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For the general time-homogeneous Markov process, do numerical discretizations exactly preserve its probabilistic
limit behaviors, in particular the strong LLN and the CLT? This paper gives a positive answer to the question
by proposing a unified and transparent approach to investigating probabilistic limit behaviors of numerical dis-
cretizations of time-homogeneous Markov processes. Once the properties of uniformly mixing and convergence
for numerical discretizations are satisfied, it is shown that the time-averages of numerical discretizations converge
to the ergodic limit in the almost surely sense and that the normalized time-averages converge in distribution to
a normal distribution. The limits coincide with the ones for the underlying Markov process. Our results have the
merit of the flexible application to numerical discretizations for a large class of stochastic differential equations.
Notably, the preservation of these probabilistic limit behaviors of the full discretization of the stochastic Allen—
Cahn equation and numerical discretizations of stochastic functional differential equations are obtained for the first
time.

Keywords: Central limit theorem; Markov process; numerical discretization; probabilistic limit behaviors; strong
law of large numbers

1. Introduction

It is known that solutions of a large class of stochastic differential equations can be regarded as time-
homogeneous Markov processes, for instance, solutions of autonomous stochastic ordinary differential
equations (SODEs) and stochastic partial differential equations (SPDEs), and functional solutions of
autonomous stochastic functional differential equations (SFDEs). One of the fundamental studies in the

Markov process theory focuses on the probabilistic limit behaviors of the time-average % fOT f(Xp)de
as T — oo for the Markov process {X;};>0, which is strongly connected with the invariant measure
p of the process (see e.g. Hong and Wang (2019)). It is well known that for the time-homogeneous

Markov process with strong mixing, the time-average % fo f(X;)dt converges to the ergodic limit

u(f) = / fdu, and the normalized fluctuations around p( f) can be described by a centered Gaussian
random variable, i.e., {X; };>¢ fulfills the strong law of large numbers (LLN)

T
Jim /0 FXd=p(f) as.

and the central limit theorem (CLT)
1T N
lim — (f(Xy) = u(f)dt =A4(0,v°) indistribution
T—oo /T 0
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with some variance v2; see e. g. Komorowski and Walczuk (2012), Kulik (2018), Shirikyan (2006). Such
probabilistic limit behaviors have wide applications in statistical mechanics, biochemistry, and the ma-
chine learning; see e.g. Duncan, Leli¢vre and Pavliotis (2016) and references therein. In many circum-
stances, it is unavoidable to approximate the ergodic limit by using the time-average % > {;:—01 f(Y;) ofa
numerical discretization {Y; };cn for the Markov process (see e.g. Hong and Wang (2019), Hong, Wang
and Zhang (2017), Hong, Sun and Wang (2017)). It is interesting to study the inheritance of the proba-
bilistic limit behaviors in particular the strong LLN and the CLT of the underlying Markov process by
numerical discretizations.

For some concrete autonomous stochastic differential equations, e.g., the SODEs and the SPDEs,
there have been some works on the study of the strong LLN and the CLT of numerical discretizations.
For example, for SODEs with globally Lipschitz continuous coefficients, the strong LLN for Euler-type
methods is derived in Bréhier and Vilmart (2016), Mattingly, Stuart and Tretyakov (2010); Pages and
Panloup (2012) obtains the CLT for the Euler—Maruyama (EM) scheme with decreasing step of a wide
class of Brownian ergodic diffusions; Lu, Tan and Xu (2022) proves the CLT and the self-normalized
Cramér-type moderate deviation of the time-average for the EM method. For SODEs with non-globally
Lipschitz continuous coefficients, Jin (2025) establishes the strong LLN and the CLT of the backward
EM (BEM) method. For the case of SPDEs, a first attempt is Chen et al. (2023), where the strong
LLN and the CLT for approximating the ergodic limit via a full discretization are established for the
parabolic SPDE with the linearly growing drift coefficient. More recently, for the stochastic reaction-
diffusion equation near sharp interface limit, Cui and Sun (2023) establishes a CLT for a temporal
semi-discretization. It is natural to ask the following questions:

(i) For a class of SPDEs with superlinearly growing coefficients, e.g. the stochastic Allen—Cahn
equation, can we present the probabilistic limit behaviors of its full discretizations?

(i) For the SFDE, the solution is no longer Markovian due to the dependence on the history, and
hence the ergodicity of the underlying equation is described by the functional solution in the infi-
nite dimensional state space. For this type of equations whose coefficients are highly degenerate,
is there a numerical discretization that inherits the probabilistic limit behaviors of the original
equation?

(iii) Further, for the general time-homogeneous Markov processes, can we present a unified result
on the inheritance of probabilistic limit behaviors by numerical discretizations?

To answer these questions, we focus on the general time-homogeneous Markov processes and study
probabilistic limit behaviors of numerical discretizations of the underlying process, which are expected
to be applicable to numerical discretizations of a large class of stochastic differential equations, includ-
ing the stochastic Allen—Cahn equation and the SFDE.

Our results are based on the uniformly mixing property and convergence in the strong or weak
sense for numerical discretizations, which are fundamental research topics in the longtime numerical
analysis, see e.g. Cui, Hong and Sun (2021), Fang and Giles (2020) and references therein. For the
general time-homogeneous Markov processes, we show that once these properties are satisfied, the
time-averages of numerical discretizations converge to the ergodic limit in the almost surely sense and
that the normalized time-averages converge in distribution to a normal distribution. The limits coincide
with the ones for the underlying Markov process. Namely,

k-1
1 !
strong LLN: |BTO kh_r)rolo T ;:O f(Yt)ic’ ) =u(f) as.,
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and

k-1
. 1 h A 2 . . . .
CLT: lim — Y = u(f))r=4(0,v*) in distribution,
-0 \Vkt LZ(; (f ti (s )

where parameters k and A := (h,7)7 satisfy some relation in the CLT, and the limit variance V2=
2u((f = u(f)) fooo(Ptf — u(f))dr); see Theorems 3.1 and 3.2 for details. Based on these results,
the computational cost of the time-average of numerical discretizations is obtained in Remark 3 for
approximating the ergodic limit. We would like to mention that in the strong LLN and the CLT, the
regularity assumption on the test functional f is moderate, which is only of polynomial growth and has
certain weighted Holder continuity.

As expected, our results are well applicable to numerical discretizations of a wide variety of stochas-
tic differential equations, which is supported by discussions of SODEs, SPDEs, and SFDEs. Here we
stress the main merit of our result by showing the application to the stochastic Allen—-Cahn equation
and the SFDE. For the stochastic Allen—Cahn equation whose drift coefficient grows superlinearly, we
show that the strong LLN and the CLT of the full discretization hold for test functionals with lower
regularity, which has not been reported before to our knowledge. In addition, for the SFDE, we obtain
the strong LLN and the CLT of the numerical discretization for the first time.

For the proof of the numerical CLT, a prerequisite is to construct a suitable discrete martingale term
such that it contains the essential contribution for the convergence of the normalized time-average of
the numerical discretization. For the case of the concrete stochastic differential equation, the discrete
martingale term is extracted by means of the associated Poisson equation of the original equation. By
contrast, a similar analysis of the Poisson equation for the general time-homogeneous Markov process
can be technically challenging. This paper introduces a different approach to constructing a new dis-
crete martingale term from the normalized time-average by fully utilizing the Markov property and
the uniformly mixing property for numerical discretizations of the time-homogeneous Markov process.
It is worth mentioning that the approach for this construction is beneficial to effectively lowering the
regularity of test functionals. With the detailed analysis, we show that the martingale term converges
to a normal distribution with the variance being the same as that of the underlying Markov process and
the remainder converges to zero in probability.

The paper is organized as follows. In the next section, some preliminaries are introduced, and the
probabilistic limit behaviors including the strong LLN and the CLT of the time-homogeneous Markov
processes are presented. Section 3 presents our main results, including the strong LLN and the CLT of
numerical discretizations as well as the applications to stochastic differential equations. Section 4 and
Section 5 are devoted to presenting proofs of the strong LLN and the CLT of numerical discretizations,
respectively, based on the convergence of the numerical invariant measure and the decomposition of
the normalized time-average of numerical discretizations.

2. Preliminaries

In this section, we give some preliminaries for the study of the Banach space-valued time-homogeneous
Markov process {X;*};>0. Throughout this article, we use K to denote a generic positive constant in-
dependent of the initial datum and the step-size A, which may take different values at different ap-
pearances. Denote by K (a, b) specific constant which depends on parameters a, b. Let | a| denote the
integer part of a real number a and [a] denote the minimal integer greater than or equal to a. Let

. d P 5.
aV b:=max{a,b} and a A b := min{a, b} for real numbers a and b. Denote by —, —, and 2% the
convergence in distribution, in probability, and in the almost sure sense, respectively.
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2.1. Settings

Let (E,|| - ||) be a real-valued separable Banach space and B(E) be the Borel o--algebra. Denote by
P (E) the family of probability measures on (E,B(E)) and by v(f) := /E f(u)dv(u) the integral of
the measurable functional f with respect to v € P (E). For fixed positive constants p > 1 and y € (0, 1],
define the quasi-metric d), , on E by

1
dp,y(ur,uz) := (LA Jluy = ua|[7) (1 + g [|7 + [JuzlP) 2. )]

Then we introduce a test functional space related to this quasi-metric. Define C, , := Cp_ (E;R) the
set of continuous functionals on E endowed with the following norm

|f () |f (u1) = f (u2)]
Ifllp.y :=sup ————+ sup ————=—. 2
u€E 1+ ||u||Z  wui.u€E dp,’y(ul,u2)
upFuy

It can be seen from (2) that the test functional f is of polynomial growth and has certain weighted
Holder continuity. It is worthwhile pointing out that Cp, ,, C Cp,,y for po 2 p1 2 1 and Cp, 5, C Cp 4,
for 0 < y; <7y, <1, see e.g. Shirikyan (2006) for a more general form of the class of spaces. Noting
that the Lipschitz continuous functionals belong to C,, 1, we call the test functional in Cp, ,, is of low
regularity. The Wasserstein quasi-distance induced by the quasi-metric is defined by

Wy (vi,v2)i= inf / Ay (1, u)e(duy, du), 3)
EXE

nell(vy,v)

where vi,v2 € Pp o (E) :={v € P(E): /E><E dp o (u1,uz)dv(u1)dv(uz) < oo} and I1(vy, v2) denotes
the collection of all probability measures on E X E with marginal measures v; and v;.
Note that when v (]| - ||P) < oo and vo (|| - ||P) < oo,

Wp.y(v1,v2)
Y
2

1 .
<(U+vi(l- 1) +va (- 17)3(inf / UA llay = ol Pe(dey, dur) )
EXE

rnell(vy,v2)

(141 (1- 17) +va (- 17)) (W (v1v2))

where (1) and the Holder inequality are used, and W, is the bounded-Wasserstein distance defined by

1
Wp(vl,vz):z( inf / 1/\||u1—u2||p7r(du1,du2))p.
EXE

mell(vy, )

This leads to that for any f € Cp y,

vi(f) =v2(f)l = inf

nell(vy, )

[ ) = fupmaun.an)
EXE

<NAlpy Wy 1, v2) < A fllpay (14 vi (Ul 17) + v (- IIP))%(Wz(Vl,Vz))y- “)

Let {X}}+>0 be the E-valued time-homogeneous Markov process with the deterministic initial value
X{ =x € E on a filtered probability space (Q,F,{F7}:>0,P), in which the corresponding expectation
is denoted by E. The temporal semi-discretization is considered for the finite or infinite dimensional
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Table 1. Definitions of the uniform step-size A and the state space £ h

| | temporal semi-discretization for & =0 | spatial-temporal full discretization for 4 # 0 |

| step-size A ‘ A=(0,7)7 ’ A= (h1)T |

Eh(c E) with norm || - ||, satisfying

EV—F
|1, < K|lu™| for uh € EM

state space E h

case and the spatial-temporal full discretization is considered for the infinite dimensional case. Let
h € [0,1] and 7 € (0, 1] be step-sizes in spatial and temporal directions, respectively. To unify the
notation, we define the uniform step-size A and the state space E” for the temporal semi-discretization
or spatial-temporal full discretization; see Table 1.

When the initial datum x € E”, we always take x”* = x. Denote 7 := k7 for k € N. For each given A,
let {Y:}ih’A}keN denote the E"-valued discretization of {X;"}+>0 satisfying Y(;Ch’A =x", and define the
time-homogeneous Markov process on the whole time horizon by

oA > hA
th :ZY;» lltk,tkﬂ)(t)’ t> O
k=0

Denote by u; and ufh’A the probability measures generated by X;* and thh’A, respectively, i.e.,
for any A € B(E), u} (A) =P{w € Q: X € A}, ufh’A(A) =PlweQ: thh’A € A}. Denote by By, :=
By (E;R) (resp. Cp := Cp(E;R)) the family of bounded Borel measurable (resp. bounded and continu-
ous) functions on E. When there is no confusion, we also denote B;, (E";R), Cp (E";R), C,m,(Eh;R)
by Bp, Cp, Cp.y, respectively.

Define the linear operators P; and PzA generated by X; and Y, A respectively, as

P;: B, — By, Ptf(x)::E[f(X,x)]:/Ef(u)d,uf(u) VxeE,
PA: B, — By, PAF(xM) :=E[f(thh’A)]=/f(u)d,ufh’A(u) VxeE"
E

According to the Markov property of X;*, one deduces that P; is a Markov semigroup. If X;* (resp.
thh’A) admits a unique invariant measure y (resp. u®) satisfying u(|| - ||') < oo (resp. u2(]| - ||) < o0)
for some constant / > 0, it follows from (Da Prato, 2006, Theorem 5.8) that P; (resp. PtA) is uniquely
extendible to a bounded linear operator on L!(E, i) which is still denoted by P; (resp. PzA). Here, denote
by LY(E, u) the family of Borel measurable functions f : E — R such that fE |f ()| dp(u) < oo. In
addition, for the space C, , with some p > 1 and y € (0, 1], if there are functions & : E — [0, +c0) and
p:[0,400) — [0, +0c0) satisfying foooﬁ(t)dt < oo such that for any f € Cp 5,

|Prf(x) = (DI < KN fllpy®x)p() Vx€eE, 120,

then the Markov process {X;'};>¢ is said to be uniformly mixing for the space Cp, ,; see (Shirikyan,
2006, Definition 2.5). This property characterizes that the process “forgets” its initial states as time
goes on.
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2.2. Probabilistic limit behaviors of time-homogeneous Markov processes

We first introduce the assumption for the time-homogeneous Markov process to ensure that the process
admits a unique invariant measure and that the probabilistic limit behaviors including the strong LLN
and the CLT hold.

Assumption 1. Assume that the time-homogeneous Markov process {X; },»¢ satisfies the following
conditions.

(i) There exist constants » > 2,7 > 1, and L > 0 such that for any x € E,

sup B[[IX 17T < Li(1+[[x[I™).
t>0

(ii) There exist constants y; € (0,1], 8 € [0,r — 1], L, > 0, and a continuous function
p:[0,400) — [0, +c0) with fooo pY1(t)dt < oo such that for any x,y € E,

1
(BLIX = X11P1) 7 < Lalle = YL+ [x P + 11y 1#) o ().

The probabilistic limit behaviors including the LLN and the CLT of Markov processes have been
well-studied in the monograph Kulik (2018). For our convenience, we list a modified version of (Kulik,
2018, Proposition 5.3.5) in the following proposition, which can be proved in a similar manner.

Proposition 2.1. Let Assumption 1 hold. Then {X;*};>0 admits a unique invariant measure u € P(E).
Moreover, if y € [y1,1] and p satisfy 27 (pF + (2 + 3B)y) < r, then the strong LLN and the CLT hold:

forany f €Cp .

1 T as.
[ rena s ar o,
T
% /0 (XD = u(Ndt -5 (00 asT — oo,

where v :=2u((f = u(f)) J (Prf = u(f))dt).

We remark that by Assumption 1, the Markov process {X;};>0 is uniformly mixing for the space
Cp,y with y € [y, 1] and p7+2(1 + B)y < r, which follows from

1PLf(x) = ()] = 1 (F) = (OIS K N f oy (LB T+ (- 1P))2 (W (pe o 12))”
< K1 fl1p.y (1+ x| Z+ 0B 0¥ (1), ®)

due to (4). The function p characterizes the decay speed in time, ensuring that the influence on the
initial state diminishes rapidly over long time.

3. Main results and applications

In this section, we first present the main results of this paper, namely, the preservation of probabilistic
limit behaviors, in particular the strong LLN and the CLT for time-homogeneous Markov processes by
numerical discretizations. Then we apply the main results to numerical discretizations of a large class
of autonomous stochastic differential equations, including SODEs, SPDEs, and SFDE:s.
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3.1. Main results

We first propose sufficient conditions on numerical discretizations to ensure the preservation of the
strong LLN and the CLT of time-homogeneous Markov processes. These conditions are related to
moment boundedness, contractivity, and strong convergence of numerical discretizations.

Assumption 2. Assume that there exists A = (h,%)T € [0,1] x (0,1] such that for any & € [0, A],

h . . . . .
7€(0,7], and x" € E", {Y:}i ’A}keN is time-homogeneous Markovian and satisfies the following con-
ditions.

(i) There exist constants ¢ > 2,4 > 1, and L3 > 0 such that

sup E[JIY;4[19] < L (1 + "]199).
k>0

(ii) There exist constants y, € (0, 1], k € [0, — 1], L4 > 0, and a function p? : [0, +c0) — [0, +c0)
with

Ti (p™ (1)) <

{he[o0, h] TE(O 71} k=0
such that for any xh, yh cEh,
h A h’A 1
(BLIY; 2 =Y 2 1P1) 2 < Lalle™ = " QU+ ™ 1<+ 1" 1%) 0™ (1)
Below, when there is no confusion, we always assume that % € [0, I~1] and 7 € (0, ¥]. And constants
r and g in Assumptions 1 (i) and 2 (i), respectively, are always assumed to be large enough to meet the

need.

Assumption 3. Assume that there exist @ = (a1, @3)" € Ri and L5 > 0 such that for any x € E,

h 1 .
sup (BIIIX; =¥ 211)2 < Ls(1+ [|x[|™V9)|A“,

t>0
where A? ;= (h,79)T and |A®| ;= h¥ + 1%,

Denote the time-average of the numerical discretization by

k - sz(YxA

for f € Cp,, with suitable parameters p > 1 and y € (0, 1]. Then we obtain the strong LLN of the
time-average of numerical discretizations.

Theorem 3.1. Let Assumption 1 hold for the time-homogeneous Markov process {X;* };»0, Assumption
h
2 hold for the time-homogeneous Markov process {Y;Z ’A}keN, Assumption 3 hold for {X;*};>0 and

{Yih’A}keN, Y € [y2,1], and p > 1 with p(1+§) +2(1 +«)y < q. Then for any f € Cp, 5, we have

Jim | lim ka A=pu(f) as (6)
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The following CLT characterizes the limit behavior of \/% I (f(Yt)ich’A) — u(f))7, which is
called the normalized time-average of the numerical discretization. Here, f € C,, , with suitable param-
eters p > 1 and y € (0, 1]. Recall that v* = 2u((f = u(f) /Ooo(Ptf — u(f))de) is given in Proposition
2.1.

Theorem 3.2. Let Assumption 1 hold for the time-homogeneous Markov process {X;* };»0, Assumption
h
2 hold for the time-homogeneous Markov process {Yt); ’A}keN, Assumption 3 hold for {X;*};>0 and

{Yz);h’A}keN. For any fixed A € (0,azy) withy € [y1 V y2,1], set k := [t~1722 and h := %/ when
h#0. Let p > 1 satisfy

1
P(3v(5+D)(p@vn+@+acvp)y) <anr, %)
and £ < A with \Je — 5 — ET\/E > 0 satisfy
k
lime® 7 (p*(1)7 =0. ®)
i:[‘rilf%
Then for any f € Cp y,
1 S xh A d 2
\/?Z(f(Yti ) —u(f))Tr— A (0,v) asT—0. )
i=0

Remark 1. (i) If Assumption 1 (i) is replaced by: “for any r > 2, there exist 7 > 1 and L > 0 such that
sup, o E[IIX;II"] < L1 (1 + ||x[|"")”, and Assumption 2 (i) is replaced by: “for any g > 2, there exist

h ~
G > 1 and L3 > 0 such that sup; 5 E[||Yt’£ ’AII‘I] < L3(1+||x"||99)”, then the restriction (7) on p is not
necessary.
(ii)) When Pé{ is exponential mixing, i.e., pA(tk) = e~ ¢!k with some ¢ > 0, then (8) is satisfied natu-
rally.

Remark 2. Our main results in Theorems 3.1 and 3.2 are proved with a strong convergence condition
but for test functionals with lower regularity, i.e., f € Cp . In general, strong convergence orders are
no larger than the weak ones. The numerical LLN and CLT still hold with certain trade-off between
the convergence condition of numerical discretizations (i.e., Assumption 3) and the regularity of test
functionals. Precisely, if Assumption 3 is replaced by:

sup [E[£(XX) - f(7"M)]| < K|A9| (10)

t>0

for test functionals belonging to some space €, then Theorems 3.1 and 3.2 still hold for f € Cp , N C.

The main difference in proofs of this remark and Theorem 3.2 is the estimation of terms |P; f (u) —
PtA f(u)| and |u(f) — p®(f)|, where u € E", and p® is the invariant measure of the numerical dis-
cretization (see Proposition 4.1). Under the assumption (10), we have that for u € E h

|Pef (u) — P2 f(u)] < sup ELF(X}) - F(YD]] < KA
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Hence, by (5), we have that |u( f) — £®(f)| can be estimated as

lu(f) = kA SIPy f () = p(F)|+IP £ () = g ()| +1Poy f () = Py f ()| <K|AY),

where we used (23), and in the last step we let k — co.

Remark 3. Based on the LLN and CLT results of numerical discretizations, we provide an analysis on
the computational cost of the time-average of numerical discretizations for approximating the ergodic
limit to achieve a given accuracy e. For a significance level 6 € (0, 1), let the Gaussian confidence
interval [—Zy, Tg] be such that P{|Z| < Iy} =1 — 0, where Z is a standard Gaussian random variable.
Then by the numerical CLT, an asymptotic confidence interval with level 1 — 6, centered around u( f),
is [u(f) - IHV , u(f) + I"V] This, along with the relation k = [t~'~21] implies that for a given

e

accuracy e, when T is set to be the size of ([ )/l one arrives at P{| Sx A _ u(f)l<et=1-06
_Le2 -

Hence, for any A € (0, a»7y), the computational cost of - S k A s estimated as h~ 'k = O(e 1 (@D 2)

(resp. k = O(e_%_z)) for h # 0 (resp. h =0), where @ = (a1, a») " is the weak convergence order given
in Remark 2 of the numerical discretization.

3.2. Applications

The main results in Theorems 3.1 and 3.2 can be applied to numerical discretizations of a large class of
autonomous stochastic differential equations. Below, we present the applications to the cases of SODEs,

SPDEs, and SFDEs. Denote by C,; = Ck (E;R) (resp. Ck = Ck (E;R)) the bounded continuous func-
tions (resp. continuous functlons) that are continuously dlfferentlable with bounded derivatives up to
order k.

3.2.1. SODEs

In this part, we demonstrate the application of our results to the SODE with non-globally Lipschitz
continuous drift term, as well as its BEM method. The equation has the following form

dX; =b(X})dt + o (X1)dW (1), X =xeRY, (11)

where {W(¢),t > 0} is a D-dimensional standard Brownian motion on a filtered probability space
(Q, F,{F: }10, P). We suppose that coefficients b : R — R¢ and o : R — R¥*P satisfy the follow-
ing assumptions.

(O1). Assume that there exists a positive constant Ly such that for any uy,us € R%, (uy —ua, b(uy) —
b(uz)) < —Lyluy —ua|. o o

(02). Assume that there exist positive constants Ly, L3 with 2Ly > Ly such that |o-(u1) — o (up)| <
Loluy — us| and |o(uy)| < L3 for any uy,up € R9.

(03). Assume that there exist constants L4 >0 and € > 0 such that for any u;,us € R4, |b(u;) -
b(uz)| < La(1+[uy|* + |uz)9)|uy — usl.

(01) and (0O3) refer to the dissipative condition and the locally Lipschitz condition of the coefficient
b, respectively. It follows from (O3) that b is superlinearly growing when £ > 0. (02) is the globally
Lipschitz condition and the boundedness condition of the coefficient o. It is shown in (Jin, 2025,
Propositions 2.2) that under (O1) and (02), the exact solution {X; };>¢ of (11) satisfies Assumption 1,
in which parameters are taken as 7 = 1, r > 2 being arbitrary, 8 =0, p(t) = ¢’ for some ¢ > 0, and
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v1 € (0, 1] being arbitrary. Thus by virtue of Proposition 2.1, the exact solution {X; };»¢ of (11) admits
a unique invariant measure ¢ and fulfills the strong LLN and the CLT.
Noticing that b may be superlinearly growing, we focus on the following BEM method

YR =Yt e bV T+ o (VWi Wi =W (i) - W(t:), (12)

1

and investigate the strong LLN and the CLT of the corresponding numerical solution.

Theorem 3.3. Let (0O1)~(03) hold. Then for any p > 1, y € (0,1], and f € Cp y, the numerical dis-
cretization {Y:]‘(’A}keN of BEM method (12) satisfies (6). Furthermore, for any fixed A € (0, %y), set
k=712, then {Y;;C’A}keN satisfies (9).

Proof. Based on Theorems 3.1 and 3.2, it suffices to verify that the numerical discretization {Y, t)li ’A} keN

of the BEM method (12) satisfies Assumption 2, {X}'};>0 and {Y,);c ’A}keN satisfy Assumption 3, and
(7)—(8) hold.

Verification of Assumption 2. According to (Jin, 2025, Theorem 4.1) and (Liu, Mao and Wu, 2023,
Lemma 4.2), we have that for sufficiently small A € (0, 1], Assumption 2 is fulfilled with § = 1, any
g>2,k=0, p2(t) =" for some ¢ > 0, and any y, € (0,1].

Verification of Assumption 3. It can be found in (Liu, Mao and Wu, 2023, Theorem 4.2) that for
sufficiently small A € (0, 1], Assumption 3 is fulfilled with |A%| = 3.

Verification of (7) and (8). It is straightforward to deduce from Remark 1 that (7) and (8) hold.

Thus we complete the proof. o

As we stated in Remark 2, when the weak convergence of the BEM method (12) is used, Theorems
3.1 and 3.2 still hold for some class of test functionals. To simplify the presentation, we use the weak
error result given in Chen, Hong and Lu (2023), where the time-independent weak error analysis of
the BEM method for the SODE with piecewise continuous arguments is investigated. Denote D) by
the Fréchet derivative operator up to order i. Assume in addition that derivatives of coefficients b, o
satisfy the polynomial growth conditions.

(04). Assume that coefficients b, o have continuous derivatives up to order 3, and there exist positive
constants Ls, €| such that for any uy,up,vy,vs € RY,

|Z)(])b(u1)v1 - Z)(])b(ug)u1| \Y% |Z)(1)0'(u1)ul - Z)(l)a'(uz)v1|
< Ls(1+ fur |+ Jua| ) g = sl |,

|DP b(uy)(v1,v2) = DD b(u2) (v1,v2)| VD P o (1) (v1,v2) = DP o (u2) (v, 12)|
g e T A T [ Y [

By means of (Chen, Hong and Lu, 2023, Theorem 4.8) for the case without memory, un-
der (0O1)-(04), the numerical discretization of the BEM method (12) satisfies sup,q |E[f(X;") —
f(th’A)]| <Kt for f e Cg. Owing to Cg C (2,1 and making use of Remark 2, we derive the following
corollary.

Corollary 3.4. Let (01)—(04) hold. For any fixed A € (0,1), set k = [t~1"22. Then for any f € C3,
the numerical solution {Y,’;’A}keN of (12) satisfies (9).
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Compared with Theorem 3.3, the upper bound of the parameter A is improved from %y to 1 in the
result of Corollary 3.4, while the class of test functionals changes from Cp , to Cg . Note that the
solution of the Poisson equation Ly = f — u(f) is ¢ = - fooo(Ptf — u(f))dt, where L is the generator
of (11). When f € C3, properties of the Poisson equation are well-studied, see e.g. Mattingly, Stuart and
Tretyakov (2010). It follows from ¢ Lo = § L¢? — L|oTVy||? and pu(Le?) =0 that v? = 2u(pLy) =
u(llcTV||?), which is consistent with that of (Jin, 2025, Theorems 3.2 and 3.4).

3.2.2. SPDEs

In this part, we consider the probabilistic limit behaviors for numerical discretizations of SPDEs, by
applying the numerical LLN and CLT results to the globally Lipschitz drift term case and the non-
globally Lipschitz case. Consider the following SPDE on E := L*((0,1);R)

dX[ = AX}dr + F(X[)de +dW (1), X§ =x, (13)

where A : Dom(A) ¢ E — E is the Dirichlet Laplacian with homogeneous Dirichlet boundary
conditions, and {W(t),r > 0} is a generalized Q-Wiener process on a filtered probability space
(Q, F, {F: }+>0, P) satisfying the usual regularity condition ||(—A)B]TIQ% Il £, < oofor By € (0, 1] with
Il - |l £, being the Hibert—Schmidt operator norm. Here, Q is a bounded, linear, self-adjoint, and non-
negative definite operator, which commutes with A. It is known that there is a sequence of increasing
real numbers {4;};en, and an orthonormal basis {e; };cn, such that —Ae; = A;e;.

I. Globally Lipschitz continuous case for F. We suppose that F* satisfies the following globally
Lipschitz condition and the dissipative condition.
(P1). Assume that for any X, Y € E, |[F(X) — F(Y)|| < K||X = Y|| for some constant K > 0.
(P2). Assume that there exists a constant Ar with Ap < A1 such that (X - Y,F(X) - F(Y)) <
Ap||X = Y|? for any X, Y € E, and that F is Gateaux differentiable with the Gateaux derivative
satisfying supy g |DF (Y)X|| < Lr||X||, LF > 0.
Under (P1)-(P2), by (Chen et al., 2023, Proposition 2.1) and Proposition 2.1, the mild solution
{X;"}+>0 of (13) admits a unique invariant measure y and fulfills the strong LLN and the CLT.

h
Consider the full discretization {Yt); ’A} keN, Whose spatial direction is based on the spectral
Galerkin method and temporal direction is the exponential Euler method,

hoA h A L h A
Yy A =St A+ PIEY T oWe), Yyt =t (14)

where h := % with N € Ny, P" is the spectral Galerkin projection, 6W£‘ = P (W (tre1) = W(11)),

and S"(7) := ¢A"™ with A" := P"A. For this numerical discretization, by (Chen et al., 2023,
Propositions 2.3-2.5), and Theorems 3.1 and 3.2, we can obtain the following result, whose proof
is similar to that of Theorem 3.3 and thus is omitted.

Theorem 3.5. Let (P1)—(P2) hold. Then for any p > 1, y € (0,1], and f € Cp, ,, the numerical
discretization {Y;]i ’A}keN of (14) satisfies (6). Furthermore, for any fixed A € (0, '%y), set k =
[t 12 and h = 5, then {Y:Z’A}keN satisfies (9).

II. Non-globally Lipschitz continuous case for F. In this part, we consider (13) with the super-
linear coefficient F, for instance the stochastic Allen—Cahn equation (i.e., F in (13) has the form
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F(X)(&)=X(¢) - X()3,¢ € (0,1)). By the use of our main results, probabilistic limit behav-
iors including the strong LLN and the CLT of the full discretization of the stochastic Allen—Cahn
equation can be obtained. To this end, we propose the following dissipative condition on F.

(P3). Let g be a cubic polynomial with §(£) = —a3&> +ar> +a1é+ag, E€R, a; €R,i=0,1,2,
and az > 0. Assume that F : L°((0,1);R) — E is the Nemytskii operator defined by F(X)(¢) =
8(X({)), and that A :=supgcp §'(£) < A1

Similarly to the proof of (Cui, Hong and Sun, 2021, Lemma 2), under (P3), we can obtain that
the mild solution {X}'},>o of (13) fulfills sup,.oE[||X;||"] < K(1 + |lx||”") for any r > 2 and
some fixed constant 7. And it follows from the It formula that for any p > 2, E[||X;" - X;2||P] <
E[|lx1 — x2||P]e~P1=4F)t Thus by Proposition 2.1, under (P3), the mild solution {X}t50 of
(13) admits a unique invariant measure u and fulfills the strong LLN and the CLT for f € C,,
with any p > 1,y € (0, 1].

For the numerical method considered in Cui, Hong and Sun (2021), i.e., the full discretization
with spectral Galerkin method in space and BEM method in time,

h h h h h
TANEED ARG A B ) O AR LT ) /D NS (15)
- XHA XA —p(A-Ap)t

we can also derive E[||Y, |~ — Y, [I”] < KE[|lx; — x;||P]e”P 174+ By part 2 of the

supplementary material (Chen et al. (2025)), we have the time-independent strong convergence
of the full discretization:

x _yx"A BL B
Sug”Xz =Y Cll2e) < Yxlleo.nr)s Ixllgs ) (72 + A7), (16)
t>

where Y (a, b) is a polynomial with respect to variables a and b, and EP! is the Sobolev space
generated by the fractional power of —A (see e.g. (Kruse, 2014, Section B.2)). We also re-
mark that in the proof of the numerical strong LLN and CLT, Assumption 3 is used to derive
A (HY)
; . Ny
sup, 50 (BLIXF = ¥, 21121)2 < Ls(1 + [|x[I;))|A®| with sup, 5 B[|IX|7 "27] < co, then the
numerical strong LLN and CLT still hold, where E(c E) is some Banach space. Noting that from
part 2 of the supplementary material (Chen et al. (2025)), one has sup,.oE[[| X} ||rC (©0.R) *

supZZOE[HX;‘H%Bl] < K(x) with any r > 2. Hence, together with (Cui, Hong and Sun, 2021,
Lemma 4), and Theorems 3.1 and 3.2, we obtain the following result.

Proposition 4.1 and limja|0 =v? in Proposition 5.3. If we replace Assumption 3 by

Theorem 3.6. If conditions (P1)—(P2) are replaced by (P3), the result of Theorem 3.5 still holds.

By using the weak error of the numerical discretization (15) from (Cui, Hong and Sun, 2021,
Theorem 2), we derive the following result.

Corollary 3.7. Let (P3) hold. For any fixed A € (0,8;), set k = [t~ '=22]. Then for any f € C2,
the numerical discretization {Y;; ’A} ren of (15) satisfies (9).

3.2.3. SFDEs

The probabilistic limit behaviors of the functional solution of SFDEs have been studied in the literature;
see e.g. Bao, Wang and Yuan (2020) and references therein. However, to the best of our knowledge,
there is no result on the preservation of probabilistic limit behaviors of numerical discretizations for



Numerical discretizations for Markov processes 3151

SFDEs. Based on the application of our main results, we focus on the probabilistic limit behaviors for
the EM method of the SFDE. Let 6y > 0 be the delay. Denote by C([—do,0]; R) the space of all
continuous functions ¢(-) from [-8¢, 0] to R? equipped with the norm ||¢|| = sup_ 50<0<019(O)].

The SFDE on E = C([-60,0]; R?) has the following form

dX* (1) = b(X)dr + o (X)W (1), XJ=x€E, (17)

where {W(z), t > 0} is a D-dimensional standard Brownian motion on a filtered probability space
(Q, F,{F: }+0,P), and coefficients b : E — R? and o : E — R4*P are measurable functions. We
impose the globally Lipschitz condition on o, the dissipative condition and the globally Lipschitz
condition on b, and the Holder continuity condition on the initial datum.

(F1). Assume that there are positive constants Ly, L, and the probability measure vy on [—dg,0]
such that |o-(¢1) — o (¢2)|* < L1 (|¢1(0) — ¢2(0)[? +f_050 [¢1(6) = $2(6)[*dv(6)) and |o(¢1)| < Ly
f0r¢1,¢2€E. L _ _ _

(F2). Assume that there are positive constants L3, L4, Ls with L3y > Ly + Ly and the probability
measure vy on [—0¢, 0] such that for any ¢, ¢, € E,

0
(1(0) — $2(0),b(¢1) — b(¢2)) <—L3|¢p1(0) — ¢2(0)|2+Z4/ l¢1(8) — ¢2(6)2dv2 (),

0
b0 - 062 < Ls(161(0) - 620 P + [ _161(0) = 92(0) P ®)).

(F3). Assume that there are positive constants Le and € > 1/2 such that |x(81) — x(62)| < Lg|6; —
621¢ Y 6,,0, € [-6,0].

The functional solution X} : 6 — X* (¢ + ) of (17) is the E-valued random variable for ¢ > 0. Anal-
ogous calculations to ones carried out in proofs of (Bao, Wang and Yuan, 2020, Lemma 3.1) and (Bao,
Shao and Yuan, 2023, Lemma 3.1) yield that, under (F1) and (F2), the functional solution {X;};50
satisfies Assumption 1 with #=1, any r > 2, 8=0, p(t) = e~ ! for some ¢ > 0, and any y; € (0,1].
Thus, by Proposition 2.1, the exact functional solution {X;'},>( admits a unique invariant measure u
and fulfills the strong LLN and the CLT.

Without loss of generality, we assume that there exists an integer N > ¢ sufficiently large such that

h
T= % €(0,1]. Lettg =kt fork=—N,—N + 1, ... The E-valued numerical discretization {Y;Z ’A}keN

based on the EM method associated with (17) is defined by: for 6 € [t;,¢;11], j € {-N,...,~1},
YA (0) = %yx’.r(tkﬁ)"' - LY T (teaja)s (18)
where x" is the linear interpolation of x(_n),x(1_n+1), - . ., x(0),
X, T _X,T xh A xP A
VT (1) = 95T (1) + DY DT+ 0 (VT N)6Wy, k€N, (19)

and y*7(0) = x(0) for 6 € [-5(,0]. For the numerical discretization {Yt’;h’A}keN, using the similar
technique as the one in the proof of (Bao, Shao and Yuan, 2023, Lemma 4.2), by (F1) and (F2), we
deduce that for sufficiently small 7 € (0, 1], Assumption 2 (ii) is satisfied with k =0, p® () = e’ for
some ¢ > 0, and any 7y, € (0, 1]. Moreover, one has from (F1)-(F3) that for any g > 2,

h
]s(u%E[nY,’; A9 < K1+ [|x]19), (20)
>
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h
supE[[1X;" =¥ 2121 < K(1+ |Ix|)7s 1)

t>0

see part 3 of the supplementary material (Chen et al. (2025)) for the proofs. Hence, utilizing Theorems
3.1 and 3.2, the strong LLN and the CLT of the numerical discretization (18) are stated as follows.

Theorem 3.8. Let (F1)~(F3) hold. Then for any p > 1,y € (0,1], and f € Cp ,, the numerical dis-
cretization (18) satisfies (6). Furthermore, for any fixed A € (0, %7), set k = [t71724], then {Y;Z’A}keN
satisfies (9).

4. Proof of Theorem 3.1

This section is devoted to giving the proof of the preservation of the strong LLN of numerical dis-
cretizations, based on the existence and uniqueness as well as the convergence of the numerical invari-
ant measure.

Proposition 4.1. Let Assumption 2 hold for the time-homogeneous Markov process {Yt’zh’A}keN. Then

h
for each fixed A, {Yt’; ’A}keN admits a unique numerical invariant measure u® € P (E™). Furthermore,
if in addition Assumption 1 holds for the time-homogeneous Markov process {X}'};>0 and Assump-

h
tion 3 holds for {X}};>0 and {Yl); ’A}keN, then we have Wy (u, u®) < K|A%|, where |A?| is given in
Assumption 3.

Note that Assumption 2 leads to
P 11) < lim / Il () < sup E[IIY" 4] < Ls. (22)
- JEh 120
Similar to the proof of (5), we derive that for f € C, , with p € [1,¢9] and y € (0, 1],

pd
P S 0) = 1 (N S KIFllpoy (L ull 2 ) (08 (1)), k€N (23)
This is the uniformly mixing property of numerical discretizations. Based on (Shirikyan, 2006, Propo-

h
sition 2.6 and Remark 2.7), we obtain the estimate between %S;{“ A and w2 (f).

h
Lemma 4.2. Let Assumption 2 hold for the time-homogeneous Markov process {Y;; ’A}keN, y €

[y2,1], and 0 €N, p > 1 satisfy o(5(1+§) + (1 + «)y) < q. Then for any f € Cp ,, x" e E", we
have

1 «h 2 2 (2 (146 -
B[Syt = n DT < KIFUpS (L et MO oMy @y ke, @4)

With these in hand, we present the proof of the strong LLN, i.e., %Szh’A % u(f) as k — oo and
|A] = 0.

Proof of Theorem 3.1. Applying (4) and Proposition 4.1 leads to

1(F) =D <KIflpy AT, FECpy. (25)
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Hence it suffices to prove that limy | ka A A(f)| =0 a.s. for each fixed step-size Aand f € Cp, 5.
For any & e (0,%) and k € N with k > [1/7], define ﬂx Ai={weq: \ksx A A Hl(w) >
||f||p,7tk T3 } Note that the condition p(1 + §) +2(1 + «)y < g coincides with the one in Lemma
4.2 with ¢ = 2. By virtue of (24) with o = 2 one has EH%S;{Ch’A - ,uA(f)|4] < K||f||j'm,(1 +
|lh (|9 (P U+@+2(1+6)¥) ) =2 Applying the Chebyshev inequality yields
46

7 LoT 1 .n
P < IIkaI BlIzSy - i (0| < K+ a0 0+a2000m)2GoDe - g6

Then it follows from 2(1 — 25) > 1 that

P(ﬂzh’A) < K(1+|]x"||a(P(+@)+2(1+K)y)y 27)
1

Ms

k=[

=

Define the random variable K*" 2 by
K" A (w) =inf {j € N with j > r 1: —sx — 1 (P)|(@) < N fllpytp 5 Vi > j+1}
Inequality (27), along with the Borel-Cantelli lemma implies that KA < oo as. and
P{w cQ: |%s;§'“A — 12 (P|@) <1 Fllpyt7 %75 forall k > K2 (w) + 1} 1. (28

Let TX"A = zq¢x".A Noting 2(26 — 1) < —1, there exists a constant [ > 0 (e.g., [ = —w > 0)
such that / +2(26 — 1) < —1. This, combining (26) implies

h - h
(Tx E (Tx ’A)ll{(Kxh,A:j}] — Z (jT)lP((K-x ,A:j)

1 J=l+]

$M8

Jj=

<

Mz

(6)'B(AL ) < K(1+ 6|9 (+a)2(1007)) (29)
1

=

J=1

For 6 > 0 and N € N, define Z)I’f,h ={weQ: T<"A 41> NS}. When § is chosen so that 6/ > 1, it
follows from (29) that 315y _, ]P(Z)I’{,h) < Z%:I(ﬁ)‘”E[(Txh’A + 1)1 < K1 + ||x"||a(p(+@)+2(1+x)y)y
Using the Borel-Cantelli lemma again yields that there exists a random variable N*" < oo as. such
that

P{weQ:T"h’A(w)H < NS forall N > %" (w)} - 1. (30)

x xh,
Combining (28) and (30) yields that for a.s. w € Q, when k > & - (w))é r AT(“))H > th’A(w)+ 1,
45
we have ‘

,lc A AN @) < N Wyt 7 F < I f oy (R ()52,

which implies limy o Sx A= = u(f) a.s. for fixed A. This finishes the proof. ]
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5. Proof of Theorem 3.2

In this section, we present the proof of the preservation of the CLT of numerical discretizations, based
on the decomposition of the normalized time-average of numerical discretizations Precisely, we intro-

duce the following decomposition of the normalized time-average x/% Z 0 L(f (Yx Ay — u(f )T,

1 k-1 oA 1 h A 1 N
_ XAy =— M7+ —% ", 31
D )= b
where
%x A =TZ(E[f(Yx A)|7_~ ] A(f)) TZ( [f(th’Aﬂ%] —/JA(f)), (32)

i=0 i

b f

A Z(E[ﬂw O] =10 3 (BLAIT] () ke () = ).

i= i

I
o

d

By virtue of the Slutsky theorem, the idea for proving Theorem 3.2 is to prove that ‘/%/// :h’A —

N (0,v2) and v_%’“ o

By fully utilizing the Markov property and the uniformly mixing property of numerical discretiza-

h
tions of the time-homogeneous Markov process, it is shown in the following proposition that ./ ]f A s
well-defined and is a martingale for k € N.

h
Proposition 5.1. Let Assumption 2 hold for the time-homogeneous Markov process {Y;Z ’A} keN, Y €
5 h
[v2,1], and p > 1 satisfy 5! +(1+k)y < q. Then for any x" € E", f € Cp, ., the sequence (A AY ke

h
is an {Fy, } ken-adapted martingale with ///6‘ A=, Moreover, we have

k-1
h h h
"R < 7 ) (PO = )|+ Kl (1 A 50407 sl B0y (33
i=0

Define the martingale difference sequence of {.7, ]f h’A}keN by

h h h h
5N =T - S VheN,, Z7 =0

h
Denote by E[IZZ‘ ’Alzlﬁk_]] the conditional variance of the martingale difference sequence, whose
properties are presented in following propositions.

h
Proposition 5.2. Let Assumption 2 hold for the time-homogeneous Markov process {Yt); ’A} ken and
Y € [y2.1].
(i) For any constant c satisfying c(pT~ +(1+«)y) <gq, it holds that

sup  supE[|ZF AT < KNI, (14w |edF w0y, (34)
he[0,h],7€(0,7] k=0
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(ii) Let p > 1 satisfy pG+2(1+«)y < q. Then IE?[IZk+1 |2|77tk] = HA(Yt’Iih’A) for all k € N, where
H®: E" > R is defined as

HAW) == 17w - w4 8] 3 (PR 1) - b ()]
i=0

[e+] (o8]

=T D (PR ) = A O)P +272(F) = () D (PRF@) = (). (35)
i=0 i=0
(iii) Let p > 1 satisfy 2pgd +2(1 +2«)y < q. Then H” € Cap,,y and ||HA||2,,7 y < K||f||p y» Where

Py (pq+ (2+3k)y).

Proposition 5.3. Let Assumption 1 hold for the time-homogeneous Markov process {X; }>0, Assump-
h
tion 2 hold for the time-homogeneous Markov process {Y;Z ’A}keN, Assumption 3 hold for {X; };>0

and {Yt);h’A}keN, vel[y1 Vy,ll, and p > 1 satisfy p(1+ GV F)+2(1+«V B)y < g Ar. Then for any
feCp,y

A HY == 5 (| f = g (HP)+20 (£ = () D (P f =12 ()7). (36)
i=0

A A
Moreover, |u®(H™)| < KTlIfll%m, and lima |0 £ (71_1 ) =2,

The proofs of Propositions 5.1-5.3 are presented in part 1 of supplementary materials (Chen et al.
(2025)) to avoid a possible distraction from the presentation of the main results. With these in hand,
we give the proof of the preservation of the CLT of numerical discretizations.

Proof of Theorem 3.2. Step 1: Prove that ‘/L_/l x",A converges in distribution to A (0,v?) as

|A] = 0. Recalling k = [t~24717, it is equivalent to show that ‘r’l/// x" converges in distribution

2/1 1'|

to 4(0, vz). To this end, we show that the characteristic function of T/l/// [XTJA,AA?I] satisfies

2,2

lim E[exp(u‘r/l///x 2 )]=eT VieR, (37)

[A|—0 [7=24-1]

where i is the imaginary unit. Without loss of generality, we assume that u(f) =0. Otherwise, we let
f=f—-pu(f) and consider f instead of f.
A direct calculation gives

22 k=l oo
e 2 [exp(ur’l//{x ) ( e ])E[exp(u‘r’l///xlA)]—e I3 E[exp(u‘r’l//{x A)])
— 2</+1> A v2i?
e [exp(ur’lj{x )(exp(u‘r’lZ o A - F)]
J=
k-1 2,204 w22 2,2
sy e (1 m e - B exp et N]. G9)
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Note that for any £ € R\ {0}, el =1 +iZ - ﬁ —2%0(¢), where Q(0) =72 /0{ f‘zz(ei{l - 1)d1ds

satisfies sup g [Q(£)| < 1,10({)] = O(|{]) for { < 1. This, along with E[Z | ] =0implies that
E > ﬂ%x”,A . /le A 1 2 2
exp (iet" 4 )(exp (it ) T —)
2.2 AN2
it (.Z;.CJr1 ) 2,2

= E[exp (iL‘r’l//{;Ch’A)E[( -

7l

2
T B|exp (e ") (ar = (Z5) | - 2B exp e (250,01 | (39)

2724 2 VoL
3 (Zj+1 )Qj+1+§)

22/1

where Q11 —Q(LT’IZ il ) Plugging (39) into (38) yields

V212 i
e 2 E[exp (iLT’l,///]f] ’A)] —1=1(k)+ L(k)+I3(k), (40)
where
k=1 v2 23+ 2,2 22
nk)=y e AL (1 - V—)E[exp (et ),
j=0

Iz(k) __ 2 212 vZ, (J+l) I:GXP(ILTA%X A)(Z1+l )2Qj+1]’

k-1
224 2(, 1)

I;(k) =t ; Ze

Jj=0

A v
]E[exp(u‘r’]///x )(k‘rm ('Z_]+1 )2)]-

Estimate of the term I; (k). Applying the inequality |1 — e~ ¢ — /| < %5 2 for £ > 0 gives

k-1
V2.2 2,2 22 V44

vou

vZ22 — VoL K
lim |I; (k)| < i 2 l—e 2% ——| <1 2 < lim —=0.
lim 171 (0)| < lim e3 ) |1 - e 5| < lim e im

7—0 8k2 70 k

Estimate of the term (k). It follows from sup, . |Q({)| < 1 that for any € > 0,

k-1

Vzl,2 !
(k) < 22T Y B[(Z5 0 ] < (k) + Lo (k). @)

Jj=0

where

L1 (k) =%e o TMZE[(Z]H |

hA _
(1Z5 ety

hak) = et 2*ZE[(zﬁ1 104111

h A _ .
o 1Z5 Iser "
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Using Propositions 5.2-5.3 leads to that for any & € (0, 1),

\)2[2
Lo (k) < LzeTrul sup 10(0)| ZE (Z5?
J|<te

|'T717(/lfs)'|_1

v22 h
<2 swp (I Y ENZY
[{|<ee 7=0
k-1
21 A ryAs h A A 2
+T N (PRHAGM) - g HY) + KIS, | 42)
j=lmi-(men
Combining E[I///F‘,IAM o= AN - 1E[(Z;‘f;A 2] and (33) implies that
|'Tflf(/17£)'|_1 . |'T717(/17£)'|_1 .
> BUZL M=k B[R P+ ()P
j=0 j=0
2 x",A pG+2(1+k)y h) pg+2(1+k)y
+KIFIG E[ 1170 ] |

Since the condition (7) implies that pg + 2(1 + )y < r, by Assumption 2 (i) we obtain

rTflf(/lfs)'l 1

S BN S KISIR, (14 |t a0a20407) =20-e), 43)
Jj=0

It follows from (7) and Proposition 5.2 (iii) that H2 e Czﬁy,y with 25, < q. Making use of (23) yields

k-1 k-1
2 (PRHAM) = (HY) < KNI, (L |99 000m)20 % (ph ().
jlrmi=en jlrmi=en
(44)
Inserting (43) and (44) into (42) leads to
V2l2 ~ ~ ~ o~
Ba(k) S K2 sup 10N (1+ 517072007 4 o 7P (1007)
J|<te
k-1
x(Peert N ()7 1), 45)
j=lr1=(-e)

Note that (8) implies lim,_,o 7% Z} rei-tee (P (p™(#;))” = 0. This, along with (45) leads to

lim lim 155 (k) = 0. (46)
e—07—-0
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By virtue of the condition (7) there exists a positive constant ¢ such that ¢ > % V 4 and c(pT +(1+
5 £)y) < q. Applying the Holder inequality, the Chebyshev inequality, and (34), we have

V2.2 1 h 1
bi(k) < ™2 TMZ ZA) (BUZ > e )2

k-1
2] < xh A4y 3
SLze 2 ﬁTZ/H— Z( [|Zj+1 ])2( [|Z]+l ])2

Jj=0

22 1 e e +0)d (P 4 (144)
<Kle T Il (L I (1), (47)

Plugging (46) and (47) into (41) yields

. . . »v22 1 ed_ ‘)q( +(1+/<)y) . .
2 1 h )
< + + =0.
111%|Iz(k)| éll’l’b lln’%)KL e 2 C/2 || f ”P 7(1 ||)C || ) ill’rb lln’bllgg(k” 0

Estimate of the term I3(k). To simplify notations, we denote k = [7~'~#¢] and M = [k/k]. Divide
{0,1,...,k — 1} into M blocks, and denote

Bi={(i-Dk,(i—-Dk+1,...,ik—1} forie{l,....M -1}, Bpy={(M-Dk,...,k—1}.

We rewrite the term I3 (k) as

2200 M 22 2 220 M
et A Ve (/+1) Vv T
I3(k) = 2 ZE[eXP(“T //lx l)k) Z k 21 _(Z1+1 ))] T Z
i=1 i=1 jeB;

v22 (j+1) V2

E[(exp(iw%f“) exp(m‘//ﬂ e (m_(szl’Af)]SIS,I(k)+I3,2(k), (48)

where

2204 M

2T v L2(1+1> V2 h
B (k) = == Y E|exp irt S0 ) Z ﬁ—@;ﬁz)],
i=1

22/1 V2,2
e 2

I32(k) =

s A x A xP A 2
]E“exp(u‘r (A7 =l l)k ~1|(= = (ZJH ) )]
i=1 J eB;
It follows from the property of the conditional expectation and the time-homogeneous Markov property
h
of {Z; *}kew that

2
I31(k) < -

~ EHE[Z S k%—(z] )|

JjeB;

]

i l)k]

< LZTZ/I & VZL E[
2

(zy 4)2

] . (49)

k 21 t
(i- l)k
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It is straightforward to see from Proposition 5.2 (ii) that

2
E: 4 A2
™ ‘k‘rz’l _E[(Zf+1 ) ])
JEB)

k=1 9 k-1 k-1
<o D [pm et ) BUZ N D et -BIEZ
J= J= -I=7

Jj=lr 4]

B » A HA) s
S_l_<€‘+1kV2|sz/H—l —1|+T8+1k|V2—/J - |+T8 1 4|/JA(HA)|
[7_1_%]_1 - k-1
+7°  BUZL MM+ Y WA HY - PRHAG")I. (50)
Jj=0 o -1-F
J=lt 4]

Using the same techniques as (43) and (44), we derive

—_1-£

[r 47-1

kA i(pé _e

Do BUZL D SKIFIG, (1 + [y Par2(+07))73 1)
Jj=0
and
k-1 - k-1
Y A HY = PEHAGM < KIFIG, (14 Iy [P0y ze 3T (o))
jre A jere

(52)

Inserting (51) and (52) into (50) and using |u®(H?)| < KT”f”%’y, we arrive at

2 A A
v L ~ 1 ~ (H?) 3e
3 e ~EUZ D S o R = e RN = S [ T KA,
JEB
k-1
F KIS, (L " 4PN T 4 K| F2 (14 [y 9P 07y ze 3T (p(1)7
j=1e7 7

(53)

Since §(pg+2(1+«)y) < qand §p, + (1 +«)y < q, plugging (53) into (49) and applying Assumption
2 (i), we have

3
== 2
1+ 112,

_1|+|V2_M
T

\121.2
(k) <Kie 2 (v2| Py

~2 ~ &
+ I3, (1+ x| 9 (Pa+2(+7)) 23

k-1
HIFI, (L AP omyze S0 (oA ()7,

j=r77 8
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where we used k = [t72471, k = [t717¢], and M = [k/k] = O(z7>%*#). It follows from (8) that

limy_o7¢ XK fl s (p™(t7))” =0, This, along with p(1+§ V #) +2(1+« V 8)y < g Ar and Propo-
j 4

sition 5.3 implies that

lim I3 1(k) =0. (54)
|A]—0

Furthermore, by |e™ — 1| < u and the Holder inequality, one has that for any &| > 0,

2720 2p
La(k) < ey k —3 7 ]+1 M)
i=1 jeB;
2 aa 22 v XMAN2
I ZZE[(—kT2’1+(Zj+1 ) ) {’ll///th //lx A 81}]
i=1 jeB; (i-DF
V22 B2t 22 &
<Keile? +g e 7 ZE[HA(YX A]
j=0

+Ki2te 7 5 ZZ v 4+ E[ (Z )4])%(]?{ /l|//fx oA ///x lA)k| ‘91})%- (5)
i=1 jeB;

It follows from (23) and the definition of ///th that for any j € B; \ {(i — 1)k},

j-1
h h h
N R e I SV A BRI 0)]
I=(i-1)k
pd

x A B4 (14k)y XA St+(1+k)y
’ 2
+K 1l py (TNl I eI ).

1+\/_-|

Let € < 1 such that [ + 1. This, along with the condition (7) implies that

1+\/—

2[3V ( +(1+K)y)<q

Combining the Chebyshev inequality and Assumption 2 (i) yields
R e AT

-k

.l . j-(i=1)k-1
<k(CP el Y 0y -a ) oy |
=0 (l l)k

2[3v i ] T

( )2r3v—1(1 +lx h||2‘1r3VHT‘E1(qu+(1+K)7)

+ K| fllp, ). (56)
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Note that the condition (7) leads to that the one on p in Lemma 4.2 holds with o =[3 V 1+f]. By
virtue of Lemma 4.2 with o =[3 V Hf'l, we obtain

j-(Gi-Dk-1

ar3y Ve
Bl Y o=t
=0
2|'3\/1+\/_'| - +\E]IJ(B(1+Q)+(1+K)7) [3v1+\/—-|
< K| fllp, (j—G-1k) 1 14(5 )J o

This, along with (56), §[3 v 1+f'| (%(1 + g) +(1+ K)y) < ¢, and Assumption 2 (i) implies that

Z (P{ /l|%x A J//x A |>81})%

-k
JEB:

+ /l 1
<K||f||£73\»)//1 \/_]Z (M)[3V (E[”Yx A ||LIf3V I+Ve (p(l+q)+(1+K)7)]

Li-1k
JjEB;

i f3\/1+‘/_1/2 [3V '|T Ve 3y iHve +\/— Pd (1
+1)7 Ky P hn“ (0],
j->i- l)k £

f3v ] /e q_ e —|—3\/1+\/E'|/2
<Kl fllpy * QP 215 (%5 <1+q>+<1+«)y)z( )m 1t]. X

J€By
f3\/ Ve 7t 3y e 1
+KIflpy P T EE (B

o ~ r.r—]-|71 X
[3v Ve [3vitVe152( 29 o (14) - LeyE 3y IE
<RI TN YR 0r), (DyvE S
&1 =

+e /l
|-3\/1+\/>-| ] |-3V1+\/’.| _[3\/1 -|/2 [3V1+\/E-|
( ) rZ_l]( ) + () |
] T

1 3vIyE v IE 22 (2 (A=e)(1+yE) _
< ||f||fV p 1(1+||xh”fv 2 1q(2+( +r<)7) 4 1
r3v ey
A
&
1

Y(1+71 +7).

Inserting the above inequality into (55) leads to

V2.2 B2 2p k-1 o A
I32(k)<K81L e +& e (Y
v22 h 1 1 3 1+r
+K2e T (v +supB[(Zy YY) R

n>0

]+\/ p,y
E 1

1+Ve 1 22(pg . ovE
X (14 YN 00) s BE Lyt
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Recalling M = O(772%#), letting € € (0, 1) satisfy v — 5= i > 0, and using (34) and (42)—(44)
yield
11m hm I3 2(k)=0. 57
8]—> 7—0

We conclude from (48), (54), and (57) that lim|z|—0 /3(k) = 0. The desired argument (37) follows from
estimates of terms /;,i = 1,2, 3

Step 2: Prove that —%x A converges in probability to 0. Recalling k = [t~>2717, it is equivalent

iz k
to show that T’l%"x a 1, converges in probability to 0. Let Ay A %2;.1 A %’z 5 A, where
h > h > h
RN ==y (B OIT] - k) +7 ) (BLAOGNIF) - 1t ()
i= i=0

and %;(‘Z’A =kt (u(f) — u(f)). By (23) we deduce

" < S BB PO AP+ S [P - ()
i=0 i=0

hoA B (1 Ry 2241
< K| fllpy (14 1Y, B 2 HIHOY ||l 2+ (H07),

Taking expectation on both sides of |%Ifhl’A| and using Assumption 2 (i), we derive E[l%zhl’AH <

Kl fllpy(1+ |||+ (147)) This, along with 24 4+ (1 + )y < q and Assumption 2 (i) leads to
that

. 1 hoA . R G (B +(14c)y) ..
lil‘IEO?E[I%’,fJ I]Slil‘rgoKllfllp,y(Hllx |44 =0, (58)

It follows from (25) that\/_ Py |_«/E|yA(f) w(N)| < KN fllpy VET(R®Y +7927). Since h =

7@/ when h # 0, one has K || f|| ., VkT(h4Y +7%7) = K| f|| .y 7%? 4, which tends to 0 as 7 — 0
by letting 2 € (0, azy).
Combining Steps 1-2 finishes the proof. o
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