— @t a— i)Y SRy + LTLEE A S e

i=0 i=0

0 k 0
<[ [ )P )] + 208 Y s /_ )P

i=0
(2.26)

Similar to (2.15), we deduce that for: = 1, 2,

Ze“tﬂ f |yi; () dw, ()

t
e’ Z Ze”’ﬂH/ ]+1 dvl(r)ly(l:ﬂ)l

j=—Ni=0 1

j+1 r—t;
e Z 37 s / L v Oy

—Ni=0
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— k—1 fiel s, _
<ot 3 Y e [ T G v

j=—NI=—N
-1 k il p g
vt Yo 3 e [T ol
j=—NI=—N 1j
_! k Lj+1
set Yo 3 e [T anmna?
j=—NI=—N ’j
k
< NeEP + e Y e ity ()P, (2.27)
i=0
which yields
k 0 k 0
ap—ay+ L . i
Ay e / D (P () + 2028 Y et / 135 () Pdva(r)
2 i=0 T i=0 T
ay —ay+ L ay —ax+ L
< (5 +2)e Ml + (———— +2a2)

k
x eTAY e ().
i=0

Inserting this into (2.26) yields

B[z (k1)1

k
(1 —6)2 20 — 1 oA _ K
< 0 2 ( _ € ) SIH»IE t: 2 - ek
<kOP+ (5 * paam ;e ()P + —e
ay—ax+ L k
— (a1 + a2 =& = (T 4206 ) A Y e Ely (1))
i=0
ay—ary—+ L
+ (22T a2

2
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It follows from the definition of ¢, that a; + ap — ¢, — (% + 2ap)eft > 0.

Moreover, using e ¢2 > 1 — ¢ A, we conclude that
1 —0)? 20 — 1 1 —0)? 20 — 1
( 2) 5 — —e_£A<( ) — —(1—¢A)
(7] 0-(1 4+ ccA) 02 02(1 + . A)
20 — 1), (20 — 1)c,
= ——— " A A ———)A. 2.28
PRI Sl T T (2.28)
Hence, letting ¢ = 20=Déc p 4 yields

02(14-¢,)
e E[|z(tr 1) 121 < KIEN? 4 [b(E)PA%) + Kelk+2,
which implies

sup  sup E[|z(0)]*] < K(1 + |[E]1> + |b(£)>A%).
A€(0,11k>—N

In addition, by (2.18), we obtain

3a1+ay+ L
(14+6A=——="=) sup sup E[ly®)*]
2 A€(0,11k=—N

<KA+ sup sup E[lz()*1+2a:0A sup sup E[ly()*].  (2.29)
A€(0,11k>—N A€(0,11k>—N

Together with a; > ap + L, we arrive at

sup  sup E[ly(#o)l*] < K(1+ [E]1* + 1b(5)[*A%).
A€(0,11k>—N

The proof is completed. O

Proposition 2.4 Let Assumptions 2.1 and 2.2 hold. Then

LA LA
sup supE[llz5 212 + lys 2 117] < KL+ €12 + 165)12A%).
A€(0,1] k>0

Proof Tt follows from (2.25), (2.27), (2.28), and & = ng(ljf; A K that
it |z (1)
k k

< RO+ KIEN*+ ) e o dWil> + KA Y vt
i=0 i=0
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k k
3 L
_ ( ag +§2+ _EK _2a2eé‘t)A ZesfiJrl'y(ti)'Z+Ze6ti+1Mi
i=0 i=0
k k k
<O + KNI+ Y e oidWil> + KA Y e 43 e M,
i=0 i=0 i=0

3ay1+ax+L
d 2

where we use — G — 2a2€%" > a1 + ay — ¢ — 2azefT > 0 in the last

inequality. Hence,

B[ sup ezl

(k—N)VO0<i<k
i k
< |Z(O)|2+K”§”2+E|: Sup Ze€[l+1|0-18W1|2:|+KAZegti+l
(k=N)VO0=i<k ;—, i=0
i
+ E[ sup Ze’”l“Mz]
(k—N)VO<i<k =5
k K
S |Z(0)|2 + K”EHZ + AEI:ZeSIH—l'Ullz] + _681k+2
&
=0
i
N E[ sup S et Mz]_ (2.30)

(k—N)VO<i<k I=(k—N)\VO

Using Assumption 2.1 and Lemma 2.3, we obtain

k

AE[ Y ety < K(Afef’ME[wm)F - /

1=0 1=0 -t

0
vy (V)|2dv1 (r)] + eszkﬂ)

k
< K(A sup E[|y([,~)|2] Zeﬂlﬂ + egl"“)
iz—N =0

< K(1+ [IE]1> + |b(&) > A2, (2.31)

Similar to the estimates of I and I3 in Proposition 2.2, one has

i
]E[ sup Z ol MI]
k=NVOsi<k 1_ w0

1

= ]E[(( sup €8Ii|Z(li)|2) (KegAA Xk: oElI+1 |0’l|2)>§j|

(k—N)V0<i<k I=(k—N)V0
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70
1

+E[(( sup esti|y(li)|2)(Ke5AA i €6t1“|01|2))7]

(k—N)Vv0<i<k I=(k—N)VO0

1 1
< —E[ sup e”"lz(t,')|2] + _E[ SUp egli|y(ti)|2]

4 Lk-nyvo=izk 4 Li-mvosizk

k
+ KAIE[ Y. et |0i|2]
i=(k—N)\VO

1 1
< —E[ sup e Iz(ti)|2] + _E[ sup e |y(ti)|2]

4 L g—nyvo<i<k 4 La-nyvosi<k

(2.32)

+ K (1 +[IE1? 4 (&) > A)eflh2,

From (2.18), we derive

3a1 +ax + L _
(+0a= 22 swp ey
(k—N)VO0<i<k

< KAef + ]E[ sup e”"lz(ti)lz]
(k—=N)VO<i<k

0
+2a26A]E[ sup e‘”"/ Iyt,-(r)lzdvz(r)]
(k—N)VO0<i<k -7

< KAef* 4 IE[ sup e |z(t,~)|2] + ZaQQAE[ sup sup
(k—N)VO0<i<k (k—N)VO<i<k —N<j<-1

lj-‘rl t; _

—&t; &tio; j+1 r 2

/ (e 51681+/—A Iy (tigj)]
t

J

r—tj
+ e+ Blitj+1 X / |y(t,-+j+1)|2)dvz(r)]

< KA +E[ s ezl
(k—N)Vv0<i<k

k

+2a0AeT Y Ry )]
i=(k—2N)V(—=N)

< KAef* + IE[ sup el IZ(ti)Iz] +4ar0eTre™ sup E[ly(t)|*]
(k—N)V0<i<k i=z—N

)] + e K (1 + 6N + 1b(E) A2,

< KAef 4 E[ sup
(k—N)VO0<i<k
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which implies

E[  sup elya)P]
(k—N)VvO0<i<k

SE[ s ez [+ KA 817 + bOPA). (233)
(k—N)VvO0<i<k

Inserting (2.33) into (2.32) leads to

i
]E[ sup Z e”’“/\/b]
(k=N)VO<i<k;_"N)v0
1T ,
= SE[ osup @]+ KA+ IEIR + b PADe
2 La-nyvosizk

1 ,
SE[ s ez + KL+ 812+ [b(E) P AYe
- (k—N)VO<i<k

IA

+12(0) 1 + E[e**¥ |z (tx—n)I*]

! .
SB[ s )P 4 KA IR 4 1bE) P AN,
- (k—N)VO0<i<k

(2.34)

Substituting (2.31) and (2.34) into (2.30), we deduce

e“k*N]E[ sup |Z(ti+l)|2] = E[ sup e |Z(li+l)|2]
(k—N)VO<i<k (k—N)VO<i<k

< K(1+[IE]1* + |b(E)[*AD)ef 2,
which implies

sup supE[ - sup 20| = K(L+ 617+ b©)PAY).
A€(0,1] k>0 (k—N)VO<i<k

Combining (2.33), we finish the proof. O

2.1.2 Time-Independent Boundedness of High-Order Moment

For the SFDE (1.1) with superlinearly growing coefficients, the time-independent
boundedness of high-order moment of the numerical solution is required in the
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longtime mean-square convergence analysis of the numerical method. Note that
Assumption 2.2 ensures

0
((0), b(9)) < K —a1|$(0)*> + az f 6 () [*dva (r),

which is used to establish the time-independent mean-square boundedness of the
6-EM functional solution. To estimate the time-independent boundedness of higher-
order moment, we introduce the following stronger assumptions on the coefficient
b and the initial datum &.

Assumption 2.3 There exist positive constants K, asz,as, ¥, and a probability
measure v on [—t, 0] such that for any ¢ € c?,

0
(#(0), b(¢)) < K — az|p(0)|*T + ay f ¢ (1) 2dva (r).

Assumption 2.4 There exist positive constants K and B such that for any ¢y, ¢o €
c,

Ib(¢1) — b(@2)| < Klid1 — a2l (1 + 1117 + I d2]1P).
Assumption 2.5 There exist positive constants K and p > 1/2 such that
[E(s1) —&(s2)| < K|s1 — 21, 51,82 € [-7,0]

Example 2.2 We now verify that the drift coefficient b presented in Example 1.6,
given by

1 0
b(¢) = - ¢ (r)dr — |$(0)[*¢(0) — 26(0), ¢ € C*

-7

satisfies Assumptions 2.3 and 2.4. For ¢, ¢1, ¢ € 4, direct computations yield

1 0
(#(0).b@) = (#0). = | ¢()dr) = 19O =21 O

-7

s, L0 2
< —lo0)] +Ef ¢ (r)|dr

and

|b(¢1) — b(¢2)|

1 0
== f 1(r) — ¢2(r)|dr + |161(0)[*¢1 (0) — $2(0)[*$2(0) |
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+ 2[¢1(0) — ¢2(0)]
= 3ll¢1 — #2ll + 161(0) — $2(0)[1¢1(0)
+ $2(0) |11 (0)] + [$2(0) |1 (0) — p2(0)]

3 3
< g1 = @2 (3+ S 19117 + 5 18207) = 3 = @2l (14 011 + 1921

The preceding inequalities confirm that Assumptions 2.3 and 2.4 are fulfilled with
the parameters az = 1, a4 = %, {=2,and B = 2.

Note that under Assumptions 2.1 and 2.3, the conditions in Proposition 1.7
Theorem 1.15 are fulfilled. As a result, for integer p > 2,

sup E[[lx* (1) 1”1 < K (1 + [E]|1P). (2.35)

t>0

Moreover, the invariant measure p given in (2.3) satisfies

pl- 17y = [ 1617 du) < k. 2.36)

We begin with showing the time-independent boundedness of the auxiliary process
{252 (1) }ken. The proof is first performed for the stepsize A € (0, A*] with some
A* € (0, 1) (see Lemma 2.5) and then is extended to A € (A*, 1] (see Lemma 2.6).

Lemma 2.5 Let Assumptions 2.1, 2.3, and 2.4 hold. Then there exists A* € (0, 1)
such that for integer p > 2,

sup  supE[|z52 ()P < K1 + |E)PED) vp > 2.
Ae(0,A*]1 k>0

Proof Similar to (2.8), by Assumption 2.3, z(fx) = y(#x) — 6bx A, and

2@t * + (14 D)yt %,

2(z(tr), y(t)) < T A

we derive that for any A € (0, 1] and k € N,

0
lz(tks)I* < Ag alz(@)? + 2K A — 2a3Aly (1)1 + 2a4A / Ve ()12 dva ()

-7

260 — 1
+ TAD’(kaZ + lord Wiel* + My, (2.37)
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where Ag A = (1;2;9)2 + 922(9112), and M is defined by (2.10). Taking Ry > 2L,

and by the Young inequality, there exists a sufficiently large Ry > 0 such that

20 — 1
2K A = 2a3 Ay () P + == Aly @)

<2KA —2a3Aly(t) P+ Aly ()12
=2KA = 2a3Aly(t) T — RaAly () 1> + (Ry + DAy (1) |

< RiA — a3 Aly(t) P — RoAly (1) 12,

where we used (Ry + DA|y(r)]? < (Ry + DKz A + (Ry + DEA|y(1) |7+ with
(R2 + 1)& < aj3. Inserting the above inequality into (2.37), we obtain

2(trs 1)1 < Ag,alz) 1 + RIA — a3 Aly ()P + 2a4A ﬁ O |y (F)[2dva ()
— RyAly(@)| + ok Wil + M. (2.38)
For any integer p > 2,
p
E[ (1240 + asAly ) *)"] < AL (Ellz60PP1+ Y CLEILL,  (239)
i=1

where
—i 2 i 2 0 2
= AP (RiA = RoAly @0 + 2as / |3 (1)Pdva(r)
-7

i
+ losWel? + Mk) .

For any €1 € (0, 1), it follows from Assumption 2.1 and the Young inequality

ab < ¥ b’.a.b >0

egr1a? + )
P pet

that
BN < E[A74 12602770 (RiA = (Ry = 2L) Ay @0 +2l0 0)2A

0 0
+2a4A / e ()P dva () +2LA f (O Pdvi () ]

-7 -7

< 3e1AAL \El|z(t) ]+ R(z1) A
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—1 _
— (Ry = 2L)AE[A] {2t PP~V y (101

2 PA 1 [0 2L)PA 1 [°
_}_&]E[/‘ |y,k(r)|2pdvz(r)]+( p{l E[/ |ytk(r)|2pdvl(r)].

p—1
€] &

(2.40)

By (1.43) and Assumption 2.3, one has

0
Iyt < 1z(t)|* +2KOA — 2a30 Aly(1) [P + 2a40 A / Yo () 2dva ()

-1
0
< |Z(t1()|2 +2K0A + 2a46Af | Vi (r)|2dv2(r). (2.41)

-7
It is straightforward to see that

0

-1
Y < (1260 +2K0A + 24302 / P 1y

<37 2@ PPV Iy @) + 6KO M)y ()

0
+ 6a40 APy | 1y ()PP Vdua(r).

-7

This implies
— 1zt PP D]y (50

1 _
< — 5P + KO8 3P

0
+ Qasd NPy * [ 1y ()PP da(r)
-7
1

< VP + @K AP+ @A)y TN K P 4 af Dy P

0
+ Qs / 1y ()PP dva (), (2.42)

-7

where we used the Young inequality in the last step. Inserting (2.42) into (2.40) and
using Ap A € (0, 1) yield
(Ry —2L)AL7,!

o AEly (0]

E[1] < 3e1AA] \E[lz(1) 1+ R(e)) A —

+ (Ry —20)2P "N (K P~ 4+ al ™Y APELy (1) ]
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0
+ (Ry = 2L)(2a)" ™' AVE] f 3 ()PP dva ()]

2a4)” 0 2L)PA 1 (°
S aE] [ o Prane)]+ SERE[ [ oPan ]
1 t 1 -t

(2.43)

For the term ; with i € {2,..., p}, by (X0, e < 6/(X%_, lcl)), ¢/ € R and
E[lgrdWi|'1 < m(i — 1)!!|gx|' AZ with g being 77, -measurable, we derive

Bl < 6 A7 SB[ 120 PO (RiaT + RoA |y P+ m(2i — Dllox % !

0 i . . i
Vi (1 F dva(r) + 2'm G — DNAZ Azl lox| A2
T

+ Qas)' A f

+4im(i = DUyl o147 ]

P
PRI A2

67iR, A
< 6e1AA7 \Ellz(t0) P71+ R(eDA + — 2Bl y () 7]
P&

6P (m(2i — HINTiA
R

i(12a4)P A
R

0
B[ / 3 (PP dva()] + LARS

p p

1220 (m(i — DY FiA

2pe@P /1

IDEARS

24P (m(i — HINTiA
PP

Elly@1” okl "1,

where i!! represents the double factorial of i, and we used the Young inequalities

(lbf _i&‘laplii +l—blll,
p pggp—l)/l
abfzp_ié‘]az’z’li; +l—b2’l, (l,b>0.
2p 2per ]
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Together with 8%2[7 —0/i < 85[7 =/ !, the Young inequality, and Assumption 2.1, we

obtain
)4
2 pRZi Az 2
EI1i] < 6e1AA7 5Bl + R(enA + — 25 Elly (@) 7]
€]
(12a4)P A 0 2 1227 (m(2i — 1)!!)2?”A 2
WE[ . |y ()] de(”)] + RET=E Eflox|7"]
1 1
24P (m(i — DHINTA 5 5
Egp_l')/i E[|)’(fk)| P+ lok| ]7]
6P R A2
Rl
< 661 AAG AE[2(0) P71 + R(eNA + — 25— Elly ()]
€]
(12a4)P A 0 2
WE[/—I |y ()] dvz(r)]
1
0
+ BABIY P+ B8E[ [ Pravin | (2.44)
—T
where

(1227 2L)P22P 2 (m (20 — ks N 24P(1 + RL)P22P=2)(m(i — DT

Bi: SCP DT R

)

and we used

0 < (2lox = o OF + 210 )"
0 p
< (L6 + [ 1P () + 210 OF)

0
522p_2(2L)p(|Y(tk)|2p+ [ |ytk(r>|2pdvl<r>) +227 o (0) 2.
(2.45)
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Plugging (2.43) and (2.44) into (2.39) leads to

Ellz(t+1)1*]
p .
= (143108 + 6514 C ) A \Bllz(0 ]
i=2

+ R(e1)A + Jr,1(R2) + Ji 2(R2),

where

p(Ry —2L)A} !
3p-1
(2a4)? 0
POLE sB] [l )Prano)]
—7T

€]

Je1(Ry) = — AE[|y ()]

L peLrA 0 P

—E| f b PP )]+ Y cpa
€ -7

1 i=2
2ap? 0 0 o
+ ggpi)/iE[ /| )PP | + BE| /| EAGIREEIG))

Jea(R) = p2P~'(Ry — 2L)(KP~ + a? ™Y APE[|y (1) "] + p(Ry — 2L)

/N

BiE[|y(10)]*]

T‘

0
x @any 7E[ [ 1y ()PP an()] + Zc’ R A Sy 1

-7
It follows from Zle C ; = 27 that for any ¢ > 0,

S E[|z(tr1) ] — eetkE“Z(tszP]
< (1427681 8) A7 e — 1) Ell2(t)I] + R(ene™+1 A
+ etk Jk,l(R2) + el Jk,z(RZ)v

which leads to

k

Bz D)IPP] < (2O + ) ((1 427661 A)AJ ye*® — 1)e™ El|z(1)*"]
=0
k

+ ) (R A + e 1 1(Ry) + €1 1 2(Ry)).
1=0

(2.46)
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79
Note that
(1 —6)? 20 —1 \»
(1427601 M) AT e = (1427601 ) (g o+ o ) e
26 — HA A
=(1+276e1A)(1 — ———)P¢
( QM) (1= e

<(1— (20 — I)A)e(2P6s|+5)A < e(—(zfé)%”+2p6£1+s)A,

- 202 -
where we used e™* > 1 — x for x € [0, 1] in the last step. Letting 276e; = ¢ =
(229_21) , we derive

(1427661 A)A] e < 1. (2.47)

This, along with (2.46) implies that

e MHEL| 2 (t41)] ]

k
< 2O + D (REDe™ A+ 411 1 (Ry) + €1 1 2(Ry). (2.48)
=0

By the definition of Ap o with 6 € (1/2, 1], we have

0-4A (1—9)2+29—1 (1—6)2 20 — 1 A .
< = < = < 1.
o 92 202 92 21+ Ay A

It follows from (2.27) that
k
Ze‘”’“Ji,l(Rz)
=0
Ry —2L) AP N S k
< (K20 31,,1) D TR =Y CLB) A e EL (1))
i=2 =0
+ ¢ BT €%,

where

5. PQa)r  pQLY i

; ( (12a4)P
p—1 + p—1 +ZC;7( (p=i)/i +Bi)'
81 & i—=2

1
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Choose a sufficiently large number R; > 0 such that

p(R: —2L)AL™!
2.3p-1

P
— "B — ZC;Bi > 0.

i=2
This leads to
k
Z 101 1(R3)
=0
p(R: —20)AP " &
2 0 &t 2 ET R 2
e =t D IO B [ (2.49)
=0
Similarly,
k k

D e a(RE) < DaA Y By )] + T Tp(RY — 2L) (2a0) "],
=0 =0

where
Da = p2" 'R —2L) (K" +al AP e p(RS — 2L)(2ag)P 7 AP

P 61’(R*) A
Z (p T _p-ji

*__ p—1
Choose a sufficiently small number A* € (0, 1) such that Dpax < PR Z2)A,

2.3p—1
Together with (2.49), we obtain that for any A € (0, A*],
k
> e (1 (R) + J12(R3)) < €Tt (B + p(Ry — 2L)(2a5)" ") £ 177
=0
(2.50)

Inserting (2.50) into (2.48) and using Assumption 2.4 yield

e E[|z(tk41) 2]

k
<€ —ObE)APPT + ) R(e1)e A
=0

+e (B + p(R; — 2L)(2as)” ") €)%
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R(sl)egtk+2
< K(1+||&)2PFHDy 4 ——

+¢ (B + p(Rs — 2L)(2as)" ") |IE |17,

which finishes the proof. O

Lemma 2.6 Let conditions of Lemma 2.5 hold. Then for integer p > 2,

sup sup E[|z52 (#0171 < K (1 + ||g|PBTD).
A€(0,11k>—N

Proof Combining Lemma 2.5, we only need to show that for any A € (A*, 1],

kSuP E[|z52(1)|P] < K(1 + ||€|PB+D).
>—N

Recalling (2.39), we reestimate terms /;,i = 1, ..., p.
In fact, similar to (2.43), we have that for any «; € (0, 1),

(Ry —2L)A!
3p —1
+ (Ry —2L)2P "N (K P~ + a? ") APELy (1) 1?71

E[11] < 3k1Af \E[z(0) 1?71+ R(k) A — AEny(rk)Ff’]

p 0
+ (R = 200@a 4 EOD) 78] [y 00PPanao)
Kl -7

2LA)P 0
+( ,,_1) ]E[/ Iyzk(r)lzl’dvl(r)]. (2.51)
IC] -7

Similar to the proof of (2.44), for i € {2, ..., p}, we derive

E[Z;]

p
1’ 6P‘Ri 2p
< 661 4] \ELI2(0) 7] + R(er) A? +WE[|y<rk>| ]

i(12a40)? 0 67 (mQ2i — DI TiAP
+ WE[/ |y (r)IZPdV2(r)] + T E[|o|*”]
K| —t Pk,

1220 (m(i — DY FiAP

2pic P

IDEARS

24P (m(i — )INTiAT
- Y Elly(t)|? lox|P]
PKy
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< 61 A AE[z(0) 1+ R(k1) AP + R(c1) APE[ |y (1) 7]

2p
(12a4A)? 0 2 1227 (m(2i — I T AP 2
W [ . [ye ()] dV2(r)]+ DT E[lox 7]
24P (m(i — HINTA
Kl(p—i)/i

E[y@o?” + o 7]

It follows from (2.45) with ¢ = 1 that
E[1;]
< 61 AD ABLIz() P+ R(c) A + R(c) APE[|y (1) 7]

12a4A)P 0
OB [ wrPravse)]

Kl(P—i)/i

2p

_ 1222 (m2i — DT AP 0

20 2Ly B[ [ )Pran )]
K1 -7

24P (m(2i — HIYT A 0
(1 + 222y G 2D E[ Iy + / [ (PP ()],
Kq -7

2.52)

where Ag. A = (155”2 + 922(9112)- Plugging (2.51) and (2.52) into (2.39) leads to

(a3 A

P
Ellz(tx+1)1*P1 + %E[|y(tk)|(2+€)p]

P
< (I+3k1p+6k1 Y CHAY ABLzt0) 71+ RKDA + Jis + Ji s,

i=2
where
-1 P
p(Ry —2L)AL, Lo 5 24P (m(2i — D7
.__ A p—2 b4
Jai=—( = > Cp(1+2772aL)) o)
i=2 ey
A 2p—2 7y 24P Q2 — DINT A
x AE[ly ()] ]+2;Cp(1+2 QL) = G
i= 1

0
<2 [ oPran )],
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(204)”

Jia = RO)APELy @071+ A7 (p(Ry = 2L)(2a)" ™" + p

0
Bl [ o]+ (22

Ky

l

P 2 . 2p 0
: _ 12°P(mQ2i — !N
+ YL R Y ATE| / i PPdur ()]
Kl T

i=2 -

It is clear that for any x > 0,

ARz (tr41) 1P
k

< 2O + ) ((1+276K1) Af ye*™ — 1) Bl|z(1)] ]
=0

k

+ Z <R(K1)gktl+1A + ekl T3+ PLUES Jia
=0
(azA)P

> s E[Iy(tl)l(ZH)”]) . (2.53)

By the definition of A A, we have that for any A € [A*, 1],

A (1—9)2+29—1 (]_9)2+ 20 — 1 <A .
= < — * < 1.
’ 02 202 02 021+ ) oA =08

Choose a sufficiently small number «; > 0 such that
1+ 2”6K1)A5’A* < 1.
For such «1, choose another sufficiently small number « > 0 such that
(1+276Kc)Af pu€ < 1. (2.54)
This, along with (2.53) implies that

k
S MHE[|2(t )] < 2O+ (R(,q)ew A+ e )3
=0
(azA)P
2pr

et g — SB[y H07]). 259)
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By (2.27), we deduce

k
Z L/ Ji3
=0

-1
(Ry —2L)A? P
< _(p 2 3p71 0,A _ z :C;(l +22p—2(2L)p)
i=2

24P (m(2i — )T
7

1+ e”))

k p
x AN Ry ]+ Y Ch(1+ 2772 (2L)7)
=0 i=2
24P (m(2i — )T
P

2
T[N,

Letting R, > 0 be sufficiently large such that

—1 p . L4
p(Ry —2L)AY ; 2p—2mp iy 247 (M2 = DI .
T‘%%(l +277 L)) T (I+e7) >0,
we obtain
k p . P
. _ 24P (m(2i — 1))
D ez Y CH(1+22722L)P) o Tl I
1=0 i=2 kg
(2.56)
Similarly,
k
AP
D (et — B gy ) OHOP))
1=0
k k
AP
< GAP Y By 7] — L0 Y Ry (] O]
=0 =0

+ K|EII?P < K|IE|?P + K e '+, (2.57)
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where
_ -1y (2614) (12a4)?
— R()) + e”(p((Rz —20)(2ag)? Z c = ,)/1>
2p
p(2L) pn 122P(m(2i —DHIHT
(o Z Ci2*P=2(2L)P Ty ).
k1 i=2 kq
Then the desired result follows from (2.55)—(2.57). O
Lemma 2.7 Let Assumptions 2.1, 2.3, and 2.4 hold. Then for integer p > 2, it holds
that

sup  sup E[y52(5)]7] < K(1+ ||g]|PPTD).
Ae€(0,11k>—N

Proof 1t follows from (2.41) that

sup E[|)’(lk)|2p + (2a39A)1’|y(tk)|P(2+/é)]
k=0

< igﬁE[(|y(fk)|2 +2a0 A1) )]

0
< K sup E[|z(0) "] + K AP supE[/ |y,k(r)|2pdv2(r)] + KAP
k>0 k>0 -7

< KsupE[|z(t0)?P1+ KAP(1 + ||E]17P) + K AP iupE[|y(tk)| 2p7,
k>0

This, along with the Young inequality and Lemma 2.6 implies that

sup E[|y52(1)”]
k>—N

<K supE[Iz(tk)IZP] + K1+ ||§'||2p) + KA?P supE[|y(tk)|2p]
k>0 k>

— 2a30 A)PE[ |y (1) |70

< K sup E[|z(t)1*P1+ K (1 + |£]1%P)
k>0

< K1+ |&IPMP)y v p=>2.

This proof is therefore completed. O
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Proposition 2.8 Let Assumptions 2.1, 2.3, and 2.4 hold. Then for any integer p >
2, it holds that

A A
sup supE[Jlz; 217 + llyg 2 17] < K1+ [1g)PPHD), (2.58)
A€(0,1] k=0
Proof We divide the proof into two cases. Recall that A* € (0, 1) and ¢ = 2490%

are defined in the proof of Lemma 2.5.
Case 1: A € (0, A*]. It follows from (2.38) that for k € N,

0
[Ye (M) 2w (r)

2 < (Ap.alz@P + RiA + 20 f

14
+ ok Wi|? + Mk>

p
< AL Az + > Chlyi,
i=1

U=02 | _20-1_ aq i defined by (2.10), and

where Ag A = 3 FEEUNL

0

- i » i
i = AL 200 PO (R1A + 208 / [y () PAva () + o8 Wil + My )

-7
This yields

k

e 2D = Y (e 204 PP = ezt ) + |27
=0

k
< ZOPP + (A ye™ = 1)) e z(e) P
1=0

k p
+Y Y Chef ;. (2.59)
=0 i=1

Applying the Young inequality derives

Iy <381 AA] Az

|015W1|2p)

A 0
+ F(Rfﬂ%@” /_ 1y (PP dva(r) + =

1
+ AL ) PP M (2.60)
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and

0 2i

[ ' - i i i i o6 W,

T =5 ALz PO (R + Qan [ 1y ()P dva() + o A_”
-7

AJ AQIZo8WI 4yl Wi ])
A + A )

< 5e1AAf Alz@) P +

5PA 0
o (R + any? | Prane)
1

SWiI2P (4]y(t, SWi )P 10|01 Wy |)2P
lor 8 Wil _I_(|Y(1)||01 zl)) (10[oy6 W) Vie....p

N AF (2Dl N
(2.61)

1
where &1 is given in the proof of Lemma 2.5, and we used 0 < @ < 2A§’ As
0 < 5 < 4. Inserting (2.60) and (2.61) into (2.59), we arrive at

e |z (ty1) 2P

k
< 1207 + ((1 +3pe1 A+ 5e1A Z CHAD ye™ = 1) > e z(u)|*P
i=2 =
k k
+ Ze“l“ Ji1+ pAg’_A1 Ze”’“ 1z PP~ M,
=0 =0
where
8 p 50 Cy, 0
Ja=a(Lr+ Z X LR+ an? [ 1y )PP dua)
€] i=2 € -t

ploswil??  , ~~ G |UI5WZ|2p 4ly@)llo Wi )P
(g1 AP +57A Z P + P )
(glA)p ([7 ’)/l AT AT
N i C;',(10|016W1|)21’.
. gizP_i)/iAsz_l

i=2

It follows from (2.47) that

(1+3p81A+581AZC’)A9Ae — 1< (1427681 A)A) e — 1 <0,
i=2
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which implies

k k
) _1 B
M z(tp )PP < 12OV + ) e T+ p Y AY A e 1z PPTIM,.
=0 =0

Taking the supremum over the index set {k — N,...,k} and then taking the
expectations, on both sides of the above inequality, we clearly see that

B[ sup et
(k—N)VO0=<j<k

k (k=N)VO
< zOP +E[ Y e |+ pE]  sp 3 Al
1=0 k=N)VO0=j<k 7", ’
! 1
|Z(tl)|2(p_1)M[ + sup Z eStI-HAg’_A |Z(tl)|2([?—1)Ml:|

(k=NIVO=j=k = —N)v0

k
= 2O +E| Y e ]

=0
/ 1
+PE[  sup > Al P OM). (2.62)
k=NVO=j =k k—N)vo

By the linear growth condition on coefficient o, one has

k
E[ Z £l jll]
=0

k

0
Ko B[ 3 et (14 [ @) + 0P + 1y )]
=0 -t

IA

k

0
Koy AE[ 3 011 + / 3 () PPdvs () + [y () P
=0 -t

IA

0
+ [ arpran )]
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Utilizing Lemma 2.7 yields that

k
IE[ Z Sl j“]
=0

k k
< Ko, [EIP7 + Key A sup Blly()IPP1) e+ + Koy A Y e
jz=N =0 =0
2p(B+1) eEk+2
= Koy (L4 [EPPPFD) —. (2.63)

Recalling the definition of My, we apply the Burkholder—Davis—Gundy inequality
to obtain
J
PE[ swp 3 etallza PO m]
(k=N)VO=j=k | (k—N)v0

k 1 |
= \/3_2[)E|:( Z (265[[“Ag,_Aj|Z(tl)|2p_l|0'1|)2A>2]

I=(k—N)VO
k 5 1
—1 _ 2
+VAE[( Y (@Al @) P yalion) a) .
I[=(k—N)V0

By virtue of Ag A € (0, 1) and the Young inequality, we obtain

J

PE[ sup > estl“Ag,_Al|Z(t1)|2(P_l)Ml]
(k=N)VO=j=k = (k—N)v0
iy 22t 2p—1 £ s 2 Vs
52\/32p]E[( sup ()T z@pPPT (DD (€)7o A)z]
(k=N)VO=j=k I=(k—N)V0

(=1
+4«/32p]E[ sup (¢S T |z(e) P x
(k—N)VO=<j<k

k 1
(X @ =)rlyePlofa)?]

I=(k—N)VO0

< LIE su £Eli+l |Z(f‘)|2p

T 2efA b /
(k—N)V0<j<k

k £l
+ (Zx/32p)2p(4eSA)2p_1E[( Y e |al|2A)p]
I=(k—N)VO




90 2 Mean-Square Convergence Analysis in the Infinite Time Horizon

k
+ @R ASPTIE[( Y @i yaPloa)f].

I=(k—N)V0
Then it follows from the Holder inequality and the fact NA = t that
J

PE[ sup D e Ag‘_AIIZ(Iz)IZ(p_l)Mz]
(k=N)VO0<j<k I=(k—N)VO

1 )
< S 1=MYOE[ |z (tg—nyv0) 2] + E]E[ sup et |Z(Ij+1)|2p]
(k—=N)VO<j<k

k
+KWN+DPTAr 3T R o)
I=(k—N)VO0
P p k
+KN+ DAY Y EHELy ()]0
I=(k—N)VO

1 _
< e E 2t P+ SB[ sup ez ]
2 La-wmyvosj<k

k
+K@+DPTIA Y R )
I=(k—N)VO
k
P
+K@+DIIA Y SRy @),
I=(k—N)V0

According to Assumption 2.1 and Lemmas 2.6 and 2.7, we deduce
J

PE[ sup 3 el @) Prm
k=NIVO=j=k | k—N)v0

1 .
< K+ 6127 P ettt 4+ 2B sup ez
(k—N)V0=<j<k

k 0
+ KA Z e£"+lE[|Y(fl)|2p+/ Iytl(r)|2”dv1(r)]

I=(k—N)VO

1
< K+ 6127 P ettt 4 2B sup ez
2 Lg—nyvosj<k
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k

+K sup Ellyapl] ) A
jz=N I=(k—N)V0

1
< Ke(l+ g2 0eten £ 2B sup ez 64
(k—N)VO<j<k

Inserting (2.63) and (2.64) into (2.62) yields

]E[ sup egt'f+1|1(tj+l)|2p]EKgl,g(l+||"§||2p(5+]))e“k+2.
(k—N)VO<j<k

This implies that for any A € (0, A*],

B[ sup el PP] < e emnt K (14 PPt
(k—N)VO=j<k
< K(1+[lgIPPP*Y).

Case 2: A € [A*, 1]. We reestimate I~1,,~ in (2.59). Similar arguments to Case 1,
we deduce

0
i1 = 30 AL 0P + i (R + Qasd)? | P

Kl -7
+ losWil??) + AL |z PO My

and

- 5P 0
I = 504\ 2P + = ((RIA)” + Qasdd)” f 13 ()PP dv ()
Ky -7

(10]or8 Wy |)2P

+ Lo Wil + @y ) llors Wi ) + 0=
Ky

Vie{2,...,p)

where «1 is given in the proof of Lemma 2.6. Hence, for any A € [A*, 1],

N 2 (141127

k
< 12(0)1*” + ((1 + 3piy + 5k Z CHAL \e ™ = 1) Y " e |z() 7
i=2 =0
k ~ k
+ e+ pAL Y ez () PPTIM,, (2.65)

=0 =0
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where k > 0 is given in the proof of Lemma 2.6, and

- p P 5pCi 0 5
D= AP 3= ) (R + Ca? [ )Prane))
Kq i=2 K1 -t
osW2r Ly 5PCi
+P| lp711| Z (p_,-)p/l-
ky i=2 Ki

(o8 Wil*? + 41y )lloisWil)P)

2. Ci(10|o;6Wy[)*P
14
+ Z @p=i)/i
i=2 Ky
Similar to (2.63) and (2.64), we derive

k

E[ D¢ i ] = K (1+ PP EHD)exnon,
=0

J
PE[ swp T ape e m ]
(k=N)VO=j=k;_t—N)v0

< Ke(1+ [[E[PPPHD) et

1
+§E[ sup eK’f+1|z(fj+1)|2p]'
(k=N)v0<j<k

Plugging these into (2.65), and combining (2.54), we have

B[ sup ez ]
(k=N)VO<j<k

k
< 12O + (14 276K1) Af pee®® = 1) Y e E|z()]*]
=0

1 .
+ K (1[PPI B[ sup ez
(k=N)VO<j<k

1 .
< Ko (1[PPI B[ sup 1z |
(k=N)VO=j<k

This implies that for any A € [A*, 1],

B[ sup PP = KA+ PP,
(k—=N)VO=j<k
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Consequently,
sup supJE[ sup |z(rj+1>|2"]sK(1+||é||21’(ﬂ+”). (2.66)
A€(0,11k>0 k—N<j<k

In addition, by virtue of (2.41), Lemma 2.7, and (2.66), we obtain that for any A €
(0, 1],

B[ s yapl)
(k—=N)VO=j<k

SKIE[ sup |z(tj)|2p]+KA
(k=N)VO<j<k

0
+KA1E[ sup / |ytj(r)|2ﬁdv2(r)]
(k=N)VO<j<k J—7

IA

K+ 1P+ KAE[ - sup |y ]
(k=2N)V(=N)<j=k

IA

K1+ [EIPPPHD) + KA - 2N) sup Elly@)*P] < K(1 4 §]7PP+D),
k>—N

where we used

k

B[ s e )= Y bhepr]

(k—2N)V—N<j<k j=(k=2N)V(=N)

<2N sup B[y
k>—N
The proof is finished. O

The following lemma gives the pth moment estimate of zf’ a_ yf 2 on the infinite

time horizon.
Lemma 2.9 Let Assumptions 2.1-2.5 hold. Then for any A € (0, 1] and p > 1,
2. .p
sup Elflz® — y7 2171 < K(1 + €177 Aa% ve e,

[ER+

Proof For any t > 0 and r € [—1,0], there exist k € Nand j € {—N,—N +
1,...,—1} such that ¢ € [, fx1) and r € [t}, tj4+1]. It is straightforward to see
that

t+7 €ltegj, tirj2), e+ 71 € [tpj, teyjrn).
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Recall zf’A(r) =52 4r) and y,é’A(r) = y,k (r) = y& 21 +r). We first give
estimates of |zf’A(r) — yf ’A(r) |, whose proof is divided into four cases.
Case 1: t +r € [tx4), tirj+1) € Ry. By (1.39) and (2.4), we derive

A =yt ) = 5 ) — )
= 52 (g ) + ORI+ — 1))

+0’(ka+ YW +1) = W(tkt))

. (tj+1 -

Pl ea
A YA (trt 1)

tiv1 —r
== A (252 () — Y52 (1))

d ;tj (52t )) — Y52 (1)
+BOEIE 47— i) + 0 GED YW +7) = Wt ).

Combining 252 (1) = y&2 (1) — 0b(y; ™) A forall [ € N yields

SR =y )

Lji+1
= —-’Tem ia - oo, (5 )
Bty j40)) H ORI+ — ey ) + oG YW+ 1) = Wt )
t r —
= —”Tem R X Ob O A+ O — 1)

+0(ytk+ YWt +7r) = Wt j) — —A LWty j1) — Wtis ).
This implies that for any p > 1,
1252 ) — 30 1P
< KAP(|b(yzk+ )P+ Ib(ytkﬂﬂ)lp) + K|0(y;k+ YWt +7r)— Wt )|”

+ K’G(ytk+])(W(tk+j+1) — Wt ))]”.
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Case 2: t + 1 € [txgj, tkr j+1) € [—7,0). It is obvious that y, (r) = y (r)
and

t P —(t + t
1580 =y = %(”sakm + T"*’smm)
t —t;
JH §(Ik+/) - ] §(tk+j+1) g
~ (= k)f’|s(tk+,-+1> (i )” < KAS,

where we used Assumption 2.5.
Case3:t +r € [txyj+1, tkt-j4+2) € Ry Similar to Case 1, we obtain

A LA
1% () — yo 2 ()IP
= |54 (tk+j+l)+b(ytk+,+])(t+r_tk+/+1)

+opt V(W@ +1) = Wit j41))

tj+] —r
_(T

< KAy S )17 + Ko Gl ) (W +r) — Wt )|

r—t;
yg’A(thrj) + 7Jy§’A(fk+j+l))|p

+ K252 (kg 1)
— YA g jr DI + KI5 A g ) — 252 (g 1P
+ K125 A (k) — Y5 A (ks IP
< KAP(IbGp DI + 1665 )IP) + Ko Gl (W + 1) = Wty j40)|”
+ K58 (Fetj+1) — Pl (fk+j)|p(1{tk+i+1>0 + l{fk+_i+1=0})
< KAP(bGEDIP + 1605 DIP) + Ko Gl YW + 1) — Wty j40) |

+ K|G()’tk+ YW (it j+1) — Wt )" Lt ;>0 + KAZ,

where we used Assumption 2.5.
Case4:t +7r € [ty jy1, tkyj+2) € [—7,0). Similar to Case 2, it can be calcu-
lated that

A A L
1580 — ¥t (1P < KA®.
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Together with Cases 1-4, we have

A A
B[ s 580 -t 0]
re[—t,0]

< KA+ [EIPUPYAL 4 Ky + I + Iy), (2.67)

where

hi=E swp (BOSSIPAT + bOES 17 a) ],

JEl=N,..,—1}
LA
hi=E[ sup sup (o052 (W +1) v 0) = Wit v 0)|”
JE{=N,....—1}reltj,tjt1]

X Lotretins i o0 F 10055 ) (W +7)V0) = Wt a1 v 0)|

X 1{f+V€[tk+j+1,fk+j+2)})]’

I3 = E[ { sup | |0(yi’+Ajvo)(W(tk+j+1 V0) = W(tgj Vv 0))|p]-
je{—N,...,.—

It follows from Assumption 2.4 that
I < QAPE[ sup |b(ytk+ \/0)|p:|

SKAPIE[ sup  (1+ Jyy vOII”(ﬁ“))]
je{—N,...,0}

Since

sup IIy,H, [ IIy,k NII + IIy A,
JE(=N,...

by (2.58), we have

Iy < KAPE[L + [EIIPPHD 4 flyp S 120+ 1y 4 rd+h)

<K(1+ [P0+ AP, (2.68)

Applying the Holder inequality yields

1 1

s (B[ s Icr(y,kﬂvo)i”’])f(w:[ swp W)~ w)])*

je{—N,..., s1—s2€[0,A]

1

+ (B[ sup !a(y,kwvo)F”])f(E[ sup |W(S1)—W(Sz)|2p])%.

jE{*N ..... — S]*SQG[O,A]
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Similar to (2.68), by virtue of Assumption 2.1 and (2.58), we arrive at

1
B KA+ (E] s W - we])"
§1—82€(0,

Applying the Burkholder—Davis—Gundy inequality, we obtain

b= K+ [g[PF0)A%, (2:69)
Similarly, we have

I < K(1+ [§I7PTD)A%, (2.70)
The desired argument follows from (2.67)—(2.70). The proof is completed. |

2.2 Attractiveness and Stability of Numerical Solution

In this subsection, we demonstrate that the numerical solution obtained via the 6-EM
method can inherit simultaneously the exponential attractiveness and exponential
stability of the exact solutions. The inheritance of these longtime asymptotic behav-
iors ensures that the numerical method can effectively characterize the qualitative
dynamics of the underlying stochastic system.

Proposition 2.10 Ler Assumptions 2.1 and 2.2 hold. Then for any A € (0, 1] and
keN,

Bl = 30171 = K (1) — b + 11§ = nll?)e ™" Ve, e,

(29—1)cy,
* 92(1+cy)

Proof Leté&, n e Ci A e (0, 1], and k € N. Similar to the proof in Lemma 2.3, we
deduce that for Ag € (0, A],

where Ay € (0 A A), and positive constants A and c), are defined by (2.2).

Aotk A A 2
P A (1) — 2ty
Aot A A 2 Aot A A 2
= 30 (F A ) = A ) P = A ) - A ) )

k
i=0

+1254(0) — 272(0)?

2
<((1—9) 20 — 1

k
_ ,—A0A Aot EAN N _ A2
< (%3 Paron ¢ 08) YA () — A @)

i=0
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k
FIEA0) A OP + 30 (00 o o) )|
i=0
k
— Qar — ) A Y M YA () — yT A )]
i=0

k 0 k
+2aA Zekom—l / |Yt§,»’A(r) _ y;z.’A(r)|2dv2(r) + Z MM,
i=0 - i=0

< 1252(0) — 272(0)* + 2a2e™7 7 || — n|I?

(1-0)>2 20 — 1
62 62(1 + ¢, A)

k k
2 ~
+ ) e (o(y;ffA) - a(yg’A))SWi + ) MM
i=0 i=0
k
— Qai — ¢ =2 )A Y YR () — YA @), .71)
i=0

+(

k
— e MR YA ) — A ()
i=0

where
My =252 1) — 22 @), (005 ) = o ™) )W)
+2(b05 ™) = b0, (0 = o O™ )5 W)
It follows from Assumptions 2.1 and 2.2 that

MHE[ 5 A (111) — 22 (1) 1]

< 1252(0) — 272(0)]* + (L + 2a2)te™" g — n)?

k
(- 0)2 20 -1 —A0A Aotit1 A A 2
— i E S» t:) — n, t:
g T raren ¢ ),Z_%e (154 (1) — 22 (1) ]
k
— Qa1 — L — ¢, — (L +2a2)e®) A Y~ P HE[y52 (1) — y™ 2 1) .
i=0

It follows from (2.2) that

2a1 — L —¢; — (L +2a2)e"" > 2a; — L —¢; — (L +2a2)e*™ = A > 0.
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Similar to (2.28), we obtain

(1—6)? 20-1 s (26 — Dy,

o — A
92 02(1 + 1) <G T

(20—1)cy,

Letting 1o € (0, 02 (Tre)

A 1], we have

Ell5 2 (5) — 22 (1) ]
< (V (L +2a)te"™)) (12520) — 272 O + [1E — nl*)e % (2.72)
Next, we shall show that {y"A(tk)}keN has a similar property by an induction

argument. In fact, it follows from z52 (1) = y&2 (1) — Hb(y,sk’A)A and Assump-
tion 2.2 that

(1+2a10 A)y5 2 (1) — y™" 2 (1) |2

0
< 12521 — 22 (1)1 + 2420 A f e ) =y A )Py, (2.73)

-7

By virtue of (1.39), we arrive at

(1 +2a10 M)E[YS 2 (1) — y™ (10121

0
+ A
< B[22 () — 2 (10 2] + 20 A / e N

A A
x B[y 2 (1) — y™ 2 )12

(U
+ ZaZQA(vz([—r, —A]D + f_A Kduz(r))

x sup  E[ySAm) -yt @)P. (2.74)
k—N<I<k—1

For k = 1, according to e’ < are™7 < ay, (2.72), and (2.73), we derive

0
(14+2m08(1 - / T L) SRS 1) — v @) P
—A

< E[|52 (1) — 272 ()21 + 2020 A (v (-7, —A])

0 —r )
+[A “Lav)lig —
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0

< (1 + 26119A(1 —/ Advz(r)))<1 v ((L + 2(12)‘[6}"0'1))

—A
x (1252(0) — 272(0))* + 1§ — nl|*)e 01,

where we used

0 0

A Ay =1 rtay
(-1, — ])+/_AX n(r) = —/_A A v2(r).

It is clear that

E[ly52 @) — y™ 2 ()]
< (1V (L +2a) 1) (1252(0) — 272 (0)* + [IE — nll*)e 0. (2.75)

Assume that for some integer k > 1 and/ € {1, ..., k},

EllyS2 @) — y" 2 (1)1?]
< (VL +2a)1e™)) (1252(0) — 272 (0)* + [1E — nlI*)e ™", (2.76)

Then for k + 1, taking into account (2.72), (2.74), and (2.76), we deduce

0 A
(1 +2a10A(1 — f : —Z dvz(r)))IE[Iys’A(thrl) — ¥ A )P
—A

£A A 2 O r+A
< B[ (ta1) — 22 (s ]+2a29A(1—/ L)
—A
x sup  E[yS2A) =y )P
k—N+1<I<k
0
A
5(1\/((L—i—2a2)1'e)‘°t))(l+2a296)”°TA(1—/ rz a2 (1))
—A

x (1Z52(0) — 272(0))> + 1§ — nl|*)e 0%+,
which implies

E[y5 2 (1) — Y72 e ) 1]

< (1 V (L + 2a2)te™)) (1252(0) — 272 (0)]* + [IE — nl|*)e 0%+,
2.77)
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Hence, we conclude from (2.75)—(2.77) that for any k € N,

E[ly52 (1) — y™ ()]

< (1 V (L +2a2)te™)) (1252(0) — 272 (0)]* + [IE — nlI*)e 0%, (2.78)

Furthermore, by similar arguments to those in Proposition 2.4, it follows from (2.71)

that
E[ sup M5 (1) — Zn’A(ti+1)|2]
(k—N)VO0<i<k
< 1252(0) — 272(0)* + 2a2e™7 7 || — n|I?

k
2
+ B8] Y o i) — o 07| ]
i=0

i
N E[ sup ekotHlMl]_ (2.79)
(k—N)VO<i<k I=(k—N)VO

Making use of Assumption 2.1, we derive

2
A A
o™ o op)| ]

k
A]E[ Z e0li+1

=

k 0
< ALE[ 3" 0 (154 ) — P + [0 = 50 Pan )]
i=0 -t
k
< KA Y MBS A @) -y A @) + KNE — 0l (2.80)

i=0
Similar to (2.32), one has

i

]E[ sup etori+ Mz]
k=N)VO<i=k |_ ‘Tr 0
1 )
< —E[ sup M|z A () — Z”’A(h‘)|2]
4 L —nyvo<i<k
1 )
+ B[ sup oy -y P ]
4 L—nyvo<i<k
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102
k 2
+ KAIE[ S o) —G(yZ’A)( ]
i=(k—N)Vv0
1
< —E[ sup M5 A1) — Z”’A(h‘)|2]
4 L _nyvo<i<k
1
+oE[sup oy — P ]
4 L—nyvo<i<k
k
+KAY SRS A @) =y AP+ KIE -l (2.81)
i=0

Inserting (2.80) and (2.81) into (2.79) derives

E[ sup M5B (1) — Z”’A(li+1)|2]
(k—N)VO<i<k

< K(12520) — 272 (0)]* + [IE — nlI?)

k
+ KA Y SR — A )]
i=0
1 )
+ —IE[ sup M5B @) — Z”’A(fi)|2]
4 Lu—_nyvo<i<k
1 )
+ B[ osup onERa) -y Aa ). (2.82)
4 Lg—nyvo<i<k

Similar to (2.33), we arrive at

YA (1) =y A1)

IE[ sup
(k—N)Vv0<i<k
< IE[ sup M5 A () — z”’A(ti)|2]
(k—N)Vv0<i<k
k
F2a0AMT 3 PUE[ A ) -y )]
i=(k=2N)V(=N)

This, along with (2.82) implies that

[ sup A — A P
(k=N)VO<i<k
k

< K(IZ520) = 27 20)1* + 1€ = nl*) + KA D e EIy5 (1) — y" 2 (1) ]
i=0
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1 )
+ —E[ sup M5B (1) — Zn’A(ti+l)|2:|
2 Lg—nyvo<i<k

1
+ EE[ek"”‘*leg’A(tk—N) — Zn’A(fk—N)|2]-
Using (2.72) and (2.78), we obtain

E[ sup M5 A (g ) — Z"’A(fi+1)|2]
(k—N)V0<i<k

< K(Ib©&) — b >+ 11§ — nlH A + 1),

which yields that for any ¢ € (0, o),

B[ sup 0 — 2P
(k—N)VO0=<i<k

< K(Ib) — b(]* + 1§ — nl|P)e P07, (2.83)
Without loss of generality, we redefine Ag € (0, 2229(1__:23 A L). Then, it follows from

(2.83) that
]E[ sup 1252 (tig1) — Z"’A(ti+1)|2]
(k—N)VO0<i<k

< K(Ib&) — b()* + 11§ — nl|P)e 0%, (2.84)

Using (2.73) leads to

(+2a0ME[  sup A — AP
(k—N)VO<i<k

<E[ s 1A - 0P
(k—N)vO<i<k

+ 2a29AE[ sup IyE’A(li) - yn’A(ti)|2]
(k=2N)V(=N)<i<k

<B[ s 0 — )]
(k—N)VO<i<k

+ 4axft sup E[lyS25) — y™2 1) 171 (2.85)
(k—2N)V(—=N)<i<k

Then the desired argument follows from (2.78) and (2.84). We finish the proof. O

Numerical stability is an important characteristic to measure the reliability of
numerical methods in longtime computation. Below, we present the exponential



104 2 Mean-Square Convergence Analysis in the Infinite Time Horizon

stability of the trivial solution of (1.1). We propose the following condition to ensure
the existence of the trivial solution.

Assumption 2.6 The drift and diffusion coefficients satisfy b(0) = o (0) = 0.

It follows from Assumption 2.6 that x%(r) = 0, which implies x,0 = (. By virtue of
(2.1), it is straightforward to obtain the exponential stability of the trivial functional
solution of (1.1).

Proposition 2.11 Let Assumptions 2.1, 2.2, and 2.6 hold. Then the trivial functional
solution is mean-square exponentially stable and satisfies

E[|lxf 2] < K1+ [£]Pe ™

or any initial data & € C?, where the positive constant X satisfies (2.2).
y

Similarly, by virtue of Proposition 2.10, we can deduce that the 6-EM method
inherits the mean-square exponential stability.

Theorem 2.12 Let Assumptions 2.1, 2.2, and 2.6 hold. Then for any A € (0, 1], the
numerical functional solution satisfies

EllyE2 12 < K1+ [bE) 2 + [1E]2)e ot

or any initial data € € C?, where the constant L is defined in Proposition 2.10.
y

Remark 2.1 In fact, if the coefficients b and o are locally Lipschitz continuous,
and Assumptions 2.1 and 2.2 are relaxed as

0
2(p(0), b(@)) + |0 (@)* < —di|p(0)]* + da / ¢ (r)|2dv(r),

we can also deduce the above stability results of the trivial functional solution and
the inheritance of this property by the 8-EM method. Here, d| and d, are positive
constants with d; > d», and v is a probability measure on [—t, 0]. The proof is
similar to that of Proposition 2.10.

2.3 Mean-Square Convergence Rate

In this subsection, we aim to establish the mean-square convergence rate of the 6-
EM method on the infinite time horizon, under the one-sided Lipschitz condition
on the drift coefficient (Assumption 2.2) and the globally Lipschitz condition on
the diffusion coefficient (Assumption 2.1). The proof is based on the estimates of
high-order moments of both the numerical solution and the exact solution, and the
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estimates between the functional solution and the continuous process of the split-
step 6-EM solution (2.4).

Lemma 2.13 Let Assumptions 2.1-2.5 hold. Then

A 3
supE[[lxf — 25212 < K (1 + [|1*P0P) A vE e

t>0

Proof 1t follows from (1.1) and (2.4) that
t
xE (1) = 258(0) = 0bE) A + / (b0 = bOE))ds
0

t
+f (U(xf)—a(yf’A))dW(s).
0

By the It6 formula, Young inequality, and Assumption 2.4, we obtain that for any
e€(0,1),

! xE (1) — 520
- /Ot e (el () = ZFA )P 4+ 205 (5) = 252, b = bGES)
o) = o GEP)ds + A, +60%1b() A7
< K+ [EPPD)a% + /0 e (el (5) = 22 0 + 205 (9) = 229,
b = bEE) + (1 +0)lo () — 0 ) )ds
+ /0[ e x5 (s) — 252 (9))Pds + & + M,
where
& = fot e‘”(élb(zf’A) —bGEMPE+ (1 + é)lo(zE’A) — o (ENP)ds,
and N; is a martingale defined by

t
Ny =2 / e (x5 (5) — 268(), (0 (x5) — o (AW (s)).
0
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According to Assumptions 2.1 and 2.2, we derive
a0 = AP

t
<K(+ ||$||2°5+”>A2+f (= ar =26 = A+ L) 1x ) = 52 )
0

0
+ 2a; / e x5 (r) — A () Pdva(r)

-7
0

+(1~|—€)L/

-7

e () — A0 Pdvi () ds + & + Ay
< K1+ [§1P¥)a% — <2a1 —2—(I+&)L—Qa+(+ s)L)e”)

t
x / S 1xE(s) — 252 (9)1Pds + Qaz + (1 + &) L)e’”
0
0
x / 1 (5) — 252 (9)Pds + & + Ao,
—T

where in the last step we used

t r0
/0 / ¢S |x8 (r) — 252 ()| 2dv (r)ds
-7
0 t
< / / e CNxE (s + 1) — 25 (s 4 1) Pdsdyy (r)
—7J0
0 t
Se”/ ess|x$(S)—ZE’A(S)|2ds+€8T/ e 1xf(s) = 252 (9)Pds, 1=1,2
0

-7

due to the Fubini theorem. In view of a; > a» + L, choose a sufficiently small
number ¢ € (0, 1) such that

2a1 —2¢ — (1 + &)L — Qaz + (1 + &)L)e" > 0.

By Assumption 2.5, we have
0
Qay + (1 +e)L)e’" / e 1xb (5) — 252 (s)Pds < K(1 + |E[2FD)A.

-7

Thus,

() — 52 < KA+ IEIPPT)A + & + N, (2.86)
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By virtue of Assumptions 2.1 and 2.4, we apply the Holder inequality to deduce

t
EI&] < KE[/ ez = yEAIRA + 282 4 A 1P as |
0

1

1 1 1
<K / e (BIlIzS™ = y5 2 1M1) 2 (BLL+ 1252 1% + 11y521%1) 2 ds,
0
Making use of (2.58) and Lemma 2.9 yields

E[&] < K(1+ [E120H7) (1 + €20+ A /0 et
< K(1+ [£]#0+N e A,
This, along with (2.86) implies that
E[1x% (1) — 2520171 < e (K (1 + [E1*TP) A + E[&,])

3
< K(1+ ||g[¥IHAHYA, (2.87)

where the positive constant K is independent of A and ¢. Furthermore, according to
(2.86), we apply the Burkholder—Davis—Gundy inequality to derive

IE[ sup  e"|x (u) — ZE’A(M)|2]

(t—1)V0<u<t

< KA+ [EP)A+BEI+E]  sup N,

(t—1)V0<u<t

< K(1 + P00 A
t 1
+ KIE[(/ A 1x8 (5) — A ) Plo (xF) — o (554)2ds) 2]
(t—1)V0

= KA+ 16 A+ KE[(( sup ™) =0 wp?)

(t—1)V0<u<t

t 1
X / e”|0(x§) —a(yf’A)|2ds)2].
(@

t—1)V0

By virtue of the Young inequality and Assumption 2.1, we arrive at

IE[ sup e |x5 (u) — ZE’A(M)|2]

(t—7)V0<u<t

1
< KA+ g+ SB[ sup et ) — 252

(t—1)VO0<u<t
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t

+ KJE[/ o (xf) — cr(yf’A)lzds]
(t—1)V0

; 1
< KA+ 1610 A+ SB[ sup e i@ — 22w

(t—1)V0<u<t
t

+RE[ [ o) - o Pas]
(t—1)Vv0

t

+ KIE[/ o (5™ — G(yf’A)|2ds]
(t—1)V0

1
= KA+ 617 a4 SB[ sup e ) — 254w

(t—1)V0<u<t

t
LK / SSE[E (5) — 258 (5)[21ds
(

t—1)V0

t
+ K/ SE[252 — y5 22 ds
(

t—1)Vv0

t 0
LK f e / E[lx (r) — 252(7)P1dvy (r)ds.
(

t—1)V0 -7

It follows from (2.87) and Lemma 2.9 that

1
_eeafr)vo]E[ sup |x5(u)—z5’A(u)|2]

2 (t—1)V0<u<t

1 cuy £ E AL N2
<3E[ s et - FAwp]

(t—1)V0<u<t

t
3 3
< K(1+ |E[¥IHPY e A 4 K (1 + ||| A / e ds
(t—1)V0

3
< KL+ [§]PHP)e A,
which implies

Bl s - @] < KA Ig1 A0 )A,

(t—1)V0<u<t

The proof is completed. O

Utilizing Lemmas 2.9 and 2.13, we conclude the following mean-square conver-
gence rate of the 6-EM functional solution.
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Theorem 2.14 Let Assumptions 2.1-2.5 hold. Then for A € (0, 1] and & € c?,

A 3
supE[lxs — yo 2121 < K (1 + g0+ A.
k>0

Remark 2.2 In particular, for the SFDE (1.1) with additive noise, the mean-square
convergence rate established in Theorem 2.14 can be increased to 1.

Remark 2.3 Building on the longtime mean-square convergence result, we can
derive several practical benefits for applications. Specifically, we can obtain the
convergence rate of 1/2 of the numerical invariant measure to the underlying exact
one. Nonetheless, for a higher convergence rate, we turn to Chap. 3, addressing the
rigorous analysis of the convergence rate for the numerical invariant measure. To
this end, we will employ the method of weak convergence analysis, which offers
a more refined approach for this investigation. Additionally, as another application,
we present in Corollary 4.5 the SLLN and the CLT of the time-average of the 6-EM
functional solution.

2.4 Numerical Experiments

In this section, we present numerical algorithms and numerical experiments to verify
the mean-square convergence rate of the -EM method applied to SFDEs. Two one-
dimensional concrete numerical examples are provided to illustrate the theoretical
convergence results.

Algorithm 1 illustrates the numerical procedure used to verify the mean-square
convergence rate of the -EM method for SFDEs. A reference solution computed
with a sufficiently small stepsize is used as a proxy for the exact solution, and all
approximations are driven by the same underlying Brownian motion path.

Linear Stochastic Delay Differential Equation We first consider the linear
stochastic delay differential equation:

dxt(t) = (—ax® (1) + Bx5(t — v))dr + cdW (1), t >0, (2.88)

where in the numerical experiment, constants ¢« = 1.2, 8 = 0.8,0 = 05,7 = 1,
and initial datum &£(¢) = 1 for ¢t € [—7,0]. We employ M = 2000 independent
trajectories to estimate expectations of errors. Figure 2.1a illustrates the mean-
square convergence rate of the EM method for this model. The mean-square error
at the terminal time is plotted against the stepsize on a log-log scale. The dashed
line indicates the reference slope of rate 1. The numerical errors exhibit a clear
linear decay with respect to the stepsizes, which is consistent with the theoretical
mean-square convergence rate one. Figure 2.1b depicts the longtime evolution of the
mean-square convergence error between the EM solution and the reference solution.
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Algorithm 1 Mean-square convergence rate for 6-EM method applied to SFDEs

Require: SFDE parameters (b, 0, &, ), parameter 0, final time 7', stepsizes {A j}{:l’ reference
stepsize Arer, Monte Carlo size M. i

Output: Mean-square errors {e j}f= 1

1: Generate M independent Brownian motion increments SWr(é?)(k) ~ N0, Aws), k =
0,. B Nref — 1, with Nyef = T/ Aret.

2: Set dref = f[Aref.
3: Initialize x" (1), k= —diet, ..., 0, m=1,..., M.
4: form=1,..., M do
5: fork=0,..., Nt — 1 do
" (t1) = x5 () + (eb(xfg?,kﬂ) + (1= 0)b Y, ) Aret + 0 (el JSWL (k).
6: end for
7: end for
8 forj=1,...,J do _
9: Set A=A;, N=T/A,d=1/A, 1 = A/ At
10: Construct coarse Brownian motion increments
B (k+1)r—1 B
WMy = Y sWi@). k=0.....N-1.
i=kr

11:  Initialize y* (1), k=—d,...,O0.
12: form=1,...,Mdo
13: fork=0,...,N—1do

Y (ts1) =y (1) + (06 + (1= b)) A + o () W™ (k).

14: end for

15: end for 12
16: Compute the mean-square error e¢; = (ﬁ Z%:l Hy(Tm> - xr(:t?T Hz) .
17: end for

It can be observed that the mean-square error remains uniformly bounded over long
time intervals [0, 500], confirming our longtime mean-square convergence result.

Nonlinear Stochastic Functional Differential Equation We then investigate the
mean-square convergence of the backward EM method applied to the following
nonlinear SFDE:

0
k(1) = (%/ X6t + 5)ds — (6 ()3 — 2xf(t))dt

-7

0
+ (%/_ X5t + 5)ds + %xé(t) n %)dW(t), (2.89)

T
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Fig. 2.1 Mean-square convergence for EM method of (2.88); « = 1.2, 8 = 0.8, 0 = 0.5, 7
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Fig. 2.2 Mean-square convergence for backward EM method of (2.89); t = 0.125,a = 0.1, M =
400, = 1.@ A =220 . 2% Aes = 273, T = 1, and b) A = 277, Apes =
2710 T = 500. (a) Mean-square convergence rate. (b) Longtime evolution of mean-square error

where T = 0.125,a = 0.1, and the initial datum &(¢) = 1 for r € [—7, 0]. We
employ M = 400 independent trajectories to estimate expectations of errors. As

shown in Fig. 2.2a, the numerical errors decrease linearly with respect to A2 , and
the slope of the error curve agrees well with the reference slope % This confirms
the theoretical mean-square convergence rate of the backward EM method for the
nonlinear SFDE. Figure 2.2b illustrates the longtime evolution of the mean-square
error between the solution of the backward EM method and the reference solution.
The mean-square error remains uniformly bounded over long time intervals [0, 500],
validating the longtime mean-square convergence result for the nonlinear SFDE
with multiplicative noise.
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2.5 Summary and Outlook

This chapter has studied the longtime mean-square convergence of the 6-EM
method for the SFDE (1.1) with a superlinearly growing drift coefficient, and
established a mean-square convergence rate of % Existing studies on the mean-
square convergence analysis over the finite time horizon include the analysis of
the Milstein method in [22], the Wong—Zakai type approximation in [2], EM-type
methods in [13, 34, 35], and drift-implicit one-step numerical methods in [1]. For
the infinite time horizon setting, we highlight a recent paper [7], in which the mean-
square convergence rate of the EM method for the SFDE on the infinite time horizon
is proved to be % under the globally Lipschitz condition.

In this chapter, we have presented some sufficient conditions for analyzing the
problem under consideration. Nevertheless, there is still some flexibility in relaxing
these conditions. For example, if Assumption 2.3 is weakened to

0
(b(@), $(0)) < K —a3|¢(0)|** +a4f | (r)[*dva (r)

-7

with € > 0, > 2,a3,a4 > 0, and ¢ € cd , the mean-square convergence
result established in this chapter still holds by essentially the same approach.
When both the drift and the diffusion coefficients exhibit superlinear growth,
some longtime mean-square convergence results for numerical methods applied to
stochastic ordinary differential equations have been established; see e.g. [33] for
the analysis of the BEM method. However, knowledge regarding the SFDE case
remains relatively scarce.

While this chapter focuses on SFDEs driven by Brownian motion, SFDEs
driven by other stochastic processes, such as fractional Brownian motion and the
Lévy noise, are also of substantial theoretical and practical interest. The numerical
analysis on stochastic ordinary and partial differential equations driven by such
noises has been extensively developed (see e.g., [5, 6, 8, 17, 28, 29, 37] for Lévy
noise and see [15, 19-21, 23-25, 32] for fractional Brownian motion). By contrast,
corresponding research on SFDEs remains rather limited. Existing contributions
mainly address the convergence analysis in the finite time horizon and stability
properties for stochastic delay differential equations driven by Lévy noise or
fractional Brownian motion (see [13, 14, 18, 30]), whereas the convergence analysis
in the infinite time horizon of numerical methods for general SFDE:s in this setting
appears to be far less explored. This points to the need for developing appropriate
numerical schemes and rigorously analyzing their longtime behavior.

The study of SFDEs presented here motivates consideration of stochastic partial
differential equations with memory effects. In this setting, the introduction of time
delays leads naturally to stochastic partial differential equations with delay, for
which a number of numerical methods have been developed; see e.g., [16, 31,
38, 40]. In addition to the Euclidean spatial domain, stochastic partial differential
equations with delay have been considered on manifolds and other geometric
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settings. We refer to [39] and the references therein for related theoretical analysis
and numerical investigations. Building on recent progress in graph theory and
stochastic partial differential equations on graphs (see e.g., [3, 4, 9-12, 26, 27]),
stochastic delay equations on graphs remain largely unexplored, and the study
of their well-posedness together with the construction and analysis of suitable
numerical methods for SFDE-type models in this setting constitutes a promising
direction for future research.
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Chapter 3

Numerical Invariant Measure and Weak Cechie
Convergence Analysis in the Infinite Time
Horizon

For the SFDE with either discrete or distributed delay arguments, it is known
that the solution is non-Markovian due to the dependence on the past. Hence,
the functional solution, which is proved to be Markovian, becomes the focus for
studying the existence and uniqueness of the invariant measure of the underlying
SFDE. This chapter investigates the existence, uniqueness, and convergence rate
of the invariant measure of the numerical functional solution of the 6-EM method.
Recall that in Chap. 2, we obtained the time-independent moment boundedness and
the exponential attractiveness of the 6-EM functional solution. Building on these
properties, in Sect. 3.1, we prove the existence and uniqueness of the numerical
invariant measure by using the Krylov—Bogoliubov theorem. In Sect. 3.2, we
analyze the longtime weak convergence rate of the #-EM method, which provides
a quantitative estimate between the numerical invariant measure and the exact one.
The analysis relies on the Malliavin calculus. We first derive the time-independent
estimates for Malliavin derivatives and Gateaux derivatives of both the exact and
numerical functional solutions. Then, we show that the weak convergence rate of
the 6-EM method is 1, which is twice the mean-square convergence rate.

3.1 Numerical Invariant Measure

In this section, we show that the 8-EM functional solution admits a unique invariant
measure. Recall

(0.¢]
A §.A
y;S -ZZ)’tk L) (1)
k=0
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and define the measure u, by
1t A) =PlweQ:y " e A} VA eBC).

Denote by PE’A the Markov semigroup associated to ,uf’A According to Proposi-

tions 2.4 and 2.10, we can obtain the tightness of the sequence {ufk HeeN.

Lemma 3.1 Let Assumptions 2.1 and 2.2 hold. Then for & € C?and A € 0, 1],
the family {,ufk’A}keN is tight.

Proof Since C? is a Polish space and

sup E[Ilys 2121 < K(1 + €12 + [b(§)2A2),
keN

by virtue of [14, Lemma 6.14], it suffices to prove that the family {ufk’A}keN is a
Cauchy sequence in the space (P, Wy). In fact, for any k,i € N, applying [14,
Remark 6.5] leads to

Wy (utH, ) I/sz 8 = sup

Wl Lip VIV o<1

v [ veouwo),

where W : C¢ — R satisfies the Lipschitz condition, and norms || - [|;p and || - [l
are defined, respectively, by

v -V
[WllLip = sup [ = @)l g [Wlleo = sup [W(g)].

¢1,¢2€Cd ”¢1 - ¢2” pec?
d1#P

By the definition of u?’A and the time-homogeneous Markov property of { y,sk’A }eeN,
we deduce

Wiy o™= sup [EWGRD]- BN
lLipVIVeo=<1

= sw o [E[E[wOEDIF]] - Ev o)

IWllLipVIIW oo <1

S [efavel ] Evod

IWllLipVIIWlloo<1

= sp E[E[WOEY — WOl ]|
Wl Lip VIV oo <1
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It follows from the Lipschitz property of W and Proposition 2.10 that for any
constant M > ||&]|,

A LA A LA
Wil 1) < B[BR2 A Iy = i 1] _ea ]

Aotk

< KE[(1b05™) = b@1+ 157 = £)1, e Ly Je
+ 2P{lly; Il > M).

According to the Chebyshev inequality and Proposition 2.4, we have

£A EA L _ELEAA
Wi (I/«szr,-’ M ) <K sup (|b(¢)| + ||¢||)€ 2+ 2—2
lpll<M M

wo o K+ [IE] + |b()[2A2
<K sup (b + gl % + X ||é||M2| GIR9)
loll=M

For any ¢ > 0, choose a sufficiently large number M > 0 such that

K(1+ &%+ |b(§)]*A%)
M2 =

N | ™

By virtue of the continuity of b(-), choose a sufficiently large number £ € N such
that

K sup (6@ + lpl)e ¥ <
lpll<M

| ™

Hence, the family {Mi’A}keN is a Cauchy sequence in (P, W;). The proof is
finished. O

Taking advantage of Proposition 2.10 and Lemma 3.1, we give the existence and
uniqueness of the numerical invariant measure of the 6-EM functional solution.

Theorem 3.2 Let Assumptions 2.1 and 2.2 hold. Then for A € (0, 1], the 0-EM
functional solution admits a unique invariant measure 1>, which satisfies

sup wA(- 1P = sup / 161Pdi® @) < K. 3.1)
Ae(0,1] Ae(0,1] /¢4

Proof We divide the proof of the existence and uniqueness of the numerical
invariant measure into two steps.

Step 1. We present the existence of numerical invariant measure based on the
Krylov—Bogoliubov theorem [10, Theorem 3.1.1]. For any & € Ci A e (0, 1], and
k € N, it follows from Lemma 3.1 that the family { ,ufk’A} keN is tight. Hence we only



118 3 Numerical Invariant Measure and Weak Convergence Analysis in the Infinite. . .

need to prove that Pti’A is Feller, i.e., to show that the mapping
§ — Pt (@) =E[®(; )]

is continuous for any bounded continuous functional & : ¢? — R. In fact, for
£, € C%, by Proposition 2.10, we have

A A
yfk — v in L2($2: C%)

as £ — n. By [13, p.256, Theorem 2], we derive

ytgk'A - y,nk’A in distribution

as & — 1, which implies the Feller property. Hence, for any £ € C¢ and A € (0, 1],

the #-EM functional solution admits an invariant measure 2.
Step 2. We shall show that for any A € (0, 1], the numerical invariant measure

is unique. Assume that there exist two numerical invariant measures u{ and p5'.
Then in view of the convex property of W5 and Proposition 2.10, we obtain that for
any k € N,
(Wa(uf', u2))?
< [ O P ©dud
cixc?
< / A (K (16©) =P + I = nli2)e ™ )duf ©)dpes ().
cdxcd
(3.2)
Letting k — oo and applying the dominated convergence theorem, we derive

Wa(uf, us) =0,

which finishes the proof of Step 2.
In addition, it follows from

lim Wa(up®, u®) =0
k— 00
that for any bounded continuous functional ® : C¢ — R,

lim CID(M)dMg(’A(u):/ ® (u)du ().
dd Cd

k—o0 Jo
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This, along with Proposition 2.4 implies that

/ lull?dp® ) = lim / (M A lul®)dp® ()
Cd M—o0 Cd

= lim lim E[M A [yp®)?

A m ELM A 1]

< supEfflyp*1*] < K.
eN

The proof is therefore finished. O

Taking advantage of Theorem 2.14, we can obtain a rough estimate for the error
between the numerical invariant measure and the exact one.

Theorem 3.3 Let Assumptions 2.1to 2.5 hold. Then for any A € (0, 1],

Wa(u, u) < KAZ.

Proof For any A € (0, 1] and £k € N, by virtue of (2.3) and Theorem 2.14, we
obtain

0 0
Wa (e, 1) < Wap, ) + Waud, p®) + Wa(uy ®, n®)
A 1
< Ke™ 2% 4 (E[x — yp ™ 121) + Wa(up™, 1)
< Ke 3% £ KAT + Waup®, 1), (3.3)

where the positive constant A satisfies (2.2). Similar to the proof of (3.2), and by
Assumption 2.4, we have

D=

WaGuy ™, 1) = ( /C Kb = bODP + [n]?)e ™ du (n))

1

ke H( [Pt o)’

A0
<Ke 2k,

This, along with (3.3) implies that

)

A —44 1 —2y
Wo(u, u=) < Ke 2" + KAZ + Ke™ 2%,

Letting k — oo, we obtain the desired argument. O
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3.2 Weak Convergence Analysis

In this section, we investigate the convergence rate of the numerical invariant
measure based on the longtime weak convergence analysis of the 9-EM method.

We first introduce some notation. Without loss of generality, let 7 be a multiple
of 7, i.e., there exists a number N2 € N4 such that T = tya. Let ¢(¢; t;, n) and
¢ (t;, n) denote the solution and functional solution of the SFDE (1.1) at time ¢ with
the initial value € Cc? at ti, @ (t; ti, m) and Oy (t;, n) denote the §-EM solution and
6-EM functional solution at time #; with initial value n at ¢;. Let (C([—7, T]; RY), (|-
1) denote the family of continuous functions ¢ : [—7, T] — R¢ equipped with the
norm ||| := sup_, ;<7 |¢(s)|. For ¥ € C([—7, T]; R?), denote its segment
process by {Y,(-)},>0 satisfying Y, (-) € C?and Y, (s) = Y(r +s) for s € [—1, 0].

The error between the numerical invariant measure of the -EM method and the
invariant measure of (1.1) is split as follows: for the test functional f which belongs
to some suitable space,

l(f) — ()l
= [ELF &5 (T)] = ELF 52 ()]

< [ELf &5 (T)] = ELFGSA @) + [ELF G52 ()] — ELF G52 (T)],
(3.4

where é, £ are initial data with distributions being 1, u®, respectively. When f has
the uniformly bounded first-order derivative, according to the mean value theorem
and Proposition 2.10, the second term in the right hand of (3.4) decays exponentially
in time, namely, |ELf 5 2(T)H] — E[f 52T < Ke 3T, Hence, it suffices
to estimate the term |E[f(x§(T))] — E[f(yE’A(T))]L which is commonly called
the weak error of the numerical method.

The decomposition of the weak error is mainly based on a dimensionality
reduction argument, which projects the infinite-dimensional spaces C? and
C(—r, Tl Rd) into finite-dimensional ones via linear interpolation. The resulting
projection spaces are denoted by C/™ and C'™([—t, T];R?), respectively.
Precisely, for & € C?, let &/™ e (/" denote the linear interpolation
of & at grids {(t, E(tk))}ngN. For Y() € C([—1,T];R%), the process
yint(y e CI"([—t, T1; R?) denotes the linear interpolation with respect to

{(t, Y(tk))},iV:A_N, whose segment process {lent(')}rz() satisfies Yr””(-) e ¢4 and

y/ni(s)y = YI"(r +5),s € [—7, 0]. It is worth pointing out that C'"" = Mo RY,

T . . . . . . .
where "' denotes the (N + 1)-dimensional linear interpolation space of piecewise
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linear functions from [—t, 0] to R with the following basis functions:
_ N
17M) = — (v = 9D1a_y (5),

. N N .
190(s) o= — (5 = 101, () + — (1 = )1y (), j==N+ 1., =1,
(3.9

N
I[O](S) = ?(S - tfl)lAfl(s)s

where A; = [tj,tj41) for j = —N,..., =2, and A_; := [t_1,0]. Thus, any
element u : [—7,0] — R in C!™ can be expressed as Z?‘:—N 1UY()u;, where
111 e ™ andu; e RY.

Denote by C,3, (R?; R) the family of all continuous functions with bounded partial
derivatives up to order 3. We always use the relation (pI (g tj, ¢1; (0, 51 nyy =
e (1;0,EM) = @(1;0,£™) for | > j > 0 in the decomposition of the weak
error. Let f € Ci (R%; R). We split the weak error as

ELf (x*(T))] = ELf 5 *(T))]
= E[f(@(T;0,£)] — ELf(S(T;0,£))]
=E[f(P(T; tya, <pt11:'£ 0, £))] — E[£(®(T; 0, £11))]
= ELf(®(T; tya, ¢/ 0, 6] = ELF (D (T; tya, ¢/ (0, £"")))]

+ELF (DT tya, 9{™ 0,6 )] —ELf(@(T; 0,6 )], (36)

where we used the relation ¢(T'; 0, £) = gof:’ (0,£)(0) = ®(T; tya, /™ (0, £)).

A Ina

We split the term E[ f (®(T; tya, ¢/ ™ (0, ")) —E[f(P(T; 0, E/"))] further

ZNA
as

ELf(®(T; tya, (ptl,:i 0, M) — E[f(®(T; 0, £1))]

{BLA(@(T: 11, 0{ 0. 6™ )] = BLF(S(T: 111, 0] 0,61
1

=

A

E[E| (O(T: 11, 0" (ti-1, @1, (0, 6")))

]

=

I
_

— f(@(T:t;, D (ti—1. 9" (0. 7))
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NA 1
= Z/ ]E[f’(@(T;ti, Y NDO(T; 17, Y/ )
i—1 0

(o1 it 0, 0,67 = @4 (i1, 0 0.6 Jds (3.7)

where we used ¢, (ti—1, ¢,_, (0, ™)) = /" (0, £™), O(T; t;—1, 9", (0, ™))
= O(T; 1;, O, (ti-1, 9"} (0, ")), and

Y=gl (im0, (0,67) + (1 — )@y, (tim1, 9" (0,67™)).  (3.8)
We further deal with the /™ -valued random variable
Q1" (i1, @i (0, €M) — Dy, (11, 0" (0, £7))

in (3.7). It follows from the expansion n(-) = ZO N I[j](~)n(tj) for n € C!"" and

j:
the relation
(i +1j: 11, 9" (0.6 = " (114:0,&™),  j=-N,....—1
that

Q1" (i1, @y, (0,E") — By (ti1, 0™ (0, E™™))

0
= > ﬂ”(sa,i”’(n_l,go,,._l(o,s’”’»(t,-)—<1>,i(r,~_1,¢t,"’, 0. 6"t ))

j=—N

0
= > ﬂ”(so’”’(t,- 15t @y (0,81 — (8 + 155 121, 9™ (0, s’"‘)))
j=—N

= > 14 0.6™) — " (1145 0,6™) )

j:_

+ 13 tim1, 91, (0,67 = D5 -1, 9" 0.6"™)))),
which together with the relation /™ (1;; 0, £/ = ¢(1; 0, £/™) leads to

O (ti1, iy (0,E7)) — Dy (11, @] (0, 8™))

= 100 i1, ¢, (0. 67) = Bt 11, 9]" O.6™)). (39)
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Note that for any i € N, by the expression of the solution, we have the following
decomposition of the difference in (3.9)

@iz ti—1. @i, (0.E) — @@t 11, )™ (0,&"))

= /, tl b(@r (ti—1, @1, (0, E™)))dr + /t tl o (@r(ti—1, @i, (0, E™))dW (r)
- fl [(1 = 0)b(@[™ (0, &) + 0b(Dy, (ti—1., @™ (0, ")) |dr
- /j o ("0, AW (r) = T} + I}, y + I, (3.10)
where

t
I ,=0 [ [b(p/™ (0,8"™)) — b(®y, (11, 9[™ (0, ")) ]dr,
i—1

. ti
Iy = / [0 (@r (ti1. @1, (0, E7))) — o (@™ (0, £ ) ]AW ().
ti—1

According to (3.6)—(3.10), we derive the following decomposition of the weak error

ELf 5 (T)] — ELf52(T))]
= ELf (D(T5 tya, ¢4 (0, 6))] = ELf (D(T; 1y, ¢/ (0,"")))]

N& 1
+3 E[<f/(<b(T; b, YONVD(T; 17, Y), 10T} + I, + Iﬁ,))]dg
i=170

=To+Ip+Ipp+1,, 3.11)

where

Io:=ELf(®(T: tya, 9" (0, )] = ELf(D(T: 1y, ¢/"; (0, €)1,

NA
Iy = Zfo E[<f/(q’(T; i YENDO(T; 13, YF), 1[0]I2>]d§,
i=1
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NA 1 o i
YEDD fo B[(£/@T: 6, Y )00 1, ¥, 107}, )] de,
i=1

NA
7, = ;/O E[<f/(<b(T; f Yig))z)qp(]‘; t, Yig)’ [[0]]2>:|d§.

3.2.1 A Priori Estimates

In this subsection, we present some a priori estimates for the exact functional
solution and the 8-EM functional solution. These estimates encompass the time-
independent boundedness of high-order moments for the Malliavin derivatives and
Gateaux derivatives of both exact and numerical solutions, ensuring uniform control
of the growth of solutions over a long time. These fundamental estimates play a
crucial role in the longtime weak convergence analysis of the numerical method.
We introduce the following assumptions on the coefficients ¢ and b.

Assumption 3.1 Assume that coefficients b and o have continuous first-order
Gateaux derivatives.

For any ¢, ¢1 € C4, andt € R, it follows from Assumption 3.1 and the definition
of the Gateaux derivative that b(¢p; + tp) — b(¢p1) = tDb(p1)¢ + o(t), where
the symbol o(-) represents a higher-order infinitesimal quantity. Then based on
Assumptions 2.1 and 2.2, we have

0
(Db(@1)$, $(0)) < —arlp(0) +a2/ |6 (r) Pdva (r), (3.12)

-7

0
Do @Dl < L(16OF + f ) 2dvi (1)), (3.13)

where ¢, ¢ € C?; see [6, Eq. (2.4)] for a similar proof.
The following lemmas give some regularity estimates of both the exact solution
and the numerical solution.

Lemma 3.4 Let Assumptions 2.1and 2.2 with ay — ay — 2p — 1)L > 0 hold for
some p > 1. And let Assumption 3.1 hold. Then for any t > 0,

E[Dx* (1) - n|*] < K||[n||*P e 17",

E[|Dx} - 0?1 < K [n|*Pe™17",

where§ e L% (2; Cd), n e C?, and constants K, ):1 > 0.
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Proof Forn e C%, Dxt () - n satisfies
ADxE (1) - = Db(E)DxE - pdt + Do x5 DxE - ndW (), 150

with the initial datum Dxé(r) - n = n(r) for r € [—7,0]. Let A, € (0,1) be
determined later. Applying the Itd formula, we obtain

A7 1D (1) - ?P)
— 31 pe P\ DxE (1) - PPt + 2pet P | DxE (1) - ) 2P
x (af 1) -, Db(EYDxE - n)de + (DxE (1) - 1, Do (x5 Dxf - ndw (@) )
+2p(p — DD (1) - 0P H(Do (5 Dxf ) DK (1) - e
+ p P D () - PP D0 () Dt - P,
Combining (3.12) and (3.13), we deduce
P |DxE (1) - PP

t n - t N -
< n)*? + / A peM P DxE (s) - pl*Pds + f 2peM P | DxE (s) - P2
0 0

- 0 - t .
X [— ar|Dxf (s) - n> + azf |Dx5(s +7r) - nlzdvz(r)]ds —}—f Zpe)‘””
0

-7

~ ~ ~ ~ t ~
x |Dx5 (s) - n|*P~HDx (s) - 0, Do (x5)Dxk - ndW(s))+/ pQ2p — 1)eh1ps
0
- - 0 -
x |1)xf(s).n|2P—2L[|Dx5(s)~n|2+/ |Dxf(s+r).n|2du1(r)]ds.
-7

For the term concerning the double integrals, it follows from the Holder inequality
and the Fubini theorem that

o 5 0 -
/ ekl’”li)xg(s)'nlzp_zf D5 (s + 1) - nlPdvi (r)ds
0

-7

IA

-1 t . - 1 t . 0 N
P— / eMPS|DxE (s5) - | *Pds + —/ e*””f 1Dx5 (s + 1) - n|*Pdv; (r)ds
p 0 P Jo -7

_ 1 t . ) ~ 1 ~ t ~ ~
<2 p / eMPS|DxE (s5) - | *Pds + ;ex””/ P D8 (2) - m|*Pdz
0 -7

IA

1 N N [N ~
;zekll’f||n||21’+e*1pffo P DxE (s) - n|*Pds, i=1,2.



126 3 Numerical Invariant Measure and Weak Convergence Analysis in the Infinite. . .

Hence, we derive
E[e!17'|DxE (1) - 0]

< 1O + p(A1 = 2a1 + 2426177 + @p — DL(1 +177))

. - N
X / HPE[DRE (5) - n2P1ds + 2az + 2p — DL)Te P )27
0

Owing toa; —a» — (2p — 1)L > 0, there exists a sufficiently small number A 1>0
such that

Q1 = 2a1 + 20" 4 2p — DL(1 4+ €177) <0

This gives E[e*1?|DxE (1) - 7|2P] < K||]|>P. Moreover, applying the Burkholder—
Davis—Gundy inequality, we have

E[ sup o) g

Ov(t—t)<r<t

~ r ~
< O + Qaz + @p = DLYTe Py + B[ sup f 2pet?
0

Ov(t—t)<r<t

% |1DxE (s) - n|2p—2<9x5(s) -, Do (x5)Dxf - r;dW(s))]

r ~ ~ ~
< Klnl* +E[  sup / 2peh 71D ) - P DxE (o) -,
0

Ov(t—t)<r<t JOV(t—r1)

Do () Dxk - ndW(s)>]

< KlInl* + KE[(/Ot

V(t—1)

251 DxE (5) - P21 D0 (x5 Dk n|2ds)7].
Then, we arrive at

IE[ sup eilprli)xé(r)-mz”]

ov(t—rt)<r<t

< KInlP" + KE[  sup M09 o) 20!
Ov(t—t)<s<t

X (/Ot 65‘”|Z)o(x§)2)x§ . 77|2ds>%].

V(t—T1)



3.2 Weak Convergence Analysis 127
According to the Young inequality, (3.13), and the Holder inequality, we obtain

B[ sup  Mioxi) ]

ov(t—t)<r<t
1 ~ ~

< Kl +3E[  swp x|
2 Ov(t—t)<s<t

t

A . 0 N p
+ KE[ / (1D (s) -l + f (DxF (s + 1) 0P () ds )]
ov(t—r1) -7

1 ~ -
< KIniP? +3E[  swp x|

Ov(t—t)<s<t

t ~ ~
+ tp_lK/ sup E[e)‘]prﬂ)xs(r) . n|2p]ds.
Ov(t—t) —T<r=s
Making use of
E[e"7Dx (1) - 0] < K 1l
we derive

HPOVEDE DX . 2P < K |In|??,
which gives
E[|Dx5 - nl2?] < K [n]|*Pe 17"

The proof is finished. O

Lemma 3.5 Let Assumptions 2.1 and 2.2 with ay — a; — 2p — 1)L > 0 hold for
some p > 1. Assume further that Assumptions 2.3 and 3.1 hold. Then for any t > 0
andu > —1,

ELIDux; 1271 = Ke™ 170 (14 E[EIP) + ENID.EI),
where§ € L2P(Q; Cd) and Du§ € LZP(Q; e R™), K > 0, and il > 0 is given

in Lemma 3.4.

Proof When0 <u <t, Duxg(t) satisfies
- t - ~ t ~ ~
Dx5 (1) = / Db(x5)Dyx5ds + f Do (x5)DyxEdW (s)
u u

+ o (x50, () + D,E(0).
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By the It6 formula, we derive
A7 1D (D7)
< 3 p P Dxf (PP dr + 2peH P Dy ()22
% (D (1), Db ) Dyt + (D (1), Dor () D AW (1))
+ pC2p — D P Dy (012721 D0 (x5) Dyxd 12t
Similar to the proof of Lemma 3.4, we have
E[e"17'|Dyx (1) ]
< KE["7(lo 51 + [ DLEO)7)]
+ p(h1 — 2a) + 2a2¢M P + 2p — DL + ¢M1P7))
x /I HMPSE[| Dy (5))2P1ds
u
+ Qay+ 2p — DL)Te 1P| DE|P”

< KE[M7(Jo (<5) % + | DEO)2P] + a2 + 2p — DL)Te 1 P7 | D,E|1?P,

where we used the facts DL,)cg (s) =0foru > s and

t 0 . -
/ / P Dy xS (r) 2P dv; (r)ds
u -7

t p0 -
= / / P Dyxd () [P dv (r)ds
0 J-1

IA

N B R N -
re*”"||Du§||2"+e*lef M D8 (5)|*Pds,  i=1,2.

u

This, along with Assumption 2.1 and (2.35) implies that
E[D,f (O17] = Ke™ 7070 (1 -+ E[JE "] + B[ D& 11271).

Moreover, to obtain the estimates of the functional solution, we apply the chain rule
of the Malliavin derivatives, and then use the Burkholder—Davis—Gundy inequality
to derive that
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B[  sup D]

uVv(t—1)<r<t

< K E[jo () *? + 1D 0) P 1_r0))] + Qa2 + 2p — DL)re "

r ~ ~ -
< IDEPP B[ s [ 2 (iDaf 0P D)
u

uv(t—1)<r<t

Do (5Dt dW ()]

< Keh (1 + E[IEI) + EID.EI))

u

I Y £ - ~ =
+ KE[(/ eZMPS|Duxs(S)|4[7—2|Do.(xss)Duxs§|2ds)2]
V(t—1)

< KM (14 BIEIP) + BUDEIT) + KE[( sup =8

uVv(t—t)<s<t
~ t
<Dt ( [

uVv(t—r1)

A - - 1
1D (x5) Dy |2ds) 2].
Applying the Young inequality to the above inequality, we derive

]E[ sup ei‘pr|Dux‘§(r)|2p]

uVv(t—1)<r<t

< KM (1+ ENEIP) + ENIDEI1)

1 Lo
+—IE[ sup e)”’”|Dux§(s)|2p]

uVv(t—1)<s<t

t

+ KE[(/ eilsu)a(xf)puxfﬁds)p]
V(t—1)

u

< KM (14+ ENEIP) + ENIDEI1)

1 ~ ~
+—IE[ sup eWS|Dux5(s)|2P]

uVv(t—1)<s<t

. ) .
" rpilK/ e)hlps( sup E[|Duxé(r)|2p])ds
u

V(t—1) S—T<r<s
< K(1+7)eh 7 (1 4+ BLIEI) + ELI DE 1),

Hence,

H1PUOR[ D, |27] < Kb (14 ELIEI] + B DEI1),
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which implies
E[||Dux; ] < KeM1PU (1 +E[|I€]7]+ E[|| D& ||2P]).

We complete the proof. O

The pth moment of {Z)y,sk’A - N}ken 1s estimated based on the auxiliary process

{Z)ka’A - n}keN- Precisely, by (1.43) and (1.44), taking the Géteaux derivatives on

zf’A, one has that for k € N,

D) -1 = 1(0) —0ADBE) -1,

DEA @) -0 = Dy A (1) -1 — HADBGE Dy ™ -, (3.14)
and

DA (k) - n = DA @) - n+ @b(yi’A)@yi'A na
+ Do (35 DyEL - s W (3.15)
Using (3.12) and the relation (3.14), we derive
D52 @) -l
> [DyE 2 (1) - nf — 20 A(DYE 2 @) - 0. DOy M Dye ™ )

- 0 -
> (14 2a100)|DyE2 (1) - nl? — 2,0 A f DyE A () - nPdua(r),

—-T

which deduces
(1 + 2010 M) DY (1) - 2

- 0 -
< 1D W) ) + 26 A / 1Dy 2 () - nlPdva (r). (3.16)
-7

In the following, we gi~ve the estima~te of {Z)zg 'A(tlg) - N}keN by considering two
distinct cases: A € (0, A]and A € (A, 1] for some A € (0, 1).
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Lemma 3.6 Let Assumptions 2.1, 2.2, 2.4, c~md 3.1 hold. ~Then for p € Ny, there
exist constants a1 := a;(L,ap,0,p) > 0, A\, > 0, and A € (0, 1) such that for
a; > ayandk € N,

sup  E[|Dz5 % (tr1) - 0?71 < Ke 2Pt []|2P (1 + EL|E | *P)).
A€(0,A]

where§ € L2”’3(Q; Cd), n e C? and K > 0.

Proof For the case of p = 1, one can obtain the result by using the similar technique
to that in Lemma 2.3. We are in the position to show the proof of p > 1.
Squaring both sides of (3.15), we obtain

1Dz (t41) - 1)
= (D2 (1) - 1l + 1Db Gy Dyt - nPA2 + Do (v Dy D - nWil?

+ My + 2D (1) -, DDy A,

where M = Z(DZE’A(tk) -n+ Db(yti’A)Z)y,i’A -nA, Z)U(yfk’A)Dy,i’A . nSWk>.
It follows from (3.12) and (3.14) that

1Dz (te11) - 1l

1-0)2 - :
-2 92) D254 1) - 5 1DyE )
2(260
%(@ EAx1) -1, DA () - ) + 2Dy A (1) -,

Dby Dy ™ - ) A+ Do (v ) Dy ™ - nsWiel? + My

~ _1 ~

< Ag AlDZF A W) - ) + 5 AIDY R (1) - )
+2(Dy5 A @) -, Db (e M Dys ™ - m) A

+1D0 (35 ) Dy - n8Wil? + My

1 ~ ~
AIDYS A (1) - n* = 28a11Dy5 2 (1) - )

~ 20 —
< Ao AlDE A W) - n)* + T

0 ~ - -
+2ay A f 1Dy () - nPdva(r) + 1D (v ) Dy ™ - nd Wil + My,
-7
(3.17)
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_0)2
where Ag A = (1029)

above inequality yields

+ 922(9112). Hence, taking the pth power on both sides of the

. . P
E[|Dz52 (teg1) - nl*P] < A J\BIDZS 2 (w) - nl*P1+ Y CLELL;],  (3.18)
i=1

where
P=i gy, B0 2p—i) 20 -1 1 %a 2
I; = AT DA ) - P00 (= ACa = =)Dy A w) -l
i

0 - - -
+ 2 / 1Dy 2 () - nPdvar) + 100 (i YDy ™ - nsWel? + My )
-7

For the term 7| of (3.18), by (3.13) and the property of the conditional expectation,
we obtain that for €; € (0, 1),

92

- £ _ 2 -
ELT1] < B[4 10252 @) - 2770 (= AQar - = DDy @) 0l

0 = 0 -
2008 [ D30 nPan) + L8 [ 10300 aPan o)
-7

-7

20 — 1 _ z _ z
= —AQar - —5— = L)AY N EIDZE 2 (1) - PP~V |Dy A () - ]

LA 0 -
T / E“Dyti’A(r) -n*P1dvy (r)
E] -7

p—1

2a,A (O £
= f E[|Dy; ™ (r) - n*1dva(r)
61 -7

+ Qay + L)et AAL \E[1D25 2 (%) - 0?71, (3.19)
where in the last step we used the Young inequality. To estimate the term |Z)zé A(t)-
72~V DyEA (1) -n|?, taking the pth power on both sides of (3.16) and combining
the Young inequality, we derive
|1Dy* 2 (@) - |

EA 2 0 £.A 2 2(p=1) E.A 2
< (1952 -0+ 2608 | 1Dy 20 nldve)) Dy A -l
-7

< |D5A (1) - PP VIDY A (1) - P + 1Dy A (1) - I
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p—1 0 5 .
. ~ . J
X 32 Ch D @) PP (2602 DA ) - e
j=1 -t
< (L+eDID A @) - PP~ PIDY A @) - 0P + Ko 1Dy (1) -l
0 E.A 2 p=l
< (20028 [ 15 0 nPan)
-7
This yields

— DA 1) - PPV Dy A (1) - P

< —(1+e) "Dy 2 (1) - n*?

0 -
- p—1
FRG ) 1DE )l (20028 [ 13 0w
-7
(3.20)

Inserting (3.20) into (3.19), we obtain
20 — 1 p—1 1 EA 2p
E[Z)] < AQa1 = —5— = DAE[ = (14 e 1Dy @) 1)
1y £ 2 O o EA 2 Pl
Ko () 1Dy ) (2002 [ 10300 nPan) ]
-
+ Qay + L)e; AAL \E[1D252 (1) - 7]

0 -
+ f E[DyE () - 12 1dua(r)

-7

2a L 0 E
xSt —a [ BID ) aPien )
T

effl €l -
. 20— 1
<—-A(l+e€)” Qar — o L)

x AV AENDY A (00 - 0?1+ Qaz + L)

- 0 -
x el AAD \E[1D252 (t) - n*] + Ke, AP / E[|Dy; - nl* 1dva(r)

—-T

- 2a 0 -
T Ke, APEIDYA 1) - 0]+ 2 A / E[Dye A () - 02 1dva(r)

El -7

L 0 -
+—gA f Dy 2 (r) - 112 1dv ().

61 -7
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For the term 15, by the Young inequality and (3.13), we have
_ z 20 — 1 z
E[1] = E[ 4701025 @) - 0?72 (= AQar = =)Dy A (w) - nf?

0 ~ - -
+2mA / IDYE () - nPdva(r) + Do (G5 DyES - s w2

-
+ 2<Dz§,A(tk) o+ é(z)yé,A(tk) = DEAWGY ),
Do (45 DyE S - s Wk>)2]

< B[ A} D254 ) - 0
<<8AM|@Z§’A(U<) PIDo (E DY P

8 E E,A E,A 20 — 1
+ 5102 1) Do (5 Dy S - n) A+ (- ACar - =)

- 0 -
x |DyS A (1) - I + 2a2A [ 1Dys 2 (r) - nPdva(r)

-7
z z 2
+ 100 (i Dy nsWil?) )]

~ 1 ~ ~
= 82 (26147 \BIDZ A 1) - 0]+ — = 1D (5 ) Dy -7
€
1 1
=2 gp
€’ 0

+

1Dy52 (1) - Do (v ) Dy - nl”)

+ KAPA \BDZ5 A (4) - n*P1+ K AEIDYS (1) - n|*P]

0 -
+KO%E[ [ D350 nPravsr)]

-7
s
n KAZIE[Z)G(yi YDy - n|2l’]

< 1661 AAL \ENDZE2 (1) - PP ]+ K A*AD \E[IDZ52 (1) - ] ]

8§ 4 1
toat+ =g
G] 612

- 0 -
LaE[103F ) aP? + [ 103540 nran )]
T
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4 1
— Q—I,AEn@yf ) - nIPP1+ K APE[IDY A (1) - n12P]
€

+

0 -
+ k%[ [ 103 0 nPran )]
-7

0 -
+KA2E[/ |Dyi'A(r).n|2Pdv2(r)].
—T
Similarly, for the term J; withi € {3, ..., p}, we obtain that
EI7;] < KA2AL (E[D52 @) - 12 + K A2E[Dy5 2 () - 5[]

0 -
+ KA%E[ / Dy () - PP v ()]
-7

0 -
n KA2IE[/ 1DyE 2 () ;7|21’dv2(r)].
-7
Therefore, inserting estimates of 7; fori € {1, ..., p} into (3.18), we arrive at

E[1Dz5 2 (tr41) - 11*]

p(p—1)

p
5—ELla] + ) C,EIT;]

i=3

< A} \BUDZE2 () - n*P1+ pELT1] +

16 —1 z
< (14 pQar+ L)1 A + %el A+ KAYAL \E[DZEA 1) - 1l
_ 2pay
— Ap(+e)~'Qa - — DALAEIDY A ) - PP + 22 P =\
E
1

0 - L 0 -
x / ENDYE 2 () - 1 ldva(r) + 22 A / B[Oy () - nl2P1dvy ()
—T —T

€]

p(p—1L 8 4 1 :
2 =1 T2 g)AE[IDyE’A(tk) nl*P
61 2

€]

2p(p—1)

0 -
+ / Dy () - PP v ()] + — AE[DY A (1) - 1]

9P61

+ (K A2 + Ko, ADE[DYS 2 (1) - n[*P]

0 ~
+ KAz]E[/ |Dy,§k’A(r) . ’7|2”dv1(r)]
-7
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0o .
+ K87+ Ko ANE[ [ 1030 0]
-7
< (1 + KA(e p EA 2p 2
< 1+ AN A AENDz> %) - 0™ 1+ Adix + Aok,

where

P

I’
€1

ik = —p(l+e) ' Qa; — — DALAEIDY A ) - PP + 22

62

0 N 2 2 N 2
< [ BUDIA 0 PP ivar) + L5 [ EUDIA ) PP

€]

p(p—1L 8 4

+ ) (6177] 1, 2 op
1 61

B[00 -

2p(p—D
PRIy A 1) - nfP ),

0 .
+ / Dy ) - PP ()| +
-7

6Pe,”

- 0 -
Do i= (K + Ko AP DE(DyEA 1) - nf*"] + KE| f 1Dy () - 0P dvr ()]
-7
2 Oy EA 2
+ (K + Ko APHE| / 1Dy () - n PP dva(r) ]
—T

Then we derive that for ):2 > 0,

PR DA (4 11) - 0|

k
= 3 (FPENDE A 1) - ] = PPUENDE A 1) - 1)
=0

~

+E[1D52(0) - n[27]

k
E[Dz52(0) - n*P1+ Y &P+ (AJy 1 + AP Do)
=0
~ k ~ ~
+ ((1 + KA(er + A)A] o7 — 1) > MPUEDZE A (1) - ).

=0
(3.21)
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Similar to (2.27), we deduce

k k
A P < —R(er, a1, A)A Y PPIHE[DYS A (1) - ]
=0 =0

by E.A
+ K 2R Dy ™ - n)12P]

and
ko k. .
A2 Py < AM(K + Ko AP72) Y eRPEDyS A (1) - 0l
=0 =0
X E,A
+ Ke, e B[ Dy; - 0],
where
- 1 20 — 1 p—1 2pa235‘2’ pLe*®
R(er, a1, 22) = p(1+e€1)” a; — T DAg A ==~
1 1
p(p— DL(1 +€7) 8 4 1 2p(p—1
— 3 =1 + =2 Q_P) p—2
€ €’ 6re,*

Q0-DA _ —smlA L P iapA
Note that Ag A = 1 —5—= < e ¢°0+2 implies (1+KA(61+A))A0yAe P8 —

02(14+A)
K(e1+A)+7g p— 22=D A _
1< K EFAIF2p =507 0D | Let €1 € (0, %p@zzz Dy and denote

- _ 20 — 1 (1= 20—1,,4
. 1 p
R(G]a at, )‘-2) - P(l + El) (261] - 92 - L)( 92 + 292 )
2pa2e12r pLeizr
ef’fl efFl
p(p— DL +e27) 8 LA
- 1T T2 gp
2 e’ ¢ 0
_2p(p—1)
T
6re,*

Take a sufficiently large number a; such that R(ej, a;,0) > 0. Then choose a
sufficiently small number X2 such that K ¢; +)~sz < % and R(ey, @1, A2) > 0.
Furthermore, there exists a number A € (0, 1] such that for any A € (0, A],
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K(e1 + A) + dop — LD < 0and —R(er., &1 42) + AK + K, AP72) <0,
which yields

K (€M) Fhg p— L=V y A
e( (e1+A)+A2p 92(1+A)) -1 S0

(1+ KA + A)AD j2PD — 1 <
Hence, combining (3.21) we have that for a; > aj, ):2 e (0, ):Lz], and A € (0, A],

PRI E[DEA (1) - 2P < B[ID52(0) - n2P] + KeP2Tr|y||2P
< K|nl*" + KE[|Db(E) - n||*"].

According to Assumptions 2.4 and 3.1, we have |Db(E) - n|| < (1 + [IE]/)|In],
which implies

PR DA (141) - nI*P1 < KInll*P (1 4 ELIE(12PP)).

The proof is completed. O

Lemma 3.7 Let Assumptions 2.1, 2.2, 2.4, and 3.1 hold. Then for p € Ny with
p > 2, there exist constants a1 := aj(L, az,0, p) > aj, Ay € (0, Ap] such that for
ap > a;, A e (0,1], andk € N,

PR D5 A (1e41) - nI*P1 < K|Inll*P (1 + EL|E (127D,

where § € L2p’3(Q; Cd), n e C? K >0, and ap, ig are given in Lemma 3.6.

Proof 1In light of Lemma 3.6, we may restrict our attention to the case where A €
(A, 1]. Similar to the proof of Lemma 3.6, for any €, € (0, 1), terms 7| and 7, of
(3.18) can be estimated as

0 —1

2
EIL1] < —A( + &)™ Qa — —;

—L)
x ADVEIDY A () - 0P + Qaz + L)
X €2Ag’AE[|DzE’A(tk) . ,7|2P]

+ Key (1 + €)' AP AL VENDYS 2 (1) - 01?7

_ 2a» 0 -
+ (K1 +e)™' + p_l)A”/ E[|Dy; % (r) - 1?7 1dva(r)
€ -7

L 0 -
T AP/ EHD)’EC’A(V) -n*P1dvy (),
62 -7
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and

E[L] < 1747 \BIIDZ5 @) 0l 1+ (7 A + — 5 o
€ ET

- 0 -
< E[1DyF 20 0P? + [ 1Dy ) nPravi )]
-7

1 L £ E
1 5 AT 1Dy A @) 0P + Ko APE[DyS 2 (1) - ]
2

€

+

0 - 0 -
+ Ko AVE| / 1Dy () - vy () + / Dy () - 1P dva(r)]
-7 -7
For terms I; withi € {3, ..., p}, we have
E[71] < Kea Al \E[IDZE 2 @0) - 1271+ Koy ASE[IDY 2 (5) - "]
4 0 E.A 2p 0 E.A 2p
+ Ko ASE[ [ 105540 nPPdn) + [ 105540 nPPdvar .
-7 -7
Combining these estimates, we obtain that for ):z € (0, A2],

eizptHlEHz)Zg*A(tkH) -nl*P]

< E[DZ52(0) - 0?1+ [(1 + Kep) AL y P2 — 1]

k
x Y PIELDE A (@) - ]
=0
1 20 —1 -1 Zpageizf pLe)A‘ZT 1
~(p0+e™" Car - — DAY — (T ) AY
2 €
p(p—DLO 420 8 4 1 a4 1 e
2 M et ) T et
2 62 62

k
— Ko AT )A Y By A ) PP T+ Kol (3.22)
=0

. 2 Key+inpA—L@=DA .
Noting (1 + Keg)Ag AeAsz <e et+hap 262 we choose a sufficiently small
pO—1A

number € > 0 such that Ke; < 207

that

. Let a; > a; be sufficiently large such
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_ 20 — 1 (1—6)2 20 -1 ,-1  2pay  pL
14+e) 'Qa — - L . -
p( 62) ( aj 02 ( 92 02(1+A)) (Ezp—l 6571)
p(p—1DL 8 4 1 4 1
— 3 (65_14_ 1%26—]])— PT*ZO_P_K€2>O’
€ €

where a; is given by Lemma 3.6. Letting the positive constant A sufficiently small,
we obtain that Kep + igp& — % <O0andfora; > a;and A € (A, 1],

26 — 1 _ 2na E):ZT Leizf
1 p—1 paz p -1
P+ e) ™ Qar - = 5=~ DALY — (755 =) A7
2 €
_ At _ _
_p(p—DL(+e )( 8 AP 4 4 iApzz)_ LAPTZ
2 65_1 e# or epT_z or
2 2
p—2
—Ko,A 7 >0.

Combining (3.22), we derive
PR DA (1) - 111 < KDz ™ - nll?? + Inl*P)
< K|nlI>”(1 + E[|&]1>P#)).

We complete the proof. O

Lemma 3.8 Let conditions in Lemma 3.7 hold. Then
E[IDy; - nlI?P] < Ke 5P |)?P (1 + E[IE(>PP)),

where§ € L2Pﬂ(Q;Cd), n e Ci K > 0, and 5»3 e (0, 5»2) with 5»2 given by
Lemma 3.7.

Proof The proof is divided into two steps.
Step 1. We show that for p > 2 and k € N,

PR DYS A (41) - 11*P1 < K Inll*P (1 + E[1€1>PP)). (3.23)
Similar to (2.74), we obtain from (3.16) that for € € (0, 1),
(1+ Qa0 8)")|Dys2 (1) - >

- 0 -
< KD 1) - PP + Qa0 AP (1 +8) | 1Dy 0) - n*Pdva(r)

-7
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< KDz (1) - n*P + a0 AP (1 + &) 1Dy 2 (r) - PP dva(r)

-7

+ a0 A)P (1 + &)

r+ A

0 ,_, _ ~
x / (S 10552 @) - 0 + = 1Dy A 0 - 0l )ava(r)
—A

A ~
dva (N[ Dy 2 (1) - nl*P

- 0
< K| D252 (1) - n*P + 2a20 A)P (1 + §) f
—-A

0 —r
+ QafA)P(1 —i—é)(vz([—r,—A]) +/_A Kdvz(r))

x sup Dy A@) PP (3.24)
k—N<i<k—1

It follows from R(eq, ap, )q) > 0 in the proof of Lemma 3.6, Ag < )»2, and a = ap

that ap > aze)‘zf Choose a sufficiently small ¢ € (0, 1) such that (1 + s)ape’bpf <
a] This, along with (3.24) derives that

O r+A

(14 aoa)y(1 —/
—A

a2 (1) )1Dy*4 @) - 0l

0

< Qo AP (1 +§)(1 —/

A ~
adn®) - swp D) -l

k—N<i<k—1

+ K| DA 1) - 2P (3.25)

Next, we shall show (3.23) by the induction argument. To make the proof clearer,
we replace the constant K in Lemma 3.7 with a fixed constant K, i.e.,

E[DZE 2 (6) - n|*] < K- |nlI2P (1 + B[ | 2P e 2P

Fork = 1,by (3.25), Lemma 3.7, and D&(¢;)-n = n(¢;), j € {—N,—-N+1,...,0},
we arrive at

0 -
(1 + a0A)”(1 —/ : ZAdvz(r))>E[|Dy§’A(t1) ]
-A

0 -
< ap )1+ 8) (1= [ B dn)) Il + KEUDE S 0) - )

0

< (v KeKo) (14 Qa0 a) (1 + 21ers(1 —
—-A

Advz(r)))

x 1?7 (1 + E[&||2PP])e 221,
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Utilizing (1 + &)ale*2P* < al, one has

r+ A

0
1+ (2a10A)P(1 —/ dvy(r))
A A
o GapA O r4+A
> 14 Qa0 AP (1 +&)e™2P2 (1 — x dva (1)),
which derives
E[1Dy52 (1) - n*P] < (1 V Kz K ) InlI*P (1 + E[||§]|*PP])e 2P (3.26)
Assume that for some integer k > 1 and/ € {1, 2, ..., k},
ENDyS 2 (1) - 1?71 < (1 v Kz K ) Inl*P (1 + E[|E||*PP]e 2. (3.27)

Then for k + 1, we arrive at

O r4+A
(14 Capa)(1 —/A R

dv2()) ) ELDY A () - 0[]

r+ A
A

0
< Qa1 +5)(1 - / . a2 (1)) (1 v KKl

x (1+ELI§[PPPDe 2PN 4 KK [In]]*P (1 + E[|§] > e 2Pt

~ 0
<(v KgKZ)<1 + Qad AP (1 +E)eh P (1 — / rt Ac1v2(r)))

_A A
x [nlIPP (1 + ELEPPPTe 2Pkt
which implies

E[1Dy* A (tk+1) - 11?71 < (1 vV KzK) InlI*P (1 + E[|E|?PP e 2P+t (3.28)

Hence, (3.23) follows from (3.26)—(3.28). A A
Step 2. We prove that for p > 2,k € N, and A3 € (0, 12),

E[|Dy; ™ - nl?P] < Ke =P )| %P (1 + E[| € |2PP)).

In fact, based on (3.17) and 2a; > 299—;1, which is ensured by the condition
R(e1, a1, 0) > 0 in the proof of Lemma 3.6 together with a; > a;, we obtain
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x E.A 2
PP DA (1) - )P

k
(em’”+1 D52 (tr41) - PP — 2P| D52 (1) - ”|2p)

=0

+ D25 2(0) - nf*P

k
< 1D A0) - 0P + Y (A7 4027 = 1)eX2P1 D5 @) -l
=0

Pk
+2.2 Gyl

i=11=0

where
. A S . 0 =
Lua = PP A DS ) 0P (200 [ 1030 nPa)
-7
z z i
+ 100 (5 Dy - nsWi2 + M)
with
~ 1 ~ - ~ ~
My = 2D @) -+ 2 (DyF A @) -1 =D @) n). Do (o) Dy W)

It follows from the proofs of Lemmas 3.6 and 3.7 that Aj LeMPA — 1 < 0 for
A € (0, 1], which implies

~ ~ ~ p k . A
P DE A (1) - PP < [DERO) P+ YD CoTi
i=11=0
Thus,
B[ sup e pd () ]
(k—N)VO<j=<k
. r Jo
<EIDF0) 01+ Y B[ sup 3T, (3.29)

i=1 (k—=N)VO=j=<k ;—

We estimate ]E[sup(k_ NVO<j<k Zki:o 7 1,1]. Applying the Young inequality and
(3.13) yields
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J
E[ sup ZIU]
(k—N)VO<j<k 1=0
1 / 2 z
= E[Ag’_A sup Z 2Pl |DZ€’A(11) . TI|2(‘"_1)M1:|
(k—=N)V0<j<k 120

ko, . 0 .
+ E[Angl Z 2P D5 A (1)) 2D (2a2A / |D)’5’A(V) - n2dva(r)
1=0 —r

+1D0 (i Dyt - nawl|2)]

j a ~
< E[Ag_Al sup Zelzptm 1D A1) - n|2(p71)Ml]
T k=N)v0sj<k 5,

k. . 0 N
+ KA ZekszDDZ&A(U) -n*P + / IZ)y,SI’A(r) n?Pdva(r)
=0 -7

E.A N
+1D0 (v Dy ™ - n|2”]
J

< E[Ag_Al sup Zg)“zpll+l 1D A1) - r}|2(p—l)Ml]
T k=N)VO<j<k 1

k
+KA ZeAZP"EDDZS’A(U) P + 1Dy A () - nlz”] + K nl?.
1=0

Using Lemma 3.7 and (3.23), we obtain
i
IE[ sup ZIU]
(k—N)VO<j<k 1=0
o, N
<BlAl,)  sup 3RS P m ]
T (=N)VO0sj<k 15,
K|n|* (1 + E[||||*"# K || 3.30
+ Klnll*" (1 + E[IE1I7" Dtx + K lInl*". (3.30)
Following a similar argument as used in (2.23), (2.24), and (2.32), we deduce

Joo .
]E[A(f;’y_A1 sup Ze“””*' |DZ52 (1) - nlz(p_l)Ml]
*k-N)V0<j<k 15
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k . . . . 1
=KE[( Y e nd A 00 (i Dy niPa) ]
I=(k—N)V0

k
+KE[( Y e nd A gDy ) - P
I=(k—N)VO

1

x 1Dy Dy 4 - na )|

1 A ~
< —]E[ sup 2P DA (14) - 77|2p]
2 L—nyvo<i<k

1 ~ ~
+ E]E[e“’”‘k*NWOIZ)zs’A(t(k—N)vo) . 77|2p]

k
+KAE[ Y Dy ) ]
I=(k—N)V0

k _ )
+ KAE[ Y Do (v Dy - YIIQ”]-
I=(k—N)\VO

Making use of (3.13), Lemma 3.7, and (3.23), we arrive at
J

E[Ag,_Al sup Ze)»zptHl |DZ§’A(U) . n|2(P*1)Ml:|
(k=N)VO=j=<k ;-

1 ~ ~
<3E[ sup D) ]
(k—N)VvO0<i<k

+ KInlI*? (1 +EQIEIPPP]) + KlInlP. 3.31)
Inserting (3.31) into (3.30) derives
J

E[ sup ZZA'L[]
(k=N)VO=j <k 1—5

1 ~ ~
<3E[ s Rrmnpia) ]
2 La—nyvo<i<k
+ K [nlPP A+ EENIPPPDA + 1) + K In])*2. (3.32)
Fori € {2,3, ..., p}, based on the Young inequality, (3.13), Lemma 3.7, and (3.23),
E[ SUP (t— Nyv0< <k Yo Ii,l] satisfies
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j
E[ sup Z I,',l]
(k=N)V0<j<k ;o

k : = . . 0 £ .
< KE[ Y P01 Dz8 A ) - n 20 (K A / Dy () -l dua(r)
1=0 ot

+ 100 (5 Dy - sl + 1Ml |

k
< KAY P PE[|DF2 ) - + | DyEA @) 0| + K )7
=0

< KInI* (1 +ELEIPPP Dt + K )P (3.33)

Plugging (3.32) and (3.33) into (3.29) leads to

E[ sup 2Pl IZ)ZS‘A(H+1)|2P]
(k—N)VO<i<k

< KnlI*P (1 +ENEIPPPDA + 1) + K [In]|*P.

Similar to (2.33), we obtain

E[ sup  eM2Pl+ |Z)y§’A(tz+1) : Tl|2p]
(k—N)v0<i<k

< E[ sup 2Pl |DZ§’A(II+1) . n|2p]
(k—N)VO<I<k

+ KA&?PTIN sup eizp"E[lﬂyg’A(fl) -n|*P]
(k—2N+1)V—N<l<k+1

< E[ sup P DA (4) - nlz”]
(k—N)VO<I<k

+ K InlI*P (1 + ELIE]I*PP]) + K |In]1*P.

Above two inequalities imply

E[ sup 1Dy A (t141) - ﬂlzp]
(k—N)VO<k<k

< e7harteein (K |lnl2P (1 + BLIEIPP) i+ 1) + Kl )

< KInlI*" (1 + E[|&|?PP])e*sr,

where ):3 € (0, ):2). We finish the proof. O
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Lemma 3.9 Let Assumptions 2.1 to 2.3 and 3.1 hold. Then for p € N4, a1 > ay,
Ae 0,1, keN andu > —r,

E.A
E[| Duys, 121

< Ke P00 (1 B[IE|2+D] 4 ELD,E ) + ENDbE) DE 1)),

where & e L*PPTD(Q;¢Y), DE e L*(Q;C7 ® R™), Db(E)DE €
L2 (S RY*™) e ¢, K > 0, A3 € (0, A2) with Ay being given by Lemma 3.7,
and ay is given in Lemma 3.7.

Proof The proof is similar to that of Lemma 3.8 and is omitted. O

The following assumption on the second-order derivatives of coefficients is
used to derive estimates of the second-order Malliavin derivatives and Géateaux
derivatives for the exact functional solution and the numerical one.

Assumption 3.2 Assume that coefficients b and o have continuous derivatives up
to order 2 satisfying that for any ¢, ¢1, ¢2 € Cd,

1D?b()(d1, $2)] < K (1 + I P~V 141 11121,
1D (9) (b1, ¢2)| < K llp1 Il d2ll,

where K > 0, and the constant B > 0 is given in Assumption 2.4.

Lemma 3.10 Let Assumptions 2.1 and 2.2 witha; — a» — (2p — 1)L > 0 hold for
some p > 1. And let Assumptions 2.3, 3.1, and 3.2 hold. Then for any t > 0 and
u=-r,

E(ID,Dx* (1) - n*"] < Ke™ 17027 (1 4+ ELJE|*7 =YD+ Bl D& (1)),

E(ID,Dx; - nll??] = Ke ™ 7 )7 (1 4+ ELIE*7 D) + B D,E 1),

where & € L*P(B=DVD(Q: ) and D, € L3 (Q;C? @ R™), n € C¢, K > 0,
and A1 > 0 is given in Lemma 3.4.

Proof For u < t, by the chain rule, Dul)xg(t) - 1) satisfies
- t - - - - -
DX (1) -y = / (@%(xf)(l)uxf ,Dxf ) + Db D, DxF - n)ds
u
t - - - - ~
+ / (z)za(xf)(Duxf, Dxf ) + Do (x5) D, OxF - n)dW(s)

u

+ Do (x5)Dxs - nljo.q(w).
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Applying the It6 formula to the function ei‘“mlD,,Z)xg (t) - n|?P, we have
(17| D, DxE (1) - P
< R1pe 1P| DD (1) - nPPdi + 2pP D DRE (1) - 2P
< [(DuDrf - 0, D2b(E)(Duxl, DxF - ) + Db(xF) Dy Dx - )
+<Duz)x§(t) o, <D2U(x,§)(Dux,§,Z)x§ 1) + Do (x5 DL DxE - n)dW(z))]
+ p2p — DEPDDEE (1) - 0PN DP0 () (Dt Dxf - )
+ Z)a(x,é)Dqutg . n|2dt.

Taking expectations on both sides, and using Assumptions 3.1 and 3.2 together with
the Young inequality, we obtain

E[e"1P'| D, Dx* (1) - [*P)
~ ~ ~ t ~ ~ ~
< E[eMP"| Do (x5)Dx5 - n|*P] +/ E[AlpeWWDu@xE(s) |?P + 2pettrs
u
| Dy DxE (s) - |2
- 0 -
X ( —a1|DuDx5(s) > + az/ D, DxE(s +r) - n|2dv2(r)>
-7
+ KeMPS D, Dx5 (s) - PP (A A4 [ 1BV D, xE ||| DxE -

~ ~ _ 1 ~ ~ -~
+ p@p = DN D,DxF (5) - 0272 ((1 + SN () (Dux, D -

N 0 N
HA+ LD @) P + [ DD ) o)) Jas
—T
N ~ ~ [N -
< E[e"P"|Do (x5)Dx5 - nI*P1+ pC (.1, y1) / MPSE[| D, Dx* (s) - n|*P1ds
u
. - - -
+K / MPSE[ D, Dx5 () - n*P 11+ 11 1B DY) Dy xd (11D - nl1ds
u

1
+pC2p—-DU+—)
Y1

. ) L
x / MR DyDx* (s) - 0?72 D%0 () D D - 1l 1ds
u



3.2 Weak Convergence Analysis 149
~ ~ ~ [N -
< E[e""|Do (x5)Dx} - 0’1+ pCO1. y1) / eMPSE[| D, Dx (s) - n|*P1ds
u
t ~ ~ ~ -
i / (Pr2e LD, DX () - 0?1+ pK e PEL(1 + [l PP D0)
u

- - t ~ ~
<D PP IDE - nP71)ds + p2p = 1) [ (13 PEID,DAE 5) 0]
u

+ Ky P EL Dy 1271 DxF - 1171)ds.

where C(A1, y1) == A1 — 2ay + 2a2¢"17% + 2p — D(1 + y)L(1 + 177). By
taking y1, y2, y3 sufficiently small such that C(Aq, 1) + 2 + 2p — 1)y3 <0, and
combining Lemmas 3.4 and 3.5, we arrive at

E[e" "D, Dx* (1) - 0[]
~ ~ > [N
< E[e*P"| Do (x5)Dxs - n|*P] + K/ eWSJE[(l
u
1 127DV D PP DS - PP 4 [1Dxf 127D - PP Jas

A - - o, - 1
< E[e"7"|Do (x;)Dx;; - 1] + K f M7 (BLL+ [lef 4P B=Dv0)

u

« (BDE17) (BLIDSE - n171) 0

N - - oL B 1
< E[e"7|Do () Dx;; - 1271 + K f M7 (14 (BP0 )3

u

PP Re (1 (ENEIPY) + (BUIDAEI) ) )ds
< KeMPELIDx] - 0l ]+ K 0l (1 + B[ P=DV0) + B DI )
< Kllnll?? (1+ EOEN@DV0) + B DE(P1),
which implies
ELD,Dx* (1) - 1] < Ke ™ P g7 (1 + ELIE P P=DVD) + BIDE ).

Similar to the proof of Lemmas 3.4 and 3.5, by using the Burkholder—Davis—Gundy
inequality, one has

ELIDDx; - nlP7] = Ke ™ 7! )27 (1+ BIENP=D0) + Bl DEIP1).
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We finish the proof. O

Lemma 3.11 Let Assumptions 2.1 and 2.2 with a; — a; — 2p — 1)L > 0 hold for
some p > 1. And let Assumptions 2.3, 3.1, and 3.2 hold. Then fort > 0, u > —rt,

and w > —1,
E[| Dy Dux ()] < Ke™ 7070 (1 4 B[4 F=DV0) 4 B D7)
+ ElIDu£ 7] + LI Dy DE 1),
B[l Dy Dy 1271 = Ke 70— (1 4+ BLE|*P@ D) 4 B[|D,E]1*7)

+ElIDu£IP7] + Bl Dy DE 1),

where & € L*P(F=DVD(Q; ¢4), D,& e L8 (Q; C* ®R™), D, D& € L?P(2; CY),
K > 0, and )\ is given by Lemma 3.4.

Proof The proof is similar to that of Lemma 3.10. We only give the sketch of the
proof. Dy, D, x% (1) satisfies

- t . - - - -
Dy D xE (1) = / (z)%(xf)(Dwxsf,Dux_§)+z)b(x§)DwDux§)ds

uvw
+ /t (Dza(xf)(owxf, Dx¥) + Da(xf)DwDuxf)dW(s)
uvw
+ Do (x5) Dy 1) () + Do (x5) Dy x 11 1 (1) + Doy DE(0).
Applying the It formula, (3.12) and (3.13), and Assumption 3.2, we deduce
E[e*7 Dy, Dyx* (1)1
< E[H70Y)1D0 (x5) Dt L ()

+ D0 (6§ Dux{ 1w, wvu () + D DO |
t ~ ~ - -
+K / HMPE[(1 + [|x PP DY | Dy x5 127 || Dyxf |27 1ds.
uvuw
It follows from (2.35) and Lemma 3.5 that
Bl Do Dux® ()27] < Ke™ 2=/ (1 4 E[IE| 7 P00 1 B[ D, E|*)

+ELIDu& *71 + ELI Dy DEI*1).
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Similarly, one can derive
E[IDy Dy 271 = Ke 70— (14 B[ @-DD) 4 B[ D,E 1)
+ Bl Duf I7] + B[ Dy DE|*"1).

The proof is completed. O

To derive estimates of the third-order derivatives of the numerical functional
solution, we give the following assumption on the third-order derivatives of
coefficients b and o.

Assumption 3.3 Assume that coefficients b and o have continuous derivatives up
to order 3 satisfying that for any ¢, ¢1, ¢2, P3 € Cd,

1D*b() (1. 2. 3)| < KL+ 91P~2"O) g g2l 1031,
D0 (9)(¢1, ¢, $3)| < Klignll 2114311,
where K > 0, the constant 8 > 0 is given in Assumption 2.4.

Similarly, we have the following estimates of the numerical solution.

Lemma 3.12 Let Assumptions 2.1 to 2.3 and 3.1 to 3.3 hold. Then for p € N4,
there exists a number ay 1= ax(L, a2, 0, p) > 0 such that for ay > a, A € (0, 1],
u>—t,andw > —r1,

E[ID.Dye ™ - 1271 < Ke % |l (1 + ELIE'P] + [ D.E ] '°71),
B[l Dy Dy 2 2] < Ke =0/ (1 4 BIE|1P'P] + B[ D,E )7
+ E[| Du&|I'%P] + E[|| Dw DuE|I*P]).
E[ll Dy DuDye™ - nIP1 < Ke |2 (1 + ELIE 1”71 + E[ID.EP)

+ ElI DwélIP*P1 + E[|| Dy DLE(*P1),

whereé IS Lp,p(Q;Cd) with some p' > 0, n € Cc4 K > 0, and 5»3 > 0 is the
number given in Lemma 3.8.

3.2.2 Convergence Rate via Weak Convergence Analysis

For the SFDE with distributed delay, under the globally Lipschitz continuous condi-
tion on coefficients, there have been some works devoted to the weak convergence of
numerical methods on the finite time horizon. For instance, authors in [3] investigate



152 3 Numerical Invariant Measure and Weak Convergence Analysis in the Infinite. . .

the weak convergence of the EM method by using the infinite-dimensional version
of the Kolmogorov equation; Authors in [9] obtain the weak convergence rate of the
EM method by developing a dual approach. To deepen the study, this subsection is
devoted to presenting the weak convergence rate on the infinite time horizon of the
6-EM method for the SFDE with superlinearly growing coefficients. Before that,
we propose the following assumption on the coefficients b and o.

Assumption 3.4 Assume that there exist constants np,n, € N and probability
measures Vs, vi on [—t,0] fori € {l,...,np}, j € {1,...,ns}, such that
coefficients b and o satisfy that for any ¢1, ¢ € C%,

np

0 . .
Db =Y [ K@naaedi),
i=1"7"
Ny 0 )
Dotgner =) [ K@nanie.
j=1"7°

where ké 1 - R gpd ké ¢l > L(RY; RIxm) satisfy

sp (| oK on)| Ik @01) < KA+ 8117,

_[(Cd;Rdxd)

sup sup (HDk(f, (1) H

+ I @D gz ) < K.
Jell no} gy ecd

LG4 L(RI;RIxmY)

Examples satisfying Assumption 3.4 are given as follows.

Example 3.1 Coefficients b and o considered in [3, 9] satisfy Assumption 3.4,
where the coefficients have the forms: b(¢) = b( fi)f ¢(r)dva(r)) and o (¢p) =

&2, ¢(r)dva(r)) for ¢ € C? with some functions b : RY — R? and 5 : R? —
RY*™ n fact, it can be calculated that for ¢ € c,

0 0

0
Db(¢)¢1 = Db( ¢(r)dV3(r))¢1=/ Db( | ¢(r)dv3(r)ei(s)dvs(s),

-7
0 0

0
Do (p)p1 = Do ( ¢(r)dv4(r))¢1=/ Do (| ¢(r)dva(r)i(s)dva(s).

Example 3.2 Let b(¢) = 1 f?rqﬁ(s)ds — ¢ (0)]2¢(0) — 2¢(0), ¢ € C?. Then it
can be verified that Assumption 3.4 is satisfied: for ¢; € Cd,

1 0
Db(P)p1 = - B1(s)ds — 2¢(0) " ¢1(0)¢(0) — | (0)[*¢1(0) — 2¢1 (0).

-7



3.2 Weak Convergence Analysis 153

In this example, ny, = 2, k}(#) = Idaxa, ky($) = —2¢(0)¢ " (0) — (1$(0)]> +
2)Idgxa, vi(ds) = 1ds, v3(ds) = 8o(ds).

The following theorem establishes the weak convergence of the 6-EM method,
with the proof presented in the next subsection.

Theorem 3.13 Let conditions in Lemma 3.12, Assumption 2.5 with p > 1, and
Assumption 3.4 hold. Then for f € Ci [R?; R),

IELf (x5 (T)] = E[f (52T < KA,

where K is independent of T.

As a consequence, we obtain the convergence rate of the numerical invariant
measure.

Theorem 3.14 Let conditions in Theorem 3.13 hold. Then for [ € (3,37 (Rd; R),

() — ()l < KA.

3.2.3 Proof of Theorem 3.13

We are in the position to show the proof of Theorem 3.13. To simplify the proof of
Theorem 3.13, we take parameters np, n, in Assumption 3.4 to be n, = n, = 1.
The case of n, > 1, ny > 1 can be proven similarly. By (3.11), it suffices to
provide estimates for the terms Zo, Zp, Zp 9, and 1.

Lemma 3.15 Let conditions in Theorem 3.13 hold. Then |1, < KA.

Proof By the Taylor formula, we have

NA topl

=Y [ El{r@an oo 0 [ [ o)
i=170 ti-1J0 ’
(or (-1, @1, (0.67) — 9! 0.6"))dprdr ) |as.

where Z1 = B, (ti—1, oy, (0, E/™) + (1 = B1)g[™ (0, ™). To estimate T,
we need to split ¢, (t;—1, ¢,,_, (0, E1M)) — (p,{f’l 0,1y for r € [ti_1,t;), based
on the definitions of the exact functional solution and its linear interpolation. For

s € [tj, tj+1] C [—7,0], we have
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tiy1 —s
A

s —1t;
@(tiyj—1; 0,8 + T’w(riﬂ; 0, &M,
(3.34)

Qi (0, &) (s) =

We also have r + s € [tj1_1,%+j+1), which leads to the following two cases.
For notational simplicity and to illustrate the main idea of the proof, we suppose
tiyj—1 = 0. The case #;1j—1 < 0, which involves contributions from the initial
values on [—t, 0], can be treated similarly.

Case 1: ¥ + s € [tixj—1,t4;). In this case, by the integral form of the exact

solution of (1.1), we have

@r(ti—1, @, (0, 1)) (s)

=o(r +s5;0,8M)

r+s
b (0, ")) du + / o (0 (0, £ AW (u).

tipj—1

r+s
= @(tiyj-1;0,&") +/

tipj—1

Hence, combining this with (3.34) yields

Or(ti—1, @y, (0.7 (8) — 9" (0, """ (s)

ti—s§
= X (@(tigj3 0, €M) — @(ti4 ;13 0, £1"))
r+s r+s
+ / b(u (0, £™"))du + / o (9u (0, E1M))dW (u).
litj—1 litj—1

Case 2: ¥ + s € [ti1j, ti+j+1). In this case, by the integral form of the exact
solution of (1.1) again, we have

r+s
@r(ticr, o, (0, E1™))(s) = @(tiyj3 0, E1™) + / b(@u (0, £""))du

litj

r+s
+ / o (0u (0, E1M))dW (u).

litj
This, together with (3.34) leads to

Or(ti—1. 9, (0, 7)) (s) — /" (0, 7" (s)

tivy1 — S
= ’*A (@i 3 0, EM) — @ty 150, £11))

r—+s r—+s
+ / b(gu (0, £ Y)du + / & (¢ (0, E7)) AW (u).
1

i+j litj
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Combining Case 1 and Case 2, we deduce
Or(ti—1. 9, (0, €"")) — @[™ (0, &™)
—1 fi— - litj
= 3 [t 0 O L / bl (0, &) du
j=—N Liyj—1
litj / r+- /
+/ o (¢u(0, & '"))dW(u)) +/ b(pu (0, £™""))du
Litj—1 litj—1
r+-
+ f U(¢u(0a Elnt))dw(u)] + 1[[,~+j7r,t,-+j+1fr)(‘)
titj—1
tiv) —- litj litj
([ bea0 s [ ot0.6maw )
litj—1 litj—1
r+- / r+- /
[ b0 at [ o058 naww)). (3.35)

litj litj

Inserting the above equality into 7, we are in the position to estimate 7;. We only

estimate the sub-term

NA 1 t 1
70 ;:Z/ E[(f’(cb(T;n,Yf))Dcl>(T;tth)»1[°]f / Dh(Z{})
i=1 70 S

1 "
ti— - it
Y ooy O / b(pu 0. €' ))dudprdr) d.

j=—N tipj—1

the sub-term

NA L el
=Y [ E[[r @ ynoemn o). 0 [ [ onal
= J i i iy Jo ir

lit+j

0 (9u(0. £ )W w)dpidr ) |ds,

-1
IR (T (T
[tz+]71 rliqj r) A .

j=—N +j—1

and the sub-term

NA 1 t 1
2 ;=Z/ E[<f/((b(T;li7Yi§))Dq)(T;ti’Yig)’I[O]f f Dh(Zf))
i=170 S

-1 rae
S Mriy O [ 0@, EM)aWadpidr)|d,

j=—N Litj—1

since other sub-terms in 7, can be estimated similarly.
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Estimate of term I 2. It follows from Assumption 3.4 that |Db(x)y| < K(1 +
||x||/3)||y||. This, along with sup, g | f/(u)] < K, Assumption 2.4, and Lemma 3.8
implies that

| I

<KZ/ |po s, vo)1 ‘”/ / Dh(ZL) Z Lty =t —n ()

dg

LX)

t: — - Liyj
x / " b (0, €1 dud By dr
t;

i+j—1

-1
- KZ/ —mr tr)E H] / / Db(ZP) 3 Y soimrn—n )
j=—N

ti— . [lit 2 i
[ b0, g yaugpiar | v ) s
t

i1

13(7" l) 1 1 ti—
<KZ/ (e[( [ /0(1+||Zf;||ﬂ)/ 1+
ti—1 ti—2

1

a0, €717+ dudpydr)*| (1 + sup BLI Y 1441) ) '

i>0

)»3(T 1)

<KAZZ

1 1
(14 sup E[[lg, (0, ™) [[*®FFD1) ¥ sup (1 + B[ ¥/ |*F1) 7,

u>0 i>0

where we used the fact II00(s)¢p(s) = 0 for ¢ € C%, s € [—t,—A] in the
penultimate inequality, and applied

/ /(HHZ"‘W“)/ (1 + (. 6™ 1P+ audprar) |
ti—1

5K]E[(l+ sup ||sz;||4ﬁ)

refti—y,til
X (14 10,0, E™)FFHD + g, 0, 8" F+D) | A2

< Ka?(1+ sup g (0, 6™ [*7+1])

u>
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in the last inequality. Making use of (2.35), Proposition 2.8, and

NA A
s (M=) A3A(N —i)
supAE e 2 —supAE e < 00,
r=0 i NA>0 o

yields |79] < KA.
Estimate of term I} . By the duality formula (C.1), the term 7} can be estimated
as

NA 1 t: 1 -1
1 : t—- 0 B
=3 /0 / | /0 > M- O E[ {1 D02l
i=1 i- j=—N

titj
F@T: 1, Y NDOT: 1. Y5), [ o lpul©, £)AW ) ]dprdrds

litj—1

tiyj
S LS w0t
Liyj— l

x E[(Du[(l[o]@b(sz;))*

@11, YNDO (T 11, Y], 0 0, ) |dudprdrds

tit
_Zf / / f " (7@, Y0 DO 11, v), 19DPb(2E1)
t

+j-1

(Duzh). DR TR —(p,0.6))]

j=—N

+E[(1/@T: 1, YD DDOT: 11, Y, 1Db(ZLY)

-1
IR IRt
[[l+]*l iy r) A

j=—N

-0 (9 0, é””))>] + E[(f”((b(T; i, Y7))
Dy ®(T; 11, Y), DO(T; 11, Y1\ Db (2

Z | (7 r,,ﬂ._r)()

j=—N

— (¢, (0.6")| |dudpidrds,

This, along with sup, cga (| f/ ()| + | f(w)]) < K leads to

Iyl <1}, +f11;,2+~711;,3’
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where

nos ST

Z l[tH—] 1— rtt+j_r)()

j==

litj
. P
1), _KZ/ / / /t+ | | DD 1, YOI Db(ZL)
i+j—
Z l[tt+j 1— rtt+/_r)()

j==N

IH_KZ// /f, | Du(T: 11, YO o g | DO (T 11, Y1
+j-1

DO 11, Y IO D?(2f (D 7L,

o @O.E")| | dudpdrd,

— o (pu (0, )dudﬂldrdg,

Db(Z[) Z Loy riryn O 0 (0 0. &

s Q)dud,Bldrdg.
j=—N

By (2.35), Proposition 2.8, Lemmas 3.5 and 3.8, and Assumptions 2.1 and 3.2, we
have

7
Z_b] - KZ/ / / /t +j x3<r 4) [HI[O Z)Zb(Zﬁ')(D Z,ﬁlr

+j-1

5 sy O o0, £7)] A irsieh])

j=—N

dudBidrds < KA.

For the term 1}1;,2’ by virtue of (2.35), Lemmas 3.5, 3.9, and 3.12, we arrive at

litj A3(T 1) B
xS [ [ oot

5ty t O o 0,5 |

j=—N
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=

X (1+ Y17 + 1D, Y5 119))

dudgidrdg

[ L

1
+ (1 +ENYS 1271+ E[IDuY? ||32]))4dud,31drdg < KA.

[(1 H1Z2 1) 10 (0u (0, 8]

Similar to the estimates of 7 }, pand 7 117 5, for the term .1, 1173, we obtain 7 }) 3 < KA.

Hence, we can derive that |1 ,1,| < KA.
Estimate of term I %. Based on Assumption 3.4 and (C.1), we have

NA& 1
Ii:Z/O IE[ (DT 1, YO)DO(T: 17, YE), 1[0]/ / / k(zP)
i=1

r+s
5 B rorny s o (9u(0, §")AW (w)dv} ($)dp1dr ) |ds

j=—N litj-1

N (ti4j—r)NO
_Z Z / / / f <(I[O]kb(zzﬁi)) FI(D(T; 1, Y5))

i=1 j=—N TV (ligj—1—1)

DO(T: 1, YF), " a(<pu(0,S’”’))dW(u)>]dv3l(s)d,Bldrdg

litj—1

NA (ti+j—7)NO r+s
IRl 0 O B I
=1 T\/(ZH—/ 1—7) tigj—1 ’

F/@(Ts 11, YENDO (T 11, YL, 0 (00, §))) |dudvi (5)dBrdrds

iz///f%“
i=1 j= V(i j—1-T)

r+s
/ {E[<.f/(¢(T§ t, Yig))Z)CD(T; t, Yig),
litj-1
[OJDuké(Zfi)a(wu(O, E’”’)))] + ]E[(f’(cb(T; 11, YO) DD (T; 1, YE),
1920 (0, 0,60 | + E[( 1@ 1, YOI D@ (T3 1, ¥F)

DO 1, Y9, 1K} (2o (00, 6" | fdudv} (5)dprards,
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which leads to

) N =1l ot pl p(tigj—r)AO r+s
si=ky S [ [ [ [ {lpe. v
i=1 j=—N 0 Jt;1 JO J—tVv(titj—1—r) Jtitj

1D,k (ZE) 0 (9u (0,8 12 + [ DuDOT5 11, Y IOk (ZF1)

7 (@u(0,E" || 12y + 1Du® (T3 1, YO | 20 | DD (T3 11, V)

1

I[O]ké (Zf;)g((pu o, é—lnt)) HLZ(SZ) }dudv31 (s)dB1drdg < KA.
Here we used the property

sup  BLI Duky (ZP) 1 ) + EUKL(ZEDPP) < K

u€ltiyj,tivjril

for some po > 0, which is an application of Assumption 3.4, (2.35), and Lemma 3.5.
Hence, the term 1127 is estimated as |I§| < KA.
Combining estimates of 1 0, I é, and I 12,, we complete the proof. O

Lemma 3.16 Let conditions in Theorem 3.13 hold. Then |1,| < KA.

Proof Recalling the definition of 7, we have

N& il
1, =Y [ El{r@ai ooy [ [ el
i=1 fiz1

(pr (-1 @i (0.6) — 9" (0. 6" ))dprdW (1) |ds:. (3.36)

Following a similar strategy for estimating 7, we need to split
or(tio1, 9 (0,617)) — @[™ (0, &) for r € [1-1,4). For s € [tj,tj41] C
[-7.0], one has r + s € [fi+j—1,%+j+1). For notational convenience and to
highlight the main idea of the proof, we continue to assume f;4 ;1 > 0. The case
where f; ;1 < 0, which involves contributions from the initial values on [—7, 0],
can be handled analogously. Inserting (3.35) into (3.36), we are in the position to
estimate J . For the estimate of 7,, we only give the estimates of the sub-term

NA il
1 ;22/ E[(f%w;n,Yf))M(T;r,-,Yf),I[O]/ /DG(Z,-"D
i=1 0 ti—1 J0 ’
1

— ti— . [lit)
>l 0O / 0 (a0, £ )aW W () |de.

j=—N Litj—1
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and the sub-term

ti 1
§ / (7@ 1. YD 17, Y5, 19 f / Do(zP)
ti—1 J0 ’

r+-
5ty ra 00 0 (9u(0, §")AW (w)dp1dW (1)) |ds,

j=—N litj-1

since other terms can be estimated similarly.
Estimate of term I.. By (C.1), we derive

N 1 ti 1
=y /O ft E[(D/Lf (@ (T; 1, YENDO(T; 13, Y, 1 fo Do ()
i=1 =

litj

—1
tj—-
Z l[fi+j71*r,t,'+_j*r)(')T/

j=—N litj—1

litj
S et
Liyj—1

0 (90, §")aW ) )dp; |drds

j==N

DL (T 13, YEDDO(Ts 11, Y1), 0 0, ) |dudprdrds

S

E[(D/ 11/ (@(T: 5, YONDOT 11, YL 101D (201

(P Sty O a0,67) ]

j=—N

+E[(DuDoLf @ 11, Y DO(T: 1, YL 11D0 (2L

Z 1tl+j A r)()

j=—N

0 (9u(0,6")) |dudprdrds.
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This, along with f € C;(R¢; R) leads to

ligj
k[ [ [ e
t

+j-1

( Zlﬁi” Z ltt+1 1= rt,+lfr)()

j=—N

— 0 (0u(0.6"))

LX(Q)

i,r’

+IDS(T; 11, Yl 120 HD@(T; i, YOI D% (2P (D, 2!

-1
t- N
> M ymrin -0 O L0 0,0, 6™)|

j=—N

LX)

+ |puDrDOT: 1Y)

-1
0 B tj—- I
1990 (/) _ZN Vi rrieyn ()0 (0,67
J==

LX)

+IDLO(T: 1, YO 20y | D DO (T 11, YO 1D (201

-1

U“—
Z l[ti+j71—r,ti+j—r)(') A

j=—N

+ 1D, (T3 11, YD) 2

0 (9u(0.6"))|

LX)

HD Dq)(T t“YS-)I[O]DO'(ZﬂI Z l[tl+j 1= litj
j=—N

x o (¢ (0,§

oy TP (T 11, Y2y HDcD(T; 0 YE)

1

-1
0 B tj—- I
1990 (/) _ZN Vi rrieyn ()0 (0,67
=

LX)

+IDLO(T: 11, YD O(T 11, Y 20y | DO (T 1, ¥ IV D0r (201)

-1

2 Vitjzn i -y O 75 U (pu0.8
j=—N

< KA.

]dud,fhdrdg
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Estimate of term I (27 It follows from Assumption 3.4 and (C.1) that

. ! t 1 p0
ZZ/ E[<f/(q)(T§ti,Yig))DCD(T;ti,Yig),/ /f KL (2P 1) (s)
i=l ‘ ti-1J0 J—1 ’
-1
Z l[ti+j—1—r~l[+j—r)(s)
j=—N

r+s
f 0 (9 (0, €AW (0)dv} (5)dB1dW (1)) |ds
1,

itj—1

NA 1 1
= / | El{prreain oo von,
i—1 Y0 Yo

Ges=nn0 Biy 7101 o Int
ko (Z; )T (s) o(gu(0, & ))dW(u)>]
(tigj—1—1)V—T1 fijo
d"4(S)d,31drdg
(tiyj—r)NO / r4s
By 7101/ o\ \*
- K3 ZP)10s))
IX;]Z / f / ft,+, 1—r)V—t ligj—1 [< ( Z i,

DL (T 13, YEDD(Ts 17, Y1), 0 (0, s’"’»)]dudvi ()dprdrds

X (ti+j—7)NO ras
Z Z / f / f” ) / |:<Dr[f/(¢’(T; 1, Y5))
=1J (tI+J 1—r)V—t fitjo1

DOT: 1, YO, Dulky (ZIN T ()0 (0, 0, ™) |
+E[(Du Dy LS (@(T: 15, YD DT 1, YOI,
ke ZED 1) (0,0, 8]
dudv} (s)dB1drds.
This leads to

(tij—r)NO
(,<KZZ// f/ / {HDZ)CD(Tt,,Y)
fi—1 (tl+j 1—r)V—T Jiiyj

i=1 j=

Dy (kL (ZP N1 ()0 (4 (0, &

. S
oy TIP3 11 YD) 2
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x | DT 11, Y DUy (ZE N 1 )7 (00, )]

LX)

+ | DD DT 11, YL 2 1 )0 (0000, 67|

LX)

+ 1D @(T5 17, Y1) 120

x | DrDO(T; 11, YOk (ZE) 1 ()0 (94 (0, Szm))‘

L2()

+ 1D, ®(T; t;, Yl-g)“LZ(Q)

x | DuD(T: 17, YKL (ZPH 10 (5)0 (4, (0, gzm))‘

L2(Q)

+ 1Dy Dy (T 1, Y ) | 120

X | DP(T; ¢, Yig)kclr(Zf;)l[o](s)o’((pu(o, Elnt))‘

L2(Q)

+ DO (T 11, YO Db (T 1, )| 2y [ DO (T 1, YORLZED I (5)

o (g (0, £1M)

1
. }dudv4 (s)dBidrdc < KA,
where we used the property

L ~B1y2po
sp sup E[IDRS ZEDI i |
i,j u€ltipj.tivjt1l 7L LRARE)

2
+E[IkS (ZEDN i | < K

for some pg > 0. We complete the proof. O

Proof of Theorem 3.13 By (3.11), Lemma 3.15, and Lemma 3.16, it remains to
estimate 7o and Jp ¢.
Estimate of 7. Note that Assumption 2.5 with p > 1 implies

tiv1 — S
g — &= sup sup  |&(s) — ’Té(m
je{—N,..., —1}se[tj,tj+1]

s — 1
A

§(tj+1)| < KA.
Using sup,cpe | f' ()| < K and Lemma 3.4, the term J is estimated as
[Zol = |ELf (9" (tya: 0, )] = ELf (0" (tya; 0, € ))]]

1
=| /0 E[ £/ 1y 0. 5§ + (1 = 9)E™™))
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DY (123 0, 5 + (1 = )6")(€ — ") |dg |
1
< & [ E[[Dp™ (10,5 + 1 = "6 — ) Jus

1
<k [ E[[Dp" tya: 0. 58 + (1 - 0™ Jos
0
< KA.

Estimate of 7} 9. We rewrite 7 g as

NA Lol

Toa =3 [ E[(f @i oo .or [ [ o
=170 i1 Jo
(@ (0, 6") = 4 (11, @] (0.§"))dpadr) |ds,

where Z/2 = Bagl™ (0, €1") + (1 = B2) @, (61, ¢} (0, €/™). Similar to (3.9),
we have that for any i € N,

QI (0, &1y — @y (ti1, 0™ (0, £™))
-1

= Y IYpGi1j-150,E™) — (45 0, €] + 1 (t 13 0, ™)
j=—N

— ®(ti; i1, @™ (0, &))]

—1
== > LgsjenlV
j=—N

litj litj
([ bwo.eau+ [ 006 naw)
t; t

+i—1 +j—1
—1 '
+ 20 VoIV (o) = £ ) = (1 = )b 0.6 A
j=—N

+0b(Qy, (ti—1. 9" (0, 6N A + o (9" (0, s’"’))awifl).

Hence, similar to the estimate of 7, we can derive that |7 9| < KA.
Combining estimates of terms Z¢, I, Ip 9, and 1, we complete the proof. O
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3.3 Numerical Experiments

This section presents numerical algorithms together with numerical experiments
aimed at verifying the weak convergence rate of the 8-EM method when applied
to SFDEs. Two one-dimensional numerical examples are included to illustrate the
corresponding theoretical results.

Algorithm 2 describes the numerical framework employed to verify the weak
convergence rate of the 8-EM method for SFDEs. The exact solution is approxi-
mated by a reference solution computed with a sufficiently fine stepsize, while all
numerical solutions share the same realization of the driving Brownian motion. The
weak error is computed by evaluating the Monte Carlo approximation, where the
test function is taken as f(x) = sin(|x]), x € R.

Linear Stochastic Delay Differential Equation We first consider the one-
dimensional linear stochastic delay differential equation:

dxt(t) = (—ax® (1) + Bx5(t — v))dr + cdW (1), t >0, (3.37)

where in the numerical experiment, constants « = 1.2, 8 = 0.8,0 = 0.5, 7 = 1,
and initial datum &(¢) = 1 for t € [—7,0]. We employ M = 2000 independent
trajectories to estimate expectations of errors. Figure 3.l1a illustrates the weak
convergence rate of the EM method for this linear model. The dashed line indicates
the reference slope of rate 1. The weak errors exhibit a clear linear decay with
respect to the stepsizes, which is consistent with the theoretical weak convergence
rate one. Figure 3.1b depicts the longtime evolution of the weak error between
the EM solution and the reference solution. It can be observed that the weak
error remains uniformly bounded over long time intervals [0, 500], confirming our
longtime weak convergence result.

Nonlinear Stochastic Functional Differential Equation We then verify the weak
convergence rate of the following one-dimensional nonlinear SFDE:

1 (9 3
dxé (1) = (;/ Xt + s)ds — (x5 (1)) —2x¥(t))dt

-7

0
n (%[ Xt + 5)ds + %xé(t) + %)dW(r), (3.38)

T

where 7 = 0.125,a = 0.1, and the initial datum &(t) = 1 for ¢t € [—t,O].
We employ M = 1000 independent trajectories to estimate expectations of errors.
Figure 3.2a displays the weak convergence rate of the backward EM method applied
to this nonlinear model (3.38). As shown in Fig.3.2a, the numerical errors agree
well with the reference slope 1. This confirms the theoretical weak convergence
rate of the backward EM method for the nonlinear SFDE. Figure 3.2b illustrates
the longtime evolution of the weak error between the solution of the backward EM
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Algorithm 2 Weak convergence rate for 6-EM method applied to SFDEs

Require: SFDE parameters (b, 0, £, ), parameter 6, final time 7', stepsizes {A j}{:l, reference
stepsize Arer, Monte Carlo size M, test function f. !
Output: Weak errors {e j}jj.= -

1: Generate M independent Brownian motion increments SWr(é?)(k) ~ N0, Aws), k =
0,. B Nref — 1, with Nyef = T/ Aret.

2: Set dref = f[Aref.
3: Initialize x" (1), k= —diet, ..., 0, m=1,..., M.
4: form=1,..., M do
5: fork =0,..., Nt — 1 do
" (t1) = x5 () + (eb(xfg?,kﬂ) + (1= 0)b Y, ) Aret + 0 (el JSWL (k).
6: end for
7: end for
8 forj=1,...,J do _
9: Set A=A;, N=T/A,d=1/A, 1 = A/ At
10: Construct coarse Brownian motion increments
B (k+1)r—1 B
WMy = Y sWi@). k=0.....N-1.
i=kr

11:  Initialize y* (1), k=—d,...,O0.
12: form=1,...,Mdo
13: fork=0,...,N—1do

Y (ts1) =y (1) + (06 + (1= b)) A + o () W™ (k).

Iy

14: end for
15: end for
16: Compute the weak error
M
e = |1 3 (16 @) - fl )|
J M 4 E ref

m=1

17: end for

method and the reference solution. The weak error remains uniformly bounded over
long time intervals [0, 500], validating the longtime weak convergence result for the
nonlinear SFDE with multiplicative noise.



168 3 Numerical Invariant Measure and Weak Convergence Analysis in the Infinite. . .

102 . 0.03
—s—Numerical error
- - Reference slope = 1 0.025
§ § 0.02
5 . o
é 10 é 0.015
D
= =

Ll Ll u..JL m bl

9 0.4 | | 0 g L i, Ll i
1073 102 107 10° 0 100 200 300 400 500
A Time t
(a) Weak convergence rate (b) Longtime evolution of weak error

Fig. 3.1 Weak convergence for EM method of (3.37); 0 = 1.2, =08,0 =05, 7 =1, M
2000,& = 1, f(x) = sin(Jx]). @) A =273,274 ... 277 A =272, T =1, and (b) A
274 A =278, T = 500. (a) Weak convergence rate. (b) Longtime evolution of weak error
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Fig. 3.2 Weak convergence for backward EM method of (3.38); ¢ = 0.125,a = 0.1,M =
1000,£ = 1, f(x) = sin(|x]). @) A = 273,270, ..., 279 Apr = 2713, T = 1, and (b)
A =277 Apr = 2719 T = 500. (a) Weak convergence rate. (b) Longtime evolution of weak
error

3.4 Summary and Outlook

In this chapter, we have investigated the numerical approximation of the invariant
measure for the SFDE (1.1) with the superlinearly growing drift coefficient. In
particular, we have proved the existence and uniqueness of the invariant measure for
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the 6-EM functional solution and established the convergence rate of the numerical
invariant measure via the weak convergence analysis.

Regarding the weak convergence analysis of numerical methods for SFDE:s,
several significant advances have been made. For example, authors in [3, 4] establish
the weak convergence of the EM method in the finite time horizon for stochastic
delay differential equations with Lipschitz continuous coefficients, and authors in
[1] prove the result to SFDEs with Holder continuous drift coefficient. In the
context of numerical approximation of invariant measures for superlinear SFDE:s,
several results have been established. Authors in [2] investigate the convergence of
the EM method in approximating the invariant measure of the functional solution
for SFDEs. Authors in [12] obtain the half-order convergence for the numerical
invariant measure of the backward EM method applied to SFDEs with distributed
argument, based on the longtime mean-square convergence analysis. Authors in [7]
prove the first-order convergence for the backward EM method applied to stochastic
differential equations with piecewise continuous arguments, using longtime weak
convergence analysis.

It is worth noting that the weak convergence analysis methodology developed
in this chapter is also applicable to exploring the convergence properties of
the numerical density function. A more detailed presentation of the theoretical
derivations and explanations will be provided in Chap. 4. Moreover, we have
observed that the ergodic measure precisely depicts the longtime stable state of
the system and is intrinsically linked to the longtime probabilistic behavior of the
functional solution for SFDEs. In light of this observation, our attention in the
subsequent chapter will be directed towards this very aspect. Specifically, we will
conduct a comprehensive examination of the relationship between the numerical
time-average - [/ f(y;"*)dt and the ergodic limit jo(f) := fpa f (x)dp(x) for the
invariant measure u of (1.1) and some class of suitable functionals f.

We remark that Assumption 3.4 is introduced mainly for technical reasons,
primarily to facilitate the use of the dual property of the Malliavin derivative
operator (i.e., (C.1), commonly referred to as the integration by parts formula) in
the weak convergence analysis. In fact, there are still some problems associated
with the weak convergence and the approximation of the invariant measure for the
SFDE that are challenging and far from being well understood. For example, how
to weaken or even eliminate Assumption 3.4 to include a more general class of
SFDEs? Can we obtain the same weak convergence rate if the diffusion coefficient
grows superlinearly? For the SFDE driven by noises rougher than Brownian motion,
such as the fractional Brownian motion or rough path, does the invariant measure of
the numerical method exist uniquely, and if so, does the numerical invariant measure
converge to the exact one?

It is worth noting that the invariant measure of numerical methods, which is the
main focus of this chapter, represents only one facet of numerical stochastic dynam-
ics. Beyond invariant measures, there are several other fundamental dynamical
objects that play a central role in understanding the longtime behavior of numer-
ical methods, such as numerical random attractors, Sinai—-Ruelle-Bowen (SRB)
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measures, and intermittency. In recent years, significant progress has been made
in analyzing these numerical dynamical behaviors for various stochastic systems.
For instance, [11] and [15] show that Euler-type discretizations of rough differential
equations and stochastic sine-Gordon lattice equations generate a random dynamical
system, and establish the existence and convergence of corresponding numerical
attractors. Regarding SRB measures, [8] provides the first work on the existence of
SRB measures for numerical discretizations of stochastic Hopf bifurcation. In terms
of the intermittency, [5] establishes weak intermittency for numerical discretizations
of stochastic heat equations for the first time. However, for SFDEs, such numerical
stochastic dynamics remain largely unexplored to our knowledge, which presents a
challenging and promising direction for future research.
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Chapter 4 )
Numerical Central Limit Theorem Chock or

In Sect. 1.3.4, we have investigated the strong law of large numbers (SLLN) and the
central limit theorem (CLT) for the functional solution of SFDEs, thereby clarifying
the connection between these probabilistic limit theorems and the corresponding
invariant measure. It is well-known that the functional solution of an autonomous
SFDE, viewed in its natural infinite-dimensional state space, constitutes a time-
homogeneous Markov process. However, due to its inherent dependence on the
path history, the ergodicity and longtime behavior of such systems are routinely
analyzed within this infinite-dimensional framework. For equations of this type,
often characterized by highly degenerate coefficients, a natural question arises: can
numerical discretizations preserve the probabilistic limit theorems of the original
equation, particularly the SLLN and CLT?

In this chapter, we address this question by shifting our focus to general time-
homogeneous Markov processes and studying the probabilistic limit behavior of
their numerical discretizations. We provide a positive answer by developing a
unified and transparent analytical approach for establishing corresponding limit the-
orems for numerical methods applied to such processes. In Sect. 4.1, we introduce
some notation, and present the probabilistic limit theorems for time-homogeneous
Markov processes, including the SLLN and the CLT. Section 4.2 presents our main
results, including the SLLN and the CLT for numerical discretizations of time-
homogeneous Markov processes, as well as the applications to the 8-EM method
of the SFDE. Sections 4.3.1 and 4.3.2 are devoted to presenting proofs of the SLLN
and the CLT of numerical discretizations, respectively. These proofs are based on
the convergence of the numerical invariant measure and the decomposition of the
normalized time-average of numerical discretizations.
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4.1 Limit Theorems of Time-Homogeneous Markov
Processes

In this section, we investigate the probabilistic limit theorems, including the SLLN
and the CLT, for the Banach space-valued time-homogeneous Markov process.

We begin by introducing some preliminary notation. Let (E, || - ||) be a real-
valued separable Banach space and ‘B(E) be the Borel o-algebra. Denote by P(E)
the family of probability measures on (E, B(E)) and by v(f) := fE f(u)dv(u) the
integral of the measurable functional f with respect to v € P(E). Recall that the
definition of dj, , with p > 1,y € (0, 1] is given in (1.28). Define the Wasserstein
quasi-distance induced by the quasi-metric as

Wy, (w1, v2) :i=  inf / dp,y(uy, uz)mw(duy, duz), 4.1)
ExXE

JTEH(V|,\)2)
where vi, v € P, (E) = {v € P(E) : [p, pdp.y i, uz)dv(up)dv(uz) < oo}
and IT(vy, v2) denotes the collection of all probability measures on E x E with

marginal measures v; and v;.
Note that when v (|| - ||?) < oo and va(|| - ||?) < o0,

Wy, (v1, v2)
Y
2

< (L1040 1) (it [ 1A -l au)
ExE

well(vy,n)
1
= (T+ vl - 17) +vadll - 117)) 2 (Wa vy, v2))Y,

where (1.28) and the Holder inequality are used, and W, is the bounded-Wasserstein
distance defined by

Wp(vl,vz);z( inf /EE1A||u1—u2||Pn(du1,du2))".
X

well(vy,v2)

This leads to that for any f € C, ,,

i(f) —w(Hl = inf

mell(vy,v)

”f”p,ywp,y(vlv v2)

[ = fupmn. )
ExE

IA

< U Npy (U4 vrCll - I1P) 4 wadl - ||p))%(W2(V1, )’ (42)

Let {X{};>0 be the E-valued time-homogeneous Markov process with the
deterministic initial datum X7 = x € E on a filtered probability space
(2, F, {F1}i>0, P), in which the corresponding expectation is denoted by E.
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Denote by w} the probability measure induced by X7, i.e., for any A € B(E),
wi(A) = IP’{a) eQ:Xfe A}. Denote by B, := Bp(E; R) (resp. Cp := Cp(E; R))
the family of bounded Borel measurable (resp. bounded and continuous) functions
on E.

Define the linear operators P; induced by X, as

P By — By, Pif(x):=E[f(X)]= /E fa)dufw) VxeE.

According to the Markov property of X7, one deduces that P; is a Markov
semigroup. If X} admits a unique invariant measure u satisfying (|| - 1H < oo
for some constant / > 0, it follows from [12, Theorem 5.8] that P; is uniquely
extendible to a bounded linear operator on LY(E, ) which is still denoted by P;.
Here, denote by LY(E, ) the family of Borel measurable functions f : £ — R
such that fE | £(u)|'du(u) < oo. In addition, for the space Cp,, with some p > 1
and y € (0, 1], if there are functions ® : £ — [0, 400) and p : [0, +00) —
[0, 4-00) satisfying fooo p(t)dt < oo such that forany f € Cp,,

[P f(x) = () < Kl fllpyPx)p@) YxeE, t=0,

then the Markov process { X} };> is said to be uniformly mixing on the space C ;
see [29, Definition 2.5]. This property characterizes that the process “forgets” its
initial states as time goes on.

We first introduce the assumption on the time-homogeneous Markov process.
This assumption guarantees the existence of a unique invariant measure and ensures
that probabilistic limit theorems including the SLLN and the CLT hold.

Assumption 4.1 Assume that the time-homogeneous Markov process {X{}i>o
satisfies the following conditions.

(1) There exist constantsr > 2,7 > 1, and L1 > 0 such that for any x € E,

sup E[| X' < L1(1 + [|x|™).

>0

(i) There exist constants y1 € (0,1], B € [0,r — 1], L, > 0, and a continuous
function p : [0, +00) — [0, +00) with fooo pY1(t)dt < oo such that for any
x,y€eE,

1
(ELIXT — X7 121)2 < Lallx — yll(1 + 1Ix 1P + 1y 1) 0@).

The probabilistic limit theorems including the SLLN and the CLT of Markov
processes have been well-studied in [19, 20]. For our convenience, we present a
modified version of [20, Proposition 5.3.5] in the following proposition.
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Proposition 4.1 Let Assumption 4.1 hold. Then { X} };>0 admits a unique invariant
measure u € P(E). Moreover, if y € [y1, 1] and p satisfy 2f(pf'+ (2+3/3)y) <r,
then the SLLN and the CLT hold: for any f € C, y,

1 r P-a.s.
7/0 fXHdt — u(f) asT — oo,
1 T d 5
_\/7./0 (F(X)) — pn(fHdt — A (0,v°) asT — oo,

where v? = 2u((f — () Jy~ (P f = u(f)dr).

Remark 4.1 We remark that by Assumption 4.1, the Markov process {X} };>0 is
uniformly mixing for the space C, , with y € [y, 1] and pr +2(1 + B)y < r,
which follows from

P f @) — n()] = i (f) = ()]
< K11 lpy (1 + ELIXI NPT+ (- 170)F (Wa (et )"
< K[ fllpy (1 x| FFH07) o7 (1), 4.3)

due to (4.2). The function p characterizes the decay speed in time, ensuring that the
influence on the initial state diminishes rapidly over longtime. Moreover, using the
same technique as (4.3), we obtain that for any x, y € E,

IPf(x) = Pf )] < K Fllpoy I = yII7 (L4 [l 78 4 [y 2478 07 ().
“4.4)

The following lemma plays an important role in investigating the SLLN and
the CLT of the time-homogeneous Markov process, whose proof is based on [29,
Proposition 2.6] and the uniformly mixing (4.3).

Lemma 4.2 Let Assumption 4.1 hold, y € [y1,1], 0 € Ny, and p > 1 satisfy
@(%(1 +r)+ 1+ ,B)y) <r.Thenforany f € Cp , and x € E, we have

1 T . 26
B[ 7 [ roxdds —uin|”]
T Jo
< KIFI2, (1 + x| EADHAA T2 v T 5 0,

Next, with this lemma in hand, we give the proof of the SLLN and the CLT of
the time-homogeneous Markov process stated in Proposition 4.1.
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Proof of Proposition 4.1 Proof of the SLLN. For any T > 1, one has

1 [T 1 (7 1 L7
];/O FXDds = u(f)| = };/m F(XD)ds +|m [ o - e
¥ ‘(% . L—;J) Om f(Xf)ds‘. 4.5)

We first estimate the term |% /i LTT | f(X)ds | For any k € N, denote
T 3
v {we Q:  sup ‘/ f(Xj‘)ds‘ > ||f||,,,ykz].
Telk,k+1) ' Jk

Using the Chebyshev inequality, the Holder inequality, and Assumption 4.1 (i), we
have that

T 2

B[ supreien | fOxas)
3
k=1 k=1 £, k2

T
Supy ey Ji 1F X PAs(T — )]

3
2 =
= 1F12, &3

o 3 k+1
<k Yk [ B
k

o0
~ 3 ~
< K+ x> k72 < K+ Ix]7).
k=1
Define

T
N () = inf{j eN,: sup ‘/ f(X;‘)ds’ < 1 fllpyk? forall k > j}.
Telkk+1) ' Jk

Applying the Borel-Cantelli lemma leads to that for P-a.s. € Q, N*(w) < oo,

and when k > N* (), SUPT e[k k+1) ’fkT f(Xf)ds) < ||f||,,,yk%, which implies

1 (7 -as.
= rands| TR0 asT > oo 4.6)
T Jir)

Next, we estimate the second term ‘LITJ OLTJ FXHds — u(f )‘. For any N € N
and § € (0, 3), denote A}, = {w € Q: |+ SV FXNds = (O > 1 f 1y, N8
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This, combining Lemma 4.2 with o = 2 gives

oo o
Z ]P)(ﬂ);v) < K(l + ||x||7(p(1+;)+2(1+/3)7/)) Z N45—2
N=1 N=1

<K+ ||x||f(p(1+7)+2(1+/3)y)).
Define
X : . 1 N X -5 .
K (w) ::1nfij e N : ‘N/é fX)ds — u(H|(@) < fllp,yN~° forall N > j].

Applying the Borel-Cantelli lemma yields that for P-a.s. o € 2, when N >
K (),

1 N
F fo FOXds = w(H| = 1flp N7, 47

which implies

¥a

] N
‘LITJ i f(X;‘)ds—u(f)‘%'OasT—)oo. (4.8)

For the third term ‘(% — ﬁ) OLTJ f(X{)ds

, by (4.7) we deduce that

1 1 L]

F-gp) ), ranes

1 L7} .
=< m‘/o F(X5)ds
P-a.s.

1
= 7(IM(f)I F U fllpy LTI?) = 0as T — oo.
4.9)

Therefore, plugging (4.6), (4.8), and (4.9) into (4.5) we derive the SLLN of { X} };>0.
Proof of the CLT. For any T > 1, note that

1 T
i /0 (XD — pu(f))ds

LT | | 7]
= ﬁ /LTJ (f(Xf) - M(f))ds + (ﬁ - ﬁ> /(; (f(Xf) - M(f))ds

L™ e d
+ﬁ/0 (FXP) = m(f))ds.
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It follows from Assumption 4.1 (i) that

s

1 P
<— K fllp,y (1 + supE[I X7 ]I2])ds
] «/T 7] PV( >0 t )

i 1
<K(+ ||x||7")ﬁ 50 asT — 0.

B 7= /L ; (FOXD = m(p)ds

Making use of Lemma 4.2 and T = JITD*<T —|T] <1, we deduce

EH(% - ﬁ) fo o - u(H)as| ]

< el ]

o )
< KISIG, (1 + Ix|P GO+ T 0 as T — oo

7]
/0 (f(X9) = pu(f))ds

Those imply that it suffices to prove the CLT for the case of T = N € N,. We have
the decomposition

L o R T
ﬁ/(; (f(Xt)_M(f))dt = \/_N%N + \/_N%N’

where

’ :/0“’ (BLr (XH1FN] = () )dr _/o

= — /Noo (E[f(xf)lﬁv] - M(f))dt +/O (E[f(Xf)W—'O] — ,u,(f))dt.

o0

(BLr (xDI70] — (),

=

4

> =

It can be shown that {.#} } yeN is an {Fy}yen-adapted martingale with . = 0.
Define the martingale difference sequence of {.Z} } nen by

=M — M, YN eN,, ZE=0.

Since

o]

N+1
Zio= [ (rom —un)ar+ [ (BAEDIT] - nih)ar

N+1

- [ (rreim] - won)a

N+1 00
= / (fxH = wn)dr + /0 Pif (Xi) = () )dr

N
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- [ (o —nen)a (410

we deduce that supy .y E[|Zy €] < K when c(p{ + (1 + B)y) < r. Moreover,
1 o]
BUZh o P] =[] [ (rah) —nen)ar+ [ (B0 — i)
- / (P —u(p)al)| = Hg. @i
0 y=Xy

Without loss of generality, below we assume that u(f) = 0. Otherwise, we let
f = f — u(f) and consider f instead of f.

Claim 1: H € Cyp,,y and |Hll2p,,y < K||f||?,,y with p, =7 (pF+2+3B8)y).
It can be calculated that

1 00 o0
H(u):IE[|/O f(x;‘)dt|2]+IE[|/0 P,f(X'{)dt|2]+|/0 P, f (u)dt|?

1 00 1 00
—|—2E[/ f(x;‘)dtf Ptf(xqf)dr] —ZE[/ f(xr)dt]/ P, f(u)ds
0 0 0 0

o0

_2E[fooo P,f(X’l‘)dt]fO P, f(u)dt. (4.12)

By the property of the semigroup P;, we have

]

1 00 1
IE[/ f(Xt”)dt]/ P, f(u)de =/ P,f(u)dt/ P, f(u)ds (4.13)
0 0 0 0

and

[e.e]

P, f(u)ds = /0 Prot f () /0 P, (uydr

B [ procne] [

0 0
00 1 o0

= /0 P, f(wydr)* — /O Py f (u)dt /O Py f (u)dr. (4.14)

Combining the property of the conditional expectation gives

IE[| /0 | f(Xf‘)dt|2] = 21E[ /O | 1069 / | f(X;‘)dsdt]

:2/(;1E[f(X§’)]E[/tl fxds| 7] o
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and

1 pl—t
=2/0/0 P,(fPSf)(u)dsdt

1 [e’s)
IEI[ / F(X"dr / P, f(X’f)dt]
0 0

1
|E
0
1
[E
0
1
|E
0
1
|E
0

FOBL [ P ar

:f(Xf)/O Pl—t+xf(X?)ds]dt
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(4.15)

- 0 1 1—t
sy [ porexasfa— [CE[ron [ pooasa
- 0 0 0

- oo 1 1—t
FX fo P f (X{)ds Jdr /0 fo P(fPsf)@)dsdr.  (4.16)

Plugging (4.13)—(4.16) into (4.12) yields

H) =1E[|/0 P,f(X”f)dt|2] _ |/0 Py f (uyde|?

1 00
+2E[/0 f(x;‘)/o Psf(X;‘)dsdt].

We derive from 7 > 1, pr + 2(1 4+ B)y < r, Assumption 4.1 (i), and (4.3) that

%) oF 2
|H(w) = KJEH/O 1/ 1y (4 IXENE D7) o )7 ||

and hence sup, ¢

0o >
+ K| /0 1 py (U Dl 2 HHD7) o 0))

‘ 2

1 00
b
+ KE[| LF12,, (11X D07 ()7 dsr
0o Jo

S KIfI5,, (1 + lu)" P20+,

HWL _ ger 2
= K| f1l5,, - Forany uy, us € E,

3
H(up) — H(u) =Y I, ua),
i=1

(4.17)
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where

L(ui,up) =E |f sz(X”‘)dt| |/ P f(X(?)dt| ]

iz(ul,u2)=—|/0 Ptf(”l)dt|2+|/(; Py

1 00
G =2 [y [ poexase]

1 oo
- 2E[/ F(x") / Psf(X;‘Z)dsdt].
0 0
Using (4.3) and (4.4) and the Holder inequality leads to
| (ur, un)l < K| F15, luy — wall (14 [luyg [P7HOF2BY gy || PPHAT207y

By the relation Ij(u1, u2) = —E[L(X]", X{)], 2pF +2(1 + 2B8)y < r, and
Assumption 4.1, we obtain

|11 (1, u2))|
< K”f”iyEI:”XIIM _ X1142||)/(1 + ”X’lﬂ ||Pf+(1+2,3)3/ + ||X']42||P7+(1+2/3)V)]

< KIfI5, luy — uall? (14 [Juy | P7HAT2B0+VE

+ ||u2||7(177+(1+2/3)1/)+)/ﬁ)‘

Similarly, I3 can be estimated as follows:
|53y, )]

1 o0
<o [ 1o - o] [T o]
0 0
1 oo
B[ [ [ 1P = Rrogidse]

1
1
< ann;,yfo EIXI" = X{217 (L X007+ 1 X0 17)2

L+ X T D) X — X207 A+ X )T+ X))

A+ 01X ar
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< KIfl5, lur —uall” (1 + || F O+ A+H)y +8y

+ ||u2 ” rzp (1+;)+7(1+ﬁ)}/+ﬂ}/)’

where we used (4.3) and (4.4), the Holder inequality, p(1 +7) +2(1 + B)y <r,
and Assumption 4.1. This, together with the definition of p,, gives that H € C25,,y

and || H |12,y < Kllfllp ),
Claim 2: w(H) = vZ. In fact, H can be rewritten as

0 2 0 2 1 00
H:Pl‘/ P,fdt’ —‘/ P,fdt’ +2/ P,(/ fPSfds)dt,
0 0 0 0

which together with the fact that P = p for ¢ > 0 finishes the proof of Claim 2,
where P/ is the dual operator of Pt

which finishes the proof of Claim 1.

Claim 3: =7} . 0as N — oo. Combining Assumption 4.1 and (4.3) leads
to

Hf ‘/ P f (X5 )dt(+(/ P,f(x)dt”—)O as N — oo.

! My 4, N0, v%) as N = oo. The aim is to show that

Claim 4: TN

w22

Nli_r)nooE[exp (iLN_%,///}’\j)] =e¢ 2 VieR,

where i is the imaginary unit. It is decomposed as

02,2

e 2 E[exp (itN~ 2,///N)]—1=1~1(N)+1~2(N)+i3(N),

where

= i 22 (j+1) v22 v22 1
hN) =" e" 20 (1 =™ 5 — —)Elexp GeN~2.4)],

j=0

7 2 le_l 22¢+D A X 2 B

LNy == 2N e E[exp(uN LMNZ )P QN zzj+1)],
j=0

T L2 = 2(]“ . -1 X 2 X 2

I(N) =N e [exp(uN 27 (v = (Z74) )]

j=0

.
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Here, Q(¢) = ¢ 72 [§ [52(ef — Ddg1dg, satisfies sup, g |Q(2)] < 1,1Q(0)| =
O(|¢]) for ¢ <« 1, where O(-) denotes a quantity of the same order as its argument.
Applying the inequality |1 —e™% — ¢| < %{2 for ¢ > 0 gives

N—-1 2 )

v2i2 w22 vl
hm I (N <11m 2 1— N —
\L(N)| e Y |l—e” o
J=0
22 N2 A . K
< lim e 2 — < lim — =0
N—o0 0 8N?2 N—soco N
j:

For the estimate of fz (N), we arrive at that for e << 1 and ¢ > 2,

N—-1

- 02,2
LI =2 F N[ sup 1001 Y ENZ, )]

[C]<te j=0

c1—=2

+ Z(E (Z5, 0D ya (P(Z%,| > eVN)) T ]

Since the condition on p in Proposition 4.1 implies that there exists ¢; > 2 such
that cl(% + (14 B)y) < r, we have sup .y IE[(Z);)CI] < K. Thus |I,(N)]| tends
to0Oas N - ooand € — 0.
For the estimate of I3(N), we define N = [N1=€07 with some ey <« 1 and
M = (N/1\~/'|, and denote
Bi ={G—DN,G—DN+1,...,iN —1} forallie{l,...,M—1},

By = {(M—DN,...,N —1}.
Then the term i3 (N) can be estimated as

|(N)|

< ‘% iE[exp N~z (l 1)N) Z e 12%+1> v —(Zy) )”

i=1 ]EIB

B[ exp (N ~H(f — .23 ) 1| (0 +(Z50?)]

llJEB

=: I31(N) + B2(N).
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The condition of p in Proposition 4.1 implies 2p,, < r. Then, using the property of
the conditional expectation, Claims 1-2, (4.3), and Assumption 4.1 yields that

TR 3 (& ot T R Ty |

JE]B
2 122 M
<one? LE LB L, ]
i=1 jG]B] (i— l)N
i
22
< 3 E [Z|/L(H)—PH(y)|‘ ]—>0 as N — oo.
i— jeB, X

The term I~3’2(N ) can be estimated as

22 M
Lo(N) < —e

[LEOIE[vZ +(Z5 )
+ 2E[(v2 4 (Zj‘-+1)2)1

i ]
{N 2|(//l'-‘7¢//[” I)N\>eo}

2
<K6()+Kﬁ€ 2 ZZ(E[U“ +(Zx 1)01])”
i= 1JEIB
)

x (BILAF — .47 PIEN)T) T

-2

<K60+K(N/(EON)) T 0 as N — oo and ) — 0,

where we used

‘22

J
B[l.a; - &P1= D E[@)]< suEIE[(Zj)z]SKﬁ.
je

(i— 1)N B
I=(i—-1)N

N
Il
=}

Combining Claims -4 completes the proof of the CLT. O

4.2 Limit Theorems of Numerical Discretizations

In this section, we present the preservation of limit theorems, in particular the SLLN
and the CLT for time-homogeneous Markov processes by numerical discretizations.
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Table 4.1 Definitions of the uniform stepsize A and the state space E”"

Temporal semi-discretization for Spatial-temporal full discretization for
h=0 h+#0

Stepsize A A:=(0,1)" A= (01)T

State space E" | E0 .= E E"(c E) with norm || - ||, satisfying

lu”lln < K l|u"|| for u" e E

Then we apply the main results to numerical discretizations of the 6-EM method for
SFDEs.

We begin with some notation for numerical discretizations. The temporal semi-
discretization is considered for the finite or infinite dimensional case and the spatial-
temporal full discretization is considered for the infinite dimensional case. Let h €
[0, 1] and T € (0, 1] be stepsizes in spatial and temporal directions, respectively.
To unify the notation, we define the uniform stepsize A and the state space E” for
the temporal semi-discretization or spatial-temporal full discretization as shown in
Table 4.1.

When the initial datum x € E", we always take x" = x. Denote ty = kt for

h
k € N. For each given A, let {Y,); ’A}keN denote the E"-valued discretization of

h
{ X} }i>0 satisfying Yé‘ & = x"_ and define the time-homogeneous Markov process
on the whole time horizon by

00
h,A h,A
vt = Z Yt); g4 (@, 1>0.
k=0

Denote by ,ufh’A the probability measure induced by ;" h’A, i.e., forany A € ‘B(E),
h h
1y 2 (A) =Plw e @ : ¥ * € A). Similar to the definition of P;, we define the

linear operator P induced by Yt"A as
h h
PR By — By, PRGN =E[f(;)] :/ Faydul 2w Vv x"eE"
E

If Y,xh’A admits a unique invariant measure u® satisfying (|| - |I') < oo for
some constant [ > O, PtA is uniquely extendible to a bounded linear operator on
Ll(Eh, /LA) which is still denoted by PIA. When there is no confusion, we also
denote B, (E": R), Cp(E"; R), Cp,y(Eh; R) by 85, Cp, Cp,y, respectively.

We propose sufficient conditions on numerical discretizations to ensure the
preservation of the SLLN and the CLT of time-homogeneous Markov processes.
These conditions are related to moment boundedness, attractiveness, and strong
convergence of numerical discretizations.
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Assumption 4.2 Assume that there exists A=) €]0,1] x (0, 1] such that

~ h
forany h € [0,h], T € (0, 7], and x" e EN {Y;Z ’A}kEN is a time homogeneous
Markov process and satisfies the following conditions.

(1) There exist constants ¢ > 2,q > 1, and L3 > 0 such that

sup B[V 211 < Ly(1 + [1x"199).
k>0

(i) There exist constants y» € (0,1],k € [0,q — 1], Lgy > 0, and a function
p2 1[0, +00) — [0, +00) with

o0

sup Y (pt )"
{hel0,h],Te(0.7]) k=0

such that for any x", y" € E",
h A h,A 1
(E0Y; 2 =) 212) % < Lallx™ — y I+ 151 4+ 19" 190 (1)

Below, when there is no confusion, we always assume that & € [0, fl] and T €
(0, 7]. And constants r and g in Assumptions 4.1 (i) and 4.2 (i), respectively, are
always assumed to be large enough to meet the need.

Assumption 4.3 Assume that there exist « = (1,00)7 € Ri and Ls > O such
that for any x € E,

h 1 -~
sup (BLIX; — ¥, 21%1)2 < Ls(1 + x|V A%,

t>0

where A% := (h®, t®2) T and |AY| := h*' + 72,

Denote the time-average of the numerical discretization by

_5;;’1 A= —Zf(

for f € Cp,, with suitable parameters p > 1 and y € (0, 1]. Then we obtain the
SLLN of the time-average of numerical discretizations.

Theorem 4.3 Let Assumption 4.1 hold for the time-homogeneous Markov pro-
cess {X}}i>0, Assumption 4.2 hold for the time-homogeneous Markov process
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h h
{Yt’k‘I’A}keN, Assumption 4.3 hold for {X}};>0 and {Yy Ayen, ¥ € 2, 10, and
p = 1with p(1 +q) +2(1 +«)y < q. Then for any f € Cp,,, we have

. . 1 x" A
lim lim %Sk’ =u(f) P-as. 4.18)

|A|—0k—o00

h
The following CLT characterizes the limit behavior of \/;kT Zf;(} (fFQry By _

u(f ))‘L’, which is called the normalized time-average of the numerical discretiza-
tion. Here, f € C,,, with suitable parameters p > 1 and y € (0, 1]. Recall that
v  =2u((f — n(f) Jo (P f — u(f))dt) is given in Proposition 4.1.

Theorem 4.4 Let Assumption 4.1 hold for the time-homogeneous Markov pro-
cess {X}}i>0, Assumption 4.2 hold for the time-homogeneous Markov process

h

{Y,’Zh’A}keN, and Assumption 4.3 hold for {X}}i=0 and (Y, "*}en. For any fied
L e (0, ay) withy € [y V 2, 1], setk := [t~ "7 and h := t*2/* (for h # 0).
Let p > 1 satisfy

1 )
P33V +D)(pavi+GE+icvp)y) =qnr (4.19)

and g <<)\with\/——§—%E > 0 satisfy

k
limz® 37 (ptm) =0, (4.20)
i=[r77 47
Then forany f € Cp y,
k—1 ; 4
N D(FETH) = u(f))T = H(O0.0Y) asT— 0. @.21)
T i=0
Remark 4.2

(i) If Assumption 4.1 (i) is replaced by: “for any r > 2, there exist 7 > 1 and
Ly > 0 such that sup,o E[|| X7 [|"] < Li(1 + |lx[I"")”, and Assumption 4.2
(1) is replaced by: “for any ¢ > 2, there exist ¢ > 1 and L3 > 0 such that

SUPg>( ]E[||Y;,ih’A||‘1] < L3(1+ ||xh||éq)”, then the restriction (4.19) on p is not
necessary.

(ii)) When szA is exponential mixing, i.e., p®(fx) = e~ * with some ¢ > 0, then
(4.20) is satisfied naturally.

Remark 4.3 Our main results in Theorems 4.3 and 4.4 are proved with a strong
convergence condition but for test functionals with lower regularity, i.e., f €
Cp,y- In general, strong convergence rates are no larger than the weak ones. The
numerical SLLN and CLT still hold with certain trade-off between the convergence
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condition of numerical discretizations (i.e., Assumption 4.3) and the regularity of
test functionals. Precisely, if Assumption 4.3 is replaced by:

sup [E[f (X7) — FOEO < k1A (4.22)

t>0

for test functionals belonging to some space &, then Theorems 4.3 and 4.4 still hold
for f € Cp, NE.

The main difference between the proofs of this remark and Theorem 4.4 lies in
the estimation of terms | P, f (u) — P2 f(u)| and |u(f) — u™(f)|, where u € E",
and 12 is the invariant measure of the numerical discretization (see Proposition 4.6).
Under the assumption (4.22), we have that foru € E h

|Pif (u) = P2 f ()] < sup [ELF(X) — fF(¥/")]] < K|A%),

t>0
Hence, by (4.3), we have that | (f) — ,uA(f)| can be estimated as

() = (O] < 1Py f @) = (O + P f @) — > (O + Py f ) = PR f(w)]
< K|A%,

where we used (4.24), and in the last step we let k — oo.

Remark 4.4 Based on the SLLN and CLT results of numerical discretizations
(Theorems 4.3 and 4.4), we provide an analysis on the computational cost of the
time-average of numerical discretizations for approximating the ergodic limit to
achieve a given accuracy €. For a significance level © € (0, 1), let the Gaussian
confidence interval [—7y, 7] be such that P{|Z| < Ty} = 1 — ¢, where Z is
a standard Gaussian random variable. Then by the numerical CLT, an asymptotic

confidence interval with level 1 — 9, centered around p(f), is [u(f) — :7/'%, w(f)+
Loy

«/ﬁ]' This, along with the relation k = [t~'?*] implies that for a given accuracy

. 1 . h
€, when T is set to be the size of (ﬁ)k, one arrives at ]P’{l%S;: A w(f) <e}=
h
1 — 9. Hence, for any A € (0, a2y), the computational cost of %S,f A is estimated

_L gy
ash k=0 AT 2) (resp. k = 0(6’%’2)) for h #£ O (resp. h = 0), where
a = (a1, ap) " is the weak convergence rate given in Remark 4.3 of the numerical

discretization. Here, O(|¢]) is a quantity of the same order as |¢].

The main results in Theorems 4.3 and 4.4 can be applied to numerical discretiza-
tions of a large class of autonomous stochastic differential equations. Here, we focus
on the application to the case of the -EM functional solution of the SFDE (1.1).
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Theorem 4.5 Under Assumptions 2.1 to 2.5, the 0-EM functional solution
{y,sk’A}kzo fulfills the SLLN and the CLT, namely, for any p > 1,y € (0, 1],
and f € Cpy,

1 mi—1
. . s EA, i
AthOm}anoo mi Z f(y’k ) =puf) Pas.,
k=0
mo—1
lim SRS = w(fNA =N 0,0 in distribution,
k=0

A—=0 /my A

where my = [A™'"27 with 3 € (0, 3v), v* = 2u((f — w(f) [~ ELf () —
p(f)ldr).

Proof Assumption 4.1 is ensured by Propositions 1.9 and 1.12. By Proposition 2.8,
we obtain that Assumption 4.2 (i) is satisfied. By Proposition 2.10, we have that
Assumption 4.2 (ii) is satisfied with x = 0, p2(t) = e~ for some ¢ > 0, and
any y» € (0, 1]. Theorem 2.14 ensures that Assumption 4.3 is satisfied with o =
0,07 = % Applying Theorems 4.3 and 4.4 finishes the proof. O

4.3 Proofs of Numerical Limit Theorems

In this section, we present the proofs of the numerical SLLN (Theorem 4.3) and the
numerical CLT (Theorem 4.4) in Sects. 4.3.1 and 4.3.2, respectively. The proofs are
respectively based on the convergence of the numerical invariant measure and the
decomposition of the normalized time-average of numerical discretizations.

4.3.1 Proof of Theorem 4.3

This subsection is devoted to giving the proof of the preservation of the SLLN
of numerical discretizations, based on the existence and uniqueness as well as the
convergence of the numerical invariant measure.

Proposition 4.6 Let Assumption 4.2 hold for the time-homogeneous Markov pro-
cess {Y,’kch’A}keN. Then for each fixed A, {Y,)k‘h’A}keN admits a unique numerical
invariant measure u® € P(E"). Furthermore, if in addition Assumption 4.1 holds
for the time-homogeneous Markov process { X };>0 and Assumption 4.3 holds for
{X}}i=0 and {Y;]:h’A}keN, then we have Wo(u, u®) < K|A%|, where |A%| is given
in Assumption 4.3.
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Proof The proof of the existence and uniqueness of the numerical invariant measure
is analogous to that of Theorem 3.2, and the argument for the convergence rate
follows similarly to the proof of Theorem 3.3. Therefore, we omit the details. O

Note that Assumption 4.2 leads to

(- 19) < lim / lul9dpd (u) < sup B[ Y2 )9] < L. (4.23)
=00 Eh

t>0

Similar to the proof of (4.3), we derive that for f € Cp,, with p € [1,g] and
y € (0, 1],

PR F@) = 12 (1 = KN fllpy (U + ul FHOFO7) (02 (1)), k e N,
(4.24)

This is the uniformly mixing property of numerical discretizations. Based on [29,

Proposition 2.6 and Remark 2.7], we obtain the estimate between %S,jh’A and
w™(f), which is stated in the following lemma.

Lemma 4.7 Let Assumption 4.2 hold for the time-homogeneous Markov process

h ~
¥ *Yen v € y2. 11, 0 € Ny, and p > 1satisfy o(5(1+§) + (1 +)y) < q.
Then for any f € Cp,, and x" € E", we have

L i 2 2 F(2(14d -
E[| 2S¢ = w2 (D[] < KIFI (4 I ea@ AT aam) @ v ke Ny.
(4.25)

With these in hand, we present the proof of the SLLN, i.e., %Slf " P—“) u(f)as
k — ooand [A| — 0.

Proof of Theorem 4.3 Applying (4.2) and Proposition 4.6 leads to
() = OI < KN fllpy A%, f €Cpy (4.26)
Hence it suffices to prove that limy_, |%S,fh’A — A (f)| = 0 P-as. for each fixed

stepsize A and f € Cp ;.
For any § € (0, 4—1‘) and k € Nwith k > [1/7], define

h 1 . s 1
AR = {a)e Q: |5 B wAO@) > I flp oyttt 4}.
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Note that the condition p(1 + g) + 2(1 + «)y < ¢ coincides with the one in
Lemma 4.7 with o = 2. By virtue of (4.25) with o = 2 one has

1 h 4 ~ ~ _
E[| 28" = w2 (D[] < KIFIG, (1 L I oT200m), 2,

Applying the Chebyshev inequality yields

468
h Bt 1 h
PO = B[S (]
Dy

IA

K (14 [ aU+D+20040y)) 2@ ¢ (4.27)
Then it follows from 2(1 — 28) > 1 that
- x" A hya(p(14+@)+2(14x)y)
> PACT) < K(1 4 x"apita ). (4.28)
k=rz1
Define the random variable * 2 by
N . . . . 1 1 x" A A
KA (w) == inf{j € Nwith j > (-1 |sz — w2 (N)|(w)
5 -1 .
< flpyt®t™% VR = j+ 1},

Inequality (4.28), along with the Borel-Cantelli lemma implies that KA < oo
P-a.s. and

1
P{a) cQ: |ES,fh’A — 1P| @) < N fllpy 18T 4 forall k > ‘K"h’A(a))—i-l} —1.
(4.29)

Let 7X"4 = r‘](xh’A. Noting 2(26 — 1) < —1, there exists a constant / > 0 (e.g.,
| = — 1231 - 0) such that / +2(28 — 1) < —1. This, combining (4.27) implies

o0 o
Bl 1= Y B[ s )= Y GO'BK" = )
J=T41 J=Te1

o0

IA

P < K(1+ 5t APAHDR20400) - (4.30)
1

A—

j=r
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Ford > 0Oand N ¢ N4, deﬁneZ)’]‘\;' = {a) e Q. Txh’A +1 > NS}. When § is
chosen so that 8/ > 1, it follows from (4.30) that

(@] o0

1 5 h 5 5
SOR@OY) = Y (VELE A 4 1] < K(1 4 004200,
N=1 N=1

Using the Borel-Cantelli lemma again yields that there exists a random variable
M < oo P-a.s. such that

P{w e :T"2w)+1<Nforall N > ‘)“(xh(a))} —1. 4.31)

Combining (4.29) and (4.31) yields that for a.s. € @, when k > (WH(‘U))B >
45

PA@ 5 geA () 41, we have

A

1 h 1 h <
!zS;;”A — 12 D|@) < 1 lpyt 5 < 1Sl O (@)™,

which implies limg_s o ka - MA( f) almost surely for fixed A. This finishes
the proof. O

4.3.2 Proof of Theorem 4.4

In this section, we present the proof of the preservation of the CLT of numerical
discretizations, based on the decomposition of the normalized time-average of
numerical discretizations. Precisely, we introduce the following decomposition of

xh JA
the normalized time-average f P ( fE %) —u(hH)r,

1 1
(f(Y’.‘h’A) — ()T = ﬁ%gh>e + ﬁ%;;”e, 432)

A = e Y (L0 ] = ) = o 3 (BLFOR 7] - (),
i=0 i=0
(4.33)
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s __,Z( FOEHIF] =1t 0) + 7 30 (ELF 0 IF0] - 1t ()

i=0
+kt (A (f) — u(f)).

By virtue of the Slutsky theorem, the idea for proving Theorem 4.4 is to prove that

‘/#kfr///,fh’A i) A (0, v?) and J%%Zh’A ﬂ) 0, where we recall that —d> and

—> denote the convergence in distribution and in probability, respectively.
By fully utilizing the Markov property and the uniformly mixing property of
numerical discretizations of the time-homogeneous Markov process, it is shown in

the following proposition that .7, ,f ".a is well-defined and is a martingale for k € N.

Proposition 4.8 Let Assumption 4.2 hold for the time-homogeneous Markov pro-
h ~
cess {Y, Ayen, ¥ € [v2, 11, and p > 1 satisfy Bl + (14 «)y < q. Then for any
h
x" e E" fe Cp.y, the sequence {///,f ’A}keN is an {F, }ken-adapted martingale

h
with ///(')x A . Moreover, we have

k—1
h h
A < 30 (S = wt )|
i=0
KU F Ly (1 1A F 007 o Bra0or) - 43

h
Proof From the definition of .7, ,f ’A, we have

k—1 [ee)
MEE =TS (P = 1B H) + T Y (PR = u ()
i=0 i=0

1

(P,, Famy = p2 (). (4.35)

i=0
It follows from (4.24) that
h Pq
A<t Z (FO2) = 1B H)] + K f oy (14 12 5 H0H07)
o0

x T S EA ) + K fllpoy (14 IO 3708 (1))

i=0 i=0
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Using the conditions y € [y», 1] and %‘; + (1+kx)y < g, and Assumption 4.2 leads
to

h ~. g
Bl 211 < KIf k(14 [xPdcE+0+07)) < o,

In addition, by (4.35), we have

M =P = (S = 1) T Y (PR = wB )
=0
— T S (PR RS — u (), (4.36)
i=0

which gives

—

j_
B[ = T =7 ) (PR PO = w (1)
i=0

+ TP (PAf — ()
i=0

o
h
— Y (PR — B (). (4.37)
i=0
Applying the dominated convergence theorem yields

rPAZ (PAf = () PAf = ()8

PH(Y"’“*A) )

Inserting the above equality into (4.37) leads to E[(///,fﬂA ///,fh’A)W—}k] =

This finishes the proof. O

Define the martingale difference sequence of {.#, ,f .4 }ken by
h h
"= P vkeNy, ZUM =0

h
Denote by E[LZz A |2 |77,k_|] the conditional variance of the martingale difference
sequence, whose properties are presented in following propositions.
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Proposition 4.9 Let Assumption 4.2 hold for the time-homogeneous Markov pro-
h
cess {Y,),f ’A}keN andy € [y, 1].

(i) For any constant c satisfying C(qu + 1+ K)y) < g, it holds that

sup E[Z5 411 < KI5, (1 + [l a3 +0+0m) (4.38)
k>0

h h
(ii) Let p > 1 satisfy pG +2(1 +x)y < q. Then E[|Z} 1 1571 = HAY; ™)
forallk € N, where H® : E" — R is defined as
o0 A 2
HAGw) = =216 — i (P + 2E[| 3 (PO = n (D) ]
i=0

1=

— ) (PAf@) — ut ()P
i=0
+207(f ) — n® () Y (PAFw) — (). (4.39)
i=0

(iii) Let p > 1 satisfy 2pG+2(142k)y < q.Then H® € Cap,.y and ||HA||2;~,M, <
KN\ f1}.y. where py = G(pq + 2+ 36)y).

Proof

(i) It follows from (4.23), (4.24), and (4.36), Assumption 4.2, and the condition
y € [y2, 1] that

Z 0 = el k(4T Y PR = ()
i=0

o
h

+T Y |PEFOSD — B ()

i=0

h P N »i
< KISyt (1 IG5 0E) + KNS Dy (14 102 207
h q

" "Yt)kcfiA"%(HK)y)' (4.40)

Taking any constant ¢ satisfying c(%ﬁ + (1 + K)y) < ¢ and using Assump-
tion 4.2 (i) finish the proof of (i).
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(i1) The condition pg + 2(1 + k)y < g coincides with the one in (i) with ¢ = 2,
h
thus IE[|Z? +’1A |2|?',,] is well-defined. It follows from (4.36) that

E[1Z5 PI7a] = B[ e (£0™M = (D) + 7 32 (PR 7O = 1)

i=0

D MG COREIT) |
i=0

):t[

h
L =GR,

(4.41)
For any u € E",
ad 2
G = 21 f @) — u(DP + 72 3 (P2 £ — i (f)|
i=0
> 2
+r2E[\Z (P2 O™ = w2()| ]
=0
+222(F@) = (D) PE( D (PEF = w2() ) w)
i=0
=20 (f ) — () Y (PEfw) = u™ ()
i=0
223 (B2 7w - k) PE( X (PA T - () )
i=0 j=0
(4.42)

Applying the dominated convergence theorem yields

8

(F@) = n®O)PE( X (PAS = 12 ()@

i=0

= (f) = u®(H) Y (PL @) — u® () = 1f @) — ™ (P

i=0

(4.43)



196 4 Numerical Central Limit Theorem

Similarly,
S (P r ) — A D)PA(Y (PAS = () ) @)
i=0 i=0
=Y (PEF@) — 2O~ (F@ — (D) D (PAf ) — u® ().
i=0 i=0

(4.44)

Inserting (4.43) and (4.44) into (4.42) implies G = H?”, which finishes the
proof of (ii).

(iii) For any u € E", using (4.23), (4.24), the conditions y € [y, 1] and pg +
2(1 + )y < g, and Assumption 4.2, we deduce

|HA@)| < KN f13, 720+ ull?) + KILFIB,, (1 + EQye2 | pat2a+on)

x (r i (pA(ti))V>2

i=0
y ° 2
+ KI5, (1+ ||u||""+2“+“y)(r > (pA(r,-))V)
i=0
V4 P 5 ad
K2, Tl ) (1 [l FHDHH07) (237 (1)) )
i=0

< KIFIG, (1 + [u] 9720400y < K| £117 (1 + [lullP7),
which implies

|H2 ()]

— < K|fI>,. (4.45)
weph 1+ [lullPr Py

By the definition of H A we deduce that for any up, up € Eh,
4
H(up) — H ) = ) Iiu1, ua), (4.46)
=1

where

Li(ui, u2) == (1 f w2) — u® (O = | fwr) — u®(HIP),
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B us) = 7 [(Z (B2 r ) — )

o]

| X s —utn) ]
i=0

I3(uy, u2)

= —rﬂi P2 fwn —u ()| +r2\§j S~ )|
=0 i=0

Is(uy, u) = 22%(f 1) — () D (P f 1) — ™ ()
i=0

o0

=203 (fu2) — () Y (P fuz) — ™ (f)).

i=0
By the definition of C),,, and (4.23), we have

[ (uy, u2)| = T2 f (ur) + f ) =20 (OIf (1) — fu2)l

1
< KIFIB, T A A luy — uall)(1 + [P + ual*P)2.

“4.47)
It follows from (4.24) that
(I3, u)| =72 Y (P2 fn) — n(f))
i=0
+ Y (PR fu) — O D (P fuz) = PR fw)]
=0 =0

< KIfI5, A+ Jul By
+ | FHHO7) (o Z(p t))7)?
i=0
Pq Pq
X Jluy — uall? (14 llur |27 4 Jlug || 2 +7%)

< KIFIB, luy — uall” (1 + [lug [PAHIFZY gy pTHA+207)
(4.48)
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where we used
|Pic @) = Pt f ()]
= ") = i ()]
< K|l fllpylluy —uall” (1 + ||u1||p7‘7+w

F 2 T 2 1)) L wy,uy € EM

Noting L (u1, u2) = —E[ (Y2, ¥/>)], by (4.48), 2pg+2(1+2)y < gq,
the Holder inequality, and Assumption 4.2, we obtain

2
[L(ur, u)l < KIfly,
A A A pg LA pG
B[V = Y28 (1 |y A pre 4207 4 e 8 ri+14207)

2
< KIFI3, lur — uall”

(1 + lu ||17(P€7+(1+2K)V)+VK + ||M2||1?(P§+(1+2K))’)+VK)_ (4.49)

Arguments similar to those of /] and /3 lead to

[La(uy, up)| <222 f 1) — f)l| D (PR ) — u® ()|

i=0
+ 207 f ) — pA (O (P fur) — PR f )]
i=0
< KIfI3, tlur — uall”

(1 + flu ||§(l+z§)+(l+x)y + ||u2||§(1+5)+(1+K)V). (4.50)
According to ¢ > 1 and p > 1, one has pc}2 > g(l + ¢), which implies

I+g)+d+w)y.

By = d(pd+Q+307) = 2

Plugging (4.47)—(4.50) into (4.46) deduces

|H2(uy) — HA (u2)]
sup <KIfI3.,.

5 5o\ L
uruneE" uy — uallV (1 + [luy |1?P7 + llua||?Pr)z
uyFuy
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This, along with (4.45) implies that
|H2(uy) — H® (u2)]
sup

5 N
wrurel’ (1A Jluy — ua 7)1+ Nlug 2Py + luz||>P7)2
uyF#uy

HA(uy) — H® u2) 1jju, -
<K, + sup W0 = ATl

~ 1
uruzelh (14 [lur]|*Pr + [lug||*Pr)2

uyF#u
|HA )| + |H ()|
<KIfI2, + sup > 1 = KIfII},-
wruseh (1 lug |27 + ual|2Pr)3
ujFEuy

The proof is completed.
0

Proposition 4.10 Ler Assumption 4.1 hold for the time-homogeneous Markov
process { X7 }i=0, Assumption 4.2 hold for the time-homogeneous Markov process

h
{Y,;h'A}keN, Assumption 4.3 hold for {X{}i=0 and {Y;, "“hen, v € (11 V 2, 11,
and p > 1satisfy p(0+g Vi) +2(1+«k Vv B)y <q Ar.Thenforany f € Cp y,

pAHY == (1f = (OP)+2eu (=12 (D) Y (PAF—12(N)7).
i=0

(4.51)

A A
Moreover, [u®(H™)| < Kt|| f1?, and lim a0 L= = 2.

Proof Step 1: Proof of (4.51). The condition on p in Proposition 4.10 implies that
the one in Proposition 4.9 (ii) holds, and then H A is well-defined. Moreover, H2
can be rewritten as

> 2
(P2f = r2()| @)

i=

HAu) = =2 f(u) — p> () + 2 PA

i 2
=23 (P rw - it ()|
+202(f ) — n () Y (PR f ) — (),

i=0
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which together with (P)*u® = u” gives

A H = =2 (1 =it (DR +200 (£ =2 () X (PAF =12 (D)),

i=0

Here, (P,A)* is the transpose operator of PA; see [12, Section 5.2].
Step 2: Proof of |/,LA(HA)| < Kr||f||%,,y. According to the Young inequality,
we arrive at

A HY] < 200 (1f = 1 OPR) + 1t (X (PAS = 12(0))*7?).
i=0
(4.52)

The fact f € C,, implies that f* € Cap, and || f?|l2,,, < K| f|5,,. Together
with (4.23), we derive

pAAS =B OP = p2 () = It HP
< KI5 m A 10+ K (1 e (1 15)°
< KIfI5,- 453

It follows from (4.24), pg + 2(1 + )y < ¢, and (4.23) that

e¢]

MA((Z (P2 f —MA(f>))2r2) SKIFIG, w0+ | - 1PTRAH07) < K £112 .
i=0
4.54)

Inserting (4.53) and (4.54) into (4.52) yields |12 (H?)| < Kt|| f||fw

Step 3: Proof of limja|—o “—— (H ) = 2. Without loss of generality, below we

assume that u(f) = 0. Otherw1se, we let f = f — u(f) and consider finstead of
f. The condition on p in Proposition 4.10 leads to %(1 +gVvi)+(1+BVk)y <r,
which along with f € Cp ,,, (4.3), and (4.24) implies that

M(fi(P[iAf_MA(f))Tl{Eh}) < oo and ,u(f/ooo P,fdt) < 00

i=0

Together with (4.51), we arrive at

‘MA(HA) 2‘
—_— =

= Tt (1f = 2N + 2B Dl (Y [PE S =it (D)
i=0
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+2)u?(f S (B2 - 1A D)l ) = (S S (B2 - 1) Tl )|
i=0 i=0

n Z‘M(fi (PAf - MA(f))fl{Eh}) _ ,u(f /OOO P,fdt)‘ = 24:11,-.
i=0 i=1

Due to (4.53), we have Il1 — 0 as |A| — 0. By (4.23), (4.24), and (4.26), we
arrive at

15 = Kl (Ol (1115 L+ 1 1FH57) 3 (02 ) )

i=0
< K fllpy () — ()] = KIFIE, 1A%, (4.55)

where we used u(f) = 0. Denote
o
F& = [ (PR = 2 (N)) el
i=0

Using similar techniques to the proof of Proposition 4.9, we obtain

F2 € Cpasqa240y.y ad [IFA 01420407,y < KNI,
Thenby p(1 +¢) +2(1 + k)y <r A q and (4.26), we deduce
113 < KIIF*pasq+2a40y.0 1A% < KILFI5 1A% (4.56)

For the term 714, we have
s = 2N [ 1F(ERS = Pf) + £ = ) )
+2y,(f/0 P S ),

where E\E" represents the complementary set of E” and we used u(f) = 0. It
follows from (4.2) and Assumptions 4.2 and 4.3 that for any u € E”,

1
[P fu) = PR @)L < 111 py (1 + BOXS NPT+ EOY121) 2 (Wa (' ™))"

b
< KN fllpy+ ul Ty A7, (4.57)
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This, along with (4.26) implies that

Lyepn | f@) (PR f) — Pf @) + fa)((f) — ()]
< Lepn S @I(|PAF@) = PLf @] + K115, 16717
< KIFI3,, (14 u) ETOCVDEEL o) A7

Applying the Fubini theorem and the Fatou lemma leads to

fim M(l{Eh}/o [F(PAf = Pf) = F(12 () = w())dr)

|A|—0
< [ m 1 £ (P2 = P+ £ = () ar =0

which together with lim|a -0 1 (f [y~ P, fdtl{E\Eh}) =0gives Iy — Oas |A| >
0. Combining estimates of terms //;,i = 1, 2, 3, 4 completes the proof. O

With these results at hand, we are now in a position to prove Theorem 4.4, which
follows directly from the combination of Propositions 4.11 and 4.12.

h
Proposition 4.11 Under the conditions of Theorem 4.4, \/Lk?///,f A converges in
distribution to N (0, v?) as |A| — 0, where k = [t~2~17.

h
Proof By the definition of k, it is equivalent to showing that %,/ [xr ;ﬁ,l] converges

in d1str1but10n to A4 (0, v?). To this end, we show that the characteristic function of

A//FC "5y satisfies
Uzlz
lAhgoE[exp (1er///;;7§ ‘W)] =e¢ 2 VieR, (4.58)

where i is the imaginary unit. Without loss of generality, we assume that p(f) = 0.
Otherwise, we let f = f — w(f) and consider f instead of f.
A direct calculation gives

U2L2

e 2 E[exp (itr}‘//lxh’A)] -1

M |

2(/+1 3 vi2; A x A
( % E[exp (it =///Jrl )| —e ]E[exp(ut M )])

2L2

2
Ze e [exp (itr’\///;h’A)(exp (ut’\ZjJrl y— 1+ v2—k)]
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_ v2.2 v22 2,2
+ Ze 2<I£+1> —e % — %)E[exp (iLr)‘(///;‘h’A)]. (4.59)
Note that for any ¢ € R\ {0}, ¥ = 1 +i¢ — & — ¢2Q(¢), where Q(¢) =

¢ [y Je e — 1)dsdg; satisfies sup; s | Q%)) s 11Q@)] = O(¢)) for ¢ <
1. Along with E[ZJH |7—', ] = 0, we obtain

2,2

[exp (llfk///x ) (exp (”T/\ZJH )1+ %)]

:E[exp(itr’\///;h’A)E[( ”2/\(?1)2 I ZA(ZHl) Qjv1 + 2L2> ?z,]]

L2.L.2A

2

v2

Eexp Gt ) (g = @4?)]

2)‘I[*E[exp (lL‘L')".///x A)(Zj+1) Qj+1] (4.60)
where Q11 := Q(L‘C)‘Z)](-j_’lA). Plugging (4.60) into (4.59) yields
Uzlz
" F Blexp (et 4 ™)] — 1 = I, (k) + LK) + I(k), 4.61)

where

=l (,+1) 22 v32
I (k) ::Ze (1—e 2 — —)E[exp (utk///x M1,

Lk) == — ¢ ZAZ —— [exp(ur ///x A)(ZHI) Qj+1]

k—1
T V234D v2

Ze 2% E[exp(ilfxﬂ;ch’A)(kr% (ZJ+1))]
j=0

Iy(k) :=

Estimate of the Term [; (k) Applying the inequality [1 —e™% —¢| < %gz for¢ >0
gives

022 k=1 v2.2 U2l2
lim |I1(k)| < lim e 2~ E [1—e 2% — —|
=0 =0 c 2k
J=0
k—1
22 v4t4
< lime 2 < lim—=0
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Estimate of the Term /5(k) It follows from sup, g |Q(¢)| < 1 that for any € > 0,
22 9 2
(k)] < Pt Z]E (Z,+1 )71Qj41l] < I1(k) + La(k), (4.62)
=0
where

= 2
Bk = es ZOE (Z55? izt doerny)

22
2A A
122(]() —L e =N T XE)E (Z);_H) |Q]+1|1 xh AI_GT*)‘}]'

Using Propositions 4.9 and 4.10 leads to that for any ¢ € (0, 1),

k—1

U2l
hatk) < 2% 7% sup 100 Y ENZ 1)
[¢]<te j=0
- rrflf()»fs)“_l )
=27 swp (0O Y EUZ Y
Klfle j:O
k—1
+or Y (PtfHA(xh)—,LLA(HA))+K||f||12U,V]. (4.63)
j=le1=Go)
Combining E[|. A o P1=X05 I R ZY )2 and (4.34) yields that

rtflf()nfs)"il "tflf(}tfg)'lfl

S BN =k 0 S B[R+ et (1]

J=0 J=0

+ KIS, E [1 + ||Yt |pa+20+0y ||xh||17‘1+2(1+;<)y]'

—1= (A 8)1

Since the condition (4.19) implies that pg + 2(1 + )y < r, by Assumption 4.2 (i)
we obtain

rrflf()»fs)“_l

h ~ o~
Y BUZLDP S KNI, (1 + i a0y =200,
Jj=0
4.64)
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It follows from (4.19) and Proposition 4.9 (iii) that H* € Cyj5,.,, with 2p, < g.
Making use of (4.24) yields

k—1
T2+ Z (P,?HA(xh) _ MA(HA))
j=le1=0=en
k—1
< KIfIR, (14 2P H0F0ryg2h N (o). (4.65)
=170

Inserting (4.64) and (4.65) into (4.63) leads to

222
122(/()<KL e 5 sup |Q(§)|||f||py(]+”x ||CI(IH1+2(1+K)V)_|_||X ||¢1Py+(l+/())/)

[¢]=<te
k—1

x <r28 + Y (pRap) + 1). (4.66)

J=Trm1m0m01

Note that (4.20) implies lim;_, o t2* Zf;;}r,l,(A,s)] (p2(t)))" = 0. This, along
with (4.66) leads to

lim lim I 7 (k) = 0. (4.67)

e—=>01—-0
By virtue of the condition (4.19) there exists a positive constant ¢ such that ¢ >

2 v4and (B + (1+%)y) < gq. Applying the Holder inequality, the Chebyshev
inequality, and (4.38), we have

2,2

k—
Lty <2 Tt Z E0Z}, 1)

1

D=

H(PUZ R > er )

k—1
22 1 A h 1
<2 5 Y EIZ ) EIZ )
j=0
22 1 o (@+og Pq+<1+)
< K2 e a1 (Fr00), - e

Plugging (4.67) and (4.68) into (4.62) yields

. . . 22 1 G @4+9q (P4 4 (1
lim |L (k)| < lim lim K2e ™ — 1% 1||f||,, y<1 + lxf T (2 e +K)y))
7—0 e—~>01—0 /2

+ lim lim |155(k)| = 0.
e—>071—0
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Estimate ~0f the Term /3(k) To simplify the notation, we denote k= |'r_1_£'| and
= [k/k]. Divide {0, 1, ..., k — 1} into M blocks, and denote

B, ={(G—Dk,(i—Dk+1,...,ik—1} fori e {1,...,M —1},
By ={(M - Dk, ... . k—1}.

We estimate the term I3 (k) as

[3(k)| < I3,1(k) + I32(k), (4.69)
where
2 Z)L a c a xt A LL(/+1) 1)2
I(k) == ‘ ZE[exp(ur /// 1)k) Ze 2% k — (Z]+1 ) )]
i=1 j€eB;
2.2 M 220
I32(k) = ‘L : ZZ [ GXP(HT}‘%X A)—exp(m: ///" ﬁk))e%
i=1 jeB;
2

< (g — @)

It follows from the property of the conditional expectation and the time-
h
homogeneous Markov property of {Z; ’A}keN that

22 M UL(/+1) v?
I31(k) < Z]EH [ZBe * kt” (Z/+1 %)\ 7 w]u
je
22— 2

ui[rg

s |)

(4.70)

2
% \kiﬁ ~E(ZP
JED]

1)

It is straightforward to see from Proposition 4.9 (ii) that

=y \,{%—E[( ZHA|

J€BI

=7 Z\k 57— O HY) 4 ZIM (HY) —E(Z ™))
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k—1
h
+7f Y A HD) —EIZL DA
j=le 74
A A
- - W=>(H?) _i_¢
§T£+lkv2|kr2k+l _1|_|_.L_8+lk|v2_ |+T8 1 4|MA(HA)|
e a—1 . i—1
A
+7° Y BUZ )M+t Y It HY - PRHAOMI
J=0 j=re 74
(4.71)
Using the similar arguments to (4.64) and (4.65), we derive
e 1471 ,
A S (nh _&
E(Z )T < KIS, (14 [y |apat20+0rye =5 (4.72)
j=0
and
k—1
Y IAHDY = PAHA O
j=rc'74
N k—1
< KIFI5, (4 [y 2Pt 0Homyee 3= (o)) (4.73)
j=Te"' 71

Inserting (4.72) and (4.73) into (4.71) and using |MA(HA)| <Kt ||f||%,’y, we arrive
at

€ v? Yt A2
Y | S —EEiD?|

Jj€B

A A
u=(H?) 3 £
= | F KIS Wy + KN 1,7

~ 1 -
e+17.2 e+1 2
<T kU )W_l‘_FT k‘v

(1L [y |aPa2AHOMy L K| £117 (1 4 |y 7Py HIH07) 78

k-1
x (02 @))”. (4.74)

£

j=lt 4]
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Since G(pg +2(1+«k)y) < gand gp, + (1 +k)y < g, plugging (4.74) into (4.70)
and applying Assumption 4.2 (i), we have

L‘2L2 1 A I‘IA 3e
Itk < Kie 2 (v reny 1|+|v2—u|+r7||fllf,,y
AR, (14 "7 PI+20+0r)) 5

o k—1
e L A L D () }

£

j=re 71

where we used k = [t2*711, k = [t717], and M = [k/k] = O(z~2**%). It
follows from (4.20) that lim;_, t° Zk ! s (p™(t/))” = 0, This, along with
pd+gvVvi)+2(0+xVv By <gA r and Proposmon 4.10 implies that

lim I3 (k) =0. (4.75)
|A|—0
Furthermore, by |e — 1| < u and the Holder inequality, one has that for any &1 > 0,

I3a(k) <

X" A XA
[ exp it (/// ///(l i )— 1|
i=1 jeB;

2

v
gm+@m>ﬂ

2 2A
Z Z k T2k +E[(”Z1+l ) ])

i=1 jeB;

Ssu

22\ 22
+ 17 e 2 ZZEI:kz)L—i_(Z]-i_l)){H%XhA %x A‘sl}il

i=1 jeB; —Dk
k—1
v22 L3'l,'2)L v22 h
<Keple 2 +e s Y E[HAX )]
—0

N ZZ v +ELZ DY)

i=1 jeB;

(P — f)k|>sl})7 (4.76)
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It follows from (4.24) and the definition of ,///l.xh’A that forany j € B; \ {(i — 1)12},

j—1
Lt - < | Y (P = k)|

I=(i—1k

N A
F KISy (L YA E 07 e oy,

Choose ¢ « 1 such that f#} < % + 1. This, along with the condition (4.19)
implies that

2[3 v +\/_ <—+(1+K))/>

Combining the Chebyshev inequality and Assumption 4.2 (i) yields

A A XA
P{z |,///j // l)kl > &1}

At €

€1
j—(—-Dk—1 A N L+yE
¥ S
< B[] S - w) 1, o ]A)k]
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Note that condition (4.19) implies that the requirement on p in Lemma 4.7 is
satisfied with 0 = [3 v 2521, By virtue of Lemma 4.7 with o = [3 v 2587,
we obtain
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1+£/g1 (5 +4)+ 1 +x)y) < g, and Assump-

tion 4.2 (i) implies that
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Inserting the above inequality into (4.76) leads to
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l+f-‘

ﬁ h 1 1
+Kier (v + sugE[(Zz NIk (Tﬂfﬂp y
n=
1

r3v'+Tﬁ1qz(%‘?+(1+x)y)

_e_evE
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Recalling M = O(r =), letting & € (0, 1) satisfy /& — £ — 8‘—f > 0, and using
(4.38) and (4.63)—(4.65) yield

lim lim /3 2(k) = 0. 4.78)

8|—) 7—0

We conclude from (4.69), (4.75), and (4.78) that limja|—¢ |/3(k)| = 0. The desired
argument (4.58) follows from estimates of terms /;,i = 1, 2, 3. O

h
Proposition 4.12 Under the conditions of Theorem 4.4, \/karﬁ]f A converges in
probability to 0 as |A| — 0, where k = [t~2711.

Proof By the definition of k, it is equivalent to showing that T %

in probability to 0. Let %;, LA _ 7N I’A + %, Z‘A, where

A
o217 converges

g = ey (Bl MIF et () + Y (B0 SIFa] -2 ()

i=k i=0
and %,f’};’A = kT(/LA(f) — u(f)). By (4.24) we deduce

A <t SO |PR PRy = w7 Y| PRGN = A ()]

i=0 i=0

A
<Kl fllpyd+ ||sz || 1)y + ||x" || +(1+K)V)

h
Taking expectations on both sides of L%”,i 1’A| and using Assumption 4.2 (i), we
derive

h -
ENZE M) < KNI fllp.y (1 + [l 73 F0H0m))

This, along with %‘i 4+ (1 + k)y < g and Assumption 4.2 (i) leads to that

LA Pq 1
A fE[lﬁi P lim K (1 ) e <
4.79)
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It follows from (4.26) that
1
vkt

Since h = 7%/ for h =+ 0, one has

B 52 = VT A () = (D] = KILFllp oy VET (Y 477,

Kl fllpyVhkT(h®Y +1927) = K| fllp., 77 7%,

which tends to 0 as T — 0 by letting A € (0, apy). This finishes the proof. O

4.4 Numerical Experiments

From Theorem 1.16 we know that when the uniformly moment boundedness and
the attractiveness of the functional solution hold, the functional solution of the
SFDE (1.1) has the SLLN and the CLT. This section is devoted to the numerical
verification of the SLLN and the CLT for numerical solutions of SFDEs. We
propose algorithms designed to capture the longtime statistical properties for time-
averages of numerical solutions. Then we apply the algorithms to representative
SFDE models, with 6-EM methods applied to discretize the equations, to verify the
limit behaviors of the functional solution.

We begin by providing an algorithm (Algorithm 3) to verify the numerical SLLN
for SFDEs using the 6-EM method. The main objective is to demonstrate that,
regardless of the initial condition, the time-average of a test function f along
the numerical functional solution converges to the same deterministic value as
time increases. The algorithm starts with initialization, including model parameters
and simulation parameters. To ensure a fair comparison across different initial
conditions, we generate a single sequence of Brownian increments and use it
for all trajectories associated with these initial conditions. This guarantees that
any differences in the time-averages are solely due to the initial conditions and
not to stochastic variability. Then, for each initial condition &;, the SFDE (1.1)
is numerically approximated by using the 6-EM method. And at each time step

tx, the observable f(y,’ 7 is computed and the running time-average Afj )=

}l Z;’;é f (ylf & ) is updated, where t = nA. The time-averages Aﬁj ) for all initial
conditions are finally plotted as functions of time.

Then we present a Monte Carlo algorithm for the verification of numerical
CLT for SFDEs (1.1). The objective is to generate an empirical distribution of the
normalized time-average of numerical solutions and compare it with the theoretical
Gaussian limit. The overall simulation framework, summarized in Algorithm 4,
begins by estimating the stationary mean w(f), which is generally unknown.
Invoking the ergodicity and the SLLN of the process, we approximate u(f) by
computing the time-average of the reference trajectory over a longtime Tjong, Wwhere
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Algorithm 3 Verification of numerical SLLN for SFDEs

Require: SFDE parameters (b, o, 7), a set of initial conditions {&;, &, ..., &y}, parameter 6,
sufficiently large final time 7', stepsizes A, N = T/ A, test function f.

Output: Numerical time-average Aﬁj ) =1 Zk —of (y,k & ) for each &; with j = 1,..., M and
t=nAwithn=12,...,N
1: Generate a common Brownian motion increment sequence {8 Wk};i\]:_ol to ensure identical noise
for all initial conditions.
2: for j=1,...,Mdo
Initialize yoA Ei 3 j’ " with & /l " denoting the linear interpolation of §;.
4: fork=0,...,N—1do

bl

Y8 ) = v (@) + (060 ) + (1= by ) A + 0 (v oW

S: end for ) :

6: Compute the running time-average A;J Y= 1 Zk of (y,k ) for t = nA withn =
1,2,...,N

7: end for
Comparison:

8: Plot A,(] ) versus ¢ for all Jj-

9: Examine whether all numerical time-averages A,(] ) converge to the same limit as ¢ increases,
indicating the validity of the numerical SLLN.

the evolution of the system at each step is performed using the 6-EM method. We

collect the values of the observation function f (x;) on the time interval [0, Tiong].

The time-average of these values yields a global estimate [L%p()ba which serves as a

reference for the true mean w( f) in the subsequent steps.

The second step constitutes the main Monte Carlo simulation. We execute Miyials
independent trials, which can be performed in parallel to improve computational
efficiency. For each trial n = 1, ..., Myjas, we first initialize the system with the
same initial datum. Then, we simulate the process by using the 6-EM method over

time Tiax (We suppose Tiong > Tmax) and compute the sample mean ,&Sf') for this

path. Finally, we compute the normalized CLT statistic S, = +/Tmax (i1 (”) —i fl(’bal),

and store it. The resulting collection of samples S = {S,,}erluls forms the empirical
distribution.

In the third step, we analyze the statistical properties of the collected samples
in S. We construct a histogram to visualize the empirical probability density
function and compute key statistical moments (the skewness and kurtosis), to assess
the closeness to a centered Gaussian distribution. These provide a quantitative
verification of the CLT for numerical solutions. In particular, the empirical distri-
bution should exhibit near-zero skewness and near-three kurtosis, confirming the
asymptotic normality of the time-average for numerical solutions.

To demonstrate the implementation of Algorithms 3 and 4, we conduct numerical
experiments on two examples: a linear stochastic delay differential equation and a
superlinear SFDE.
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Algorithm 4 Verification of numerical CLT for SFDEs

Input: SFDE parameters: (b, 0, 7, §); simulation parameters: A, Tiong, Tmax> Muials; parameter 6,
test function f.
Output: Empirical distribution of the numerical normalized sum

1 Tmax n
51 = VTl [ PO ). = .
max

Step 1: Estimation of the stationary mean
1: Generate a long reference trajectory {x (t)}[T:Bg of the SFDE using the 6-EM method.

. . R Ti
2: Estimate the stationary mean as u%-bbal ~ Tli - Jo e £ (x)dt.

Step 2: Generation of CLT samples
3: Initialize an empty set of samples S.

4: forn =1, ..., Myias do > In parallel
5: Generate an independent sample path {y,(")}[T'z“E‘)X of the SFDE using the 6-EM method.
Compute the sample mean for this path: /l(f’.’) = ﬁ /'OTmax f(yt(”))dt.

6

7: Compute the normalized statistic: S, = «/Tmax(/l(;-') - /lg;Obal).
8

9:

Add S, to the set S.
end for

Step 3: Statistical analysis

10: Analyze the empirical distribution of the samples in S (e.g., plot histogram, compute skewness
and kurtosis) and compare it with a centered Gaussian distribution .4 (0, v2) to assess CLT
validity.

Linear Stochastic Delay Differential Equation We consider the following one-
dimensional linear stochastic delay differential equation

dx(t) = (—ax(t) + px(t — v))dt + cdW(t), ¢ >0, (4.80)

with various initial data §; € C',j=1,..., M. From Theorem 1.15, we know that
when o > B, the exact solution has ergodicity, the SLLN and the CLT. Namely, the
time-average of the exact solution converges almost surely to the ergodic limit p( f)
for all j. Then we apply Algorithm 3 to numerically verify this behavior based on
the EM method. We take five different initial data: for r € [—1, 0],

£1(t) = 0.5sin(271) + 0.3,

& (t) = 0.8 cos(mrt) — 0.2¢,

&(t) = 0.6sin(3wt) + 0.1¢,

() =€ —12,

&(t) = 0.4sin(4nt) + 0.2 cos(2mt), (4.81)
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Fig. 4.1 Numerical SLLN of EM functional solutions for linear SFDE (4.80) with five different
initial values; « = 2,8 = 1,0 = 08,7 = 1,T = 50, A = 0.01. (a) Five sample path§ of
numerical solutions starting from different initial values; (b) Corresponding time-averages Af] ) of

these solutions for j = 1,...,5and ¢t € [0, 50], where the test function f(¢) = %f?r ¢2(s)ds.
(a) Sample path of numerical solutions. (b) Time-average of numerical solutions

and the test function is taken as f(¢) = % fi)f $*(s)ds for ¢ € C'. The results
are shown in Fig.4.1. Subfigure (a) displays sample paths of numerical solutions
starting from different initial values. After a period of time, the trajectories overlap
and thus show that the system loses sensitivity to initial conditions. Subfigure (b)
depicts the corresponding time-averages At(] ) of these solutions for j=1,...,5
The convergence of these time-averages towards a common value as time increases
signifies the SLLN.

Then we verify the CLT of the numerical functional solution based on the pro-
posed Algorithm 4. Figure 4.2 presents the empirical distribution of the normalized
time-average of the numerical solution for f(¢) = % fi)r d(s)ds,p € C' at
Tmax = 100, which approximates well to a Gaussian distribution with mean 0.0292
and variance 1.5021. Figures 4.3 and 4.4 further illustrate the evolution of empirical
distributions of normalized time-averages as the stepsize decreases, for different
test functions. Each subplot corresponds to a distinct stepsize, with the red curve
representing the fitted normal density. From these two figures, we observe that the
empirical distributions of the normalized time-average exhibit convergence toward
a centered Gaussian distribution as the stepsize decays to zero. In comparison with
the linear test function f(¢) = %fi’r #(s)ds, ¢ € C! in Fig. 4.3, the nonlinear case
f@) = % f?r $%(s)ds, ¢ € C' in Fig. 4.4 requires longer simulation times for the
empirical distributions to reach convergence toward a centered Gaussian distribution
as the stepsize decreases.
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Fig. 4.2 Numerical CLT of o4
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Fig. 4.3 Numerical CLT of EM functional solutions for linear SFDE (4.80) under different
stepsizes and running times; @ = 1.2, 8 = 0.8, 7 = 1,0 = 0.5,& =1, A = 0.45, Tjong = 105,
Myias = 2000, f(¢) = %f?rzb(s)ds, (a) Top left: A = 272 Tmax = A2 (b) Top right:
A =274 Tmax = A7 (¢) Bottom left: A = 270, Tinax = A™2*; (d) Bottom right: A = 278,
Tmax = Aizk

Nonlinear Stochastic Functional Differential Equation We consider the follow-
ing one-dimensional superlinear SFDE

dx(r) = (%/

-7

0 0

x(t +s)ds — x3(t) — 2x(t))dt + g f x(f + s)dsdW (1),
- (4.82)

with five different initial conditions &;,j = 1,...,5 given by (4.81). Here,
a > 0 represents the noise intensity. From Proposition 4.1, we derive that the
exact functional solution of (4.82) admits a unique invariant measure and satisfies
both the SLLN and the CLT. We now apply the backward EM method to generate
numerical solutions. The results are shown in Fig. 4.5. To be specific, Subfigure (a)
shows the simulated trajectories of the numerical solution for five different initial
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Fig. 4.4 Numerical CLT of EM functional solutions for linear SFDE (4.80) under different
stepsizes and running times; « = 1.2, 8 = 0.8, 7 = 1,0 = 0.5,§ = 1, A = 0.45, Tjong = 10°,
Miais = 2000, f(¢) = 1 fET % (s)ds. (a) Top left: A = 273, Tpax = A™?; (b) Top right:

A =277, T = A2 (¢) Bottom left: A = 279, Tinax = A™2*; (d) Bottom right: A = 2- 1
Tinax = Aiz)‘
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Fig. 4.5 Numerical SLLN of backward EM functional solutions for the nonlinear SFDE (4.82)
with different initial values; t = 1, a = 0.5, T = 50, A = 0.01. (a) Five sample path§ of
numerical solutions starting from different initial values; (b) Corresponding time-averages A;l ) of

these solutions for j = 1,...,5and ¢t € [0, 50], where the test function f(¢) = % fi)r ¢ (s)ds. (a)
Sample path of numerical solutions. (b) Time-average of numerical solutions
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Fig. 4.6 Numerical CLT of backward EM functional solutions for nonlinear SFDE (4.82); a =
0.1, 7 =05,& =2,1 = 04, Tiong = 1000, Myjais = 2000, f(¢) = %fi)r ¢ (s)ds. (a) Top
left: A = 273, Thax = A™%*; (b) Top right: A = 273, Thax = A™%*; (c) Bottom left: A =277,
Tmax = A~2*; (d) Bottom right: A = 279 Tax = A2+

values. The paths are distinct and noisy at the beginning, reflecting the influence of
the multiplicative noise and different initial values. After a period of time, they
are overlapped, which indicates that the system may attain an equilibrium state
(constant zero). Subfigure (b) displays the evolution of the time-averages for each of
the five paths. It is observed that despite starting from different initial values, all five
time-averages converge towards the same value as time increases. These indicate
that the system is ergodic, and the longtime behavior of the numerical functional
solution is independent of the initial condition.

'We next examine the CLT for the functional solution of the backward EM method
with the linear test function f(¢) = % fi)r ¢(s)ds, ¢ € C'. The numerical solutions
are computed using the backward EM method. Figure 4.6 displays the empirical
distributions of the normalized time-averages of the numerical solutions for different
stepsizes. As the stepsize decreases, the histograms become increasingly symmetric
and centered around the mean O, indicating that the normalized time-averages
converge in distribution to a centered Gaussian distribution. This observation
provides numerical verification supporting the CLT for the numerical functional
solution of the nonlinear SFDE (4.82).
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4.5 Summary and Outlook

This chapter has focused on general time-homogeneous Markov processes and has
investigated probabilistic limit theorems, including the SLLN and the CLT, for
numerical discretizations, with the aim of applying these results to the 6-EM method
for the SFDE (1.1). The analysis is based on uniformly mixing properties and on
strong or weak convergence of numerical discretizations, which are fundamental
topics in numerical analysis; see e.g. [11, 14] and references therein. The main
results in this chapter are adapted from [8].

There have been some works on studying numerical SLLN and numerical
CLT of numerical methods for specific autonomous stochastic ordinary differential
equations and stochastic partial differential equations. For example, for stochastic
ordinary differential equations with globally Lipschitz continuous coefficients, the
SLLN for Euler-type methods is derived in [4, 25]; [28] obtains the CLT for the EM
method with decreasing stepsize of a wide class of Brownian ergodic diffusions;
[23] proves the CLT and the self-normalized Cramér-type moderate deviation of
the time-average for the EM method. For stochastic ordinary differential equations
with non-globally Lipschitz continuous coefficients, [18] establishes the CLT of the
BEM method. For the case of stochastic partial differential equations, a first attempt
is [5], where the SLLN and the CLT for approximating the ergodic limit via a full
discretization are established for the parabolic stochastic partial differential equation
with the linearly growing drift coefficient. More recently, for the stochastic reaction-
diffusion equation near sharp interface limit, [10] establishes a CLT for a temporal
semi-discretization.

In addition to the considered SLLN and CLT, there are also other types of proba-
bilistic limit theorems, such as the law of iterated logarithm [1, 2, 13, 21, 30, 31], the
moderate deviations [3, 9, 15, 16], and the large deviations [17, 24, 26, 27], for the
time-average of stochastic processes. These theorems can be viewed as important
complements to the SLLN and the CLT. As for the numerical discretizations, [6]
investigates the law of iterated logarithm for linear stochastic Hamiltonian systems
and their numerical methods, providing a novel perspective for revealing the supe-
riority of stochastic symplectic methods over their non-symplectic counterparts.
The recent work [7] has investigated the law of iterated logarithm for numerical
discretizations of time-homogeneous Markov processes, and presents verifiable
criteria for preserving the pathwise asymptotic behavior. It is of interest to explore
how the moderate and large deviations for the time-average of the Markov process
are inherited by numerical discretizations in future studies.

The above discussions are mainly focused on autonomous equations and time-
homogeneous Markov processes. In the non-autonomous case, however, the analysis
is more intricate because the transition probability functions depend on both the
initial and current times, which complicates the corresponding ergodic theory. We
mention that for the non-autonomous two-dimensional stochastic Navier—Stokes
equation on the torus, [22] establishes the SLLN, the CLT, and the law of iterated
logarithm by using the martingale approximation procedure. This naturally raises
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the question of how these limit theorems can be established for non-autonomous
SFDEs, and more generally for non-homogeneous Markov processes, as well as
how they can be inherited by numerical discretizations.

References

1. N.T. Andersen, E. Giné, M. Ossiander, J. Zinn, The central limit theorem and the law of iterated
logarithm for empirical processes under local conditions. Probab. Theory Related Fields 77,
271-305 (1988)

2. J. Bao, J. Hao, Limit theorems for SDEs with irregular drifts. Bernoulli 31, 1709-1734 (2025)

3. S.R. Behera, A.K. Majee, Stochastic fractional conservation laws: large deviation principle,
central limit theorem and moderate deviation principle. Stoch. Partial Differ. Equ. Anal.
Comput. 13, 1361-1406 (2025)

4. C.-E. Bréhier, G. Vilmart, High order integrator for sampling the invariant distribution of a
class of parabolic stochastic PDEs with additive space-time noise. SIAM J. Sci. Comput. 38,
A2283-A2306 (2016)

5. C. Chen, T. Dang, J. Hong, T. Zhou, CLT for approximating ergodic limit of SPDEs via a full
discretization. Stoch. Process. Appl. 157, 1-41 (2023)

6. C. Chen, X. Chen, T. Dang, J. Hong, Superiority of stochastic symplectic methods via the law
of iterated logarithm (2024). https://arxiv.org/abs/2404.14842

7. C. Chen, X. Chen, J. Hong, The law of iterated logarithm for numerical approximation of
time-homogeneous Markov process (2025). https://arxiv.org/abs/2511.05217

8. C. Chen, T. Dang, J. Hong, G. Song, On numerical discretizations that preserve probabilistic
limit behaviors for time-homogeneous Markov processes. Bernoulli 31, 3139-3164 (2025)

9. J. Cui, D. Sheng, Large and moderate deviation principles for stochastic partial differential
equation on graph (2025). https://arxiv.org/abs/2509.05622

10. J. Cui, L. Sun, Weak approximation for stochastic reaction-diffusion equation near sharp
interface limit (2023). https://arxiv.org/abs/2307.0824 1

11. J. Cui, J. Hong, L. Sun, Weak convergence and invariant measure of a full discretization for
parabolic SPDEs with non-globally Lipschitz coefficients. Stoch. Process. Appl. 134, 55-93
(2021)

12. G. Da Prato, An Introduction to Infinite-dimensional Analysis, Universitext (Springer, Berlin,
2006)

13. P. Deheuvels, D.M. Mason, Functional laws of the iterated logarithm for local empirical
processes indexed by sets. Ann. Probab. 22, 1619-1661 (1994)

14. W. Fang, M.B. Giles, Adaptive Euler-Maruyama method for SDEs with nonglobally Lipschitz
drift. Ann. Appl. Probab. 30, 526-560 (2020)

15. E. Gussetti, Pathwise central limit theorem and moderate deviations via rough paths for SPDEs
with multiplicative noise. Electron. J. Probab. 30, Paper No. 79 (2025)

16. Y. Inahama, Y. Xu, X. Yang, Moderate deviations for rough differential equations. Bull. Lond.
Math. Soc. 56, 2738-2748 (2024)

17. V. Jaksi¢, V. Nersesyan, C.-A. Pillet, A. Shirikyan, Large deviations from a stationary measure
for a class of dissipative PDEs with random kicks. Comm. Pure Appl. Math. 68, 2108-2143
(2015)

18. D. Jin, Central limit theorem for temporal average of backward Euler—Maruyama method. J.
Comput. Math. 43, 588-614 (2025)

19. T. Komorowski, A. Walczuk, Central limit theorem for Markov processes with spectral gap in
the Wasserstein metric. Stoch. Process. Appl. 122, 2155-2184 (2012)

20. A. Kulik, Ergodic Behavior of Markov Processes: with Applications to Limit Theorems, vol. 67
of De Gruyter Studies in Mathematics (De Gruyter, Berlin, 2018)


https://arxiv.org/abs/2404.14842
https://arxiv.org/abs/2404.14842
https://arxiv.org/abs/2404.14842
https://arxiv.org/abs/2404.14842
https://arxiv.org/abs/2404.14842
https://arxiv.org/abs/2404.14842
https://arxiv.org/abs/2511.05217
https://arxiv.org/abs/2511.05217
https://arxiv.org/abs/2511.05217
https://arxiv.org/abs/2511.05217
https://arxiv.org/abs/2511.05217
https://arxiv.org/abs/2511.05217
https://arxiv.org/abs/2509.05622
https://arxiv.org/abs/2509.05622
https://arxiv.org/abs/2509.05622
https://arxiv.org/abs/2509.05622
https://arxiv.org/abs/2509.05622
https://arxiv.org/abs/2509.05622
https://arxiv.org/abs/2307.08241
https://arxiv.org/abs/2307.08241
https://arxiv.org/abs/2307.08241
https://arxiv.org/abs/2307.08241
https://arxiv.org/abs/2307.08241
https://arxiv.org/abs/2307.08241

References 221

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

M. Ledoux, J. Zinn, Probabilistic limit theorems in the setting of Banach spaces, in Handbook
of the Geometry of Banach Spaces, vol. 2 (North-Holland, Amsterdam, 2003), pp. 1177-1200
R. Liu, K. Lu, Limit theorems of the 2D stochastic Navier-Stokes equation driven by a time-
periodic force and a degenerate noise. Sci. China Math. 68, 2003-2018 (2025)

J. Lu, Y. Tan, L. Xu, Central limit theorem and self-normalized Cramér-type moderate
deviation for Euler—Maruyama scheme. Bernoulli 28, 937-964 (2022)

D. Martirosyan, V. Nersesyan, Local large deviations principle for occupation measures of the
stochastic damped nonlinear wave equation. Ann. Inst. Henri Poincaré Probab. Stat. 54, 2002—
2041 (2018)

J.C. Mattingly, A.M. Stuart, M.V. Tretyakov, Convergence of numerical time-averaging and
stationary measures via Poisson equations. SIAM J. Numer. Anal. 48, 552-577 (2010)

V. Nersesyan, Large deviations for the Navier-Stokes equations driven by a white-in-time
noise. Ann. H. Lebesgue 2, 481-513 (2019)

V. Nersesyan, X. Peng, L. Xu, Large deviations principle via Malliavin calculus for the Navier—
Stokes system driven by a degenerate white-in-time noise. J. Differ. Equ. 362, 230-249 (2023)
G. Pages, F. Panloup, Ergodic approximation of the distribution of a stationary diffusion: rate
of convergence. Ann. Appl. Probab. 22, 1059-1100 (2012)

A. Shirikyan, Law of large numbers and central limit theorem for randomly forced PDE’s.
Probab. Theory Related Fields 134, 215-247 (2006)

T.-H. Tsai, Empirical law of the iterated logarithm for Markov chains with a countable state
space. Stoch. Process. Appl. 89, 175-191 (2000)

J.E. Yukich, The law of the iterated logarithm for empirical processes, in Probability in Banach
Spaces 6 (Sandbjerg, 1986), vol. 20 of Progr. Probab. (Birkhéduser Boston, Boston, 1990), pp.
265-282



Chapter 5 ®
Numerical Density Function and Qe
Convergence Analysis

The density function for the solution of a stochastic differential equation, character-
izing all the relevant probabilistic information, is one of the essential characteristics
that reveals the probabilistic behavior of the underlying solution. It is of interest
to investigate: (1) whether the numerical method can admit the density function
when the exact solution is known to possess one, and (2) the error between density
functions when both the exact and numerical solutions admit a density function.

This chapter focuses on studying the existence and convergence of the density
function for the solution of the §-EM method for the SFDE (1.1). In Sect. 5.1, we
present the nondegeneracy of the numerical solution and prove the existence of the
corresponding numerical density function by means of the Malliavin calculus. In
Sect. 5.2, we investigate the convergence of the numerical density function. For
the SFDE (1.1) with the multiplicative noise, we show that the numerical density
function converges to the exact one in L'(R) using a localization argument.
Section 5.3 is devoted to the convergence rate of the numerical density function
for the case of the additive noise. And we prove that the convergence rate of the
numerical density function in the pointwise sense is 1, based on the test-functional-
independent weak convergence analysis.

5.1 Existence of Numerical Density Function

In this section, we investigate the existence of density functions of solutions
for (1.1) and the 8-EM method based on the technique of the Malliavin calculus.
The deterministic initial datum & is fixed in this section. Consider the following
assumptions in this section.

Assumption 5.1 Assume that there exists a constant as > 0 such that for any

¢1, 42 € CY,
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(b(¢1) — b(92), $1(0) — ¢2(0))

0
< as(1010) = G2OF + [ 1610) = 427 Pa)).

Assumption 5.2 Assume that the coefficient b has continuous Gdteaux derivative,
and that there exists a constant 8 > 0 such that

1Db()ba| < K (1 + 161112l

where ¢, ¢ € C% and K > 0.

Assumption 5.3 Assume that the coefficient o has continuous Gdteaux derivative,
and that there exists some og > 0 such that

inf min  u'o(p)o(p) u> op.
¢eCd ueRd |u|=1

We present the existence of the density function of the 8-EM solution based on
the criterion given by Theorem C.8. We first show the moment estimates on both
the 6-EM functional solution and its Malliavin derivative.

Lemma 5.1 Let Assumptions 2.1, 5.1, and 5.2 hold. Assume that the coefficient o
has continuous Gdteaux derivative. Then for A € (0, 40a ), p=>2andT > 0,

A
B[ s Ipt1P] = kr, swp B[ swp 1Dt 7] < Ko
0<kA<T O<u<T u<kA<T

Proof The proof of E[supy;a<7 ||yfk’A||p ] < Ky is similar to that of Proposi-

tion 2.2 and thus is omitted. Below we prove supy, <7 E[sup, <xa<7 | Dy ytk A1) <
K. The proof is split into three steps.
Step 1: We show that for u € [0, T],

E[|Duzs (t351) 2]

k
<KDY (A4 10,0 @)E[1 D52 @) P + Dy 1) PP] + K.
i=0
(5.1)

Forany k € Nwith0 < kA < T and u € [0, T'], from the definition of the auxiliary
process z5+2 and the chain rule (see Lemma C.4), we have

|Duz® 2 (trs1)

= |DuzE 2 ()2 + 1D ™) Duysy 1P A
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+1D0 () Duyiy S Wil + 1o (v ) g g1 ()
+2(Duys 2 (1) — 6ADD(yi ) Dy . Db(yi Y Duyy * A)
+2{Du 252 () + Db M) Dy A 0 3 ) 1)) + My
< 1DuzE 201 + 1D0 (v ) Duyy, “5 Wil + [0 (5 Mg )

+2(Duys 2 (), Dby ) Duysy A
200 —1)

2 ~
5 Duzg’A(tk) + gDuyé'A(lk), U(yzi’A)l[tk,lkH](”)) + M,

+(
where we used 1 — 20 < 0for6 € (%, 1], the notation
My = 2Dz w0 + DbOE ) Duyi A
+ a(yfk’A)l[;k,tkH](u), Z)a(yfk’A)Duy,k 5Wk>
and relation
Duz5 2 () = Duy® 2 (1) — eAz)b(y )Duy,k , k>0. (5.2)

By Assumption 5.1, one has that for any ¢, ¢; € Cd,

0
(#(0), Dbg$) < as(IpO)F + f )2 (r)). (5.3)

This implies that for any p € N,
p k p
1Dy A (6 )PP < DS 2@ + ) Chley <Y Chli, (5.4)
=1 i=0 =1

where

— LA A
it = 1D, @) P (190 GF ) Duyf s Wil + 10 OF iy @0

0 200 — 1
+KA(|Duyf’A(ri)|2+/ D () Pdvar) + (28 =D p, 88

. 0
2 £A &,A A%
=Dy (1), 0 O iy 1) + M)

For the term /; 1, by the Young inequality and the property of the conditional
expectation, we obtain
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— A
Eli1] = E[1D,252 @) P (190 65 ) Dayg * PA + 10 05 iy )

0
+KA(|Duyf’A(ri>|2+/ 1Duys® (7)2dva(r))

26— 1)
=
< K(A + 10,0 @)E[| Dy 2 1) 1PP + | Duy* 2 1)1 ]

2
D52 (0) + =Dy (1), 0 05 )i 1))

+KAIE[/ |Duy,, (F)|2Pdv1(r)+/

- -7

1Dy S ) PPdva(r) |
+ K71y, 1 @), (3.5)

where in the last inequality we used Assumptions 2.1 and

B[ suwp @2 Pr] < Kr.
0<;<T

For the term I; 5, we have

Bl 2 = B[ 1Dy @) (100 () Dui “sWil? + 10 () i 41100

-1

0
+KA(IDE 20 + f DuyE 2 () Pdua(r)) + <%Duz‘fﬁ<m

2 2 oy~ 2
=Dy (), 0 O 1)+ 1Dz 1) PP

< K(A + g1, @)E[1Duz® 2 @) PP + 1Duy™ 2 (1) 7]

—i—KA]E[/O

-7

+ K11y 140 @). (5.6)

0
Duys () PPdvy () + /

-7

1Dy A )P ()]

Similarly, we deduce that for any [ € {3, ..., p},

El7i111 < K (A + 13, 4, 1 @) E[I1Duz® 2 )PP + |Duy* 2 )17 ] + K A

xE[ / Dy ()PP vy (r) + f

—T

+ KTl[ti’tiJrl](M). 5.7

IDyyE: (r)|2pdvz<r)]
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Inserting (5.5)—(5.7) into (5.4), we arrive at

E[| Duz 2 (1) 2]

k
<KDY (A + 1y, @)E[1D2® 2 @)% + [Duys 2 (1) 2]
=0

k
+ KT Z 1[[,-,t,‘+1](u)
i=0

k 0 0
+ KA E| f |Duyy * ()PPdvi () + / 1Dy ()P dv(r) |
i=0 -

-7
k
<KDY (A + 1,0 @)E[1Dy2E 2 @)% + [Duys 2 () *P] + K.
i=0

Here, we used

k 0 k
Z/ Dy S )PPy (r) < Dy @), j=1.2,
i=0Y 7"

i=0

whose proof is similar to (2.15).
Step 2: We show that for u € [0, T'],

k
S A + Y 1 @)EIDL S (1))
i=0
k
< K Y (A + 14, @)EL D25 (1)1, (5.8)

i=0
It follows from (5.2) and (5.3) that
1Dy 252112 = 1Duys 2 (1) 2 — 20 A(Duy* 2 (1), Db (v ™) Dy ™)
> |Duy® 2 (1) * — 20 Aas(IDyy* 2 (1)

0
+ / 1Dy 2 (1) Pdva(r)).
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). Then for € € (0, 5229541 _ 1y and A € (0, Ay),

Let Ay € (0 20asAq

1
9 %
(1 — 20a5A)? | Dy yS2 (1;)12P

0
< K(@©|Duz5 2 (t)1* + (14 €)(20asA)? / 1Dyt () PPdva (). (5.9)

—-T

This implies that

K
(1 —208asA)P — (1 +€)(RBasAy)?

k
Y EID Y A 1) <
i=0

k
x Y EIIDu5 % (6) 7]
i=0
k
< K ) EIID,5 )PP, (5.10)
i=0

and

k
> s 1 EL DY ys 2 (1)1
i=0
k k

< KD 1y f@END S A1) PP+ KA Y E[|Dyy* 2 (1) *7]
i=0 i=0

k
<KDY (A + 10,0 @)ENDu 52 1)), (5.11)
i=0

Combining (5.10) and (5.11) yields (5.8).
Step 3: We show supg—, <7 E[sup,<,, . <7 [Duy**ti1)??] < Kr. Insert-
ing (5.8) into (5.1) and applying the discrete Gronwall inequality, we derive

sup E[|D,z52(1)*P1 < sup KreXtatl < k. (5.12)

u<ty<T u<ty<T
It follows from (5.9) that

sup E[|Dyy* 2 (1)1*7] < K. (5.13)

u<ty<T
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In addition, by (5.4), we obtain

B[ sup Dyt n)l]

usti1 =T

LT/A] p

[ sup i Clli,l +C12,Ii,2)]+E|: Z Zcﬁ;”i,”]

uste=T ;_q i=0 =3
L7/A]
[ sup Z clzi,1+c12,1,-’2)]+ 3 (KA + g @)
—0

<t < .
Ut < T i=0

x E[|Dyz 2 (t)1*7 + |Duy® 2 (1) 1*7] + K71

k
<IE[ sup Z chii+c 1,2)]+KT (5.14)

u<ty<T i—

Utilizing the Burkholder—Davis—Gundy inequality, (5.12), and (5.13), we have

k
IE[ sup Zl"'l]

u<ty<T i=0
[T/A]

<K Y (A L @)E[ 1D 2 )1 + 1Dy )7 |
i=0

L7/A] k y
+ K7 D Ay @ +E[ sup Y D52 PP M]

i=0 uste=T ;o
LT/A]
< Kr+ KE[( Y 1D, @) P00 (10,255 0] + 1Dy 2 )
i=lu/A|

D=

2
+|a(yi*A>|1[ti,zi+l]<u>) Do (v ) Dy A )

<Ky + E[ sup |D, ZS’A(I-)|21’]
4C11; u<t;<T ‘ '
L7/A] »
+KE[( Y 12005 D0t Pa)’]
i=lu/A]
L7/A]

A
> Ao 0f ) P00
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]

1
EANN 2
= K1+ 77 E[ sup | Dz (1) P]. (5.15)

2 u<t;<T

[S1S]

+ Dy 2 1) P)Do (v ) Dy A )

Similarly, the summation of I; » can be estimated as

k
1
]E[ sup ZL‘,Z]SKT'FHEI: sup |DuZ§’A(l‘k)|2p:|-

uzt <T i=0 V4 u<ty<T
This, along with (5.14) and (5.15) gives that

sup E[ sup D252 )] < K.

0<u<T u<tyy1<T

It follows from (5.9) that supg_,—1 E[SupuitkHST |Duy5’A(tk+1)|2p] < Kr. The
proof is completed. O
As a consequence, we obtain y5 Ay) e DL (Rd ). Below we show the existence

of the numerical density function by further verifying that the Malliavin covariance
matrix of the numerical solution is almost surely invertible.

Theorem 5.2 Under Assumptions 2.1, 5.1, 5.2, and 5.3, for A € (0, ﬁ) and

k € Ny, the law of y&2(t;) admits a density function, where as is given in
Assumption 5.1.

Proof According to Theorem C.8, it suffices to show that the Malliavin covariance
matrix of y&2 (1), defined by

173
Vi = / Dy y* A () (D y* 2 (1)) Tdr,
0

is P-a.s. invertible.
Taking the Malliavin derivative on both sides of the 6-EM solution, we derive
from DydWi = 1y5 1,.,1(r) and the chain rule (see Lemma C.4) that for » > 0,

P Y5 (1) = DryS 2 (1) + (1= O)Db(y; ) Dy, “ A +6Db(yi DD,y 5 A
+ Do (yp ) Dy Wi + 0 (v ™ 1 (1)

Similar to (3.9), we have yti’fl = Z(}sz I[J]ylHl(tj) where IU1() €

C([—7,0; R), j =—N,...,0are given in (3.5). This implies
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Dyl = (Z 1UNE8 1)) + Drye® e 1)
j=—N

Using this expansion, we derive the following expression

Dy y* 2 (trg1) — 0Db(yg D Dy v A ey ) 10 A

= D,y 2 () + (1 — 0)Db(y; ) Dy A+ 0 (57 Mg (1)

—1
+0DbGi (D VDS ) A + Do (v D,y oW
j=N

0

= D,y* 20 + (1= DGy HD (Y 1V ) A

j=—N

+0Db(y; DDy A (1) A + 0Db(y; ) Z 191D, yp 8 1) A
j=—N

+ Do (5D (Z 118 1)) We + 0 (3 it 1 0.
j=—N

It is straightforward to see that

(1daxa = 0DBOE DU M) A) Dy 111)

0
= Y Ajk o ) (), (5.16)
j=—N

where
Aok = (awa + (1 = ODB(E )T Mdgxa) A
+0Db( DU Mdaa) A) Dy y52 (1)
+ Do (v U D,y A (5)) 8 W,
Ao = (1 =005 U™ daxa) 8) Dy A (1)

+ Do (v ™ UNID, Y5 A () S Wi,
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and
Aji = (1= 0DbOED U M) A +0Db(E D I Mdga)A)
X Dyy& 8 (54 )
+ Do (v ) A D, 52 (114)) 8 Wi
for j = —1,...,—N + 1. Here, I[/]Iddxd,j = —N,...,0 are elements of

C([—7,0]; R4y =~ ¢? @ R? and thus can be acted upon by the operators
Db(y; ™), Db(y;; ). Similar to (3.12), it follows from Assumption 5.1 that for
any u € RY with u # 0, one has

! Dby ) U Mdgwa)u

0
< as (P + / 1111 gu P ()

—-T

0
< as(luP + [

T

s —1 2
1o, )] ) < 2aslul,

where we used 71%7(0) = 1. Then for A € (0, ﬁ),

MT<Iddxd — Db (A

Ti+1

YU Mdg) A Ju = (1 = 20as )\l > 0,

which implies that Idgxq — 6Db(y> 2

o) (I%Ndgq) A is invertible. Denoting

&,A
Tkt 1

—1
Ak i= (Idaxa — 0Db(y; I dywa)A) 7,

we derive [|A1 kll £ra,ray € (0, m). According to (5.16), we arrive at

Tk+1
Vis1 = / Dy () (Dy v (1)) Tdr
0
0

Ik 0 T
= [ Y au( X ) @’
0

Ikt 1
+ / Ao GENe GENT (AL Tdr, (5.17)
173
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where we used D, yé A(ty) = 0 for r > t. Since a(x)o(x)—r is positive definite, we
deduce

LA LA
' yesiu = u Ao (Mo T (AL Tu A >0 Pas.

Moreover, utilizing again the invertibility of oo |, we have that

n
" = fo Aroo ©)o (@) (Ao Tdr

is also P-a.s. invertible. This finishes the proof. O

Remark 5.1 Under conditions in Theorem 5.2, if we further assume that coeffi-
cients b and o are smooth with bounded derivatives of arbitrary orders, then for
each k € N, the law of y%-2(#;) admits a smooth density function.

5.2 Density Convergence for Multiplicative Noise Case

In this section, we investigate the convergence of the numerical density function of
the 6-EM method. We show the convergence of the density function in L' (R¢) when
SFDE (1.1) has superlinearly growing drift coefficient and multiplicative noise. We
present the following assumptions on the second-order derivatives of coefficients
and on the Holder continuity of the initial datum.

Assumption 5.4 Assume that coefficients b and o have continuous Gdteaux deriva-
tives up to order 2 satisfying

1D%b(B1) (d2, d3)] < K (1 + 161 1 B=DY0) 14111311,
|D%0 (1) (d2, ¢3)| < K2l 3],

where 1, ¢2, ¢3 € C%, K > 0, and B is given in Assumption 5.2.

We note that the example

0

b(@) = 16O PO0) + | ¢(r)dva(r), ¢eC’

-7

satisfies Assumption 5.4 with 8 = 2. The main result on the convergence of the
density function concerned in this subsection is stated as follows.
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Theorem 5.3 Let Assumptions 2.1, 2.5 and 5.1 to 5.4 hold. Then for any T > 0,

lim  sup / Ip2 (tx, x) — p(tx, x)|dx = 0,
A=00<kA<T JRA

where p(t, -) and pA (tx, -) are density functions ofxg (t) and yé'A (ty), respectively.

Proof The proof is based on a localization argument and is divided into three steps.

Step 1. In this step, we introduce the truncated version of the SFDE (1.1) together
with its corresponding 6-EM solution. We then estimate the error between the
solutions of the truncated SFDE and that of its numerical approximation. Introduce
the smooth cut-off functional ® : C? — [0, 1] with continuous derivatives and
compact support. For R > ||€]|, let ®g(x) = 1 for ||x]] < R and O (x) = O for
lx|| > R + 1. Then we consider the truncated version of (1.1) on [0, T],

dx& R (@) = bR Bydr + o R ®YdW (), 1€ (0, T, (5.18)
*Rey=¢, 1e[-1,0],

where bR (-) = Or(-)b(-) and 6 R (-) = O (-)o (-) are globally Lipschitz continuous
for each R. Moreover, the coefficients bX and o ® satisfy

0
DV 0l = Ke(1620F + [ 16200 P)). (5.19)

-7

0
Do @06aP = Ke(10207 + [ 162000 ), (5.20)

where @1, ¢» € C%. In addition, the numerical solution and the numerical functional
solution of the #-EM method for (5.18) are denoted by {y5 2R (tx)}k>—n and
{y,sk’A’R}kzo, respectively. We need to estimate the error between x&%(r) and

y& 2R () in || - ||1.2. Here we recall the norm [|G||; 2 = (E[|G|*> + ||DG||?1®W])%

for all R?-valued random variable G, where H = Lz([O, T1; R™). For the
strong convergence errors of the 6-EM solution and its truncated version, similar
to the proof of Theorem 2.14, using Lemmas 1.17 and 5.1, we deduce from
Assumptions 2.1, 2.5, 5.1, and 5.2 that

E[ sup 1xf () = y*2w0l!] < Kra? (5.21)
0<t<T
and
E[ sup xR -y Raolt] < Kr.a (5.22)

0<<T



5.2 Density Convergence for Multiplicative Noise Case 235

Now we estimate the term
2 g 2
E[I Dx*R (1) — Dy R (01, ggal = / E[| Dux® R (1) — Duy®® ® (1) *1du.
0

Define the auxiliary process of the §-EM discretization as follows:

ARy = Em), —-N<k<-1,
YA, 0<k<NA,

JALR
EAR@) = YRR ) — 06" (3,

Then for 1 < k < N2,

ARy = FAR @) + 0RO A+ RO eWir, 1 sk = NA,

and the continuous version {z&4R (t)}r>— satisfies

EARE) = EAR@) 4 b(ys Y — 1) + o 5N YW @) — W),

fort € [tg, tky1), 0 <k <N A with the initial datum

t— 1%

th+1 — t
AR = == R +

E.AR
Z 1 y
A (Tr+1)

fort € [t, tx+1], —N < k < —1. Then by the Holder inequality and Burkholder—
Davis—Gundy inequality, the second moment of the error between Malliavin
derivative of x&® and z52® can be estimated as

E[| D xR (1) — D252 R (1)]%]

t
< K( - u)E[f |DBR (5 Dy R — DBR (5 ) Dy Pas |
u

t
+KE[/ Do R ER) xR = DR (5 Dy s
u
R/ . &R R,. & AR 2
+ KE[lo® (5 )00 00 — o * O0F; T O 10w (5.23)
It follows from the Taylor formula that
[DBR (5 R) DR — DR Dy |
1
,R AR
<| /0 DR (ex5iR 4 (1= )y E AR R — (SO D yERyge

AR ,A,R
+ | DR GOt — Dy )|
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,A,R
< Kallad® =2 N DuxE R+ Kr (1Dix R () = Duys 2R (s )2

0 1
n f IDER () = Dl F P ),

-7

where in the last inequality we used the boundedness of operators DbR ()
(see (5.19)) and D*bR(-) on their compact support {x € c? x| < R+ 1).
Similar to the proof of Lemma 2.9, we obtain

AR AR
sup B[ Duy;; [ = Duzi I < K rA.

u<t<T

Then

2
B[[ 00" () Dyt — DR G Dy ]

AR
< KRE[Ix&F — y5 R 121 Dux R 2] + KRE[mux“(s) — D, (9))?

0
+/ |D x5 R(r) — Duzf’A’R(r)|2dv2(r)] + K7 RA. (5.24)
—T

Similarly, by using (5.20), we deduce

B[ | Do (8 ) Dbk — Do RGf ) Dy

AR
< KE[Ix5® =y M F 121D 2] + KRE[wuxé’R(s) — D5 R ()

0
+ f |Du x5 R (r) — D25 2R (r) Py (r)] + K1 RA. (5.25)
-7

Inserting (5.24) and (5.25) into (5.23), and then using Assumption 2.1, Lemmas 1.17
and 5.1, and (5.22), we obtain that

E[IDix R (1) = D22 R (1)
T 1
< KA+ Krg f (BLIER = 355 F)47) 2as
T 1
K [ @G - s

T
+KraB[ [ 1D, 8) = D28 R (o) as]

u

,R
+K sup B[l —xEF)7)

s
0<s<T
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T
< Kred +Kra [ E[IDR0) - Dzt ) Pas.
u
Applying the Gronwall inequality, we arrive at
E[ 1D (1) = DuzE AR OF | < Krga,

which implies
T
[ E[1Da R0 = Dy M P < Kr s, (5.26)
0

It follows from (5.22) and (5.26) that

1
sup (V52 R (@) — x5 R < KrrAZ.
0<kA<T

Step 2. In this step, we aim to apply [21, Lemma A.1] to estimate the error in

LY (RY) between density functions of x&-®(-) and y&2-R(.). To this end, we first
claim that for o € (0, 1),

E[(/OT |Drxf~R(z)|2dr)_Q] < K7.ro. (5.27)

In fact, by Proposition 1.18 with u = %(1, ..., e Rd, we obtain that

T
P( / |D, x5 R(0)|%dr < &) < K1 ge
0

for any ¢ € (0, 1). Hence for any ¢ € (0, 1), we derive that

o0 T
an_l]}”((/ 1D x5R (1) 2dr) ™ > n)
n=1 0
o0
<1+Krr) n®'n"' <Krp,. (5.28)

n=2

Then for any o € (0, 1),

T
E[(/ |Drx5~R(z)|2dr)‘Q]
0

00 T
<1+) (n+ I)QIP’(n < (/ DR Pdr) ™ <+ 1)
0

n=1
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[e'e] T
<243 (4 10f = nB(( [ DR P = )
0

n=1

00 T
< 2+gzn9*‘1?((/ 1D, x5 R (0))2dr) ™ = n) < K7.Ro.
0
n=1

where in the last step we used (5.28). This proves the claim (5.27).

Furthermore, similar to the proof of Lemma 1.17, it follows from Assump-
tions 2.1, 5.1, and 5.4 that xé(r) € D?>*(RY) for all + € [0, T']. Then, by [21,
Eq. (6.1) and Lemma A.1], we arrive at

sup / Ip® R (1, x) — pR (8, x)|dx
Rd

O<t <T
= sup dry OS24 R @), x5 R 1)
O<t <T
AR R 722% .
<Krgr sup [y5F@) — x5 R@lliy” < KrrA®a, (5.29)
0<u <T

where dyy(X,Y) denotes the total variation distance between two R<-valued
random variables X and Y, and pR (e, +), pA’R (tx, -) are density functions of
x5 R (1) and y52 R (1), respectively.

Step 3. In this step, we demonstrate that the numerical density function of the
0-EM solution of (1.1) converges to that of the exact solution of (1.1), building
upon the convergence of the density function for the truncated solution established
in Step 2. Denoting two sequences of events by

Qr:={weQ: sup x*(1)] <R},
1€[0,T]

Qry={weQ: sup [y*2n)l <R},
1.€[0,T]

we have
lim P(Qg) = P(Q) = lim P(Qg,) = 1.
R— o0 R— o0

According to [21, Eq. (6.1)], we derive

sup / Ip® (tr, x) — p(tx, x)|dx
0<kA<T JRRY

= sup dTv(yA"§ (t), x5 (t))
0<kA<T
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< 4P ) +2B( sup x¥() — ¥ L) = 1)

0<t,<T

+ sup  drv (A ER@), x5 R w)
0<kA<T

E[SUP0§Z§T |x§ (t)|2]
<4
(R—1)?

0
+28[ sup 1x¥ (1) — A w0 P] + Krpa®e

0<u <T

T e _
< ——— 4+ Ky A+ Ky gA2%+2,
= ®R-12 T T.R
where we used Lemma 1.17, (5.21), and (5.29). Letting A — 0, R — o0, we
obtain the desired argument. O

Remark 5.2 It follows from the proof of Theorem 5.3 that when the coefficients
b and o are globally Lipschitz continuous, the convergence rate of the numerical
density function is almost 1/4 in L'(R?). We will show that for the additive noise
case, the convergence rate could attain 1 in the pointwise sense (see Theorem 5.4).

It is known that the estimate between density functions of random variables is
closely related to the total variation distance of random variables. Let

dry (X, Y) = sup IE[®(X)] — E[®T)]|
DEBy(H). [ @]l =I

denote the total variation distance of two /H-valued random variables X, Y, where
H=TR? or H=C?, B,(H) is the set of bounded and measurable mappings from
Hto R, and ||®||oo = sup,cq|P(x)|. As a result of Theorem 5.3, we obtain the
convergence in the total variation distance

Jim dry (x5 (1), Y52 (ty)) = 0. (5.30)

While for the §-EM functional solution, as a C?-valued random variable, its law
does not converge in total variation distance, namely,

limsupdry (x; , yo'®) > 0. (5.31)
A—0

In order to illustrate (5.31), we consider the test function I{HXHC (A o) <09
1/2(=% 0%

where C; /2([—%, 0]; Rd) is the space of all continuous functions f : [—%, 0] —
RY that is %—Hélder continuous, equipped with the norm ||x||Cl/2([7 4 opRd) =

SUP; se[—4 0.1+ XO=x®I On the one hand, the 6-EM functional solution satisfies
’ T [t—s]2
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1
|t —s|2

X UyS 2 D+ Y52 @)D

IA

sup

e A
Vi ey (- 5.01R9) N
[,SE[—T,O],[sé.S‘

C(a))A_% <00, weE,

IA

due to the definition (1.39). On the other hand, by the Kolmogorov continuous
theorem, there is a modification of the exact solution such that the path is almost
surely (% — €)-Holder continuous with any small constant € € (0, %). This leads to

£ |x(ty + 1) — x(ty + )|
”xzn ”Cl/z([—%,O];Rd) = sup = 00, P-a.s.

1
ts€[—5 00,5 [t —s|2

Hence, recalling the definition of the total variation distance, we arrive at

VA
dry (s v ™) = [P llg, -4 o e < )
A
= P13, % ey -3 0pme) < 0 =1,

which shows (5.31) by taking the upper limit.

5.3 Convergence Rate for Additive Noise Case

In this section, we consider the additive noise case and study the convergence
rate for the density function of the 6-EM method, based on the test-functional-
independent weak convergence analysis of the numerical method. Assumptions on
the coefficients considered in this subsection are given below.

Assumption 5.5 Assume that the noise of (1.1) is of additive type, i.e., d = m, and
there exists some constant 6 > 0 such that for any ¢ € ce, o(¢) =oldyxga.

Since {—W (t)};>0 is also a Brownian motion whenever {W (¢)};>0 is a Brownian
motion, we only consider the case ¢ > 0. The next assumption imposes higher-order
regularity on the coefficients, which is needed to obtain estimates for the higher-
order Malliavin derivatives of the solutions.

Assumption 5.6 Assume that the coefficient b has continuous and bounded deriva-
tives up to order 4 satisfying

sup || Db ] <K
550 1D D@ g ootz
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for k € Ny with k < 4. In addition, assume that b satisfies

0
Ib(@)1* < K(1+16(0)]> + / (1) [*dva (1)), (5.32)

-7

for ¢ € C4.

The longtime convergence rate of the numerical density function is stated as
follows.

20-1

Theorem 5.4 Let Assumption 2.2 with 2a; — =53

2a; > 0, Assumption 2.5

.....

Assumptions 5.5 and 5.6 hold. In addition, assume that b satisfies

sup sup sup ||Z)lk;;(¢)”L((Cd)@l;]Rdxd) < K.
ie{l,.‘.,nb}16{1,2,3}¢ecd

Then there exists a constant A € (0, 1] such that for any A € (0, A],

sup sup [p(T,z) — p(T,2)| < KA,
T>Tp zeR4

I
where T() = W

It is worth noting that the threshold Ty, arising from the lower bound estimate of
the Malliavin covariance matrix (see Lemma 5.8), is necessary only for establishing
the uniform estimate of the density convergence on the infinite time horizon 7' > Tj.
This restriction is not required for the fixed time case. Indeed, for each fixed T > 0,
there exists K7 > 0 such that sup,cga [P(T', 2) — pA(T, 2)| < K1 A.

Remark 5.3 Under conditions in Theorem 5.4, we can also obtain (5.30). In fact,
it follows from the Scheffé lemma and [9, Section 3.1] that for T > Ty,

./Rd Ip(T, z) — p2(T, z)|dz — 0 as A — 0.

The proof of Theorem 5.4 is based on a weak convergence analysis of the 6-EM
method. We would like to mention that there have been some works devoted to the
weak convergence of the EM method for SFDEs. For instance, weak error estimates
have been obtained that depend on a given test functional; see e.g. [7, 12]. When
analyzing the convergence rate of the density function of the numerical solution,
an effective approach is to apply the Malliavin integration by parts formula to
derive a test-functional-independent weak convergence analysis; see [9] for the
relevant study of the stochastic heat equation. For SFDEs, the high degeneracy
of coefficients makes the derivation of the Malliavin integration by parts formula
challenging. In this subsection, we will fully utilize the dimensionality reduction
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argument presented in Sect. 3.2 to establish the negative moment estimates for
the determinant of the Malliavin covariance matrix, which allows us to derive the
integration by parts formula; see Lemmas 5.8 and 5.9 for details. Then combining a
priori estimates of both the exact solution and the numerical solution, we obtain the
test-functional-independent weak convergence analysis for the 6-EM method.

‘We begin by presenting the relation between the error of density functions and the
weak error of the numerical method. According to [9, 23], we have the following
approximation of density functions for both the exact solution and the numerical
solution: for fixed T > 0 and z € RY,

p(T,z) = nlln;o /Rd &u-1(y —2)p(T, y)dy = nlln;o Elg,-1 (x*(T) — 2)1,

AT, 2) = lim / gn 1 (v — AT, ydy = lim Elg, 1 (42 (T) — 21,
n—o00 Jpd n— 00

where g, denotes the Gaussian density function with mean 0 and covariance matrix
¢Idgx 4. This gives that

Ip(7.2) = p™(T. 2)| = lim |E[g,1 (x*(T) — 2)] = Elg,-1 (5" *(T) = D).
(5.33)

Noting that for any n > 1, the function {g,,-1(- — 2)},,>1 ;cra belongs to

& = {f:Rd—>R‘fGC%,(R‘{;R),EIF:R"—>RWith0§F§1suchthat

X1 X4
Foncan = [ [ pon i dnl, (5.34)
—00 —00
we have

In(T, 2) — p™(T, 2)| < sup IELf (x5 (T)] — ELf (5 2(T)]. (5.35)
fe

Hence, to obtain the convergence rate of the numerical density function, it suffices
to estimate the error [E[ f (x¢(T))] — E[f (b5 2(T))]| forany f € €.

Here we rewrite the decomposition of the error in (3.11) for f € % in the additive
noise case as follows

E[f (5 (T)] — ELf (52 (T))]
= E[f(®(T: tya, ¢/"% (0,5))] — ELf (D(T5 1y, 9" (0.€")))]

NA 1
+Z/O E[(f’(d)(T; 1, Y)DD(T: 1, Yf),l“’](I;',JrI;',ﬁ))]dg
i=1

=JTo+Ip+1pp, (5.36)
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where 7, I}, and 1, g coincide with those of (3.11).

Based on this decomposition of the weak error, we will prove that the test-
functional-independent weak convergence rate is 1 (see Theorem 5.10). Then the
proof of Theorem 5.4 follows from (5.35). To proceed, we make some preparations
in the following subsection.

5.3.1 A Priori Estimates

This subsection gives some moment estimates for derivatives of the exact solution
and numerical solution. In addition, we also present the negative moment estimates
of the determinant of the Malliavin covariance matrix for the numerical solution. We
begin by showing that the moments of high-order derivatives of the exact solution
and numerical solution are bounded, which are stated in Lemmas 5.5 to 5.7.

Lemma 5.5 Let Assumptions 2.2 and 5.5, and (5.32) in Assumption 5.6 hold. Then
forany p € Ny with p > 2,

sup E[ x5 271 < K (1 + [|€]%P). (5.37)

t>0

A

In addition, there exists a constant A = A(p) € (0,1] such that for any A €
(07 A]!

sup Elllys 1271 < K (1 + [1§]1%P). (5.38)
S

Proof The proof of (5.37) is similar to that of [28, Theorem 3] and is omitted. Below
we show the proof of (5.38). The proof is split into three steps.

Step 1: In this step, we give a one-step recursion for the 2pth moment of z&2
and show that

E[1z52 (1) 11 < B[S 2 (1) 1?]

a(p — 1))

F Ko A— <2p(l—9)(a1 — —KA—Ksl)A

x E[|y5 2 (1) 1*P]

+ <2a2(1 —0)+ KA)AE[[O |yi,A(r)|2Pd\;2(r)i|.

-7

(5.39)
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By virtue of (1.43), we have that for any k € N,

152 (D1 = Y2 ) + (1= )b ™) A + G8Wi|?
= VSR + (1= 02 b5 MIPA? + 168y 2
+2(1 = A2 (1), by ™))

F 2050 + (= 0bGE M)A, 55Wy).

Then for any p € Ny with p > 2,

P
E[|z5* (s )71 = ELly* 2 @)1+ ) CLELL], (5.40)
i=1

where
= 2 w0 (= 0% b 05 PA% + |55 Wil?
+2(1 = A2 (1), by ™)

F2058 W) + (1 - 0bOENA. 65w )

For the term I;, it follows from the property of the conditional expectation,
Assumption 2.2, and (5.32) that for €1 € (0, 1),

ELN] < B[y 2 @000 ((1 = 02105 ) 2A% + 1574 + KA
2 0 A N2
= 2011 = A A WP + 21 =0 [y 0Pz
-7

-1
< B[54 PPV (KA + (1= 0)%b05 HPA%) | - 2@ - %)

2 0
< (1= AR 0P+ 220 = 0)8B[ [ 150

0
< Ked + KA (B2 P 1+ 2] [ 15 0Prane))

—1
—2(a — % — en)(1 — O) AE[|y2 (5) 2]

2, 0
+ =20 - 0)aE| / 5 ) PPdva . (5.41)
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where we used the Young inequality in the last step. For the term /5, using (5.32)
and the Young inequality again, we have

ELl2] = B[54 002772 ((1 = 02105 ) PA? + 56W,
2

+2(1 = )AL 1), b0 ™))

2
2RI (2052 1) + (1= )b A, 55Wi) )|

0 A
< ka?(1+ B 2wl 1+ E] [ 155 0Prane))

+ K (AEIYS2 00 200) + AYE[1y52 (00 P02 b))

0
< Koo+ KA (B2 a0P1+ B[ [ pEA0Prane))
+ e ARL Y2 (10)2F] (542)

Similarly, we derive that fori =3, ..., p,

0
BULL < Koy 8 K2 (B G0 P71+ B[ [ 1520 Pran)))

+ el AE[|yS 2 (1) 1*P]. (5.43)

Inserting (5.41)—(5.43) into (5.40), one has (5.39).
Step 2: In this step, we show that the 2pth moment of 252(1) is bounded

uniformly with k > —N, i.e. sup;~_y E[|z52 1) 12P] < K(1 + || E]1%P).
Noting that for € € (0, 1), we have the identity
R[5 A (tr41) 7]

k
= 3 (BN @) PP = eVELHA 1) P71) + Bl )71,
i=0

Plugging (5.39) into the above identity and using (2.27), we derive

R[5 A (1)1

k k k
< D RSP = Y e RIS A )PP+ Koy A Y el
i=0 i=0 i=0
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k
(200~ 0 — BLZL) kA~ Ko )A Y e B A ) )
p i=0

k 0
+ <2a2(1 —-0)+ KA)A gee’H'E[/_r Iyi’A(r)lzpdvz(r)]

+E[1z54(0)1*7]

k k
< SRy A )PP = Y RS (1) ] + Ky e + K|
i=0 =0

k
— <2p(1 —0)(a1 — aze’) — KA — K81>A Zeft"+‘IE[|y‘§’A(t,-)|2p].
i=0
(5.44)

According to A = yg A — Qb(yti’A)A and Assumption 2.2, we obtain

0
1252 )P = —KA + (14 2a100)|y5 2 (1)) — 2a29A/ 52 () Pdva (r).
-7

This implies

k
(1 4+2a108)7 ) " e [y52 ()7
i=0

k 0
< (e e (12 wP + 2008 [ A 00Pan)”
i=0 ot
k
+ Ko, AP Y e
i=0

2 CLQa0 A (p —1)

<(1+81>ZZ

i=0 =0

€l 258 (1) 1P

? ¢! (2a29A)ll

+(1+51)ZZ L

i=0 /=0

& C’(2a29A) (p—10

<(1+81)ZZ L

i=0 =0

0
f ny,.’A(r)Iz”dvz(r)+Kg,Ae“k
-7

el 258 (1) 1P
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P CL a0 A)'1

+(1+el>e“ZZ .

i=0 =0

YE A PP + KN + Ko, Ae.
(5.45)

Owing to a; > az, choose sufficiently small numbers €1, € > 0 such that a; >
az(1 + e1)e". Combining (5.45) and the relation

P ClQaon)l L C! (2a29(1+81)e“A)11

(1—}—81)6“2 pem _Z )4

=0 p
P ¢! (2a19A)ll

< Z P

and
P Cl2a0A)'1
(14+2a108) — (1 +ep)eT Yy L
1=0 p
P P CLa10A)1
Z (a10A) — Z P
i C,2a10A) (p = 1)
=0 P
we arrive at

k2 C’<2a10A> (r-0
2>

i=0 [=0

e“li|yS A ()PP

? Cl(2a29A) (p =10

<(1+51)ZZ P

i=0 [=0

+ KIEIP + K¢y Ae.

Ui 258 (1) 1P

Plugging the above inequality into (5.44), we deduce

R85 A (1) 12

- (eeA _ Y10 CpRa188) (p = 1) )
- >0 CLax(1 4+ )M (p — 1)
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k
x 37 CUELYEA )PP + Key e + K ]2
i=0

k
- (2p(1 —0)(a1 —aze") — KA — K81>A Ze“t‘+11E|yM(t,-)|2P].
i=0
Since
> CL@a0A) (p—1)
S ChQax(1 4+ e)OAY (p — 1)
Y CpQear — ax(1+€))0A) (p — )
Yo CLQax(1 4+ 60 M) (p = 1)
Ch(p — D2 — ax(1+£1))0
>0 ChQax(1 4 1)) p

(p— 1D2(a1 —ax(1 +€1))0 A
Qay(14+¢€1)0 + 1P

> 1+

s

it is straightforward to see that

e NHEL|25 A (1) PP

k
en 1 (p=D2(a —ax(1 +£1))0 ety EA 2P
= <e ! Qay(1+e)6 + 1)P A) Zizoe Elly™= @)™

+ Koy e + K £ — (217(1 —0)(a1 — aeT) — KA — Ks])A
k
x Y e Ry (1) 2], (5.46)

i=0

eeA

It follows from e < 1 4+ €A + - (eA)? that

oD (p— D2(a1 —azx(1 +£1))0
Qax(1+¢€1)0 + 1)

- (Zp(l — 9)(a1 — aze”) — KA — Kel)AeEA

< ( _ (p=D2a1 —ax(d +81))9>A
ay(14+¢€1)0 + 1P

2
— (201 = 0)(@1 — @2 T) — KA — Ke1 = S8 ) Ae™.
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There exist sufficiently small constants 1, € > 0 such that
_ (p = D2(a1 —ax(1 +¢1))0 -
Qaxy(1 +¢€1)0 + 1P
p( — 9)(a1 - aze“) > Key.

s

Further choose sufficiently small A := A(p) € (0, 1] such that

[\S}

p(l — 9)((11 —aze“) > KA — A,
Thus for any A € (0, A],

_ (p = D2(a1 —ax(1 +¢1))0 A
Qay(1+¢e1)0 + 1P

- (Zp(l —0)(a1 — aze™) — KA — Kel)AefA <.

eeA _

Combining (5.46), we conclude that

eHE[ A (1)) < Koy e+ K £,

which yields sup. _y E[1z52 (1) 7] < K (1 + II£]1*P).

Step 3: By using the moment estimate of z5-* obtained in Step 2, along with
&8 (1) = y52 (1) — 0b(y; ™) A, we have that supy. _y E[[y52 (10121 < K(1 +
1£1127). Furthermore, similar to the proof of Proposition 2.4, we conclude that
SUPgeN E[H)’i’AHzP] < K (1 + ||€]|?7). The proof is completed. o

Lemma §.6 Let n € {1,2}. Under Assumptions 2.2, 5.5, and 5.6, there exists a
constant hg > 0 such that for any p € N4 with p > 2, the following hold.

(i) Fort >riV---Vr,, we have

.....

n
< KeTHrtnvevm (14 57 S EDg, o EIPP);

k=0 1<ij<--<ix<n
(ii) Fort > 0, we have

E[|Dx5 - n2P] < Ke 47" ]2,
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and
E[I Dy D7 - 1]
~ n -
KM (1430 Y ElIDG, . EIP7).
k=0 1<ij<--<ix<n
Here, r1,...,r, > 0, p > p is some constant, é S D”’zﬁ(Cd), and we adopt the

.....

Proof The proofs are similar to those of Lemmas 3.4, 3.5, 3.10, and 3.11, and hence
are omitted. a

Lemma 5.7 Letn € {1,2,3,4} and n € {1,2,3}. Let Assumption 2.2 withAZal —
299;1 —2ay > 0, Assumptions 5.5 and 5.6 hold. Then there exists a constant As > 0
such that for any p € Ny and A € (0, Al with A == A(p), the following hold.

(i) Forty >riV---Vr,, wehave

LA
Bl Der,. ..y yi 1771

k=0 1<ij<--<ip<n

(ii) Forty > 0, we have

- .
E[|Dy; > - nl?P] < Ke ™ sP |2,

and
A
EL Dy..orp Oy - 0171
A ﬁ ~
< Ke i Pr(1430 3 ElDg,....npE1771).
k=0 1<iy<--<ip<n
Here, ri,...,r, >0, p >p is some constant, é c D*2p (Cd), and we adopt the

convention that D(”i| ,,,,, rik)'f = é fork =0.

Proof We only show the estimate of Z)yi’A - 1, since other terms can be estimated
similarly. Similar to the proof of (3.17), by Assumptions 2.2 and 5.5, we derive
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1D25 2 (t41) - nl?
3 N E.A
= D52 (1) - > + 1Db (M Dy ™ - pPA?

+2UDYEA (@) 0 — OADB(E)DYED -, DhGEDDYEE A
20— 1

< Ao AlDZF A W) - n* — (2a1 — JAIDYS A (1) -

0 -
+2mA / DyYE () - nPdva(r),
-7

_oy? _ A )
(]920> + 291 For A5 > 0, we arrive at

where Ag A = FETEUNE

o5tk |@Z§’A(l‘k+1) . ,7|2
~ A k A ~
<D520) 0l + (Ag.ae™® = 1) Y DA () -
i=0

20 — 1
62

k
)A Y Dy A () -
i=0

_ (201 _

k 0 .
+2a2A Zemﬂ/ 1Dy 2 (r) - nPdva(r)

i=0 T

k
< Kl + (Ag.ae™™ — 1) Y " D52 1) - )

i=0
20 — 1 S5t L Astied E.A 2
— (2a1 — 7 —2aze )AZe Dy 2 () - nl”.
i=0
_ o-1A —2-pa .
Note that Ag o = 1 — s =€ Choose a sufficiently small number

):5 > 0 such that Ag,Ae’XSA < 1 and 2a; — 299;1 — ZaZeXST > 0. Then

SUDE A () -2 < Kl Pas. (5:47)

According to DEA() - n = DyEA() - n — OADLGL MDY -y and
Assumption 2.2, we obtain
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(14 2a10A) sup | DyEA (1) - yl?

0<i<k

A - . 0 -
< sup MNDEAE) - n? + 2a20 A sup St / |Z)yfi’A(r) n2dva(r)
0<i<k 0<i<k -7

< Klnll* + sup e*"D5 A1) - 0>+ 2a20e™" A sup "5 DyS A (1) -yl
0<i<k 0<i<k

This, along with agei“ < ap and (5.47), implies that

sup 5| Dy A () - < Knl?,  P-as.
0<i<k

Furthermore, we conclude

T

o ) ) )
sup 5 Dys® p? <eMT sup  sup DY A @) -l

0<i<k 0<i<ki—N<I<i

<Klnl*>, P-as

and
s E A
sup P DyE N )2 < Knl*?,  P-as.
0<i<k
The desired argument follows by taking expectations. O

The following lemma shows the negative moment estimates of the determinant
of the Malliavin covariance matrix for the numerical solution.
Lemma 5.8 Let Assumption 3.4 with Ly = supP;e(y,. n,) SUPpecd [k}, (@) < 00 and

Assumption 5.5 hold. Then for any u € R with |u| = 1 and A € (0, 2Lbnb0]

T 1 ~2 . A
|u yq,(T;,j’ng)u| > Z(T ATy)c°, j=1,...,N=, (5.48)
where Ty = W is given in Theorem 5.4, and ng is given in (3.8). In
particular, we have det (V<I>(T;tl-,Y5))7] € L ().

Proof We first prove (5.48) for the case of d = 1. For r € (t, tx+1] with j <k <
i — 1, we have

i—1
DO, Y5 =) [(1 — 0)Db(Py, (17, Y7 ) Dr @y, (1, Y ) A
n=k

+ODb(P,,, (17, YD, P, (1, YA 46
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This, together with D, ®;, (¢}, ng) = Z?:_N IU]D,CD(I,H_I; t, ng) and Assump-
tion 3.4, implies that

D, ® (151, Y7)

=Z[ 1—@)2 Z / Ky (@1, (17, Y (NI (5)dv5 () Dy @ (tn a5 1, Y7 A

n=k l=11=—

+02 Z / kb(qa,m(zj,yg)(s))l” (5)dvi(s) D, D (tnyr415 1), ¥ )A]

£=11=—N

+5. (5.49)

Below we split the proof into three steps.
Step 1. In this step, we present a discrete comparison principle, which will be

used in Step 3 to derive a lower bound of D, ®(y;; ¢, ng ). Define a two-parameter

nonnegative sequence {Af.C }Osk,i <NA as follows: when i < k, define A{F = 0; when
0<k<i-—1, define

i—1 np
Af=LyAY Y Z Vi + AD(( = )AL, + A%, ) +6.
n=k {=11=—N

where we let v§(A_y—1) = v§(Ag) = 0and Ly = SUPye(i ) SUPsecd 1Ky (D). It

follows from the definition that when iy — k| = i» — k> > O, Aﬁ' = AZZ = Aj; k-
Then

np
Ak =Af =LpA Y Y vi(Ari + AD((1 =D)AL, +0AF,)

=11=—N
i—=2 np
+ LA Z Z Z Vi1 + AN((L =0y +0AL ) +6
n=k {=11=—N

=LA Y Y vi(A + AN(A = O)AS | +0AL ) + Ay
l=1I[=—N

This gives that for any A € (0, ngnb)

nyp
Ak = (1—LpAO Z Vg(Afl))_l{ﬂifkfl
=1
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np 0

+ LbA[(l —0) Z Z VE(AIZ1 + ADA; -1k
(=11=—N
np 0
+6 Z Z Vi(Aj—o + Az_l)ﬂi—kw—l]}-
(=11=—N+1

By the relation (1 — L, AOnp) "' =1+ % and by iteration, we obtain

Lp0 Any, _1
Ak =+ ——7—)Aii— 1 —LyAO
zk_(+1_LbA9nb)zkl+( bAOnp)

np 0

x LyA[(1 =)D 3 V(A1 + ADA 1

{=11=—N

np 0

+O0Y . Y vi(Aa A Al—l)ﬂi—k+l—l]
t=11=—N+1
lil _LoOAnL (1~ Ly AGny) !
— n
LbAQ n b b

=1

N

np i—k—1

x LAY Y [a-9) Z V(A1 + AD gy
=1 n=1 I=—N
0
+06 Z vg(Az—z-l-Az—l)ﬂnH].
[=—N+1

Noting that

i—k—1 0 0 i—k—1
V(A1 + AN A = V(AIZ1 + AD At
1 I=—N
n=1 l=-— I=—N n=1
i—k—1
< Z Z VE(AI-1 + ATy <2 Z Fn

—N m=—N
and Ay = (1 — L Yy vi(A_DAO) 16 < (1 — LpABnp)~'6, we arrive at
i—k—1

1~ Lpnp(0 4+ 2)
Ai_x < (1= LpAbnp)~! A, A
ik =< ( pAOnp)~ 0 + 1—LbA0nan_: n
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Combining the discrete Gronwall inequality, we deduce

Lynp(@ +2)A@@ — k — 1)}

A < (1 — LyAdny)~'5 {
ik = ( bAOnp) G exp 1= L,Abn,
L 04+2)AG—k—1
= Koexp{ pnp® + AU )}. (5.50)
1 — LyAOny
Step 2. We claim that
|D,® (15, ng)| < Af.‘, foranyr € (t, tx+1), j <k <i—1. 5.51)

We prove the claim by induction argument on i — k. In fact, when j < i} <
ki and r € (#;,t%,+1], we have D, ®(t;;t;, Y/.g) =0 = Aﬁ‘. This gives
|D,® (¢, ng)| = Afll for iy — k1 < 0. Suppose that (5.51) holds for integers
k, i satisfying 0 < i —k < i —k’— 1. Then we show (5. 51)h01dsf0ri —k=i—-k.
By (5.49) and the induction assumption | D, ®(t,; t;, Yg)l < A ,n<i—1,we
have

|Dr¢(li;lj,Y-§)|

np 0

Z Lyv§ (A1 + AD(( = 0)AK A +0AY,, A) +6

QMT'

np 0

+ (1 =0)Y Y Lyvi(A + ADAL A
{=11=—N

ny —1

+6 Z Z Lyvi(A_y + Al)Af-ilA

t=11=—N
np
+ LAY vi(ADID @17, Y,
=1

which yields

D@ (153 17, V)

np
—1
< (1—LpAd Y vi(A )
=1
np 0
x [A{.[l + LA =60) ) Y vi(A1+ ADAL
{=1[=—N
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np —1

+LpA0 Y 0 V(A + AAEy | = AL r e (o).
{=11=—=N

This finishes the proof of the claim (5.51).
Step 3. In this step, we prove the lower bound of |D,®(; ¢, ng)| and then
show (5.48). From (5.49) and (5.50), we obtain

1. VS
|qu>(tl9t]7 Y])|

i—1 np

=6 - LAY Y Z (0 —omwf(ar +apak,

n=k t=11=—N
+ Vi (A1 + Al)Aﬁ.H_H):I

30 _Lpnp©32)A
> o — [Z Z ((1 - 9)v§(Al—1 + AI)KOe 1—L,, Adn;,

n=k {=11=—N

Lynp(0 +2)A(n +1—k) ]

OvE (A + A K)
+0v3(A;_1 + ApDKp ) exp{ 1 L, Aom,

Lpnp(0+2) A(i—k)
_ Lpnp0+2)a exp{=*"=7 A, 1 — |
2 5= 2tam (0= oo B o) P

exp{5=r, aon, 1 — !

o5 2 Lpnp(0 +2)AG — k) Y
= 9+2(X { 1= LyA6n, } )"
ANTEVES Wrar i

where we used ¢* > x + 1, x > 0. Then,

|Dy CD(tz,t,,Yg)l o,

1
2

3
andi —k < In(3)

when A < = Wm0 18"

2Lb9"b Thus,

T
ch(T;tj’Y./g) = /(; D, ®(T; t;, ng)(DrCD(T; tj, ng))Tdr

T
o vsy2 1 )
> [ D P = @ AT,

(T—Tp)VO 4

3
where Ty = 52/ This finishes the proof of (5.48) for d = 1.
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For the case of d > 2, by replacing D, ® with u | D, ® in the above argument,
one can obtain (5.48).
Moreover, it follows from (5.48) that

1
. T ~2
A.min(ycb(T;tj’ng)) = MERrgulg‘:l u VQD(T;tj,ng)“ > Z(T A Tp)o~,

which implies

_ _ 1 D
|Voorss;,vs) <K det(Vo 7, vs)) I < K (T A T0)5217.

Thus the proof is completed. O

With Lemmas 5.7 and 5.8 in hand, we present the following Malliavin integration
by parts formula, which plays an important role in the test-functional-independent
weak convergence analysis.

Lemma 5.9 Leta = (v, ...,aq) be the multi-index withaj € N, j =1,...,d
and |a| = Z?:l a; <2, fe¥, and G| € Dlel+1.0(R4) Then under conditions
in Lemmas 5.7 and 5.8, there exist a constant Ay € (0, 1] and an element H)y 11
such that for A € (0, Ay], i € Nwithi < N2,

E[0y f(®(T; t;, Yf))Gl] =E[F(®(T; 1, Yf))H|a\+1(<1>(T; ti, Yf), G1)l,
(5.52)

where F is an antiderivative of f given in the definition of € (5.34). Moreover,

sup [E[de f(P(T5 1, Y7))G1ll < KIGilljaj+1.2, (5.53)
T>Ty

where Ty is given in Theorem 5.4, and Yl.g is given in (3.8).
Proof According to the definition of %', and applying [30, Proposition 2.1.4, (2.29)—
(2.32)] give (5.52). Moreover, for g > g1 > 1, there exist constants 11, 2 > 0 and
integers n1, ny > 0 such that
||H\Ol|+] (®(T; 4, Yl‘;)’ G])“ql
< K@ DYgpy ye) 0 1O 0 YOG 1, 1 ak1.g-

It follows from Lemmas 5.7 and 5.8 that for any A € (0, Ax] with A, := AAW,

< 1 ~2]79m
| Ha1 (@(T: 1, ¥5), GDllgy = K| 2T AT)E?] " 1Gliat1.4
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where A := A(n,) is given in Lemma 5.7. Taking ¢; = 1, ¢ = 2 and supremum
for T > Tjy, we finish the proof. O

5.3.2 Weak Convergence Analysis

In this subsection, we give the test-functional-independent weak convergence rate
of the 6-EM method.

Theorem 5.10 liet conditions in Theorem 5.4 hold. Then there exists A > 0 such
that for A € (0, A,

sup sup [ELf(x5(T)] —ELfOS2(T)]| < KA,
fe€ T>Ty

where Ty is given in Theorem 5.4.

Proof In order to obtain the test-functional-independent weak convergence rate,
we need to estimate terms J¢, p, and 7, ¢ in (5.36) by means of the Malliavin
integration by parts formula (5.52) and the inequality (5.53).

Estimate of Term 7 Recalling
To = ELf (@(T; tya, 9% (0. )] — ELf (®(T5 1ya, /" (0. €)1,
it follows from (5.53), Lemma 5.6, and ||£ — &/ || < K A that
[Zol = IELS (9" (tya: 0, 6)] = ELF (9" (121 0, §™))]|
< (B[ £ s 0,58 + (1 = ) D (010, &
+ (1= &™) & — &™) |ds

1
<K /0 1D ™ (tya; 0, c& + (1 — $)EM™) (& — 1) |l2.2dg

1
< KAfO 1D (2 0, & + (1 — )& 12ds < KA.

Estimate of Term 7, Recalling the definition of 7, we have that

NA g iopl
7,= Y [ #[(r@dnyvoain . [ [ 0wzl
i=1 li-1

((pr (i1, Pri_y ©, ;g_lnt)) - (pllyr—ltl o, slnt))dﬁldr[ldg,
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where

ZP' = Bror(tim1, @1, (0. 1™) + (1 = Brgl™ (0, &™),

Inserting (3.35) (with 0 = 61dg«q) into 75, we are in the position to estimate .
We only estimate the sub-term

NA 1
7 ::Z/ E[<f’(<l>(T;t,-,Yf))Z)dD(T;ti,Yig),I[O/ /Z)b(Zﬁl
i=1"0

—1 fos
ti — - i+j
S My () /, blgu (0, € dudpidr)|de,

j=—N A i+j—1

the sub-term
NA& 1
ryi= 3 [ E[(r@ain o, v 10 f / Dbz
i=1 70

/t " 6dW(u)d,31dr>]dg,

itj—1

z : l[tl+j 1= litj

j=—N

and the sub-term

NA i el
72 :2/ IE[<f’(<I>(T;ti,Yig))Z)CID(T;ti,Yig),I[O]f / Db(Z!)
i=1 0 ti—1 J0

—1 Fate
Z Vs o=t - () &dW(u)dﬂldrﬂd;,
=N litj-1

since other sub-terms in 7, can be estimated similarly.

For the term 1 0, it follows from (5.52) and (5.53) that

NA 1
12|5KZ/ HZ)CI)(T;t,-,Yf)I[O]/ /z)b(zﬁ'
i=170

-1

Z 1 (.)‘J'_' e b, (0, E1M))dudp;d d
[ti+j,1—r,t,-+j—r) A . Pu ) u ﬁl r G.

j=—N i+j—1

(5.54)
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According to Lemma 5.7, SUPy, ccd |Db(d1)P2| < Kll¢2ll, (5.32), and (5.37), we
have

1 1
Do vor [ /0 DHEZE) 3™ L or )
ti—1

j=—N

t: — - litj
e R
I

+j-1

N 1 1 —1
< K(e_)‘S(T_t")E[HI[O]/ / Db(zf;) Z | PP
ti-1 J0 -
j=—N

tj fi+i Int
X b(py(0,5°"))dudprdr

litj—1

244 L
])2 <KeBERA2 (555

In addition, similar to the proof of Lemma 3.13, using Assumptions 5.7 and 5.6, we
derive that for some p > 2,

T
(f[ ]E[HDr] [D@(T;ti,Yig)I[O/ f Db(ZP) Z Vs r—rir—n ()

j=—N

1

[ b0 anapar][Tan )

i+j—1

<K{/ —AS(T t‘)E ‘1[0]/ / Db(z ) Z llz+] 1 rtlﬂ—r)()

ti— . [li+j
L2 [ b auapr| (14 10, 517)]
1,

i+j—1

-1
+e —hs(T= t’)E H[[O]/ / Dzb(zﬁl Zzﬁlr’ Z Y soi—raij—r) ()
=N

= " bu0.67 ) aprar ]

i+j—1

-1
+e —is(T—t) HI[O]_/ / Db(zﬂ}) Z Loy i1 =i —r ()
j=—N

fitj 2 1
JJor

tj—-
x Db(@u (0, E")) Dy, 0, (0, §")dudpdr

A litj—1
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T R 1 .
= {/ ( 4e . ti)(l SupE[leA(O’%'Im)||4])7(1+E[||Dr| i§||2p])2
ti Y

u>0

2 ) li 1 1 1
+aleisrn | /0 11y 20111 4p1dr (1 -+ sup Ll 0,67 1)
i1 u>

R Liyj :
+ A3p=*s(T—1) / E[]| Dr, ¢u (0, Slm)nz]du)drl } 2

titj—1

AS(T 1)

< Ke™ (T — 1;)2 A2, (5.56)

Similarly,

! TIEI Dy (DO(T: 1;, YS! Db(Z!)
L[ [ #ll (oo [ [
1

— tjp—- litj
Z l[fH—j—l—rJiJrj_")(')T/

j=—N litj—1

1

b0 (O, g’”'))dudﬁldr) H ]drldrz}

/»5 (T t;)

<Ke (T — 1;,) A% (5.57)

Inserting (5.55)—(5.57) into (5.54), one has

|I0|<K2e

(14 (T — 1) + (T — 1)) < KA,

where we used the fact
NA

i T a3
sup AZe_TS(T_”')(T—ti)l < sup/ e T e TT)(T _5)lds <00 VIeN.
>0 7>0J0

For the sub-term 1 }7, we have

Ib—Zf / / Z 1’:+J 1— rt,+,—r)() b [<(1[0]Db(Zf;))*

j=—N

litj
@0, YOODOT: 1, Y, [ GaWw)]dprdrds

Litj—1

A
litj
_Z Z t1+/ 1= litj
litj—1

i=1 j=—N
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x E[(Du[(ﬂ“lz)b(zf;))*f’(cp(r; t, YENDO(T; 11, YE)], c}lddxd>]

dudpBidrdg¢
NA »
_Z Z / / / / f(qD(T 4, ig))Dq)(T;ti,Yf),
i=1j= litj-1

t:
I[O]Dzb(zf;)(Dqu:n l[t,urj,l—r,tHj—r)(‘) !

=)

E[(£/(@T: 1, ) D, DOT; 1, ¥0), 10'Db(ZL)

ti—-
Vi ri -0 ()L olddxd))]

+E[( @ 11, Y ) Dy (T 11, YF)

DO 11, Y), 1DBEZ 1 O 1) |

dudpBdrdg.

This, together with (5.52) and (5.53), implies that

|Ib|<KZ Z // //tm {HDCD(T YOI (2

tl+j 1

(Dqu:,, l[t,-ﬂ,lfr,t,-”fr)(') ]A &Iddxd> ”2 2

ti—-
| DDOT 11, YOI DBZIN - ()i

+ | D@1, YODOT: 1, YOI DEZI D1 O

X

J T T~
1d
A oldgxd

‘3 Jaudpirds = 1}, + 1, + 7).

By Assumption 5.6, Lemmas 5.6 and 5.7, and (5.37), the term I},’l is estimated as

Ib 1<K XA: Z / / f /t'tlﬂ _)ALS(T—t,-)EI:HI[O]Dzb(zf;)
i=1j= i+j—1
o))

=

t.
(Dqulr, 1[tz+j—1 —hti+j—r)(') :
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T
+ (/ IE:[HD,, <Z)<I>(T; 11, YOI Db(2P)
1
1

ti— - 2 7
5 Waxa) | Jon)

(DM Zf;’ l[fi+j—1*r>tf+j*r)(') !

T T
+ (/ / IE[HD,,,,2 (DCD(T; 1, YOIV Dbz
t t

1

'5Idd><d) HZ:Idrler) 2 }

l‘~ —
(D“Zf]r’ l[ti+j—1—r,t;+_,~—r)(') ]A

dudfidrde < KA.

For the term 1 }J », we have that for some p > 2,

NA
itj 3 —t 0
R o Y (G e
i+

(ST

P+ 1ar17)))

fji—- .
Lt jo—rtij—r) () ./A 01dgxa

+ (/IT B[ | D, (PuD (T 11, Y 1 Db(Z)

sue)[Jo) < ([ [ <lJonn

(DD 1, YOI DBZI Ny O

i~
l[ti+j—1—r,ti+j—r)(') A

I’A_ '&Iddxd) H2]dr1dr2>% }dud,Bldrdg < KA.

Similar to estimates of 1 ,;1 and 7, ,;2, for the term 7, 2’3, we obtain that for some
ﬁ 2 27

nesk s [ [ o

=1 j=—N

Yg)H HZ)(D(T ti, YOI

61dgxa

t. J—
DBZI) ki1 - () |, dudpidrds < KA.

Other terms can be estimated similarly as above. Therefore, we have |7 11,| < KA.
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For the sub-term 1 i, based on Assumption 3.4, we have

NA 1 t; 1 0
=3 [ E[(r@asn oo v [ [ [ bl
i=1 " -

r+s

—1
> Niyrniy-n @ [ 3dW vl )dpidr |ds

j=—N fitj—1

NA -l 1 pti 1 p(tipj—r)AO r+s
ST LI L ey
0 ti—1 JO — t ’

i=1 j=—N fV(’iJrjfl*r) +j-1

@ 5, YENDO(T: 1, Y], 61dua) [dudvd (5)dBy drd

NA 1 1 pti pl (i j—r)AO s
- ! -4 yS
“2 2 fo /,1/0 /, /t {]ERf (D(T; 1, YF))

i=l j==N TV Uiy j—1=1) it j-1
DT 11 Y9). 10D AYZD5 )] + E[ [ 0T 1. 1)
DDO(T: 1, Y9, 1%} (ZED51dua)| + B[ £/(@(T5 11, ¥F)

D@ (T 13, Y )DO(T: 11 ¥7). 1} (2])51d4) || duav] ()aprdrde.

where without loss of generality, we took the parameter n;, in Assumption 3.4 to be
np = 1. Combining (5.52), (5.53), and Lemma 5.7, we deduce

N% =1 1 ot el p(tiej—r)AD r+s
IHEI 93D / / / / / {|po:n. v
0 Jt_1JO J— t,

i=1 j=N TV (liqj—1—r) Jtitj-1

1D, k} (/)5 1dyxa ‘22

L, H DD (T; 1;, Yf)l[olk;(zf;)c}lddxd
+ || Du®(T: 11, YE), DT 1, Yig)l[o]k;(zf;)&lddxd||3’2}

dudv] (s)dB1drdg
< KA,

where we used the assumption

sup sup (110K} @) coyorgenay + 5 @)]) < K.
1€{1,2,3} pecd

Hence, we have |1,| < KA.



5.4 Numerical Experiments 265

Estimate of 7, ¢ Similar to proof of 7, we derive that |75 9| < KA.

Combining estimates of terms L, 7, and 1 g, and taking supremum for 7' > T
and f € €, we complete the proof. O

5.4 Numerical Experiments

In this section, we present the numerical algorithm and corresponding numerical
experiments to verify the convergence rate of the numerical density function for the
6-EM methods applied to SFDEs. Both the L!-error and L>-error are examined to
illustrate the convergence results.

Algorithm 5 outlines the procedure for investigating the weak convergence of
the 9-EM method in approximating the density function of SFDEs. The reference
solution, computed with a fine time step, and the numerical solutions with coarser
time steps are generated using a common Brownian motion trajectory. The values of
all sample paths at the final time T are collected. Then the terminal density function
is estimated using the kernel density estimation. Specifically, the empirical density
function is constructed by

M A
A N 1 =) (T)
P(T )~ o ;m—h ),

where K is a smooth kernel function (e.g., Gaussian kernel), # > 0 is the
bandwidth parameter controlling the smoothness of the estimate, M is the total
number of simulated trajectories, and yl.A(T) denotes the 0-EM solution at time
T for the i-th trajectory. The selection of & represents a trade-off between bias and
variance, and it is chosen as 4 = 0.4 through numerical calibration in this work.
In the numerical implementation, the probability density function is approximated
using the MATLAB built-in function ksdensity, which performs kernel density
estimation with an automatically selected bandwidth.

To quantify the convergence rate, we evaluate the error between the numerical
density and the reference density. The error is measured in either the L> or L!
sense as follows:

IpA (T, ) = p(T, ) poo (may = max [p*(T, 2) — p(T, 2)],
zeRd

IP2 (T, ) = p(T. )l gy = /

K4S

AT = (T 2)ld.

By repeating the procedure for multiple stepsizes, a log-log plot of the density error
versus the stepsize is generated, and the convergence rate is estimated.
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Algorithm 5 Density convergence of numerical method for SFDE

Require: SFDE parameters (b, 0, &, ), parameter 6, final time 7', stepsizes {A j}{:l, reference
stepsize Arer, Monte Carlo size M. !
Output: Error of terminal density function for each A ;.

1: Generate M independent Brownian motion increments BWr(:?) k) ~ A4, Aws), k =
0,. s Niet — 1, with Nyef = T/Aefand m =1, ..., M

2: Set dref = r[Aref.
3: Initialize x (tr), &k = —dief, ..., 0, m=1,..., M.
4: form=1,..., M do
5: fork =0,..., Nt — 1 do
X0 () = x50 (@) + (Ol )+ (1= 0bG L)) Aret + 0 (e, VWL (k).
6: end for
7: end for .
8: Compute reference terminal density function pres(7, -) from {x;zf(T)}fZ’:l using kernel density
estimation

9: forj=1,...,J do _
10:  SetA=A;,N=T/A,d=1/A1=A]A.

11: Construct coarse Brownian motion increments
(k+1r—1 ~
WPk = Y swi@). k=0.... . N-1L
i=kr

12: Initialize y'™ (1), k= —d,...,0.
13: form=1,...,Mdo
14: fork=0,...,N—1do

Y (i) = Y0 (1) + (06 () + (= )b A + 0 (y)sW ™ (k).

15: end for
16: end for
17: Compute terminal density function p2 (T, -) using kernel density estimation

18: Compute error e; = max; |pA(T, 7) — pref(T, 2)| Or f [p2(T, 2) — pref(T, 2)|dz
19: end for
20: return {e.,-}jj.:]

Linear Stochastic Delay Differential Equation In this part, we take the linear
stochastic delay differential equation (4.80) as an example to demonstrate the
convergence rate of the numerical density function obtained via the EM method.
Figure 5.1 illustrates the convergence rate of the numerical density function for
the EM method, with parameters « = 2,8 = 1,0 = 0.5, and delay 7 = 1.
The terminal time is set to 7 = 8, and the time stepsizes are chosen as A =
273,274, ...,277, with a fine reference stepsize At = 27°. Subfigure (a) presents
the L'-error, and Subfigure (b) displays the L-error between the numerical and
reference terminal densities. The dashed line indicates a reference slope of order
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—o—EM method —e—EM method
Reference slope 1 Reference slope 1
S. 2 S .2l
g 10 5 10

(a) L'-error (b) L*-error

Fig. 5.1 Density convergence of EM method for (4.80): 0« =2,8=1,0 =0.5,7 = 1,£(t) =
sin@nt) fort € [—1,0], M = 5000, 7 = 8, A =23,274 ..., 277 At =27° h = 04. (a)
L1-error. (b) L%-error

‘ 107 ‘
——BEM method —=—BEM method
Reference slope 1 Reference slope 1

102}

S .2 S

T o
103}

10 107 : :
10 102 10” 10° 103 102 107! 10°
A A
(o9
(a) L'-error (b) L*-error

Fig. 5.2 Density convergence of backward EM method for (4.82): ¢ = 0.5,7 = 1,§(t) =
sin@nt) fort € [~7,0, T = 1,M = 5000, A = 273,274, ..., 277 Awf = 27°,h = 0.4.
(a) L'-error. (b) L®-error

one. Both plots show that the numerical density function achieves convergence with
rate one.

Nonlinear Stochastic Functional Differential Equation In this part, we investi-
gate the convergence rate of the numerical density function via the backward EM
method for the nonlinear SFDE (4.82). Figure 5.2 demonstrates the convergence
behavior of the numerical density function for the backward EM method, with
parameters @ = 0.5, 7 = 1, and terminal time 7 = 1. The stepsizes are chosen as
A =273,2"4 ..., 277 while a reference solution is computed with Apr = 279,
Subfigure (a) shows the L'-error and (b) the L®-error between the numerical and
reference terminal densities. The dashed lines represent a reference slope of order
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one. Both error curves exhibit an approximately linear trend on the log-log scale,
indicating that the numerical density function achieves convergence with rate one.

5.5 Summary and Outlook

This chapter has studied the existence and convergence of the density function for
the 6-EM method of the SFDE. The content of this chapter is based on the results
presented in [10]. For related works on density functions for solutions of SFDEs, we
refer to [2, 11] for the study of the existence and smoothness of the density function
of the exact solution of SFDEs with globally Lipschitz drift; and refer to [19] for
the investigation of the asymptotic behavior for the perturbed densities for SFDEs
with small noise under the globally Lipschitz drift condition. We also mention
that for stochastic ordinary differential equations and stochastic partial differential
equations, density approximations have been well studied in recent decades, and
for interested readers, we refer to [1, 13, 18, 20, 22-25, 31-33] for the density
approximations of stochastic ordinary differential equations and to [9, 21] for those
of stochastic partial differential equations.

Our convergence results also indicate that the total variation distance between
laws of solutions for the SFDE and its discretizations vanishes to zero as the
time stepsize diminishes, while that between laws of functional solutions fails to
vanish due to the high degeneracy of the equation. This finding highlights one
of the main distinctions in asymptotic behaviors of the corresponding discretized
systems when compared to stochastic ordinary (partial) differential equations.
We mention some related results regarding the convergence of discretizations in
total variation distance, building on existing studies concerning the convergence
of densities for discretizations. For stochastic ordinary differential equations, the
convergence in total variation distance for Ito—Taylor type discretizations can be
obtained from the corresponding density convergence results in [1, 13, 20, 22-24],
with the convergence rate detailed in [3, 4, 27]. For stochastic partial differential
equations, utilizing the density convergence of discretizations, one can establish the
convergence in total variation distance for random field solutions of discretizations,
as shown in [9, 21]. The convergence behavior in total variation distance for the
Hilbert-valued solution of temporal semi-discretizations depends on the choice of
discretization methods, with some methods failing to converge; see e.g. [5, 6].

There remain several open problems concerning the study of density functions
of SFDEs, both from theoretical and numerical perspectives. Building on the results
established in this chapter, it is of interest to investigate whether the convergence rate
1 of the numerical density function can be achieved for SFDEs with multiplicative
noise. Another important question is whether the convergence rate of density
approximations can be established under weaker assumptions on the coefficients.
Furthermore, when the driving noise is rougher than Brownian motion, such as
SFDE:s driven by fractional Brownian motion or rough paths, the density functions
of solutions have been studied only to a very limited extent. In particular, for
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SFDEs driven by fractional Brownian motion, the existence and smoothness of
density functions have been obtained in [26]. However, for SFDEs in the rough
path setting, such results appear to be unavailable to the best of our knowledge.
Moreover, for both cases, the numerical approximations of density functions have
not yet been addressed. We therefore propose these problems as open questions for
future investigation.

The density functions of solution processes have a wide range of applications,
and one of them is in the study of hitting probabilities, which have been deeply
investigated for stochastic differential equations, see e.g. [14—17, 29]. In the
numerical context of hitting probabilities, the first result is [8], which presents a
noteworthy result: numerical discretizations can alter the hitting behaviors of the
system. Specifically, for linear stochastic parabolic systems, the critical dimensions
for the spatial semi-discretizations based on the finite difference method or the
spectral Galerkin method, and temporal semi-discretizations by using the expo-
nential EM method, are shown to be half of those for the original system. It is
worth mentioning that for the finite dimensional case, the numerical solution derived
from the continuous exponential EM method preserves the critical dimension of
the exact solution of the original system. This motivates a compelling direction for
future research to investigate the hitting probabilities for SFDEs. We note that in
this chapter, based on the density functions, we have shown that the solution and
the functional solution for the SFDE exhibit intrinsic distinctions. An interesting
question is to explore how these differences manifest in hitting probabilities, and
to understand the effect of numerical discretizations on hitting properties of the
original SFDE.

References

1. V. Bally, D. Talay, The law of the Euler scheme for stochastic differential equations. II.
Convergence rate of the density. Monte Carlo Methods Appl. 2, 93-128 (1996)

2. D.R. Bell, S.-E.A. Mohammed, Smooth densities for degenerate stochastic delay equations
with hereditary drift. Ann. Probab. 23, 1875-1894 (1995)

3. O. Bencheikh, B. Jourdain, Convergence in total variation of the Euler—-Maruyama scheme
applied to diffusion processes with measurable drift coefficient and additive noise. SIAM J.
Numer. Anal. 60, 1701-1740 (2022)

4. P. Bras, G. Pages, F. Panloup, Total variation distance between two diffusions in small time
with unbounded drift: application to the Euler—-Maruyama scheme. Electron. J. Probab. 27,
Paper No. 153 (2022)

5. C.-E. Bréhier, Influence of the regularity of the test functions for weak convergence in
numerical discretization of SPDEs. J. Complexity 56, 101424 (2020)

6. C.-E. Bréhier, Total variation error bounds for the accelerated exponential Euler scheme
approximation of parabolic semilinear SPDEs. SIAM J. Numer. Anal. 62, 1171-1190 (2024)

7. E. Buckwar, T. Shardlow, Weak approximation of stochastic differential delay equations. IMA
J. Numer. Anal. 25, 57-86 (2005)

8. C. Chen, J. Hong, D. Sheng, Influence of numerical discretizations on hitting probabilities for
linear stochastic parabolic systems. J. Complexity 70, Paper No. 101634 (2022)



270 5 Numerical Density Function and Convergence Analysis

9. C. Chen, J. Cui, J. Hong, D. Sheng, Accelerated exponential Euler scheme for stochastic heat
equation: convergence rate of the density. IMA J. Numer. Anal. 43, 1181-1220 (2023)

10. C. Chen, T. Dang, J. Hong, G. Song, Densities of stochastic functional differential equation
and its discretizations. J. Differ. Equ. 459, 1-38 (2026)

11. R. Chhaibi, I. Ekren, A Hérmander condition for delayed stochastic differential equations.
Ann. H. Lebesgue 3, 1023-1048 (2020)

12. E. Clément, A. Kohatsu-Higa, D. Lamberton, A duality approach for the weak approximation
of stochastic differential equations. Ann. Appl. Probab. 16, 1124-1154 (2006)

13. J. Cui, J. Hong, D. Sheng, Density function of numerical solution of splitting AVF scheme for
stochastic Langevin equation. Math. Comput. 91, 2283-2333 (2022)

14. R.C. Dalang, F. Pu, Optimal lower bounds on hitting probabilities for non-linear systems of
stochastic fractional heat equations. Stoch. Process. Appl. 131, 359-393 (2021)

15. R.C. Dalang, F. Pu, Hitting with probability one for stochastic heat equations with additive
noise. J. Theoret. Probab. 37, 3479-3495 (2024)

16. R.C. Dalang, D. Khoshnevisan, E. Nualart, Hitting probabilities for systems of non-linear
stochastic heat equations with additive noise. ALEA Lat. Am. J. Probab. Math. Stat. 3, 231-271
(2007)

17. R.C. Dalang, D. Khoshnevisan, E. Nualart, Hitting probabilities for systems for non-linear
stochastic heat equations with multiplicative noise. Probab. Theory Related Fields 144, 371—
427 (2009)

18. M.A. El-Gebeily, H.E. Emara-Shabaik, Approximate solution of the Fokker—Planck—
Kolmogorov equation by finite elements. Comm. Numer. Methods Eng. 10, 763-771 (1994)

19. M. Ferrante, C. Rovira, M. Sanz-Solé, Stochastic delay equations with hereditary drift:
estimates of the density. J. Funct. Anal. 177, 138-177 (2000)

20. J. Guyon, Euler scheme and tempered distributions. Stoch. Process. Appl. 116, 877-904 (2006)

21.J. Hong, D. Jin, D. Sheng, Density convergence of a fully discrete finite difference method for
stochastic Cahn—Hilliard equation. Math. Comput. 93, 2215-2264 (2024)

22. Y. Hu, S. Watanabe, Donsker’s delta functions and approximation of heat kernels by the time
discretization methods. J. Math. Kyoto Univ. 36, 499-518 (1996)

23. A. Kebaier, A. Kohatsu-Higa, An optimal control variance reduction method for density
estimation. Stoch. Process. Appl. 118, 2143-2180 (2008)

24. A. Kohatsu-Higa, High order 1t6—Taylor approximations to heat kernels. J. Math. Kyoto Univ.
37, 129-150 (1997)

25. V. Konakov, E. Mammen, Edgeworth type expansions for Euler schemes for stochastic
differential equations. Monte Carlo Methods Appl. 8, 271-285 (2002)

26. J.A. Leon, S. Tindel, Malliavin calculus for fractional delay equations. J. Theoret. Probab. 25,
854-889 (2012)

27. L. Li, M. Wang, Y. Wang, Error estimates of the Euler’s method for stochastic differential
equations with multiplicative noise via relative entropy (2024). https://arxiv.org/abs/2409.
04991

28. Q. Luo, X. Mao, Y. Shen, Generalised theory on asymptotic stability and boundedness of
stochastic functional differential equations. Autom. J. IFAC 47, 2075-2081 (2011)

29. C. Mueller, R. Tribe, Hitting properties of a random string. Electron. J. Probab. 7(10), 29 (2002)

30. D. Nualart, The Malliavin Calculus and Related Topics, Probability and its Applications, 2nd
edn. (Springer, Berlin, 2006)

31.J. Reif, R. Barakat, Numerical solution of the Fokker—Planck equation via Chebyschev
polynomial approximations with reference to first passage time probability density functions.
J. Comput. Phys. 23, 425-445 (1977)

32. L. Zeng, X. Wan, T. Zhou, Adaptive deep density approximation for fractional Fokker-Planck
equations. J. Sci. Comput. 97, Paper No. 68 (2023)

33. B. Zhou, H. Wang, T. Wang, D. Jiang, Stochastic generalized Kolmogorov systems with small
diffusion: I. Explicit approximations for invariant probability density function. J. Differ. Equ.
382, 141-210 (2024)


https://arxiv.org/abs/2409.04991
https://arxiv.org/abs/2409.04991
https://arxiv.org/abs/2409.04991
https://arxiv.org/abs/2409.04991
https://arxiv.org/abs/2409.04991
https://arxiv.org/abs/2409.04991

Chapter 6 ®
Large Deviation Principle of Numerical oo
Solution

Large deviations describe the asymptotic behavior of small probabilities of rare
events on an exponential scale. In Theorem 1.20, we have established the Freidlin—
Wentzell type large deviation principle (LDP) for the exact solution of the SFDE
with small noise. In large deviation theory, the decay rates of probabilities associated
with rare events are characterized by the large deviation rate function, which is
typically defined through a constrained minimization problem and, in general,
cannot be expressed explicitly. Therefore, it is of great interest to investigate whether
numerical methods can asymptotically preserve the LDPs of the underlying systems,
particularly when it comes to predicting rare-event probabilities that are of practical
significance. In this chapter, based on the weak convergence approach, we study
Freidlin—Wentzell type LDPs for 6-EM methods applied to SFDEs with small noise
in the infinite time horizon.

In Sect. 6.1, we first establish the compactness of solutions for both the skeleton
equation and the stochastic controlled equation of the §-EM method in Banach space
Cetn ([—T7, +00); R9). Using the weak convergence approach, we then show that
the 6-EM solution satisfies the LDP on Ce1n ([—7, +00); R?) with the rate function
given by the corresponding skeleton equation. In Sect. 6.2, we prove the existence
and smoothness of the numerical density function for the 6-EM method applied to
SFDEs with small noise. Combining techniques from the Malliavin calculus, we
also present the logarithmic estimates of the numerical density function and reveal
the relation between the logarithmic limit and the rate function of the LDP.

© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2026 271
C. Chen et al., Numerical Analysis of Stochastic Functional Differential Equations,
Lecture Notes in Mathematics 2399, https://doi.org/10.1007/978-981-92-1592-8_6


http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-92-1592-8protect T1	extunderscore 6&domain=pdf
https://doi.org/10.1007/978-981-92-1592-8_6
https://doi.org/10.1007/978-981-92-1592-8_6
https://doi.org/10.1007/978-981-92-1592-8_6
https://doi.org/10.1007/978-981-92-1592-8_6
https://doi.org/10.1007/978-981-92-1592-8_6
https://doi.org/10.1007/978-981-92-1592-8_6
https://doi.org/10.1007/978-981-92-1592-8_6
https://doi.org/10.1007/978-981-92-1592-8_6
https://doi.org/10.1007/978-981-92-1592-8_6
https://doi.org/10.1007/978-981-92-1592-8_6
https://doi.org/10.1007/978-981-92-1592-8_6
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6.1 The Freidlin-Wentzell Large Deviation of Numerical
Solution

In this section, we consider the SFDE with small noise (1.35) on the infinite time
horizon. For convenience, we recall the equation here

{dxf’e(t) = b(x> Yt + Jeo (YW (1), 1> 0, 6

x5€(0) =& e,

where € € (0, 1). The aim is to study the Freidlin—Wentzell large deviation of the
6-EM method of (6.1) by means of the weak convergence approach. The 8-EM
method of (6.1) reads as

{y“(rkm = YAt + (1 = 0)b(yy VA + by DA + Jeo (vl VWi, k €N,

yA ) =EWm), k=-N,...,0,
6.2)

where ytf’e(r) = BT YAE () + Sy () for r o€ (1, 1541], J €
{=N, ..., —1}. The continuous version for the solution of (6.2) is defined by the
linear interpolation of the solution. Here, for notational abbreviation, we omit the
initial datum on the notation y-€ and y®€(-) of the numerical solutions.

Fix the stepsize A € (0, 1). We denote

LA ([0, +00); R™)

+00
= {v : [0, +00) — R™ is measurable ‘/ |v(LsJA)|2ds < oo},
0

where [ 5] a is the largest grid point that no larger than time s. For any M e (0, +00),
set

+o0
Sy = {v € LQA([O, +00); R™) /0 lu(Ls]a)|?ds < M}

and
Ay = {v: Q x[0,4+00) = R™ | v(, 1) is Fr-measurable and v € Sy P-as.}.

It follows from [22, Chapter III, Section 28, Theorem 1°] that Sy is a Polish
space endowed with the weak topology. Introduce the space Cgu ([—7, +00); R%)
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consisting of continuous functions u : [—71, 00) — R? with u(r) = £ (), r €
[—7, 0], which is a Polish space endowed with the norm

o0
lullg ==Y e ( sup |u(n)])A
k=1

te[—1,4]

for some constant a > 0. Here, we recall that é’ nt ¢ ¢Int i the linear interpolation
of £(t;),i = —N, ..., 0 (see Sect. 3.2).

In order to present the LDP for the solution of (6.2), we consider the following
stochastic controlled equation

YA () = 200 + (L= )b ™A + 060y A
o (") (VesWr + v< () A), k€N, 6.3)
YA @) = 6@, k=—N.....0,

and the skeleton equation

WA (tg1) = wh () + (1= 0)b(w ) A + 0b(w; ") A
+o(wp A, keN, (6.4)
wi () = &), k=-N,...,0,

where v¢,v € LzA([O, +00); R™), and y,f’”é and wtf’v are defined as follows: for
re [l‘j,lj.,.]],j e{—N,...,—1},
A€ t'_l,_l_r € V_t.' €
v ) = ey )+ S (),
A, tivy1 —r r—1t;
wy ' (r) == ijA’U(fk+j) + Lw Y (thgj41)-

The continuous versions for solutions of (6.3) and (6.4) are defined by the
linear interpolations of the solutions, respectively. Define measurable mappings
6%, G* : C([0, 400); R™) — Cermt ([—7, +00); RY) respectively, by

6> (Vewe) +/'v€<LsJA)ds) = A, QA(/ v(ls)a)ds) = w(),
0 0

Introduce the auxiliary process of (6.4) as follows:

Av _ — _
{z () =E@M), k=—N, ... —I, 63

22 (1) = wh(n) — Ob(wh A, k€N,
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It follows from (6.5) that

22 (5) = 28V (tk—1) + b(w A + o (wi (o)A, k€ Ny

The corresponding continuous version {zA’”(t)},Z_r is defined as: for t € [tx, tx+1)
with k € N,

22U = 2NV + b(wi ) — 1) + o (wi )t — 1), (6.6)
where for ¢ € [—1, 0], the initial datum z2?(¢) is defined by the linear interpolation

of zZ2%(),i = =N, ..., 0.

Theorem 6.1 Let Assumptions 2.1 to 2.4 hold. Then for any A € (0, ﬁ] with

ay given in Assumption 2.2, the family of random variables {y*-€ ()}ee(o,1) satisfies
the LDP on Cy 1t ([—7, +00); RY), i.e.,

(i) for each closed subset F of Ceini ([—T, +00); R%),

limsupe logP(y*€(-) € F) < — inlf:l(x);
xe

e—0

(ii) for each open subset O ofCSI,n ([—7, +00); RY),

liminfe log P(y2€(-) € O) > — inf I(x),
iminfe log (y*“()eo0) = inf 1(x)

where the good rate function I is given by

| | e ,
1(f) = inf —/ (L] a)I2ds.
(veL (10, +00);RM): F=G2 (f; v(ls|»)ds)} 2 Jo

According to the contraction principle (see e.g. [11, Theorem 4.2.1]), we obtain
the following LDP for the family {y*- (t)}ee(o,1) for each t > 0.

Corollary 6.2 Under conditions in Theorem 6.1, for any t > 0, the family of
random variables {yA'G(t)}ee(o,l) satisfies the LDP on R? with the good rate
function given by

[(2) =inf{I(f): f € Cerm ([—1,00); RY), 2 = f(1)},

where I(-) is given in Theorem 6.1.

The proof of Theorem 6.1 is based on the equivalence of the LDP and the Laplace
principle. According to [15, Condition 2.1, Theorem 2.10], it suffices to prove the
compactness of solutions of the skeleton equation and the stochastic controlled
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equation (i.e., Propositions 6.4 and 6.6). We first give the a priori estimates of w?
and 724V,

Lemma 6.3 Let M > 0 and v € Sy. Under Assumptions 2.1, 2.2, and 2.4, it
holds that for any A € (0, ﬁ],

sup [w™ ()| + sup |24V (t) | < (1 + [EIIFTH K (M),
k=0 k>0

where ay is given in Assumption 2.2 and B is given in Assumption 2.4.
Proof By the definition of ¥, we have
%dle’“(t)F = (bw(i"). 22V (O + (0w v(le]a). 22 (0)dt
= (bl A (Le)a) = 06 A + bl = 1))
oL a) e — Le]a))dr
(o e a), 22 a) + bl = 1))
ol vl a) = L] a))dr
= [ = lt]a = 0P + (bwfi), wh (1))
+ (26wl )@ = Lt]a) + 24 (1t a). o (i v((t] a))

+lo @i )P = Lea) |

This implies

Ti41
122 () 1* = 122V ()1 + 2/ b(wi )2t — tx — O A)dr

173

Tk+1 A A Tk+1 A
+2/ (pwy ™), w ’“(tk)>dt+/ (4b(w ") — 1)
173

73

+2280 (1), o (why o) )dr

Tk A ’
+2/ lo(wy, o)~ — f)dr.
73

Using

1
b(wﬁjz) = Q_A(U’A’U(IJJA) —Z2V([t]n)),
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2ft2k+l (t—tr —OAN)dt = (1 — 29)A2, and fttk’f“ (t —y)dr = %Az, we derive

6
2 A A 2
22 gD = 122 @) P+ —5—lw™ (1) — 2 (@)

Ik+1 A A
+2/ (bw,?), w ¥ (1))dr
173

Ti+1 1 A A A Av
+/ 2(5(w ) — 20 () 4+ 2 (W), o (wy v (@))de
173

Tk+1 A )
+A/ o (wy,”")v(t)|“dr
173

- <(1 —0)? 260 — 1
- 02 02(1 +¢A)

JESRON

01 20\ av
+( (148 + — )l

41
A, 2
o (wy,”")v(t)|“dt

Tl A
+2/ (b(w; ™, wA'“(tk)>dt+A/
179

73

kt1 ]
+ / i 2(§(wA'U(fk)—ZA’v(lk))+ZA’U(fk)»U(wff’v)v(fk))df,
Tk

where in the last step we used the inequality

1

— |b|?
14+cA

2(a, by < (14 éA)|al*> +

for ¢ > 0. Therefore, by iterating, we obtain that for ¢ € (0, 1),

e |z Yty ) 2

k
= 22O + )0 (1A ) P — e 122 @) )
i=0
k

(1—6)2 20 — 1 _ _
= 22O + ( gz T 021 +én)  © tA) Ze% 28" @ l?
i=0

k
20 — 1
AN e [ e ) 4+ 20bw ). wh (1)
i=0

A
+ Alo (wp )Pl

1
+ 25 A 1) = 22 0) + 24 0. 0w () |-
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In virtue of (2.28), we can take sufficiently small numbers ¢, ¢ > 0 independent of

2
A such that (1;29) + 92?104:51& — e7*4 < 0. By Assumption 2.1 and the condition

a; —apy — L > 0, we have

— L
0(¢) — 0 (0) + 5 (0)*> < K + %w«p) — o (0)?

ay —ap+ L

0
<K+ IR0 0P + [ 0P ()).

where we used the Young inequality in the first step. Recall that Assumption 2.2
implies (2.7). As a result, we obtain

ay—ay+ L 0

> _T|¢<r>|2dv1<r>

2(p(0), b(@®) + lo(P)* <K — (a1 +a2)|p (0)]* +

0
+ 2ay f | () |2dva (r). (6.7)

Then, utilizing the Young inequality, (6.7), and Assumption 2.1, we see that
2B ey DI
Tk+1 20 —1_
< |zA*”<0)|2+/ @tMA[TCWA’U(UJANZ+2<b(wﬁj1),wA’U(UJA))
0

+ Alo (i H Pt a) P + o (wl)I?
6—1
0

1 2
|t s + = Tl )P ar

fhe1 20 — 1
SIE(O)—%(E)A|2+/O M| K + (e —ar —a) w1 a)

ay —ay+ L 0 0
+ T/_f lwii () Pdvi () + 2a2 /_T |wﬁj2(r)|2dvz(r)]dt

Tkt1 0
K [ (0 ) P AP+ [l 0P )

x [u([r]a)[*dr,

where [tTa :=min{ty >t :t; = kA, k=0,1, ...} and we used

sugmv(LrJA)F <A@ =/0 lo(lr)a)?dr < M.
z i=0
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Similar to the estimate of (2.15), we have that forn = 1, 2,

k 0
A et fr lwi" ()2 dv, (r)
i=0 -

L i1 A L+l =7 A F—1j Ay 2
=AY ) e | )+ G Pdu ()
j=—N i=0 Lj

-1 % ‘i
J+1 ot —r
t Jj+1 A, 2
<A E E el’“/ ————dv, ()W (ti4)|

. ‘ ‘s A
/:—N i=0 J
-1 & ‘i
) Ity —¢;
#8 3 e [T w0 P
j=—N i=0 tj
-1k ‘s
Jj+1 t'+] —r
<o 3 Y e [T g ot
j=—NI=—N j A
-1k .
(Nt — ¢
ka3 Y e [T et
j=—NI=—N 1
_! k Lj+1
s8¢t 3 Y e [T an s’
j=—NI=—N tj
k
e [ RN I e (O]
=0

Hence, utilizing this and the polynomial growth of b (see Assumption 2.4), we
derive that

e |28 () [

fht1 20— 1.
5K<1+||5||2<ﬂ+”)+f e [(Sr—e—ar —ar)
0

ar—ay+ L
("

+ 2a2>e”]

ar +

ap — L
x |wA’v(|_tJA)|2i|dt + Keltk+l + (IT “+ 2(12)6”—7:”5"2

Tk
+K/ (sup et rrs) P+ sup eIzl a)?)
0

re[—rz,t] rel0,z]

x [u(1]a)[*dr.
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Analogously to the proof of Proposition 2.4, parameters ¢ and ¢ can further be taken
such that

20 — 1 _ <a1—a2+L

7 c—ay—ax+ > + 2a2>e” <0.

Consequently,

e ZA (e 1P < K (14 [|E]1PETD 4 i)

Tkt 1
+Kf (sup eapwrr(iria)P
0

re[—r,t]

+ sup eI 2] ) ) (L) o). (6.8)
rel0,¢]

By Assumption 2.2, one has that for any ¢ € C?,
0
(#(0). b(9)) < p(0)[|b(0)] — a1]$(0)|? +a2/ |6 ()2 dva (r).

This, along with (6.5), implies that

A 2
127 (te4-1)1

> [ ()P = 20 AV (1), b(wy )

0
= [ ()2 = 08 (K = 201w (1s) 2 +2a2/ [wis () Pdva (1))
-7
2 0 A 2
> [ ()| —KeA—zeazA/ it () Pdva (),
-7
which yields
2 ()

> ¢ WA () — KOA™ ! —20ae'" A sup  eIA|wA (1] a) )%
te[—1,tk41]

Plugging (6.8) into the above inequality leads to
e w1y )

< KOA™ ! +20a2e" A sup A w11 a))
te[—7,tk+1]

Tk+1
+ K EPPED et + K/ (s eIt r(iraP
0 re[—r,t]



280 6 Large Deviation Principle of Numerical Solution

+ sup eI 220 (] )2 uclr) o) .
ref0,t]

Noting that the above estimate holds for any k € N, we have

sup  eHalwd (] a)?
te[—7,tk411]

< KOAe™ +20ae' ™A sup el ajwdr(r]a))?

te[—7,tk411

+ K1+ [§PFFD 4 et 4 K/

Tk+1 7] A 5
(s et Al
0 re

[—7.1]

+ sup A (1| )P lu(lr) ) Pt
rel0,7]

Now we choose a number ¢ such that ¢'* < % Then for A € (0, éﬁ],

sup  e'MA (] a)
te[—7,tk41l

1
4

< K(1L+ [E[2E+D L oer) 4 K/

Tk+1
(sup el ()P
0 re

[—7.7]

+ sup eI A (] )R udle) )P,

rel0,t]
which, together with (6.8) gives that

sup MUl fa)P + sup A ()
te[—1,tg+1] 1€[0, 1411

< K(1L+ [E[2E+D 1 ooy 4 K/

Tk+1
(sup el wd ()P
0 €

re[—r,1]

+ sup eI 220 (] ) ) (L) o) Pdr.
rel0,t]

Applying the Gronwall inequality (see Proposition A.3) and using v € Sy, we
deduce

sup e‘L’JA|wA’”(|_tJA)|2+ sup e‘UJA|zA'”(|_tJA)|2
te[—7,tk+1l 1€[0,7+1]

Tk+1
<K+ ||§-||2(/3+1) + ety ek S e )P

< K(1+ [|&]2PTD 4 gthirt) KM
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This implies that

sup [w?? (#)| +;uple Y| < (14 IEIIFTHK (M),
k>0

The proof is finished. O

Proposition 6.4 Let M > 0. Under Assumptions 2.1, 2.2, and 2.4, for
any A € (0, ﬁ]’ Ky = {QA(fd v(lsla)ds)lv € Suy} is compact in
Cyin ([—T, +00); RY).

Proof Since Sy, is compact with respect to the weak topology, it suffices to
show that the mapping G2 o F is continuous, where F : LZA([O, +00); R™) —
C([0, 00); R™) is defined by F(v)(-) := fo v(|s]a)ds. Namely, letting v¢ — v in

AL v¢

Sy, we shall prove w — w ¥ in Cerm ([—7, +00); R9). First, we show that

forany k € N, sup; (0., w2 (2] a) — w2 (7] a)| = 0asv¢ — vinSy. By
(6.5) and the continuous version of z2-?(-), we have

%cﬂz” OEFRNOlE
= (bw(iY) = (). 24 () — A (1)de
+ (0wl a) — o (i u(lela). 22 (1) — 22V (1) de
= (bw{i") — b (i), b)) — b)) — 1] a)dr
+ (bt — bWt 0wl v (L))
— o (w vl a)( — Lt]a)d
+ (b — bwl®) w Y (L] a) — wh (L] a))ds
—OABWLY) = by bw(h) = bw())de
+ (o v (L)) — ol )v(le]a), 224 (1) — 24 (0)dr
This implies
122V (1) — 22V (k)

= 122 () — 22V @)1 + (1= 20) A2 b(wl ) — b(wl )

Tk+1 B
+/ 2wy ") = bw(i), wh (1] a) — w (L] a))dr
173

Te+1 . .
+A ) 2<(U(wﬁj1)_U(w@jZ))UG(LtJA),ZA’U ) — 2%V ()
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A,
+ A(b( UJA)—b(wUJZ))>dt
Tie+1 A A ve A
+f 2o wiDEa) = vlle)a), 257 (1) = 20 0)
Ik

Abwi™) - b(wmA))>dt

l\)lr—*

By 2[12"“ (t — t)dr =

b(w b(w

G = bt

— G—A(wA,ve(l_tJA) - ZA’UG(LIJA) _ (wA,U(LtJA) _ ZA,U(LtJA))>, (69)

and taking into account 1 — 26 < 0, one has

(1= 20) A2 b(wi") — b(w")?

=200 1 s Al

< S = e 2 ) = 2 )
— 206

+ 822 g ap e 1) — v,

62

where the constant c;, is defined by (2.2). Then we obtain

122 (1) — 22V (trsn) 2
_0)2 _

<((1 0) 260 — 1

-\ e 02(1 + ¢, A)

+ e AW (1) — wh ()

NV () — 22V ()

Tk+1 ;. .
+/ 2(b(wi,i ) = bwlit), w ([t a) — wh(Le]a))dt
175
Tkl A € Av . Ave Av
+/ 2@ @) = o @i a2 0 = 2200
73
¥ A(b( LtJA)—b(wmA))>dt
fle A € AL v¢ A
+/ 2(a<wm*A)(v (LeJa) —v(lt]a)), 287 (@0 — 220 @)
174

1
+ 54 (bwi) - b UJA))>dz, (6.10)
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Applying the Young inequality, one derives
flet A, v¢ A\ € AL v¢ AL
/tk (o wi) — ol (1]a). 2 (1) — 24 0)

1 A, v¢ A,
+ S AB@HTY) — b))

A A

_ fiet A€ Av € A€ A
= [ 2 i) — o i) e, A ) a) — ()
173

€ Tk+1 e
+Ah) - bwii)a+ [ el
Ik
— o (wh"))v (L] a) 1 Adt
Tk41 6 v . .
+L (0 @ii) —o]nve(le)a), o wfi))
W (Lr]a) — v(lt]a)))Ads

< et A v A2
= |U(wLIJA)_G(wUJA)| dr
I

Tet1 B
+K/ e )P (1247 (Leda) — 22Vl a) P
Tk
Y ([t a) — w V(L) a)?)de

et A€ A € 2
+A (o @l — o @d))ve (L] ) PAdr

Tkt 1 é ; . ;
+/tk (@l — ol v (Ltla), o whi'))
W (L1]a) — v(lt]a)))Adr, (6.11)

where we used (6.9) in the last step. Inserting (6.11) into (6.10), and then by
iterating, we obtain that for y € (0, 1),

[ A€ A, 2
eIz (feg1) — 27 (k)|

i A v¢ A, 2 i1, A€ A, 2
(71122 i) = 22 ) P = €12 (1) = 22 @) P)

2
(A 0F 20—
62 62(1 + c,.A)

- 1M

Il
o

IA

ZyAY AL E A, 2
— e ") (1) — 22 ()]
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AWt @) — wh @)
Tket1 ’ A.
+/0 M3 (2w — bl w (l112)
WA Avyp2 T A 2
(o)) +lo i) — oD |ar+ K [ e Maue(ie] o))
0
x (122 (L)) = 22 (LS P + T (L)) = (L] o) e

et v
A
+/0 e |a(thJ )

— o i (Lt )P Ade + T (1),

where J is defined by
J(s) :=/ 27 1150 (w1 @ (11).2) = v(L] ), A(a( N —ewly)

x v ([ a) + 22 (1) = 20 + 5 A(b(wm )= b)) Jdr.
It follows from Assumptions 2.1 and 2.2 that

A A, 2
eV 22 (1) — 22V (tet1)|

k 2
(1-6) 20 — 1 B )
< Vtivl _ YA LAY £) — A £ 2
=Y e ¢ @ =)

k
=Y (241 — L —c3 = (L +2a)e” ") Ae” i+ [w™ Y (1) — w™ ¥ (1))

i=0

Tk+1
& [ L) = P+ 0 ) = 0 e ]

x e’ 118 1p€ (1] o) [2dr 4 2Le? TTA)

Tk+1 .
xf sup (7182w (5] ) — w(Ls)2)P)
0

s€[0,¢]

x e (Lt]a) P Adt + J (teg1)-
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Similar to the proof of Proposition 2.10, one can take a sufficiently small number y
independent of A such that

_o)2 _
(1—6) -1y
02 62(1 4 c3.A) =

, 2a1—L—c) —(L+2a)e’" >0.
Then, we see that
VA (fg1) = 2B (1)
flet 2 A e A 2
< K/ WP sup (e a1z (U] a) = 22 (Ls o)
0 s€[0,7]

e A wA Y (U] 0) = wA (L )P Jde + T (). (6.12)

Denote E€(t) = fé a(wLAS}UA)(vé(I_sJ A) — v(|s]a))ds. Applying the integration by
parts formula yields

k Liti 1 . .
1) = Z/ + 26yti+‘<§A(0(w$'U ) — o (e NvE () + 24 (1) — 240 (0)
i Yt
I .
+ 380w = b)), dE0)
‘ 1 ‘
= Y207 | (SAE@ @) — o DU @) + 22 (1) = 22 0)
i=0

I=li+1

1 e
+ S Aba@) = bwp™). E0)

1=t;

Lit1 N
- [T e a0 - o]
14

1 €
- 2eyfru<E€(t), D@ @) = o @i (L)

+ 28 () — 220

1 A€ A,v 1=l 41
+ AWy - b(erJA))M,:O

tet1 d A€ ) — Av t
_ 2/ eyrﬂA<E€(t)’ (Z ( ) < ( ))>dl,
0 dt




286 6 Large Deviation Principle of Numerical Solution

which together with the differential form of A7 (1) — z2V(r) and (6.9) gives that

Tk+2
/7 AL v¢ A
J(ti1) < eV R2IES (1) |lo(wy ) ) — o (wy )] [v (L] a)lde
Tkt

+ KV | E€ ()

1 € €
o sup el (1A () = AU P [ (1))
t€[0,tr41]

— (L))

Tkt1 p <
=2 [T s {Ee 0, b = bl + ol v (L)
— ol (e a)dr.

By v¢(-), v(-) € Sy, Assumptions 2.1 and 2.4, and Lemma 6.3, we arrive at

J(tr1) < K(M)e"+1 sup (14 [w Y (1) 4+ [w V(¢ ) E (tx41)|
j=—N

1 €
+ KB )P+ 5 sup e (128 (Leda) = 22 (L) P
1€[0, %411

1wt (L) = w2 P)

Ti41 ‘
+ K/ MO 14 sup (w @)[F + w0 )
0 k>—N

>—

+ (14 sup [w® ¥ @)DIvE(Lt]a)l

k>—N

+ (1 sup [wA aoDlu(le) o)l Jdr
k>—N
< K(M)er™1 sup |E“WP + KM sup [E<()
te[0,tx 411 t€[0,tx11]

+ l Sup ey t]a
1€[0,1k41]

x (125 (L) = 22 UM P A+ [ (1)) = w (L] )P)),
(6.13)
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where we used the Holder inequality in the last step. Noticing that

1 AL v€ A, 2
e’ 22 (1) — 27V (kg1 |
ALve A 2
> e w™Y () — w P (fege)|
t A ¢ A, A ¢ A
=207 AW (t1) — w Y (1), b(wy ) — b(wy )

N A 2
> " w ™Y () — w P (fege)|

A€ A, 2
=207 A (= |t (1) — w05 ()|

0
+a f it () = wi () Pdva(r))
-7

A A 2
> e w™Y () — w P (fege)|

— 20" A sup e’ jwA (1) a) — wh V(1))
te[0,t541]

Av¢ A, 2
> eV WY (frg1) — w (1)

9 <
—— sup e’ wAY (1] a) —wi (] a) P,
16 1e10,1411

where we used A € (0, ﬁ] and we chose y such that ¢¥? < %. Thus inserting
(6.13) into (6.12) and together with the above inequality, we obtain that for A €

1
(O’ 4a26]5

A e A 2

eV WY (1) — w Y (fe1)|

fit1 B
st WP sup [er 818 (1) a) = 22 (s a) P
0 s€[0,7]
SRR U (EIPY

1 ¢
— 0t sl Jdr 45 sup ez (Lega) — 220 (L) P
t€[0,t541]

9 1 ¢
+ (= + <) sup e’ A (1] a) — wh V(e a) P
16 8" e(0.4411]

+ K(M)e"™  sup |E(t)] + K(M)e’™'  sup |E€(1)].

t€[0,t541] t€[0,t541]
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Combining the estimates of e?%+1 |z2Y (1. 1) =22V (1x41)|? and ¥ %+ | w2V (4 1)
— w™ Y (fry1)|? yields that

sup e’ A IZAY (1] a) — 22 V(e a)
t€[0,t541]

+ sup e’MA AV (1] a) — wB V(L a) P
t€[0,te11]

Tk+1 B
=K [ IR s [ L)) s

s€[0,t

eI A (5] ) = w (Ls) ) Jar

1 ¢
+ = sup A (1] a) — 22(1) o) Pde
1€[0,tk41]
13 <
+—= sup e’ (1]a) — wh (1] o) *dt
16 te[0.1411

+ K(M)e""' sup |E€(t)| + K(M)e""™+1  sup |E€(1)|%.

t€[0,tr41] t€[0, 1411

Simplifying the inequality by combining like terms on both sides, then applying the
Gronwall inequality (see Proposition A.3) and the fact that v¢(-) € Sy, we obtain

sup e’ A IZAY (1] a) — 22V (el a) P

t€[0,t541]
+ sup e’ A (1] a) — wh (e a)
t€[0,te41]
< K(M)e""+1 sup |ES(1)| + K(M)e¥*+'  sup |E€(r)|%. (6.14)

t€[0,t541] t€l0,tx11]

To proceed, we now prove that sup,cro, . ) [E@)| — 0 as e — 0. We
begin by showing the compactness of {E€(-)}ec(o,1) in C([0, txy1]; Rd), where
C(0, tx+11; R4 ) denotes the space of continuous functions on [0, #;4+1]. According
to Assumption 2.1, Lemma 6.3, v(-), v(-) € Sy, and the Holder inequality, one
has

[ owhet st = st anas

1

< KM)(1 + €PN/ — 71,

“+o00
sup  sup ‘/ o)W (Ls]a) = v(Ls]a))ds
€€(0,1) te[0,+00) ' JO

< KM)(1+ |g|IFth,
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which, respectively, implies the equicontinuity of {E€(¢), ¢t € [0, +00)}ec(0,1) and
the uniform boundedness of {E€(-)}ec(0,1)- Hence, according to the Ascoli-Arzela
theorem, we obtain that { E€(-)}cc(0,1) is compact in C([0, #x+11; RY).

We next show that a(wa’Z)(ve(HA) —v(l-]a)) — 0as e — 0 with respect to

the weak topology of Sy, with some M’ > 0. For any h € LZA([O, +00); R™), by
Lemma 6.3, we have

> 2
/(; |G(thJA) h(t)|~dt
o0
- /0 K(1sup iy, I Par < KOD( + 7740,
[ =4

which together with v¢ — v as € — 0 in Sy yields that for any h €
L3 ([0, +00); R™),

/0 (h(1), a(wﬁji)(ve(l_tJA) —v(lt]a)))dz
= /0 (a(w@ji)*h(t), v(lt]a) —v(£]a))dt = 0 as € — 0.
This is to say that

o)W (L)) —v(l]a) > 0 as e—0

with respect to the weak topology of Sy for some M’ > 0. By [9, Chapter VI,
Proposition 3.3], we conclude that SUP;€[0,411) |[E€(t)| — O.
Together with (6.14), we derive that for each k € N,

sup  [w (Lt)a) — w™V(lt]a)> = Oase — 0.
tel0,tx4+11

Thus, by the dominated convergence theorem, we arrive at

hm lw? " —w™q

e—>0

Z ~% (" sup wA’vé(LtJA)—wA’v(LfJA)DA

te[O ]

I
M.—

Z “U(lim sup |w™ Y ([t)a) — w([t]a)])A = 0.

6—>Ote[0 %]

This finishes the proof. O
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A€

In order to obtain the boundedness of the moments of y , we introduce the

auxiliary process

Z8Y" () =&, k=-N,...,—1,

€ € ¢ (6.15)
Z5 () = yA U (4) — 0b(yy A, keN,

which satisfies that for k € N,

28" () = 2 () + b} DA + Veo (v Wiy

k-1 k-1

A €
+ 0 (v ) W (-1 A.
Define the continuous version Z2 ¥ (-) as follows: for ¢ € [#, tyy+1) Withk € N,

Z8(1) = 22 () + b ) — 1) + ea v (W) — W)

Fo RN @) — ),

and for t € [—1, 0], Z2¥"(¢) is defined as the linear interpolation of ZAY (1), i =
—N,...,0.

Lemma 6.5 Let M > 0 and {v}cc0,1) C Am. Under Assumptions 2.1 to 2.4, for
any A € (0, 1] and p € N4, we have

E[ s 125w+ B[ sup 18 (L]

tel0,t541] tel0,tx41]

< K(M)(1 + ||g||2PB+D)eeKMiis1

As a consequence, for sufficiently small € > 0, Z2 () and yA’v€ (-) belong to
L7 (Q; Cern ([—7, +00); RY)).

Proof Step 1. We show that for A € (0, A*] with some A* € (0, 1),

E[ s 125 (PP ]+ B[ sup 13 (L]

t€[0,te41] 1€[0, k411

< K(M)(1+ |57 FH) KM,
It follows from the definition of Z2-¥“ and the Young inequality that
125 () P
= 1Z5Y )P + b0 P A + elo (v S

F 2002 (@) — 0AbGL ), bOGEIA) + 2Z2V (1), Veo (U)W
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F2VEbOETYA, o (V)W) + o (e " v () [P A
F2Z8Y () + bR A 4 Ve ()W, 0 (v U e (1) A)
(1 —06)2 20 — 1
< ( .
2 02(1 + A)

1-20 20-—1 ¢
(5 + 1+ )y wr?

)12 o

F 2002 @), bR + Alo (i O 4+ Al (n0)]?

x (1227 @0 +bO AP +1o 0 IPA) + elo (v )W 2 + 2 M,
where

A - Ave AveN € A v€ A v€

M= (Veo (v VWi, o (3, " U (@) A + Z2Y (1) + by, " ) A).

(1-9)%
02

+ —22=1_ and using Assumptions 2.1 to 2.3,

Recalling the notation Ag A = RN

we have

A 2
1Z%" (111

¢ 2 1 €
< A0alZS W + == A P + KA

0
= 2a3 ALy () P+ 2L A ()P + 2L A / e () Pdvy (r)

-7
0
+2a4A / i ()R (r) + A|vf(zk>|2(|zA*” (1) + b HAP
-7
o0 IPA) +elo G ISWRP + 2
< Ap AlZBV ()12 + KA — as ALy (1)1 — RAIYAY (1)

0
+2LA/ eV () dvi (r) + 2as A
T

0
X/ " () Pdva(r) + €lo (" S Wi [
-7

+ AP (124 @0 + b AP + 1o (i A ) + 2 M,
(6.16)
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where R is a positive constant with R > 2L (which is similar to R» in (2.38)) and
we used the Young inequality. From this, we obtain that for p € N with p > 1,

p
(1Z% (D)) + as Ay @)PH9P < AD A1Z5Y )P + ) CLIS,

i=1
where fori =1,..., p,

i € . € 0 €
I = ApA1Z™Y (rk>|2‘1’—”[KA — RAIY®Y ()] +2LA / Iy " () Pdvi(r)

—-T

0
+2a4A/ v () Pdva(r) + elo (v ) Wi
-7

i

+ A @OR(1Z2 @0 + bl AR + 1o (" OPA) +2Mi ]
For the term 7§, applying the Young inequality yields that for y; € (0, 1),

€ —1 € _ €
IS <y AAJ AIZ @) PP + K (DA — RAAD A 1Z% (@) PP~V 1y @)

0 0

Ve () PPdvi () + K () A f e () PP dva (r)

—-T

+K<mA/

-7
0

FRA WP (122 WP + 1> @l + [ i)
-7

1 € _ € ~
+ AL 1Z8 ()PP (elo (v )Wl + 2M).
By (6.15) and Assumption 2.3 (see also (2.41)), we have

Iy (101 + 2a30 ALy (1)) >

0

<125 WP + KA+ 2008 [ 0)Pdvao, 6.17)
T

which implies

0
€ € € r—1
A @R < (1227 @R + KA + 2440 A / i () Pdva()

-7

x [y& (1))
<21Z5Y )PPV [y A (1)

0

€ € p—l
+ KIS 0P (KA +2a0A / i )P )
T
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where we used (la| + [N < (1 + ¢)|al? + C; 41b]? for g > 1 with ¢ = 1 in the
last step. In consequence,

—1Z5V @ PPy )

1 € € 0 € p—1
<=3 P+ K @l (KA + 2008 [ 0Pan)”
—7T
Inserting the above inequality into 7, we derive
€ 1 — €
I{ < nAAL AZ5 )PP + KA — ERAAS,;UA’“ )PP + K () A
N 2 0 A v¢ 2 0 AL v¢ 2
< (b2 aorr+ [ oPrane+ [ o)
-7 -7

0
FRAR P22 WP + 1> @ + [ 1 0P o)
—T
+ AL Z2 Y @0 PP D (elo (i Y)Wl + 2My).
For the term 75 withi =2, ..., p,

IS < N AAD AIZ2 7 (@) PP + K (1) A

0
x (14 A @ + f i (P dvi ()

-7

0
+ / Vi O)PPAv () + K MDA 102

-7

x (1727 @oP? + 1y @
0 A€ 2 —i 7A€ 2 i
+ / v Prdv () + KA 122 o PO
—-T
A€ 2i Moi
x (elo G VOWel + 1 Mel),

where we used A|v€(%)|?> < M P-a.s. Combining the estimates of the terms If,i=
1,..., p, we arrive at

A 2
|Z2Y ()P

< A+ KnMAL A 1Z5 )PP + KD A + T (R) + T

0
+ KADAR P (12 P + 1y @ + [ g o)PPdn @)
-7



294 6 Large Deviation Principle of Numerical Solution
€ _ A, € ~
+ KIZA @R (elo (v )sWil? + My )
P . ' e o
+K YOIz P (el (v sl + M),
i=2

where

T (R) = —(SRAL L = K ) ) Ay o

0 0
+ Ka( / i (PP v () + / it PP (),
0
T = K2 (> @l + [ o) Prav)

0 A e
+ / i PP dva(r).

-7
Then for y» > 0,

[7 AL v¢ 2
eV Z50 ()P

k
S 1Z5 O 4 ((L+ K A)AD ge® — 1) > e 257 (1) 7
=0
k k
+ K (el 3" e (J1(R) + Tin) + K (M) Y e Al (1)
=0 =0

0
< (125 P+ > P+ [ Pran )

-7
k ~
+ K Y2 er e 28 PO (elo (v s W + M)
=0

k p
+ K Y et YOIz )P0 (el (v s W + ML),
1=0 =2

Similar to the estimate of (2.47) in the proof of Lemma 2.5, take y; and y»
independent of A such that (1 + Ky, A)Ag’ Ae”zA — 1 < 0. Similar to the proof of
(2.50), by choosing R sufficiently large and further choosing A* sufficiently small,
we obtain that for A < A*,

k
3t (T (R) + Tn) < KIEI,

=0
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Hence,

&P | ZA () PP
. Tkt
< 1ZDY )P + K€ 2P +K e 4 K (M) / o (Ls) )2
0

x (sup e AIZAY ([ )P 4 sup e” I fyA (7)) ds

rel0,s] rel0,s]
k
+ K Y e ZA @) PO (el (v )W + M)
=0

k p
+K Y et 3 CHIZA )P (elo (o ISWiE + M),
=0 i=2

Moreover, it follows from (6.17) and the y-Young inequality that
7 e o) e
e M yAV @) + 2a30 Ae 7 |y A (1P

”n € n n
<er™ZA )P+ Ke P ™A +2a40Ae 7
0 A V¢ 244
X/ (fly;k’” r)** +K(J7))dV2(r)
—T

r2 - n r
< sup e?r t’|ZA’”€ (1‘1)|2 + y2a40 Ae r t sup (e” ”|yA’”e (t1)|2+€)
11 €[0,t] 11€[0,t]

~ 2y
+ K(y)Aer ™,

which implies

n r2 r2
sup e 1yA ()P < sup €7 ZAV )P+ KAe
11€[0,%] 11€[0,%]

n
by taking 7 such that 2jase ? © < 2a3. Then taking the pth power on both sides
yields that

sup e”?lA|yA Y (1] )PP < Ke?® + K sup e”2l8 128V (11 0))%P.
tef0,4] t€[0,1]

We conclude

sup eVZMA|ZA’”€(|_tJA)|2p+ sup eVZUJA|yA’“€(|_tJA)|2P
tel0,tk41] t€[0,t541]
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Ti+1

< Kot KA+ PP 4 o [ )P
0

x (sup e IAIZAY (] )P 4 sup e” I fyA (1)) ds
rel0,s] re(0,s]

j
+ K sup ) e 22 (i) P00 (elo (i Io WP + M)
i<k 2o

k p
+K Y e Y CHlZA )P (elo oW + M),
=0 i=2
(6.18)

where we used |Z2Y(0)| < K(1 + ||€]|Pt") due to Assumption 2.4. By virtue of
the Gronwall inequality (see Proposition A.3), one has

sup €V2L”A|ZA’UE(|_IJA)|2P+ sup eVZUJA|yA’”€(LtJA)|21’
tel0,tx 411 t€[0,7x+1]

J
< eK(M)M[K(] + ”$”2p(ﬂ+l)) + KePl+l 4 KsupZe}/ztzle,vf(thZ(pfl)
I=ki=o

k P
X <6|0(yt,A’v YW1 + M,) +K Zeyztl Z C;'ZA,‘UE (1) 2P~
=0 i=2

x (elo O H8Wi + 1MiI') | (6.19)

Applying the Burkholder—Davis—Gundy inequality (see Proposition A.5) and the
Young inequality, we arrive at that for y3 € (0, 1),

J
B[ sup 3 e 22 )PP (elo (oWl + M) |

I=k 120
k
< eAE[ Y ez )PVl ()1
=0
k
+ KE[ (Y2 ez (o)=Y
=0

x elo (2 )|2(|o(y$*“ WM 4125 () + |yA*”€<n>|2)A)2]
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Tkt .
ek [ B[ sup enniz (g
0 rel0,s]

+ sup LAy A (] )PP ds + s K (M)
rel0,s]

x (sup erlaizAY (e )
1€[0,t541]

+ sup enlA A () PP) + K g

t€[0,t541]

Similarly,
k )4 N
E[ Y ent 3 Cplz " )P (elo (it Howi + M) ]
=0 i=2

Tk+1 ¢
< eK(M)/ E[ sup el ZAY (1] 0) 2P
0 rel0,s]

+ sup P Ia A (L) Jds
rel0,s]

+ysKAD( sup eIz (L1 )P

t€[0,tx41]

+ sup erlila ()P

1€[0,tk+1]
+KE]77.
Taking expectation on both sides of (6.19), inserting the above two inequalities into

(6.19), letting y3 > 0 be sufficiently small, and using the Gronwall inequality (see
Proposition A.3) again, we deduce

E[ sup Pz (g )PP [+ E[ sup eyt (le) )]

t€[0,t541] t€[0,t541]
< KeK(M)(l + ”%-”217(/34-1) + e)’ztk+1)e€K(M)lk+1’

which implies

E[ sup (2% ] +E[ sup [y (L) a) ]

te[0,tx41] 1€[0,tk+1]

< K(M)(1 + ||g||?PBFTD )oK Mtkr1

We finish the proof of Step 1.



298 6 Large Deviation Principle of Numerical Solution

Step 2. We show that for A € [A*, 1],

E[ sup (2% ]+E[ sup [y (le)a) ]
t€[0,t541] t€[0,t541]

< K(M)(1+ [|§]PPPHD)ec kM,

The proof is similar to that of Lemma 2.6, and thus we only give the sketch of the
proof.
Similar to the estimate of I f for A € (0, A*], we have that for small constant

71 €0, 1),
— € _ 1 —1 €
I7 < DAL AIZE 0P + KGDA = SRAAL 1y ()7

0
+ KA (I @ + / i (DPPdua(r)

T

0 A
+ [ oPran)

-7

0
+ KA @P(1Z5 @ P + 1y @l + [ 1y ) PPdui ()
-7
+ AL1Z2 @ PP (el (S WRI + 2M ),
andfori € {2, ..., p},
A€ 2 A€ 2 0 A, v¢ 2
15 = Af 125 P + KGoar (5> @P? + [ e)Pran o)
-7

0
[l P ) + KODAW P (125 @ P + 1y ()
-7

° [ € .
+/ Iy |2”dw(r)> + KAD A 125 ()PP
-7
x (elo G2 Wil + 13 ).
It follows from (la| + [b])? = |a|? + |b|? for p € Ny that

|ZAY (1) PP+ af AP |y (1) [POFD

< 1+ Kpp) AL A1Z2 ()PP + KA + T (R) + T

0
+ KA @P(1Z5 @ P + 1y @l + [ 1y ()PP dv ()
-7
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€ _ € ~
+ KIZ5 @) PO (elo (i) Wil + 27

14
+ K Y CHlZA )P0 (elo (v )sWil + |Mk|l),
i=2

where

> p -1 €
T (R) = = RAT L Ay @),

0
Feo = KA? 1y w02 + / i PP dvi ()
-7

0 A
[ oPran).

Similar to (2.54), by taking y; and jy, sufficiently small such that
1+ Kp)?l)Ag’A*eV2 — 1 < 0, we obtain that for A € (A*, 1],

v N 2
eV Z2V (e )| 7P

k
< |ZAQU€O)|2P + KePl+l 4 Zefztm:%l(R)
=0
k ) k )
+ 3 e iy — al AP [y )PCTO) + K (M) Y P AR (1)
1=0 =0

0
x (1Z2 P+ > P+ [ P o)
-7

k
+ K Z 2 |ZA’UE (tl)|2(17*1) (€|O.(ytlA,v€)6Wl|2 + 2Ml>
=0
kK »r
+ K YRy CHZA )P (elo (i HSWiE + M),
=0 i=2

Then by the similar procedure to the proofs of (2.56) and (2.57), and choosing a
sufficiently large number R independent of A, we conclude that

k k
D ePT(R) + Y €PN (T — al APy Y (1)[PTY)

1=0 =0

< K(|E]1P + 1 4 7k,
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The remaining proof is similar to that of Step 1 and is omitted.
Combining Steps 1-2 finishes the proof. O

d
Proposition 6.6 Let M > 0 and {v€}cc0,1) C Am such that v¢ —(>) v as Sy-

€—>
valued random variables. Under Assumptions 2.1 to 2.4, it holds that for any A €
©, ga5)

6 (vew + /0 v (ls)a)ds) QA(/O v(ls]a)ds).

e d d .
Proof To show y®+? —6 w?? as ve —()) v, by the duality formula for the
€—> €—>

Kantorovich—Rubinstein distance (see e.g. [27, Remark 6.5]), it suffices to prove
that E[1 A [|y2Y" — w??| 4] — 0 as € — 0. Note that

lim E[1 A y&" — wh
lim E[1A [y = w™ o]

Mg

61 E[l A <Ae_a”‘ sup |y () — wA’v(t)|>]

1€[0,7]

>-
Il

A~ 11mIE[(e“’kA DA sup [y () — A’v(z)|].

t€[0,1;]

E%g

w—
I
_

Hence, we only need to show that for any k € N,

lim E[™A™) A sup [yA () —wt ()] | =0

t€[0, 1]
By virtue of
Z8V (1) — 200 = 28 (L) — 2L a) + (BOG)
— b(w}yi))( = Lt]a)
+Vea (W) — W(lela))
+ (el a) — ol )Hu(tla) (¢ = Lt]a),
and the Itd formula, we have that
Az @ = A 0P
= [2(22 0 = 200, b0G 1) — b))

+elo RO +2{Z% (1) — 20, o (v (L))
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— ot v(le]a))]de
+2VE(ZA (1) = 2 @), o (AW ().
Further utilizing
AT (N
=y (leda) — w1 a) — 0 (b0 ) — b)) A,
we deduce
Az @) — 220
= [2<yA’”€<mA) — w1t a) O = b))

—20A[b(y1}") — b +2(bG)

— b — Lt]a) b)) — bw ()

A

301

+ 2o (v (Ll a) — o (L) a), (BT ) = b ) = Lt]a)

+ 280 = 28 0) + el (1R ar
+2Ve(b) = bw(i), o W (@) — W(lela))de
+ 228 (1) = 22U (@), o (v AW ().

By the Young inequality, we have

125 (s) = 2V (o)

= /(; I:Q«()’A,UG(LIJA) — wA,v(l_tJA)7 b(yLAtJ’ZE) B b(wﬁjz»

+2(t = Lt = 08)[ORY) — blwy [ Jar + /0 2o v el a)

—o i u(lra) (PO = b0 — L)) + Z5 (1) = 22 0)

+elo Gl DR]a +2vE [0k = bl a0
— W(Lr]a)))dr

+2¢Ef() (ZAvve(t)—zA’”(t),U(yLAtjf)dW(t»
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< /0 [2(yA’”‘<mA> —wh (L] a), bOGTY) — bwhit))
+loGi) —owl)P
+elo P dz+1</ )P 5 (0 ) = 0 (U] )
+ 28 (L]a) = 220 ]a) + 25 () - z“(f)\ dr
+/0S 2o ) (v (L]a) = (L)), (BOA) = b)) — L))
+ 28 @)
A”(t)dt4r2~/'/ (UMY = bl o ()W) — W(lt]a)))dt
+2¢E/O (Z2(0) = 220, o (AW (),

where we used ft:‘“ 2(t — |t]a — OA)dr = (1 —20)A?% < 0. It follows from
Assumptions 2.1 and 2.2 and

s r0
/0 / vt ) — w1 (r)dt
-7
N
S/O YA (L] a) — wh (L) a)Pde Vi=1,2
that
|ZA,U6 (S) _ZA,U(S)|2

s/o [ 261 — a2 = Dy (U] ) = 0 (1) )P + elo (2P Jar
+Kf (Ll sup (Iy* (Lrla) — w™ U (Lrfa)P?
0 rel0,t]

+1Z5 () = B () ) dr

L EI(5)+2VE / (O = b, o AW @) — W(lr) a))dr

+2¢E/0 (Z%Y (1) — 22 (0. o (AW (@),
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where

E\(s) = /0 2o (whi’) (v (Le)a) = v(Lela). (BGRTY) = b)) = Lt]a)
+ Z8 (1) — 220 (1))dr.
By a; > a> + L, we arrive at

ANORESOE

sup (IyA (LrJa) = A () )P + 1257 ()

rel0,t]

S Y N
0
2O )+ [ elathi P+ 1)
0
+24/€ /O BOA) = bl o AW (@) — W(lr)a))de
+24/€ fo (Z2 @0 = 2200, o (AW ().

Denote E€(t) := f(; o(wLAr]UA)(vE(LrJ A) — v([r]a))dr. By virtue of the Malliavin
integration by parts formula, one has

Ei(s) = 2(E(s), (b(yiy" ) — bwy" )(s — LsJa) + Z4V () — 22V (s)
2 /0 <E6(t), 26 — b)) dr + Veo (v AW ()
(e R t)a) = o i u(le a))dr)

< KIES(9)]* + }lwv'f(mm —w™ V(s )

+ %|ZA'U€(|_SJA) — 2Ll
+ }Uzw(s) -2 - 4/0S<E€<t), by ) — b(wyi’))de
- 2/; (B (0002 = oh)ve e
_ 2/(: <E€(t),o(wﬁj1)

x (v(Lt]a) = v(lr) ) Jdr = 2V/E /0 (E<(1), o (v )dW (1))
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1 p
<K sup |E‘(n)* + Z|y“ (Ls]a) — w™V(LsIa)l?
rel0,s]

1 e
+ = sup |Z8V () =22V
2rE[O,s]

+1<f0 (e >+ 1)

x sup (IyA (Lr)a) = i (L)) + 125 ()
rel0,¢]

- R -2ve [ UEC@), 0 6 W),
where we used
2/03<E6(r>, o W) (1)) — v(lt]a))de
- 2/O‘Y<E€(z>,dE€(r>> — B ().

Note that

1Z2 (1) — 22 (1))
> [yAY (1) — w1 = 20 A2 (6) — wi (@), b)) — bwh ™))

= [y 1) — w2 = 20A( = anly ) — w (o
0 A A 2
o [0 = wi o)),
-7

which implies

1Z25Y (1) — 22 (1) |2

> [y2 Y () — w (1)) — 2420 A sup YA (Lrla) — w (el a) P
rel0,#]

Then,

A (1) — w Y (1)

<2abA sup [yAU(t]a) — wAr(lr)a)?
te[0,1]
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17 . )
+K/ (I (L1] )P+ 1) sup <|yA’U (Irla) — w™ (r )P + 122 (r)
0 ref0,1]

174
=S R)ar+ [ ot
+2.€ f (b2 = byt e R W (@) — W(Lt]a)))dr
+2¢2/0 (Z5Y (1) = 220, o (v AW (@)

1 ¢
+K sup |ES(n)|* + ZM"’ (tr) — w™ ¥ (1)

rel0,4]

1
+5 sup |28 () =2
2 ref0,4

T+ osup 2ve [ (—E, o (iAW (1))
rel0,#] 0

Under the condition A € (O, ﬁ], and noting that the above inequality remains
valid when the left-hand side is evaluated at any #;,/ =0, 1, ..., k, we have

1
5 sup [yA (L)) —wht ()P
t€[0,1;]

Ik . )
SK/O (W (LI + 1) sup](|y“ (lrJa) = w™ () )P +1Z2%Y ()

rel0,t

Ik A €
=S R)ar+ [ ot
+2€ / (OO = bwlyi®). o ()W) — W(lt]a)))dt
12/e /0 HZA () = 22, 0 (AW D)

1 <
+K sup [ES(H)PP + = 1y™ Y (1) — w™ () |
rel0,1] 4

1 ¢
+ = sup [ZAV () — 220

rel0,t]

17 ;
—2J€ /0 (E€(1), o (y(;}Y AW (1)).
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Combining the estimate

1 ¢
5 sup 1257 () =AM
t€[0,2]

179 . .
ff Ko (P + 1) sup (I (r)a) = w () + 124 ()
0 ref0,1]

17e ;.
=M R)ar+ [P

N S“p](/o (O = bhi), o W @) — W(lr]a)))dr

rel0,;

+ /O (Z% (1) - zA’”(r),a(yﬁjf)dWa»)

1 ¢
+ K sup [ESP+ 5 sup [yS (Ls]a) = wt(Ls)a)l?
rel0,;] s€[0,1;]

+20e sup /0 (—E“(0). 0 G2 )aw o),

rel0,t;

we therefore arrive at

1 € 1 €
— sup [ZAY () =AU+~ sup AT @) —wt @)
2 1e10.) 4 4€00...00)

179 . )
SKfO (Lt )P+ D sup (v (r)a) = wi ()P +1227 ()

rel0,7]

173 e
- ZA’”(r)|2)>dt + 2¢ / o (v} )17de
0

+4ve sup ( /O (b3 = bWt o U)W () — W(lt]a)))dt

rel0,t]

+/O <ZW(r)—zA’“<t),o(y§jf)dW(r)>)

+ K sup |[E€(1)|* + 44/ sup /(—Eé(t),a(yﬁjf)dW(t)).
0

t€[0, 1] rel0,t]

Applying the Gronwall inequality and v¢(-) € Ay, we arrive at

sup [Z8V (1) — 22V + sup [yA U (Lela) — wi(Lela) P
te[0,t] te[0,1]
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179 ;
< kK e [ClothPar
0

e sup (/0 (bR = bwli®), o (F W (@) = W(lt]a)))dr

rel0,;

+/0 VARNOE ZA’U(I),o(yLAlJ‘Ze)dW(t»)

+ sup |[ES(0) + Ve sup]/0 (—E< (1), 0 (5 W ).

tel0,1] rel0,t

Utilizing Lemmas 6.3 and 6.5, the Burkholder—Davis—Gundy inequality, and the
Young inequality, we obtain

E[™A™) A sup [y (l]a) = wA (L] a) ]

te[0,1]
K A€ 2 fk A A
< Ke’“M”k{e/O B[+ [y s | ]dt+¢€/0 E[|b(ym’§ ) = b(w i)
X IU(yLAth MNIW (@) — W(LIJA)I]dt

+vee[( [ "2 ) - B Pl P |

1 . %
+ sup IE[|E€(I)|2/\(ealkA_l)]+\/EE[(/0 |E€(r)|2|o(y§j2)|2dz) ]}

1€[0,7]

< KD [(1 4 6 12P0) e + /&) + B[ sup [E“0)P A e a™)]].

1€[0,5]

d
It follows from v¢ — v that
e—>0

lim IE[ sup |ES(1)2 A (e“”‘A_l)] —0.

€0 1[0, ]

Consequently, letting € — O finishes the proof. O

6.2 Logarithmic Estimate for Numerical Density Function

This section is devoted to the logarithmic estimate on the finite time horizon
for the density function of the 6-EM method (6.2), based on the smoothness of
the numerical density function and the technique of the Malliavin calculus. The
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constant 7 > 0 is fixed in this section. For the numerical solution y*-€(-), under
Assumptions 2.1, 5.1-5.3, it follows from Theorem 5.2 that for any A € (0, 40(15)
and k € N, y2€(#;) admits a density function denoted by p*€ (1, -). We introduce

the following assumption to ensure the smoothness of p*€ (#, -).

Assumption 6.1 Assume that coefficients b and o are smooth with bounded
derivatives of arbitrary orders.

The proof of the smoothness of the density p® € (#, -) depends on the estimate of
the Malliavin covariance matrix y; of the numerical solution y2:€(t;) and the result
that y2-€(1;) € D®(RY).

Lemma 6.7 Let Assumptions 2.1, 5.1, 5.3, and 6.1 hold. Then for any p > 1 and
1 . . . .
A € (0, 49(a5V(2\|Db||£(cd.Rd)))) with as given in Assumption 5.1,

[ det(yga) " lzr@ < Ke @A

Proof Since det(y;A)’l = H?:l ){1 < ()»I;iln)d, where A;,i = 1,...,d are the
eigenvalues of y;,A and Apin ;= min{}A;,i = 1,...,d}, it suffices to estimate the
smallest eigenvalue of y ; » - For the Malliavin covariance matrix y;¢ of the numerical

solution yA €(tx), similar to the recursive relation (5.17), for any A € (0, 49[15)
using the equality

1

AS oy = (daxa = 0Db(y O (IMdgxa)A)
=Idgxq + Aj,NA_IGDb(yt@’:)(I[O]Iddxd)A, (6.20)
we derive
Amin(Vga) = min  u'yS.u
uelRd, |u|=1

. T/ g€ T
zeA min TAS v oGS Do i DTS ya_ T

=€A min [cr (y, )"

)U(yt
ueRd |u|= 1

NA—1 NA—1

+ A5 ya_ 10060 U Mdaxa)o (s )

xo(is VTA+oGrs Yol )T

NA—1 NA—1

X (A ya_10Db( O Mdaxa) )T

I,LNA—1

A, A,
+AiNL1QZ)b(y,N:)(1[0]1(1dxd)Aa(y,NA6 Jo (nyA )"

1

x (A;NL]epb(y,fvf)(I[O]Iddxd)A)T]u. (6.21)
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According to Assumption 5.3, the fact ||Ai va_ilz@ra;rey < 2 showed in the proof
of Theorem 5.2, and the inequality

N =

2|45 ya_10Db( U Mdaxa)|A <

1 .
for A € (0, 49(“5V||Db”acd;ugd)))’ we obtain
€
Kmin(VNA)
1 . T Ae Ae T
> 2 , ,
sl ZGAMERI}}}‘I’L:IM U(ytNA—l)a(ytNA—l) u

, 1
+eA  min uT[(ZIddxd+AT,NA_IOZ)b(y,fV’:)(I[O]Iddxd)A)

uelRd, ju|=1
Ae A T
X G(ytNA—l)U(ytNA—l)

1 T
0 Giys_ )0 O )T (GMdaxa + A ya_ 00507 O daxa)A) u

1 . . 1
> —€A min MTO’(y,Af )cr(y,A’A6 )Tu +eAop min uT<—IddXd
2 ueRd|ul=1 NA-I NA-1 ueRd ju|=1 2

+ A ya_ 0DbGi O U daxa) A

.
+ (A5 ya_,0Db( O Mdga) A)u

1 . . T T
> —eA inf min  u'o(@)o(@) u
¢peC? ueR? Ju|=1

1
teAop min (§|u|2—2|u|2|A?NA_IGZ)b(y,f]f)(I[O]Iddxd)|A)

ueRd, ju|=1

1
> EEAO’(), (6.22)

where in the first step we dropped the last term in (6.21) and og is given in
Assumption 5.3. This gives that det(y]f,A)_1 < (%erA)_d. m|

Similar to proofs of Lemmas 5.1 and 6.3 with ¢ = 0, we obtain the following
regularity estimates of y2-€(-) and w®?(-).

Proposition 6.8 Under the conditions in Lemma 6.7, for any T > 0, p € N4, and
A € (0, z550),

A 2 A 2
sup |wh <ol < Kr, B[ sup yA@ol?] < Kr.
0<u <T 0<u<T
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Moreover, forn € N4,

sup E[ sup |Dr1,...,r,lyA’€(tk)|p] <Kr.

riVe- Vi, <ty <T

Therefore, yA’e(tk) € ]D)OO(Rd)fork =1,2,...,NA.

Proposition 6.9 Under the conditions in Lemma 6.7, for any k € Ny and A €
© ))), y2€(tx) admits a smooth density p™€ (., -).

1
> 40(asV 2IDbI ycd.ga)
Proof The proof follows from Lemma 6.7, Proposition 6.8, and Theorem C.9. 0O

The limit of the logarithmic estimate on the finite time horizon of the numerical
density function is closely related to the rate function of the LDP of {y®:€ ®)}eco,1)
for ¢ € [0, T]. To proceed, we list the LDPs of {y®*¢(-)}ce(0.1y and {y**€(*)}ec(0.1)
in the following proposition, whose proofs are similar to those of Theorem 6.1 and
Corollary 6.2 and thus are omitted. Denote by Cgru ([—7, T R¥) the space of all

continuous functions u : [—7,T] — R? with u(r) = gty for r € [—1,0],
endowed with the norm ||M||C$1m([_.[’T];Rd) = SUp,e_q, 1 [U(?)]. Let

T
LZA([O, T; R™) := [v : [0, T] — R™ is measurable ‘/ lo(Ls]a)|Pds < oo].
0

Proposition 6.10 Under the conditions in Lemma 6.7, it holds that:

(i) The family of random variables {yA'e(-)}ge(o’l) inCemne ([—7, T3 RY) satisfies
the LDP with the good rate function given by

. 1T
Ir(f) = inf . / [u(Ls]a)I2ds.
{veLZ (0. 71R™): f =6 (J; v(ls)a)ds) | /O

(ii) Foranyt € [0, T1, the family of random variables {y™* (t)}ee(o,1) satisfies the
LDP in R? with the good rate function given by

L@ =int{Ir(f): f € Cam(~T, TERY, z = f()}. (6.23)

Now we state our main result as follows.

Theorem 6.11 Under the conditions in Lemma 6.7, for any k € N and sufficiently
small A > 0,

lim elogpA’E(tk, y) = —itk()’), y € R?.
e—0
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We prove Theorem 6.11 by introducing the following equation

VAU () = YA () 4 (1= OB ) A + 0b(E A + e (yE )W
+o(y A, keN,
yA,e,v(tk) =&(ty), k=-—-N,...,0,

where ytf’e’” is the linear interpolation with respect to y2€(ti_n), ..., yY>(t),
and v € L% ([0, T1; R™). Define Z2+? as follows:

T2 (tr41) = Z2V () + (1 — 0)Db(wy ") Zp " A + 0Db(w; ) Zg ) A

Tk+1

+Do (w; ) Zy vt ) A + o (wiy )SWe, k€N,
ZA%) =0, k=-—N,...,0,

where w?? is the solution of (6.4), and Z,i’“ is the linear interpolation with respect
t0 ZAV(ti— ), - ., ZA P (1),
Introduce the auxiliary processes associated to y2-€V and Z*?, respectively as

Z8¢V () =), k=—N,...,—1,
Zh (1) = YA () — 0b(yi A, k=0,

and

ZA%(t) =0, k=—N,...,—I,
750 (1) = ZY (1) — 0Db(wh )2 A, k> 0.

For k € N, they satisfy that
Z2 (1) = ZV (1) + by O A + Veo (3 S Wi + o (3 v () A,
and
Z5 " (tes1) = 22V (1) + Db(wy ) Zg " A
+ Do (wp VL " v(t) A + o (wi V)W,
respectively. Moreover, define the continuous versions Z A€y and ZA'”(-) by

ZREV(t) 1= ZNV (1) + by O — 1) + Veo (i YW () — W ()

+o (v @)t — 1),
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ZAV(t) =75 (i) + Db(wpy )" (t — 1) + Do (wi ) Ziy vt (¢ — 1)

+o(wp YW (@) — W(t)

for t € [t, tx+1) with k € N, and as usual, the initial data are defined by the linear
interpolation.

Similar to the proof of Lemma 5.1, we obtain the following regularity estimates
of y2€v ().

Proposition 6.12 Ler Assumptions 2.1, 5.1, 5.3, and 6.1 hold. Then forany T > 0,
peN, and A € (0, ﬁ),

E[ sup [y @] < Kr.
0<t<T

Proof of Theorem 6.11 We first prove

lim sup € log p™ (14, y) < — I, (y). (6.24)

e—0
By Lemma 6.7 and the boundedness of the pth moment of y®:€(-), we obtain
IO M@ < Kl det(y) 20y < Ke AT
This, combining (6.23), Proposition 6.8, and [13, Proposition 4.1] finishes the proof
of (6.24).

Next, we show that liminf._, ¢ € log pA'G (tx, y) > —f,k (y), whose proof is
divided into the following five steps.

Step 1. Prove that for any p > 1 and A € (0, ﬁ] A (O, W]’
E : £cd:rd)

limE[ sup [y - wt @ol” | = o0.
e—>0 0<k<NA

By the definitions of Z2:¢V and z2?, we have that for p > 2,
t
p
254w =20 < K] [ bodi - b))
0
LA
+K| / o (A" v(ls]a)
0

t
_ a(wLASJUA)v(l_sJA)ds‘p v K‘\/E/(; o (2w s
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It follows from the boundedness of derivatives of b, o, and the Burkholder—Davis—
Gundy inequality (see Proposition A.5) that

IE[ sup |ZA’6’”(I)—ZA’”(t)|”]
t€[0,T]

T T
< Ky /O E[y(yS" — wiy IP1ds + Kr fo EllySjs"

s mas( [ 2051 4+ kred [ (14 EQy 1P
—wmAH ] S( A [v(ls]a)l s) + Kre 0 ( + [”yb'JA I ]) 5

T
< Ky / E[ sup [y>V(Lr]a) — w(Lr]a)lP1ds
0 rel0,s]

T
P A
+kret [C (BN IS
0
Moreover, we have
Iy A€V (teg1) — w ()]
< |Z2V(trs1) — 25V ()P

+ 20 A0 (tgr) — wh U (1), b TY) — b(wg )

<|Z%(y1) — 220 ()P +40asA sup [y V() — wi V()
0<k<NA

1 .
By A < Soas We obtain

sup  [yA U —wh )P <2 sup |28V — 22V w)lR (6.25)
0<k<NA 0<k<NA

which implies that

B[ sup 1y — )]
0<k<NA

T
< KT/ E[ sup |y>V(Lrla) — w(Lr)a)[P1ds
0 rel0,s]

T
b Kret / (14 sup Eflly2S°171)ds.
0 s€[0,T]

According to Proposition 6.12 and the Gronwall inequality, one has

E[ sup 1y - wi@)”] < Kref,
0<k<N%
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which finishes the proof of Step 1 by taking € — O.
Step 2. Prove that for any p > 1,

lim ]E[ sup YA€V () — ZA’”(tk)V’] =0,
€ 0<k<N2

where Y48 (5) i= —= (vA (1) — wh (1)),
By the definitions of Z2:€(¢), z2V(¢), and ZA-V(¢), we arrive at

i(zA’”(r) — 280 = ZAV (1) = (1) + () + (1),
Je

where

t
. 1 ALev Av Av Av
A (1) .=/0 [ﬁ(b(ytsm )—b(wMA))—Z)b(wmA)ZLSJA]ds,

! 1 €,V U
() = fo [ﬁ(a(yﬁm y(ls)a) — ol u(lsa))

— Dol HZ Y v(ls)a) [ds,

1
0= [ [r08H —awiJove.

For the term 27, utilizing the Burkholder-Davis—Gundy inequality, we deduce that
for p > 2,

T
B swplat017] < B[ [ 1" - vl 1re]

t<T

T
<kr [ B[ swp Aot -t Jas < Kret,
0 0<k<NA4

where in the last step we used Step 1.
For the term .27, by the Taylor formula, we obtain

A€ v Avy Av A,e,v A,v
b(ysis ) = bwgj,) = Db(w gy IO — wigj,)

1
2 A,
+/0 (1= )D°b((1 = HHw s

A€ v A€, v A,v A,e,v A,v
+o¥sa s O3 = wig o LTy — W)
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which implies

A A, A A
T(b(ymzv) b(wisj,)) = DbwisOZy,

A, A€, A, 2 A,
= Db(w|, | )Y 0" = Z)) +/ (1= )D*((1 = wy,,

A,e,v Aev A€ v
+ oy ds (Vs v Bist = wiih): (6.26)

where Y@JZU = f(yLAS - st 1) It follows from Assumption 6.1 and Step 1
that for p > 2,

E[ sup (0]

t<T

T
) ,€, A
= KTE[/ AYSSY = 27 + Y I = stJA”p)ds]
0

T
< Kr [ E[suply i) =22 a1 Jos

r<s

T
+KT6*§/ E[ sup Iy - whr o Jds
0 0<k<N%

T
< Kr [ E[sup vt (rh) = 22 (s as + K.
0

r<s

Similarly, for the term 2%, by virtue of the Taylor formula, we have that for p > 2,

B[ sup |#(1)1"|

t<T

T 1
<s[([ Joewipot—zi+ [a-o

2 A€ v A€, v A€ v
x Do (1= Qwify +6yiis")ds (VS s — wiyi)

jo(ls]alds)”]

T 4
sxff [supr“(LrJA)—ZA”(LrJAnP]ds(/o [u(Ls1a)Pds)?

r<s

T T »
+Ke” /E sup yA’“”(rk)—wA’”<rk>|2P]ds(/ lu(ls]a)l*ds)*
0 0

0<k<NA

< Kr [ B[suplr At ) - 7 o + Kk,

r<s
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Combining estimates of terms 27|, 2%, and .23, we arrive at that for p > 2,

ZA €,v A v _ zA,v p
[tsgg AR OO
T
< KT/ ]E[sup [Y2SV(r]a) — ZA’”(LrJA)Ip]ds 1+ Kre®. (6.27)
0 r<s

Notice that

1 ~ 2
|2 ) =) ~ 2w

1 Aev Av Av ’2 1
> —=07" M) —w™ () — 25 ()| —20A(—=
_‘ﬁ(y (tk) — w™ " (1)) (k) <¢E

1
A, ALev Av A, v\ AV
—Z ”(tk),—ﬁ(b(ytk ) = b(w, ")) — Db(w;, ") Zy, >

and from (6.26) and Assumption 5.1 that

OV (1) — wh (1)

1
20A(ﬁ(yA’€’”(tk) — ' (10) — 2" (1),

1 v v
S PO = by = Dbz

=20A(Y 2" (1) = 2 (), Db(wiy DS — Z 1)

1
+ 29A<YA’€‘v(lk) - ZA’v(fk)»/O (1= D% ((1 = wi

A€ v JE,V A€, Av
+ oy s (Vs vis _wLSJA)>
<dasdA sup |YAV() — ZDV(1)|?
0<k<NA

1
+20A(Y A ) - 25 (@), /O (1= Db ((1 = wiy),

JE,U A€, Av
+ oyl ds (Vs vis wLSJA)>

<5as0A sup YA V(1) — Z2V (1)|?
0<k<N5&

+ KAe ! sup |y V() — wi ()|t
0<k<NA
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where in the last step we used the Young inequality. Hence we derive that
|t —wt ) — 25 )|
Je

1 ~ 2
< |2 @) = 220 — T )|+ 50asA sup YA
NG 0<k<NA

—ZAY )P+ KAe™ sup [yA 0N (m) — w1t
0<k<NA

This indicates that for A < #,
as

2
sup YAV (1) — Z2V (1)
0<k<NA
1 ~ 2
<K sup _E(ZA’E’U(tk)_ZA’U(tk))_ZA’v(tk)

0<k<NA

+Ke ' sup [yAEt(n) — w1,
0<k<NA

which together with (6.27) yields that for p > 2,

B[ sup |2t - 220w ]

0<k<NA
r
2

T
< Kr [ E[sup v € (1)) = 28 () Jds + Kre
0

r<s

+K(E[ sup 1A <r@Pr B[ sup 1yt - whr o))’
0<k<NA 0<k<NA

T
< Kr [ E[sup vt (1)) = Z2 ()l Jas + KreF.
0

r<s

Applying the Gronwall inequality completes the proof of Step 2.
Step 3. Prove that for any p > 1,

limJE[ sup |DayA’€’U(tk)|p]=0.
e—0 a<ty<T
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It follows from the definition of Z2+€? that D, Z2+ for & < ¢ satisfies

t t
DaZ% (1) = / Dby 15" ) Dayiys ds + / VEDo (v 15 ) Day (s AW ()
0 0

A
t
+ /0 Do (v ) Dy ol )ds + Veo (i 0. @).
(6.28)

We obtain from the Burkholder—Davis—Gundy inequality and the Holder inequality
that for p > 2,

E[ sup |D.Z <" ()" ]

t<T
< kr [ EDey < 1PNs + Kred [ BlIDay <t 171d
= Kt A [ ORI ¥1ds + Kre o Il aY|s]a 1¥1ds

+ KeZ (1+E[y2av1P1)

le]a

T
< KT/ B[ sup | Doy (1) I Jds + Ke# (14 Elllyy;171).
0

r<s LaJ A
Moreover, similar to the proof of (6.25), we have

sup [ Dey2 V()P <2 sup  |DaZh4V(10))?
0<k<NA 0<k<NA

for A € (0, ﬁ], which together with the Gronwall inequality (see Proposi-
tion A.3) finishes the proof of Step 3.
Step 4. Prove that for any p > 1 and sufficiently small A > 0,

lim ]E[ sup  [Da Y2 (1) — DaZA’“(tk)V’] —o.
€~

a<ty<T

Since Dy ZA ¥ (1) for a < t satisfies

t t
DQZA’”(I)=/O Db(wﬁj”)DaZﬁfAds—i—/(; Do (wiy" ) Doy v(Ls]a)ds

A
+ oW ). (@)
Loe] o) HOTRE
we derive from (6.28) that

%DazAf’“m DAY = (1) + it + F(t) + o),
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where

. t
(1) ;:/0 (—Z)b(yﬁji’”)Dayﬁjzv—Db(wﬁ]’;)DaZﬁ’JvA)ds,

Je
t
7. . 1 A€, A€ A A
2 (t) ':/(; (ﬁDG(YUJA )DayLsJA _DG(U}LSJA)DQZLSJA)U(LSJA)dS,

(1) = (@) = o i N (@),

1
0= [ DaGEEIDuL W)

Ia
By the Taylor formula, we obtain

(Db = Db(wly")) Dayly "

A ®s]a

) A, Ae, A, Ae,
=D b(vaJvA)(quJAv - wl_sij’ Day\_SJAv)

1
. ALe,
+ /O DPb((1 = Hwiyi + syjyiads
A€ v A v Aev A v ALe,v
O]y = Wil Yila — Wit Dadisfy’):
Hence, for p > 2,

E[ sup |4 (1)1"]

t<T

t
1 A€, v A v Ae,v
— s | [ 0p0s - DD,
1
NG

T
A e, A e, iy A e, A, A e,
=< KT/O EI:”YUJZU”p”DayLSJZv”p +e 2 ”yLsJeAU - wvaHZPHDa)’LsJZU”p

+Db(wf‘sﬁ)(

Ae, A, p
Dayisj" = Doy, )ds ‘ ]

1
== Day)i = DaZi 17 Jas

\/E LSJA

SKT<E[ sup IYA"“(tk)IZP]]E[ sup IDOlyAf’”(tk)|2P]>7
0<k<NA 0<k<NA

1
+Kr (B[ sup et ]) (B[ sup 1yt — w7 ]
0<k<NA 0<k<NA
1

xE[ sup Dy aol*?])
0<k<NA
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1
—=Day™ U (r)a) = DaZ (L)) Jas

Je

T
+ Kr / E[ sup
0 r<s
Similarly,

E[ sup 155()]" ]

t<T

1

< kr(E[ sup Y20 @P?[E[ s Do)’
0<k<NA 0<k<NA

1
+Kr (B[ sup et ]) (B[ sup 1yt — w7 ]
0<k<NA 0<k<NA

1
xE[ sup Dy <o)’
0<k<NA

T
+ Ky [ E[supl =Dy ) = DU k)1 i

Consequently, we arrive at

E[ng 7D L ZAev () — aZA,vm‘p]

1

5KT<E[ sup |YA’€’v(tk)|2”]]E[ sup IDOZyA’G’”(tk)|2P])7
0<k<NA 0<k<NA

1
+Kr (B sup et ]) (B[ sup 1yt — wh ]
0<k<NA 0<k<NA

1 T
xE[ sup Doy wo*r])" + Ky /0 [sup|—DayA”<LrJA>

OSkSNA r<s \/_
= DLZA ()P Jds + B[ sup [y a0 — w17
0<k<NA
T
~|—KT/ IE[ sup |DayA’€’”(tk)|”]ds. (6.29)
0 0<k<NA

Moreover, we have

1 2
|2 Dar® ) = DaZ )|

1 ~ 2
=2 Z2DaZt w0 = DI )|
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1 2
+ ZGZAZ‘Db(y,f’E’U)ﬁDaylf’é’v — Db(wh ") DaZ5

According to the Taylor expansion of Db (6.26), we have

1 2
sup | —= Doy (1) — DZA (00|
0<k<NA \/E
1 ~ 2
<2 sup | ——DuZ () — DT )
0<k<NA €

+KA sup  [YACV(0) P Dey Y ()
0<k<NA

+KA sup YAV Py () — w U ) P Dy € () 1
0<k<NA

1 2
— Doy V(1) — Do Z™ P (1)) -

+ 49A||Z)b||3:(cd;Rd) sup 7

0<k<NA

Then, for sufficiently small A,

1 Ae,v _ Av 2
sup |—=Dgy (tx) — Do Z™" (1)
0<k<NA \/E
1 A A 2
<K sup |—=DeZ () — DyZA (1)
0<k<NA \/E
+ KA sup  [YACV() 2 Dy y™ €V (1)
0<k<NA
+KA sup  [TACV)PIyA V() — w0 21Dy (0012
0<k<NA

Making use of (6.29), the Gronwall inequality (see Proposition A.3) and Steps 1-3
finishes the proof of Step 4.
Step 5. Prove that for any p > 1,1 € Ny, and sufficiently small A > 0,

lim E[ SUp | Doy YA (1) — Dm...a,ZA~v(¢k)|!’] —0.

e~>0 Ly vove<n<T

The case of [ = 1 is proved in Step 4, and the case of / > 1 can be proved by the
induction argument on /. We omit the proof.
Combining Steps 1-5, and according to [13, Proposition 5.1], we obtain

liminf e log p®*€ (1, y) > —th »
e—0

with
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d(y) := inflIr (f) : f € Con([—7, TERY), y = £(1), det(Fyang) > O},

where
Fow = (Z(@W), Z(@©)) 120,710 1<i, j<d

with some Fréchet differentiable functional ® : L2([0, T]; R") — R4, and 2
denotes the Fréchet derivative.

At last, we show that I, = d;, which is equivalent to proving that det(yyav() >
0 for each ¢ € (0, T']. Similar to the argument in [13, Appendix, Page 39], the
mapping v € L4 ([0, T]; R™) — w?(t) € R? is Fréchet differentiable, and the
Fréchet derivative 2wV (¢) € L(LZA([O, T1; R™); R) admits the representation

T
Pwi (1) (h) = fo D™ (H)h(L] 5)det

for h € L% ([0, T1; R™), where Z,w?*(r) € R¥*™ Noticing that

D™ (tr41) = Daw™ ¥ (1) + (1 — ) Db(wiy ") Dow; " A
+0Db(w; ") Dawy ) A

A,
Tk

+ D0 (wi") Dawiy " V(W) A + 0 (Wi M g ) (@A,
the proof of det(y,a.v¢)) > 0 is similar to that of Theorem 5.2 and is omitted.
Hence the proof of Theorem 6.11 is finished. O

6.3 Numerical Experiments

In this section, we present numerical algorithms and numerical experiments to
verify the LDP for numerical solutions of SFDEs. Our approach is to estimate the
probability that the solution hits a small neighborhood of a target value xtarge; at time
T and investigate the exponential decay property of this hitting probability.
Algorithm 6 is designed to verify the large deviation behavior of numerical
solutions for a family of small noise SFDEs. We aim to estimate the logarithm of
the hitting probability of a closed set F, i.e., log P(y2+¢(T) € F). For a sequence of
decreasing noise intensities €] > --- > €7, we simulate M5 trajectories for each
€, using the §-EM method, and the terminal values of the numerical solutions are

collected. The empirical probability p; = M11~ ] ZZI‘_“TS 1{ B 1ver) is used as an
rials = Vi c

estimator of the hitting probability P(y2+€/ (T) € F), where yrs’e'/ (T) denotes the
6-EM solution at T for the /n-th trajectory and noise intensity € ;. Below we present
two concrete numerical examples.
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Algorithm 6 Verification of the numerical LDP for small noise SFDEs

Input: SFDE parameter (b, 0, &, ), parameter 6, final time 7 > 0, stepsize A, small noise
parameters {€ j}j{:1 , number of Monte Carlo samples Mais, closed set F C R.

Output: Logarithm of hitting probabilities {log P(x%/ (T') € F)};:l versus {1/€; }]J.:I.
1: Discretize time: N = T /A, delay steps k; = t/A.

2: for j=1,...,J do > Loop over noise levels
3: Set € = €, and set count = 0.

4 form =1, ..., Myjas do > Monte Carlo sampling
5: Initialize yo = £/ with £/ denoting the linear interpolation of &.

6: fork=0,...,N—1do

7. Generate Gaussian increment § Wy ~ .4°(0, A).

8 Compute the numerical solution using the 6-EM method

Y(tks1) = y(@) + (1 = )by ) A + 0b(yy, DA + Ve o (yy) SWi.

9: end for

10: Let x“)(T) = y(ty).
11: if x(")(T) € F then
12: count = count + 1.
13: end if

14: end for

count

15: Estimate the probability p; = Myl

16: Compute the LDP estimator log p;.

17: end for

18: return {log ﬁj}jlzl.

19: Plot log p; against 1/¢;, and superimpose a linear regression fit.

Linear Stochastic Delay Differential Equation We first consider the linear
stochastic delay differential equation with small noise:

dx€(t) = (—axS(t) + Bx(t — v))dt + JSeadW (@), >0, (6.30)
where in the numerical experiment, constants « = 2,8 = 1,0 = 0.5,7 =
0.5, and initial datum &(t) = 1 for t+ € [—t,0]. Figure 6.1 illustrates the

verification of the LDP of the EM method for this model. For each noise level
€; = 0.5,0.25,0.125,0.0625, we compute the empirical probability that the
terminal value falls inside the small closed interval F' = [Xtarget — 8, Xtarget + 9]
with Xtaget = 0.75 and § = 0.05. The plot demonstrates that the values of
log P(y2+€i(T) € F) with T = 1 decrease approximately linearly as Gi becomes
larger, which serves as a verification of the numerical LDP. '

Nonlinear Stochastic Functional Differential Equation We then verify the
numerical LDP of the following nonlinear SFDE with small noise:

dx€ (1) = (% /O

-7

X€(1 4 9)ds — (x(1)3 — er(t))dt
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Fig. 6.1 Logarithm of hitting -2 ———r————
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1/e
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+ ave x€(t + 5)dsdW (1), (6.31)
T

-7

where 7 = 0.5,a = 1 and the initial datum £(¢) = 1 for ¢ € [—t, 0]. Figure 6.2
displays the verification of the LDP of the backward EM method for this nonlinear
model. We take the noise level €; = 0.25,0.125, 0.0625, 0.03125, and the closed
interval F = [Xarget — 8, Xtarget + 8] With Xgarger = 0.75 and § = 0.05. The numerical
results again show a linearly decreasing trend of log P(y®€/ € F) as ei becomes
larger, demonstrating that the discretized system can also capture the expécted large
deviation behavior in the presence of nonlinear drift and multiplicative noise.

6.4 Summary and Outlook

This chapter has investigated Freidlin—Wentzell type LDPs for numerical methods
applied to SFDEs driven by small noise. One classical approach to establishing
such LDPs for stochastic systems is through the time discretization argument and
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the contraction principle, which requires certain subtle exponential estimates of
small probabilities (see e.g. [14]). In addition to this approach, the monograph [12]
develops a weak convergence approach to the large deviation theory utilizing the
convergence of solutions to associated variational problems. In this chapter, we have
adopted the latter approach to establish the Freidlin—-Wentzell LDP of the 6-EM
method for SFDEs with small noise over an infinite time horizon.

In the context of sample paths large deviations, and large deviations of the
observables or invariant measures of stochastic systems, the LDPs of numerical
methods have been studied in e.g., [4, 16, 17] for stochastic ordinary differential
equations, in e.g., [2, 3, 5-7, 10] for stochastic partial differential equations, and in
e.g. [8, 23] for stochastic delay differential equations. Nevertheless, there are still
some unresolved issues in the study of numerical preservation of LDPs for SFDEs.
For example, what is the relationship between the large deviation rate functions
of the numerical solution and those of the exact solution? Can the rate function
of the exact solution be exactly preserved by numerical methods? Moreover, if
a numerical method successfully preserves the LDP of the SFDE, how can this
property be exploited to reliably compute rare-event probabilities or extreme-event
statistics in applications such as statistics, engineering, statistical mechanics, and
applied probability?

The stochastic differential equations with small noise, such as (6.1) considered in
this chapter, are single-scale models, for which the corresponding LDP characterizes
the single-scale dynamics of the system. Many realistic models in physics and
biology exhibit multiscale phenomena described by the interplay between slow and
fast variables, commonly referred to as slow-fast systems or multiscale systems; see
e.g. [18, 25, 26] for relevant studies of stochastic ordinary and partial differential
equations. The averaging principle provides a fundamental approximation for the
slow component, effectively serving as a functional LLN; see e.g. [1, 31]. For
two-time-scale SFDEs, [28-30] establish the averaging principle based on the
corresponding martingale problem formulation. It is of great interest to investigate
whether numerical methods can preserve such an averaging principle for SFDE:s.
Furthermore, beyond the averaging limit, the LDP for multiscale stochastic ordinary
and partial differential systems has garnered increasing attention; see e.g., [18, 19,
25, 30]. A natural and challenging problem is to establish the LDP for two-time-
scale SFDEs, and further to analyze the large deviation properties of their numerical
discretizations.

Another key result presented in this chapter is the logarithmic estimate for the
density function of the 6-EM solution, assuming that drift and diffusion coefficients
of the SFDE are smooth and have bounded derivatives of arbitrary order. We prove
the smoothness of the numerical density function for the numerical solution and
give the relation between the logarithmic limit and the rate function of the LDP for
the 6-EM method of SFDE with small noise. The logarithmic asymptotics of the
solution density for a stochastic system is also known as the Varadhan estimate;
see e.g. [20, 21, 24] for the relevant study for exact solutions of stochastic systems.
An important issue is whether, as the discretization parameter tends to zero, the
logarithmic estimate of the numerical solution can recover the large deviation rate
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function of the exact solution. In addition, it would be interesting to extend the
study of the logarithmic estimate for the numerical density function to SFDEs with
superlinearly growing coefficients.
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Appendix A
Basic Inequalities and Some Tools from
Martingale Theory

Below, we present the Young inequality, the Holder inequality, several versions of
the Gronwall inequality, Burkholder—Davis—Gundy inequality, and the martingale
stopping theorem; see e.g. [18].

Proposition A.1 (Young Inequality) Let ¢ be a positive real number, and p, q > 1
such that % + é = 1. Then

lal? e |b|?
& Pr—

lab] < e— + a,beR.
P

Proposition A.2 (Holder Inequality) Let p,q > 1 such that 4 + 1 = 1. Then

I fgllpi@ny = 1flr@nllgliLa@re, feL’R"), ge L1R").
Proposition A.3 (Continuous Gronwall Inequality) Letr T > 0,h be a non-

negative function on [0, T| with fOT h(s)ds < oo, f,g € L*®(0,T), and g be a
monotonically increasing and continuous function. If f satisfies

t
f@) <g@ +/ f()h(s)ds a.e.in t € [0, T],
0

then
F(1) < g "% g e in 10, T].

Proposition A.4 (Discrete Gronwall Inequality) Let {a,},en and {b,,}nen be two
sequences. Let § € [0, 1], co > 0, ¢t > 0, and 1 — §cot > 0. If ap < by and
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n
an+1 < bpy1 + cot Z ((l — 5)(1./' —|—5aj+1) VneN,
j=0

then for alln € N,
n

col 14+ (1 —68)cot\n—J
<b ( ) 1= 8)b; +6bj41).
@l = Onbl Sco 12) 1 — 8cot (L= +8bj)

Moreover, if {b, },eN is monotonically increasing, it follows that for alln € N,

1+ — S)COL)'!

I = b"( 1 —dcot

Proposition A.5 (Burkholder-Davis—Gundy Inequality) Let g € L?
(R, RY*™)_ Define, fort > 0,

' t
x(t) := [ g(s)dW(s) and A(t) := / |g(s)|2ds.
0 0
Then for any p > 0, there exist universal positive constants c,, C, such that

¢EIAMIF] < E[ sup 1x(0)I” | = C,ENIA®M]*]

O<s<t

for all t. In particular, one may take

32
op=Er. =)t if0<p<2;
2 p
cp =1, C,=4 if p=2;
_r prH! ro.
cp=02p) 72, CpZ(W)Z ifp>2.

Theorem A.6 (Martingale Stopping Theorem) Let {M;};>0 be an {F;}i=0-
adapted stochastic process, whose paths are right continuous and locally bounded.
The following properties are equivalent:

(i) {M;};>0 is a martingale with respect to the filtration {F;}:>0,
(ii) For any almost surely bounded stopping time T such that E[|M+|] < +o00, we
have E[M7] = E[My].



Appendix B
Markov Process, Markov Semigroup,
Invariant Measure, Ergodicity

Denote by H a Banach space endowed with the norm ||-|| . Denote by Cp (H) (resp.
By (H)) the Banach space of all continuous and bounded mappings (resp. Borel
bounded mappings) ¢ : H — R endowed with the norm ||¢|lp := sup,cy l@u)l.
Denote by L(Bp(H)) the space of all linear bounded operators from Bj(H) into
itself. Let P(H) be the collection of probability measures on H. The content of this
appendix can be found in e.g. [3].

Definition B.1 (Markov Semigroup) A Markov semigroup P; on Bp(H) is a
mapping
[0, +00) — L(Bp(H)), t+> Py,

such that

(i) Py=1, Pigg = PP forall¢, s > 0.
(i) Foranyt > 0and u € H, there exists a probability measure m;(u, -) € P(H)
such that

Pio(u) = f o), (u,dv) forallp € By(H).
H

(iii) For any ¢ € Cp(H) (resp. By(H)) and u € H, the mapping t > P;p(u) is
continuous (resp. Borel measurable).

Definition B.2 (Feller Semigroup) Let P; be a Markov semigroup. P; is Feller if
Pp € Cp(H) for any ¢ € Cp(H) and any ¢ > 0.

Definition B.3 (Invariant Measure) Let P; be a Markov semigroup. A probability
measure 7 € P(H) is said to be invariant for P; if

/ Propdm =/ edr for allg € By(H)and? > 0.
H H
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If P, is Feller, the above definition is equivalent to
P'm =m for allt >0,

where P;* is the dual operator of P;.
If # € P(H) is invariant for P;, one has

7(A) = P (A) = / Pla(m)n(du), A e B(H).
H

When the Markov semigroup P; is Feller, a condition to guarantee that P,
exists at least one invariant measure is the so-called tightness property for the
corresponding probability measures.

Definition B.4 (Tightness) A family of probability measures {Py; & € I} is said
to be tight if, for any ¢ > 0, there exists a compact set H, C H such that

sup Py (H \ Hy) < ¢.

ael

Definition B.5 (Ergodicity) Let 7 be an invariant measure for the Markov semi-
group P;. m is said to be ergodic if

T
lim lf Pﬂp(u)dtzf o) (du) in L2(H,n)
T Jo H

T—o00

for any ¢ € L%(H, ), where L>(H, 7r) denotes the family of Borel measurable
functions ¢ : H — R such that fH lo@)|?7 (du) < oo.



Appendix C
Brief Introduction to Malliavin Calculus

Malliavin calculus is a powerful extension of classical calculus that is specifically
designed for stochastic processes. It was developed in the late twentieth century
(see [5, 6, 12, 15, 16, 25, 27]) and nowadays has evolved to offer profound insights
into the properties and behaviors (such as the regularity and smoothness) of
solutions of stochastic differential equations (see e.g. [4, 19, 21, 23, 26]). It has
found applications in fields like mathematical finance and stochastic control; see
[1, 13, 17, 20]. This appendix focuses on the basic elements of Malliavin calculus.
We first give definitions of the Malliavin derivative and its adjoint, which can be
viewed as infinite-dimensional analogs of the gradient and divergence operators
in Euclidean space, respectively. We define the Malliavin derivative for a class of
smooth functionals and give the closability of the Malliavin derivative operator.
The divergence operator is defined as the dual of the Malliavin derivative. We also
give the criteria for the existence and smoothness of density functions of random
variables based on the Malliavin integration by parts formula.

C.1 Malliavin Derivative

Let T = [0, T'] or [0, 400) and H be the Hilbert space L2(’]I‘; R™) endowed with
the inner product (g, h) gy = fT g() Th(t)dt for g, h € H. By identifying W (t, )
with the value w (¢) at time ¢ of an element w € Co(T; R™), we set 2 = Co(T; R™)
as the Wiener space and P as the Wiener measure. For g = (g!, ..., g") € H, we
set

W(g) =) / g dw* ().
k=17T
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Denote by S the class of smooth random variables such that G € S has the form

G = f(W(gD, ..., W(gn)), where f € Co°/(R";R), g; € H,i = 1,...,n. The

Malliavin derivative of a smooth random variable G is an H -valued random variable
given by

n
af
DG = — (W LW i
; o, W (8n))8i
which is also an m-dimensional stochastic process DG = {D,G, r > 0} with
n 8f
D,G = ; o (WD Wign)gi(r).

Unless specified otherwise, we assume throughout that the o-algebra 7 is
generated by the family {W(g), g € H} and all P-null sets. The set of random
variables {exp{W (g)}, g € H} forms a total subset of L?(Q), and it is important to
note that S is dense in L?(£2) for p > 1; see e.g. [11]. We introduce the following
Malliavin integration by parts formula.

Lemma C.1 For G € Sand g € H, we have E[{DG, g)1g = E[GW (g2)].

Applying this formula to a product F'G, we obtain
E[F(DG, g)yl =E[FGW(g)] —E[G(DF, g)y].

Then it can be shown that D is a closable operator and thus it has a closed extension.
Proposition C.2 For any p > 1, the operator D : S — LP(2; H) is closable.

Definition C.1 For any {G,},>0 C S satisfying G, — G in LP(2) asn — oo
and {DGp},>0 is a Cauchy sequence in L?P(2; H) for some p > 1, we define
DG := lim DG, in LP(Q; H).

n—>oo

For any p > 1, we denote the domain of D in L?(2) by D!'?, meaning that
D7 is the closure of S with respect to the norm ||G || 1,p = E[IG]? + ||DG||Z])%.

The iterated derivative D¥G is a random variable with values in H®¥. Precisely,
fork e N4, DG = {Dy,..nG, 1, =0,i=1,...,k}is a measurable function on
the product space [0, +00)* x ©. Forany p > 1 and k € N, denote by D*? the
completion of S with respect to the norm

IG Ik = (E[IGI” + > D761, )"

j=1
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For G € DK and g € H, define the directional derivative by D8G := (DG, g)y
and by induction, D88/ G := (DD8"8i-1G, gj)y,j = 2,...,k, where g; €
H i=1,..., k.

Define L®7(Q) 1= Np>1 LP(Q), DF® 1= N,5 DFP, DX 1= N5y N DEP.
Similarly, let V be a real separable Banach space and define the space D*7 (V) as
the completion of V-valued smooth random variables with respect to the norm

k
1G kv = (E[IGIG + Y 107Gl ])

In this case, the corresponding spaces are denoted by L~ (€2; V), D% (V) and
D (V), respectively. We introduce the chain rule for the Malliavin derivative in
the Banach space setting; see [22, Proposition 3.8].

Lemma C.3 Let V be a separable Banach space and p > 1. Suppose G : V —
R is Fréchet differentiable and has a continuous and bounded derivative. If X €
DUP(V), then G(X) € DI'P(RY) with

D(G(X)) =2G(X)DX,

where DG is the Fréchet derivative of G.

As a corollary, we obtain the functional version of the chain rule for Malliavin
derivatives; see also e.g. [2, Lemma 3.4] and [10].

Lemma C.4 Let G : C! — R? be Fréchet differentiable and have a continuous
and bounded derivative. Suppose that for t > 0, the C*-valued segment process
X;, driven by an m-dimensional Brownian motion, satisfies x; € DV-P(C%) for some
p > 1. Then G(x;) € DVP(RY) with

D(G(x;)) = ZG(x1)Dx;,

where for each s > 0, Dgx; € R™ ® C? denotes the mapping r +— Dsx:(r) =
Dgx(t +r).

C.2 Divergence Operator

A. V. Skorohod [24] introduces a specific type of stochastic integral, now widely
referred to as the Skorohod integral. This integral facilitates the integration of non-
adapted processes. As shown in [19], the Skorohod integral is equivalent to the
adjoint of the Malliavin derivative operator, which is also called the divergence
operator.
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In this section, we restrict our presentation to the real-valued setting to introduce
the divergence operator and the Skorohod integral. All the results presented here
can be extended to the framework of separable Banach spaces; see [22, Section 4]
for further details. Recall that the Malliavin derivative operator D is an unbounded
linear operator from DY2 ¢ L(Q) to L?(2; H), and it is densely defined.

Definition C.2 Let § be the adjoint operator of D. That is, § is an unbounded
operator on L2($; H) with values in L2(2) such that:

(i) The domain of §, denoted by Dom($), is the set of H-valued square integrable
random variables ¢ € L%(Q; H) such that

[E[¢, DX)ull < K(@®)IX]lL2)

for all X € D2, where K (¢) > 0 depends on ¢.
(i) If ¢ € Dom(8), then 8(¢) is an element of L2(2) characterized by

E[{¢, DX)n] =E[X5(®)]. (C.1

The operator § is called the divergence operator and is closed as the adjoint
of the unbounded and densely defined operator D. The Malliavin integration by
parts formula (C.1) establishes the duality between D and §, which is analogous to
the relationship between the gradient V and the negative divergence —V- in finite-
dimensional spaces:

/ (g, Vh)dx = —/ hV - gdx
R4 R4

for smooth functions g, 7 with compact support.

Recall that {w(t), t > 0} is the coordinate process on the classical Wiener space.
Denote by Lid the closed subspace of L2(T x €2) formed by 7;-adapted processes,
where F; is the o-algebra generated by {w(s), s < t}. The following proposition
reveals that the Skorohod integral is an extension of the Itd stochastic integral.

Proposition C.5 It holds that Lgd C Dom(é), and that the Skorohod integral
restricted to Lid coincides with the Ito stochastic integral, i.e.,

5(¢) = Z/T¢>ldek(t), ¢ e Ll
k=1

At the end of this section, we present the following property of the divergence
operator, which allows us to factor out a scalar random variable in a divergence.
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Proposition C.6 Let G € D2 and ¢ € Dom(8) such that G¢ € L*(:; H). Then
G¢ € Dom($) and the following equality holds

8(G9) = Gé(¢p) — (DG, ¢) >

provided the right-hand side of the equation is square integrable.

C.3 Existence and Smoothness of Density

In this section, we present the criteria for the existence and smoothness of the
densities of random variables based on the Malliavin calculus technique. These cri-
teria are essential for understanding the regularity of the corresponding probability
distributions.

Let Cp° (R?) denote the class of functions f : R — R that are bounded and
possess bounded derivatives of all orders. For F := (Fy, ..., F;) € DV2(R?), and
f € CP(RY), the chain rule yields

d
(Df(F),DF)y =Y o f(F)DF*, DF')y, 1=1,....d. (C2)
k=1

The Malliavin covariance matrix is the symmetric nonnegative random matrix
defined by

vk == ((DF', DF')p)1<i j<a-
When yr is invertible a.s., d¢ f (F) in (C.2) is solvable with

d

O f(F) =Y (DF(F). (g WuDF)y. as.
=1
As a result of the duality between D and §,
d
Eloc ) = | Y E[£(P)8(r7 D) || = K sup 1£ ).

=1 zeRd

provided

(v7YuDF € Dom(8) and 8((y;1)k1DF1) e LY(Q) Vk, 1. (C.3)
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Based on the following lemma, one obtains that the probability distribution P o F~!
admits a density.

Lemma C.7 Let ;1 be a finite measure on RY. Assume that for all f € Ccy (RY),
the following inequality holds:

(/R % fdu| < Kiswp |F@I 1<i<d

z€Rd

Then w is absolutely continuous with respect to the Lebesgue measure.

In general, it is not easy to verify the conditions in (C.3). N. Bouleau and F.
Hirsch obtained the following result on the existence of the densities of random
variables.

Theorem C.8 Let F = (F1, ..., Fy) be a random variable satisfying the following
conditions:

(i) F e D“PR?) for some p > 1;
(ii) The Malliavin covariance matrix yr is invertible a.s.

Then F admits a density, i.e., the law of F is absolutely continuous with respect to
the Lebesgue measure on RY.

To study the smoothness of the densities of random variables, we introduce the
following non-degeneracy condition.

Definition C.3 A random variable F € ]D)OO(Rd ) is called non-degenerate if its
Malliavin covariance matrix yr is invertible a.s. and det(y 1) € L®(Q).

The following proposition provides a criterion for the smoothness of the densities
of random variables.

Theorem C.9 Let F € D®°(RY) be a non-degenerate random variable. Then F
possesses a smooth density.



Appendix D
Large Deviation Principle via Weak
Convergence Approach

In this appendix, we present the fundamental aspects of the large deviation principle
(LDP) within the weak convergence approach (see monograph [9]). This approach
begins with the equivalence between the LDP and the Laplace principle (see Def-
inition D.3 below), provided that the underlying space is Polish. This equivalence
follows from Varadhan’s Lemma and Bryc’s converse to it, with proofs of the finite-
dimensional case presented in [9] and the infinite-dimensional version given in
[7]. One merit of the weak convergence method is that the LDPs can be derived
under weaker assumptions, like superlinear growth conditions, on the coefficients of
the considered stochastic systems. This section is devoted to giving some standard
definitions and results from the LDP via the weak convergence approach.

Let X be a Polish space. Let € > 0 be an index parameter and {X €}~ a family
of random variables from the probability space (€2, 7, P) to X. The following are
definitions of the rate function and LDP.

Definition D.1 A function / : X — [0, oo] is called a rate function, if it is lower
semi-continuous, i.e., for each a € [0, 00), the level set I’l([O, al) = {x € X :
I(x) < a} is a closed subset of X. If all level sets I~ ([0, a]) for a € [0, 00) are
compact, then / is called a good rate function.

Definition D.2 Let / be a rate function on X. The family of random variables
{X€}es0 is said to satisfy the LDP on X with rate function I if the following two
conditions hold:

(i) (Large Deviation Upper Bound) For each closed subset F C X,

limsup e logP(X€ € F) < — inf I(x);
xeF

e—0

(ii) (Large Deviation Lower Bound) For each open subset O C X,

liminfelog]P’(Xe € 0) > — inf I (x).
e—0 xe0
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Note that {P o (X€)"!}c~o is a family of probability distributions. One can
similarly define a family of probability measures {u€}eso that satisfy an LDP
on X by considering the supremum limit and infimum limit of € log u€(F) and
€ log 1€ (0) instead.

A classical result is that the LDP is equivalent to the Laplace principle; see e.g.
[9, Theorems 1.2.1 and 1.2.3].

Definition D.3 Let / be a rate function on X. The family of random variables
{X€}e=0 is said to satisfy the Laplace principle on X with rate function / if for
all bounded and continuous functions 2 : X — R,

h(X€)
€

Elii%elogE[exp{ _ ] = — inf (h(x) +1(2)).

Proposition D.1 The family {X€}¢~q satisfies the LDP on X with rate function I if
and only if {X€}¢~ 0 satisfies the Laplace principle on X with the same rate function
1.

In view of this equivalent result, we will focus on the Laplace principle. To
present a criterion for the Laplace principle, we set

L*(T; R") := {v : T — R™ is measurable ‘/;T|v(s)|2ds < oo].
For any M € (0, +00), denote
Sy = {v e LX(T; Rm)( /T lv(s)[2ds < M}
and

Ay =1{v: Q2 x T — R"|vis F;-measurable and v € Sy P-a.s.}.

It follows from [14, Chapter III, Section 28, Theorem 1°] that Sy, is a Polish space
endowed with the weak topology. Set T = [—17, T] or [, 00). Introduce the space
Cs (T; RY) consisting of continuous functions u : T — R? with u(r) = £(r), r €
[—7, 0]. Let W be an m-dimensional Brownian motion.

The following assumption for the Laplace principle is proposed by A. Budhiraja
and P. Dupuis in [7, Assumption 4.3].

Assumption D.1 For each ¢ > 0, let G° : C(T;RY) — Ce (’ﬁ‘_; R?) be a
measurable map. There exists a measurable map G : C(T; R?) — Ce(T; R?) such
that the following two conditions hold:

(i) For each M > 0, the set {g(fo' v(s)ds)|lv € Sy} is a compact subset of
C:(T; RY).
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.. d
(ii) Let M > 0 and {v€}cso C Ay such that v¢ —()) v as Syr-valued random
€e—

variables. It holds that
G (JEW+/ uf(s)ds) N g(/ u(s)ds).
0 e—0 0

The following result is given in [7, Theorem 4.4], which provides sufficient
conditions for the Laplace principle and thus the LDP.

Theorem D.2 Let Assumption D.l hold. Then X¢ := G (JeW) satisfies
the Laplace principle (hence LDP) on Cg(T; RY) with good rate function
I:Ce(T; ]Rd) — [0, oo] given by

1
I1(f) = inf —/ u(s)|?ds.
{veLz(’]l';]R’"):f=Q(f(jv(S)dS)} 2 Jr

At the end of this section, we introduce the contraction principle; see [8, Theorem
4.2.1].

Theorem D.3 Let X, Y be two Polish spaces, [ : X — Y be a continuous function,
and I : X — [0, 0o] be a good rate function.

(i) Foreachy € Y, define I(y) :=inf{I(x):x € X,y = f(x)}. Then I is a good
rate function on Y.

(ii) If I controls the LDP associated with a family of probability measures (¢ on
X, then I controls the LDP associated with the family of probability measures
u€o flon .
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