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Abstract

This file is the supplement to the main file titled “Fully discrete schemes and LP-strong
convergence orders for the SPDE driven by Lévy noise”.

Proof of Proposition 2.4. For brevity, we set W(t fo (t—s)dW (s), and Yi(t) :=
X(t) = W(t) for all t € [0,T]. Then {Y1(t)}ecjo,r satlsﬁes

le(t):AYl(t)dt+F(Y1(t)+W(t))dt+/G( (t) + W(t), 2)N(dz,dt), te(0,T),

X

with initial value ¥;(0) = xo. For all p > 2 and all & € [0, 5), we note that there exists
a constant C, 1o > 0 such that sup,cjo 7y [[W()|| 1o (0,70 < Cp1a- Using Assumption 1
and Lemma 2.3 leads to

I(=A)2Y1(0) | oo

< 1AV Bl + [ A2 B=9)F05(6) + W) |

+H// )2 E(t—5)G(Yi(s) + W(s), ) N(dz, ds)

LP(Q,H)

< [lzoll Lo prey + C/ 1(=A)% B(t—5)llcm (1 + Vi ()l oi,m + IW(s)llro,m ) ds
+Cpr / /H )2G (Yi(s) + W(s), )| v(dz)
/H A)2G(Yi(s) + W(s) )HVd?;) ]d)g.
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When a = 0, owing to the moment estimates of YW, Assumption 2, and the Holder
inequality, we arrive at
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+ ([ Ga@Ivie) + W)l + ||g<z>||>2v<dz>)§}ds

t
< Coir + Collzol o + Cor | IV4(5)
0
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Applying the Gronwall inequality yields that ||Y1(¢)||re,m) < Cpr.
Then for o € (0, 5), we have

o t o \P
=IO ) < Collolly g+ Cor ([ (¢=5)25)” sup (14 IV )

s€[0,t]

+Cr / E| / l91(2) (—A)% (Yi(s) + W(s)) + (—A) 5 g(2)| v (d2)

o

/Hgl )3 (Ya(s) + W(s)) +(—A)%g(z)|\2y(dz))g}ds
< Gyt + Ol g gy + Cor | N= AT s

Applying the Gronwall inequality yields the desired assertion.

Proof of Lemma 4.1. (i) Denote W), := fStE(t — r)PydW(r) for all 0 < s <
t < T. Based on the factorization method, we have the expression WL;’\Q = /. t(t —
r)a LeA(t= ’“)ZN dr with ZJ, = bm(m) [l eAr=9)(r — g)=*PydW (o) for r € [s,1], where

€ (0,1); see e.g. [1, Pr0p051t10n 5.9, Theorem 5.10] for details. Note that for all
k’z 1 and 6 € (0,1),

s ol —Aa(ter) s 2k
e s 1= FWHI] < B sup | [ @- 0o ooyeaw 2o

te(s,T) te(s,T)
t T 2k
< [ sup ([ = rpetemenan) T ([ a2y ) 7],
te(s,T) s s

where we utilized the Holder inequality with p,q > 1, % + é = 1 in the last step.
When 2k > ¢, by the Holder inequality and the Burkholder—Davis—Gundy inequality,



we derive

2k

[( [ 1 2 F] < onm] [ ieas 2]

T A
sin(ma) o 2-5te Alr o e k
<Cr [ ([ CEE = o) ) A [ (A o)
ST Sr
SCT/ </(r—0) da) dr,
which is finite if —2a + %€ > 0, i.e., o < 22€. It means that
z;f € L?(Q x [s,T],D((—A)lzl;a)).
Hence, when positive parameters o and p are chosen such that a < —5 and p < a,

2k

we derive that sup,c( 7 (fs (t — r)plabe=prult=r) dr)F < Ckpr.a- Therefore, for all

k > ko with large number kg > £, we obtain E[supte[S’T] (=AW HQ’“} < Crrs.

For k < kg and ¢ € (0,1), we have

15 1-5
E| sup [[(—A4)TWYI*| <E| sup [(=4) T WY | < Chyrs.

te(s,T] t€(s,T]

(ii) Recall that WN(t) = [] E(t — s)PydW(s). For any p > 1, § € (0,1), and
€ [0,T], applying the Burkholder Davis—Gundy inequality and properties (4)—(5)
gives
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where we used fooo 2" e *dx < oo for n > 0. The proof is completed. O

Note that the process [, f E(- — r)Gn(2)N(dz,dr) is progressively measurable on
product space (Q x [t, T, Fr X B([t T)),P x dr). For any interval [a,b] € B([t,T]), due
to the independent increments property of the compensated Poisson random measure,
it holds that for g € [0, %),

(P1)  sup ’

s€la,b]

S S E(s =) (=A)P° G (2)N (dz, dr)

is Fi-independent.



This property will be frequently utilized in the proofs of Propositions 4.3-4.5.

Proof of Proposition 4.3. Recall that NV (t) fo S E(t—s)Gn(2)N V(dz,ds). For
any time grid point ¢;, 7 = 0,1,..., M, the property (Pl) and Assumption 4 lead to

IO T WO =MD g, o
< s H /LSJ / ~5 B(s — p)Cn ()N (dz, dp) -
v | f . AT o) - sl on N L
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The proof is completed. 0

Proof of Proposition 4.4. (i) The proof of (25). It follows from the property (P1)
that
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and using (P1) again, we have

| sup E'[ sup sup E°[|INY(r)[]]
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where we also used Lemma 2.3 and Assumption 4.
(ii) The proof of (26). The proof is similar to that of (25). Recall that s :=
|s] + At > s. Then we have
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(iii) The proof of (27). Based on the property (P1), we have

LP(QR)
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Using (P1) and Lemma 2.3 yields that
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As a result, we derive that

| sup B[ sup E°ll-) 5NN<->H2WOT]H .
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where in the second step, we repeatedly used (P1) and Lemma 2.3.

(iv) The proof of (28). By using (22) in Lemma 4.1 instead, the proof of (28) is
similar to that of (27), which is omitted.

Combining (i)—(iv), the proof is completed. O

Proof of Proposition 4.5. (i) Owing to the linear growth condition of F', we derive
that for any t € [0,7],6 € (0,1), and p > 2,
AT N
”(_ ) ( ) =Y () HLP(QH)

< /m | Ew G ()| g s + [ (=) 5 (B = [£]) = D] 0 %

1) . -~
| A B = 9l P VD gyl < oA

(ii) According to the estimates obtained in Propositions 4.3-4.4, we can derive that
terms

| sup B[ e YOI ngy Il sup B sup INT(C W oomy
te[0,17] ¢elo,T €[0,T] celo,7]

|| sup E'[ sup E*[ sup HWN N ooz

te[0,T] s€[t, T 7€[0,T]
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| sup B[ sup B[ sup B [INY0)[T]] ] 1oy

t€[0,T) s€(t,T] rel0,7)

are all bounded for p > 2 with some positive constant C,, r.



Recall that Y satisfies the perturbed stochastic equation (20). Using the linear
growth condition of F', one has that for all ¢ € [0,7],
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Applying the Gronwall inequality leads to sup H sup Et[HYN || ]” LP(Q,R) < Cpr.
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In addition, for all ¢ € [0, 7],
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Combining the above estimates, we obtain
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Thus combining the above inequalities and then applying the Gronwall inequality yield
the desired result. The proof is completed. O
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