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ARTICLE INFO ABSTRACT
2020 MSC: Stochastic partial differential equations (SPDEs) driven by Lévy noise naturally arise in physical
60H35

systems exhibiting abrupt or discontinuous random effects, whose temporal Holder continuity in

231231?3 L7 sense is known to be at most * resulting from the Burkholder-Davis-Gundy inequality. This

poses a challenge in the numerical analysis for achieving the uniform L’-strong convergence or-

Keywords: ders of numerical schemes for p > 2. In this paper, we develop a discretization framework for con-

Fully discrete scheme structing fully discrete schemes tailored to different conditions of Lévy measures, whose spatial

ff"StWHS convergence order direction is based on the spectral Galerkin method and temporal direction employs the Euler-type
évy noise

method. For the case of finite Lévy measures, a jump-adapted time discretization is utilized for the
equation that may involve multiplicative noise; while for the case that Lévy measures can be in-
finite, we introduce an approach based on the quantitative John-Nirenberg inequality for SPDEs
driven by additive Lévy noise. We prove that proposed schemes converge in L? sense with orders
nearly 1/2 in both space and time for all p > 2, which contributes novel results in the numerical
analysis of the SPDE driven by Lévy noise. Numerical experiments are presented to illustrate our
theoretical findings.

Stochastic partial differential equation

1. Introduction

Stochastic systems driven by Lévy noise arise naturally in modeling physical phenomena subject to random discontinuities or
abrupt energy transfers, such as sudden phase transitions, intermittent turbulent bursts, and stochastic resonance phenomena; see
e.g. [1-3] and references therein. In numerical studies, the L”-strong convergence analysis of numerical methods has received much
attention. Specifically, for p > 1, if there exist C > 0 independent of the time step size At and y > 0 independent of p such that

(E[IXT) - X\ 7)) < car. T = Mar>o,

then the numerical approximation {X,, }o<,< is said to converge strongly in the L? sense with order y. The L?-strong convergence
order provides a quantitative measure of the accuracy for approximating sample paths of the underlying solution process. Compared
with the case of Gaussian noise, however, the L?-strong convergence analysis for stochastic differential equations driven by Lévy
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$L^p$


$p\in [1,\infty )$


\begin {align}\label {SPDE:MultiplicativeNoise} \begin {cases} dX(t)=AX(t)dt+F(X(t))dt+dW(t)+\int _{\chi }G(X(t), z)\tilde {N}(dz,dt),\;t\in (0,T],\\ X(0)=x_0, \end {cases}\end {align}
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\begin {align}\label {eq:fullyscheme} \Phi (X^N_{i},\Delta t_{ i+1})&:=E(\Delta t_{ i+1})X^N_{i}+\int _{t_i}^{t_{i+1}}E(t_{i+1}-s)P_NF(X^N_{i})ds+\int _{t_i}^{t_{i+1}}E(t_{i+1}-s)P_NdW(s)\\ &~\quad \qquad \qquad \qquad +\int _{t_i}^{t_{i+1}}\!\int _\chi E(\Delta t_{ i+1})P_NG(X^N_{i}, z)\tilde {N}(dz,ds),\quad i=0,1,\ldots ,n_T-1,\nonumber \end {align}
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$\nu (\chi )<\infty $


\begin {align}\label {eq:fullyscheme-1} & X^N_{(i+1)-}\!=\Phi (X^N_i,\Delta t_{i+1}), \; \text {with }\int _{t_i}^{t_{i+1}}\!\!\!\!\int _{\chi }\!Z_N(X^N_i,z)\tilde {N}(dz,ds)\!=\!-\!\int _{t_i}^{t_{i+1}}\!\!\!\!\int _{\chi }\!Z_N(X^N_i,z)\nu (dz)ds,\notag \\ &X^N_{i+1}=X^N_{(i+1)-}+G_N(X^N_{(i+1)-},p_{t_{i+1}})\mathbf {1}_{\{p_{t_{i+1}}\neq 0\}}.\end {align}
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$p>2$


$X^N_{i+1}=\Phi (X^N_i,\Delta t)$
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$L^p$


$C>0$


$a,b$
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$a\vee b:=\max \{a,b\}$


$a\wedge b:=\min \{a,b\}$
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$\IL (H)$


$\|\cdot \|_{\IL (H)}$


$\IL _2(H)\subset \IL (H)$


$H$


$\|\cdot \|_{\IL _2(H)}$


$\dot {H}^s$


$s\in \R $


$-A$


$\langle u,v\rangle _{\dot {H}^s}:=\langle (-A)^{\frac {s}{2}}u,(-A)^{\frac {s}{2}}v\rangle $


$\|u\|_{\dot {H}^s}:=\sqrt {\langle u,u\rangle _{\dot {H}^s}}$


$u,v\in \dot {H}^s$


$L^p(\Omega ,\dot {H}^{s})$


$u$


$\E [\|u\|^p_{\dot {H}^s}]<\infty $


$p>0$


$\lambda _i=\pi ^2i^2, i\in \N _+$


$\{e_i\}_{i\in \N _+}$


$H$


$e_i(x):=\sqrt {2}\sin (i\pi x)$


$x\in [0,1]$


$-Ae_i=\lambda _ie_i$


$A$


$\{E(t):=e^{tA}, t\geq 0\}$


$H$


$t\geq 0$


$E(t)$


$H$


$\|E(t)\|_{\IL (H)}\le e^{-t\lambda _1}\leq 1$


$t\ge 0$


\begin {equation*}\int _0^ts^{-\alpha }\|E(s)\|_{\IL _2(H)}^2ds<\infty \quad \quad \mbox {if and only if}\quad \alpha \in [0,\frac 12).\end {equation*}


\begin {align}&\|(-A)^{\gamma }E(t)\|_{\IL (H)} \leq Ct^{-\gamma }e^{-\frac {\lambda _1}{2}t},\quad t\in (0,T],~\gamma \ge 0,\label {prop:semigroup1}\\ & \|(-A)^{-\rho }(E(t)-E(s))\|_{\IL (H)} \leq C(t-s)^{\rho },\quad 0\leq s<t\leq T, ~\rho \in [0,1].\label {prop:semigroup2}\end {align}


$F\colon H\to H$


$\|F(x)\|\leq C(1+\|x\|)$


$x\in H$


$C>0$


$F$


$L_F,C>0$


\begin {align*}\sup _{x\in H}\|DF(x)y\|&\leq L_F\|y\|,\quad y\in H,\\ \|(-A)^{-\frac {1+\delta }{4}}DF(x)y\|&\leq C(1+\|x\|_{\dot {H}^{\frac {1-\delta }{2}}})\|y\|_{\dot {H}^{-\frac {1-\delta }{2}}},\quad x\in \dot {H}^{\frac {1-\delta }{2}}, y\in \dot {H}^{-\frac {1-\delta }{2}},\end {align*}


$\delta \in (0,1).$


$\sup _{x\in H}\|DF(x)y\|\leq L_F\|y\|,$


$F$


$\theta \in (0,1),$


\begin {align}\label {ineq:globalLipschitz} \|F(x)-F(y)\|\leq \|DF(y+\theta (x-y))(x-y)\|\leq L_F\|x-y\|,\,\quad x,y\in H.\end {align}


$F$


$F(u)(x):=f(u(x)),\; x\in [0,1],\;u\in H,$


$f\colon \R \to \R $


$F\colon H\to H$


$u,h\in H$


$x\in [0,1]$


$[DF(u)h](x)=f'(u(x))h(x).$


$\sup _{u\in H}\|DF(u)h\|\leq L_F\|h\|, h\in H$


$L_F>0.$


$u_1\in \dot {H}^{\frac {1-\delta }{2}}$


$u_2\in \dot {H}^{-\frac {1-\delta }{2}}$


$\delta \in (0,1)$


\begin {align}\big \|(-A)^{-\frac {1+\delta }{4}}DF(u_1)u_2\big \|&=\sup _{h\in H\setminus \{0\}}\frac {\langle (-A)^{-\frac {1+\delta }{4}}DF(u_1)u_2,h\rangle }{\|h\|}\nonumber \\ & \leq \sup _{h\in H\setminus \{0\}}\frac {\|(-A)^{-\frac {1-\delta }{4}}u_2\|\|(-A)^{\frac {1-\delta }{4}}DF(u_1)(-A)^{-\frac {1+\delta }{4}}h\|}{\|h\|}\nonumber \\ & \leq C(1+\|(-A)^{\frac {1-\delta }{4}}u_1\|)\|(-A)^{-\frac {1-\delta }{4}}u_2\|,\nonumber \end {align}


$G\colon H\times \chi \to H$
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$b>0$


$g\colon \chi \to H$


$p>2,$
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\begin {align}\label {condition:g-H} \!\!\!\!\int _\chi \!\big (|g_1(z)|^2\vee |g_1(z)|^p\big )\nu (dz)\leq C_p,~~ \int _\chi \! \big (\|(-A)^{\frac 14}g(z)\|^2\vee \|(-A)^{\frac 14}g(z)\|^p\big )\nu (dz)\leq C_{p}.\end {align}


$g$


$g(z):=(1\wedge \|z\|^2)\sum _{j\in \N _+}j^{-1-\epsilon }e_j$


$\{e_j\}_{j\in \N _+}$
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$p\ge 2$


\begin {align*}\int _\chi \|(-A)^{\frac 14}g(z)\|^p\nu (dz)&=\int _\chi \left (\sum _{j\in \N _+}\lambda _j^{1/2}|\langle g(z), e_j\rangle |^2\right )^{\frac {p}{2}}\nu (dz).\end {align*}


$j\in \N _+$


$|\langle g(z), e_j\rangle |\le j^{-1-\epsilon }(1\wedge \|z\|^2)$


\begin {align*}\sum _{j\in \N _+}\lambda _j^{1/2}|\langle g(z), e_j\rangle |^2\le \pi \left (1\wedge \|z\|^2\right )^2\sum _{j\in \N _+}j^{-1-2\epsilon }\le C\pi \left (1\wedge \|z\|^2\right )^2,\end {align*}


\begin {align*}\int _\chi \|(-A)^{\frac 14}g(z)\|^p\nu (dz)&\le C_p\int _\chi \left (1\wedge \|z\|^2\right )^{p}\nu (dz)\leq C_p\int _\chi (1\wedge \|z\|^2)\nu (dz)\le C_p.\end {align*}


$x_0$


$\IF _{0}$


$x_0\in L^{p}(\Omega ,\dot {H}^{\frac {1-\delta }{2}})$


$p\ge 2$


$\delta \in (0,1]$


$\beta :[0,T]\times \chi \to H$


$p\ge 2$


$C_{p,T}>0$


\begin {align*}&\quad \E \Big [\sup _{t\in [0,T]}\Big \|\int _0^t\int _\chi E(t-s)\beta (s,z)\tilde {N}(dz,ds)\Big \|^p\Big ]\\ &\leq C_{p,T}\E \Big [\int _0^T\Big \{\left (\int _\chi \|\beta (s,z)\|^2\nu (dz)\right )^{p/2}+\int _\chi \|\beta (s,z)\|^p\nu (dz)\Big \}ds \Big ].\end {align*}


$T>0,$


$\{X(t)\}_{t\in [0,T]}$


\begin {align*}X(t)&=E(t)x_0+\int _{0}^tE(t-s)F(X(s))ds+\int _{0}^tE(t-s)dW(s)+\int _{0}^t\int _{\chi }E(t-s)G(X(s),z)\tilde {N}(dz,ds),\quad t\in (0,T]\end {align*}


$x_0$


$p\geq 2,$


$\E [\sup _{t\in [0,T]}\|X(t)\|^p]<\infty .$


$\{X(t)\}_{t\in [0,T]}$


$p\geq 2$


$\alpha \in [0,\frac 12)$
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$\sup _{t\in [0,T]}\|X(t)\|_{L^p(\Omega , \dot {H}^\alpha )}\leq C_{p,T,\alpha }.$
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$N\in \N _+$


$P_N$


$H$


$H_N:=\mbox {span}\{e_1,e_2,\ldots ,e_N\}$


\begin {align}\label {eq:spectralgalerkin} dX^N(t)&=AX^N(t)dt+F_N(X^N(t))dt+P_N dW(t)+\int _{\chi }G_N(X^N(t),z)\tilde {N}(dz,dt),~~ t\in (0,T]\end {align}


$X^N(0)=P_Nx_0,$


$F_N:=P_NF$


$G_N:=P_NG=g_{1}P_N+P_Ng$


\begin {align}\label {EM_full} \Phi (X^N_{i},\Delta t_{ i+1})&=E(\Delta t_{ i+1})X^N_{i}+\int _{t_i}^{t_{i+1}}E(t_{i+1}-s)F_N(X^N_{i})ds+\int _{t_i}^{t_{i+1}}E(t_{i+1}-s)P_NdW(s)\nonumber \\ &~\qquad \qquad \qquad +\int _{t_i}^{t_{i+1}}\!\!\int _\chi E(\Delta t_{ i+1})G_N(X^N_{i}, z)\tilde {N}(dz,ds),\quad i=0,1,\ldots ,n_T-1,\end {align}


$\Delta t_{i+1}=t_{i+1}-t_i$
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$\{\sigma _i(\omega ),i=1,2,\ldots ,n_J(\omega )\}$
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\begin {equation*}\mathcal {T}^0=\{0=t_{0}^0<t_{1}^0<\cdots <t_M^0=T\},\end {equation*}


$t_{i}^0:=i \Delta t, i=0, 1, \ldots , M$


$\Delta t>0$


$\mathcal {T}^0$


$\mathcal {T}^1:=\{0\leq \sigma _1<\sigma _2< \cdots <\sigma _{n_J}\leq T\}$


\begin {equation*}\mathcal {T}=\{0=t_{0}<t_{1}<\cdots <t_{n_{T}}=T\},\end {equation*}


$n_{T}$


$T$


$n_J+M\ge n_T$


$\mathcal {T}$


$\Delta t_{i+1}=t_{i+1}-t_i$


$\Delta t$


\begin {align}\label {numerical1} X^N_{(i+1)-}=\Phi (X^N_i,\Delta t_{i+1}), \quad X^N_{i+1}=X^N_{(i+1)-}+G_N(X^N_{(i+1)-},p_{t_{i+1}})\mathbf {1}_{\{p_{t_{i+1}}\neq 0\}},\end {align}


$\Phi (X^N_i,\Delta t_{i+1})$


\begin {align}\label {relation1} \int _{t_i}^{t_{i+1}}\!\!\!\int _\chi E(\Delta t_{ i+1})&G_N(X^N_{i}, z)\tilde {N}(dz,dt)=-\int _{t_i}^{t_{i+1}}\!\!\!\int _\chi E(\Delta t_{ i+1})G_N(X^N_{i}, z) \nu (dz)dt,\quad a.s.,\end {align}


$i=0,1,\ldots , n_T-1$


\begin {align}\label {fullnumericalscheme} \begin {cases} X^N_{ (i+1)-}\!\!=E(\Delta t_{ i+1})X^N_{i}+\int _{t_i}^{t_{i+1}}\!E(t_{i+1}\!-\!s)F_N(X^N_{i})ds+\int _{t_i}^{t_{i+1}}\!E(t_{i+1}\!-\!s)P_NdW(s)\vspace {1mm}\\ \quad \quad \qquad -\int _{t_i}^{t_{i+1}}\int _\chi E(\Delta t_{i+1})G_N(X^N_{i}, z)\nu (dz)ds,\vspace {1mm}\\ X^N_{i+1}=X^N_{(i+1)-}+G_N(X^N_{(i+1)-},p_{t_{i+1}})\mathbf {1}_{\{p_{t_{i+1}}\neq 0\}}, \quad i=0,1,\ldots , n_T-1. \end {cases}\end {align}


$L^p$


$N\in \N _+$


$p\geq 2$


$\delta \in (0,1)$


$C_{p,T,\delta }>0$


$N,\Delta t$


\begin {align*}\|X(T)-X^N_{n_{T}}\|_{L^p(\Omega ,H)}\leq C_{p,T,\delta }\big (N^{-\frac {1-\delta }{2}}+(\Delta t)^{\frac {1-\delta }{2}}\big ).\end {align*}


$p$


$\delta _1\in (\delta ,1)$


$\delta $


$C_{p,T,\delta ,\delta _1}>0$


\begin {align*}\big \|X(T,\omega )-X^N_{n_T}(\omega )\big \|\leq C_{p,T,\delta ,\delta _1}(\omega )\big (N^{-\frac {1-\delta _1}{2}}+(\Delta t)^{\frac {1-\delta _1}{2}}\big ).\end {align*}


$\nu (\chi )\le \infty $


$L^p$
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$\Delta t$
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$t_{i}^0, i=0, 1, \ldots , M$


$n_T=M.$


\begin {align}\label {eq:fulldiscrete-onestep} X^N_{k+1}=\Phi (X^N_k,\Delta t),\;k=0,1,\ldots ,n_T-1,\quad X^N_0=P_Nx_0.\end {align}


$L^p$


$G:\chi \to H$


$\delta \in (0,1)$


$p>2$


\begin {align}\label {condition:g} \int _\chi \big (\|(-A)^{\frac {1-\delta }{2}}G(z)\|^2\vee \|(-A)^{\frac {1-\delta }{2}}G(z)\|^p\big )\nu (dz)\leq C_{p,\delta }.\end {align}


$G(z)=(1\wedge \|z\|^2)\sum _{j\in \mathbb N_+}j^{-2-\epsilon }e_j$


$L^p$


$N\in \N _+$


$p\geq 2$


$\delta \in (0,1)$


$C_{p,T,\delta }>0$


$N,\Delta t$


\begin {align*}\big \|X(T)-X^N_{n_T}\big \|_{L^p(\Omega ,H)}\leq C_{p,T,\delta }\big (N^{-\frac {1-\delta }{2}}+(\Delta t)^{\frac {1-\delta }{2}}\big ).\end {align*}


$\delta _2\in (\delta ,1)$


$\delta $


$C_{p,T,\delta ,\delta _2}>0$


\begin {align*}\big \|X(T,\omega )-X^N_{n_T}(\omega )\big \|\leq C_{p,T,\delta ,\delta _2}(\omega )\big (N^{-\frac {1-\delta _2}{2}}+(\Delta t)^{\frac {1-\delta _2}{2}}\big ).\end {align*}


$L^p$


$p$


$p\geq 2$


$\delta \in (0,1)$


$C_{p,T,\delta }>0$


$N$


$\|X(T)-X^N(T)\|_{L^p(\Omega ,H)}\leq C_{p,T,\delta }N^{-\frac {1-\delta }{2}}.$


$N\in \N _+$


\begin {align*}X(T)-X^N(T) =&E(T)(\mathrm {I}-P_N)x_0+\int _0^T E(T\!-\!s)(\mathrm {I}-P_N)F(X(s))ds\\ &+\!\int _0^T E(T\!-\!s)P_N\big (F(X(s))-F(X^N(s))\big )ds\!+\!(\mathrm {I}-P_N)\int _0^TE(T\!-\!s)dW(s)\\ &+\!\int _0^T\int _\chi E(T\!-\!s)(\mathrm {I}-P_N)G(X(s),z)\tilde {N}(dz,ds)\\ &+\!\int _0^T\int _\chi E(T\!-\!s)P_N\big (G(X(s),z)-G(X^N(s),z)\big )\tilde {N}(dz,ds),\end {align*}


$\mathrm {I}\colon H\to H$


$\mathcal {W}(t):=\int _0^{t}E(t-s)dW(s)$


$P_N$


$F$


$G$


\begin {align*}&\quad \E \big [\|X(T)-X^N(T)\|^p\big ]\\ &\leq C_p\lambda _N^{-\frac {1-\delta }{4}p}\|x_0\|^p_{L^p(\Omega ,\dot {H}^{\frac {1-\delta }{2}})}+C_p\lambda _N^{-\frac {1-\delta }{4}p}\left (\int _0^T(T-s)^{-\frac {1-\delta }{4}}ds\right )^p\sup _{s\in [0,T]}\E [\|F(X(s))\|^p]\\ &+C_{p,T}\int _0^T\E \big [\big \|X(s)-X^N(s)\big \|^p\big ]ds+C_p\lambda _N^{-\frac {1-\delta }{4}p}\|\IW (T)\|^p_{L^p(\Omega ,\dot {H}^{\frac {1-\delta }{2}})}\\ &+C_{p,T}\lambda _N^{-\frac {1-\delta }{4}p}\E \Big [\int _0^T\!\!\!\Big \{\int _\chi \big \|(-A)^{\frac {1-\delta }{4}}G(X(s),z)\big \|^p\nu (dz)\!+\!\left (\!\int _\chi \big \|(-A)^{\frac {1-\delta }{4}}G(X(s),z)\big \|^2\nu (dz)\right )^{\frac {p}{2}}\Big \}ds\Big ]\\ &\leq C_{p,T,\delta }\lambda _N^{-\frac {1-\delta }{4}p}+C_{p,T}\int _0^T \!\!\E \big [\big \|X(s)-X^N(s)\big \|^p\big ]ds+C_{p,T}\lambda _N^{-\frac {1-\delta }{4}p}\sup _{s\in [0,T]}\big \|X(s)\big \|^p_{L^p(\Omega ,\dot {H}^{\frac {1-\delta }{2}})}.\end {align*}


$p\geq 2$


$\delta \in (0,1)$


$C_{p,T,\delta }>0$


$\Delta t$


$N$


$\|X^N(T)-X^N_{n_{T}}\|_{L^p(\Omega ,H)}\leq C_{p,T,\delta }(\Delta t)^{\frac {1-\delta }{2}}.$


$\mathcal {T}$


$\{X^N(t)\}_{t\in [0,T]}$


\begin {equation}\label {eq:X-N-N-T} \begin {cases} X^N(t_{i+1}-)\!=E(\Delta t_{i+1})X^N(t_{i})+\int _{t_i}^{t_{i+1}}\!\!E(t_{i+1}\!-\!s)F_N(X^N(s))ds+\int _{t_i}^{t_{i+1}}\!\!E(t_{i+1}\!-\!s)P_NdW(s)\\ \quad \quad \quad \quad \quad \quad -\int _{t_i}^{t_{i+1}}\int _\chi E(t_{i+1}\!-\!s)G_N(X^N(s),z)\nu (dz)ds,\\ X^N(t_{i+1})\!=X^N(t_{i+1}-)+G_N(X^N(t_{i+1}-),p_{t_{i+1}})\mathbf {1}_{\{p_{t_{i+1}}\neq 0\}}, \quad i=0,1,\ldots , n_{T}-1. \end {cases}\end {equation}


$[t_i,t_{i+1})$


\begin {align*}&\quad X^N_{(i+1)-}\!-\!X^N(t_{i+1}-)\nonumber \\ &=E(\Delta t_{i+1})(X^N_{i}\!-\!X^N(t_{i}))+\int _{t_{i}}^{t_{i+1}}E(t_{i+1}-s)\big (F_N(X^N_{i})\!-\!F_N(X^N(s))\big )ds\nonumber \\ &\quad -\int _{t_i}^{t_{i+1}}\!\!\int _\chi \big (E(t_{i+1}-t_i)G_N(X^N_{i},z)\!-\!E(t_{i+1}-s)G_N(X^N(s),z)\big )\nu (dz)ds\end {align*}


\begin {align*}&\quad X^N_{i+1}-X^N(t_{i+1})\\ &=X^N_{(i+1)-}-X^N(t_{i+1}-)+\big (G_N(X^N_{(i+1)-},p_{t_{i+1}})-G_N( X^N(t_{i+1}-),p_{t_{i+1}})\big )\mathbf {1}_{\{p_{t_{i+1}}\neq 0\}}.\end {align*}


$e_{i}:=X^N_{i}-X^N(t_{i})$


$e_{i-}:=X^N_{i-}-X^N(t_{i}-)$


\begin {align}\label {eq:e_i} e_{i+1}=\big (\mathrm I+g_1(p_{t_{i+1}})\mathbf {1}_{\{p_{t_{i+1}}\neq 0\}}\big )e_{(i+1)-}=:\mathcal G_{i+1}e_{(i+1)-}.\end {align}


$G_N$


$i=0,1,\ldots ,n_T-1,$


\begin {align}\label {eq:e_i+1} e_{(i+1)-}=E(\Delta t_{i+1})\Gamma _i\mathcal {G}_ie_{i-}+\Xi (t_{i+1})+\sum _{j=1}^3\mathcal {R}_j(t_{i+1}),\end {align}


$\Gamma _i:=\mathrm {I}-\Delta t_{i+1}\int _\chi g_1(z)\nu (dz)$


$\Xi (t_{i+1}):=\int _{t_{i}}^{t_{i+1}}\!E(t_{i+1}-s)\big (F_N(X^N_{i})-F_N(X^N(t_{i}))\big )ds$


\begin {align*}&\mathcal {R}_1(t_{i+1}):= \int _{t_{i}}^{t_{i+1}}E(t_{i+1}-s)\big (F_N(X^N(t_i))-F_N(X^N(s))\big )ds,\\ &\mathcal R_2(t_{i+1}):=\int _{t_i}^{t_{i+1}}\int _\chi E(t_{i+1}-t_i)\big (G_N(X^N(s),z)-G_N(X^N(t_{i}),z)\big )\nu (dz)ds,\\ &\mathcal R_3(t_{i+1}):=\int _{t_{i}}^{t_{i+1}}\int _\chi \big (E(t_{i+1}-s)-E(t_{i+1}-t_i)\big )G_N(X^N(s),z)\nu (dz)ds.\end {align*}


$e_{(i+1)-}$


$e_{i-}$


\begin {align*}e_{(i+1)-}=\sum _{k=0}^i\Big \{\prod _{l=k+1}^i E(\Delta t_{l+1})\Gamma _l\mathcal G_l\Big \}\Big (\Xi (t_{k+1})+\sum _{j=1}^3\mathcal {R}_j(t_{k+1})\Big ),\end {align*}


$e_{0}=0$


$\prod _{i+1}^i:=1$


$\|\cdot \|_{L^p(\Omega ,H)}$


\begin {align*}&\|e_{n_T-}\|_{L^p(\Omega ,H)} \leq \Big \| \sum _{k=0}^{n_T-1}\Big \{\prod _{l=k+1}^{n_T-1}E(\Delta t_{l+1})\Gamma _l\mathcal {G}_l\Big \} \Xi (t_{k+1})\Big \|_{L^p(\Omega ,H)}\\ &\!\!+\Big \| \sum _{k=0}^{n_T-1}\Big \{\prod _{l=k+1}^{n_T-1}\!\!E(\Delta t_{l+1})\Gamma _l\mathcal {G}_l\Big \}\mathcal R_1(t_{k+1})\Big \|_{L^p(\Omega ,H)}\!\!+\Big \| \sum _{k=0}^{n_T-1} \Big \{\prod _{l=k+1}^{n_T-1}\!\!E(\Delta t_{l+1})\Gamma _l\mathcal {G}_l\Big \}\mathcal R_2(t_{k+1})\Big \|_{L^p(\Omega ,H)}\\ &\!\!+\Big \|\sum _{k=0}^{n_T-1}\Big \{\prod _{l=k+1}^{n_T-1}E(\Delta t_{l+1})\Gamma _l\mathcal {G}_l\Big \}\mathcal R_3(t_{k+1})\Big \|_{L^p(\Omega ,H)}=:\mathcal J_1+\mathcal J_2+\mathcal J_3+\mathcal J_4.\end {align*}


$p$


$\mathcal J_1,\ldots ,\mathcal J_4$


$\Delta t_0:=0$


$\Delta t_{n_T+1}:=0$


$\lfloor s\rfloor :=\min \{t_{n-1},n\in \{1,\ldots ,n_T+1\}:\sum _{i=0}^{n}\Delta t_i>s~\mbox {or}~\sum _{i=0}^{n-1}\Delta t_i=s\}$


$s\in [0,T]$


$\ell (\lfloor s\rfloor )$


$\lfloor s\rfloor $


$t_{\ell (\lfloor s\rfloor )}=\lfloor s\rfloor $


$\mathcal J_1$


\begin {align*}\mathcal J_1&=\Big \|\int _0^{T}E(T-s)\Big \{\prod _{l=\ell (\lfloor s\rfloor )+1}^{n_T-1}\Gamma _l\mathcal {G}_l\Big \}\big (F_N(X^N_{\ell (\lfloor s\rfloor )})-F_N(X^N(\lfloor s\rfloor ))\big )ds\Big \|_{L^p(\Omega ,H)}\\ &\leq \int _0^T\left (\mathbb E\Big [\mathbb E\Big [\Big \|\prod _{l=\ell (\lfloor s\rfloor )+1}^{n_T-1}\Gamma _l\mathcal {G}_l\Big \|^p_{\mathcal L(H)}\big \|F_N(X^N_{\ell (\lfloor s\rfloor )})-F_N(X^N(\lfloor s\rfloor ))\big \|^p\Big |\mathcal F_{\lfloor s\rfloor }\Big ]\Big ]\right )^{\frac 1p}ds.\end {align*}


$\Gamma _l$


$\mathcal G_l$


$l\ge \ell (\lfloor s\rfloor )+1$


$\sigma $


$\mathcal F_{\lfloor s\rfloor }$


$F$


\begin {align*}\mathcal J_1 &\leq \int _0^T\Big \|\prod _{l=\ell (\lfloor s\rfloor )+1}^{n_T-1}\Gamma _l\mathcal {G}_l\Big \|_{L^p(\Omega ,\mathcal L(H))}\big \|F_N(X^N_{\ell (\lfloor s\rfloor )})-F_N(X^N(\lfloor s\rfloor ))\big \|_{L^p(\Omega ,H)}ds\\ &\leq L_F\left (\E \Big [\sup _{k\in \{0,1,\ldots ,n_T-1\}}\prod _{l=k+1}^{n_T-1}\|\Gamma _l\mathcal {G}_l\|_{\IL (H)}^{p}\Big ]\right )^{\frac {1}{p}}\int _0^{T}\big \|\mathcal G_{\ell (\lfloor s\rfloor )}e_{\ell (\lfloor s\rfloor )-}\big \|_{L^{p}(\Omega ,H)}ds.\end {align*}


$G$


\begin {align}\label {estimate-1}\|\Gamma _l\|_{\IL (H)}\leq 1+C_G\Delta t_{l+1}\text { with}~~ C_G:=b\nu (\chi ), \quad \text {and}~~ \|\mathcal {G}_l\|_{\IL (H)}\leq 1+b\mathbf {1}_{\{p_{t_{l}}\neq 0\}}.\end {align}


$N(T):=N((0,T]\times \chi )$


$\mathbb {P}(N(T)=m)=\frac {(T\nu (\chi ))^m}{m!}e^{-T\nu (\chi )}$


$q\geq 1$


\begin {align}\label {ineq:Pi} &\E \Big [\sup _{k\in \{0,1,\ldots ,n_T-1\}}\prod _{l=k+1}^{n_T-1}\|\Gamma _l\mathcal {G}_l\|_{\IL (H)}^q\Big ]\leq \E \Big [(1+b)^{qN(T)}\prod _{l=1}^{n_T}\left (1+C_G\Delta t_{l}\right )^{q}\Big ]\nonumber \\ &\leq \E \Big [(1+b)^{qN(T)}e^{qC_G\sum _{l=1}^{n_T}\Delta t_{l}}\Big ] \leq C_{q,T}\sum _{m=1}^\infty (1+b)^{qm}\frac {(T\nu (\chi ))^m}{m!}e^{-T\nu (\chi )}<\infty .\end {align}


$\mathcal J_1 \leq C_{p,T}\int _0^{T}\|e_{\ell (\lfloor s\rfloor )-}\|_{L^{p}(\Omega ,H)}ds.$


$\mathcal J_2,$


\begin {align*}\mathcal J_2&= \Big \|\int _0^T\!\!\!\Big \{\!\prod _{l=\ell (\lfloor s\rfloor )+1}^{n_T-1}\!\! \Gamma _l\mathcal G_l\Big \}E(T\!-\!s)(-A)^{\frac {1+\delta }{4}}(-A)^{-\frac {1+\delta }{4}}\big (F_N(X^N(s))\!-\!F_N(X^N(\lfloor s\rfloor ))\big )ds\Big \|_{L^p(\Omega ,H)}\\ &\leq C_{\delta }\int _0^T\Big \|\prod _{l=\ell (\lfloor s\rfloor )+1}^{n_T-1}\!\!\Gamma _l\mathcal G_l\Big \|_{L^{2p}(\Omega ,\mathcal L(H))}(T-s)^{-\frac {1+\delta }{4}}\big \|X^N(s)-X^N(\lfloor s\rfloor )\big \|_{L^{4p}(\Omega ,\dot {H}^{-\frac {1-\delta }{2}})}\times \\ &\quad \quad \Big (1+\|X^N(s)\|_{L^{4p}(\Omega ,\dot {H}^{\frac {1-\delta }{2}})}+\|X^N(\lfloor s\rfloor )\|_{L^{4p}(\Omega ,\dot {H}^{\frac {1-\delta }{2}})}\Big )ds.\end {align*}


$\|X^N(s)-X^N(\lfloor s\rfloor )\|_{L^{2q}(\Omega ,\dot {H}^{-\frac {1-\delta }{2}})}$


$q\geq 1$


$s\in [0,T]$


\begin {align*}&\!\!\Big \|\int _{\lfloor s\rfloor }^{s}\!(-A)^{-\frac {1\!-\delta }{4}}E(s\!-\!r)P_NdW(r)\Big \|^{2q}_{L^{2q}(\Omega ,H)} \!\! \leq \E \Big [\E \Big [\Big \|\int _{\zeta }^{s}\!(-A)^{-\frac {1\!-\delta }{4}}E(s\!-\!r)P_NdW(r)\Big \|^{2q}\Big ]\Big |_{\zeta =\lfloor s\rfloor }\Big ]\\ &\leq C_q\E \Big [\left (\int _{\zeta }^{s}\|(-A)^{\frac {\delta }{2}}(-A)^{-\frac {1+\delta }{4}}E(s-r)\|_{\IL _2(H)}^2dr\right )^{q}\Big |_{\zeta =\lfloor s\rfloor }\Big ]\\ &\leq C_{q,\delta }\|(-A)^{-\frac {1+\delta }{4}}\|_{\IL _2(H)}^{2q}\E \big [(s-\lfloor s\rfloor )^{q(1-\delta )}\big ]\leq C_{q,\delta }(\Delta t)^{q(1-\delta )},\end {align*}


\begin {align*}&\quad \big \|X^N(s)-X^N(\lfloor s\rfloor )\big \|_{L^{2q}(\Omega ,\dot {H}^{-\frac {1-\delta }{2}})}\\ &\leq \Big \|(-A)^{-\frac {1-\delta }{4}}(E(s-\lfloor s\rfloor )-\mathrm {I})X^N(\lfloor s\rfloor )\Big \|_{L^{2q}(\Omega ,H)}+\int _{(s-\Delta t)\vee 0}^{s}\big \|F_N(X^N(r))\big \|_{L^{2q}(\Omega ,H)}dr\\ &\quad +\Big \|\int _{\lfloor s\rfloor }^{s}(-A)^{-\frac {1-\delta }{4}}E(s-r)P_NdW(r)\Big \|_{L^{2q}(\Omega ,H)}\\ &\quad +\Big \|\int _{\lfloor s\rfloor }^{s}\int _\chi (-A)^{-\frac {1-\delta }{4}}E(s-r)G_N(X^N(r),z)\nu (dz)dr\Big \|_{L^{2q}(\Omega ,H)}\\ &\leq C_{q,T,\delta }(\Delta t)^{\frac {1-\delta }{2}}\!\!+C_{q,T,\delta }\int _{(s-\Delta t)\vee 0}^s\int _\chi \Big (|g_1(z)|\big \|X^N(r)\big \|_{L^{2q}(\Omega ,H)}+\|g(z)\|\Big )\nu (dz)dr\leq C_{q,T,\delta }(\Delta t)^{\frac {1-\delta }{2}}.\end {align*}


$\mathcal J_2\leq C_{p,T,\delta }(\Delta t)^{\frac {1-\delta }{2}}$


$\mathcal J_3,$


\begin {align*}\!\!\mathcal J_3&\!\leq \! C\!\!\int _0^T\!\Big \|\!\prod _{l=\ell (\lfloor s\rfloor )+1}^{n_T-1} \!\!\!\!\!\Gamma _l\mathcal G_l\Big \|_{L^{2p}(\Omega ,\mathcal L(H))}\!\!(T\!\!-\!\!\lfloor s\rfloor )^{-\frac {1\!-\delta }{4}}\big \|X^N(s)\!-\!X^N(\lfloor s\rfloor )\big \|_{L^{2p}(\Omega ,\dot {H}^{-\frac {1\!-\delta }{2}})}ds\!\leq \! C_{p,T,\delta }(\Delta t)^{\frac {1\!-\delta }{2}}.\end {align*}


$\mathcal J_4$


\begin {align*}\!\!\!\!\mathcal J_4&\leq \int _0^T\!\!\!\int _{\chi }\Big \|\Big \{\!\prod _{l=\ell (\lfloor s\rfloor )+1}^{n_T-1}\!\!\!\!\!\Gamma _l\mathcal G_l\Big \}E(T\!-\!s)(-A)^{\frac 12}(E(s\!-\!\lfloor s\rfloor )\!-\!\mathrm {I})(-A)^{-\frac 12}G_N(X^N(s),z) \Big \|_{L^p(\Omega ,H)}\nu (dz)ds \\&\leq C(\Delta t)^{\frac 12}\int _0^T\!\!\!\int _{\chi }(T-s)^{-\frac 12} \big (|g_1(z)|\|X^N(s)\|_{L^{2p}(\Omega ,H)}+\|g(z)\|\big )\nu (dz)ds\leq C_{p,T}(\Delta t)^{\frac 12}.\end {align*}


$\mathcal J_1,\ldots ,\mathcal J_4$


\begin {align*}\|e_{n_T-}\|_{L^p(\Omega ,H)}\leq C_{p,T}\int _0^T\|e_{\ell (\lfloor s\rfloor )-}\|_{L^{p}(\Omega ,H)}ds +C_{p,T,\delta }(\Delta t)^{\frac {1-\delta }{2}},\end {align*}


$\|e_{n_T-}\|_{L^p(\Omega ,H)} \leq C_{p,T,\delta }(\Delta t)^{\frac {1-\delta }{2}}$


$\|\mathcal G_l\|_{\mathcal L(H)}\leq C$


\begin {align*}\|e_{n_T}\|_{L^p(\Omega ,H)}\leq C\|e_{n_T-}\|_{L^p(\Omega ,H)}\leq C_{p,T,\delta }(\Delta t)^{\frac {1-\delta }{2}}.\end {align*}


$L^p$


$\nu (\chi )\le \infty $


$L^2$


$N\in \mathbb N_+$


$t\in [0,T]$


$\IW ^N(t):=\int _0^{t}E(t-s)P_NdW(s)$


$\mathcal {N}^N(t):=\int _0^{t}\int _\chi E(t-s)G_N(z)\tilde {N}(dz,ds)$


$G_N:=P_NG$


$Y^N(t):=X^N(t)-\IW ^N(t)-\mathcal {N}^N(t)$


\begin {align}\label {eq:perturbed} dY^N(t)=AY^N(t)dt+F_N\big (Y^N(t)+\IW ^{N}(t)+\mathcal N^N(t)\big )dt,\quad t\in (0,T],\end {align}


$Y^N(0)=P_Nx_0$


$Y^N$


\begin {align}\label {purterb} Y^N(t)=E(t)P_Nx_0+\int _0^tE(t-\rho )F_N(Y^N(\rho )+\IW ^{N}(\rho )+\mathcal N^N(\rho ))d\rho .\end {align}


$k\geq 1,$


$\delta \in (0,1),$


$0\leq s< t\leq T$


$C_{k,T,\delta }>0$


\begin {align}\label {ineq:WN-sup} \sup _{N\in \mathbb N_+}\mathbb E\Big [\sup _{t\in (s,T]}\Big \|\int _s^t(-A)^{\frac {1-\delta }{4}}E(t-r)P_NdW(r) &\Big \|^{2k}\Big ]\leq C_{k,T,\delta }.\end {align}


$p\geq 1$


$\delta \in (0,1),$


$t\in [0,T]$


$C_{p,T,\delta }>0$


$\Delta t$


\begin {align}\label {prop:localerror-WN} \sup _{N\in \mathbb N_+}\big \|(-A)^{-\frac {1-\delta }{4}}\big (\IW ^N(t)-\IW ^N(\lfloor t\rfloor )\big )\big \|_{L^{2p}(\Omega ,H)}\leq C_{p,T,\delta }(\Delta t)^{\frac {1-\delta }{2}}.\end {align}


$L^p$


$L^1$


$\mathcal {F}_t$


$\E ^t$


$(E,\mathrm d)$


$Z\colon [0,\infty )\times \Omega \to (E,\mathrm d)$


$\tau >0$


$p\geq 1$


$C_p>0$


\begin {align*}\Big \|\sup _{t\in [0,\tau ]}\mathrm d(Z_0,Z_t)\Big \|_{L^p(\Omega ,\R )}\leq C_p\Big \|\sup _{t\in [0,\tau ]}\E ^t\big [\sup _{s\in [t,\tau ]}\E ^s[\mathrm d(Z_{s-},Z_{\tau })]\big ]\Big \|_{L^p(\Omega ,\R )}.\end {align*}


$[a,b]_{<}$


$\{(s,t)\in [a,b]^2\colon s<t\}$


$\vartheta $


$\sigma $


$\mathcal G\subset \mathcal F$


$p\ge 1$


$\|\vartheta \|_{L^p(\Omega ,H)|\mathcal G}:=\left (\E [\|\vartheta \|^p|\mathcal G]\right )^{1/p}$


$f\colon [0,T]\times \Omega \to H$


$\|f\|_{\mathcal {C}_2^0|\mathcal {F}_s,[s,t]}:=\sup _{r\in [s,t]}\|f(r)\|_{L^2(\Omega ,H)|\mathcal {F}_s}$


$s,t\in [0,T]_{<}$


$s':=\lfloor s\rfloor +\Delta t$


$s'$


$s$


$L^2$


$\{E(t)\}_{t\ge 0}$


$N\in \N _+,\delta \in (0,1),$


$t_i$


$i=0,1,\ldots ,M$


$C_{T,\delta }>0$


\begin {align}\label {prop:localerror-NN} \big \|(-A)^{-\frac {1-\delta }{4}}\big (\mathcal {N}^N(\cdot )-\mathcal {N}^N(\lfloor \cdot \rfloor )\big )\big \|_{\mathcal {C}_2^0|\mathcal {F}_{t_i},[t_i,T]} &\leq C_{T,\delta }(\Delta t)^{\frac {1-\delta }{2}}\Big (1+\|\mathcal N^N(t_i)\|_{\dot {H}^{\frac {1-\delta }{2}}}\Big ).\end {align}


$p\ge 2$


$C_{p,T}>0$


\begin {align}& \sup _{N\in \mathbb N_+}\big \|\sup _{t\in [0,T]}\E ^t\big [\sup _{s\in [t,T]}\sup _{r\in [0,T]}\E ^s\big [\|\mathcal N^N(r)\|\big ]\big ]\big \|_{L^p(\Omega ,\R )}\leq C_{p,T},\label {ineq:23}\end {align}


$p\ge 2$


$\delta \in (0,1),$


$C_{p,T,\delta }>0$


\begin {align}&\sup _{N\in \mathbb N_+}\Big \|\sup _{t\in [0,T]}\E ^t\Big [\sup _{s\in [t,T]}\E ^s\big [\big \|(-A)^{\frac {1-\delta }{4}}\mathcal N^N(s')\big \|^2\big ]\Big ] \Big \|_{L^p(\Omega ,\R )}\leq C_{p,T,\delta },\label {ineq:24}\\ &\sup _{N\in \mathbb N_+}\Big \|\sup _{t\in [0,T]}\E ^t\Big [\sup _{s\in [t,T]}\E ^s\big [\big \|(-A)^{\frac {1-\delta }{4}}\mathcal N^N(\cdot )\big \|^2_{\mathcal {C}_2^0|\mathcal {F}_{s'},[0,T]}\big ]\Big ]\Big \|_{L^p(\Omega ,\R )}\leq C_{p,T,\delta },\label {ineq:NNC}\\ &\sup _{N\in \mathbb N_+}\Big \|\sup _{t\in [0,T]}\E ^t\Big [\sup _{s\in [t,T]}\E ^s\big [\big \|(-A)^{\frac {1-\delta }{4}}\IW ^N(\cdot )\big \|^2_{\mathcal {C}_2^0|\mathcal {F}_{s'},[0,T]}\big ]\Big ]\Big \|_{L^p(\Omega ,\R )}\leq C_{p,T,\delta }.\label {ineq:WNC}\end {align}


$p\geq 2$


$\delta \in (0,1),$


$t\in [0,T]$


$C_{p,T,\delta }>0$


\begin {align}\label {prop:localerror-YN} \sup _{N\in \mathbb N_+}\big \|(-A)^{-\frac {1-\delta }{4}}(Y^N(t)&-Y^N(\lfloor t\rfloor ))\big \|_{L^{p}(\Omega ,H)}\leq C_{p,T,\delta }(\Delta t)^{\frac {1-\delta }{2}}.\end {align}


$p\geq 2$


$\delta \in (0,1),$


$C_{p,T,\delta }>0$


\begin {align}\label {prop:YN-conditional} \sup _{N\in \mathbb N_+} \Big \|\sup _{t\in [0,T]}\E ^t\Big [\sup _{s\in [t,T]}\E ^s\big [\big \|(-A)^{\frac {1-\delta }{4}}Y^N(\cdot )\big \|^2_{\mathcal {C}_2^0|\mathcal {F}_{s'},[s',T]}\big ]\Big ]\Big \|_{L^p(\Omega ,\R )}\leq C_{p,T,\delta }.\end {align}


$\|X(T)-X^N(T)\|_{L^p(\Omega ,H)}\leq C_{p,T,\delta }N^{-\frac {1-\delta }{2}}$


$\|X^N(T)-X^N_{n_T}\|_{L^p(\Omega ,H)}$


$F$


\begin {align*}\!\!\!&\|X^N(T)-X^N_{n_T}\|_{L^p(\Omega ,H)}\leq \Big \|\int _0^{T}E(T-s)\big (F_N(X^N(s))-F_N(X^N_{\ell (\lfloor s\rfloor )})\big )ds\Big \|_{L^p(\Omega ,H)}\\ &\quad +\Big \|\int _0^{T}\int _\chi E(T-s)(\mathrm {I}-E(s-\lfloor s\rfloor ))(-A)^{-\frac {1-\delta }{2}}(-A)^{\frac {1-\delta }{2}}G_N(z)\tilde {N}(dz,ds)\Big \|_{L^p(\Omega ,H)}\\ \!\!\!&\leq I_1\!+\!I_2\!+\!I_3\!+\!L_F\!\!\int _0^{T}\!\!\big \|X^N(\lfloor s\rfloor )\!-\!X^N_{\ell (\lfloor s\rfloor )}\big \|_{L^p(\Omega ,H)}ds+\!C_{p,T}\big (\int _0^{T}\!\!\big \|(\mathrm {I}\!-\!E(s\!-\!\lfloor s\rfloor ))(-A)^{-\frac {1-\delta }{2}}\big \|^p_{\IL (H)}\\ &\quad \times \Big \{\int _\chi \big \|(-A)^{\frac {1-\delta }{2}}G_N(z)\big \|^p\nu (dz)\!+\!\left (\int _\chi \big \|(-A)^{\frac {1-\delta }{2}}G_N(z)\big \|^2\nu (dz)\right )^{\frac {p}{2}}\Big \}ds\big )^{\frac {1}{p}}\\ \!\!\!&\leq C_{p,T,\delta }(\Delta t)^{\frac {1-\delta }{2}}+L_F\int _0^{T}\big \|X^N(\lfloor s\rfloor )\!-\! X^N_{\ell (\lfloor s\rfloor )}\big \|_{L^p(\Omega ,H)}ds+I_1+I_2+I_3,\end {align*}


\begin {align*}\!&\!I_1\!:=\!\!\Big \|\int _0^{T}E(T\!-\!s)\big (F_N(Y^N(s)+\IW ^N(\lfloor s\rfloor )+\mathcal {N}^N(\lfloor s\rfloor ))-F_N(X^N(\lfloor s\rfloor ))\big )ds\Big \|_{L^p(\Omega ,H)},\\ \!&\!I_2\!:=\!\!\Big \|\!\int _0^{T}\!\!\!E(T\!-\!s)\big (F_N(Y^N(s)\!+\!\IW ^N(s)\!+\!\mathcal {N}^N(\lfloor s\rfloor ))\!-\!\!F_N(Y^N(s)\!+\!\IW ^N(\lfloor s\rfloor )\!+\!\mathcal {N}^N(\lfloor s\rfloor ))\big )ds\Big \|_{L^p(\Omega ,H)},\\ \!&\!I_3\!:=\!\!\Big \|\int _0^{T}E(T-s)\big (F_N(X^N(s))-F_N(Y^N(s)+\IW ^N(s)+\mathcal {N}^N(\lfloor s\rfloor ))\big )ds\Big \|_{L^p(\Omega ,H)}.\end {align*}


$I_1$


\begin {align*}&I_1\leq C\int _0^{T}\big \|E(T-s)(-A)^{\frac {1+\delta }{4}}\big \|_{\IL (H)}\big \|(-A)^{-\frac {1-\delta }{4}}(Y^N(s)-Y^N(\lfloor s\rfloor ))\big \|_{L^{2p}(\Omega ,H)}ds~ \times \\ &~~~ \Big (1+\sup _{s\in [0,T]}\|Y^N(s)\|_{L^{2p}(\Omega ,\dot {H}^{\frac {1-\delta }{2}})}+\sup _{s\in [0,T]}\|\IW ^N(s)\|_{L^{2p}(\Omega ,\dot {H}^{\frac {1-\delta }{2}})}+\sup _{s\in [0,T]}\|\mathcal N^N(s)\|_{L^{2p}(\Omega ,\dot {H}^{\frac {1-\delta }{2}})}\Big ).\end {align*}


\begin {align*}I_1\leq C_{p,T,\delta }(\Delta t)^{\frac {1-\delta }{2}}\int _0^{T}(T-s)^{-\frac {1+\delta }{4}}ds\leq C_{p,T,\delta }(\Delta t)^{\frac {1-\delta }{2}}.\end {align*}


\begin {align*}\!\!\!\! I_2 &\leq \!C\!\!\int _0^{T}\!\!(T\!-\!s)^{-\frac {1+\delta }{4}}\big \|(-A)^{-\frac {1-\delta }{4}}\big (\IW ^N(s)\!-\!\IW ^N(\lfloor s\rfloor )\big )\big \|_{L^{2p}(\Omega ,H)}ds\times \Big (1\!+\!\!\sup _{s\in [0,T]}\!\!\|Y^N(s)\|_{L^{2p}(\Omega ,\dot {H}^{\frac {1\!-\delta }{2}})}\!\\ &\quad +\!\sup _{s\in [0,T]}\|\IW ^N(s)\|_{L^{2p}(\Omega ,\dot {H}^{\frac {1-\delta }{2}})}\!+\!\sup _{s\in [0,T]}\|\mathcal N^N(s)\|_{L^{2p}(\Omega ,\dot {H}^{\frac {1-\delta }{2}})}\Big )\leq C_{p,T,\delta }(\Delta t)^{\frac {1-\delta }{2}}.\end {align*}


$I_3$


\begin {align}\label {estimate:I3} I_3\leq C_{p,T,\delta }(\Delta t)^{\frac {1-\delta }{2}}.\end {align}


$I_3$


$L^p$


$I_3$


$(s,t)\in [0,T]_{<}$


$\mathcal {F}_t$


\begin {align*}\mathcal {A}^{N,\Delta }(t)&:=\int _0^{t}E(T-r)\big (F_N(X^N(r))-F_N(Y^N(r)+\IW ^N(r)+\mathcal {N}^N(\lfloor r\rfloor ))\big )dr\end {align*}


$\mathcal {A}^{N,\Delta }(0)=0$


$F$


\begin {align*}\E \big [\big \|\mathcal {A}^{N,\Delta }(t)-\mathcal {A}^{N,\Delta }(s)\big \|^2\big ] &\leq L_F|t-s|\int _s^{t}\E \big [\big \|\mathcal {N}^N(r)-\mathcal {N}^N(\lfloor r\rfloor )\big \|^2\big ]dr\\ &\leq C|t-s|^2\sup _{r\in [0,T]}\E [\|\mathcal {N}^N(r)\|^2]\leq C_T|t-s|^2.\end {align*}


$\mathcal {A}^{N,\Delta }$


\begin {align*}\big \|\sup _{t\in [0,T]}\|\mathcal {A}^{N,\Delta }(t)\|\big \|_{L^p(\Omega ,\R )}\leq C_p\Big \|\sup _{t\in [0,T]}\E ^t\Big [\sup _{s\in [t,T]}\E ^s\big [\big \|\mathcal {A}^{\mathcal {N},\Delta }(T)-\mathcal {A}^{\mathcal {N},\Delta }(s)\big \|\big ]\Big ]\Big \|_{L^p(\Omega ,\R )},\end {align*}


\begin {align}\label {ineq:Lp-convergence} \!\!\!\!I_3=\|\mathcal A^{N,\Delta }(T)\|_{L^p(\Omega ,H)}\leq C_p\Big \|\sup _{t\in [0,T]}\E ^t\Big [\sup _{s\in [t,T]}\E ^s\big [\big \|\mathcal {A}^{\mathcal {N},\Delta }(T)-\mathcal {A}^{\mathcal {N},\Delta }(s)\big \|\big ]\Big ]\Big \|_{L^p(\Omega ,\R )}.\end {align}


$\xi $


\begin {align}\label {findxi}\E ^s\big [\big \|\mathcal {A}^{N,\Delta }(T)-\mathcal {A}^{N,\Delta }(s)\big \|\big ]\leq \xi _s\quad a.s.\end {align}


\begin {align*}&\!\!\E ^s\bigg [\big \|\mathcal {A}^{N,\Delta }(T)-\mathcal {A}^{N,\Delta }(s)\big \|\bigg ]\leq C\int _s^T\!\!(T\!-\!r)^{-\frac {1+\delta }{4}}\big \|(-A)^{-\frac {1-\delta }{4}}\big (\mathcal {N}^N(r)\!-\!\mathcal {N}^N(\lfloor r\rfloor )\big )\big \|_{L^2(\Omega ,H)|\mathcal {F}_s}dr\\ &\times \Big (1\!+\!\big \|(-A)^{\frac {1-\delta }{4}}Y^N(\cdot )\big \|_{\mathcal {C}_2^0|\mathcal {F}_s,[s,T]}\!+\!\big \|(-A)^{\frac {1-\delta }{4}}\IW ^N(\cdot )\big \|_{\mathcal {C}_2^0|\mathcal {F}_s,[s,T]}\!+\!\big \|(-A)^{\frac {1-\delta }{4}}\mathcal N^N(\cdot )\big \|_{\mathcal {C}_2^0|\mathcal {F}_s,[0,T]}\Big )\\ &\leq C_T\big \|(-A)^{-\frac {1-\delta }{4}}\big (\mathcal {N}^N(\cdot )-\mathcal {N}^N(\lfloor \cdot \rfloor )\big )\big \|_{\mathcal {C}_2^0|\mathcal {F}_s,[s,T]}\times \\ &\quad \Big (1\!+\!\big \|(-A)^{\frac {1-\delta }{4}}Y^N(\cdot )\big \|_{\mathcal {C}_2^0|\mathcal {F}_s,[s,T]}\!+\!\big \|(-A)^{\frac {1-\delta }{4}}\IW ^N(\cdot )\big \|_{\mathcal {C}_2^0|\mathcal {F}_s,[s,T]}\!+\!\big \|(-A)^{\frac {1-\delta }{4}}\mathcal N^N(\cdot )\big \|_{\mathcal {C}_2^0|\mathcal {F}_s,[0,T]}\Big ).\end {align*}


$s\in \{0,\Delta t, 2\Delta t,\ldots ,T\}$


$\lfloor s\rfloor =s$


$\E ^s\big [\|\mathcal {A}^{N,\Delta }(T)-\mathcal {A}^{N,\Delta }(s)\|\big ]\leq \xi ^1_s$


\begin {align*}\xi ^1_s:&= C_{T,\delta }(\Delta t)^{\frac {1-\delta }{2}}\times \Big (1+\big \|(-A)^{\frac {1-\delta }{4}}\mathcal N^N(s)\big \|^2+\big \|(-A)^{\frac {1-\delta }{4}}Y^N(\cdot )\big \|^2_{\mathcal {C}_2^0|\mathcal {F}_s,[s,T]}\\ &\quad +\big \|(-A)^{\frac {1-\delta }{4}}\IW ^N(\cdot )\big \|^2_{\mathcal {C}_2^0|\mathcal {F}_s,[s,T]}+\big \|(-A)^{\frac {1-\delta }{4}}\mathcal N^N(\cdot )\big \|^2_{\mathcal {C}_2^0|\mathcal {F}_s,[0,T]}\Big ).\end {align*}


$s$


$\lfloor s\rfloor \neq s$


$T-s\leq \Delta t$


\begin {align*}\E ^s\big [\big \|\mathcal {A}^{N,\Delta }(T)\!-\!\mathcal {A}^{N,\Delta }(s)\big \|\big ] &\leq C\Delta t\!\!\sup _{r\in [s,T]}\!\E ^s\big [\big \|\mathcal N^N(r)\!-\!\mathcal {N}^N(\lfloor r\rfloor )\big \|\big ]\leq C\Delta t\!\!\sup _{r\in [s\!-\!\Delta t,T]}\!\!\E ^s\big [\big \|\mathcal N^N(r)\big \|\big ].\end {align*}


$T-s> \Delta t$


$s'-s\leq \Delta t$


$s'\leq T$


\begin {align*}\E ^s\big [\big \|\mathcal {A}^{N,\Delta }(T)-\mathcal {A}^{N,\Delta }(s)\big \|\big ] &\leq \E ^s\big [\E ^{s'}\big [\|\mathcal {A}^{N,\Delta }(T)-\mathcal {A}^{N,\Delta }(s')\|\big ]\big ]+ \E ^s\big [\|\mathcal {A}^{N,\Delta }(s)-\mathcal {A}^{N,\Delta }(s')\|\big ]\\ &\leq \E ^s\big [\xi ^1_{s'}\big ]+\E ^s\big [\|\mathcal {A}^{N,\Delta }(s)-\mathcal {A}^{N,\Delta }(s')\|\big ].\end {align*}


$\E ^s\big [\|\mathcal {A}^{N,\Delta }(T)-\mathcal {A}^{N,\Delta }(s)\|\big ]\leq \xi ^2_s$


\begin {align*}\xi _s^2&:=C_{T,\delta }(\Delta t)^{\frac {1-\delta }{2}}\times \Big (1+\E ^s\Big [\big \|(-A)^{\frac {1-\delta }{4}}\mathcal N^N(s')\big \|^2+\big \|(-A)^{\frac {1-\delta }{4}}Y^N(\cdot )\big \|^2_{\mathcal {C}_2^0|\mathcal {F}_{s'},[s',T]}\\ &\quad +\big \|(-A)^{\frac {1-\delta }{4}}\IW ^N(\cdot )\big \|^2_{\mathcal {C}_2^0|\mathcal {F}_{s'},[s',T]}\!+\!\big \|(-A)^{\frac {1-\delta }{4}}\mathcal N^N(\cdot )\big \|^2_{\mathcal {C}_2^0|\mathcal {F}_{s'},[0,T]}\Big ]\!+\!\!\sup _{r\in [s-\Delta t,T]}\!\E ^s\big [\|\mathcal N^N(r)\|\big ]\Big ).\end {align*}


$\xi _s:=\xi _s^1\mathbf {1}_{\{s=\lfloor s\rfloor \}}+\xi _s^2\mathbf {1}_{\{s\neq \lfloor s\rfloor \}}$


\begin {align*}&\!\! \big \|\sup _{t\in [0,T]}\E ^t\big [\sup _{s\in [t,T]}\xi ^2_s\big ] \big \|_{L^p(\Omega ,\R )} \!\!\leq C_{T,\delta }(\Delta t)^{\frac {1-\delta }{2}}\Big \{1\!+\!\Big \|\sup _{t\in [0,T]}\E ^t\Big [\sup _{s\in [t,T]}\E ^s\big [\big \|(-A)^{\frac {1-\delta }{4}}\mathcal N^N(s')\big \|^2\big ]\Big ]\Big \|_{L^p(\Omega ,\R )}\\ &~~~~~~~~~~~~~~~+\big \|\sup _{t\in [0,T]}\E ^t\big [\sup _{s\in [t,T]}\sup _{r\in [s-\Delta t,T]}\E ^s\big [\|\mathcal N^N(r)\|\big ]\big ]\big \|_{L^p(\Omega ,\R )}\\ &~~~~~~~~~~~~~~~+\Big \|\sup _{t\in [0,T]}\E ^t\Big [\sup _{s\in [t,T]}\E ^s\big [\big \|(-A)^{\frac {1-\delta }{4}}\mathcal N^N(\cdot )\big \|^2_{\mathcal {C}_2^0|\mathcal {F}_{s'},[0,T]}\big ]\Big ]\Big \|_{L^p(\Omega ,\R )}\\ &~~~~~~~~~~~~~~~+\Big \|\sup _{t\in [0,T]}\E ^t\Big [\sup _{s\in [t,T]}\E ^s\big [\big \|(-A)^{\frac {1-\delta }{4}}\IW ^N(\cdot )\big \|^2_{\mathcal {C}_2^0|\mathcal {F}_{s'},[s',T]}\big ]\Big ]\Big \|_{L^p(\Omega ,\R )}\\ &~~~~~~~~~~~~~~~+\Big \|\sup _{t\in [0,T]}\E ^t\Big [\sup _{s\in [t,T]}\E ^s\big [\big \|(-A)^{\frac {1-\delta }{4}}Y^N(\cdot )\big \|^2_{\mathcal {C}_2^0|\mathcal {F}_{s'},[s',T]}\big ]\Big ]\Big \|_{L^p(\Omega ,\R )}\Big \}\leq C_{p,T,\delta }(\Delta t)^{\frac {1-\delta }{2}}.\end {align*}


$\big \|\sup _{t\in [0,T]}\E ^t\big [\sup _{s\in [t,T]}\xi ^1_s\big ] \big \|_{L^p(\Omega ,\R )}\leq C_{p,T,\delta }(\Delta t)^{\frac {1-\delta }{2}}.$
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\begin {align*}\int _\chi \big (\|(-A)^{\beta }G(z)\|^2\vee \|(-A)^{\beta }G(z)\|^p\big )\nu (dz)\leq C_{p}\end {align*}


$p\ge 2$


$\beta \in [\frac 14,\frac 12)$


$L^p$


$\frac {1-\delta }{2}$


$\beta $


$L^p$


$\mathcal O=[0,1]$


\begin {equation}\label {eq:numerical_1} dX(t)=\Delta X(t) dt-\sin (X(t))dt+\gamma _1dW(t)+\gamma _2X(t)d\tilde {N}(t), \quad t>0, \quad X(0)=0,\end {equation}


$\gamma _1,\gamma _2>0$


$W$


$Q=\mathrm I$


$\tilde {\lambda }$
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$\gamma _2 = 0$


$1/2$


$\mathcal O=[0,1]$


\begin {align}\label {eq:numerical_2} dX(t)=\Delta X(t)dt +(2X(t)+1)dt+ dW(t)+g(z_0) d\tilde {N}(t), \quad t>0, \quad X(0)=0.\end {align}


$g(z_0)\in H=L^2(\mathcal O)$


$g(z_0)=\gamma _0\sum _{i\in \N }i^{-1-\epsilon }e_i$


$\gamma _0>0, \epsilon >0.$
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noise presents distinctions due to the presence of jumps (see e.g. [4,5]). For instance, an extra term appears in the Burkholder—
Davis-Gundy inequality of the stochastic integral with respect to the compensated Poisson random measure. As a result, the temporal
Holder continuity in L? sense of the exact solution to a stochastic differential equation with Lévy noise does not exceed 1/p, resulting
in the deterioration of the LP-strong convergence order y of a numerical scheme for large p if one uses the temporal Holder continuity
directly. A natural question arises:

Q: Can one obtain the LP-strong convergence order y of a numerical scheme for the stochastic differential equation with Lévy noise that does
not depend on p?

Some progress has been made recently on this question for the case of the stochastic ordinary differential equation (SODE) with
Lévy noise: authors in [6] studied the LP-strong convergence order of the Euler-Maruyama scheme for a multidimensional SODE
with irregular Holder drift, driven by additive Lévy process with exponent a € (0,2], and the obtained convergence order does not
depend on p. Authors in [7] investigated the L?-strong approximation of solutions to singular stochastic kinetic equations driven by
additive a-stable processes by using an Euler-type scheme, and obtained a convergence rate aligning with the results in [6]. Authors
in [8] presented an adaptive approximation scheme for jump-diffusion SODEs with discontinuous drift and (possibly) degenerate
diffusion in the finite Lévy measure case, and obtained the strong convergence rate 1 in L? for p € [1, o). In addition, authors in [9]
investigated the strong convergence orders of a class of adaptive numerical methods for the jump-diffusion SODEs with non-globally
Lipschitz continuous coefficients. For the case of SPDEs, to the best of our knowledge, this question is still open so far. The aim of
this paper is to provide a positive answer for fully discrete schemes of the SPDE driven by Lévy noise.

We consider the following SPDE driven by Gaussian noise and Poisson random measure:

{dX(t) = AX@)dt+ F(X(@)dt +dW (t) + /)r G(X(1),z)N(dz,dt), t € (0,T1], @

X(0) = xo,

where T > 0and A := A : Dom(A) C H — H is the Laplacian operator with homogeneous Dirichlet boundary condition. Here H :=
L?(0,1) endowed with the usual inner product (-,-) and norm || - ||, and y := H\{0} is the mark set. The process {(W®}ierory is an
H-valued Gaussian space-time white noise. Let N(dz,dr) := N(dz,dt) — v(dz)dt stand for a compensated Poisson random measure,
where {N(-,0)},cor) is the Poisson random measure and v is a Lévy measure on Borel s-algebra B(y) satisfying v({0}) = 0 and
/X min{1, || z||?}v(dz) < co. Here { W ()} e,y @and { N¢, }ser0,r7 are supposed to be independent. Define a complete filtered probability
space (Q, F, (F)),»o. P) generated by {W (1), N¢, D}ejo.r) that satisfies usual conditions. Precise assumptions on coefficients F and G
will be given in Section 2.1. Equations of type (1) are widely studied in modeling physics phenomena, such as phenomena in fluid
mechanics [2], neural model with random inputs [10] and so on. The theoretical analysis of such equations has been well developed,
including the existence and uniqueness of solutions, as well as long-term dynamical behaviors, e.g., [11-13]. For the numerical
studies, authors of [14] investigated the structure preservation and convergence analysis of a class of fully discrete finite difference
schemes, and obtained the L2-strong convergence orders that are nearly 1/2 in space and 1/4 in time. Authors of [15,16] also
investigated the L?-strong convergence order of the fully discrete schemes for (1), using the finite element method in space and
Euler-type methods in time. In [17,18], authors studied the accuracy of spacial and temporal approximations by considering spectral
method or finite elements method, and the explicit or implicit Euler method, respectively, and established the L?-strong convergence
result for 1 < p < 2.

In this paper, we apply the spectral Galerkin method to approximate (1) in space, and further use the Euler-type methods in time
to obtain the fully discrete schemes. The corresponding mapping for the one-step approximation is given as follows:

ligl

lit1
XN, Aty = E(At XN + / E(t;y1 — )Py F(XN)ds + / E(tip — )PydW (s) 2
1

1

it1 -
+/ /E(At,-+])PNG(X,.1V,Z)N(dz,ds), i=0,1,...,np — 1,
L4 x

where {E(1)} 5 is the semigroup generated by A, Py is the projection operator, ny is the subscript corresponding to 7' (i.e., t,,. =
T), and we mention that the time step size At;; :=1,,; —t; may be path-dependent; see Section 2 for further details. The main
contribution of our work is that, we show for the first time that proposed schemes converge in L? sense with orders nearly 1/2 in
both space and time for all p > 2. Indeed, the L?-strong convergence analysis in time is more technical compared with that in space.
This is related to the aforementioned issue yielding poor order for large p. To overcome this order barrier, we develop discretization
frameworks tailored to Poisson-driven stochastic systems, classified by different conditions on the Lévy measure v(y).

We begin with the case v(y) < o, i.e., the system exhibits finitely many jumps almost surely, where the jump-adapted discretiza-
tion strategy emerges as an effective approach. This approach involves superimposing finitely many random jump times onto a de-
terministic equidistant grid, thereby capitalizing on the system’s continuous evolution between successive grids. It enables a crucial
reformulation of the stochastic integral with respect to the compensated Poisson random measure in (2) as a more tractable integral
against the intensity measure, which has been studied for numerical approximations of SODEs with Lévy noise (see e.g. [8,19-22]). For
the considered SPDE (1), applying the jump-adapted strategy to the one-step mapping (2) yields the following form of discretization:

iy . tit1
Xyo= @XM, Ay, with /t / Zy(XN,2)N(dz,ds)=— / / Zy (XN, 2vdz)ds,
i x i X

N _ yN N
X'+1 - X(i+1)— + GN(X(:‘H)—’I’IH])l(m,H#O)' 3

i
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Here {p, };—0,1,....n, is an F; -adapted Poisson point process with the intensity measure v(dz)dt. However, rigorous numerical analysis of
such schemes to SPDEs introduces several new challenges distinct from the SODE case. One challenge involves the interaction between
unbounded linear operators and nonlinear terms which complicates the analysis of temporal regularity. Another challenge arises from
the infinite-dimensional nature of stochastic perturbations, in particular for the multiplicative noise case, where the coupling between
the stochastic forcing and the nonlinear dynamics introduces additional analytical difficulties for controlling the discretization error.
To this end, we first make full use of the smoothing effect and properties of the semigroup generated by the unbounded operator,
and establish the one-half temporal Holder regularity of numerical solution in negative Sobolev spaces. Then we introduce a tech-
nique that decouples the interaction between noise and nonlinear dynamics via chaos expansions specifically adapted to the Poisson
jumps and Poisson distributions. Combining infinite-dimensional stochastic analysis of stochastic convolutions, we establish the uni-
form pth moment regularity estimates of numerical solutions in fractional power Sobolev spaces, and further prove that the global
discretization error of numerical solution achieves order nearly % in both spatial and temporal directions in L? sense for all p > 2.

For the case v(y) < oo, there may exist infinitely many jumps that make the jump-adapted strategy invalid. Meanwhile, the
accumulation of high-frequency jump noise deeply affects temporal regularity in the stochastic convolution driven by the compensated
Poisson random measure. These effects make the analysis of the L”-strong convergence order particularly delicate. To the best of our
knowledge, there has been no result on L?-strong convergence order of numerical schemes for SPDEs (1) with case v(y) = co and p > 2.
To move in this direction, we focus our attention on the additive noise case, and consider a fully discrete scheme: X ’_’i | = O(X, I.N LA
with constant step size Ar. We introduce a technique based on nested conditional moment estimates, leveraging a quantitative version
of the John-Nirenberg inequality (see [23]). The idea is to bound the L?-norm of the stochastic convolution by moment estimates
of the nested conditional “L!-norms”. This requires careful a priori estimates, including the nested conditional “L?-norms” of both
the stochastic convolution and the solution of the perturbed stochastic equation. By further presenting regularity estimates of the
numerical solution, we finally establish the L?-strong convergence order of the scheme in the case of v(y) < co with additive noise.
The treatment of the multiplicative noise case involves additional challenges and is left for future investigation.

The rest of the paper is organized as follows. The preliminaries, including notations, assumptions, and the well-posedness of the
exact solution are given in Section 2.1. Section 2.2 is devoted to the introduction of the fully discrete schemes and their L?-strong
convergence orders. In Section 3, we present the LP-strong convergence analysis of the fully discrete scheme for (1) in the case of
v(y) < o. In Section 4, we present the corresponding L?-strong convergence analysis in the case of v(y) < 0. Numerical experiments
are given in Section 5.

2. Fully discrete schemes and main results

In this section, we first give some preliminaries, including notation, assumptions, some useful inequalities, and the well-posedness
of the exact solution. Second, we present the fully discrete schemes of (1) for two different cases of Lévy measures, and respectively
show their L?-strong convergence orders.

2.1. Preliminaries

Throughout this paper, we let C > 0 be a generic constant that may vary from one place to another. More specific constants which
depend on certain parameters a, b are numbered as C, ,. We use N, to denote the set of positive natural numbers. Seta v b : = max{a, b}
and a A b := min{a, b}. The space of bounded linear operators on H is denoted by £(H), which endowed with the operator norm
I - llzcer)- The subspace £,(H) C £L(H) denotes the set of Hilbert-Schmidt operators on H, with norm denoted by || - || Loy Let H*,
s € R be the Sobolev space generated by the fractional power of —A, endowed with the inner product (u, v) s := ((— A)2 u,(— A)2 vy
and the norm ||ul| s := /{u,u) s for u,v € H°. We use the notation LP(Q, H*) to denote the space of random variables u satisfying
[E[||u||" ] < oo for p> 0.

It is known that there is a sequence of real numbers 4; = z%i%,i € N, and an orthonormal basis {e;} ien, of H with ¢;(x) :=
\/Esm(mx), x € [0,1], such that —Ae; = e;. In addition, operator A generates the semigroup {E(f) := ¢'4,t > 0} on H. For all t > 0,
E(t) is a bounded self-adjoint linear operator on H, with |[E®)||z ) < e~ < 1. It is clear that, for all t > 0,

t
_ ) . ) 1
/0 s "||E(s)||£2(H)ds < o if and only if « € [0, E)'
Moreover, the semigroup admits the following properties:

i
(=AY EWllpy < Cre™ 2", 1€ (O,T], v >0, )
I=A™E®) = EGDl gy £CE=5), 0<s<t<T, pel0,1]. (5)
Here we impose some assumptions on coefficients and the initial value of (1), which will be used throughout this paper.

Assumption 1 (Nonlinearity). The measurable mapping F: H — H satisfies that || F(x)|| < C(1 + ||x||), x € H with some constant
C > 0. In addition, F is differentiable and there are constants L, C > 0 such that

sup [DF()yll < Leliyll, y€H,

x€H

_ 1+ ) . _1=8
[I(=4)""+ DF(x)yll < C( + Ix]| )||y|| 5, XEH?2,yeEH 7,

18
H 2 z

where 6 € (0, 1).
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Remark 1. (i) The assumption sup,c [|[DF(x)y|| < L[y, combining the mean value theorem implies the globally Lipschitz condition
on F, namely, for some 6 € (0, 1),

IFG) = FOOI < IDF(y+6(x = )(x = WI < Lpllx—yll, x.y € H. (6)

(ii) The conditions in Assumption 1 are satisfied if F is the Nemytskii operator defined by F(u)(x) := f(u(x)), x € [0,1], u €
H, where f: R - R is continuously differentiable with bounded first order derivative. Indeed, the mapping F: H — H is then
differentiable, and for all u,h € H and x € [0, 1], we have [DF(u)h](x) = f”(u(x))h(x). This implies sup,cy [|DF(u)h| < Lg|lhll,h € H

. 1-6 . 1-6
with some constant L > 0. In addition, for allu; € H2 andu, € H 2 with § € (0, 1), we obtain

(A % DF@)uy. by
_1+s - 4 upuy,
”(—A) 7 DF(ul)u2” = sup 172

heH\ {0} 1Al
_1=s 1= _l
< I=A)""F w,llI(=A) "% DF(u;)(~A)" " Al
" heH\(0) (1Al

1-6 1-6
SCUA+ 1A w IDIEA uyll,
where we used [24, Lemma 4.4] in the last step.

Assumption 2 (Jump coefficient). The coefficient G: H X y — H is defined as G(x, z) = g,(z)x + g(z), x € H, z € y with mapping
g, x — R being bounded by constant » > 0 and with some mapping g: y — H. In addition, for each p > 2, there exists a constant
C, > 0 such that

/ (1612 V lg1(2)P)v(d2) < C,, / (=3 g2V l[(=A)F g(2)IP)v(dz) < C,. @)
X

x

Remark 2. We give an example of g that satisfies Assumption 2: g(z) := (1 A [|z]|?) en, jl e ;» where {e;} JeN, is the complete
orthonormal basis of H. We verify the second inequality in (7) as follows. Note that for all p > 2, we have

P
2
/ I=A) g(2)1PW(dz) = / ( >4 2I<g<z>,e,->|2> W(dz).
X X \JjeN;

For each j € N, [(g(2),¢;)| <j~17¢(1 A||z[|?). Thus we have

Y APUs@uenlP <a(1allzl?)’ Y 7 < cr(i a2l

JENL JEN

and it follows that

/ I-A)i g@IPvdn) < C, / (1A 11zIP) vd2) < C, / (A lzIPv(d2) < C,.
Ve X X

. 1-6
Assumption 3 (Initial value). Let x, be an F,-measurable random variable, and x, € LP(Q,H 2 ) for all p > 2 and 6 € (0, 1].
We introduce the maximal inequality for the Lévy-type stochastic convolution as follows, see e.g. [25, Proposition 3.3] for details.

Lemma 1. Let § : [0,T] X y — H be a predictable process such that the expectation on the right hand side of the inequality below is finite.
Then for all p > 2, there exists a constant C, 1 > 0 such that

[E[ sup ”/t/E(t—s)ﬂ(s, z)N(dz,ds)””]
e Jo Jy

T p/2
<Gt [ {([meamvan) + [ mevan fas)
0 x x

Under assumptions given above, the well-posedness and regularity estimate of the mild solution of (1) can be obtained, which
are stated in the following proposition. The proof of the well-posedness is similar to that of [11, Theorem 2.1], and the proof of the
strong Markov property is similar to that of [11, Lemma 5.2], which are omitted here. For the proof of the regularity of the exact
solution, we present it in the supplementary material [26].

Proposition 1. Let Assumptions 1-3 hold. Then for each T > 0, there exists a unique mild solution { X (t)},cjo1) of (1)

t t t
X(t) = E(t)xg+ / E(t—s)F(X(s))ds + / E(t—s)dW(s)+ / / E(t—5)G(X(s),z)N(dz,ds), te€(0,T]
0 0 0 Jy

with initial value x,, satisfying that for any p>2, E[sup,cpor; IX®)|’]1 < co. The process {X(t)},cor; has a cadlag modification
and is time-homogeneous strong Markovian. Moreover, for all p>2 and all « € [0, %), there exists a constant C,r, >0 such that
supsero,r) IXOll o ey < Cpra-
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2.2. Fully discrete schemes and LP-strong convergence orders

In this subsection, we first apply the spectral Galerkin method in the spatial direction and the Euler-type method in the temporal
direction to obtain the fully discrete schemes for (1). Then we present the L?-strong convergence orders of proposed schemes in both
space and time.

For fixed N € N, let Py be the orthogonal projection operator from H onto Hy :=span{ej,e,,...,ey}. Applying the spectral
Galerkin method in the spatial direction to (1) yields

dXN (1) = AXN(t)dt + Fy (XN (t))dt + PydW (1) + / Gn(XN(0),2)N(dz,dt), t€(0,T] €))
X

with initial value XV (0) = Pyx,, where Fy := Py F and Gy := PyG = g; Py + Pyg. Further, in the temporal direction, we use the
Euler-type method to obtain the one-step approximation:
N N lit1 N lit1
O(XN, Aty = E(At XN + / E(t;y) — 9)Fy(XN)ds +/ E(ty; — $)PydW (s)
1 t.

i
i

Tit1 -
+/ /E(AIH_I)GN(X,.N,z)N(dz,dS), i=0,1,...,np =1, 9
4 X

where Aty =t —t; with {t;},_; _,,. being time grid points. With the one-step approximation at hand, below, we present the fully
discrete schemes for two different cases of Lévy measures: v(y) < oo and v(y) < co. We remark that the choices of time step sizes
{At;};1,.. ny are different in these two cases.

(i) Case of v(y) < oo. In this case, since E[N(y,[0,T])] = Tv(y) < o, there are a.s. finitely many jumps. The corresponding non-
decreasing jump times are denoted by {c;(®w),i = 1,2,...,n;(w)}, where the random variable n; denotes the number of jumps. We
introduce the jump-adapted time partition by a superposition of finitely many jump times to a deterministic equidistant grid. More

precisely, we first give a deterministic partition of the interval [0, T]:
0_ (=0 0 0 _
T ={0=1y<1/ < <1, =T}
where t? :=iAt,i =0,1,..., M with At > 0 being a constant step size. For each sample point, we then merge 7° and the partition
from jump times 7! := {0 <0y <0, < - < o,, <T}to form a new jump-adapted partition

T={0=ty<t; <<t

n

=T,

where n; denotes the subscript corresponding to T and n; + M > ny. Note that in the new partition 7, step size Ar, | =1, —1; is
path-dependent and non-uniform, with the maximal step size bounded by Ar.
We propose the jump-adapted fully discrete scheme as follows:

N _ N N _ yN N
X(i+1)— =O(X;", Aty ), Xi+l - X(i+1)— + GN(X(:‘+1)—’171,-+1)l(ph,rl #0}> 10)

with ®(XN, Az, ) being given by (9). Taking advantage of the jump-adapted partition, we have the relation

tiyl 5 fiy1
/ / E(At )GN (XN, 2)N(dz,dt) = — / / E(At, )GN (XN, 2v(dz)dt,  as., 1)
t; X 4 X
fori=0,1,...,np — 1. Hence (10) is equivalent to
XN = EQu XN + [ B =9 Fy(XN)ds + [ E(t4) =) Pyd W ()
- /,‘_’f+l [, Bt )Gy (XN, 2)v(d2)ds, 12)

N _ yN N P — _
Xi+1_X(i+1)—+GN(X(i+1)—’pfi+1)1(Pr,+1#0)’ i=0,1,....,np - 1.

We now give the LP-strong convergence result of (12), whose proof is presented in Section 3.
Theorem 1. Let Assumptions 1-3 hold, and let N € N, and p > 2. Then for any § € (0, 1), there exists a constant C, 15 > 0 independent
of N, At such that

N _l=s 1=
1X(T) = X vy < Cprs (N7 2 +(AD7).
As a corollary of the pth moment strong convergence, we obtain the following almost sure convergence. The proof is standard,
which follows from Theorem 1, together with the Chebyshev inequality and the Borel-Cantelli lemma; see e.g., [27, Corollary 3.19],
[28, Theorem 4.2] for a similar proof.

Corollary 1. Let conditions of Theorem 1 hold. For any &, € (6, 1) with 6 given in Theorem 1, there exists an a.s. finite random variable

C, 1,65 > 0such that

e 1
[xT.0) - XN @) < Cpros @(N > +@n72).
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(ii) Case of v(y) < . In this case, there may exist infinitely many jumps that make the jump-adapted strategy invalid. In order to
obtain the L?-strong convergence order, we focus on the additive noise case and consider the fully discrete scheme on the deterministic
partition 7° with constant step size Ar. For simplicity, we write ¢, instead of time grid point t?,i =0,1,...,M and n; = M. Then the
fully discrete scheme based on the one-step approximation (9) is given as

XN, =0XY,AD, k=0,1,....np =1, X' = Pyx,. 13)

To obtain the L?-strong convergence order of this scheme, we present the following assumption on the jump coefficient.

Assumption 4. Let mapping G : y — H satisfy that for any § € (0,1) and p > 2,

1=
2

1-8 1
/ (=47 G@I*V I(-A) 7 G@)IIP)v(dz) < Chs- (14)
x
Similar to Remark 2, when G(z) = (1 A [|z]|?) ¥ N, j,z,gej’ Assumption 4 is satisfied. We now give the LP-strong convergence
result of the scheme (13) for the case of the additive Poisson noise as follows, and its proof is presented in Section 4.

Theorem 2. Let Assumptions 1, 3 and 4 hold, and let N € N, and p > 2. Then for any & € (0, 1), there exists a constant C,r 5 >0
independent of N, At such that

|xcm-xX T,

nr

v < 1o (N

Corollary 2. Let conditions of Theorem 2 hold. For any &, € (5, 1) with § given in Theorem 2, there exists an a.s. finite random variable

C,1535, > 0such that

1-5,

”X(T,w)—X;VT(w)H < Cprps,@)(N™ 2 +(At)%),

3. Proof of Theorem 1

In this section, we present the L?-strong convergence analysis of fully discrete scheme (12) for (1) driven by the linear multi-
plicative Poisson noise with finite Lévy measure. Note that the stochastic integral with respect to the compensated Poisson random
measure in (12) can be transformed into the integral with respect to the intensity measure, as shown in (11). This transformation is
crucial to overcome the order barrier caused by the pth moment estimates of the stochastic integral with respect to the compensated
Poisson random measure.

Proof. (Proof of Theorem 1) The proof is split into two steps, based on the error between the solutions of (1) and the semi-discrete
scheme (8), and the error between the solutions of (8) and the fully discrete scheme (12).
Step 1. Show that for all p > 2 and § € (0, 1), there exists a constant C, 1 5 > 0 independent of N such that || X(T) — X Nl @ <

1-6

CorsN 2.

It follows from (1) and (8) that, for all N € N,

T
X(T) - XN(T) =E(T)(I - Py)x, + / E(T—s)I1- Py)F(X(s))ds
0
T T
+/ E(T—s)Py (F(X(s)) — F(XN(s)))ds+( — PN)/ E(T—s)dW (s)
0 0
T
+ / / E(T—s)I— Py)G(X(s), 2)N(dz,ds)
0 Jy

T
+ / / E(T-5)Py (G(X(s),2) - G(XN(5),2)) N(dz,ds),
0 Jy

where I: H — H is an identical mapping. Denote the stochastic convolution W(¢) := fo’ E(t — s)dW (s). Owing to properties of pro-
jection operator Py, assumptions on coefficients F and G, Lemma 1, and Proposition 1, we obtain

E[IIX(T) - XV (D)7

1-6
TP »
<Gyt lixoll 1
LP(QH 2

_1=s, T 1-5 b
+Cyayt </ (T—s)‘Tds) sup E[IIF(X(s)II"]
) 0 [0,7]

s€(0,

T )
+c,,,T/0 El|x) = XN lds + C,ay i,
LP(Q.H 2

)

+cp,T,1;%ﬁ”[E[ /0 T{ /X |- coxe), z)“”v(dz)+( /X H(—A)¥G(X(s),z)”zv(dz)>i}ds]

<Cprahy ' +Cpr /0 T[E[HX(S) = x| ds + i s x|

1
¢ e
LPQH 2 )
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Applying the Gronwall inequality finishes the proof of Step 1.
Step 2. Show that for all p>2 and 6 € (0,1), there exists a constant Cors5>0 independent of At and N such that || XN (T) -

”LP(Q m =G Tﬁ(A’) 7 .
On the partition 7', the process { XY (1)},cj0.ry can be rewritten as

XNt o= E(At,+1)XN(t~)+ft‘*'E(tiH—s)FN(XN(s))ds +[,_"+‘E(z,-+1—s)PNdW(s)
/‘“ / E(ti 1 —5)GN (XN (s), 2)v(dz)ds, (15)
XN(t )= XN (- + Gy (XN (t4,-).p,,, )1 (b, %01 =0 Lnp =1L,
On the time interval [t;,1,,,), it follows from (12) and (15) that

N N
K- =X Wi =

litl
= E(At, XN -xN(, ))+/ E(tiy; — ) (Fy(XN)=Fy (XN (5)))ds

/ " / Etiyy = 1)Gr (XN, 2= E(t,4, - Gy (X (s), 2)) (d2)ds

and
XN = xNay)
x(f)’+l)_ XNt ) + (GN(X(,H)_,,J,H) GNXN (1), p,’H))l(p!M#_O).
Denote ¢; := XN — XN(t;) and e, := XN — XN (¢,-). Then it holds that
epr = (I+g1(p,,, )1 {p,lH#O))e(Hl)— =: Giy1€it1)- (16)

Using the definition of G gives that for i =0,1,...,np — 1,

3
eir)- = E(At ))Giei_ + B(1;y) + Z R;(1)s a7
=

where I'; :=1- Aty [, 81(2)W(d2), E(tyyy) 1= /,l"“E(r,.Jr1 - 9)(Fy(XN) = Fy(XN(1,)))ds, and
Tit1
Rytiyy) i= / E(ti1 = ) (Fy(XN @) = Fy(XN () ds
1

Tit1
Ry(tis1) ::/ /E(z,.+1 —1)(GN (XN (5),2) = Gy (XN (1), 2))W(d2)ds,
1 X

Tiy]
Rs(tiyr) :=/ /(E(tH_l—s)—E(t,-+l—tl-))GN(XN(s),z)v(dz)ds.
] X

By iteratively applying the relation between e ,_ and e;_ (i.e., (17)), the local error is accumulated into the global one, namely, we
have

i i 3
ity = Z { H E(At DG }(E(ka) + Z Rj(tk+l))’
k=0 © 12k =1

where we used e, = 0 and set []’, := 1. Taking || - || (@ m)-norm yields

i+1
np—1 np—1
lew N || X { TT E@uanriG 2], 0
k=0 I=k+1 )

T’

{ H E(At;, DIG, }Rz(tkﬂ)

LP(Q.H) “ LP(QH)

np—1 np—1
ap { HE(AZ,H)r,gl}Rlokm

+ H z { E(At1+1)rlg[ }R3(tk+1) =N +h+TJ3+ T,

k=0~ I=k+1

LP(QH)

To proceed, we need to establish the pth moment estimates on terms 7, ..., J; respectively, which involve the multiplicative noise
or the jump process.

Let Aty 1= 0, At 4y =0, and |s] :=min{t,_,ne{l,....,np+1} : Z;’zo At; > s or Z, "o At; = s} for any s € [0,T], and use £(|s])
to denote the subscript corresponding to time |s] (i.e., ¢4, = Ls]). For the term J;, we have

nr—1

T
J'ZH/O ET-9{ I TG HEE ) - FnX¥Us))ds

I=£([s])+1

LP(Q.H)

7
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1

r nyp—1 N p '
[ (<lll,_ T rlecti - seocsasnl )

Note that random variables I'; and G, for / > #(|s]) + 1 are independent of the c-algebra 7). Together with the Lipschitz condition
(6) of F and (16), we derive

T np—1
I < /0 I I re

I=£([s])+1

H N(Xf(lsj)) Fy(XN(s]) ds

LP(Q,H)

LP(Q.L(H))

np—1

1
T
<
_LF<[E[k€01 H [ Igl”aH)]> /0 Seaspecs-

"T 1} 2k

ds
LP(Q.H)
According to Assumption 2 on coefficient G, it holds that

Tl < 1+ CoAiyyy with Cg :=bv(r), and Gl < 1451, 40)- (18)

Set N(T) := N((0,T]x y). From Poisson distribution P(N(T) = m) = &% ¢~Tv(2) and the estimate (18), it follows that for all g > 1,

np—1
E| IT 106l | < E[1+ pev H 1+Cgan)’]
kef0, nT—l 1=k+1
< [E[(l + b)qN(T)eqCG Z?L Afl] <C,r 2(1 + b)Im Me—ﬂm < 0. (19)
- -7 m!
m=1

. T
Hence we arrive at J; < C, r fo llesqspy-ll 2o myds-
For the term J,, by Assumption 1, we have

2= / Flc,}E(T =) T (AT (Fy (XN ()= Fy XV ([5]))ds

1=¢([s])+1 LP(Q.H)

T AP, N
SC‘S/O “ ll_[ F16| gy ™ =97 X0 - X (LSJ)”LW(Q,H*%“>X

(1+||X”(s>|| s HIXVASDE s s
LYQH 7 ) L4P(Q

7))
To estimate || XN (s) — XN ([s])|| for ¢ > 1 and s € [0,T], we note that

)
2)

24(Q.H

”/( AT EGs— r)PNdW(r)H H/( AT E(s— r)PNdW(r)” ]

Y ¢=|s] ]

q
<CE < / ||<—A>f<—A)‘TE(s—r>||§2(,,)dr> o]

<Cysli-4 E[(s — [s)?19] < €, (A=),

I,

where we used the Burkholder-Davis-Gundy inequality (see e.g. [29, Theorem 4.36]) and the Holder inequality. This, combining
Proposition 1 shows

“XN(S) - XN([sJ)“ s

L29QH 7))

< [ B = 15D = DXV AD g *+ /

(s—ADVO

|Ev x|

dr
L24(Q,H)

S 1-5
+”/ (AT E(s = nPydW ()
Ls]

L24(Q,H)

+”/S /(_A)i%E(S_V)GN(XN(r),Z)V(dz)dr”
[s] Jx

L29(Q.H)

1-6 1-6
< Cors B0 2+ Corg | / (|g1<z)|\|XN(r>1|L2q(Q H)+||g(Z)||>V(dZ)d’SCq,T,rS(AT) 7.

Hence, it follows from (19) that J, < C, T, 5(At)7”.
For the term J;5, by (19), similarly, we derive that

T onr-l s s
J3SC/0 ”1 f(l[_s[J)J:lgl|‘LZP(Q,E(H)§T_LSJ) ! ”XN(S)_XN(LSJ)”LM(Q,H*?>dsscp’T'5(At) -

8
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The term J, can be estimated as

Ja < / / ( H FIQI}E<T AT (EG—[s) DA 2 Gy (XN (). Ol IO TR
1=¢(|s])+1

< c@ans / / (T - 97 (15 @UXY )l 2 + DN vid2)ds < cp,rmr)%.

Combining estimates of terms .}, ..., J, above gives
T 1=
llen, Nl r,my < Cp,T/ llessp-llLr@.myds + Cprs(AD 2,
0
1-6
which yields lle,,._Il .o 1) < Cpr,s(AD) 2 by using the Gronwall inequality. According to (16) and [IG; | () < C, we obtain

1-5
”enT”LP(Q,H) < C”enT—”Lp(Q,H) <Corsdnz.

Combining Steps 1-2 finishes the proof. [
4. Proof of Theorem 2

In this section, we present the proof of the L”-strong convergence orders of the fully discrete scheme (13) for (1) driven by
the additive Poisson noise with v(y) < oco. The proof relies on estimates of stochastic convolutions, the quantitative John-Nirenberg
inequality and some a priori estimates on the nested conditional “L2-norms” of both the stochastic convolution and the solution of
the perturbed stochastic equation.

For NeN, and re€[0,T], denote stochastic convolutions WN(1) := [j E(t—s)PydW(s) and NN(@):= [ [, EG-
$)G N (2)N(dz,ds) with Gy 1= PyG. Let YN () := XN () — WN (1) — NV (¥), which satisfies the perturbed stochastic equation:

dYN@®) = AYN@dt+ Fy (YN O+ W@+ NN @®)dr, 1€ (0,T), (20)

with YV (0) = Pyx,. It is known that YV satisfies
t
YN@) = E()Pyx, + / E@ = p)Fy (YN (p) + WN(p) + NN (p))dp. 21
0

We list properties of the stochastic convolution with respect to the Wiener process as follows, whose proofs are given in the supple-
mentary material [26].

Lemma 2. (i) Forany k> 1,5 € (0,1),and 0 < s <t < T, there exists a constant C; 5 > 0 such that

sup [E sup
NeN, tE(A T

[ ee-nmawo|"] < cu 22)
(ii) Forany p > 1, 6 € (0, 1), and t € [0, T1], there exists a constant Cors5>0 independent of At such that

sup (=4 F (W@ = W ()| CorsBn)' (23)

NeNy

<
L2P(Q.H)

We then introduce the quantitative John—Nirenberg inequality, which provides a useful way to bound the L?-norm of a stochastic
process by moment estimates of the nested conditional “L!-norms”. The conditional expectation given F, is denoted by [E'.

Lemma 3. [23, Theorem 1.1] Let (E,d) be a metric space and Z : [0, 00) X Q — (E, d) be a right continuous with left limits and adapted
integrable stochastic process. Then for every z > 0 and p > 1, there exists a constant C, > 0 such that

” sup d(Z. Z,)

tel0,7]

< CPH sup E'[ sup E*[d(Z,_, Z,)]|

t€[0,7] s€lt,r]

LP(Q.R) LPQR)

Let [a,b]. denote {(s,?) € [a,b]*: s <t}. For a random variable 8, a sub-c-algebra GC F, and p > 1, we set 191 Lo, 1y ==
(E[NI8]I?1GD'/?. For a measurable mapping f: [0,T]xQ — H, we set ||f||C(2J|ﬂ,[SJ] = SUP,efsy) ||f(r)||L2(Q,H)|FA for any 5,7 € [0,T]..
Let s’ := [s] + A, that is, s” is the smallest grid point strictly bigger than s.

The following propositions give some a priori estimates including nested conditional “L?-norms” of both stochastic convolutions
and the solution of the perturbed stochastic equation. The proofs are based on the independent increments property of the compensated
Poisson random measure and properties (4), (5) of semigroup { E(?)},»(, which are given in the supplementary material [26].

Proposition 2. Let Assumptions 1, 3 and 4 hold. For each N e N_, 6 € (0,1), and any time grid point t;, i = 0,1, ..., M, there exists a
constant Cr 5 > 0 such that

=T (V¥ O = ML) < Cra@n T (14 IVl 1 ). (24)

CYIF,, 11T

9
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Proposition 3. Let Assumptions 1, 3 and 4 hold. For any p > 2, there exists a constant C,, r > 0 such that

sup ” sup [E’[ sup  sup [ES[||J\/'N(r)||”
NeNy " tel0,T] s€[t,T] re[0,T]

<cC
@Ry — pT”

and for any p > 2 and 6 € (0, 1), there exists a constant C, 7 5 > 0 such that

, a5 |
o | s €] s € fled =AM O], < Grs
- N
NS;‘& |,Eb[%pTJ[E [A‘ZL:pT B [“( HTN ()“c"lr, OT]]] v = Crre
N
NSE,Q |,es[l(l)pT][E [ngpTJ[E [“( A) W ()”cov’/ OT]]] LI(QR) <Gors:

Proposition 4. Let Assumptions 1, 3 and 4 hold.
(i) Forany p>2, 6 € (0,1), and t € [0, T], there exists a constant Cyrs5>0 such that

sup [~ F ¥ o - YV (1) CprsAT .

NeNy

<
LP(Q,H)

(ii) For any p > 2 and § € (0, 1), there exists a constant Cor5>0 such that

AT

Cp,T,ﬁ'

<
LP(QR)

sup ” sup [Et[ sup [ES[ CU|7‘/ s’T]]]

NeN, efor) LselnT)

With these preliminaries, we present the proof of Theorem 2.

(25)

(26)

(27)

(28)

(29)

(30)

Proof. (Proof of Theorem 2) The error between the exact solution and the semi-discrete numerical solution (i.e., || X(T)—

1-6
XN oo,y < CprsN™ 2 ) can be estimated similarly as in Step 1 of the proof of Theorem 1 and thus is omitted. Hence it

suffices to estimate the error || XN (T) — X,{‘; | Lo,y
It follows from the assumption on F, Assumption 4, (5), and Lemma 1 that

X = X | [ B~ 9(F 00 = By

LP(Q.H)

LP(Q.H)

+“ / / E(T - s)1— E(s — [s]))(=A)"7 (=A) 7 Gy (2)N(dz, ds)

a5 T / H(I E(s—
x{/H(—A)%&GN(Z)HPV([IZ)+(/ “(—A)?GN(Z)sz(dz)y}ds)i

<Cprs(ADT + L, / X~ csn-x2,,

<II+IZ+I3+L/HXN Ls)-x~

2(Ls)

ds+1,+1, + I,
LP(Q.H)

where

T
I, :=|)/0 E(T—5)(Fy(YN(s) + WN([s]) + NN (|s]) - FN(XN(LsJ)))ds”

Lr(QH)

5

LP(Q.H)

T
I :=|)/0 E@=35)(Fy (YN () +WN )+ NN ([s])=Fy VN )+ WN ([sD+ NN ([s])) ds

T
Iy /0 E(T = 5)(Fy (X" () = Fy(Y Y (5) + WY () + NN ([5])ds

Lr(Q.H)
For the term 1, by Assumption 1, we have
T 1+
I, < C/ “E(T—s)(—A) g ”E(H)”( AT YN(s)—YN([sJ))‘ a5 %
(14 sup VI, s+ sup IV s+ sup NV s ).
S€[0,T] (QH 2 ) se0T] LQH 2 )  s€[0,T] L¥QH 2 )
Combining (29) and the similar arguments as in the proof of Proposition 1 leads to
I, < c,,”(m)% /T(T — i ds < cp,m(m)?.
0
Similarly, by (23), we have
T _ 148 _1=5 N N N
LsC[ =9 T AT WYV 2y 45 % (1+Y€s[up RO

10

L(H)
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N N 1=
+osup NG s+ sup INVON s ) S Curp8n

s€[0.T] QHZ) s5e0T] L¥@QH 2
For the term I3, we claim that

=

I, < Tb(AI)T' (31
The estimate of term I; includes dealing with the temporal Holder continuity of the stochastic convolution with respect to the
compensated Poisson random measure to overcome the order barrier. To this end we aim to apply Lemma 3 to estimate the LP-norm
of I5. For (s,t) € [0,T]., define an integrable F,-adapted stochastic process:

t
ANA@) = / E(T —r)(Fy(XN ) = Fy(@XN ) + WN @) + NN (|r])))dr
0
with AY-2(0) = 0. By the Lipschitz condition (6) of F, we have
2 ! 2
Ef4™20 - aAN4@)| ] < Ll =5l / E[[& Yo - NN rn| Tar

<Clt=s]* sup E[INVOI1 < Crlr = s
rel0,T]

The Kolmogorov continuity theorem implies that AN-2 is a.s. continuous. Thus by Lemma 3, we arrive at

. N.,A . t . s N,A _ ANA
”tes[lé% IANA@) LP(Q’[R)SCP‘,E&[%%]E LEEF}]E [l a4 - a¥2)|]] Py
which yields that
I = AN AD) | oy < € ” sup [E’[ sup ES[[|lANA(T) - ANA(s)H]] s (32)

se[1,T]

Now we turn to estimating the term on the right hand side of the inequality in (32). We first show that, there exists a real-valued
adapted stochastic process & such that

E'|

AN,A(T)_AN,A(S)”] <& as. (33)

Indeed, using Assumption 1 and the conditional Holder inequality gives

ANYA(T)—AN’AmH] sc/T(T—n T T WNO-AVAD)|

dr
L2(Q.H)|F

x (1+H(_A)¥YN(.)HCO|? s TJ+H(_A)%WN(.)”C(Z)W.AS,TJ+H(_A)¥NN(.)HC;)IFS,[O,TJ)

< o= T (VN O = AV

0 X
AP, LsT)

(1+ ”(_A)% YN(')Hcgm,[s,TJ + H(_A)¥ WN(.)HCgli’;,[s,TJ + H(_A)¥ NN(.)”CS\FS,[O,TJ )

In the case of s € {0,At,2At,...,T}, i.e., |s] =s, it follows from (24) and the Young inequality that E*[||ANA(T) — AN-A(s)|]] < &]

almost surely with

&= Cr@nT x (14 e TNV + T o)

c0|r [s.T]

e Y Ut

CIFg[s.T] 7.0, TJ)
In the case that s is not a grid point, i.e., |s| # s, we note that when T' — 5 < Az,

E'[

AN- A(T) AN A(S)H

< CAt sup E* [”NN(r)”]

rels,T] re[s-AnT]

When T — s > At, we observe that s’ —s < At, s’ <T, and

E'|

ANAT) = ANA )] < B [E [IANAT) - ANA]] +E AN A ) - AN
<SE[EL] +E [1ANA () — ANAGI].

Hence, we derive that E* [IIAN'A(T) — AN‘A(S)H] < §2 almost surely with

£ = Cpyan x<1+[EA[

|- AT NN

+”( A) : YN()HC‘HF,WT]

A E WOy i A E N ] s i),
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Therefore (33) holds with &, :=¢!1 (s=lsy + &1 (s#]s])- To further estimate the term on the right hand side of (32), we use Proposi-
tions 2—4 to obtain
2]]

CTb(At) z {1+H sup E'| sup [ES[H(—A)?J\/N

” sup E'[ sup 53]

€] selery S IP@RT €] el Les
+| sup E'[ sup sup ES[INN@)
H 1€[0,T] [se[t,T]re[s—AtT [ I Lr@R)
+|| su [E'[ sup E° A N N ]
H IE[OPT] se[rg'l [ © ) ¢ )”C(’|7~’/ 0.1 ] LR
1-6
A O
te[Og'] .se[r,l;'J [ CO Py ] LPQR)
+H sup [E’[ sup E°[ (—A)?YN()” ]] }<c an'z
o Lserer At i iy S = P10

Similarly, we can derive that “ sup;cio.r) E' [ supsep.m €1

Lrar) S Cor, 5(At) . As a result, (31) is proved.

Combining estimates of terms I}, I,, and I5, and applying the Gronwall inequality complete the proof of the theorem. O

Remark 3. The convergence order of the scheme can be affected by the regularity of the jump coefficient. Specifically, in Theorem 2,
if we replace Assumption 4 by

/ (I=APG)II? v (=AY G()IIP)v(dz) < C,

X

for all p > 2 and some f € [ then we can obtain the L”-convergence orders % in space and f in time.

4 2)’

5. Numerical experiments

In this section, we present some numerical experiments to illustrate the L?-strong convergence orders of proposed schemes in
both spatial and temporal directions. We also show the trajectories of the numerical solutions for SPDEs driven by Lévy noise.

5.1. Jump-adapted numerical scheme (12)

We consider the following SPDE with the linear multiplicative noise and Dirichlet Laplacian operator on the domain O = [0, 1],
dX(t) = AX(D)dt — sin(X(0)dt +y;dW (@) + 1, X(OdN (@), >0, X(0)=0, (34)

where constants y;,y, > 0. We take the Gaussian noise W as the space-time white noise, i.e., O = I. The Poisson counting process has
a constant rate 4, which may vary across different numerical experiments.

We first simulate a single path of the solution process X of (34) by the numerical method (12) in Fig. 1. In order to clearly show
the jumping behavior, we take y; = 0.1, y, = 10. Take parameters T = 1, = 2>, N = 100, and different intensities 4 = 2 (in Fig. 1
(a)(b)) and 1 = 5 (in Fig. 1 (c)(d)). Pictures (a) and (c) illustrate one single path simulation of the solution process X, and pictures (b)
and (d) show the contour slice of the solution at the fixed space point x = 0.5 € O. It is observed that the solution has more number
of jumps when intensity 1 becomes larger.

Next, we verify the LP-strong convergence orders of the method (12) in spatial and temporal directions respectively. The reference
solutions are simulated by the same numerical method with a large spatial discretization parameter N or a small temporal discretiza-
tion parameter r. We use the Monte—Carlo method to simulate the expectations by computing averages of 1000 sample paths. Set
71 =7, = 4 = 1. We first consider the spatial convergence order with respect to the space step sizes N~!. Take r =278 and N =2!2
for the reference solution. The numerical solutions are simulated with the same temporal step size z = 2%, and smaller numbers
N =2/, i=4,5,6,7,8. It can be seen from Fig. 2 that the numerical method converges in the spatial direction in L? (p = 2,5, 10) with
the same order close to 1/2, which is consistent with Theorem 1.

Then we consider the temporal convergence order. Set N = 100. Take 7 = 2~!5 for the reference solution, and the numerical
solutions are simulated with large time step sizes r =27, i = 6,7,8,9,10, 11, 12. One can observe from Fig. 2 (b) that the numerical
method converges in the temporal direction in L? (p = 2,5, 10) with the same order close to 1, which is greater than the theoretical
result obtained in Theorem 1. To further explain this, we note that in the absence of Poisson noise (i.e., y, = 0), our method (12)
becomes the accelerated exponential Euler method for SPDEs driven by additive Gaussian space-time white noise, which is proved
to be first-order strong convergence in time (see e.g. [30]). When the Poisson noise is involved, though theoretically the strong
convergence order in time is shown to be 1/2 in Theorem 1, the numerical experiment indicates that the jump-adapted strategy may
retain first-order accuracy. We guess that this may be attributed to the reformulation of the stochastic convolution with respect to
the Poisson random measure into an integral with respect to the intensity measure. A theoretical analysis for the optimal strong
convergence order of the proposed scheme requires other skills and is left for future investigation.
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5.2. Numerical scheme (13) with constant time step size
In this case, we consider the following SPDE with the additive Lévy noise on O = [0, 1],
dX(®) = AX@)dt+ X (@) + Ddt +dW (@) + g(zo)dN(t), t>0, X(0)=0. (35)

For the Poisson noise, we let g(z) € H = L*(O) be given as g(zq) = 1, Dien i~1=¢¢; with y, > 0, > 0. We perform single sample path
simulations of the process X for (35) when W is the space-time white noise in Fig. 3 (a). Take parameters r = 2712, N =100, T =1,
and take a larger intensity 1 = 50. The contour slice of the solution at the fixed space point x = 0.5 € O is also presented in Fig. 3 (b).

Next, we consider the L-strong convergence orders both in space and in time for the method (13). Set y, = z~!. We use the Monte-
Carlo method to simulate the expectations by computing averages of 1000 sample paths. When testing the spatial convergence order,
we take parameters N = 2!2 and 7 =278 to simulate the reference solution. The numerical solution is simulated with N =2/, =
4,5,6,7,8. Both the space-time white noise case O =1 and the trace class noise case Tr(Q) < co are considered, which are shown in
Fig. 4 (a) and (b), respectively. For the trace class operator Q, we let its eigenvectors to be the same as —A, and take the eigenvalues
of Q as g; = i~1'1. We observe from Fig. 4 (a) that, in the space-time white noise case, the order of the L-strong convergence of (13)
in space is close to 1/2, as shown in Theorem 2. For the trace class noise case, due to the higher spatial regularity, it is shown in [16]
that the scheme (13) exhibits first-order convergence in space, which can be observed from Fig. 4 (b).

Then we present the temporal convergence order of the scheme (13). For the noises, we take Q =1 and 1 = 50. The reference
solution is approximated by scheme (13) with N = 100 and = = 2~!%. We take N = 100,7 =27/, i = 6,7,8,9, 10, 11, 12 for the numerical
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solutions. From Fig. 5, one can observe that the scheme strongly converges in L?, p = 2,5, 10 with order close to 3/4 in time, which
is greater than the theoretical result 1/2 order obtained in Theorem 2. We would like to mention that compared to the jump-adapted
strategy (see Fig. 2), the temporal convergence order of scheme (13) with constant step size decreases from 1 to about 3 /4 numerically,
which may be due to the inaccurate capture of jumps. However, the optimal strong convergence order for (13) with constant step
size remains unknown, and is left for future research.

To further illustrate the numerical performance of proposed scheme, we compare the L?-strong convergence orders of scheme
(13) with the exponential Euler method (EEM) and the semi-implicit scheme (SEM), as introduced in [16]. It is worth noting that
when there is no Poisson noise (i.e., y, = 0), (13) reduces to the accelerated exponential Euler method, which exhibits high order
convergence in time compared to EEM and SEM. To be specific, as shown in Fig. 6 (b), when 1 = 0. scheme (13) achieves an L?-strong
convergence order close to 1 (see the red line labeled by “AEE”), which is consistent with the theoretical result in [30]. While EEM
and SEM (see blue lines) are 1/4 order convergence in time. When both Gaussian and Poisson noises are concerned (i.e., y, # 0), our
scheme (13) still performs better convergence order in time compared with EEM and SEM. As is shown in Fig. 6 (a), the L?-strong
convergence order of scheme (13) is approximately 3/4 (see the red line still labeled by “AEE”), while both the EEM and SEM (see
blue lines) remain 1/4 order convergence.
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