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 a b s t r a c t

Stochastic partial differential equations (SPDEs) driven by Lévy noise naturally arise in physical 
systems exhibiting abrupt or discontinuous random effects, whose temporal Hölder continuity in 
𝐿𝑝 sense is known to be at most 1

𝑝
 resulting from the Burkholder–Davis–Gundy inequality. This 

poses a challenge in the numerical analysis for achieving the uniform 𝐿𝑝-strong convergence or-
ders of numerical schemes for 𝑝 ≥ 2. In this paper, we develop a discretization framework for con-
structing fully discrete schemes tailored to different conditions of Lévy measures, whose spatial 
direction is based on the spectral Galerkin method and temporal direction employs the Euler-type 
method. For the case of finite Lévy measures, a jump-adapted time discretization is utilized for the 
equation that may involve multiplicative noise; while for the case that Lévy measures can be in-
finite, we introduce an approach based on the quantitative John–Nirenberg inequality for SPDEs 
driven by additive Lévy noise. We prove that proposed schemes converge in 𝐿𝑝 sense with orders 
nearly 1∕2 in both space and time for all 𝑝 ≥ 2, which contributes novel results in the numerical 
analysis of the SPDE driven by Lévy noise. Numerical experiments are presented to illustrate our 
theoretical findings.

1.  Introduction

Stochastic systems driven by Lévy noise arise naturally in modeling physical phenomena subject to random discontinuities or 
abrupt energy transfers, such as sudden phase transitions, intermittent turbulent bursts, and stochastic resonance phenomena; see 
e.g. [1–3] and references therein. In numerical studies, the 𝐿𝑝-strong convergence analysis of numerical methods has received much 
attention. Specifically, for 𝑝 ≥ 1, if there exist 𝐶 > 0 independent of the time step size Δ𝑡 and 𝛾 > 0 independent of 𝑝 such that 

(

𝔼
[

‖𝑋(𝑇 ) −𝑋𝑀‖

𝑝])1∕𝑝 ≤ 𝐶Δ𝑡𝛾 , 𝑇 = 𝑀Δ𝑡 > 0,

then the numerical approximation {𝑋𝑚}0≤𝑚≤𝑀  is said to converge strongly in the 𝐿𝑝 sense with order 𝛾. The 𝐿𝑝-strong convergence 
order provides a quantitative measure of the accuracy for approximating sample paths of the underlying solution process. Compared 
with the case of Gaussian noise, however, the 𝐿𝑝-strong convergence analysis for stochastic differential equations driven by Lévy 
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\begin {align}\label {SPDE:MultiplicativeNoise} \begin {cases} dX(t)=AX(t)dt+F(X(t))dt+dW(t)+\int _{\chi }G(X(t), z)\tilde {N}(dz,dt),\;t\in (0,T],\\ X(0)=x_0, \end {cases}\end {align}
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\begin {align}\label {eq:fullyscheme} \Phi (X^N_{i},\Delta t_{ i+1})&:=E(\Delta t_{ i+1})X^N_{i}+\int _{t_i}^{t_{i+1}}E(t_{i+1}-s)P_NF(X^N_{i})ds+\int _{t_i}^{t_{i+1}}E(t_{i+1}-s)P_NdW(s)\\ &~\quad \qquad \qquad \qquad +\int _{t_i}^{t_{i+1}}\!\int _\chi E(\Delta t_{ i+1})P_NG(X^N_{i}, z)\tilde {N}(dz,ds),\quad i=0,1,\ldots ,n_T-1,\nonumber \end {align}


$\{E(t)\}_{t\ge 0}$


$A$


$P_N$


$n_T$


$T$


$t_{n_T}=T$


$\Delta t_{ i+1}:=t_{i+1}-t_i$


$L^p$


$1/2$


$p\ge 2$


$L^p$


$p$


$\nu (\chi )$


$\nu (\chi )<\infty $


\begin {align}\label {eq:fullyscheme-1} & X^N_{(i+1)-}\!=\Phi (X^N_i,\Delta t_{i+1}), \; \text {with }\int _{t_i}^{t_{i+1}}\!\!\!\!\int _{\chi }\!Z_N(X^N_i,z)\tilde {N}(dz,ds)\!=\!-\!\int _{t_i}^{t_{i+1}}\!\!\!\!\int _{\chi }\!Z_N(X^N_i,z)\nu (dz)ds,\notag \\ &X^N_{i+1}=X^N_{(i+1)-}+G_N(X^N_{(i+1)-},p_{t_{i+1}})\mathbf {1}_{\{p_{t_{i+1}}\neq 0\}}.\end {align}
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\begin {align}\label {EM_full} \Phi (X^N_{i},\Delta t_{ i+1})&=E(\Delta t_{ i+1})X^N_{i}+\int _{t_i}^{t_{i+1}}E(t_{i+1}-s)F_N(X^N_{i})ds+\int _{t_i}^{t_{i+1}}E(t_{i+1}-s)P_NdW(s)\nonumber \\ &~\qquad \qquad \qquad +\int _{t_i}^{t_{i+1}}\!\!\int _\chi E(\Delta t_{ i+1})G_N(X^N_{i}, z)\tilde {N}(dz,ds),\quad i=0,1,\ldots ,n_T-1,\end {align}
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\begin {align*}X(T)-X^N(T) =&E(T)(\mathrm {I}-P_N)x_0+\int _0^T E(T\!-\!s)(\mathrm {I}-P_N)F(X(s))ds\\ &+\!\int _0^T E(T\!-\!s)P_N\big (F(X(s))-F(X^N(s))\big )ds\!+\!(\mathrm {I}-P_N)\int _0^TE(T\!-\!s)dW(s)\\ &+\!\int _0^T\int _\chi E(T\!-\!s)(\mathrm {I}-P_N)G(X(s),z)\tilde {N}(dz,ds)\\ &+\!\int _0^T\int _\chi E(T\!-\!s)P_N\big (G(X(s),z)-G(X^N(s),z)\big )\tilde {N}(dz,ds),\end {align*}
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$\mathcal {T}$


$\{X^N(t)\}_{t\in [0,T]}$


\begin {equation}\label {eq:X-N-N-T} \begin {cases} X^N(t_{i+1}-)\!=E(\Delta t_{i+1})X^N(t_{i})+\int _{t_i}^{t_{i+1}}\!\!E(t_{i+1}\!-\!s)F_N(X^N(s))ds+\int _{t_i}^{t_{i+1}}\!\!E(t_{i+1}\!-\!s)P_NdW(s)\\ \quad \quad \quad \quad \quad \quad -\int _{t_i}^{t_{i+1}}\int _\chi E(t_{i+1}\!-\!s)G_N(X^N(s),z)\nu (dz)ds,\\ X^N(t_{i+1})\!=X^N(t_{i+1}-)+G_N(X^N(t_{i+1}-),p_{t_{i+1}})\mathbf {1}_{\{p_{t_{i+1}}\neq 0\}}, \quad i=0,1,\ldots , n_{T}-1. \end {cases}\end {equation}


$[t_i,t_{i+1})$


\begin {align*}&\quad X^N_{(i+1)-}\!-\!X^N(t_{i+1}-)\nonumber \\ &=E(\Delta t_{i+1})(X^N_{i}\!-\!X^N(t_{i}))+\int _{t_{i}}^{t_{i+1}}E(t_{i+1}-s)\big (F_N(X^N_{i})\!-\!F_N(X^N(s))\big )ds\nonumber \\ &\quad -\int _{t_i}^{t_{i+1}}\!\!\int _\chi \big (E(t_{i+1}-t_i)G_N(X^N_{i},z)\!-\!E(t_{i+1}-s)G_N(X^N(s),z)\big )\nu (dz)ds\end {align*}


\begin {align*}&\quad X^N_{i+1}-X^N(t_{i+1})\\ &=X^N_{(i+1)-}-X^N(t_{i+1}-)+\big (G_N(X^N_{(i+1)-},p_{t_{i+1}})-G_N( X^N(t_{i+1}-),p_{t_{i+1}})\big )\mathbf {1}_{\{p_{t_{i+1}}\neq 0\}}.\end {align*}


$e_{i}:=X^N_{i}-X^N(t_{i})$


$e_{i-}:=X^N_{i-}-X^N(t_{i}-)$


\begin {align}\label {eq:e_i} e_{i+1}=\big (\mathrm I+g_1(p_{t_{i+1}})\mathbf {1}_{\{p_{t_{i+1}}\neq 0\}}\big )e_{(i+1)-}=:\mathcal G_{i+1}e_{(i+1)-}.\end {align}


$G_N$


$i=0,1,\ldots ,n_T-1,$


\begin {align}\label {eq:e_i+1} e_{(i+1)-}=E(\Delta t_{i+1})\Gamma _i\mathcal {G}_ie_{i-}+\Xi (t_{i+1})+\sum _{j=1}^3\mathcal {R}_j(t_{i+1}),\end {align}


$\Gamma _i:=\mathrm {I}-\Delta t_{i+1}\int _\chi g_1(z)\nu (dz)$


$\Xi (t_{i+1}):=\int _{t_{i}}^{t_{i+1}}\!E(t_{i+1}-s)\big (F_N(X^N_{i})-F_N(X^N(t_{i}))\big )ds$


\begin {align*}&\mathcal {R}_1(t_{i+1}):= \int _{t_{i}}^{t_{i+1}}E(t_{i+1}-s)\big (F_N(X^N(t_i))-F_N(X^N(s))\big )ds,\\ &\mathcal R_2(t_{i+1}):=\int _{t_i}^{t_{i+1}}\int _\chi E(t_{i+1}-t_i)\big (G_N(X^N(s),z)-G_N(X^N(t_{i}),z)\big )\nu (dz)ds,\\ &\mathcal R_3(t_{i+1}):=\int _{t_{i}}^{t_{i+1}}\int _\chi \big (E(t_{i+1}-s)-E(t_{i+1}-t_i)\big )G_N(X^N(s),z)\nu (dz)ds.\end {align*}


$e_{(i+1)-}$


$e_{i-}$


\begin {align*}e_{(i+1)-}=\sum _{k=0}^i\Big \{\prod _{l=k+1}^i E(\Delta t_{l+1})\Gamma _l\mathcal G_l\Big \}\Big (\Xi (t_{k+1})+\sum _{j=1}^3\mathcal {R}_j(t_{k+1})\Big ),\end {align*}


$e_{0}=0$


$\prod _{i+1}^i:=1$


$\|\cdot \|_{L^p(\Omega ,H)}$


\begin {align*}&\|e_{n_T-}\|_{L^p(\Omega ,H)} \leq \Big \| \sum _{k=0}^{n_T-1}\Big \{\prod _{l=k+1}^{n_T-1}E(\Delta t_{l+1})\Gamma _l\mathcal {G}_l\Big \} \Xi (t_{k+1})\Big \|_{L^p(\Omega ,H)}\\ &\!\!+\Big \| \sum _{k=0}^{n_T-1}\Big \{\prod _{l=k+1}^{n_T-1}\!\!E(\Delta t_{l+1})\Gamma _l\mathcal {G}_l\Big \}\mathcal R_1(t_{k+1})\Big \|_{L^p(\Omega ,H)}\!\!+\Big \| \sum _{k=0}^{n_T-1} \Big \{\prod _{l=k+1}^{n_T-1}\!\!E(\Delta t_{l+1})\Gamma _l\mathcal {G}_l\Big \}\mathcal R_2(t_{k+1})\Big \|_{L^p(\Omega ,H)}\\ &\!\!+\Big \|\sum _{k=0}^{n_T-1}\Big \{\prod _{l=k+1}^{n_T-1}E(\Delta t_{l+1})\Gamma _l\mathcal {G}_l\Big \}\mathcal R_3(t_{k+1})\Big \|_{L^p(\Omega ,H)}=:\mathcal J_1+\mathcal J_2+\mathcal J_3+\mathcal J_4.\end {align*}


$p$


$\mathcal J_1,\ldots ,\mathcal J_4$


$\Delta t_0:=0$


$\Delta t_{n_T+1}:=0$


$\lfloor s\rfloor :=\min \{t_{n-1},n\in \{1,\ldots ,n_T+1\}:\sum _{i=0}^{n}\Delta t_i>s~\mbox {or}~\sum _{i=0}^{n-1}\Delta t_i=s\}$


$s\in [0,T]$


$\ell (\lfloor s\rfloor )$


$\lfloor s\rfloor $


$t_{\ell (\lfloor s\rfloor )}=\lfloor s\rfloor $


$\mathcal J_1$


\begin {align*}\mathcal J_1&=\Big \|\int _0^{T}E(T-s)\Big \{\prod _{l=\ell (\lfloor s\rfloor )+1}^{n_T-1}\Gamma _l\mathcal {G}_l\Big \}\big (F_N(X^N_{\ell (\lfloor s\rfloor )})-F_N(X^N(\lfloor s\rfloor ))\big )ds\Big \|_{L^p(\Omega ,H)}\\ &\leq \int _0^T\left (\mathbb E\Big [\mathbb E\Big [\Big \|\prod _{l=\ell (\lfloor s\rfloor )+1}^{n_T-1}\Gamma _l\mathcal {G}_l\Big \|^p_{\mathcal L(H)}\big \|F_N(X^N_{\ell (\lfloor s\rfloor )})-F_N(X^N(\lfloor s\rfloor ))\big \|^p\Big |\mathcal F_{\lfloor s\rfloor }\Big ]\Big ]\right )^{\frac 1p}ds.\end {align*}


$\Gamma _l$


$\mathcal G_l$


$l\ge \ell (\lfloor s\rfloor )+1$


$\sigma $


$\mathcal F_{\lfloor s\rfloor }$


$F$


\begin {align*}\mathcal J_1 &\leq \int _0^T\Big \|\prod _{l=\ell (\lfloor s\rfloor )+1}^{n_T-1}\Gamma _l\mathcal {G}_l\Big \|_{L^p(\Omega ,\mathcal L(H))}\big \|F_N(X^N_{\ell (\lfloor s\rfloor )})-F_N(X^N(\lfloor s\rfloor ))\big \|_{L^p(\Omega ,H)}ds\\ &\leq L_F\left (\E \Big [\sup _{k\in \{0,1,\ldots ,n_T-1\}}\prod _{l=k+1}^{n_T-1}\|\Gamma _l\mathcal {G}_l\|_{\IL (H)}^{p}\Big ]\right )^{\frac {1}{p}}\int _0^{T}\big \|\mathcal G_{\ell (\lfloor s\rfloor )}e_{\ell (\lfloor s\rfloor )-}\big \|_{L^{p}(\Omega ,H)}ds.\end {align*}


$G$


\begin {align}\label {estimate-1}\|\Gamma _l\|_{\IL (H)}\leq 1+C_G\Delta t_{l+1}\text { with}~~ C_G:=b\nu (\chi ), \quad \text {and}~~ \|\mathcal {G}_l\|_{\IL (H)}\leq 1+b\mathbf {1}_{\{p_{t_{l}}\neq 0\}}.\end {align}


$N(T):=N((0,T]\times \chi )$


$\mathbb {P}(N(T)=m)=\frac {(T\nu (\chi ))^m}{m!}e^{-T\nu (\chi )}$


$q\geq 1$


\begin {align}\label {ineq:Pi} &\E \Big [\sup _{k\in \{0,1,\ldots ,n_T-1\}}\prod _{l=k+1}^{n_T-1}\|\Gamma _l\mathcal {G}_l\|_{\IL (H)}^q\Big ]\leq \E \Big [(1+b)^{qN(T)}\prod _{l=1}^{n_T}\left (1+C_G\Delta t_{l}\right )^{q}\Big ]\nonumber \\ &\leq \E \Big [(1+b)^{qN(T)}e^{qC_G\sum _{l=1}^{n_T}\Delta t_{l}}\Big ] \leq C_{q,T}\sum _{m=1}^\infty (1+b)^{qm}\frac {(T\nu (\chi ))^m}{m!}e^{-T\nu (\chi )}<\infty .\end {align}


$\mathcal J_1 \leq C_{p,T}\int _0^{T}\|e_{\ell (\lfloor s\rfloor )-}\|_{L^{p}(\Omega ,H)}ds.$


$\mathcal J_2,$


\begin {align*}\mathcal J_2&= \Big \|\int _0^T\!\!\!\Big \{\!\prod _{l=\ell (\lfloor s\rfloor )+1}^{n_T-1}\!\! \Gamma _l\mathcal G_l\Big \}E(T\!-\!s)(-A)^{\frac {1+\delta }{4}}(-A)^{-\frac {1+\delta }{4}}\big (F_N(X^N(s))\!-\!F_N(X^N(\lfloor s\rfloor ))\big )ds\Big \|_{L^p(\Omega ,H)}\\ &\leq C_{\delta }\int _0^T\Big \|\prod _{l=\ell (\lfloor s\rfloor )+1}^{n_T-1}\!\!\Gamma _l\mathcal G_l\Big \|_{L^{2p}(\Omega ,\mathcal L(H))}(T-s)^{-\frac {1+\delta }{4}}\big \|X^N(s)-X^N(\lfloor s\rfloor )\big \|_{L^{4p}(\Omega ,\dot {H}^{-\frac {1-\delta }{2}})}\times \\ &\quad \quad \Big (1+\|X^N(s)\|_{L^{4p}(\Omega ,\dot {H}^{\frac {1-\delta }{2}})}+\|X^N(\lfloor s\rfloor )\|_{L^{4p}(\Omega ,\dot {H}^{\frac {1-\delta }{2}})}\Big )ds.\end {align*}


$\|X^N(s)-X^N(\lfloor s\rfloor )\|_{L^{2q}(\Omega ,\dot {H}^{-\frac {1-\delta }{2}})}$


$q\geq 1$


$s\in [0,T]$


\begin {align*}&\!\!\Big \|\int _{\lfloor s\rfloor }^{s}\!(-A)^{-\frac {1\!-\delta }{4}}E(s\!-\!r)P_NdW(r)\Big \|^{2q}_{L^{2q}(\Omega ,H)} \!\! \leq \E \Big [\E \Big [\Big \|\int _{\zeta }^{s}\!(-A)^{-\frac {1\!-\delta }{4}}E(s\!-\!r)P_NdW(r)\Big \|^{2q}\Big ]\Big |_{\zeta =\lfloor s\rfloor }\Big ]\\ &\leq C_q\E \Big [\left (\int _{\zeta }^{s}\|(-A)^{\frac {\delta }{2}}(-A)^{-\frac {1+\delta }{4}}E(s-r)\|_{\IL _2(H)}^2dr\right )^{q}\Big |_{\zeta =\lfloor s\rfloor }\Big ]\\ &\leq C_{q,\delta }\|(-A)^{-\frac {1+\delta }{4}}\|_{\IL _2(H)}^{2q}\E \big [(s-\lfloor s\rfloor )^{q(1-\delta )}\big ]\leq C_{q,\delta }(\Delta t)^{q(1-\delta )},\end {align*}


\begin {align*}&\quad \big \|X^N(s)-X^N(\lfloor s\rfloor )\big \|_{L^{2q}(\Omega ,\dot {H}^{-\frac {1-\delta }{2}})}\\ &\leq \Big \|(-A)^{-\frac {1-\delta }{4}}(E(s-\lfloor s\rfloor )-\mathrm {I})X^N(\lfloor s\rfloor )\Big \|_{L^{2q}(\Omega ,H)}+\int _{(s-\Delta t)\vee 0}^{s}\big \|F_N(X^N(r))\big \|_{L^{2q}(\Omega ,H)}dr\\ &\quad +\Big \|\int _{\lfloor s\rfloor }^{s}(-A)^{-\frac {1-\delta }{4}}E(s-r)P_NdW(r)\Big \|_{L^{2q}(\Omega ,H)}\\ &\quad +\Big \|\int _{\lfloor s\rfloor }^{s}\int _\chi (-A)^{-\frac {1-\delta }{4}}E(s-r)G_N(X^N(r),z)\nu (dz)dr\Big \|_{L^{2q}(\Omega ,H)}\\ &\leq C_{q,T,\delta }(\Delta t)^{\frac {1-\delta }{2}}\!\!+C_{q,T,\delta }\int _{(s-\Delta t)\vee 0}^s\int _\chi \Big (|g_1(z)|\big \|X^N(r)\big \|_{L^{2q}(\Omega ,H)}+\|g(z)\|\Big )\nu (dz)dr\leq C_{q,T,\delta }(\Delta t)^{\frac {1-\delta }{2}}.\end {align*}


$\mathcal J_2\leq C_{p,T,\delta }(\Delta t)^{\frac {1-\delta }{2}}$


$\mathcal J_3,$


\begin {align*}\!\!\mathcal J_3&\!\leq \! C\!\!\int _0^T\!\Big \|\!\prod _{l=\ell (\lfloor s\rfloor )+1}^{n_T-1} \!\!\!\!\!\Gamma _l\mathcal G_l\Big \|_{L^{2p}(\Omega ,\mathcal L(H))}\!\!(T\!\!-\!\!\lfloor s\rfloor )^{-\frac {1\!-\delta }{4}}\big \|X^N(s)\!-\!X^N(\lfloor s\rfloor )\big \|_{L^{2p}(\Omega ,\dot {H}^{-\frac {1\!-\delta }{2}})}ds\!\leq \! C_{p,T,\delta }(\Delta t)^{\frac {1\!-\delta }{2}}.\end {align*}


$\mathcal J_4$


\begin {align*}\!\!\!\!\mathcal J_4&\leq \int _0^T\!\!\!\int _{\chi }\Big \|\Big \{\!\prod _{l=\ell (\lfloor s\rfloor )+1}^{n_T-1}\!\!\!\!\!\Gamma _l\mathcal G_l\Big \}E(T\!-\!s)(-A)^{\frac 12}(E(s\!-\!\lfloor s\rfloor )\!-\!\mathrm {I})(-A)^{-\frac 12}G_N(X^N(s),z) \Big \|_{L^p(\Omega ,H)}\nu (dz)ds \\&\leq C(\Delta t)^{\frac 12}\int _0^T\!\!\!\int _{\chi }(T-s)^{-\frac 12} \big (|g_1(z)|\|X^N(s)\|_{L^{2p}(\Omega ,H)}+\|g(z)\|\big )\nu (dz)ds\leq C_{p,T}(\Delta t)^{\frac 12}.\end {align*}


$\mathcal J_1,\ldots ,\mathcal J_4$


\begin {align*}\|e_{n_T-}\|_{L^p(\Omega ,H)}\leq C_{p,T}\int _0^T\|e_{\ell (\lfloor s\rfloor )-}\|_{L^{p}(\Omega ,H)}ds +C_{p,T,\delta }(\Delta t)^{\frac {1-\delta }{2}},\end {align*}


$\|e_{n_T-}\|_{L^p(\Omega ,H)} \leq C_{p,T,\delta }(\Delta t)^{\frac {1-\delta }{2}}$


$\|\mathcal G_l\|_{\mathcal L(H)}\leq C$


\begin {align*}\|e_{n_T}\|_{L^p(\Omega ,H)}\leq C\|e_{n_T-}\|_{L^p(\Omega ,H)}\leq C_{p,T,\delta }(\Delta t)^{\frac {1-\delta }{2}}.\end {align*}


$L^p$


$\nu (\chi )\le \infty $


$L^2$


$N\in \mathbb N_+$


$t\in [0,T]$


$\IW ^N(t):=\int _0^{t}E(t-s)P_NdW(s)$


$\mathcal {N}^N(t):=\int _0^{t}\int _\chi E(t-s)G_N(z)\tilde {N}(dz,ds)$


$G_N:=P_NG$


$Y^N(t):=X^N(t)-\IW ^N(t)-\mathcal {N}^N(t)$


\begin {align}\label {eq:perturbed} dY^N(t)=AY^N(t)dt+F_N\big (Y^N(t)+\IW ^{N}(t)+\mathcal N^N(t)\big )dt,\quad t\in (0,T],\end {align}


$Y^N(0)=P_Nx_0$


$Y^N$


\begin {align}\label {purterb} Y^N(t)=E(t)P_Nx_0+\int _0^tE(t-\rho )F_N(Y^N(\rho )+\IW ^{N}(\rho )+\mathcal N^N(\rho ))d\rho .\end {align}


$k\geq 1,$


$\delta \in (0,1),$


$0\leq s< t\leq T$


$C_{k,T,\delta }>0$


\begin {align}\label {ineq:WN-sup} \sup _{N\in \mathbb N_+}\mathbb E\Big [\sup _{t\in (s,T]}\Big \|\int _s^t(-A)^{\frac {1-\delta }{4}}E(t-r)P_NdW(r) &\Big \|^{2k}\Big ]\leq C_{k,T,\delta }.\end {align}


$p\geq 1$


$\delta \in (0,1),$


$t\in [0,T]$


$C_{p,T,\delta }>0$


$\Delta t$


\begin {align}\label {prop:localerror-WN} \sup _{N\in \mathbb N_+}\big \|(-A)^{-\frac {1-\delta }{4}}\big (\IW ^N(t)-\IW ^N(\lfloor t\rfloor )\big )\big \|_{L^{2p}(\Omega ,H)}\leq C_{p,T,\delta }(\Delta t)^{\frac {1-\delta }{2}}.\end {align}


$L^p$


$L^1$


$\mathcal {F}_t$


$\E ^t$


$(E,\mathrm d)$


$Z\colon [0,\infty )\times \Omega \to (E,\mathrm d)$


$\tau >0$


$p\geq 1$


$C_p>0$


\begin {align*}\Big \|\sup _{t\in [0,\tau ]}\mathrm d(Z_0,Z_t)\Big \|_{L^p(\Omega ,\R )}\leq C_p\Big \|\sup _{t\in [0,\tau ]}\E ^t\big [\sup _{s\in [t,\tau ]}\E ^s[\mathrm d(Z_{s-},Z_{\tau })]\big ]\Big \|_{L^p(\Omega ,\R )}.\end {align*}


$[a,b]_{<}$


$\{(s,t)\in [a,b]^2\colon s<t\}$


$\vartheta $


$\sigma $


$\mathcal G\subset \mathcal F$


$p\ge 1$


$\|\vartheta \|_{L^p(\Omega ,H)|\mathcal G}:=\left (\E [\|\vartheta \|^p|\mathcal G]\right )^{1/p}$


$f\colon [0,T]\times \Omega \to H$


$\|f\|_{\mathcal {C}_2^0|\mathcal {F}_s,[s,t]}:=\sup _{r\in [s,t]}\|f(r)\|_{L^2(\Omega ,H)|\mathcal {F}_s}$


$s,t\in [0,T]_{<}$


$s':=\lfloor s\rfloor +\Delta t$


$s'$


$s$


$L^2$


$\{E(t)\}_{t\ge 0}$


$N\in \N _+,\delta \in (0,1),$


$t_i$


$i=0,1,\ldots ,M$


$C_{T,\delta }>0$


\begin {align}\label {prop:localerror-NN} \big \|(-A)^{-\frac {1-\delta }{4}}\big (\mathcal {N}^N(\cdot )-\mathcal {N}^N(\lfloor \cdot \rfloor )\big )\big \|_{\mathcal {C}_2^0|\mathcal {F}_{t_i},[t_i,T]} &\leq C_{T,\delta }(\Delta t)^{\frac {1-\delta }{2}}\Big (1+\|\mathcal N^N(t_i)\|_{\dot {H}^{\frac {1-\delta }{2}}}\Big ).\end {align}


$p\ge 2$


$C_{p,T}>0$


\begin {align}& \sup _{N\in \mathbb N_+}\big \|\sup _{t\in [0,T]}\E ^t\big [\sup _{s\in [t,T]}\sup _{r\in [0,T]}\E ^s\big [\|\mathcal N^N(r)\|\big ]\big ]\big \|_{L^p(\Omega ,\R )}\leq C_{p,T},\label {ineq:23}\end {align}


$p\ge 2$


$\delta \in (0,1),$


$C_{p,T,\delta }>0$


\begin {align}&\sup _{N\in \mathbb N_+}\Big \|\sup _{t\in [0,T]}\E ^t\Big [\sup _{s\in [t,T]}\E ^s\big [\big \|(-A)^{\frac {1-\delta }{4}}\mathcal N^N(s')\big \|^2\big ]\Big ] \Big \|_{L^p(\Omega ,\R )}\leq C_{p,T,\delta },\label {ineq:24}\\ &\sup _{N\in \mathbb N_+}\Big \|\sup _{t\in [0,T]}\E ^t\Big [\sup _{s\in [t,T]}\E ^s\big [\big \|(-A)^{\frac {1-\delta }{4}}\mathcal N^N(\cdot )\big \|^2_{\mathcal {C}_2^0|\mathcal {F}_{s'},[0,T]}\big ]\Big ]\Big \|_{L^p(\Omega ,\R )}\leq C_{p,T,\delta },\label {ineq:NNC}\\ &\sup _{N\in \mathbb N_+}\Big \|\sup _{t\in [0,T]}\E ^t\Big [\sup _{s\in [t,T]}\E ^s\big [\big \|(-A)^{\frac {1-\delta }{4}}\IW ^N(\cdot )\big \|^2_{\mathcal {C}_2^0|\mathcal {F}_{s'},[0,T]}\big ]\Big ]\Big \|_{L^p(\Omega ,\R )}\leq C_{p,T,\delta }.\label {ineq:WNC}\end {align}


$p\geq 2$


$\delta \in (0,1),$


$t\in [0,T]$


$C_{p,T,\delta }>0$


\begin {align}\label {prop:localerror-YN} \sup _{N\in \mathbb N_+}\big \|(-A)^{-\frac {1-\delta }{4}}(Y^N(t)&-Y^N(\lfloor t\rfloor ))\big \|_{L^{p}(\Omega ,H)}\leq C_{p,T,\delta }(\Delta t)^{\frac {1-\delta }{2}}.\end {align}


$p\geq 2$


$\delta \in (0,1),$


$C_{p,T,\delta }>0$


\begin {align}\label {prop:YN-conditional} \sup _{N\in \mathbb N_+} \Big \|\sup _{t\in [0,T]}\E ^t\Big [\sup _{s\in [t,T]}\E ^s\big [\big \|(-A)^{\frac {1-\delta }{4}}Y^N(\cdot )\big \|^2_{\mathcal {C}_2^0|\mathcal {F}_{s'},[s',T]}\big ]\Big ]\Big \|_{L^p(\Omega ,\R )}\leq C_{p,T,\delta }.\end {align}


$\|X(T)-X^N(T)\|_{L^p(\Omega ,H)}\leq C_{p,T,\delta }N^{-\frac {1-\delta }{2}}$


$\|X^N(T)-X^N_{n_T}\|_{L^p(\Omega ,H)}$


$F$


\begin {align*}\!\!\!&\|X^N(T)-X^N_{n_T}\|_{L^p(\Omega ,H)}\leq \Big \|\int _0^{T}E(T-s)\big (F_N(X^N(s))-F_N(X^N_{\ell (\lfloor s\rfloor )})\big )ds\Big \|_{L^p(\Omega ,H)}\\ &\quad +\Big \|\int _0^{T}\int _\chi E(T-s)(\mathrm {I}-E(s-\lfloor s\rfloor ))(-A)^{-\frac {1-\delta }{2}}(-A)^{\frac {1-\delta }{2}}G_N(z)\tilde {N}(dz,ds)\Big \|_{L^p(\Omega ,H)}\\ \!\!\!&\leq I_1\!+\!I_2\!+\!I_3\!+\!L_F\!\!\int _0^{T}\!\!\big \|X^N(\lfloor s\rfloor )\!-\!X^N_{\ell (\lfloor s\rfloor )}\big \|_{L^p(\Omega ,H)}ds+\!C_{p,T}\big (\int _0^{T}\!\!\big \|(\mathrm {I}\!-\!E(s\!-\!\lfloor s\rfloor ))(-A)^{-\frac {1-\delta }{2}}\big \|^p_{\IL (H)}\\ &\quad \times \Big \{\int _\chi \big \|(-A)^{\frac {1-\delta }{2}}G_N(z)\big \|^p\nu (dz)\!+\!\left (\int _\chi \big \|(-A)^{\frac {1-\delta }{2}}G_N(z)\big \|^2\nu (dz)\right )^{\frac {p}{2}}\Big \}ds\big )^{\frac {1}{p}}\\ \!\!\!&\leq C_{p,T,\delta }(\Delta t)^{\frac {1-\delta }{2}}+L_F\int _0^{T}\big \|X^N(\lfloor s\rfloor )\!-\! X^N_{\ell (\lfloor s\rfloor )}\big \|_{L^p(\Omega ,H)}ds+I_1+I_2+I_3,\end {align*}


\begin {align*}\!&\!I_1\!:=\!\!\Big \|\int _0^{T}E(T\!-\!s)\big (F_N(Y^N(s)+\IW ^N(\lfloor s\rfloor )+\mathcal {N}^N(\lfloor s\rfloor ))-F_N(X^N(\lfloor s\rfloor ))\big )ds\Big \|_{L^p(\Omega ,H)},\\ \!&\!I_2\!:=\!\!\Big \|\!\int _0^{T}\!\!\!E(T\!-\!s)\big (F_N(Y^N(s)\!+\!\IW ^N(s)\!+\!\mathcal {N}^N(\lfloor s\rfloor ))\!-\!\!F_N(Y^N(s)\!+\!\IW ^N(\lfloor s\rfloor )\!+\!\mathcal {N}^N(\lfloor s\rfloor ))\big )ds\Big \|_{L^p(\Omega ,H)},\\ \!&\!I_3\!:=\!\!\Big \|\int _0^{T}E(T-s)\big (F_N(X^N(s))-F_N(Y^N(s)+\IW ^N(s)+\mathcal {N}^N(\lfloor s\rfloor ))\big )ds\Big \|_{L^p(\Omega ,H)}.\end {align*}


$I_1$


\begin {align*}&I_1\leq C\int _0^{T}\big \|E(T-s)(-A)^{\frac {1+\delta }{4}}\big \|_{\IL (H)}\big \|(-A)^{-\frac {1-\delta }{4}}(Y^N(s)-Y^N(\lfloor s\rfloor ))\big \|_{L^{2p}(\Omega ,H)}ds~ \times \\ &~~~ \Big (1+\sup _{s\in [0,T]}\|Y^N(s)\|_{L^{2p}(\Omega ,\dot {H}^{\frac {1-\delta }{2}})}+\sup _{s\in [0,T]}\|\IW ^N(s)\|_{L^{2p}(\Omega ,\dot {H}^{\frac {1-\delta }{2}})}+\sup _{s\in [0,T]}\|\mathcal N^N(s)\|_{L^{2p}(\Omega ,\dot {H}^{\frac {1-\delta }{2}})}\Big ).\end {align*}


\begin {align*}I_1\leq C_{p,T,\delta }(\Delta t)^{\frac {1-\delta }{2}}\int _0^{T}(T-s)^{-\frac {1+\delta }{4}}ds\leq C_{p,T,\delta }(\Delta t)^{\frac {1-\delta }{2}}.\end {align*}


\begin {align*}\!\!\!\! I_2 &\leq \!C\!\!\int _0^{T}\!\!(T\!-\!s)^{-\frac {1+\delta }{4}}\big \|(-A)^{-\frac {1-\delta }{4}}\big (\IW ^N(s)\!-\!\IW ^N(\lfloor s\rfloor )\big )\big \|_{L^{2p}(\Omega ,H)}ds\times \Big (1\!+\!\!\sup _{s\in [0,T]}\!\!\|Y^N(s)\|_{L^{2p}(\Omega ,\dot {H}^{\frac {1\!-\delta }{2}})}\!\\ &\quad +\!\sup _{s\in [0,T]}\|\IW ^N(s)\|_{L^{2p}(\Omega ,\dot {H}^{\frac {1-\delta }{2}})}\!+\!\sup _{s\in [0,T]}\|\mathcal N^N(s)\|_{L^{2p}(\Omega ,\dot {H}^{\frac {1-\delta }{2}})}\Big )\leq C_{p,T,\delta }(\Delta t)^{\frac {1-\delta }{2}}.\end {align*}


$I_3$


\begin {align}\label {estimate:I3} I_3\leq C_{p,T,\delta }(\Delta t)^{\frac {1-\delta }{2}}.\end {align}


$I_3$


$L^p$


$I_3$


$(s,t)\in [0,T]_{<}$


$\mathcal {F}_t$


\begin {align*}\mathcal {A}^{N,\Delta }(t)&:=\int _0^{t}E(T-r)\big (F_N(X^N(r))-F_N(Y^N(r)+\IW ^N(r)+\mathcal {N}^N(\lfloor r\rfloor ))\big )dr\end {align*}


$\mathcal {A}^{N,\Delta }(0)=0$


$F$


\begin {align*}\E \big [\big \|\mathcal {A}^{N,\Delta }(t)-\mathcal {A}^{N,\Delta }(s)\big \|^2\big ] &\leq L_F|t-s|\int _s^{t}\E \big [\big \|\mathcal {N}^N(r)-\mathcal {N}^N(\lfloor r\rfloor )\big \|^2\big ]dr\\ &\leq C|t-s|^2\sup _{r\in [0,T]}\E [\|\mathcal {N}^N(r)\|^2]\leq C_T|t-s|^2.\end {align*}


$\mathcal {A}^{N,\Delta }$


\begin {align*}\big \|\sup _{t\in [0,T]}\|\mathcal {A}^{N,\Delta }(t)\|\big \|_{L^p(\Omega ,\R )}\leq C_p\Big \|\sup _{t\in [0,T]}\E ^t\Big [\sup _{s\in [t,T]}\E ^s\big [\big \|\mathcal {A}^{\mathcal {N},\Delta }(T)-\mathcal {A}^{\mathcal {N},\Delta }(s)\big \|\big ]\Big ]\Big \|_{L^p(\Omega ,\R )},\end {align*}


\begin {align}\label {ineq:Lp-convergence} \!\!\!\!I_3=\|\mathcal A^{N,\Delta }(T)\|_{L^p(\Omega ,H)}\leq C_p\Big \|\sup _{t\in [0,T]}\E ^t\Big [\sup _{s\in [t,T]}\E ^s\big [\big \|\mathcal {A}^{\mathcal {N},\Delta }(T)-\mathcal {A}^{\mathcal {N},\Delta }(s)\big \|\big ]\Big ]\Big \|_{L^p(\Omega ,\R )}.\end {align}


$\xi $


\begin {align}\label {findxi}\E ^s\big [\big \|\mathcal {A}^{N,\Delta }(T)-\mathcal {A}^{N,\Delta }(s)\big \|\big ]\leq \xi _s\quad a.s.\end {align}


\begin {align*}&\!\!\E ^s\bigg [\big \|\mathcal {A}^{N,\Delta }(T)-\mathcal {A}^{N,\Delta }(s)\big \|\bigg ]\leq C\int _s^T\!\!(T\!-\!r)^{-\frac {1+\delta }{4}}\big \|(-A)^{-\frac {1-\delta }{4}}\big (\mathcal {N}^N(r)\!-\!\mathcal {N}^N(\lfloor r\rfloor )\big )\big \|_{L^2(\Omega ,H)|\mathcal {F}_s}dr\\ &\times \Big (1\!+\!\big \|(-A)^{\frac {1-\delta }{4}}Y^N(\cdot )\big \|_{\mathcal {C}_2^0|\mathcal {F}_s,[s,T]}\!+\!\big \|(-A)^{\frac {1-\delta }{4}}\IW ^N(\cdot )\big \|_{\mathcal {C}_2^0|\mathcal {F}_s,[s,T]}\!+\!\big \|(-A)^{\frac {1-\delta }{4}}\mathcal N^N(\cdot )\big \|_{\mathcal {C}_2^0|\mathcal {F}_s,[0,T]}\Big )\\ &\leq C_T\big \|(-A)^{-\frac {1-\delta }{4}}\big (\mathcal {N}^N(\cdot )-\mathcal {N}^N(\lfloor \cdot \rfloor )\big )\big \|_{\mathcal {C}_2^0|\mathcal {F}_s,[s,T]}\times \\ &\quad \Big (1\!+\!\big \|(-A)^{\frac {1-\delta }{4}}Y^N(\cdot )\big \|_{\mathcal {C}_2^0|\mathcal {F}_s,[s,T]}\!+\!\big \|(-A)^{\frac {1-\delta }{4}}\IW ^N(\cdot )\big \|_{\mathcal {C}_2^0|\mathcal {F}_s,[s,T]}\!+\!\big \|(-A)^{\frac {1-\delta }{4}}\mathcal N^N(\cdot )\big \|_{\mathcal {C}_2^0|\mathcal {F}_s,[0,T]}\Big ).\end {align*}


$s\in \{0,\Delta t, 2\Delta t,\ldots ,T\}$


$\lfloor s\rfloor =s$


$\E ^s\big [\|\mathcal {A}^{N,\Delta }(T)-\mathcal {A}^{N,\Delta }(s)\|\big ]\leq \xi ^1_s$


\begin {align*}\xi ^1_s:&= C_{T,\delta }(\Delta t)^{\frac {1-\delta }{2}}\times \Big (1+\big \|(-A)^{\frac {1-\delta }{4}}\mathcal N^N(s)\big \|^2+\big \|(-A)^{\frac {1-\delta }{4}}Y^N(\cdot )\big \|^2_{\mathcal {C}_2^0|\mathcal {F}_s,[s,T]}\\ &\quad +\big \|(-A)^{\frac {1-\delta }{4}}\IW ^N(\cdot )\big \|^2_{\mathcal {C}_2^0|\mathcal {F}_s,[s,T]}+\big \|(-A)^{\frac {1-\delta }{4}}\mathcal N^N(\cdot )\big \|^2_{\mathcal {C}_2^0|\mathcal {F}_s,[0,T]}\Big ).\end {align*}


$s$


$\lfloor s\rfloor \neq s$


$T-s\leq \Delta t$


\begin {align*}\E ^s\big [\big \|\mathcal {A}^{N,\Delta }(T)\!-\!\mathcal {A}^{N,\Delta }(s)\big \|\big ] &\leq C\Delta t\!\!\sup _{r\in [s,T]}\!\E ^s\big [\big \|\mathcal N^N(r)\!-\!\mathcal {N}^N(\lfloor r\rfloor )\big \|\big ]\leq C\Delta t\!\!\sup _{r\in [s\!-\!\Delta t,T]}\!\!\E ^s\big [\big \|\mathcal N^N(r)\big \|\big ].\end {align*}


$T-s> \Delta t$


$s'-s\leq \Delta t$


$s'\leq T$


\begin {align*}\E ^s\big [\big \|\mathcal {A}^{N,\Delta }(T)-\mathcal {A}^{N,\Delta }(s)\big \|\big ] &\leq \E ^s\big [\E ^{s'}\big [\|\mathcal {A}^{N,\Delta }(T)-\mathcal {A}^{N,\Delta }(s')\|\big ]\big ]+ \E ^s\big [\|\mathcal {A}^{N,\Delta }(s)-\mathcal {A}^{N,\Delta }(s')\|\big ]\\ &\leq \E ^s\big [\xi ^1_{s'}\big ]+\E ^s\big [\|\mathcal {A}^{N,\Delta }(s)-\mathcal {A}^{N,\Delta }(s')\|\big ].\end {align*}


$\E ^s\big [\|\mathcal {A}^{N,\Delta }(T)-\mathcal {A}^{N,\Delta }(s)\|\big ]\leq \xi ^2_s$


\begin {align*}\xi _s^2&:=C_{T,\delta }(\Delta t)^{\frac {1-\delta }{2}}\times \Big (1+\E ^s\Big [\big \|(-A)^{\frac {1-\delta }{4}}\mathcal N^N(s')\big \|^2+\big \|(-A)^{\frac {1-\delta }{4}}Y^N(\cdot )\big \|^2_{\mathcal {C}_2^0|\mathcal {F}_{s'},[s',T]}\\ &\quad +\big \|(-A)^{\frac {1-\delta }{4}}\IW ^N(\cdot )\big \|^2_{\mathcal {C}_2^0|\mathcal {F}_{s'},[s',T]}\!+\!\big \|(-A)^{\frac {1-\delta }{4}}\mathcal N^N(\cdot )\big \|^2_{\mathcal {C}_2^0|\mathcal {F}_{s'},[0,T]}\Big ]\!+\!\!\sup _{r\in [s-\Delta t,T]}\!\E ^s\big [\|\mathcal N^N(r)\|\big ]\Big ).\end {align*}


$\xi _s:=\xi _s^1\mathbf {1}_{\{s=\lfloor s\rfloor \}}+\xi _s^2\mathbf {1}_{\{s\neq \lfloor s\rfloor \}}$


\begin {align*}&\!\! \big \|\sup _{t\in [0,T]}\E ^t\big [\sup _{s\in [t,T]}\xi ^2_s\big ] \big \|_{L^p(\Omega ,\R )} \!\!\leq C_{T,\delta }(\Delta t)^{\frac {1-\delta }{2}}\Big \{1\!+\!\Big \|\sup _{t\in [0,T]}\E ^t\Big [\sup _{s\in [t,T]}\E ^s\big [\big \|(-A)^{\frac {1-\delta }{4}}\mathcal N^N(s')\big \|^2\big ]\Big ]\Big \|_{L^p(\Omega ,\R )}\\ &~~~~~~~~~~~~~~~+\big \|\sup _{t\in [0,T]}\E ^t\big [\sup _{s\in [t,T]}\sup _{r\in [s-\Delta t,T]}\E ^s\big [\|\mathcal N^N(r)\|\big ]\big ]\big \|_{L^p(\Omega ,\R )}\\ &~~~~~~~~~~~~~~~+\Big \|\sup _{t\in [0,T]}\E ^t\Big [\sup _{s\in [t,T]}\E ^s\big [\big \|(-A)^{\frac {1-\delta }{4}}\mathcal N^N(\cdot )\big \|^2_{\mathcal {C}_2^0|\mathcal {F}_{s'},[0,T]}\big ]\Big ]\Big \|_{L^p(\Omega ,\R )}\\ &~~~~~~~~~~~~~~~+\Big \|\sup _{t\in [0,T]}\E ^t\Big [\sup _{s\in [t,T]}\E ^s\big [\big \|(-A)^{\frac {1-\delta }{4}}\IW ^N(\cdot )\big \|^2_{\mathcal {C}_2^0|\mathcal {F}_{s'},[s',T]}\big ]\Big ]\Big \|_{L^p(\Omega ,\R )}\\ &~~~~~~~~~~~~~~~+\Big \|\sup _{t\in [0,T]}\E ^t\Big [\sup _{s\in [t,T]}\E ^s\big [\big \|(-A)^{\frac {1-\delta }{4}}Y^N(\cdot )\big \|^2_{\mathcal {C}_2^0|\mathcal {F}_{s'},[s',T]}\big ]\Big ]\Big \|_{L^p(\Omega ,\R )}\Big \}\leq C_{p,T,\delta }(\Delta t)^{\frac {1-\delta }{2}}.\end {align*}


$\big \|\sup _{t\in [0,T]}\E ^t\big [\sup _{s\in [t,T]}\xi ^1_s\big ] \big \|_{L^p(\Omega ,\R )}\leq C_{p,T,\delta }(\Delta t)^{\frac {1-\delta }{2}}.$


$I_1$


$I_2$


$I_3$


\begin {align*}\int _\chi \big (\|(-A)^{\beta }G(z)\|^2\vee \|(-A)^{\beta }G(z)\|^p\big )\nu (dz)\leq C_{p}\end {align*}


$p\ge 2$


$\beta \in [\frac 14,\frac 12)$


$L^p$


$\frac {1-\delta }{2}$


$\beta $


$L^p$


$\mathcal O=[0,1]$


\begin {equation}\label {eq:numerical_1} dX(t)=\Delta X(t) dt-\sin (X(t))dt+\gamma _1dW(t)+\gamma _2X(t)d\tilde {N}(t), \quad t>0, \quad X(0)=0,\end {equation}


$\gamma _1,\gamma _2>0$


$W$


$Q=\mathrm I$


$\tilde {\lambda }$


$X$


$X$


$\tilde \lambda =2,$


$\tilde {\lambda }=5$


$\gamma _1=0.1,\gamma _2=10.$


$T=1$


$\tau =2^{-15}$


$N=100$


$\tilde {\lambda }=2$


$\tilde {\lambda }=5$


$X$


$x=0.5\in \mathcal O$


$\tilde {\lambda }$


$L^p$
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$\tau $


$\gamma _1=\gamma _2=\tilde {\lambda }=1$
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$\tau =2^{-8}$
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$L^p \,(p=2,5,10)$


$1,$


$\gamma _2 = 0$


$1/2$


$\mathcal O=[0,1]$


\begin {align}\label {eq:numerical_2} dX(t)=\Delta X(t)dt +(2X(t)+1)dt+ dW(t)+g(z_0) d\tilde {N}(t), \quad t>0, \quad X(0)=0.\end {align}


$g(z_0)\in H=L^2(\mathcal O)$


$g(z_0)=\gamma _0\sum _{i\in \N }i^{-1-\epsilon }e_i$


$\gamma _0>0, \epsilon >0.$


$X$


$W$


$X$


$\tau =2^{-12}$


$N = 100$


$T=1$


$\tilde {\lambda }=50$
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$L^p$


$\gamma _0=\pi ^{-1}$
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$\tau =2^{-8}$
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$Q=\mathrm I$


$\mbox {Tr}(Q) < \infty $
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$Q$
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$Q$
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noise presents distinctions due to the presence of jumps (see e.g. [4,5]). For instance, an extra term appears in the Burkholder–
Davis–Gundy inequality of the stochastic integral with respect to the compensated Poisson random measure. As a result, the temporal 
Hölder continuity in 𝐿𝑝 sense of the exact solution to a stochastic differential equation with Lévy noise does not exceed 1∕𝑝, resulting 
in the deterioration of the 𝐿𝑝-strong convergence order 𝛾 of a numerical scheme for large 𝑝 if one uses the temporal Hölder continuity 
directly. A natural question arises:

Q: Can one obtain the 𝐿𝑝-strong convergence order 𝛾 of a numerical scheme for the stochastic differential equation with Lévy noise that does 
not depend on 𝑝? 

Some progress has been made recently on this question for the case of the stochastic ordinary differential equation (SODE) with 
Lévy noise: authors in [6] studied the 𝐿𝑝-strong convergence order of the Euler–Maruyama scheme for a multidimensional SODE 
with irregular Hölder drift, driven by additive Lévy process with exponent 𝛼 ∈ (0, 2], and the obtained convergence order does not 
depend on 𝑝. Authors in [7] investigated the 𝐿𝑝-strong approximation of solutions to singular stochastic kinetic equations driven by 
additive 𝛼-stable processes by using an Euler-type scheme, and obtained a convergence rate aligning with the results in [6]. Authors 
in [8] presented an adaptive approximation scheme for jump-diffusion SODEs with discontinuous drift and (possibly) degenerate 
diffusion in the finite Lévy measure case, and obtained the strong convergence rate 1 in 𝐿𝑝 for 𝑝 ∈ [1,∞). In addition, authors in [9] 
investigated the strong convergence orders of a class of adaptive numerical methods for the jump-diffusion SODEs with non-globally 
Lipschitz continuous coefficients. For the case of SPDEs, to the best of our knowledge, this question is still open so far. The aim of 
this paper is to provide a positive answer for fully discrete schemes of the SPDE driven by Lévy noise.

We consider the following SPDE driven by Gaussian noise and Poisson random measure: 
{

𝑑𝑋(𝑡) = 𝐴𝑋(𝑡)𝑑𝑡 + 𝐹 (𝑋(𝑡))𝑑𝑡 + 𝑑𝑊 (𝑡) + ∫𝜒 𝐺(𝑋(𝑡), 𝑧)𝑁̃(𝑑𝑧, 𝑑𝑡), 𝑡 ∈ (0, 𝑇 ],
𝑋(0) = 𝑥0,

(1)

where 𝑇 > 0 and 𝐴 ∶= Δ ∶ Dom(𝐴) ⊂ 𝐻 → 𝐻 is the Laplacian operator with homogeneous Dirichlet boundary condition. Here 𝐻 ∶=
𝐿2(0, 1) endowed with the usual inner product ⟨⋅, ⋅⟩ and norm ‖ ⋅ ‖, and 𝜒 ∶= 𝐻∖{0} is the mark set. The process {𝑊 (𝑡)}𝑡∈[0,𝑇 ] is an 
𝐻-valued Gaussian space-time white noise. Let 𝑁̃(𝑑𝑧, 𝑑𝑡) ∶= 𝑁(𝑑𝑧, 𝑑𝑡) − 𝜈(𝑑𝑧)𝑑𝑡 stand for a compensated Poisson random measure, 
where {𝑁(⋅, 𝑡)}𝑡∈[0,𝑇 ] is the Poisson random measure and 𝜈 is a Lévy measure on Borel 𝜎-algebra (𝜒) satisfying 𝜈({0}) = 0 and 
∫𝜒 min{1, ‖𝑧‖2}𝜈(𝑑𝑧) < ∞. Here {𝑊 (𝑡)}𝑡∈[0,𝑇 ] and {𝑁̃(⋅, 𝑡)}𝑡∈[0,𝑇 ] are supposed to be independent. Define a complete filtered probability 
space (Ω, , (𝑡)𝑡≥0,ℙ) generated by {𝑊 (𝑡), 𝑁̃(⋅, 𝑡)}𝑡∈[0,𝑇 ] that satisfies usual conditions. Precise assumptions on coefficients 𝐹  and 𝐺
will be given in Section 2.1. Equations of type (1) are widely studied in modeling physics phenomena, such as phenomena in fluid 
mechanics [2], neural model with random inputs [10] and so on. The theoretical analysis of such equations has been well developed, 
including the existence and uniqueness of solutions, as well as long-term dynamical behaviors, e.g., [11–13]. For the numerical 
studies, authors of [14] investigated the structure preservation and convergence analysis of a class of fully discrete finite difference 
schemes, and obtained the 𝐿2-strong convergence orders that are nearly 1∕2 in space and 1∕4 in time. Authors of [15,16] also 
investigated the 𝐿2-strong convergence order of the fully discrete schemes for (1), using the finite element method in space and 
Euler-type methods in time. In [17,18], authors studied the accuracy of spacial and temporal approximations by considering spectral 
method or finite elements method, and the explicit or implicit Euler method, respectively, and established the 𝐿𝑝-strong convergence 
result for 1 ≤ 𝑝 ≤ 2.

In this paper, we apply the spectral Galerkin method to approximate (1) in space, and further use the Euler-type methods in time 
to obtain the fully discrete schemes. The corresponding mapping for the one-step approximation is given as follows:

Φ(𝑋𝑁
𝑖 ,Δ𝑡𝑖+1) ∶= 𝐸(Δ𝑡𝑖+1)𝑋𝑁

𝑖 + ∫

𝑡𝑖+1

𝑡𝑖
𝐸(𝑡𝑖+1 − 𝑠)𝑃𝑁𝐹 (𝑋𝑁

𝑖 )𝑑𝑠 + ∫

𝑡𝑖+1

𝑡𝑖
𝐸(𝑡𝑖+1 − 𝑠)𝑃𝑁𝑑𝑊 (𝑠) (2)

+ ∫

𝑡𝑖+1

𝑡𝑖
∫𝜒

𝐸(Δ𝑡𝑖+1)𝑃𝑁𝐺(𝑋𝑁
𝑖 , 𝑧)𝑁̃(𝑑𝑧, 𝑑𝑠), 𝑖 = 0, 1,… , 𝑛𝑇 − 1,

where {𝐸(𝑡)}𝑡≥0 is the semigroup generated by 𝐴, 𝑃𝑁  is the projection operator, 𝑛𝑇  is the subscript corresponding to 𝑇  (i.e., 𝑡𝑛𝑇 =
𝑇 ), and we mention that the time step size Δ𝑡𝑖+1 ∶= 𝑡𝑖+1 − 𝑡𝑖 may be path-dependent; see Section 2 for further details. The main 
contribution of our work is that, we show for the first time that proposed schemes converge in 𝐿𝑝 sense with orders nearly 1∕2 in 
both space and time for all 𝑝 ≥ 2. Indeed, the 𝐿𝑝-strong convergence analysis in time is more technical compared with that in space. 
This is related to the aforementioned issue yielding poor order for large 𝑝. To overcome this order barrier, we develop discretization 
frameworks tailored to Poisson-driven stochastic systems, classified by different conditions on the Lévy measure 𝜈(𝜒).

We begin with the case 𝜈(𝜒) < ∞, i.e., the system exhibits finitely many jumps almost surely, where the jump-adapted discretiza-
tion strategy emerges as an effective approach. This approach involves superimposing finitely many random jump times onto a de-
terministic equidistant grid, thereby capitalizing on the system’s continuous evolution between successive grids. It enables a crucial 
reformulation of the stochastic integral with respect to the compensated Poisson random measure in (2) as a more tractable integral 
against the intensity measure, which has been studied for numerical approximations of SODEs with Lévy noise (see e.g. [8,19–22]). For 
the considered SPDE (1), applying the jump-adapted strategy to the one-step mapping (2) yields the following form of discretization:

𝑋𝑁
(𝑖+1)−= Φ(𝑋𝑁

𝑖 ,Δ𝑡𝑖+1), with ∫
𝑡𝑖+1

𝑡𝑖
∫𝜒

𝑍𝑁 (𝑋𝑁
𝑖 , 𝑧)𝑁̃(𝑑𝑧, 𝑑𝑠)=−∫

𝑡𝑖+1

𝑡𝑖
∫𝜒

𝑍𝑁 (𝑋𝑁
𝑖 , 𝑧)𝜈(𝑑𝑧)𝑑𝑠,

𝑋𝑁
𝑖+1 = 𝑋𝑁

(𝑖+1)− + 𝐺𝑁 (𝑋𝑁
(𝑖+1)−, 𝑝𝑡𝑖+1 )𝟏{𝑝𝑡𝑖+1≠0}. (3)
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Here {𝑝𝑡𝑖}𝑖=0,1,…,𝑛𝑇  is an 𝑡𝑖 -adapted Poisson point process with the intensity measure 𝜈(𝑑𝑧)𝑑𝑡. However, rigorous numerical analysis of 
such schemes to SPDEs introduces several new challenges distinct from the SODE case. One challenge involves the interaction between 
unbounded linear operators and nonlinear terms which complicates the analysis of temporal regularity. Another challenge arises from 
the infinite-dimensional nature of stochastic perturbations, in particular for the multiplicative noise case, where the coupling between 
the stochastic forcing and the nonlinear dynamics introduces additional analytical difficulties for controlling the discretization error. 
To this end, we first make full use of the smoothing effect and properties of the semigroup generated by the unbounded operator, 
and establish the one-half temporal Hölder regularity of numerical solution in negative Sobolev spaces. Then we introduce a tech-
nique that decouples the interaction between noise and nonlinear dynamics via chaos expansions specifically adapted to the Poisson 
jumps and Poisson distributions. Combining infinite-dimensional stochastic analysis of stochastic convolutions, we establish the uni-
form 𝑝th moment regularity estimates of numerical solutions in fractional power Sobolev spaces, and further prove that the global 
discretization error of numerical solution achieves order nearly 12  in both spatial and temporal directions in 𝐿𝑝 sense for all 𝑝 ≥ 2.

For the case 𝜈(𝜒) ≤ ∞, there may exist infinitely many jumps that make the jump-adapted strategy invalid. Meanwhile, the 
accumulation of high-frequency jump noise deeply affects temporal regularity in the stochastic convolution driven by the compensated 
Poisson random measure. These effects make the analysis of the 𝐿𝑝-strong convergence order particularly delicate. To the best of our 
knowledge, there has been no result on 𝐿𝑝-strong convergence order of numerical schemes for SPDEs (1) with case 𝜈(𝜒) = ∞ and 𝑝 > 2. 
To move in this direction, we focus our attention on the additive noise case, and consider a fully discrete scheme: 𝑋𝑁

𝑖+1 = Φ(𝑋𝑁
𝑖 ,Δ𝑡)

with constant step size Δ𝑡. We introduce a technique based on nested conditional moment estimates, leveraging a quantitative version 
of the John–Nirenberg inequality (see [23]). The idea is to bound the 𝐿𝑝-norm of the stochastic convolution by moment estimates 
of the nested conditional “𝐿1-norms”. This requires careful a priori estimates, including the nested conditional “𝐿2-norms” of both 
the stochastic convolution and the solution of the perturbed stochastic equation. By further presenting regularity estimates of the 
numerical solution, we finally establish the 𝐿𝑝-strong convergence order of the scheme in the case of 𝜈(𝜒) ≤ ∞ with additive noise. 
The treatment of the multiplicative noise case involves additional challenges and is left for future investigation.

The rest of the paper is organized as follows. The preliminaries, including notations, assumptions, and the well-posedness of the 
exact solution are given in Section 2.1. Section 2.2 is devoted to the introduction of the fully discrete schemes and their 𝐿𝑝-strong 
convergence orders. In Section 3, we present the 𝐿𝑝-strong convergence analysis of the fully discrete scheme for (1) in the case of 
𝜈(𝜒) < ∞. In Section 4, we present the corresponding 𝐿𝑝-strong convergence analysis in the case of 𝜈(𝜒) ≤ ∞. Numerical experiments 
are given in Section 5.

2.  Fully discrete schemes and main results

In this section, we first give some preliminaries, including notation, assumptions, some useful inequalities, and the well-posedness 
of the exact solution. Second, we present the fully discrete schemes of (1) for two different cases of Lévy measures, and respectively 
show their 𝐿𝑝-strong convergence orders.

2.1.  Preliminaries

Throughout this paper, we let 𝐶 > 0 be a generic constant that may vary from one place to another. More specific constants which 
depend on certain parameters 𝑎, 𝑏 are numbered as 𝐶𝑎,𝑏. We use ℕ+ to denote the set of positive natural numbers. Set 𝑎 ∨ 𝑏 ∶= max{𝑎, 𝑏}
and 𝑎 ∧ 𝑏 ∶= min{𝑎, 𝑏}. The space of bounded linear operators on 𝐻 is denoted by (𝐻), which endowed with the operator norm 
‖ ⋅ ‖(𝐻). The subspace 2(𝐻) ⊂ (𝐻) denotes the set of Hilbert–Schmidt operators on 𝐻 , with norm denoted by ‖ ⋅ ‖2(𝐻). Let 𝐻̇𝑠, 
𝑠 ∈ ℝ be the Sobolev space generated by the fractional power of −𝐴, endowed with the inner product ⟨𝑢, 𝑣⟩𝐻̇𝑠 ∶= ⟨(−𝐴)

𝑠
2 𝑢, (−𝐴)

𝑠
2 𝑣⟩

and the norm ‖𝑢‖𝐻̇𝑠 ∶=
√

⟨𝑢, 𝑢⟩𝐻̇𝑠  for 𝑢, 𝑣 ∈ 𝐻̇𝑠. We use the notation 𝐿𝑝(Ω, 𝐻̇𝑠) to denote the space of random variables 𝑢 satisfying 
𝔼[‖𝑢‖𝑝

𝐻̇𝑠 ] < ∞ for 𝑝 > 0.
It is known that there is a sequence of real numbers 𝜆𝑖 = 𝜋2𝑖2, 𝑖 ∈ ℕ+ and an orthonormal basis {𝑒𝑖}𝑖∈ℕ+

 of 𝐻 with 𝑒𝑖(𝑥) ∶=
√

2 sin(𝑖𝜋𝑥), 𝑥 ∈ [0, 1], such that −𝐴𝑒𝑖 = 𝜆𝑖𝑒𝑖. In addition, operator 𝐴 generates the semigroup {𝐸(𝑡) ∶= 𝑒𝑡𝐴, 𝑡 ≥ 0} on 𝐻 . For all 𝑡 ≥ 0, 
𝐸(𝑡) is a bounded self-adjoint linear operator on 𝐻 , with ‖𝐸(𝑡)‖(𝐻) ≤ 𝑒−𝑡𝜆1 ≤ 1. It is clear that, for all 𝑡 ≥ 0,

∫

𝑡

0
𝑠−𝛼‖𝐸(𝑠)‖22(𝐻)𝑑𝑠 < ∞ if and only if 𝛼 ∈ [0, 1

2
).

Moreover, the semigroup admits the following properties:

‖(−𝐴)𝛾𝐸(𝑡)‖(𝐻) ≤ 𝐶𝑡−𝛾𝑒−
𝜆1
2 𝑡, 𝑡 ∈ (0, 𝑇 ], 𝛾 ≥ 0, (4)

‖(−𝐴)−𝜌(𝐸(𝑡) − 𝐸(𝑠))‖(𝐻) ≤ 𝐶(𝑡 − 𝑠)𝜌, 0 ≤ 𝑠 < 𝑡 ≤ 𝑇 , 𝜌 ∈ [0, 1]. (5)

Here we impose some assumptions on coefficients and the initial value of (1), which will be used throughout this paper.
Assumption 1  (Nonlinearity). The measurable mapping 𝐹 ∶ 𝐻 → 𝐻 satisfies that ‖𝐹 (𝑥)‖ ≤ 𝐶(1 + ‖𝑥‖), 𝑥 ∈ 𝐻 with some constant 
𝐶 > 0. In addition, 𝐹  is differentiable and there are constants 𝐿𝐹 , 𝐶 > 0 such that

sup
𝑥∈𝐻

‖𝐷𝐹 (𝑥)𝑦‖ ≤ 𝐿𝐹 ‖𝑦‖, 𝑦 ∈ 𝐻,

‖(−𝐴)−
1+𝛿
4 𝐷𝐹 (𝑥)𝑦‖ ≤ 𝐶(1 + ‖𝑥‖

𝐻̇
1−𝛿
2
)‖𝑦‖

𝐻̇− 1−𝛿
2
, 𝑥 ∈ 𝐻̇

1−𝛿
2 , 𝑦 ∈ 𝐻̇− 1−𝛿

2 ,

where 𝛿 ∈ (0, 1).
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Remark 1. (i) The assumption sup𝑥∈𝐻 ‖𝐷𝐹 (𝑥)𝑦‖ ≤ 𝐿𝐹 ‖𝑦‖, combining the mean value theorem implies the globally Lipschitz condition 
on 𝐹 , namely, for some 𝜃 ∈ (0, 1),

‖𝐹 (𝑥) − 𝐹 (𝑦)‖ ≤ ‖𝐷𝐹 (𝑦 + 𝜃(𝑥 − 𝑦))(𝑥 − 𝑦)‖ ≤ 𝐿𝐹 ‖𝑥 − 𝑦‖, 𝑥, 𝑦 ∈ 𝐻. (6)

(ii) The conditions in Assumption 1 are satisfied if 𝐹  is the Nemytskii operator defined by 𝐹 (𝑢)(𝑥) ∶= 𝑓 (𝑢(𝑥)), 𝑥 ∈ [0, 1], 𝑢 ∈
𝐻, where 𝑓 ∶ ℝ → ℝ is continuously differentiable with bounded first order derivative. Indeed, the mapping 𝐹 ∶ 𝐻 → 𝐻 is then 
differentiable, and for all 𝑢, ℎ ∈ 𝐻 and 𝑥 ∈ [0, 1], we have [𝐷𝐹 (𝑢)ℎ](𝑥) = 𝑓 ′(𝑢(𝑥))ℎ(𝑥). This implies sup𝑢∈𝐻 ‖𝐷𝐹 (𝑢)ℎ‖ ≤ 𝐿𝐹 ‖ℎ‖, ℎ ∈ 𝐻

with some constant 𝐿𝐹 > 0. In addition, for all 𝑢1 ∈ 𝐻̇
1−𝛿
2  and 𝑢2 ∈ 𝐻̇− 1−𝛿

2  with 𝛿 ∈ (0, 1), we obtain

‖

‖

‖

(−𝐴)−
1+𝛿
4 𝐷𝐹 (𝑢1)𝑢2

‖

‖

‖

= sup
ℎ∈𝐻⧵{0}

⟨(−𝐴)−
1+𝛿
4 𝐷𝐹 (𝑢1)𝑢2, ℎ⟩
‖ℎ‖

≤ sup
ℎ∈𝐻⧵{0}

‖(−𝐴)−
1−𝛿
4 𝑢2‖‖(−𝐴)

1−𝛿
4 𝐷𝐹 (𝑢1)(−𝐴)

− 1+𝛿
4 ℎ‖

‖ℎ‖

≤ 𝐶(1 + ‖(−𝐴)
1−𝛿
4 𝑢1‖)‖(−𝐴)

− 1−𝛿
4 𝑢2‖,

where we used [24, Lemma 4.4] in the last step. 
Assumption 2  (Jump coefficient). The coefficient 𝐺∶ 𝐻 × 𝜒 → 𝐻 is defined as 𝐺(𝑥, 𝑧) = 𝑔1(𝑧)𝑥 + 𝑔(𝑧), 𝑥 ∈ 𝐻, 𝑧 ∈ 𝜒 with mapping 
𝑔1 ∶ 𝜒 → ℝ being bounded by constant 𝑏 > 0 and with some mapping 𝑔∶ 𝜒 → 𝐻 . In addition, for each 𝑝 > 2, there exists a constant 
𝐶𝑝 > 0 such that 

∫𝜒

(

|𝑔1(𝑧)|2 ∨ |𝑔1(𝑧)|𝑝
)

𝜈(𝑑𝑧) ≤ 𝐶𝑝, ∫𝜒

(

‖(−𝐴)
1
4 𝑔(𝑧)‖2 ∨ ‖(−𝐴)

1
4 𝑔(𝑧)‖𝑝

)

𝜈(𝑑𝑧) ≤ 𝐶𝑝. (7)

Remark 2. We give an example of 𝑔 that satisfies Assumption 2: 𝑔(𝑧) ∶= (1 ∧ ‖𝑧‖2)
∑

𝑗∈ℕ+
𝑗−1−𝜖𝑒𝑗 , where {𝑒𝑗}𝑗∈ℕ+

 is the complete 
orthonormal basis of 𝐻 . We verify the second inequality in (7) as follows. Note that for all 𝑝 ≥ 2, we have 

∫𝜒
‖(−𝐴)

1
4 𝑔(𝑧)‖𝑝𝜈(𝑑𝑧) = ∫𝜒

(

∑

𝑗∈ℕ+

𝜆1∕2𝑗 |⟨𝑔(𝑧), 𝑒𝑗⟩|2
)

𝑝
2

𝜈(𝑑𝑧).

For each 𝑗 ∈ ℕ+, |⟨𝑔(𝑧), 𝑒𝑗⟩| ≤ 𝑗−1−𝜖(1 ∧ ‖𝑧‖2). Thus we have 
∑

𝑗∈ℕ+

𝜆1∕2𝑗 |⟨𝑔(𝑧), 𝑒𝑗⟩|2 ≤ 𝜋
(

1 ∧ ‖𝑧‖2
)2 ∑

𝑗∈ℕ+

𝑗−1−2𝜖 ≤ 𝐶𝜋
(

1 ∧ ‖𝑧‖2
)2,

and it follows that 

∫𝜒
‖(−𝐴)

1
4 𝑔(𝑧)‖𝑝𝜈(𝑑𝑧) ≤ 𝐶𝑝 ∫𝜒

(

1 ∧ ‖𝑧‖2
)𝑝𝜈(𝑑𝑧) ≤ 𝐶𝑝 ∫𝜒

(1 ∧ ‖𝑧‖2)𝜈(𝑑𝑧) ≤ 𝐶𝑝.

Assumption 3  (Initial value). Let 𝑥0 be an 0-measurable random variable, and 𝑥0 ∈ 𝐿𝑝(Ω, 𝐻̇
1−𝛿
2 ) for all 𝑝 ≥ 2 and 𝛿 ∈ (0, 1].

We introduce the maximal inequality for the Lévy-type stochastic convolution as follows, see e.g. [25, Proposition 3.3] for details.
Lemma 1. Let 𝛽 ∶ [0, 𝑇 ] × 𝜒 → 𝐻 be a predictable process such that the expectation on the right hand side of the inequality below is finite. 
Then for all 𝑝 ≥ 2, there exists a constant 𝐶𝑝,𝑇 > 0 such that

𝔼
[

sup
𝑡∈[0,𝑇 ]

‖

‖

‖∫

𝑡

0 ∫𝜒
𝐸(𝑡 − 𝑠)𝛽(𝑠, 𝑧)𝑁̃(𝑑𝑧, 𝑑𝑠)‖‖

‖

𝑝]

≤ 𝐶𝑝,𝑇𝔼
[

∫

𝑇

0

{

(

∫𝜒
‖𝛽(𝑠, 𝑧)‖2𝜈(𝑑𝑧)

)𝑝∕2
+ ∫𝜒

‖𝛽(𝑠, 𝑧)‖𝑝𝜈(𝑑𝑧)
}

𝑑𝑠
]

.

Under assumptions given above, the well-posedness and regularity estimate of the mild solution of (1) can be obtained, which 
are stated in the following proposition. The proof of the well-posedness is similar to that of [11, Theorem 2.1], and the proof of the 
strong Markov property is similar to that of [11, Lemma 5.2], which are omitted here. For the proof of the regularity of the exact 
solution, we present it in the supplementary material [26].
Proposition 1. Let Assumptions 1–3 hold. Then for each 𝑇 > 0, there exists a unique mild solution {𝑋(𝑡)}𝑡∈[0,𝑇 ] of (1)

𝑋(𝑡) = 𝐸(𝑡)𝑥0 + ∫

𝑡

0
𝐸(𝑡 − 𝑠)𝐹 (𝑋(𝑠))𝑑𝑠 + ∫

𝑡

0
𝐸(𝑡 − 𝑠)𝑑𝑊 (𝑠) + ∫

𝑡

0 ∫𝜒
𝐸(𝑡 − 𝑠)𝐺(𝑋(𝑠), 𝑧)𝑁̃(𝑑𝑧, 𝑑𝑠), 𝑡 ∈ (0, 𝑇 ]

with initial value 𝑥0, satisfying that for any 𝑝 ≥ 2, 𝔼[sup𝑡∈[0,𝑇 ] ‖𝑋(𝑡)‖𝑝] < ∞. The process {𝑋(𝑡)}𝑡∈[0,𝑇 ] has a càdlàg modification 
and is time-homogeneous strong Markovian. Moreover, for all 𝑝 ≥ 2 and all 𝛼 ∈ [0, 12 ), there exists a constant 𝐶𝑝,𝑇 ,𝛼 > 0 such that 
sup𝑡∈[0,𝑇 ] ‖𝑋(𝑡)‖𝐿𝑝(Ω,𝐻̇𝛼 ) ≤ 𝐶𝑝,𝑇 ,𝛼 .
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2.2.  Fully discrete schemes and 𝐿𝑝-strong convergence orders

In this subsection, we first apply the spectral Galerkin method in the spatial direction and the Euler-type method in the temporal 
direction to obtain the fully discrete schemes for (1). Then we present the 𝐿𝑝-strong convergence orders of proposed schemes in both 
space and time.

For fixed 𝑁 ∈ ℕ+, let 𝑃𝑁  be the orthogonal projection operator from 𝐻 onto 𝐻𝑁 ∶= span{𝑒1, 𝑒2,… , 𝑒𝑁}. Applying the spectral 
Galerkin method in the spatial direction to (1) yields 

𝑑𝑋𝑁 (𝑡) = 𝐴𝑋𝑁 (𝑡)𝑑𝑡 + 𝐹𝑁 (𝑋𝑁 (𝑡))𝑑𝑡 + 𝑃𝑁𝑑𝑊 (𝑡) + ∫𝜒
𝐺𝑁 (𝑋𝑁 (𝑡), 𝑧)𝑁̃(𝑑𝑧, 𝑑𝑡), 𝑡 ∈ (0, 𝑇 ] (8)

with initial value 𝑋𝑁 (0) = 𝑃𝑁𝑥0, where 𝐹𝑁 ∶= 𝑃𝑁𝐹  and 𝐺𝑁 ∶= 𝑃𝑁𝐺 = 𝑔1𝑃𝑁 + 𝑃𝑁𝑔. Further, in the temporal direction, we use the 
Euler-type method to obtain the one-step approximation:

Φ(𝑋𝑁
𝑖 ,Δ𝑡𝑖+1) = 𝐸(Δ𝑡𝑖+1)𝑋𝑁

𝑖 + ∫

𝑡𝑖+1

𝑡𝑖
𝐸(𝑡𝑖+1 − 𝑠)𝐹𝑁 (𝑋𝑁

𝑖 )𝑑𝑠 + ∫

𝑡𝑖+1

𝑡𝑖
𝐸(𝑡𝑖+1 − 𝑠)𝑃𝑁𝑑𝑊 (𝑠)

+ ∫

𝑡𝑖+1

𝑡𝑖
∫𝜒

𝐸(Δ𝑡𝑖+1)𝐺𝑁 (𝑋𝑁
𝑖 , 𝑧)𝑁̃(𝑑𝑧, 𝑑𝑠), 𝑖 = 0, 1,… , 𝑛𝑇 − 1, (9)

where Δ𝑡𝑖+1 = 𝑡𝑖+1 − 𝑡𝑖 with {𝑡𝑖}𝑖=0,1,…,𝑛𝑇  being time grid points. With the one-step approximation at hand, below, we present the fully 
discrete schemes for two different cases of Lévy measures: 𝜈(𝜒) < ∞ and 𝜈(𝜒) ≤ ∞. We remark that the choices of time step sizes 
{Δ𝑡𝑖}𝑖=1,…,𝑛𝑇  are different in these two cases.

(i) Case of 𝜈(𝜒) < ∞. In this case, since 𝔼[𝑁(𝜒, [0, 𝑇 ])] = 𝑇 𝜈(𝜒) < ∞, there are a.s. finitely many jumps. The corresponding non-
decreasing jump times are denoted by {𝜎𝑖(𝜔), 𝑖 = 1, 2,… , 𝑛𝐽 (𝜔)}, where the random variable 𝑛𝐽  denotes the number of jumps. We 
introduce the jump-adapted time partition by a superposition of finitely many jump times to a deterministic equidistant grid. More 
precisely, we first give a deterministic partition of the interval [0, 𝑇 ]:

 0 = {0 = 𝑡00 < 𝑡01 < ⋯ < 𝑡0𝑀 = 𝑇 },

where 𝑡0𝑖 ∶= 𝑖Δ𝑡, 𝑖 = 0, 1,… ,𝑀 with Δ𝑡 > 0 being a constant step size. For each sample point, we then merge  0 and the partition 
from jump times  1 ∶= {0 ≤ 𝜎1 < 𝜎2 < ⋯ < 𝜎𝑛𝐽 ≤ 𝑇 } to form a new jump-adapted partition

 = {0 = 𝑡0 < 𝑡1 < ⋯ < 𝑡𝑛𝑇 = 𝑇 },

where 𝑛𝑇  denotes the subscript corresponding to 𝑇  and 𝑛𝐽 +𝑀 ≥ 𝑛𝑇 . Note that in the new partition  , step size Δ𝑡𝑖+1 = 𝑡𝑖+1 − 𝑡𝑖 is 
path-dependent and non-uniform, with the maximal step size bounded by Δ𝑡.

We propose the jump-adapted fully discrete scheme as follows: 
𝑋𝑁

(𝑖+1)− = Φ(𝑋𝑁
𝑖 ,Δ𝑡𝑖+1), 𝑋𝑁

𝑖+1 = 𝑋𝑁
(𝑖+1)− + 𝐺𝑁 (𝑋𝑁

(𝑖+1)−, 𝑝𝑡𝑖+1 )𝟏{𝑝𝑡𝑖+1≠0}, (10)

with Φ(𝑋𝑁
𝑖 ,Δ𝑡𝑖+1) being given by (9). Taking advantage of the jump-adapted partition, we have the relation 

∫

𝑡𝑖+1

𝑡𝑖
∫𝜒

𝐸(Δ𝑡𝑖+1)𝐺𝑁 (𝑋𝑁
𝑖 , 𝑧)𝑁̃(𝑑𝑧, 𝑑𝑡) = −∫

𝑡𝑖+1

𝑡𝑖
∫𝜒

𝐸(Δ𝑡𝑖+1)𝐺𝑁 (𝑋𝑁
𝑖 , 𝑧)𝜈(𝑑𝑧)𝑑𝑡, 𝑎.𝑠., (11)

for 𝑖 = 0, 1,… , 𝑛𝑇 − 1. Hence (10) is equivalent to 
⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑋𝑁
(𝑖+1)−= 𝐸(Δ𝑡𝑖+1)𝑋𝑁

𝑖 + ∫ 𝑡𝑖+1
𝑡𝑖

𝐸(𝑡𝑖+1−𝑠)𝐹𝑁 (𝑋𝑁
𝑖 )𝑑𝑠 + ∫ 𝑡𝑖+1

𝑡𝑖
𝐸(𝑡𝑖+1−𝑠)𝑃𝑁𝑑𝑊 (𝑠)

− ∫ 𝑡𝑖+1
𝑡𝑖

∫𝜒 𝐸(Δ𝑡𝑖+1)𝐺𝑁 (𝑋𝑁
𝑖 , 𝑧)𝜈(𝑑𝑧)𝑑𝑠,

𝑋𝑁
𝑖+1 = 𝑋𝑁

(𝑖+1)− + 𝐺𝑁 (𝑋𝑁
(𝑖+1)−, 𝑝𝑡𝑖+1 )𝟏{𝑝𝑡𝑖+1≠0}, 𝑖 = 0, 1,… , 𝑛𝑇 − 1.

(12)

We now give the 𝐿𝑝-strong convergence result of (12), whose proof is presented in Section 3.
Theorem 1. Let Assumptions 1–3 hold, and let 𝑁 ∈ ℕ+ and 𝑝 ≥ 2. Then for any 𝛿 ∈ (0, 1), there exists a constant 𝐶𝑝,𝑇 ,𝛿 > 0 independent 
of 𝑁,Δ𝑡 such that 

‖𝑋(𝑇 ) −𝑋𝑁
𝑛𝑇
‖𝐿𝑝(Ω,𝐻) ≤ 𝐶𝑝,𝑇 ,𝛿

(

𝑁− 1−𝛿
2 + (Δ𝑡)

1−𝛿
2
)

.

As a corollary of the 𝑝th moment strong convergence, we obtain the following almost sure convergence. The proof is standard, 
which follows from Theorem 1, together with the Chebyshev inequality and the Borel–Cantelli lemma; see e.g., [27, Corollary 3.19], 
[28, Theorem 4.2] for a similar proof.
Corollary 1.  Let conditions of Theorem 1 hold. For any 𝛿1 ∈ (𝛿, 1) with 𝛿 given in Theorem 1, there exists an a.s. finite random variable 
𝐶𝑝,𝑇 ,𝛿,𝛿1 > 0 such that 

‖

‖

‖

𝑋(𝑇 , 𝜔) −𝑋𝑁
𝑛𝑇
(𝜔)‖‖

‖

≤ 𝐶𝑝,𝑇 ,𝛿,𝛿1 (𝜔)
(

𝑁− 1−𝛿1
2 + (Δ𝑡)

1−𝛿1
2

)

.
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(ii) Case of 𝜈(𝜒) ≤ ∞. In this case, there may exist infinitely many jumps that make the jump-adapted strategy invalid. In order to 
obtain the 𝐿𝑝-strong convergence order, we focus on the additive noise case and consider the fully discrete scheme on the deterministic 
partition  0 with constant step size Δ𝑡. For simplicity, we write 𝑡𝑖 instead of time grid point 𝑡0𝑖 , 𝑖 = 0, 1,… ,𝑀 and 𝑛𝑇 = 𝑀. Then the 
fully discrete scheme based on the one-step approximation (9) is given as 

𝑋𝑁
𝑘+1 = Φ(𝑋𝑁

𝑘 ,Δ𝑡), 𝑘 = 0, 1,… , 𝑛𝑇 − 1, 𝑋𝑁
0 = 𝑃𝑁𝑥0. (13)

To obtain the 𝐿𝑝-strong convergence order of this scheme, we present the following assumption on the jump coefficient.
Assumption 4. Let mapping 𝐺 ∶ 𝜒 → 𝐻 satisfy that for any 𝛿 ∈ (0, 1) and 𝑝 > 2, 

∫𝜒

(

‖(−𝐴)
1−𝛿
2 𝐺(𝑧)‖2 ∨ ‖(−𝐴)

1−𝛿
2 𝐺(𝑧)‖𝑝

)

𝜈(𝑑𝑧) ≤ 𝐶𝑝,𝛿 . (14)

Similar to Remark 2, when 𝐺(𝑧) = (1 ∧ ‖𝑧‖2)
∑

𝑗∈ℕ+
𝑗−2−𝜖𝑒𝑗 , Assumption 4 is satisfied. We now give the 𝐿𝑝-strong convergence 

result of the scheme (13) for the case of the additive Poisson noise as follows, and its proof is presented in Section 4.
Theorem 2. Let Assumptions 1, 3 and 4 hold, and let 𝑁 ∈ ℕ+ and 𝑝 ≥ 2. Then for any 𝛿 ∈ (0, 1), there exists a constant 𝐶𝑝,𝑇 ,𝛿 > 0
independent of 𝑁,Δ𝑡 such that 

‖

‖

‖

𝑋(𝑇 ) −𝑋𝑁
𝑛𝑇
‖

‖

‖𝐿𝑝(Ω,𝐻)
≤ 𝐶𝑝,𝑇 ,𝛿

(

𝑁− 1−𝛿
2 + (Δ𝑡)

1−𝛿
2
)

.

Corollary 2. Let conditions of Theorem 2 hold. For any 𝛿2 ∈ (𝛿, 1) with 𝛿 given in Theorem 2, there exists an a.s. finite random variable 
𝐶𝑝,𝑇 ,𝛿,𝛿2 > 0 such that 

‖

‖

‖

𝑋(𝑇 , 𝜔) −𝑋𝑁
𝑛𝑇
(𝜔)‖‖

‖

≤ 𝐶𝑝,𝑇 ,𝛿,𝛿2 (𝜔)
(

𝑁− 1−𝛿2
2 + (Δ𝑡)

1−𝛿2
2

)

.

3.  Proof of Theorem 1

In this section, we present the 𝐿𝑝-strong convergence analysis of fully discrete scheme (12) for (1) driven by the linear multi-
plicative Poisson noise with finite Lévy measure. Note that the stochastic integral with respect to the compensated Poisson random 
measure in (12) can be transformed into the integral with respect to the intensity measure, as shown in (11). This transformation is 
crucial to overcome the order barrier caused by the 𝑝th moment estimates of the stochastic integral with respect to the compensated 
Poisson random measure.
Proof.  (Proof of Theorem 1) The proof is split into two steps, based on the error between the solutions of (1) and the semi-discrete 
scheme (8), and the error between the solutions of (8) and the fully discrete scheme (12).

Step 1. Show that for all 𝑝 ≥ 2 and 𝛿 ∈ (0, 1), there exists a constant 𝐶𝑝,𝑇 ,𝛿 > 0 independent of 𝑁 such that ‖𝑋(𝑇 ) −𝑋𝑁 (𝑇 )‖𝐿𝑝(Ω,𝐻) ≤

𝐶𝑝,𝑇 ,𝛿𝑁
− 1−𝛿

2 .
It follows from (1) and (8) that, for all 𝑁 ∈ ℕ+,

𝑋(𝑇 ) −𝑋𝑁 (𝑇 ) =𝐸(𝑇 )(I − 𝑃𝑁 )𝑥0 + ∫

𝑇

0
𝐸(𝑇 −𝑠)(I − 𝑃𝑁 )𝐹 (𝑋(𝑠))𝑑𝑠

+∫

𝑇

0
𝐸(𝑇 −𝑠)𝑃𝑁

(

𝐹 (𝑋(𝑠)) − 𝐹 (𝑋𝑁 (𝑠))
)

𝑑𝑠+(I − 𝑃𝑁 )∫

𝑇

0
𝐸(𝑇 −𝑠)𝑑𝑊 (𝑠)

+∫

𝑇

0 ∫𝜒
𝐸(𝑇 −𝑠)(I − 𝑃𝑁 )𝐺(𝑋(𝑠), 𝑧)𝑁̃(𝑑𝑧, 𝑑𝑠)

+∫

𝑇

0 ∫𝜒
𝐸(𝑇 −𝑠)𝑃𝑁

(

𝐺(𝑋(𝑠), 𝑧) − 𝐺(𝑋𝑁 (𝑠), 𝑧)
)

𝑁̃(𝑑𝑧, 𝑑𝑠),

where I∶ 𝐻 → 𝐻 is an identical mapping. Denote the stochastic convolution (𝑡) ∶= ∫ 𝑡
0 𝐸(𝑡 − 𝑠)𝑑𝑊 (𝑠). Owing to properties of pro-

jection operator 𝑃𝑁 , assumptions on coefficients 𝐹  and 𝐺, Lemma 1, and Proposition 1, we obtain
𝔼
[

‖𝑋(𝑇 ) −𝑋𝑁 (𝑇 )‖𝑝
]

≤ 𝐶𝑝𝜆
− 1−𝛿

4 𝑝
𝑁 ‖𝑥0‖

𝑝

𝐿𝑝(Ω,𝐻̇
1−𝛿
2 )

+ 𝐶𝑝𝜆
− 1−𝛿

4 𝑝
𝑁

(

∫

𝑇

0
(𝑇 − 𝑠)−

1−𝛿
4 𝑑𝑠

)𝑝

sup
𝑠∈[0,𝑇 ]

𝔼[‖𝐹 (𝑋(𝑠))‖𝑝]

+ 𝐶𝑝,𝑇 ∫

𝑇

0
𝔼
[

‖

‖

‖

𝑋(𝑠) −𝑋𝑁 (𝑠)‖‖
‖

𝑝]
𝑑𝑠 + 𝐶𝑝𝜆

− 1−𝛿
4 𝑝

𝑁 ‖(𝑇 )‖𝑝
𝐿𝑝(Ω,𝐻̇

1−𝛿
2 )

+ 𝐶𝑝,𝑇 𝜆
− 1−𝛿

4 𝑝
𝑁 𝔼

[

∫

𝑇

0

{

∫𝜒
‖

‖

‖

(−𝐴)
1−𝛿
4 𝐺(𝑋(𝑠), 𝑧)‖‖

‖

𝑝
𝜈(𝑑𝑧)+

(

∫𝜒
‖

‖

‖

(−𝐴)
1−𝛿
4 𝐺(𝑋(𝑠), 𝑧)‖‖

‖

2
𝜈(𝑑𝑧)

)
𝑝
2 }

𝑑𝑠
]

≤ 𝐶𝑝,𝑇 ,𝛿𝜆
− 1−𝛿

4 𝑝
𝑁 + 𝐶𝑝,𝑇 ∫

𝑇

0
𝔼
[

‖

‖

‖

𝑋(𝑠) −𝑋𝑁 (𝑠)‖‖
‖

𝑝]
𝑑𝑠 + 𝐶𝑝,𝑇 𝜆

− 1−𝛿
4 𝑝

𝑁 sup
𝑠∈[0,𝑇 ]

‖

‖

‖

𝑋(𝑠)‖‖
‖

𝑝

𝐿𝑝(Ω,𝐻̇
1−𝛿
2 )

.
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Applying the Grönwall inequality finishes the proof of Step 1.
Step 2. Show that for all 𝑝 ≥ 2 and 𝛿 ∈ (0, 1), there exists a constant 𝐶𝑝,𝑇 ,𝛿 > 0 independent of Δ𝑡 and 𝑁 such that ‖𝑋𝑁 (𝑇 ) −

𝑋𝑁
𝑛𝑇
‖𝐿𝑝(Ω,𝐻) ≤ 𝐶𝑝,𝑇 ,𝛿(Δ𝑡)

1−𝛿
2 .

On the partition  , the process {𝑋𝑁 (𝑡)}𝑡∈[0,𝑇 ] can be rewritten as

⎧

⎪

⎨

⎪

⎩

𝑋𝑁 (𝑡𝑖+1−)= 𝐸(Δ𝑡𝑖+1)𝑋𝑁 (𝑡𝑖) + ∫ 𝑡𝑖+1
𝑡𝑖

𝐸(𝑡𝑖+1−𝑠)𝐹𝑁 (𝑋𝑁 (𝑠))𝑑𝑠 + ∫ 𝑡𝑖+1
𝑡𝑖

𝐸(𝑡𝑖+1−𝑠)𝑃𝑁𝑑𝑊 (𝑠)
− ∫ 𝑡𝑖+1

𝑡𝑖
∫𝜒 𝐸(𝑡𝑖+1−𝑠)𝐺𝑁 (𝑋𝑁 (𝑠), 𝑧)𝜈(𝑑𝑧)𝑑𝑠,

𝑋𝑁 (𝑡𝑖+1)= 𝑋𝑁 (𝑡𝑖+1−) + 𝐺𝑁 (𝑋𝑁 (𝑡𝑖+1−), 𝑝𝑡𝑖+1 )𝟏{𝑝𝑡𝑖+1≠0}, 𝑖 = 0, 1,… , 𝑛𝑇 − 1.
(15)

On the time interval [𝑡𝑖, 𝑡𝑖+1), it follows from (12) and (15) that
𝑋𝑁

(𝑖+1)−−𝑋
𝑁 (𝑡𝑖+1−)

= 𝐸(Δ𝑡𝑖+1)(𝑋𝑁
𝑖 −𝑋𝑁 (𝑡𝑖)) + ∫

𝑡𝑖+1

𝑡𝑖
𝐸(𝑡𝑖+1 − 𝑠)

(

𝐹𝑁 (𝑋𝑁
𝑖 )−𝐹𝑁 (𝑋𝑁 (𝑠))

)

𝑑𝑠

− ∫

𝑡𝑖+1

𝑡𝑖
∫𝜒

(

𝐸(𝑡𝑖+1 − 𝑡𝑖)𝐺𝑁 (𝑋𝑁
𝑖 , 𝑧)−𝐸(𝑡𝑖+1 − 𝑠)𝐺𝑁 (𝑋𝑁 (𝑠), 𝑧)

)

𝜈(𝑑𝑧)𝑑𝑠

and

𝑋𝑁
𝑖+1 −𝑋𝑁 (𝑡𝑖+1)

= 𝑋𝑁
(𝑖+1)− −𝑋𝑁 (𝑡𝑖+1−) +

(

𝐺𝑁 (𝑋𝑁
(𝑖+1)−, 𝑝𝑡𝑖+1 ) − 𝐺𝑁 (𝑋𝑁 (𝑡𝑖+1−), 𝑝𝑡𝑖+1 )

)

𝟏{𝑝𝑡𝑖+1≠0}.

Denote 𝑒𝑖 ∶= 𝑋𝑁
𝑖 −𝑋𝑁 (𝑡𝑖) and 𝑒𝑖− ∶= 𝑋𝑁

𝑖− −𝑋𝑁 (𝑡𝑖−). Then it holds that 
𝑒𝑖+1 =

(

I + 𝑔1(𝑝𝑡𝑖+1 )𝟏{𝑝𝑡𝑖+1≠0}
)

𝑒(𝑖+1)− =∶ 𝑖+1𝑒(𝑖+1)−. (16)

Using the definition of 𝐺𝑁  gives that for 𝑖 = 0, 1,… , 𝑛𝑇 − 1,

𝑒(𝑖+1)− = 𝐸(Δ𝑡𝑖+1)Γ𝑖𝑖𝑒𝑖− + Ξ(𝑡𝑖+1) +
3
∑

𝑗=1
𝑗 (𝑡𝑖+1), (17)

where Γ𝑖 ∶= I − Δ𝑡𝑖+1 ∫𝜒 𝑔1(𝑧)𝜈(𝑑𝑧), Ξ(𝑡𝑖+1) ∶= ∫ 𝑡𝑖+1
𝑡𝑖

𝐸(𝑡𝑖+1 − 𝑠)
(

𝐹𝑁 (𝑋𝑁
𝑖 ) − 𝐹𝑁 (𝑋𝑁 (𝑡𝑖))

)

𝑑𝑠, and

1(𝑡𝑖+1) ∶= ∫

𝑡𝑖+1

𝑡𝑖
𝐸(𝑡𝑖+1 − 𝑠)

(

𝐹𝑁 (𝑋𝑁 (𝑡𝑖)) − 𝐹𝑁 (𝑋𝑁 (𝑠))
)

𝑑𝑠,

2(𝑡𝑖+1) ∶= ∫

𝑡𝑖+1

𝑡𝑖
∫𝜒

𝐸(𝑡𝑖+1 − 𝑡𝑖)
(

𝐺𝑁 (𝑋𝑁 (𝑠), 𝑧) − 𝐺𝑁 (𝑋𝑁 (𝑡𝑖), 𝑧)
)

𝜈(𝑑𝑧)𝑑𝑠,

3(𝑡𝑖+1) ∶= ∫

𝑡𝑖+1

𝑡𝑖
∫𝜒

(

𝐸(𝑡𝑖+1 − 𝑠) − 𝐸(𝑡𝑖+1 − 𝑡𝑖)
)

𝐺𝑁 (𝑋𝑁 (𝑠), 𝑧)𝜈(𝑑𝑧)𝑑𝑠.

By iteratively applying the relation between 𝑒(𝑖+1)− and 𝑒𝑖− (i.e., (17)), the local error is accumulated into the global one, namely, we 
have 

𝑒(𝑖+1)− =
𝑖

∑

𝑘=0

{

𝑖
∏

𝑙=𝑘+1
𝐸(Δ𝑡𝑙+1)Γ𝑙𝑙

}(

Ξ(𝑡𝑘+1) +
3
∑

𝑗=1
𝑗 (𝑡𝑘+1)

)

,

where we used 𝑒0 = 0 and set ∏𝑖
𝑖+1 ∶= 1. Taking ‖ ⋅ ‖𝐿𝑝(Ω,𝐻)-norm yields

‖𝑒𝑛𝑇 −‖𝐿𝑝(Ω,𝐻) ≤
‖

‖

‖

𝑛𝑇 −1
∑

𝑘=0

{

𝑛𝑇 −1
∏

𝑙=𝑘+1
𝐸(Δ𝑡𝑙+1)Γ𝑙𝑙

}

Ξ(𝑡𝑘+1)
‖

‖

‖𝐿𝑝(Ω,𝐻)

+ ‖

‖

‖

𝑛𝑇 −1
∑

𝑘=0

{

𝑛𝑇 −1
∏

𝑙=𝑘+1
𝐸(Δ𝑡𝑙+1)Γ𝑙𝑙

}

1(𝑡𝑘+1)
‖

‖

‖𝐿𝑝(Ω,𝐻)
+ ‖

‖

‖

𝑛𝑇 −1
∑

𝑘=0

{

𝑛𝑇 −1
∏

𝑙=𝑘+1
𝐸(Δ𝑡𝑙+1)Γ𝑙𝑙

}

2(𝑡𝑘+1)
‖

‖

‖𝐿𝑝(Ω,𝐻)

+ ‖

‖

‖

𝑛𝑇 −1
∑

𝑘=0

{

𝑛𝑇 −1
∏

𝑙=𝑘+1
𝐸(Δ𝑡𝑙+1)Γ𝑙𝑙

}

3(𝑡𝑘+1)
‖

‖

‖𝐿𝑝(Ω,𝐻)
=∶ 1 + 2 + 3 + 4.

To proceed, we need to establish the 𝑝th moment estimates on terms 1,… ,4 respectively, which involve the multiplicative noise 
or the jump process.

Let Δ𝑡0 ∶= 0, Δ𝑡𝑛𝑇 +1 ∶= 0, and ⌊𝑠⌋ ∶= min{𝑡𝑛−1, 𝑛 ∈ {1,… , 𝑛𝑇 + 1} ∶
∑𝑛

𝑖=0 Δ𝑡𝑖 > 𝑠 or
∑𝑛−1

𝑖=0 Δ𝑡𝑖 = 𝑠} for any 𝑠 ∈ [0, 𝑇 ], and use 𝓁(⌊𝑠⌋)
to denote the subscript corresponding to time ⌊𝑠⌋ (i.e., 𝑡𝓁(⌊𝑠⌋) = ⌊𝑠⌋). For the term 1, we have

1 =
‖

‖

‖∫

𝑇

0
𝐸(𝑇 − 𝑠)

{

𝑛𝑇 −1
∏

𝑙=𝓁(⌊𝑠⌋)+1
Γ𝑙𝑙

}

(

𝐹𝑁 (𝑋𝑁
𝓁(⌊𝑠⌋)) − 𝐹𝑁 (𝑋𝑁 (⌊𝑠⌋))

)

𝑑𝑠‖‖
‖𝐿𝑝(Ω,𝐻)
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≤ ∫

𝑇

0

(

𝔼
[

𝔼
[

‖

‖

‖

𝑛𝑇 −1
∏

𝑙=𝓁(⌊𝑠⌋)+1
Γ𝑙𝑙

‖

‖

‖

𝑝

(𝐻)
‖

‖

‖

𝐹𝑁 (𝑋𝑁
𝓁(⌊𝑠⌋)) − 𝐹𝑁 (𝑋𝑁 (⌊𝑠⌋))‖‖

‖

𝑝
|

|

|


⌊𝑠⌋

]]

)

1
𝑝

𝑑𝑠.

Note that random variables Γ𝑙 and 𝑙 for 𝑙 ≥ 𝓁(⌊𝑠⌋) + 1 are independent of the 𝜎-algebra 
⌊𝑠⌋. Together with the Lipschitz condition

(6) of 𝐹  and (16), we derive

1 ≤ ∫

𝑇

0

‖

‖

‖

𝑛𝑇 −1
∏

𝑙=𝓁(⌊𝑠⌋)+1
Γ𝑙𝑙

‖

‖

‖𝐿𝑝(Ω,(𝐻))
‖

‖

‖

𝐹𝑁 (𝑋𝑁
𝓁(⌊𝑠⌋)) − 𝐹𝑁 (𝑋𝑁 (⌊𝑠⌋))‖‖

‖𝐿𝑝(Ω,𝐻)
𝑑𝑠

≤ 𝐿𝐹

(

𝔼
[

sup
𝑘∈{0,1,…,𝑛𝑇 −1}

𝑛𝑇 −1
∏

𝑙=𝑘+1
‖Γ𝑙𝑙‖

𝑝
(𝐻)

]

)

1
𝑝

∫

𝑇

0

‖

‖

‖

𝓁(⌊𝑠⌋)𝑒𝓁(⌊𝑠⌋)−
‖

‖

‖𝐿𝑝(Ω,𝐻)
𝑑𝑠.

According to Assumption 2 on coefficient 𝐺, it holds that 
‖Γ𝑙‖(𝐻) ≤ 1 + 𝐶𝐺Δ𝑡𝑙+1 with 𝐶𝐺 ∶= 𝑏𝜈(𝜒), and ‖𝑙‖(𝐻) ≤ 1 + 𝑏𝟏{𝑝𝑡𝑙≠0}. (18)

Set 𝑁(𝑇 ) ∶= 𝑁((0, 𝑇 ] × 𝜒). From Poisson distribution ℙ(𝑁(𝑇 ) = 𝑚) = (𝑇 𝜈(𝜒))𝑚

𝑚! 𝑒−𝑇 𝜈(𝜒) and the estimate (18), it follows that for all 𝑞 ≥ 1,

𝔼
[

sup
𝑘∈{0,1,…,𝑛𝑇 −1}

𝑛𝑇 −1
∏

𝑙=𝑘+1
‖Γ𝑙𝑙‖

𝑞
(𝐻)

]

≤ 𝔼
[

(1 + 𝑏)𝑞𝑁(𝑇 )
𝑛𝑇
∏

𝑙=1

(

1 + 𝐶𝐺Δ𝑡𝑙
)𝑞
]

≤ 𝔼
[

(1 + 𝑏)𝑞𝑁(𝑇 )𝑒𝑞𝐶𝐺
∑𝑛𝑇

𝑙=1 Δ𝑡𝑙
]

≤ 𝐶𝑞,𝑇

∞
∑

𝑚=1
(1 + 𝑏)𝑞𝑚

(𝑇 𝜈(𝜒))𝑚

𝑚!
𝑒−𝑇 𝜈(𝜒) < ∞. (19)

Hence we arrive at 1 ≤ 𝐶𝑝,𝑇 ∫ 𝑇
0 ‖𝑒𝓁(⌊𝑠⌋)−‖𝐿𝑝(Ω,𝐻)𝑑𝑠.

For the term 2, by Assumption 1, we have

2 =
‖

‖

‖∫

𝑇

0

{

𝑛𝑇 −1
∏

𝑙=𝓁(⌊𝑠⌋)+1
Γ𝑙𝑙

}

𝐸(𝑇 −𝑠)(−𝐴)
1+𝛿
4 (−𝐴)−

1+𝛿
4
(

𝐹𝑁 (𝑋𝑁 (𝑠))−𝐹𝑁 (𝑋𝑁 (⌊𝑠⌋))
)

𝑑𝑠‖‖
‖𝐿𝑝(Ω,𝐻)

≤ 𝐶𝛿 ∫

𝑇

0

‖

‖

‖

𝑛𝑇 −1
∏

𝑙=𝓁(⌊𝑠⌋)+1
Γ𝑙𝑙

‖

‖

‖𝐿2𝑝(Ω,(𝐻))
(𝑇 − 𝑠)−

1+𝛿
4
‖

‖

‖

𝑋𝑁 (𝑠) −𝑋𝑁 (⌊𝑠⌋)‖‖
‖𝐿4𝑝(Ω,𝐻̇− 1−𝛿

2 )
×

(

1 + ‖𝑋𝑁 (𝑠)‖
𝐿4𝑝(Ω,𝐻̇

1−𝛿
2 )

+ ‖𝑋𝑁 (⌊𝑠⌋)‖
𝐿4𝑝(Ω,𝐻̇

1−𝛿
2 )

)

𝑑𝑠.

To estimate ‖𝑋𝑁 (𝑠) −𝑋𝑁 (⌊𝑠⌋)‖
𝐿2𝑞 (Ω,𝐻̇− 1−𝛿

2 )
 for 𝑞 ≥ 1 and 𝑠 ∈ [0, 𝑇 ], we note that

‖

‖

‖∫

𝑠

⌊𝑠⌋
(−𝐴)−

1−𝛿
4 𝐸(𝑠−𝑟)𝑃𝑁𝑑𝑊 (𝑟)‖‖

‖

2𝑞

𝐿2𝑞 (Ω,𝐻)
≤ 𝔼

[

𝔼
[

‖

‖

‖∫

𝑠

𝜁
(−𝐴)−

1−𝛿
4 𝐸(𝑠−𝑟)𝑃𝑁𝑑𝑊 (𝑟)‖‖

‖

2𝑞]
|

|

|𝜁=⌊𝑠⌋

]

≤ 𝐶𝑞𝔼
[

(

∫

𝑠

𝜁
‖(−𝐴)

𝛿
2 (−𝐴)−

1+𝛿
4 𝐸(𝑠 − 𝑟)‖22(𝐻)𝑑𝑟

)𝑞
|

|

|𝜁=⌊𝑠⌋

]

≤ 𝐶𝑞,𝛿‖(−𝐴)
− 1+𝛿

4
‖

2𝑞
2(𝐻)𝔼

[

(𝑠 − ⌊𝑠⌋)𝑞(1−𝛿)
]

≤ 𝐶𝑞,𝛿(Δ𝑡)𝑞(1−𝛿),

where we used the Burkholder–Davis–Gundy inequality (see e.g. [29, Theorem 4.36]) and the Hölder inequality. This, combining 
Proposition 1 shows

‖

‖

‖

𝑋𝑁 (𝑠) −𝑋𝑁 (⌊𝑠⌋)‖‖
‖𝐿2𝑞 (Ω,𝐻̇− 1−𝛿

2 )

≤ ‖

‖

‖

(−𝐴)−
1−𝛿
4 (𝐸(𝑠 − ⌊𝑠⌋) − I)𝑋𝑁 (⌊𝑠⌋)‖‖

‖𝐿2𝑞 (Ω,𝐻)
+ ∫

𝑠

(𝑠−Δ𝑡)∨0

‖

‖

‖

𝐹𝑁 (𝑋𝑁 (𝑟))‖‖
‖𝐿2𝑞 (Ω,𝐻)

𝑑𝑟

+ ‖

‖

‖∫

𝑠

⌊𝑠⌋
(−𝐴)−

1−𝛿
4 𝐸(𝑠 − 𝑟)𝑃𝑁𝑑𝑊 (𝑟)‖‖

‖𝐿2𝑞 (Ω,𝐻)

+ ‖

‖

‖∫

𝑠

⌊𝑠⌋ ∫𝜒
(−𝐴)−

1−𝛿
4 𝐸(𝑠 − 𝑟)𝐺𝑁 (𝑋𝑁 (𝑟), 𝑧)𝜈(𝑑𝑧)𝑑𝑟‖‖

‖𝐿2𝑞 (Ω,𝐻)

≤ 𝐶𝑞,𝑇 ,𝛿(Δ𝑡)
1−𝛿
2 + 𝐶𝑞,𝑇 ,𝛿 ∫

𝑠

(𝑠−Δ𝑡)∨0 ∫𝜒

(

|𝑔1(𝑧)|
‖

‖

‖

𝑋𝑁 (𝑟)‖‖
‖𝐿2𝑞 (Ω,𝐻)

+ ‖𝑔(𝑧)‖
)

𝜈(𝑑𝑧)𝑑𝑟 ≤ 𝐶𝑞,𝑇 ,𝛿(Δ𝑡)
1−𝛿
2 .

Hence, it follows from (19) that 2 ≤ 𝐶𝑝,𝑇 ,𝛿(Δ𝑡)
1−𝛿
2 .

For the term 3, by (19), similarly, we derive that 

3≤𝐶∫

𝑇

0

‖

‖

‖

𝑛𝑇 −1
∏

𝑙=𝓁(⌊𝑠⌋)+1
Γ𝑙𝑙

‖

‖

‖𝐿2𝑝(Ω,(𝐻))
(𝑇−⌊𝑠⌋)−

1−𝛿
4
‖

‖

‖

𝑋𝑁 (𝑠)−𝑋𝑁 (⌊𝑠⌋)‖‖
‖𝐿2𝑝(Ω,𝐻̇− 1−𝛿

2 )
𝑑𝑠≤𝐶𝑝,𝑇 ,𝛿(Δ𝑡)

1−𝛿
2 .
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The term 4 can be estimated as

4 ≤ ∫

𝑇

0 ∫𝜒
‖

‖

‖

{

𝑛𝑇 −1
∏

𝑙=𝓁(⌊𝑠⌋)+1
Γ𝑙𝑙

}

𝐸(𝑇 −𝑠)(−𝐴)
1
2 (𝐸(𝑠−⌊𝑠⌋)−I)(−𝐴)−

1
2 𝐺𝑁 (𝑋𝑁 (𝑠), 𝑧)‖‖

‖𝐿𝑝(Ω,𝐻)
𝜈(𝑑𝑧)𝑑𝑠

≤ 𝐶(Δ𝑡)
1
2
∫

𝑇

0 ∫𝜒
(𝑇 − 𝑠)−

1
2
(

|𝑔1(𝑧)|‖𝑋𝑁 (𝑠)‖𝐿2𝑝(Ω,𝐻) + ‖𝑔(𝑧)‖
)

𝜈(𝑑𝑧)𝑑𝑠 ≤ 𝐶𝑝,𝑇 (Δ𝑡)
1
2 .

Combining estimates of terms 1,… ,4 above gives 

‖𝑒𝑛𝑇 −‖𝐿𝑝(Ω,𝐻) ≤ 𝐶𝑝,𝑇 ∫

𝑇

0
‖𝑒𝓁(⌊𝑠⌋)−‖𝐿𝑝(Ω,𝐻)𝑑𝑠 + 𝐶𝑝,𝑇 ,𝛿(Δ𝑡)

1−𝛿
2 ,

which yields ‖𝑒𝑛𝑇 −‖𝐿𝑝(Ω,𝐻) ≤ 𝐶𝑝,𝑇 ,𝛿(Δ𝑡)
1−𝛿
2  by using the Grönwall inequality. According to (16) and ‖𝑙‖(𝐻) ≤ 𝐶, we obtain 

‖𝑒𝑛𝑇 ‖𝐿𝑝(Ω,𝐻) ≤ 𝐶‖𝑒𝑛𝑇 −‖𝐿𝑝(Ω,𝐻) ≤ 𝐶𝑝,𝑇 ,𝛿(Δ𝑡)
1−𝛿
2 .

Combining Steps 1–2 finishes the proof. ∎

4.  Proof of Theorem 2

In this section, we present the proof of the 𝐿𝑝-strong convergence orders of the fully discrete scheme (13) for (1) driven by 
the additive Poisson noise with 𝜈(𝜒) ≤ ∞. The proof relies on estimates of stochastic convolutions, the quantitative John–Nirenberg 
inequality and some a priori estimates on the nested conditional “𝐿2-norms” of both the stochastic convolution and the solution of 
the perturbed stochastic equation.

For 𝑁 ∈ ℕ+ and 𝑡 ∈ [0, 𝑇 ], denote stochastic convolutions 𝑁 (𝑡) ∶= ∫ 𝑡
0 𝐸(𝑡 − 𝑠)𝑃𝑁𝑑𝑊 (𝑠) and 𝑁 (𝑡) ∶= ∫ 𝑡

0 ∫𝜒 𝐸(𝑡 −
𝑠)𝐺𝑁 (𝑧)𝑁̃(𝑑𝑧, 𝑑𝑠) with 𝐺𝑁 ∶= 𝑃𝑁𝐺. Let 𝑌 𝑁 (𝑡) ∶= 𝑋𝑁 (𝑡) −𝑁 (𝑡) −𝑁 (𝑡), which satisfies the perturbed stochastic equation: 

𝑑𝑌 𝑁 (𝑡) = 𝐴𝑌 𝑁 (𝑡)𝑑𝑡 + 𝐹𝑁
(

𝑌 𝑁 (𝑡) +𝑁 (𝑡) +𝑁 (𝑡)
)

𝑑𝑡, 𝑡 ∈ (0, 𝑇 ], (20)

with 𝑌 𝑁 (0) = 𝑃𝑁𝑥0. It is known that 𝑌 𝑁  satisfies 

𝑌 𝑁 (𝑡) = 𝐸(𝑡)𝑃𝑁𝑥0 + ∫

𝑡

0
𝐸(𝑡 − 𝜌)𝐹𝑁 (𝑌 𝑁 (𝜌) +𝑁 (𝜌) +𝑁 (𝜌))𝑑𝜌. (21)

We list properties of the stochastic convolution with respect to the Wiener process as follows, whose proofs are given in the supple-
mentary material [26].
Lemma 2. (i) For any 𝑘 ≥ 1, 𝛿 ∈ (0, 1), and 0 ≤ 𝑠 < 𝑡 ≤ 𝑇 , there exists a constant 𝐶𝑘,𝑇 ,𝛿 > 0 such that 

sup
𝑁∈ℕ+

𝔼
[

sup
𝑡∈(𝑠,𝑇 ]

‖

‖

‖∫

𝑡

𝑠
(−𝐴)

1−𝛿
4 𝐸(𝑡 − 𝑟)𝑃𝑁𝑑𝑊 (𝑟)‖‖

‖

2𝑘]
≤ 𝐶𝑘,𝑇 ,𝛿 . (22)

(ii) For any 𝑝 ≥ 1, 𝛿 ∈ (0, 1), and 𝑡 ∈ [0, 𝑇 ], there exists a constant 𝐶𝑝,𝑇 ,𝛿 > 0 independent of Δ𝑡 such that 

sup
𝑁∈ℕ+

‖

‖

‖

(−𝐴)−
1−𝛿
4
(

𝑁 (𝑡) −𝑁 (⌊𝑡⌋)
)

‖

‖

‖𝐿2𝑝(Ω,𝐻)
≤ 𝐶𝑝,𝑇 ,𝛿(Δ𝑡)

1−𝛿
2 . (23)

We then introduce the quantitative John–Nirenberg inequality, which provides a useful way to bound the 𝐿𝑝-norm of a stochastic 
process by moment estimates of the nested conditional “𝐿1-norms”. The conditional expectation given 𝑡 is denoted by 𝔼𝑡.

Lemma 3. [23, Theorem 1.1] Let (𝐸, d) be a metric space and 𝑍 ∶ [0,∞) × Ω → (𝐸, d) be a right continuous with left limits and adapted 
integrable stochastic process. Then for every 𝜏 > 0 and 𝑝 ≥ 1, there exists a constant 𝐶𝑝 > 0 such that 

‖

‖

‖

sup
𝑡∈[0,𝜏]

d(𝑍0, 𝑍𝑡)
‖

‖

‖𝐿𝑝(Ω,ℝ)
≤ 𝐶𝑝

‖

‖

‖

sup
𝑡∈[0,𝜏]

𝔼𝑡[ sup
𝑠∈[𝑡,𝜏]

𝔼𝑠[d(𝑍𝑠−, 𝑍𝜏 )]
]

‖

‖

‖𝐿𝑝(Ω,ℝ)
.

Let [𝑎, 𝑏]< denote {(𝑠, 𝑡) ∈ [𝑎, 𝑏]2 ∶ 𝑠 < 𝑡}. For a random variable 𝜗, a sub-𝜎-algebra  ⊂  , and 𝑝 ≥ 1, we set ‖𝜗‖𝐿𝑝(Ω,𝐻)| ∶=
(𝔼[‖𝜗‖𝑝|])1∕𝑝. For a measurable mapping 𝑓 ∶ [0, 𝑇 ] × Ω → 𝐻 , we set ‖𝑓‖02 |𝑠 ,[𝑠,𝑡]

∶= sup𝑟∈[𝑠,𝑡] ‖𝑓 (𝑟)‖𝐿2(Ω,𝐻)|𝑠
 for any 𝑠, 𝑡 ∈ [0, 𝑇 ]<. 

Let 𝑠′ ∶= ⌊𝑠⌋ + Δ𝑡, that is, 𝑠′ is the smallest grid point strictly bigger than 𝑠.
The following propositions give some a priori estimates including nested conditional “𝐿2-norms” of both stochastic convolutions 

and the solution of the perturbed stochastic equation. The proofs are based on the independent increments property of the compensated 
Poisson random measure and properties (4), (5) of semigroup {𝐸(𝑡)}𝑡≥0, which are given in the supplementary material [26].
Proposition 2. Let Assumptions 1, 3 and 4 hold. For each 𝑁 ∈ ℕ+, 𝛿 ∈ (0, 1), and any time grid point 𝑡𝑖, 𝑖 = 0, 1,… ,𝑀 , there exists a 
constant 𝐶𝑇 ,𝛿 > 0 such that 

‖

‖

‖

(−𝐴)−
1−𝛿
4
(

𝑁 (⋅) −𝑁 (⌊⋅⌋)
)

‖

‖

‖02 |𝑡𝑖 ,[𝑡𝑖 ,𝑇 ]
≤ 𝐶𝑇 ,𝛿(Δ𝑡)

1−𝛿
2
(

1 + ‖𝑁 (𝑡𝑖)‖
𝐻̇

1−𝛿
2

)

. (24)
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Proposition 3. Let Assumptions 1, 3 and 4 hold. For any 𝑝 ≥ 2, there exists a constant 𝐶𝑝,𝑇 > 0 such that 
sup

𝑁∈ℕ+

‖

‖

‖

sup
𝑡∈[0,𝑇 ]

𝔼𝑡[ sup
𝑠∈[𝑡,𝑇 ]

sup
𝑟∈[0,𝑇 ]

𝔼𝑠[
‖𝑁 (𝑟)‖

]]

‖

‖

‖𝐿𝑝(Ω,ℝ)
≤ 𝐶𝑝,𝑇 , (25)

and for any 𝑝 ≥ 2 and 𝛿 ∈ (0, 1), there exists a constant 𝐶𝑝,𝑇 ,𝛿 > 0 such that

sup
𝑁∈ℕ+

‖

‖

‖

sup
𝑡∈[0,𝑇 ]

𝔼𝑡
[

sup
𝑠∈[𝑡,𝑇 ]

𝔼𝑠[‖
‖

‖

(−𝐴)
1−𝛿
4 𝑁 (𝑠′)‖‖

‖

2]]
‖

‖

‖𝐿𝑝(Ω,ℝ)
≤ 𝐶𝑝,𝑇 ,𝛿 , (26)

sup
𝑁∈ℕ+

‖

‖

‖

sup
𝑡∈[0,𝑇 ]

𝔼𝑡
[

sup
𝑠∈[𝑡,𝑇 ]

𝔼𝑠[‖
‖

‖

(−𝐴)
1−𝛿
4 𝑁 (⋅)‖‖

‖

2

02 |𝑠′ ,[0,𝑇 ]

]

]

‖

‖

‖𝐿𝑝(Ω,ℝ)
≤ 𝐶𝑝,𝑇 ,𝛿 , (27)

sup
𝑁∈ℕ+

‖

‖

‖

sup
𝑡∈[0,𝑇 ]

𝔼𝑡
[

sup
𝑠∈[𝑡,𝑇 ]

𝔼𝑠[‖
‖

‖

(−𝐴)
1−𝛿
4 𝑁 (⋅)‖‖

‖

2

02 |𝑠′ ,[0,𝑇 ]

]

]

‖

‖

‖𝐿𝑝(Ω,ℝ)
≤ 𝐶𝑝,𝑇 ,𝛿 . (28)

Proposition 4. Let Assumptions 1, 3 and 4 hold.
(i) For any 𝑝 ≥ 2, 𝛿 ∈ (0, 1), and 𝑡 ∈ [0, 𝑇 ], there exists a constant 𝐶𝑝,𝑇 ,𝛿 > 0 such that 

sup
𝑁∈ℕ+

‖

‖

‖

(−𝐴)−
1−𝛿
4 (𝑌 𝑁 (𝑡) − 𝑌 𝑁 (⌊𝑡⌋))‖‖

‖𝐿𝑝(Ω,𝐻)
≤ 𝐶𝑝,𝑇 ,𝛿(Δ𝑡)

1−𝛿
2 . (29)

(ii) For any 𝑝 ≥ 2 and 𝛿 ∈ (0, 1), there exists a constant 𝐶𝑝,𝑇 ,𝛿 > 0 such that 

sup
𝑁∈ℕ+

‖

‖

‖

sup
𝑡∈[0,𝑇 ]

𝔼𝑡
[

sup
𝑠∈[𝑡,𝑇 ]

𝔼𝑠[‖
‖

‖

(−𝐴)
1−𝛿
4 𝑌 𝑁 (⋅)‖‖

‖

2

02 |𝑠′ ,[𝑠′ ,𝑇 ]

]

]

‖

‖

‖𝐿𝑝(Ω,ℝ)
≤ 𝐶𝑝,𝑇 ,𝛿 . (30)

With these preliminaries, we present the proof of Theorem 2.
Proof.  (Proof of Theorem 2) The error between the exact solution and the semi-discrete numerical solution (i.e., ‖𝑋(𝑇 ) −
𝑋𝑁 (𝑇 )‖𝐿𝑝(Ω,𝐻) ≤ 𝐶𝑝,𝑇 ,𝛿𝑁

− 1−𝛿
2 ) can be estimated similarly as in Step 1 of the proof of Theorem 1 and thus is omitted. Hence it 

suffices to estimate the error ‖𝑋𝑁 (𝑇 ) −𝑋𝑁
𝑛𝑇
‖𝐿𝑝(Ω,𝐻).

It follows from the assumption on 𝐹 , Assumption 4, (5), and Lemma 1 that

‖𝑋𝑁 (𝑇 ) −𝑋𝑁
𝑛𝑇
‖𝐿𝑝(Ω,𝐻) ≤

‖

‖

‖∫

𝑇

0
𝐸(𝑇 − 𝑠)

(

𝐹𝑁 (𝑋𝑁 (𝑠)) − 𝐹𝑁 (𝑋𝑁
𝓁(⌊𝑠⌋))

)

𝑑𝑠‖‖
‖𝐿𝑝(Ω,𝐻)

+ ‖

‖

‖∫

𝑇

0 ∫𝜒
𝐸(𝑇 − 𝑠)(I − 𝐸(𝑠 − ⌊𝑠⌋))(−𝐴)−

1−𝛿
2 (−𝐴)

1−𝛿
2 𝐺𝑁 (𝑧)𝑁̃(𝑑𝑧, 𝑑𝑠)‖‖

‖𝐿𝑝(Ω,𝐻)

≤ 𝐼1+𝐼2+𝐼3+𝐿𝐹∫

𝑇

0

‖

‖

‖

𝑋𝑁 (⌊𝑠⌋)−𝑋𝑁
𝓁(⌊𝑠⌋)

‖

‖

‖𝐿𝑝(Ω,𝐻)
𝑑𝑠 +𝐶𝑝,𝑇

(

∫

𝑇

0

‖

‖

‖

(I−𝐸(𝑠−⌊𝑠⌋))(−𝐴)−
1−𝛿
2
‖

‖

‖

𝑝

(𝐻)

×
{

∫𝜒

‖

‖

‖

(−𝐴)
1−𝛿
2 𝐺𝑁 (𝑧)

‖

‖

‖

𝑝
𝜈(𝑑𝑧)+

(

∫𝜒

‖

‖

‖

(−𝐴)
1−𝛿
2 𝐺𝑁 (𝑧)

‖

‖

‖

2
𝜈(𝑑𝑧)

)
𝑝
2}

𝑑𝑠
)

1
𝑝

≤ 𝐶𝑝,𝑇 ,𝛿(Δ𝑡)
1−𝛿
2 + 𝐿𝐹 ∫

𝑇

0

‖

‖

‖

𝑋𝑁 (⌊𝑠⌋)−𝑋𝑁
𝓁(⌊𝑠⌋)

‖

‖

‖𝐿𝑝(Ω,𝐻)
𝑑𝑠 + 𝐼1 + 𝐼2 + 𝐼3,

where

𝐼1 ∶=
‖

‖

‖∫

𝑇

0
𝐸(𝑇 −𝑠)

(

𝐹𝑁 (𝑌 𝑁 (𝑠) +𝑁 (⌊𝑠⌋) +𝑁 (⌊𝑠⌋)) − 𝐹𝑁 (𝑋𝑁 (⌊𝑠⌋))
)

𝑑𝑠‖‖
‖𝐿𝑝(Ω,𝐻)

,

𝐼2 ∶=
‖

‖

‖∫

𝑇

0
𝐸(𝑇 −𝑠)

(

𝐹𝑁 (𝑌 𝑁 (𝑠)+𝑁 (𝑠)+𝑁 (⌊𝑠⌋))−𝐹𝑁 (𝑌 𝑁 (𝑠)+𝑁 (⌊𝑠⌋)+𝑁 (⌊𝑠⌋))
)

𝑑𝑠‖‖
‖𝐿𝑝(Ω,𝐻)

,

𝐼3 ∶=
‖

‖

‖∫

𝑇

0
𝐸(𝑇 − 𝑠)

(

𝐹𝑁 (𝑋𝑁 (𝑠)) − 𝐹𝑁 (𝑌 𝑁 (𝑠) +𝑁 (𝑠) +𝑁 (⌊𝑠⌋))
)

𝑑𝑠‖‖
‖𝐿𝑝(Ω,𝐻)

.

For the term 𝐼1, by Assumption 1, we have

𝐼1 ≤ 𝐶 ∫

𝑇

0

‖

‖

‖

𝐸(𝑇 − 𝑠)(−𝐴)
1+𝛿
4
‖

‖

‖(𝐻)
‖

‖

‖

(−𝐴)−
1−𝛿
4 (𝑌 𝑁 (𝑠) − 𝑌 𝑁 (⌊𝑠⌋))‖‖

‖𝐿2𝑝(Ω,𝐻)
𝑑𝑠 ×

(

1 + sup
𝑠∈[0,𝑇 ]

‖𝑌 𝑁 (𝑠)‖
𝐿2𝑝(Ω,𝐻̇

1−𝛿
2 )

+ sup
𝑠∈[0,𝑇 ]

‖𝑁 (𝑠)‖
𝐿2𝑝(Ω,𝐻̇

1−𝛿
2 )

+ sup
𝑠∈[0,𝑇 ]

‖𝑁 (𝑠)‖
𝐿2𝑝(Ω,𝐻̇

1−𝛿
2 )

)

.

Combining (29) and the similar arguments as in the proof of Proposition 1 leads to 

𝐼1 ≤ 𝐶𝑝,𝑇 ,𝛿(Δ𝑡)
1−𝛿
2

∫

𝑇

0
(𝑇 − 𝑠)−

1+𝛿
4 𝑑𝑠 ≤ 𝐶𝑝,𝑇 ,𝛿(Δ𝑡)

1−𝛿
2 .

Similarly, by (23), we have

𝐼2 ≤𝐶∫

𝑇

0
(𝑇 −𝑠)−

1+𝛿
4
‖

‖

‖

(−𝐴)−
1−𝛿
4
(

𝑁 (𝑠)−𝑁 (⌊𝑠⌋)
)

‖

‖

‖𝐿2𝑝(Ω,𝐻)
𝑑𝑠 ×

(

1+ sup
𝑠∈[0,𝑇 ]

‖𝑌 𝑁 (𝑠)‖
𝐿2𝑝(Ω,𝐻̇

1−𝛿
2 )
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+ sup
𝑠∈[0,𝑇 ]

‖𝑁 (𝑠)‖
𝐿2𝑝(Ω,𝐻̇

1−𝛿
2 )

+ sup
𝑠∈[0,𝑇 ]

‖𝑁 (𝑠)‖
𝐿2𝑝(Ω,𝐻̇

1−𝛿
2 )

)

≤ 𝐶𝑝,𝑇 ,𝛿(Δ𝑡)
1−𝛿
2 .

For the term 𝐼3, we claim that 

𝐼3 ≤ 𝐶𝑝,𝑇 ,𝛿(Δ𝑡)
1−𝛿
2 . (31)

The estimate of term 𝐼3 includes dealing with the temporal Hölder continuity of the stochastic convolution with respect to the 
compensated Poisson random measure to overcome the order barrier. To this end we aim to apply Lemma 3 to estimate the 𝐿𝑝-norm 
of 𝐼3. For (𝑠, 𝑡) ∈ [0, 𝑇 ]<, define an integrable 𝑡-adapted stochastic process: 

𝑁,Δ(𝑡) ∶= ∫

𝑡

0
𝐸(𝑇 − 𝑟)

(

𝐹𝑁 (𝑋𝑁 (𝑟)) − 𝐹𝑁 (𝑌 𝑁 (𝑟) +𝑁 (𝑟) +𝑁 (⌊𝑟⌋))
)

𝑑𝑟

with 𝑁,Δ(0) = 0. By the Lipschitz condition (6) of 𝐹 , we have

𝔼
[

‖

‖

‖

𝑁,Δ(𝑡) −𝑁,Δ(𝑠)‖‖
‖

2]
≤ 𝐿𝐹 |𝑡 − 𝑠|∫

𝑡

𝑠
𝔼
[

‖

‖

‖

𝑁 (𝑟) −𝑁 (⌊𝑟⌋)‖‖
‖

2]
𝑑𝑟

≤ 𝐶|𝑡 − 𝑠|2 sup
𝑟∈[0,𝑇 ]

𝔼[‖𝑁 (𝑟)‖2] ≤ 𝐶𝑇 |𝑡 − 𝑠|2.

The Kolmogorov continuity theorem implies that 𝑁,Δ is a.s. continuous. Thus by Lemma 3, we arrive at 
‖

‖

‖

sup
𝑡∈[0,𝑇 ]

‖𝑁,Δ(𝑡)‖‖‖
‖𝐿𝑝(Ω,ℝ)

≤ 𝐶𝑝
‖

‖

‖

sup
𝑡∈[0,𝑇 ]

𝔼𝑡
[

sup
𝑠∈[𝑡,𝑇 ]

𝔼𝑠[‖
‖

‖

 ,Δ(𝑇 ) − ,Δ(𝑠)‖‖
‖

]

]

‖

‖

‖𝐿𝑝(Ω,ℝ)
,

which yields that 

𝐼3 = ‖𝑁,Δ(𝑇 )‖𝐿𝑝(Ω,𝐻) ≤ 𝐶𝑝
‖

‖

‖

sup
𝑡∈[0,𝑇 ]

𝔼𝑡
[

sup
𝑠∈[𝑡,𝑇 ]

𝔼𝑠[‖
‖

‖

 ,Δ(𝑇 ) − ,Δ(𝑠)‖‖
‖

]

]

‖

‖

‖𝐿𝑝(Ω,ℝ)
. (32)

Now we turn to estimating the term on the right hand side of the inequality in (32). We first show that, there exists a real-valued 
adapted stochastic process 𝜉 such that 

𝔼𝑠[‖
‖

‖

𝑁,Δ(𝑇 ) −𝑁,Δ(𝑠)‖‖
‖

]

≤ 𝜉𝑠 𝑎.𝑠. (33)

Indeed, using Assumption 1 and the conditional Hölder inequality gives

𝔼𝑠
[

‖

‖

‖

𝑁,Δ(𝑇 ) −𝑁,Δ(𝑠)‖‖
‖

]

≤ 𝐶 ∫

𝑇

𝑠
(𝑇 −𝑟)−

1+𝛿
4
‖

‖

‖

(−𝐴)−
1−𝛿
4
(

𝑁 (𝑟)−𝑁 (⌊𝑟⌋)
)

‖

‖

‖𝐿2(Ω,𝐻)|𝑠
𝑑𝑟

×
(

1+‖‖
‖

(−𝐴)
1−𝛿
4 𝑌 𝑁 (⋅)‖‖

‖02 |𝑠 ,[𝑠,𝑇 ]
+‖‖
‖

(−𝐴)
1−𝛿
4 𝑁 (⋅)‖‖

‖02 |𝑠 ,[𝑠,𝑇 ]
+‖‖
‖

(−𝐴)
1−𝛿
4 𝑁 (⋅)‖‖

‖02 |𝑠 ,[0,𝑇 ]

)

≤ 𝐶𝑇
‖

‖

‖

(−𝐴)−
1−𝛿
4
(

𝑁 (⋅) −𝑁 (⌊⋅⌋)
)

‖

‖

‖02 |𝑠 ,[𝑠,𝑇 ]
×

(

1+‖‖
‖

(−𝐴)
1−𝛿
4 𝑌 𝑁 (⋅)‖‖

‖02 |𝑠 ,[𝑠,𝑇 ]
+‖‖
‖

(−𝐴)
1−𝛿
4 𝑁 (⋅)‖‖

‖02 |𝑠 ,[𝑠,𝑇 ]
+‖‖
‖

(−𝐴)
1−𝛿
4 𝑁 (⋅)‖‖

‖02 |𝑠 ,[0,𝑇 ]

)

.

In the case of 𝑠 ∈ {0,Δ𝑡, 2Δ𝑡,… , 𝑇 }, i.e., ⌊𝑠⌋ = 𝑠, it follows from (24) and the Young inequality that 𝔼𝑠[
‖𝑁,Δ(𝑇 ) −𝑁,Δ(𝑠)‖

]

≤ 𝜉1𝑠
almost surely with

𝜉1𝑠 ∶ = 𝐶𝑇 ,𝛿(Δ𝑡)
1−𝛿
2 ×

(

1 + ‖

‖

‖

(−𝐴)
1−𝛿
4 𝑁 (𝑠)‖‖

‖

2
+ ‖

‖

‖

(−𝐴)
1−𝛿
4 𝑌 𝑁 (⋅)‖‖

‖

2

02 |𝑠 ,[𝑠,𝑇 ]

+ ‖

‖

‖

(−𝐴)
1−𝛿
4 𝑁 (⋅)‖‖

‖

2

02 |𝑠 ,[𝑠,𝑇 ]
+ ‖

‖

‖

(−𝐴)
1−𝛿
4 𝑁 (⋅)‖‖

‖

2

02 |𝑠 ,[0,𝑇 ]

)

.

In the case that 𝑠 is not a grid point, i.e., ⌊𝑠⌋ ≠ 𝑠, we note that when 𝑇 − 𝑠 ≤ Δ𝑡, 
𝔼𝑠[‖

‖

‖

𝑁,Δ(𝑇 )−𝑁,Δ(𝑠)‖‖
‖

]

≤ 𝐶Δ𝑡 sup
𝑟∈[𝑠,𝑇 ]

𝔼𝑠[‖
‖

‖

𝑁 (𝑟)−𝑁 (⌊𝑟⌋)‖‖
‖

]

≤ 𝐶Δ𝑡 sup
𝑟∈[𝑠−Δ𝑡,𝑇 ]

𝔼𝑠[‖
‖

‖

𝑁 (𝑟)‖‖
‖

]

.

When 𝑇 − 𝑠 > Δ𝑡, we observe that 𝑠′ − 𝑠 ≤ Δ𝑡, 𝑠′ ≤ 𝑇 , and
𝔼𝑠[‖

‖

‖

𝑁,Δ(𝑇 ) −𝑁,Δ(𝑠)‖‖
‖

]

≤ 𝔼𝑠[𝔼𝑠′ [
‖𝑁,Δ(𝑇 ) −𝑁,Δ(𝑠′)‖

]]

+ 𝔼𝑠[
‖𝑁,Δ(𝑠) −𝑁,Δ(𝑠′)‖

]

≤ 𝔼𝑠[𝜉1𝑠′
]

+ 𝔼𝑠[
‖𝑁,Δ(𝑠) −𝑁,Δ(𝑠′)‖

]

.

Hence, we derive that 𝔼𝑠[
‖𝑁,Δ(𝑇 ) −𝑁,Δ(𝑠)‖

]

≤ 𝜉2𝑠  almost surely with

𝜉2𝑠 ∶= 𝐶𝑇 ,𝛿(Δ𝑡)
1−𝛿
2 ×

(

1 + 𝔼𝑠
[

‖

‖

‖

(−𝐴)
1−𝛿
4 𝑁 (𝑠′)‖‖

‖

2
+ ‖

‖

‖

(−𝐴)
1−𝛿
4 𝑌 𝑁 (⋅)‖‖

‖

2

02 |𝑠′ ,[𝑠′ ,𝑇 ]

+ ‖

‖

‖

(−𝐴)
1−𝛿
4 𝑁 (⋅)‖‖

‖

2

02 |𝑠′ ,[𝑠′ ,𝑇 ]
+‖‖
‖

(−𝐴)
1−𝛿
4 𝑁 (⋅)‖‖

‖

2

02 |𝑠′ ,[0,𝑇 ]

]

+ sup
𝑟∈[𝑠−Δ𝑡,𝑇 ]

𝔼𝑠[
‖𝑁 (𝑟)‖

]

)

.
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Therefore (33) holds with 𝜉𝑠 ∶= 𝜉1𝑠 𝟏{𝑠=⌊𝑠⌋} + 𝜉2𝑠 𝟏{𝑠≠⌊𝑠⌋}. To further estimate the term on the right hand side of (32), we use Proposi-
tions 2–4 to obtain

‖

‖

‖

sup
𝑡∈[0,𝑇 ]

𝔼𝑡[ sup
𝑠∈[𝑡,𝑇 ]

𝜉2𝑠
]

‖

‖

‖𝐿𝑝(Ω,ℝ)
≤ 𝐶𝑇 ,𝛿(Δ𝑡)

1−𝛿
2
{

1+‖‖
‖

sup
𝑡∈[0,𝑇 ]

𝔼𝑡
[

sup
𝑠∈[𝑡,𝑇 ]

𝔼𝑠[‖
‖

‖

(−𝐴)
1−𝛿
4 𝑁 (𝑠′)‖‖

‖

2]]
‖

‖

‖𝐿𝑝(Ω,ℝ)

+ ‖

‖

‖

sup
𝑡∈[0,𝑇 ]

𝔼𝑡[ sup
𝑠∈[𝑡,𝑇 ]

sup
𝑟∈[𝑠−Δ𝑡,𝑇 ]

𝔼𝑠[
‖𝑁 (𝑟)‖

]]

‖

‖

‖𝐿𝑝(Ω,ℝ)

+ ‖

‖

‖

sup
𝑡∈[0,𝑇 ]

𝔼𝑡
[

sup
𝑠∈[𝑡,𝑇 ]

𝔼𝑠[‖
‖

‖

(−𝐴)
1−𝛿
4 𝑁 (⋅)‖‖

‖

2

02 |𝑠′ ,[0,𝑇 ]

]

]

‖

‖

‖𝐿𝑝(Ω,ℝ)

+ ‖

‖

‖

sup
𝑡∈[0,𝑇 ]

𝔼𝑡
[

sup
𝑠∈[𝑡,𝑇 ]

𝔼𝑠[‖
‖

‖

(−𝐴)
1−𝛿
4 𝑁 (⋅)‖‖

‖

2

02 |𝑠′ ,[𝑠′ ,𝑇 ]

]

]

‖

‖

‖𝐿𝑝(Ω,ℝ)

+ ‖

‖

‖

sup
𝑡∈[0,𝑇 ]

𝔼𝑡
[

sup
𝑠∈[𝑡,𝑇 ]

𝔼𝑠[‖
‖

‖

(−𝐴)
1−𝛿
4 𝑌 𝑁 (⋅)‖‖

‖

2

02 |𝑠′ ,[𝑠′ ,𝑇 ]

]

]

‖

‖

‖𝐿𝑝(Ω,ℝ)

}

≤ 𝐶𝑝,𝑇 ,𝛿(Δ𝑡)
1−𝛿
2 .

Similarly, we can derive that ‖‖
‖

sup𝑡∈[0,𝑇 ] 𝔼𝑡[ sup𝑠∈[𝑡,𝑇 ] 𝜉1𝑠
]

‖

‖

‖𝐿𝑝(Ω,ℝ)
≤ 𝐶𝑝,𝑇 ,𝛿(Δ𝑡)

1−𝛿
2 . As a result, (31) is proved.

Combining estimates of terms 𝐼1, 𝐼2, and 𝐼3, and applying the Grönwall inequality complete the proof of the theorem. ∎

Remark 3.  The convergence order of the scheme can be affected by the regularity of the jump coefficient. Specifically, in Theorem 2, 
if we replace Assumption 4 by 

∫𝜒

(

‖(−𝐴)𝛽𝐺(𝑧)‖2 ∨ ‖(−𝐴)𝛽𝐺(𝑧)‖𝑝
)

𝜈(𝑑𝑧) ≤ 𝐶𝑝

for all 𝑝 ≥ 2 and some 𝛽 ∈ [ 14 ,
1
2 ), then we can obtain the 𝐿𝑝-convergence orders 1−𝛿2  in space and 𝛽 in time. 

5.  Numerical experiments

In this section, we present some numerical experiments to illustrate the 𝐿𝑝-strong convergence orders of proposed schemes in 
both spatial and temporal directions. We also show the trajectories of the numerical solutions for SPDEs driven by Lévy noise.

5.1.  Jump-adapted numerical scheme (12)

We consider the following SPDE with the linear multiplicative noise and Dirichlet Laplacian operator on the domain  = [0, 1],

𝑑𝑋(𝑡) = Δ𝑋(𝑡)𝑑𝑡 − sin(𝑋(𝑡))𝑑𝑡 + 𝛾1𝑑𝑊 (𝑡) + 𝛾2𝑋(𝑡)𝑑𝑁̃(𝑡), 𝑡 > 0, 𝑋(0) = 0, (34)

where constants 𝛾1, 𝛾2 > 0. We take the Gaussian noise 𝑊  as the space-time white noise, i.e., 𝑄 = I. The Poisson counting process has 
a constant rate 𝜆̃, which may vary across different numerical experiments.

We first simulate a single path of the solution process 𝑋 of (34) by the numerical method (12) in Fig. 1. In order to clearly show 
the jumping behavior, we take 𝛾1 = 0.1, 𝛾2 = 10. Take parameters 𝑇 = 1, 𝜏 = 2−15, 𝑁 = 100, and different intensities 𝜆̃ = 2 (in Fig. 1 
(a)(b)) and 𝜆̃ = 5 (in Fig. 1 (c)(d)). Pictures (a) and (c) illustrate one single path simulation of the solution process 𝑋, and pictures (b) 
and (d) show the contour slice of the solution at the fixed space point 𝑥 = 0.5 ∈ . It is observed that the solution has more number 
of jumps when intensity 𝜆̃ becomes larger.

Next, we verify the 𝐿𝑝-strong convergence orders of the method (12) in spatial and temporal directions respectively. The reference 
solutions are simulated by the same numerical method with a large spatial discretization parameter 𝑁 or a small temporal discretiza-
tion parameter 𝜏. We use the Monte–Carlo method to simulate the expectations by computing averages of 1000 sample paths. Set 
𝛾1 = 𝛾2 = 𝜆̃ = 1. We first consider the spatial convergence order with respect to the space step sizes 𝑁−1. Take 𝜏 = 2−8 and 𝑁 = 212

for the reference solution. The numerical solutions are simulated with the same temporal step size 𝜏 = 2−8, and smaller numbers 
𝑁 = 2𝑖, 𝑖 = 4, 5, 6, 7, 8. It can be seen from Fig. 2 that the numerical method converges in the spatial direction in 𝐿𝑝 (𝑝 = 2, 5, 10) with 
the same order close to 1∕2, which is consistent with Theorem 1.

Then we consider the temporal convergence order. Set 𝑁 = 100. Take 𝜏 = 2−15 for the reference solution, and the numerical 
solutions are simulated with large time step sizes 𝜏 = 2−𝑖, 𝑖 = 6, 7, 8, 9, 10, 11, 12. One can observe from Fig. 2 (b) that the numerical 
method converges in the temporal direction in 𝐿𝑝 (𝑝 = 2, 5, 10) with the same order close to 1, which is greater than the theoretical 
result obtained in Theorem 1. To further explain this, we note that in the absence of Poisson noise (i.e., 𝛾2 = 0), our method (12) 
becomes the accelerated exponential Euler method for SPDEs driven by additive Gaussian space-time white noise, which is proved 
to be first-order strong convergence in time (see e.g. [30]). When the Poisson noise is involved, though theoretically the strong 
convergence order in time is shown to be 1∕2 in Theorem 1, the numerical experiment indicates that the jump-adapted strategy may 
retain first-order accuracy. We guess that this may be attributed to the reformulation of the stochastic convolution with respect to 
the Poisson random measure into an integral with respect to the intensity measure. A theoretical analysis for the optimal strong 
convergence order of the proposed scheme requires other skills and is left for future investigation.
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Fig. 1. Sample paths of 𝑋, with (a)(b): 𝜆̃ = 2, and (c)(d): 𝜆̃ = 5.

Fig. 2. 𝐿𝑝 (𝑝 = 2, 5, 10)-strong convergence orders.
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Fig. 3. Sample path of 𝑋.

Fig. 4. 𝐿𝑝 (𝑝 = 2, 5, 10)-strong convergence orders in space.

5.2.  Numerical scheme (13) with constant time step size

In this case, we consider the following SPDE with the additive Lévy noise on  = [0, 1], 
𝑑𝑋(𝑡) = Δ𝑋(𝑡)𝑑𝑡 + (2𝑋(𝑡) + 1)𝑑𝑡 + 𝑑𝑊 (𝑡) + 𝑔(𝑧0)𝑑𝑁̃(𝑡), 𝑡 > 0, 𝑋(0) = 0. (35)

For the Poisson noise, we let 𝑔(𝑧0) ∈ 𝐻 = 𝐿2() be given as 𝑔(𝑧0) = 𝛾0
∑

𝑖∈ℕ 𝑖−1−𝜖𝑒𝑖 with 𝛾0 > 0, 𝜖 > 0. We perform single sample path 
simulations of the process 𝑋 for (35) when 𝑊  is the space-time white noise in Fig. 3 (a). Take parameters 𝜏 = 2−12, 𝑁 = 100, 𝑇 = 1, 
and take a larger intensity 𝜆̃ = 50. The contour slice of the solution at the fixed space point 𝑥 = 0.5 ∈  is also presented in Fig. 3 (b).

Next, we consider the 𝐿𝑝-strong convergence orders both in space and in time for the method (13). Set 𝛾0 = 𝜋−1. We use the Monte–
Carlo method to simulate the expectations by computing averages of 1000 sample paths. When testing the spatial convergence order, 
we take parameters 𝑁 = 212 and 𝜏 = 2−8 to simulate the reference solution. The numerical solution is simulated with 𝑁 = 2𝑖, 𝑖 =
4, 5, 6, 7, 8. Both the space-time white noise case 𝑄 = I and the trace class noise case Tr(𝑄) < ∞ are considered, which are shown in 
Fig. 4 (a) and (b), respectively. For the trace class operator 𝑄, we let its eigenvectors to be the same as −Δ, and take the eigenvalues 
of 𝑄 as 𝑞𝑖 = 𝑖−1.1. We observe from Fig. 4 (a) that, in the space-time white noise case, the order of the 𝐿𝑝-strong convergence of (13) 
in space is close to 1∕2, as shown in Theorem 2. For the trace class noise case, due to the higher spatial regularity, it is shown in [16] 
that the scheme (13) exhibits first-order convergence in space, which can be observed from Fig. 4 (b).

Then we present the temporal convergence order of the scheme (13). For the noises, we take 𝑄 = I and 𝜆̃ = 50. The reference 
solution is approximated by scheme (13) with 𝑁 = 100 and 𝜏 = 2−15. We take 𝑁 = 100, 𝜏 = 2−𝑖, 𝑖 = 6, 7, 8, 9, 10, 11, 12 for the numerical 
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Fig. 5. 𝐿𝑝 (𝑝 = 2, 5, 10)-strong convergence orders in time.

Fig. 6. Temporal strong convergence orders for various integrators.

solutions. From Fig. 5, one can observe that the scheme strongly converges in 𝐿𝑝, 𝑝 = 2, 5, 10 with order close to 3∕4 in time, which 
is greater than the theoretical result 1∕2 order obtained in Theorem 2. We would like to mention that compared to the jump-adapted 
strategy (see Fig. 2), the temporal convergence order of scheme (13) with constant step size decreases from 1 to about 3∕4 numerically, 
which may be due to the inaccurate capture of jumps. However, the optimal strong convergence order for (13) with constant step 
size remains unknown, and is left for future research.

To further illustrate the numerical performance of proposed scheme, we compare the 𝐿2-strong convergence orders of scheme
(13) with the exponential Euler method (EEM) and the semi-implicit scheme (SEM), as introduced in [16]. It is worth noting that 
when there is no Poisson noise (i.e., 𝛾0 = 0), (13) reduces to the accelerated exponential Euler method, which exhibits high order 
convergence in time compared to EEM and SEM. To be specific, as shown in Fig. 6 (b), when 𝜆̃ = 0. scheme (13) achieves an 𝐿2-strong 
convergence order close to 1 (see the red line labeled by “AEE”), which is consistent with the theoretical result in [30]. While EEM 
and SEM (see blue lines) are 1∕4 order convergence in time. When both Gaussian and Poisson noises are concerned (i.e., 𝛾0 ≠ 0), our 
scheme (13) still performs better convergence order in time compared with EEM and SEM. As is shown in Fig. 6 (a), the 𝐿2-strong 
convergence order of scheme (13) is approximately 3∕4 (see the red line still labeled by “AEE”), while both the EEM and SEM (see 
blue lines) remain 1∕4 order convergence.
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