MODIFIED TWO-POINT STEPSIZE GRADIENT METHODS FOR UNCONSTRAINED OPTIMIZATION by Y. H. Dai, Y. J. Yuan, and Y. Yuan

Report No. ICM-98-044 July 1998

MODIFIED TWO-POINT STEPSIZE GRADIENT METHODS FOR UNCONSTRAINED OPTIMIZATION^1

Yuhong Dai^∗, Jinyun Yuan^†, Ya-xiang Yuan^∗

∗LSEC, Institute of Computational Mathematics Chinese Academy of Sciences, Beijing 100080 China, dyh@lsec.cc.ac.cn, yyx@lsec.cc.ac.cn

†Departamento de Matemática Universidade Federal do Paraná Centro Politécnico, CP: 19.081 CEP: 81531-990, Curtiba, Brazil, jin@mat.ufpr.br

Abstract

For unconstrained optimization, the two-point stepsize gradient method was shown to prefer over the classical steepest descent method both in theory and in real computations. In this paper Barzilai and Borwein (1988) choice of the stepsize in the two-point stepsize gradient method was interpreted from the angle of interpolation, and two modified two-point stepsize gradient methods are proposed from interpolation view. The modified methods are globally convergent under some mild assumptions on the objective function. Numerical results are reported, which suggest that improvements have been achieved.

Key words: unconstrained optimization, steepest descent method, two-point stepsize gradient method, nonmonotone line search.

AMS(MOS) subject classifications. 65k, 90c.

1Research was partly supported by Chinese NSF grants 19525101, 19731010 and the Sino-Brazil joint research project “ Numerical Linear Algebra and Optimization”.

1. Introduction Consider the unconstrained optimization problem min x∈R^n f(x), (1.1)

where f is smooth and its gradient is available. The gradient method for solving (1.1) is an iterative method of the form x_{k+1} = x_k − α_kg_k, (1.2)

where g_k = ∇f(x_k) and α_k is a stepsize.

It is well-known that the negative gradient direction has the following optimal property

−g_k = min_{d∈Rn} lim_{α→0+}[f(x_k) − f(x_k + αd/‖d‖^2)]/α, (1.3)

where ‖ · ‖ is the Euclidean norm. In the classical steepest descent method (see Cauchy [3]), the stepsize is obtained by carrying out an exact line search, namely,

α_k = arg min_α f(x_k − αg_k). (1.4)

However, despite the optimal properties (1.3) and (1.4), the steepest descent method converges slowly and is badly affected by ill conditioning (see Akaike [1] and Forsythe [4]).

Barzilai and Borwein [2] proposed two-point stepsize gradient methods by regarding H_k = α_kI as an approximation to the Hessian of f at x_k and imposing some quasi-Newton property on H_k. Denote s_{k−1} = x_k − x_{k−1} and y_{k−1} = g_k − g_{k−1}. By minimizing ‖s_{k−1} − H_ky_{k−1}‖ or ‖H^{−1}_k s_{k−1} − y_{k−1}‖, they obtained the following choices

α_k = s^T_{k−1}y_{k−1} ‖y_{k−1}‖^2 (1.5) and α_k = ‖s_{k−1}‖^2 s^T_{k−1}y_{k−1} (1.6)

respectively. In the case when f is a strictly convex quadratic, f(x) = 1 2 x^T Ax + b^T x + c, x ∈ R^n, (1.7)

where A ∈ R^{n×n} is symmetric and positive definite, Raydan [7] proved that the two-point stepsize gradient method (1.2) with either (1.5) or (1.6) leads to global convergence. If the dimension n is two, Barzilai and Borwein [2] established R-superlinear convergence and their analyses indicate that the convergence rate is faster as the matrix A is more ill conditioned. For the nonquadratic case, Raydan [8] incorporated a globalization scheme of the two-point stepsize gradient method (1.2) and (1.6) with the technique of nonmonotone line search, namely, GBB algorithm. The numerical results in [8] showed that, the GBB algorithm is competitive and sometimes preferable to several famous conjugate gradient algorithms for large scale unconstrained optimization.

In this paper we will view the choice (1.6) of the stepsize from the angle of interpolation. Along this line, two new choices for the stepsize are proposed in the next section. The corresponding modified two-point stepsize gradient algorithms are described in Section 3. The modified algorithms are globally convergent under some mild assumptions on the objective function. Numerical results are reported in Section 4, which suggest that improvements have been achieved.

2. Derivation of new stepsizes For a one-dimensional optimization problem, the two-point stepsize gradient method (1.2) with either (1.5) or (1.6) is the secant method. In the higher dimensional case, the formula (1.6) can be derived not only from quasi-Newton equation but also from interpolation. In fact, let α_k be defined by (1.6) and t_k = α^{−1}_k , then

t_k = s^T_{k−1}y_{k−1} ‖s_{k−1}‖^2 . (2.1)

The quadratic model q_k(θ) = f_k + θg^T_k s_{k−1} + 1 2 t_kθ^2‖s_{k−1}‖^2 (2.2) is an appoximation to f(x_k + θs_{k−1}). It is easy to see that t_k given by (2.1) satisfies the interpolation condition ∇q_k(−1) = g^T_{k−1}s_{k−1}. (2.3) Therefore the stepsize α_k given by (1.6) is an approximation to the inverse of the second directional derivative of f(x) at x_k along s_{k−1}.

For any t_k ∈ R, the quadratic model (2.2) satisfies interpolation conditions q_k(0) = f_k (2.4) and ∇q_k(0) = g^T_k s_{k−1}. (2.5) If (2.3) is replaced with another interpolation condition q_k(−1) = f_{k−1}, (2.6) then we can solve from (2.2) that

t_k =

2[f_{k−1} − f_k + g^T_k s_{k−1}] ‖s_{k−1}‖^2 , (2.7)

which yields α_k = ‖s_{k−1}‖^2 2[f_{k−1} − f_k + g^T_k s_{k−1}]

. (2.8)

In addition, we can also construct a conic model

c_k(θ) = f_k + θg^T_k s_{k−1} + 1 2 t_kθ^2‖s_{k−1}‖^2 + ξ_kθ^3 (2.9)

such that conditions (2.3)–(2.6) are all satisfied. It follows that

t_k =

[6(f_{k−1} − f_k) + 4g^T_k s_{k−1} + 2g^T_{k−1}s_{k−1}] ‖s_{k−1}‖^2 (2.10) and hence α_k = ‖s_{k−1}‖^2 [6(f_{k−1} − f_k) + 4g^T_k s_{k−1} + 2g^T_{k−1}s_{k−1}]

. (2.11)

It is easily seen that the formulae (2.8) and (2.11) are identical to (1.6) if f(x) is quadratic on the line segment between x_{k−1} and x_k. This indicates that if the objective function f(x) is quadratic, the method (1.2) with either (2.8) or (2.11) is exact the same as the Barzilai and Borwein’s method. For general nonlinear functions, since both the function value information and the gradient information at x_{k−1} and x_k are used in deriving (2.8) and (2.11), it is reasonablly expected that the two formulae will be better than (1.6). Some one-dimensional evidences can be found in Yuan [9, 10]. Our numerical results in Section 4 also suggest that improvements are achieved if (1.6) is replaced with (2.8) or (2.11). A conjecture is made in the last section.

3. Modified two-point stepsize gradient algorithms In this section, we present the algorithms corresponding to the formulae (2.8) and (2.11) with the technique of nonmonotone line search.

For convenience, we denote the stepsizes given by (1.6) and (2.8) as α̃_k and ᾱ_k respectively. As mentioned in Section 2, we have α̃_k = ᾱ_k if the objective function f(x) is quadratic on the line segment between x_{k−1} and x_k. If f(x) is strictly convex, we always have that 0 ≤ α̃_k ≤ 2ᾱ_k. In real computations, we restrict ᾱ_k to the interval

0.001α̃_k ≤ ᾱ_k ≤ 1000α̃_k. (3.1)

Now we state the detailed algorithm corresponding to the formula (2.8), in which the technique of nonmonotone line search of Grippo, Lampariello, and Lucidi [5] is used. The algorithm is a modification of the algorithm of Raydan [8].

Algorithm 3.1.

Step 0: Given x_1 ∈ R^n, α_1 = 1, M = 10, γ = 10^{−4}, ε = 10^{−10}, ϵ ≥ 0; set k = 1.

Step 1: If ‖g_k‖ ≤ ϵ, stop.

Step 2: Calculate α̃_k and ᾱ_k by (1.6) and (2.8) respectively and set α = α̃_k, if α < ε or α > 1/ε, α = max{1, min{1/‖g_k‖, 10^5}}; otherwise, if ᾱ_k ∈ [0.001α, 1000α], α = ᾱ_k.

Step 3: (nonmonotone line search) if

f(x_k − αg_k) ≤ max 0≤j≤min{k,M} (f_{k−j}) − γα‖g_k‖^2, then set α_k = α, x_{k+1} = x_k − α_kg_k, go to Step 1.

Step 4: Choose σ ∈ [0.1, 0.5], set λ = σλ, k = k + 1, go to Step 3.

If ᾱ_k is computed by (2.11) instead of (2.8) in Step 2, the resulting algorithm is called as Algorithm 3.2. It is easily seen that the storage requirements and computation amounts of Algorithms 3.1 and 3.2 are not much more than those of the GBB algorithm. They require only three n-dimensional vectors.

For Algorithms 3.1 and 3.2, we have the following convergence theorem. Its proof is similar to Theorem 2.1 in [8] and hence is omitted here.

Theorem 3.1 Suppose that x_1 is a starting point for which the level set L = {x : f(x) ≤ f(x_1)} is bounded and f is continuously differentiable in some neighborhood N of L. Consider the iterate {x_k} generated by Algorithm 3.1 (or Algorithm 3.2) with ϵ = 0. Then either g_k = 0 for some finite k, or the following relation holds:

lim_{k→∞} ‖g_k‖ = 0. (3.2)

4. Numerical results and Conclusions We have tested Algorithms 3.1 and 3.2 with double precision in an SGI Indigo workstation.

The test problems were taken from Morè, Garbow and Hillstrom [6]. The stopping condition is

‖g_k‖ ≤ 10^{−6}, (4.1)

which is stronger than those normally used in real applications. The upper bound for the number of function evaluations is set to 9999. We also terminate the calculation if the function value change is too small, namely,

|f(x_k) − f(x_{k+1})|/[1 + |f(x_k)|]) ≤ 10^{−16}. (4.2)

in which case we denote it by a superscript “*”. In addition, we write “F ailed” if d_k is so large that a numerical overflow happens while the algorithm tries to compute f(x_k − g_k).

Table 4.1 Numerical comparisons of gradient algorithms

P N GBB (I/F) Algorithm 3.1 (I/F) Algorithm 3.2 (I/F) 1 3 251/310 127/153 124/155 2 6 2070/2801 942/1288 990/1328 3 3 5/6 5/6 5/6 4 2 F ailed F ailed F ailed 5 3 386/510 29/36 85/100 6 6 13/18 12/17 10/15 7 9 > 9999 > 9999 > 9999 8 8 28/35 28/34 20/23 9 3 15/17 19/21 15/17 10 2 F ailed F ailed F ailed 11 4 51/61 54/64^∗ 56/65^∗ 12 3 F ailed 4652/6012 2728/3813 13 20 97/105 94/105 93/109 14 14 68/92 63/92 68/97 15 16 > 9999 1039/1390 529/740 16 2 45/51 41/46 28/31 17 4 867/1189 791/1086 743/1002 18 8 60/74 46/51 56/62

We compared Algorithms 3.1 and 3.2 with the GBB algorithm of Raydan [8]. The numerical results are reported in Table 4.1, where I and F are number of iterations and number of function evaluations respectively. The number of gradient evaluations is equal to that of iterations since no gradient evaluation is required in the line search procedure. The column “P” stands for the number of the problem, and “N” the number of variables.

¿From Table 4.1, we see that Algorithms 3.1 and 3.2 perform better than the GBB algorithm in the number of function evaluations and number of gradient evaluations for the given 18 test problems, and the gains are sometimes significant. Therefore our numerical results suggest two efficient modified two-point stepsize gradient algorithms, which require few more storages and computations at every iteration but perform much better than the GBB algorithm.

5. A conjecture We guess that Algorithms 3.1 and 3.2 also have superlinear convergence rate for a class of objective functions, which is larger than the class of quadratic functions.

References

[1] H. Akaike, On a successive transformation of probability distribution and its application to the analysis of the optimum gradient method, Ann. Inst. Statist. Math. Tokyo, 11 (1959) pp. 1-17.

[2] J. Barzilai and J. M. Borwein, Two point step size gradient methods, IMA J. Numer. Anal., 8 (1988), pp. 141-148.

[3] A. Cauchy, Méthode générale pour la résolution des systèms d’equations simultanées, Comp.

Rend. Sci. Paris 25 (1977) pp. 46-89.

[4] G. E. Forsythe, On the asymptotic directions of the s-dimensional optimum gradient method, Numerische Mathematik 11 (1968) 57-76.

[5] L. Grippo, F. Lampariello, and S. Lucidi, A nonmonotone line search technique for Newton’s method, SIAM J. Numer. Anal., 23 (1986), pp. 707-716.

[6] J. J. Morè, B. S. Garbow and K. E. Hillstrom, Testing unconstrained optimization software, ACM Transactions on Mathematical Software, 7 (1981), pp. 17-41.

[7] M. Raydan, On the Barzilai and Borwein choice of steplength for the gradient method, IMA J. Numer. Anal., 13 (1993), pp. 321-326.

[8] M. Raydan, The Barzilai and Borwein gradient method for the large scale unconstrained minimization problem, SIAM J. Optim., Vol. 7, No. 1, (1997) pp. 26-33.

[9] Y. Yuan, A modified BFGS algorithm for unconstrained optimization, IMA J. Numer. Anal., 11 (1991), pp. 325-332.

[10] Y. Yuan, Numerical Methods For nonlinear Programming, Shanghai Scientific and Technical Publishers, 1993 (in Chinese).