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In this paper we analyze the conjugate gradient method when the objective function is quadratic.
We apply backward analyses to study the quadratic termination of the conjugate gradient method.
Forward analyses are used to derive some properties of the conjugate gradient method, including
the only linear convergence of the method and an upper bound for the rate of convergence.
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1 INTRODUCTION

Conjugate gradient method is one of the basic numerical methods for the uncon-
strained optimization problem:

min f(2), M)

where f(x) is a nonlinear function defined in R™. Conjugate gradient algorithms
are iterative. The initial point x; is given and the first search direction d; is chosen
by

di = —g1 = —g(x1) = =V f(z1). (2)

We use the notations g = g(xx) = V f(xg). At the k-th iteration, given the current
iterate xp and the search direction dj, a step-length «y is calculated by the exact
line search:

ap = arg min{f(z, + ady); o> 0} (3)

and the next iterate is set to
Th+1 = Tk + apdy.
The search direction for the next iteration is defined by
di+1 = —Gk+1 + Brdk
such that dj41 is “conjugate to” dj in the sense that

d¥  Ady =0 (4)



2 Y. YUAN

if the objective function is a convex quadratic function

f(z) = %xTAx +blz+c (5)

where A is an n X n positive definite matrix. The exact line search (3) implies that
9{+1dk =0. (6)

More details about the conjugate gradient method can be found in [1], [3] and [8].
Assume that f(x) is (5), in order to force (4), it follows that

T
Jir1Adk
Br a7 Ady (7)

Because f(x) is convex quadratic, it can be shown that (7) is the same as

lgr+113
Br = (8)
%13
or

ng+1(gk+1 — 9k)
="
113

if the first search direction d; is chosen by (2). (8) and (9) give the Fletcher-Reeves
method [4] and the Polak-Rabiére-Polyak method [5], [6] respectively.

One nice property of the conjugate gradient method is that it terminates after
at most n iterations if f(z) is a convex quadratic function and if the first search
direction is chosen by (2). However, for a general nonlinear function f(z), the
objective function f(z) can be closely approximated by a quadratic function only
after certain number of iterations. Thus local analysis can not apply to show
quadratic termination because it is usual that dy # —gi for £ > 1, due to early
iterations. Hence it is important to study the performance of the conjugate gradient
method when the condition (2) is violated. Instead, we only assume that df g; < 0.

It was first shown by Powell [7] that the conjugate gradient method normally does
not terminate after finite many iterations if the condition (2) is removed, though
the objective function f(x) is quadratic and strictly convex. Powell [7] also pointed
out if termination happens it must be within the first n + 1 iterations. We re-prove
this result by using backward analyses. It is known that, the conjugate gradient
method may converge similar to that of the steepest descent direction method if
condition (2) is not satisfied (see, [2]). We give a theoretical study, and show that
the conjugate gradient method applied to convex quadratical functions converges
always only linearly if finite termination does not happen. An upper bound for the
linear rate of convergence is also given.

As presented in [7], throughout the rest of this paper, we assume that the objec-
tive function is the simple convex quadratic function:

1

f(z) = ixTAx

9)
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where A is an n X n symmetric positive definite matrix.

In the next section, we introduce backward analyses to derive some results on
quadratic termination, including the main results in [7]. In section 3, we use forward
analyses to show that the rate of conjugate gradient method is only linear if it does
not terminate within the first n + 1 iterations.

2 BACKWARD ANALYSIS

In this section, we analyze the conjugate gradient method by backward analyses.
Under the assumption that termination happens at the N-th iteration, we prove
that N must not be greater than n 4 1.

First we recall the following relations:

Thy1 = T + ody,

di+1 = —gk+1 + Brdy (10)
and T, g% Ady
ag = d;}pzdk, Bk = W (11)
which imply that
Gk+1 = gk + apAdy (12)
d{+lgk+l = —||91c+1||§

for all k.
The following Lemmas 2.1-2.3 are straightforward:
Lemma 2.1. For all k > 2, we have

di A(di + gr) =0 (13)
gt (dx + gx) = 0. (14)

Proof. The lemma is obvious if di + g = 0. Assume that dj + gx # 0, it can be
seen that O;_1 # 0. Therefore we have that

1
dr—1 = —(dk + g)-

Br-1
Now equation (13) follows from the conjugate condition d}_, Ady = 0 and (14) from
the exact line search condition (6). O
Lemma 2.2. If equation
drp + 9 =0 (15)

is true, then either g, =dp =0 or k < 2.
Proof. Due to equation (15) and the conjugate condition (4) we have that

df | Agy = —dF_, Ady, = 0. (16)
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Now relations (16) and (12) imply that

Ad,. 2

df Agn_q — gt dy 2
k—1419k—1 gklkldf,lAdk_l

Assume that & > 2, Lemma 2.1 and the fact that £k — 1 > 2 show that
Gi-1dr—1 = —lgr-1ll3 (18)
df | Ady_y = —d} | Agr_1. (19)
Substituting (18) and (19) into equation (17), we find that
(di—1A95-1)% = llgr—1[3 Ad—1 113

which proves that the vectors gr_; and Ady_; are collinear. Consequently g; = 0.
0

Lemma 2.3. The relation g,{_Hgk =0 holds for all k > 2 .

Proof. By the conjugate condition (4) and the exact line search condition (6)
we have that df_lgkﬂ = dg_lgk + akdf_lAdk = 0. Now by (10) the relation
ng+191€ = ngH(*dk + Br—1dr—1) = 0 holds for all k£ > 2. 0

For the rest of this section, we assume that the conjugate gradient method ter-
minates after N iterations, that is

gN+1 = 0. (20)

Termination condition (20) indicates that the vectors gy and Ady are collinear.
Thus there exists a number p such that dy = —pA~lgy .

Under condition (20), we have the following results:

Lemma 2.4. If

di+ gx £ 0 (21)
fork=N,N—-1,..,.N —1+1, then
df Ad; =0 (22)

979, =0 (23)

for N—-1<i<j<N.

Proof. The lemma is obviously true if [ = 1. Now we assume that it is true for
I = ly and prove the lemma for [ = [y + 1. It is easily seen that we only need to
prove equations (22) and (23) fori =N —lp—1land i < j < N.

1
dy_1g1Ad; = ————(dn-1, +9v-1,)" Ad; =

1
BN—-i—1 7g£_l°Adj
o

BN—1o—1
B IN 1, 9N ifj= N

B { 59N, (941 — i), ifj<N

a;iBN—19-1
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and

IN-1019 = (9N-to — ON-to—1AdN_1y-1)"g;
= —an--1dy_y,_14;
= —an—te-1dy_g,—1A(dj = Bj1dj—1) =0

Therefore the lemma follows by induction. 0
Lemma 2.5. Assume the conjugate gradient method terminates after N itera-
tions, then N <n + 1.
Proof. Suppose that N > n+1, Lemma 2.2 implies that (21) holds for [ = N —2.
Thus we have that

9.9 =0 (24)

for 2 < i < j < N. On the other hand, our assumption implies that g;(i =

2,3,...,N) are all non-zero vectors. Now (24) is impossible because there do not

exist N — 1(> n) non-zero mutual conjugate orthogonal vectors in R™. This con-

tradiction shows that N <n + 1. 0
Let dj, and g be defined as follows:

N-1
dy = pdny, dp =p H Bidk (25)
i=k
N-1
gv=gn,  Gr=rpo;" [ Bigk (26)
i=k
for k < N. From (10), (12) and (25)-(26), we have that
dr—1 = di + p~ o (27)
Gr—1 = axag Bt gr — Adg_1. (28)

Set dj, = A1/2cik, g =A"Y2G,, B = p tag, ap = aka;_llb’kfl. It follows from the
relations (27)-(28) that

di—1 = di, + BrAg (29)
Gr—1 = —dk_1 + ki, (30)

for £k < N. Notice that -
gn = —dn. (31)

Now we can easily see that (29)-(31) are exactly conjugate gradient iterations except
they are backward, as the “conjugate condition” g,{flAgk = 0 and the “exact line
search condition” df g, = 0 are satisfied. Hence we can trace the iterations
backward provided that (15) does not hold.

Assume that N > n + 1, the backward iterations (29)-(31) and the standard
analysis of the conjugate gradient method imply that gy_, = 0, which yields
dN41-n + 9gN+1—n = 0, but it contradicts Lemma 2.2 because N + 1 —n > 2. This
contradiction verifies the validity of Lemma 2.5.
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3 FORWARD ANALYSIS

It is known that termination happens if d; + g1 = 0 or ds + g2 = 0 (for example,
see [3]). Without loss of generality, due to Lemma 2.2, we assume that,

di + g1 # 0 (32)

for all k.
First we have the following results:
Lemma 3.1. For k > 1, we have

Ady, = _aik[dk+1 — (14 Br)dk + Br—1dk—1] (33)

where oy, and By are defined by (11).
Proof. Equations (12) and (10) can be rewritten as

Ady, = aik(gk+1 — k) (34)

Gk+1 = —di41 + Prdi. (35)
Since k > 1, we can replace k by k — 1 in equation (35), which gives that

gk = —di + Br—1dk—1. (36)
Now (33) follows from (34), (35) and (36). 0

Lemma 3.2. For any integer I > 1, if di,dk41, ..., dx4+; are mutual conjugate,
then
dlgi=0, k<j<i<k+l+1 (37)

Proof. From (12), (6) and the assumption of the lemma, it follows that
i1
d?gi = d?[gj+1 + Z arAdy) =0
t=j+1
which verifies (37). 0
Lemma 3.3. If di,dg41,...,dk41 are mutual conjugate, then the vectors dy1,

djgt2y ey 141 are also mutual conjugate.
Proof. 1t is sufficient to prove that

diy 1 Ad; =0 (38)

for j=k+1,....,k+1. As (38) is obvious if j = k + I, we only need to show (38)
for k < j < k+1. Applying (10), (33) and (37), we can show that

di 1Ay = (=grrir1 + Breridir) T Adj = =gy, Ad;

1
;ngHH(de — (1 +8;)d;j + Bj-1dj—1) =0,
J
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which gives relation (38) and consequently the lemma is true. 0
Let L be the largest non-negative integer such that {dy, da, ...,dr1} are non-zero
mutual conjugate. ;From Lemma 3.3, it is clear that either

dpo =0 (39)

or
d} 1, Ady # 0. (40)

Since (39) implies gz 42 = 0 which indicates that termination happens at the (L+1)-
th iteration, we only consider the case that (40) holds. (40) and (4) imply that
L > 1. It is easy to show the following lemma.
Lemma 3.4. Ifdy,...,dj4+1 are mutual conjugate and (40) holds, then we have
that
d}  3Ads # 0 (41)

Proof. Due to Lemma 3.1 and Lemma 3.2, it follows that

Al 3Ady = (—gr43+ Bry2dry2)’ Ads
= —gf+3Ad2
1
= ;29%+3(d3 — (14 B2)d2 + Prdy)
61 T
— J— P d
o 9431

= &(QLH +arpy2Adpy2)dy

(6]
— Pl adt o Ad #0 (42)
- o L+2¢y1, 42 1 5
where the last part of (42) follows from (41) and that (32) implies 51 # 0. O

Consequently, we have the following corollary:

Corollary 3.5. Under the assumptions of Lemma 3.4, di,dk41,...,dx+1 are
mutual conjugate, but d{+L+1Adk #0 for all k.

The following lemma indicates that the ratio ||dg||2/|lgk||2 is bounded below and
above uniformly for all k.

Lemma 3.6. For all k > 1, the following inequalities hold:

1< |ldill2/llgkll2 < Vka(A), (43)

where ko(A) = M (A)/An(A). A (A) and A\, (A) are the largest and the smallest
etgenvalues of A.
Proof. The first part of (43) is trivial due to (10) and (6). It follows from (13)
that (dF Ady)? = (df Agk)? < ||Ady||3||gx||3, which yields
lldr I3 < k]l lgx 31l Adill3 _ lldrll3]l Adxll3

= < ko(A). 44
lgell3 ~ llgrll3  (df Ady)? (T Adp 2 2(A) (44)




8 Y. YUAN

Now, (44) gives the second part of (43). 0
Lemma 3.7. For all k > 1, we have that
1 < < 1
—— <« .
ks (A (A) — “F = X, (4)

Proof. Tt follows from (11), (13) and (43) that

ol _ ol _ N3 _ 1
Ok = —p =7 > o7 =
diAdy  diAdp — df Adr — Au(A)
and that ) )
P R Y R

T AT Ady, = ko (A)dL Ady = Fa(A)M(A)

0

It is known that the conjugate gradient method converges at least linearly, as

at each iteration it improves the objective function value as good as the steepest
descent method. That is, we can show the following inequality

f@pgr) = f(2) _ Gi1 A" g i (93 di)” <1 1
f(xk) — f(x¥) gL A g, df Adpgt A=tg, — ko (A)’

where 2* = 0 € R" is the solution of (1).

However, if the conjugate gradient method does not terminate within the first
n + 1 iterations, its convergence rate is only linear. We shall give an upper bound
for the rate of convergence of the method. The following two lemmas are needed
to obtain the upper bound.

Lemma 3.8. Under the conditions of Lemma 3.4, we have that gf%dl #0 and
that the recurrence relation

«
L+k12 [eN (45)

T _
Il +kt3dk+1 =

holds for all k.
Proof. From (42), it is easy to see that gﬂ_?,dl # 0. Similar to (42), we can show
that

T _ T _ kT
IL+k+3Tk+1 = aptpy2dr g ioAdp 1 = ALyt p— Ir4k+2k;
+

which gives (45). O
Lemma 3.9. Without the condition (2), the definitions (7), (8) and (9) are
equivalent for all k > 1.
Proof. Assume k > 1, it follows from (33), (10) and (18) that

i1 Ady _  Giraldisr = (L4 Br)dy + Br—1dy—1] _ Nlgrs1l3 (46)
dT Ady, ardf Ady, lgkll3

which shows that (7) and (8) are equivalent. Consequently the lemma follows from
(46) and Lemma 2.3. 0
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Now we can prove the following result on the only linear convergence of the
conjugate gradient method, which also provides an upper bound for the rate of
convergence.

Theorem 3.10. Assume (40) holds, then the conjugate gradient method con-
verges only linearly. Furthermore, the following inequality

6197 4 51|
Hgk+L+2||2 el Hg || [ [(/2;]2L+2_5‘|gk“2 (47)

holds for all k.
Proof. From Lemmas 3.7 and 3.8, we can derive that

T 0‘L+z+2|ﬂz
d = |d¥
it L+2]k] |dy gL+ |H Qi1
9k ak i
= |dy 9L+3ﬁ1|” ”§ +
Oéz+1
||gk||2[ 1 r@*”
> d . 48
= MignsPlyo e |5 “3)

On the other hand,

|gi s okl < Ngrrraall2lldillz < llgrtLrall2llgrllay/k2(A). (49)

Now inequality (47) follows from (48) and (49). As g7, 5d1 # 0, and da # go implies
that 51 # 0, it follows from (47) that the conjugate gradient method converges only
linearly. |

Inequality (47) shows that the conjugate gradient method converges always only
linearly if finite termination does not happen. It should be mentioned that (47) is
only an upper bound for the convergence, which does not implies that the conjugate
gradient method converges always with the rate of this upper bound. It is also
possible that this upper bound can be reduced. This seems reasonable, because
some examples are known where, the convergence of the conjugate gradient method
is indeed the same as in the steepest descent method (see, [2]).
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