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1. Proofs of Propositions 4.1, 5.1-5.3

This section is devoted to proofs of Propositions 4.1, 5.1-5.3.

Proof of Proposition 4.1. (i) We first prove the existence and uniqueness of the numerical invariant
measure in the following three steps.

Step 1: Prove that for each fixed x" € E", the family {,u;:" koo IS tight, and the limit is unique
in (P(E™),W,). By virtue of (Villani, 2009, Lemma 6.14), it suffices to prove that {y,k ’ }k:0

Cauchy sequence in the Polish space (P (E"), W1). In fact, for any k,i € N, applying (Villani, 2009,
Remark 6.5) leads to
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where ¥ : E" — R is bounded and Lipschitz continuous, and norms || - ||z; p and || - || are defined by
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,u?“h’A, the time-homogeneous Markov property of {Y;, *“}}"_, and Assumption 2, we deduce that
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which together with limy_, p2 (%) = 0 finishes the proof of Step 1.

h
Step 2: Prove that for each x" € E", {r;} ’A}k eN admits a unique invariant measure which is denoted

by px *A_ The uniqueness of the 1nvar1ant measure is proved in Step 1. For the proof of the existence,
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show that P%< is Feller, i.e., the mapping x" — Pﬁc O(xh) = E[@(Yt:h’A)] is bounded and continuous
for any @ € Cp,. This can be derived by the use of Assumption 2 (ii).
Step 3: Prove that for any x" # y", ,uxh’A = yyh’A(:: u™). This can be obtained by
h h h h A h A h,A h,A h
WA ) S W (A ) AW (gt ) W ()
< [ = Y I+ I+ 1" 19)0% (1) — 0 as 1 — oo

(i1) We show the convergence of the numerical invariant measure. It follows from (P,)*u = u and
Assumption 1 that

Wa (ks ) < B[ (BIXG=X7 1)) | < K(L+ Il )p(0).

y f]
This, along with Assumptions 1-3 implies that
Wa (1) < W (pt, ) + Wa (i)™ + Wa(up ™, 1)

< K(p(tx) + 1A%+ p" (12)). (SD)

Letting 7z — co we finish the proof. O

h
Proof of Proposition 5.1. From the definition of .# ]f A (see (32)), we have
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Using the conditions y € [y, 1] and qu + (1 +«)y < g, and Assumption 2 leads to

h . pd
E[LZ7 ] < Kl fllpyk(1+ x| 2CF 1409 < oo,
In addition, by (S2), we have
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which gives
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Applying the dominated convergence theorem yields
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Inserting the above equality into (S4) leads to B[ (.} +JA M, x" A) | %7, | = 0. This finishes the proof.
O

Proof of Proposition 5.2. (i) It follows from (22), (23), (S3), Assumption 2, and the condition y €
[y2, 1] that

1Z A <t @) — A+ D PR LS — i ()
i=0

+7 Y PAFE) A ()
i=0
h
< KISy (1 17,5 4 KIF 1y (1411155 A1 5 #0407
+||Yx A||f+(l+K)7) (SS)

Taking any constant ¢ satisfying c(”T~ +(1+«)y) < ¢ and using Assumption 2 (i) finish the proof of
.

(i) The condition pg + 2(1 + k)y < g coincides with the one in (i) with ¢ =2, thus E[|Zl+1 1% |
is well-defined. It follows from (S3) that

(o8]
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i=0
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For any u € Eh,
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—2722 (P8 - i ()P D) (PR = b () ). (S7)
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Applying the dominated convergence theorem yields

() = kPR ( D (PRF = () ) @)
i=0
= (F) = (D) D (PRF@) = () = 1 ) = 1 (PP, (S8)
i=0

Similarly,

(PR 0 -0 P (D) (PRS- b)) )
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Inserting (S8) and (S9) into (S7) implies G2 = H2, which finishes the proof of (ii).
(iii) For any u € E", using (22), (23), the conditions y € [y>, 1] and pg +2(1 + k)y < ¢, and As-
sumption 2, we deduce

Me%

(Ph £ ) = 2 (D) = (F) = (H)) D (PR f () = (f)). (9)
i=0
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< KIFIB (14 uf|dPa20+90) < K| £ (1+ [JullP7),
which implies

|HA (u)|
sup sup —)~ §K||f||f,,7. (S10)
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By the definition of H2, we deduce that for any u,us € E™,

4
H® (u1) = Hu2) = ) 1y (1, u2), (S11)

where
Li(uy,up) =72 (1f (2) = ™ ()P = | f (ur) = ®(HIP),

(101 12) :=72]E”i(PtAif(Y,'f"A) )] —TZEHi(PtAif(Y,'fz’A) )]
Bl = 2| 3 (P2 ) - ) 47 (21 - b (D)
i=0 i=0
(o) =222 (£ ) - 1(0) 3 (PR FGr) = )
i=0

=272 (fu2) = () D (PR F(w2) = ().
i=0

By the definition of Cp, , and (22), we have
|11 s u2)| = 221 f () + f (u2) = 26 (L () = f (u2)]
1
<KIFIZ 72 (A fluy = u2l) U+ e |17+ (lual*P) 2. (S12)

It follows from (23) that

|13<u1,u2)|—72|z o f ) = (f)

+Z (P2 f(u2) —uA<f>)IIZO (P21 (u2) = P2 f (uy))]

< KIFIZ (1 [l [ Z4007 4 g | 5 +<1+K>7>(72(p (1))

pd pd
X et =l (1 [l | 5475+ flua | 5%

< KNI ey = 2]l (1 + [l [PAFIF200Y 4 ||y || PO+ (12607 (S13)
where we used

P f(uy) = P f(u2)] = 2 (F) = 122 ()]

£ 2 A h
< KIIfllpylluer = wall” (1 + g | 5575 4 ) 57 (02 (1)) wruz € E”
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Noting 5 (u1,u2) = ~E[ (Y2, ¥2%)], by (S13), 2pg +2(1 + 24)y < g, the Holder inequality, and
Assumption 2, we obtain

112 (w1, u2)|
LA LA ANpg A pg
< K”f”?;yE[”Yz';] _ Yzlfz 7 (1 + ”Yt"ltl ”Pq+(l+2K)7 + ||Yt"ltz ”Pq+(l+2/<)7)]

< KIFI My = ual]? (14 lug [|9PTHIFOVYE 14| 9 (PI+(H2IV)+yi), (S14)

The similar arguments as those of 7 and I3 lead to

| aur,u2)| <2721 f (1) = f )| Y (P f () = ()]
i=0

+20 f(wa) = (O (PR () = Py f(w)]
=0
P 5 2 5
< KIFIB yrllug = uall? (1+ [fuy || 2 DAY gy 7 (D07 (S15)
According to ¢ > 1 and p > 1, one has pg* > 5 (1 + §), which implies
. o~ p -
Py = G(pGg+(2+3k)y) = 5(1 +§)+ (1 +k)y.

Plugging (S12)—(S15) into (S11) deduces

|HA (u1) — H (u2)|

2
sup sup pye o1 <KI|fll5,,-
hel0,h],7€(0,7] uyupeEM |luy — ua|[Y (1 + [[ur [P + |luz||7P7)2
uy#uy

This, along with (S10) implies that

|HA (u1) — H (u0)|

sup sup - —
he[0,h],7€(0,#] uy,upcER (1 A ||lug —ua||?)(1 + ||u1||2py + ||u2||2py)§
uyFuy
HA(uy) — HA (u2) 1, -
<KIfI3,+  sup sp L)~ HO @) 1)

~ " 1
hel0.7],reO. 7 umeE  (1+|Jug||?Py +|Jua||*Pr)2
uyFuy

|HA (up)| + |H ()|

2 2
<KIfIB,+  sup sup - 2 < KIS,
hel0.h],7e(0, 7] upupeE" (1+ [lug[[=Py +[Jua||*FP7)2

uyFuy
The proof is completed. O

Proof of Proposition 5.3. Step 1: Proof of (36). The condition of p in Proposition 5.3 implies that the
one of Proposition 5.2 (ii) holds and then A A is well-defined. Moreover, H2 can be rewritten as

(]

S s - -7 3 (P

1=0

HA () = = 721 f () = g () + 7P
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N[ #2220 - () Y (PR £ ~ ().
i=0
which together with (Pf‘1 Y ul = u® gives
HAHS) = =2t (1f = i (DP) + 20 (£ = 1200) ) (P f = 1 ()7).
i=0

Here, (PtA)* is the transpose operator of PIA; see (Da Prato, 2006, Section 5.2).
Step 2: Proof of |u™(H®)| < K7||f II%’y. According to the Young inequality, we arrive at

A HO < 2002 (1 = DP) + 7 (Y (PR =12 (D))*7?). (s16)
i=0

The fact f € Cp,,, implies that f2 € Cs,, and || 2|l2p.y < K||f||%,’),. Together with (22), we derive
A f = 2N =k (D) = 1 NP
2.\2
< K||f||%;,y,UA(1 +[ 1P+ K (I llpyr® A+ 117))7 < K||f||§,,y~ (S17)

It follows from (23), pG +2(1 + k)y < g, and (22) that

((Z AF k(D))

< K|fIG 1 A+ - [PT2007) <K £12 . (S18)

Inserting (S17) and (S18) into (S16) yields |u®(H*)| < K7||f]1%

Step 3: Proof of 11m| Al—0 = ( D = v2. Without loss of generality, below we assume that u(f) = 0.

Otherwise, we let f:= f — u(f ) and consider f instead of f. The condition on p in Proposition 5.3
leads to %(1 +§ V) +(1+pV«k)y <r, which along with f € C, ,,, (5), and (23) implies that

(o]

,Ll(fZ(PtAif_luA(f))Tl{Eh})<00 and u(waP,fdt)<w

i=0

Together with (36) we arrive at
|/JA(H 4 2)
—_— -V

(o8]

<7t (1f =2 (DR) 2k (DIt ( ) [P = 1 ()

i=0
+ 2l (fZ =k ny) - (r D (RS b (P) e )|
i=0
4

+2’u(fi (pgf_ﬂA(f))ﬂ{Eh}) —u(f/OwP,fdt)) =" 1.
i=0

i=1
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Due to (S17), we have 11} — 0 as |A| — 0. By (22), (23), and (25), we arrive at
pi 00
18 < KA (DI (1o (1 + 11152097 3 (08 10) 7
i=0

< KN lpoy () = (O < KA, 1A%, (S19)

where we used u(f) = 0. Denote
FA ::fz (PAf = ()71 gny.
i=0

Using the similar techniques as the proof of Proposition 5.2, we obtain

FA € Cp(l+c])+2(1+l<)y,y and ~SUP ||FA||p(1+(1)+2(1+K)7,y < K”f”?,,,y
hel0,h],7€(0,7]

Then by p(1+3G) +2(1+«)y <r A g and (25), we deduce
113 < KIF® p(14g) 421400,y A1 < KNI 18717 (S20)

For the term 114, we have

Iy <2u(Lgny | |F(PRF=Pof)+ Fu(f) = 1 (f))|dr
0

+2u(f/0°op,fdt1{E\Eh}),

where E\E" represents the complementary set of E* and we used u(f) = 0. It follows from (4) and
Assumptions 23 that for any u € E",

1

P2 f () = PR @) <INy (1+ELIXEIPT+ELYAIPT) 2 (W uf', 1))
< K| fllpoy (14 ]l 2TV A (S21)
This, along with (25) implies that
eyl £ () (PR () = P f (w) + f () (u(f) = u*(f))]
< Ve FWI(|PRF G0 = Pof @]+ KILF1Lpy 1A 1)
<KIFIZ (14 [ul E VDL o)lA)?.

Applying the Fubini theorem and the Fatou lemma leads to

T (L) [ 1P = Pu) = £l = ) )

|A]—0

s/o (T 1| (PAf = Pof)+ £l )~ () )ar =0,

|A|—=0

which together with lim|A|_)0;1(f fooo Ptfdtl{E\Eh}) =0 gives /14 — 0 as |A| — 0. Combining esti-
mates of terms I1;,i =1,2,3,4 completes the proof. ]




Numerical discretivations for Mark :
2. Proof of (16)

L. B1
Proof. By the Holder continuity || X — XfLJTlle(Q;E) <Y (lIxlle0,1y:r) 1] g5y ) (2 = L%JT) 2 <

B
Y(llxllc(o,1):r)> 1]l g5y )‘1'71 (see e.g. (Cui, Hong and Sun, 2021, Section 2.2)) and the definition of]
h . h A B
{r* “AY,50, it suffices to prove that supso 1X7 =Y, “llr2ie) < YUIxlleo.nm), Xl gs) (72 +

N7P1) with some polynomial Y. Introduce the auxiliary process

Sxh A _ A hyxh.A hp h
Vit =TS g ARTE A PRE(XE VT4 oW (S22)

We can rewritten (15) and (S22) as

k-1

x"A LN
tk _Sh X +TZS£ lPhF(Y)'Cn )+ W A’l’
i=0
~ h
Yo A=k x +TZS’< IPR(XE )+ WK,
where S, - := (Id - A7)™L, Wk, = oy Spiswh.
~.h
We split the error as || X} Yx AIILz(Q ) < I1X7 PhX;]‘clle(Q;E) + ||Phthk - Yt’; ’AIILz(Q;E) +

~_h h
yroA _yxtA 2(0-F) - The first term on the ri ht-hand side of the above inequality is estimated as
174 17 L*(E) g q y

X = PXE Nl 2gur) < I1(=4)"F (d = )| oo ll - A)zxtkuym)m ||xtk||L2(QEm),

where Ay ~ N? is the N-th eigenvalue of —A, and EB! is the Sobolev space generated by the frac-
tional power of —A (see e.g. (Kruse, 2014, Section B.2)). We claim that sup, “th”Lr(Q;Eﬁl) <
Y(llxllc(o,1):r)s 1xll g8 ) Vr = 2 with some polynomial Y. In fact, decompose the exact solution as
X' = Yt0 +Z7, where

dv) =AY de+ F(Y) +Z0)dt, Y =0,
dZ} = AZFdt+dW (1), ZJ=x.
Then by the similar argument to the proof of (Cui, Hong and Sun, 2021, Lemma 2, Corollary 2), we

derive that sup, 5o |1V Il 7 (@:c((0.1):2)) +5UP; 50 125 | (e (0.1):m)) < K(1+]1x[|1 C((0.1))) With some
g1 > 0. As aresult, by means of (Chen et al., 2023, Eq. (2.1)), we obtain

N
00, ey <[ [ 0% 5= pr e zas

LT (QE)

<K ’(r—srﬁ%e F- ‘>dssu a3 +1Z711P )
=% ) B s @ic 0wy T 1 sr@ic 0wy

<K(1+ IIJCIIC((0 HE)):
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By the Burkholder—Davis—Gundy inequality and (Chen et al., 2023, Eq. (2.3)), we have

o [ BL 1 3
s 1271, g ) < Klills, + Ksup( D [T 1= 500 - 0%, 1s)
120 120 V477 Jo

o [ 1 Bi-l 1 5
=K||x||gB]+Ksug(§ /0 l(~A)28(r - 5)(=A) 2 QZej||2ds) S K(1+Ixllp,)-
> ;
2 le

Combining the above two inequalities yields that

3
sup | X I 1 (quem) < Sup”YzOHLr(Q;EBl) +sup |Z7 | r gy < K(1+ ||x||Cq(l(0 ny TIxlgs)-
t>0 >0 t>0 T

" _BL
Hence, we have || X7 = P" X} [l 12(q.p) < Y(Ixllc(o.)m), IXl g5 A" -

.
For the term ||PhX,’]‘( - Yt’]ii’Alle(Q;E), we have
h Fxh.A Al ok N\ h
1P" X5 _Y;,i 2 k) < li(e tk_Sh,T)x 22 @:k)

175 1 .
+“/ A" (1s) ph p (X% ds —TZSﬁ_T‘PhF(X;fH)
0 iz0

L2(QE)

o = I HID S,

e k=1
+| / AW (5) - 3 SkiswE
0 i

B
The term JJ| can be estimated as JJ| < KTT1 (see e.g. (Kruse, 2014, Lemma 3.12)).
For the term JJ,, noting that similar to the proof of (Cui, Hong and Sun, 2021, Lemma 2), it can be
shown that

X X X2 641
igg ”F(Xs‘ )“LZ(Q;E) < Kil;% ||X§ ||L4(Q;E) il;lé))(l + ”Xs‘ ”LS(Q;C((O,I);R))) < K(l + ”x”C((O,l);R))’

B
which combining the Holder continuity || X —XF‘i]THUt(Q;E) < Y(lxlle o, 1)) 1xl g8y )([%]T—S)Tl

B s
(see e.g. (Cui, Hong and Sun, 2021, Section 2.2)) and [|(—=A)~2 (Id — eA" =L2ID) || gy < K (s -
B
L217) Ea (see e.g. (Kruse, 2014, Lemma B.9)) leads to

Ik
—Aq (g
Jst/O e~ Uk v>||F(X;C)—F(XF‘%]T)HLZ(Q;E)dS

1K B A B hs_|s
o [0 S e F Oy dame N ) PO Dl s

k-1 tiv1 n )
+Z/ G _SZTTl)PhF(XFCiH)”LZ(Q;E)dS
i=0 Vi T

>

k=1 g
ﬂ i+l h . .
<Y(lellcqo.n e, Il ga) T2 + ) / (X" ) — SED PP F(X s Dl 2o d-
:O t; T
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Note that the inequalities In(1 + ¢) > %g’ and £ —In(1+¢) < KZ? for £ € (0,1] give

h,. ;
1A = 81 )2
— e—2i1n(1+T/l_[)(l _ e—i(‘r/lj—ln(l+T/l_,')))2x§
AjT<1
+ Z l (/l-i‘r)%(e_’lfli —(1+T/l-)_i) 2/l_l)cz
P J X
AjT>1
<K Z e_t""lf(irz/l?)zx?
A;T<1
1 _i Ll A i _i ]2
+Kr 30 ~(l+7) ‘[(zjn)z(e Vi (14t - (1+7a) D) 2.

Ar>1t

Based on ¢4 < K¢S for s > 0, > 0, we obtain e 3tidy < K(ti/lj)_3. And due to 4%87%4 <K,
1+ <ef,and (1+2) > 1+if,i>1for >0, we derive

ﬂj.iT )%SK.
1 +itd;

(AjiT)2e™ Y (14 7A;) 8 + (Ajit)2(1+71,)72 < Ke 27U (1474;) 7 + (
Thus,

. 1 .
A" =85 DxlP<K > e 2N ()RR abd + Ko (e ™ Y a2

J
<l Ajr>1
1. -7
< K‘z'tl-_l(e_f"’l' v (1+747)7)|x]%.

Hence, we have
(17

k=1 .
B i+l A . _1
JhsK()T? +KTt ) / (e y (7)) 20N 2 F (X )l 2 gy O
i=0 't

B
< Y(lIxlleo, 1) 1xll ga )T 2

For the term JJ3,

tr
JJ3 sH / © A (1) (1 = A" G LE Dy ()
0

L2(QE)

175 s s
+H/0 (e (L3I _ gk Lo hyaw (o)

L(QE) =J31+JJ3,.

It follows from the It6 isometry and (Kruse, 2014, Lemma B.9) that the term JJ3 | can be estimated as

I B s Bl
(JJ3,1>2=/ 1(=A) 2 A" 59 (<a) = (1d-eA" L3I0 (-A) T 07 1%, ds < K,
0
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Applying the It6 isometry again, we derive
£ I VY s L I
U2 = [ 1) (e o0 s () S gt s
7=0

Tk
<K/ [Z /l—ﬁ1+l —2(k|_ DIn(l+ra; )(l—e (k|_ D(raj-In(1+74; ))) ”(—A) 2 Q2€]”2
AjT<1

£ 3 2001 2D 4 2 DA (-a) 5 obe s

Ajt>1

<K/ Z/l‘ﬁl Sl DT (g 2 JT)/l )7 (k= L= > D2 @)= —a)"T Q2€j||2

;<1

+ Z Tﬁl/lj(e—ﬂk—L%J)1n(1+T/lj) +8_2(”‘_L%JT)’11')||(—A)[#Q%ej||2]ds SKTBI,

AjT>1
where in the last step we used
_ s _ s - -
P (= 120 2 (k= LDt < P20 < (o Pl < o7

ln(l+‘r/1 )

for ;7 < 1 and supy ; fo Aj(e~¢ =Lz ]T) +e ¢ -L3 1D g5 < K for ¢ > 0. Moreover, by

using the Burkholder—Daws—Gundy inequality (see e.g. (Kruse, 2014, Proposition 2.12)), one can de-
. . B

rive that for go > 2, IIPhX" —Yx Al L0 (@) < Y(||x||c((0 Hr)s Xl e ) T2

Sxh A_Yx LA Sxh A_Yx A

For the term ||Y [| 12(:E)» denoting &y ==Y, , we have
h
ek — o1 = AheT + TP (F(XE) - F(Y)M).
Hence, by taking (-, €x) on both sides, we obtain

S0P ~ e 1IP) < (A e, a0 + TP (F(X) ~ (), 20)

AL —AF o T x Sxl Ay 2
<- +——||F(X) = F(Y;" )%,
< Sl S I OG) - FE

which gives
k-1 €T
€5, 112 < €t 5. 2( € _1)
eIk |2l _ge el (e
k—1
e s PG - FTE).
1+ul ATt =)
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implies

~.h
sup E[[|F (X)) - F(V,)[1%]
k>0

~ h,A ~ h,A 1
< K1 =T gy DL+ I W+ 1T 1,1
>

L*(QE) %0 C((0,1);R)

< Y(llxll oo,z Xl ga ) (2P + N7,

Hence, we obtain E[||éx||?] < Y(lxllco,0:®), Xl g8 )(tA1 + N=2P1), which finishes the proof. O

3. Proofs of (20) and (21)

In the section, we are devoted to proving (20) and (21).

Proof of (20). To simplify notations we introduce the following abbreviations
V) =y T (W), Yy =Y, b =b(YE ), op=o(r ),

It follows from (18), y(#x) =Y;, (0), and (H1)—~(H2) that for any € € (0, 1),

|y (tre )1 = 1y () P + b P72 + [owd Wi |* +2(y (12), bi) 7 + M

1 _
< Iy )P+ L+ P BO) + (1+ )7 bi = bO) + L3I6Wi [ +27(y(15), b(0))
_ B 0
o Lyely ()P + 2Lt / 1 (6P 6) + My
—00
1 - _ _
< Iy(t)P + K(1+ e L2(sW,|? - (2L3 —(l+e)rks— e)‘rly(tk)|2

0
+ (2E4 +(1 +e)TI:5)T/ |Ytk(0)|2dvz(0) + Mg,
o

where the martingale { My }}"_, is defined by My :=2(y(tx), ok 6Wk) + 2{bg, ok 6W)7. Then for any
go€Nand & >0,

k

e #1 |y (tx1) P90 = 3 (€641 |y (1121) 290 = € [y (1) P0) + | (0) 20
i=0

k q0 k
< ()P0 + > (1= ™)l |yt P10+ 3 N Chhi, (S23)
i=0

=1 i=0
where positive constants C, 510 are binomial coefficients, and
. ~ 1 _ _ _
i = e |y (a) PO (K (14 )7+ LIoW, P = (2Ls = (1+ O)7Ls = &) rly (1)

l

0
+(2La+ (1 +O7Ls)r / 1%, (0)Pdva(6) + M;)

-5
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Applying the Young inequality and the Holder inequality yields
‘Stl+1 K ) 5 _ _ . 9
—((1 + - )quqo + LyP16Wi[2%0) = (2L3— (1 + €)1Ls — 3€) e ™+ |y (1;) |10

_ o s -1 10
+ Lo+ (1 rLs)ret™ (Lo [ v, @P0an)
q0 qo0 J-s,

+ ety (1) PO M;,
and

-1 & _ 1 =
il < K6 eyt P90 (14 )l el L3 oWl + /(1)

0
7! / 1Y, (0)P dva(0) + 1y (1) 1o W, + 7' by 'l s Wi
_(5‘0

. Ke?tinl
< 3erefli+ |y (1) 90+

(em)"1

1 s -
e ((1+ E)qorququo|5W,~|2‘10)+1<T’e8’t+1 Ly (#;)[>90

Etiy

|5W 1290 + K7t |b; |70 |5W; |90

2q0 1

(e7)

for the integer [ € [2, g¢]. Inserting the above inequalities into (S23) and using (H2), we obtain

eEUH |y (1) [0

0
+KT’/6 1Y, (0)|*9°dv,(6) +
—00

2 2 S K oWy 20
< |x(0)]%0 + Z(l — e ET) e Blint |y (1) 290 + K Tzestm +K, Z L o Elini
i=0 i=0 i=0 T
k ~
+KTZZ<°@ (40(2Ls = (1 + €)Ls) =3e- 290 ) 37 ety (1) P
i=0

k 0
- - = -1 1
Fa0Lot (1+erLs)e Y e (2P — [ 1, (0)P0av)
20 q0 q0 J-¢

k
+g0 ), ey (1) P M, (529
i=0

where & := &%+ |y(1;) 240 + ¢ &li+1 f_050 |Y;, (0)|290dv, (8) + e5'i+1 |§W; |90, Tt follows from (19) and the

convex property of | - [290 that

k 0
Y [ p@Pwan)
i=0 ~%

< L+l tigg — 0 -
DI O 3tien) + 22 1) Pt (0)
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_1 t
= Uty —
<ef Y / It dV2(9)€8”“|y(tl)|2q°
t

j=—N I=—N

-1
~ —r; -
459 § / v (@) [y (1) P
tj

-N [=—N

< NeO|Jx|[20+¢5 Z |y () 0.
i=0

Plugging (S25) into (S24) and using 1 — e~ #7 < &7 leads to

Ety 2
e Sy (g )| 710

oo 2 S [W; 0 2N e )
< Ke®%||x|| ‘10+K€T§ Bl L K, § . eflivl 4 Kt § e Fliv | sW;| 240
T 0~1
i=0 i=0

- (q0(2Z3 —(1+€)7Ls) -3€-2% — & - Kt - qo(2Ls + (1 +€)TZ45)€‘§60)T

k k
X D e |y() P10 +go ) e®irt |y (1) POTD M.
i=0 i=0

Owing to L3 > Ly + Ly, choose € (0, 1] sufficiently small such that
qO(ZZ_O, - 771_45) -K7 - q0(2i4 +fl_‘5) > 0.

Let &y, €y € (0, 1] be sufficiently small such that

q()(zl_,g -(1+ E())fl_,5) — 3¢ 290 — &y — KT — q0(2[_,4 +(1+ Eo)fl_,s)eéo(so >0.

This, along with (S26) implies that for any 7 € (0, 7],

k
5Wl e&oti+l

€501+ |y (1141) 290 < K090 ||x||240 +K50TZ olisl 4 K, Z | o
i=0

k k

+ K12 Z e S0tis1 | §W; 1240 + g, Z e#0lint [y (1) |2(@0=D A,
i=0 i=0

Taking expectations in the above inequality we deduce

eI E |y (141) [P90] < Ke™0%0||x|[90 + K gy e 2041,

which implies

supE[[y (1) *%] < K(1+ [|x[*®).
k=0

By virtue of (S27) and (S28) we conclude that for any 7 € (0, 7],

T-—N-)
(K=1V")

e ltked 5°>E[ sup ()PP < B[ sup e ()P0

(S25)

(S26)

(S27)

(S28)

ALY
V)
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k
< Keéoéo”x”ﬂlo + KGOTZ e 50tit1

i=0

I
+qoE| sup

e Zoti+1 |y(ti)|2(q°_1)Mi].
(k—N)vOglgki:(ka)vo

(S29)

Applying the Burkholder—Davis—Gundy inequality, the condition (H1), and the Young inequality yields
1
E[  sup

e 50ti+1 |y(ti)|2(q°_1)Mi]
(k—=N)VO<I<k i=(k—=N)V0

k 1

<KB[( ), ey oo )|
i=(k—N)VO

k 1
+KB[( ) e o)
i=(k—-N)V0

< B[ (BN y (1) PO+ sup ey (1) P |
q0

(k=N)VO<i<k
k 4
+ Ke®olks1 +K]E[ Z |biIQOTTO+leéOZi+1]
i=(k=N)VO

1 ~ <
< B[ sup ey PO] 4 K(1+ [P,
q0 ' (k-N)vO<i<k

where in the last step we used ef <1+ 2¢ <2 for € (0, %] , the hypothesis (H2), and (S28). Therefore,
E[SUP(k—N)voslsk |y(tl+1)|2q°] < K (1 + ||x]|??). Combining the definition of {th’A}keN (see (18))
implies (20).

O
Proof of (21). Introduce the continuous version of {y**7(¢x) }ren as

YOI =y T (1) + b (=) + o (VY (W) - W(t) Vi€ [t (S30)

Recalling ¥+ = 7 ¥X"*8 11, .. (1), it follows from (17) and ($30) that

t t
X0 -y 0= [ 60 - b s [0 - o H)aw,.
0 0
By the It6 formula and the Young inequality we deduce that for any € € (0, 1),

eI IX (1) -y T (1)

/0 e (€lX*(5) = Y5 T (P + 2007 () = T (5), b)) = b))

o (X = o (NP )ds + A,
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< [ e (66 =y TR 2007 (9) - T (90X - bOET)
0

t
+(149Ir (X)) - o (T IP)ds+ [ ee X (9) =y T (o) ds + & + A
0

where N; is a martingale defined by
t
Ne=2 [ e () =y 00 (0 () — o (1 )aws),
0

the E-valued stochastic process {y; " };>0 is defined by y;"* (6) =y 7 (1 +6), 6 € [=5¢,0], and &; :=
Jo e (LIBGT) bR NP + (14 Dl (vT) = (12" )ds. Using (H1)~(H2) yields

eI 1X (1) =y T ()

t 0
< [ (HeLam2e= 1+ 9L 9=y ()P 42Ls | eI ) =337 ()Pl

_60

0
+(1+e)L, / eSS |IXX(r) = y2 T (r)Pdvy (r))ds +& +N,
-8)

t
S—(2L3—26—(1 +e)Li—Ls+ (14 e)l_,l)ee‘so) / eS|X* (s) = y©T () 7ds +&; +N;,
0
where we used

t 0
/ / eSS IXE(r) — T () Pdvi()ds
0 J-s,

0 t
< 6550/ e€S|Xx(s)—yx’T(s)|2ds+eE‘sO/ eS1X*(s) — y©T(s)|*ds
~6o 0

t
= ¢€% / eIX*(5) =y T (s)PPds fori=1,2.
0

In view of L3 > L + L4, choose € € (0, 1) sufficiently small such that

2L3-2e—(1+€)L; — 2Ls+ (1 +€)L)e€% > 0.

This implies

eNXY() =y TP <E +N;. (S31)

Making use of (H1)-(H3), similar to proofs of (Mao, 2003, Lemma 3.3) and (Li, Mao and Song, 2024,
Lemma 3.6), one has

h
sugE[ny;"T VAP < K+ [Ix]P) e (S32)
t>

This, along with (S31) and (H1) implies that

h
sup  E[lyY7(6) - ¥y A(0)*1ds
6ef—5:61

t
BIX* 1)~y (O] < e BIE1 <K [ o0
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<K(L+[x[)r. (833)
Furthermore, according to (S31), and using the Burkholder—Davis—Gundy inequality, we have

E[ sup eeulXx(u)—yx’T(u)F]sE[St]+E[ sup Nu]

(t—06¢)VO<u<t (t—06p)VO<u<t

1
<K(1 +|x|?)e'T +KE[( sup X (u) — y© T (w)?) 2
(t—60p)vVO<u<t

t 1

x (/ €S |o(XX) —a(Y;""A)Fds)Z].
(t—69) VO

Applying the Young inequality, and then by (H1) and (S32) we arrive at
Bl s e Xt -y TP

(t—6p)VO<u<t

I
<K(1+[xlPet+38)  sup e X () -y T )

(t—60)VO<u <t

t
+K/ eSB[|X*(s) - <" (s) ] ds
(t—60) VO

t 0 n
+'/(. ees./_ E[|X§‘(r)—st ’A(r)|2]dv1(r)ds.

t—60) V0 5o
Making use of (S32) and (S33) leads to

1
_ee(tféo)VOE[ sup |XX(M) _yx,T(u)|2]
2 (1-60)VO<u<t

< ]E[ sup e X" (u) —yx’T(u)|2] <K +|x||?)ecr,

(t—60)VO<u<t

| —

which implies E[Sup(t—T)VOSMSI | XX (u) - yX’T(u)|2] < K(1 + ||x]|?)7. Combining (S32) finishes the
proof of the desired assertion (21). O
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