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Abstract. Recently, we have extended SDP by adding a quadratic term in the objective function and give a
potential reduction algorithm using NT directions. This paper presents a predictor-corrector algorithm us-
ing both Dikin-type and Newton centering steps and studies properties of Dikin-type step. In this algorithm,
when the condition KC(X §) is less than a given number K, we use Dikin-type step. Otherwise, Newton
centering step is taken. In both cases, step-length is determined by line search., We show that at least a
constant reduction in the potential function is guaranteed. Moreover the algorithm is proved to terminate
in O(y/nlog(1/¢)) steps. In the end of this paper, we discuss how to compute search direction (AX, AS)
using the conjugate gradient method.
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1. Introduction
In recent years, semi-definite programming (SDP) has attracted much attention from

researchers. Many interesting and important results on SDP have been obtained. SDP
has the following standard form:

min (C, X) (1.1)
st. (A, X)=b, i=1,...,m, (1.2)
X >0, (1.3)

where C, A; € SR"™*", SR"*" being the set of all n x n real symmetric matrices. The
notation X > 0 means that X € SR"*" and X is positive semidefinite. (A, B) denotes
the inner product in the space :R"*" namely

(A, B) = Tr(A"B), VA, B e ®"™". (1.4)

Most works on SDP are about interior point methods, for example, see [1-3,15,19,20].
The SDP problem (1.1)—(1.3) has a similar form to the linear programming, it is also
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called as SDPLP by [16]. Recently, there are researches on extensions of the SDP, most
of them are about semi-definite linear complementarity problems (SDPLCP). For more
details about SDPLCP, see [8,13] and [16].

Recently, Nie and Yuan[12] give another extension of SDP problems. Its extension
is obtained by adding a quadratic term in "*". It is known that the general quadratic
term in |"*" can be expressed in the standard form %xTHx, where x € R" and H €
R, However, in the matrix space R"*", the general quadratic term in ®"*" cannot
be written as %xTHx. For example, term (XT, X) = Tr(X*) do not have the above
expression. Fortunately, any quadratic term in :"*" can be written as the product of a
linear operator ¢(X) and variable X, that is

Q(X) = %(qa(X). X). (1.5)

Then what is the general expression for ¢(X)? The following theorem answers this
question.

Theorem 1. The linear operator ¢(X) : R"*" — R"*" has the following standard form

1
¢(X)=) H'XH}, (1.6)

=l

where H and H are matrices in " and [ is an integer not greater than n?.

Proof. Define vec as the linear operator from R"*" to 9" which satisfies that

X1
X2
vee(X)=1| 7|, (1.7)
Xp
where X = [x;, x5, ..., x,]. The inverse of vec is denoted by mvec. Because vec, mvec

and @(X) are linear, the operator vec(ga(mvec(x))):Sfit"2 — %" is also linear. From
basic linear algebra results, we know that there exists a matrix A € ®"*n* such that

vec(qp(mvec(x))) = X (1.8)

Assume that A = (A;j),x» Where A;; is a matrix of order n. Forany X = [x), x2, ..., X,]
€ R"*" we have

¢(X) = mvec(vec(p(mvec(vec(X))))) = mvec(Avec(x))

Anxy+Apxy + -+ Ay
=mvec -

AnX1 4+ AnaXz + -+ ApnXn
=[Anxi+ Apxo+ -+ ApXn, oo, Auxy + Appxa + - + Apgpx,]
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n
=Z[A|jxi.Agj).’j,... ,ux}]—EZ[ ,jx},.

Jj=1 j=1 i=1

n n n
=ZZAUXEU = Z A,‘jXE,‘j.

J=1 j=1 i,j=1

where matrix E; ;5 only nonzero entry is (i, j)th entry. This proves that expression (1.6)
is general. O

Throughout this paper, we make the following assumption.

Assumption 2. Linear operator ¢(X) is in SR"*" and is symmetric and positive semi-
definite, that is

e(X)=@(X)T, X eR"™*", (1.9)
(p(X),X) 20, Xe®™. (1.10)

Obviously, linear operator ¢(X) = ):f 1 HTX H; satisfies assumption 2. However,
as an anonymous referee pointed out, one interesting question is that whether the linear
operators satisfying assumption 2 can always be expressed as ):,_I H'X H;. Unfortu-
nately, we find a negative answer. A counterexample is as follows. The linear operator
@(X) = XE;; + E;1 X obviously satisfies assumption 2, but it can not be expressed
as Z i=1 H; TX H;. Otherwise, by setting X to be the identity matrix, we would have
2E; = ):_1 HTH;. Assume that H; = [h,,h'z, ..., hi]. Comparing the diagonal of
both sides of matrix equation 2E;; = ZI , HY H;, one can see [hat2 ):’ —1 IR ||2 and
0= Yy kI, j =2,...,n. This show that ki, = 0for2 < j <nand 1 <i < L.

Thus, the last n — 1 columns of Ef=, HX H; are zero. Because

2X11 X|2 Xl,,
X0 O s
eX)=XEy+EnX = . . Sy (1.11)
X 0 o
we see that ¢(X) = Zf lH X H; can not be hold unless X5 = -+« = X, = 0.

This example indicates that not all linear operators satisfying assumptmn 2 may not be
expressed by the form Y°/_, HTX H;.
Now we consider the followmg extended problem:

1

(QSDP) min q(x)=<C.X)+5(<a(X),X) (1.12)
st. (AnX)=b, i=1,...,m, (1.13)

X >0, (1.14)
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where ¢(X) has the form (1.6) and satisfies assumption 2. Because of assumption 2,
problem (QSDP) can be reformulated as a monotone semi-definite LCP. The dual prob-
lem of (QSDP) is

(QSDD) max d(X,y) =b"y - %(fp(X). X) (1.15)
s.t. Zy;A,-+S= C + o(X), (1.16)

im=]
X8>0 (1.17)

For simplicity, we denote the primal feasible region and dual feasible region by
Fp={X e SR (4, X)=b, i=1,...,m, X =0} (1.18)
and
m
Iy = H(X,y, §) € SR x K" x SR": C+ ¢(X) = Zy,A,- +8, X,5>=0;,
i=1
(1.19)

respectively. In order to guarantee the existence of initial strict interior points, we make
the following assumption:

Assumption 3 (Slater regularity condition). There exist X > 0, § > O and y € }®"
such that X € F, and (X, y, §) € Fy.

Nie and Yuan [12] give the following optimality condition.

Theorem 4. If Ay, ..., Ay, are linearly independent, and under the assumptions 2 and 3,
(1.12)=(1.14) has solutions. Furthermore, ¢ is given and satisfies assumption (2), X* €
F, is an solution to the problem (1.12)—(1.14) if and only if there exist y* € ™ and
S* € SR™*" such that §* > 0,

(X*,y*,8*) e Fi; (1.20)
and

X*s*=0. (1.21)
For any pair (X, y, §) € Fy, if X € F, it follows that
1 1
q(X) = d(y, X)=(C, X) + 3{p(X), X) = by + {0 (X). X)

=1

=<¢(X)+C—Z_v.-A;,X>= (5,X)>0.  (1.22)
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Therefore, if we can find a pair (X*, y*, §*) € F; such that X* € F, and (X", §*) =0,
problems (QSDP) and (QSDD) are solved simultaneously. To this goal, we introduce
the primal—dual potential function:

VY (X,S)=(n+ p)log(X, S} —logdet(X) — log det(S), (1.23)
where p > 0 is a parameter. Using inequality (see [17])
nlog{X, §) — logdet(XS) > nlogn, (1.24)

we know that limy_, o (Xi, Sx) = 0 if a sequence {(X;, S)} satisfies that W (X, S;) —
—00. The main aim of this paper is to study how to generate such a sequence.

The paper is organized as follows. In the next section, we introduce the central
path and two measures for the deviation from the central path. In section 3, Dikin-type
step is introduced and its property in (QSDP) is studied. Moreover, the reduction in
the potential function is estimated. In section 4, we discuss how to reduce the potential
function if the pair (X, §) is far away from the central path. In section 5, our algorithm
is presented and its polynomial convergence is proved. In section 6, we discuss how to
use the conjugate gradient method to compute search directions.

2. The central path and its deviation measure

Most algorithms for SDP and its extended problems use interior point techniques and
the central path is often involved. In (QSDP), a pair (X, S) is called in the central path
if X € F,, (X,y,S) € F; and the following equation holds:

X8 =l (2.1

where ;1 > 0 is a parameter. But in practical implements, equation (2.1) is hardly
satisfied. As there are many good properties of the central path, we want the generated
sequence {(Xy, Si)} is close to the central path. A “distance” is needed to measure how
far a pair is from the central path. Many measures for the deviation from the central path
have been given. Two of these measures are discussed in the following.

Because X and § are positive definite, equation (2.1) holds if and only if
Amax(XS) = Anin(XS), where A (XS) and Ay (X S) denote the largest and small-
est eigenvalues of X S respectively. Thus, a measure for the closeness to the central path
can be quantified by the following:

Amax (X S)

Amin(XS)
The larger (X S) is, the farther (X, §) is away from the central path; the smaller (X S)
is, the closer is (X, §) to the central path. Forany X > Oand § > 0, X(XS) = 1. So

when KC(X §) is close to 1, (X, S) is close to the central path. However, K (X S) is difficult
to calculate. Therefore simpler measures are needed.

K(XS) = (2.2)
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First, we introduce a transformation. For any given X; > 0 and S; > 0, let Wy be
the symmetric positive definite matrix which satisfies the following relation

W Pxow = wirsowl? = . (2.3)

The above transformation was introduced by Nesterov and Todd [10]. The matrix W,
is called the scaling point in [10,11] and the symmetric primal-dual transformation in
Sturm and Zhang [14]. It has the following expression

Wi = X, (X, 25 X)) 2 x, (2.4)

One can easily see that W{I/ZXkSk Wklfz ) V,f and £(XS) = iC(sz). Equation (2.1) is
equivalent to

V2 =pul. (2.5)

Thus, another measure can be given as follows:

; (2.6)

1
8(Xx, Sp) = "\/ﬁ Vil —V
H F

Ji

where p = Tr(X;S;)/n. This measure is introduced for SDP by Jiang [6], and it be-
comes to the measure given by [5] for the special case of linear programming. We can
see that (X, S¢) = Oif and only if (X, S) is in the central path. The smaller § (X, S)
is, the closer (Xy, s;) to the central path. Then a question is what is the relationship be-
tween the two measures (2.2) and (2.6). The following result from Jiang [6] offers an
answer to the question.

Lemma 5. Let X;, S, Vi be the matrices satisfying equation (2.3), we have the fol-
lowing inequality:

B |

Amin(XiSk)’ 7

Jmax[ w Am(xksk)]g I(S(Xk, 50+ VA+ 8K, 5 ). @)

Using this lemma and K(V;) = K((1/,/i) V}), we can see that

1 2
VEXiS) = K(Vi) < [5 (5CXe, 50 + VA +8(Xx, 50 )J X

Roughly speaking, if §(Xy, Si) is small, K(X;Sy) is also small. A larger (X S;) im-
plies a larger 8 (X, Si).
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3. Dikin-type step and its properties

In this section, we begin to discuss how to generate a sequence {(Xx, S;)} such that
limg_y 00 W(Xg, Sx) = —o0. Firstly, we assume that we already have a strict interior
point pair (Xj, ;) such that X; € F, and (X;, y, S;) € F4. For simplicity, we begin
our discussion with the following transformation:

[(dX = W, 2Ax w2,

ds = w2 asw;"?,

A =wraw?,

R = W.*RW,"?, (3.1)
Hil’ = W;IZH,-IW,:/Z,

Hiz’ - W;/ZHEW:/Z,

| @(dX) = W *pax)w 2.

The direction (dX, dy, dS) is called a Dikin-type step if it is generated by the fol-
lowing linear system:

m
@(dX) — ) (dy);A; —dS =0, (3.2)
i=1
(AL dX)=0; T=Ll.am, (3.3)
dX +dS§ = Ve (3.4)
IVEle '

Properties of Dikin-type step in SDP are discussed in detail by De Klerk [7]. In this
section, we study its properties in (QSDP). In SDP, dX and dS are orthogonal, which
does not hold any more in (QSDP). However, from (3.3) and (3.4), it is obvious that

(dX, dS) = (¢(dX), dX) > 0, (3.5)

since @ is positive semi-definite.
Once a direction (AX, Ay, AS) is computed, how to select step-length ¢y such
that Xy + oy AX > O and S; 4+ a; AS > 0?7 An obvious sufficient condition is that

max{|lax X; 2 AX X2 1 JlowS; P ASST A 1) < 1,
that is,
o < min{ | X;2axx;"2|2 |5 2 ass )

But it is hard to get an exact upper bound for this estimation. Nemirovskii and Gahinet
[9] gives another estimation:

eng = | X7 PAXX 25 + | ST 2 As s (3.6)
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which can be written as
eno = |V 2 dx v 2|5 + v asv (3.7)

Furthermore, a often used Dikin-type estimation is

1/2

ep = |V 2 dx +dS)v 2 (3.8)

Now we can see that if ax./eEng < 1, then X + o AX and S + o AS are strictly
feasible. The relationship between (3.7) and (3.8) in SDP is studied by De Klerk [7]. We
generalize this relationship to (QSDP) as follows.

Lemma 6. Let (dX, dS) be generated by system (3.2)—(3.4), we have

1
e 8.3 5 . KA K 1 3.
2’C(stk)6‘o ene < K(XiSi)ep (3.9
Proof. From (3.7), one can see that

ene =Tr(V, ' dX V' dX) + Tr(V ' dSV! dS)

1
[Tr((dX)* + (d$)%)] € ———5Tr((dX +dS)?)
Amin (Vi)

< z
Amin(VE)
Amax(V2) o — "

< L) v 2 @dX +dS) V)L = K(XaSoen, (3.10)

hoia (VD)

where the third line depends on (3.5). Similarly,
ep="Tr(V; ' (dX + dS)V, "' (dX + dS))

< =Tr((dX)? + (dS)* + dX dS + dS dX)
)"min(vk)

< ———==Tr((dX)* + (dS)?) < 2K(XiSp)enc, (3.11)
)‘-mr'n (Vk )

which completes the proof. O

Our goal is to make W (X}, S;) converge to negative infinity. Therefore we need to
study the reduction in the potential function.

Lemma 7. Let X;4; = X3 +aAX, Sy = Sp+aAS. If X3y > 0and Siy; > 0, then
the following holds:
AW =W ( Xy, Sk) — Y (Xgt1, Skt1)
Tr(V, Tr(dX dS
2_(n+p)[a (Vi) 5 Tr( )

] +a Tr(V,'dV) — h(ey/enc ), (3.12)

™V T TV




PREDICTOR-CORRECTOR ALGORITHM 123

where dV = dX + dS and function A(t) is defined by
2

T (3.13)

h(t) =

Proof.  First, consider the reduction in log(X, §):

log(Xk+1, Sk+1) — log (X, Si)
s (Tr(xksk) + aTr(X;AS + AXS;) + a*Tr(AX AS)
g Tr(XSk)
Tr(VedV) = ,Tr(dX dS)
=log| 1+« 3 (v 3 :
Tr(V2) Tr(VY)

(3.14)

where we use the inequality
log(l4+1t)<t, Vt>-1. (3.15)
In the following proof, we need a more exact inequality (see [17])

z 2
Tr(Z) > logdet(I + Z) > Tr(Z) — M2l 1Zll2 < 1, (3.16)
2(1 =11Z]12)
where Z € SR"*". Using this inequality, we have
log det(Xy41) + log det(Sx41) — logdet(X;) — log det(Sy)
= logdet(I + oV, " dXV, %) + log det(I + oV, dsV,'?)
-1/2 -1/2
aznv,, B4 Tl
—allV, 2 dx v )
2nv*‘”dS ‘”2||2
201 — |V, 2 dsv )

Because [|V,"'2dSV; " |l, < /eng and |V, 2 aX V2|, < /feng. (3.17) yields

> aTr(V,'dV) -

(3.17)

lOg dEl(Xk+1Sk+1) - IDg det(XkSk) (318)
> oTr(Vy ' dV) = h(a/enc ). (3.19)
Combing inequalities (3.14) and (3.19), one can see that the lemma is true. O

If (dX, dS) satisfies (3.2)—(3.4), the reduction in the potential function can be ob-
tained as follows. From (3.4), it follows that

Tr(V}) ,Tr(dX dS)] Tr(v,f)
AW > — - & R
kg )[ TRV T o | Vel eere)
IVl Tr(V3) Tr(dX dS)

=a(n+p)—— —a Ll —P(n+p) —h(a,/ch). (3.20)

(V3 IVEr Tr(V3)
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From the relation that
TH(V2) = (V2. 1) < IVE M = VA Vil
and Tr(dX dS) < %IIdX +dS§ Ilz;,, it follows from inequality (3.20) that
p_a*mn+p) TV

a4 Tr(Vz)Tr(V“) h{e/enc)
2 3
O Ul =M _hegme). G2

Vn 2 (XM A
From (3.9), we have that

Tr(V¢ )

ENG S IC(VE)ED—’C(Vf)||V_UZdVV_”2]|r Vv WVaIE

K(v3). (322

If weleta < ?I/u'C(sz), where 0 < n < 1, inequalities (3.22) and (3.21) yield

a Otszc
Z20— — — ———
> ai 12 1 + IC(V ) = f(@) (3.23)
¥ ol . ' ’
Now we consider the following line search:
max f(a) (3.24)
U
ik e, 3.25
S o IC(VE) { )
Let @* be the optimal solution. Simple calculations show that
2
y p PN
(") = mm{ ; 5 ] 3.26)
f 2K(VHI/(A =n) + (1 + p/m)In’ 2/nK(VE) ¢

Assume that XC( Vf) < Ko, where K is a pre-specified constant. If we let p = /nKj,
we can show that

AY, > min[ : 3} =§ > 0. (3.27)

1/ =-m+ A+ p/n)] 2
Thus, if @ is obtained by the following line search:

max W(X; +aAX, S+ aAS), (3.28)
n

A € —, 2

s o IC(V,E) (3.29)

it follows that AW, > &,. Because ¢ < n/]C(Vf) ensures that X; +aAX > 0 and
St + @ AS > 0, we have the following lemma.
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Theorem 8. If search direction (AX, Ay, AS) uses Dikin-type step, that is (AX, Ay,
AS) is defined by linear system (3.2)—(3.4), IC(Vf) < Kj and parameter p = /nKp,
then the potential function W (X, §) can be reduced by at least a constant.

4. The Newton centering step

In the previous section, it is shown that the potential function can be reduced by at least a
constant if )C(Vf) < Kjp. Now we consider the case when this inequality does not hold.
In this case, the current point pair (X, §;) is “far” away from the central path. So we
expect to update this point in a direction towards to the central path. A Newton step may
be a good choice. Direct calculations show that the Newton step for V; V, = ul is

%(deV+dVVk) =pul - V2. (4.1)
This is a kind of Sylvester equation. Its unique symmetric solution is given by
dV =dX +dS = uV; ' =V, (4.2)
which is equivalent to
Wl AXW + AS = puXx1 -8, (4.3)

Now we consider the the reduction in the potential function. From lemma 7, we
know that

Tr(Vi(uV, ! =V, 21dV |13
Aw,,z-(n+p)[a r(Vi(uV, ©) o IEF]

Tr(V?) 2Tr(V3)
+aTr(Vy (V! = Vi) = h(an/Eng )
__pntou] o 101 (( S8 )2)_ e
= —a 2TV MA “Vk F+aTr JREV; qu h(et/Enc )
=ad*(Xy, Si) — %az(l + f)az(xk, Sk) — h(e+/eng ), (4.4)

where p = Tr(Vi) /n is used. Similar to the previous section, if we require &, /exg < 7,
which implies X4 and Sy, are strictly feasible, (4.4) gives that

2

2
AW 3 a8, S - (1% 2 Yo 0x,, 5y = 28
2 n 2(1—=mn)

2

= ad?(Xy, Sp) — "7[(1 ¥ f)az(xk, 55 i ] =g@). (4.5
n 1—=n
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Let 6 = (1 + p/n)8*(Xy, St) + eng/(1 = n), and let the step-length a* be the solution
of the following problem:

2

max g(e) = a6®(Xy, S¢) — %—ek (4.6)
n

st o€ . 4.7
= @4.7)

If 8%( Xy, S1) /6 < n/~/Enc,» We can see that the a* = 82(X}, Si)/6k. Thus,
_ Xk S 18 (Xw Sk)g (X Se)

a 4,
g@®) o N k 2, (4.8)
If 82(Xx, Si)/6x > n/./enc., it can be seen that &* = n/./Enc, which gives that
g n 1 n? n8% (X, S)
= 8 ( Xy, Sg) — =——0, > ——. 4.9
gla”) v (Xx, Sk) 2€ch> 2o (4.9)
Using (4.8) and (4.9), we can see that
1 84 (X, Sk) 762 (Xg, Sk) ]
AW, = —min > . 4.10
i ISNG/(I - )+ (14 p/n)8%(Xy, Sp) ENG e

Theorem 9. Let constant Ky = (7 + 3\/5) /2 and parameter p = 4/nKj. If search di-
rection (AX, Ay, AS) uses Newton centering step, that is (AX, Ay, AS) satisfies linear
system (3.2), (3.3) and (4.2), and IC(V,E) 2 Ky, then the potential function W (X, §) can
also be reduced by at least a constant.

Proof. Noting Ky = (7 + 3~/§)/2. from (2.8) we know that IC(Vf) = Ky implies
8(Xx, Sk) = 1 and therefore §?(Xy, S;) < 8*(Xx, Si). In this case, (4.10) gives that

1 T2
AW, > —mi k 1 ) 4.11
’ 2"'"'[1/(1-n)+(1+f—1<o/n‘)r,? "”‘] -

where 7; = 8(Xy, St)//Enc- Jiang [6] shows that

8%(Xx., S, 28(X, S 2
e (X, Sk) > (Xk, Sk) S _— @.12)
ENG 8(Xk, SK) + /4 +82(Xi, Si) 1445
The above two inequalities give that
%
AW, = min \NTo p = &a. 4.13
"/ [1/(1 D+ 0+ JKm °} 3 -

This shows that the reduction in the potential function can be at least a fixed constant
when IC(V,?) 2 K. O
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5.  The predictor—corrector algorithm

Let Ko = (7 + 34/5)/2. We use the primal—-dual Dikin-type step if K(V?2) < Ko,
otherwise we use the Newton centering step. Thus, from theorems 8 and 9 in the previous
two sections, we can see that at every iteration the the potential function is reduced by at
least a constant:

AV, 2 min{, £} =& > 0. (5.1
The following is our predictor—corrector algorithm that use both Dikin-type step and
Newton centering step.

Algorithm 10. Given a strict interior point pair (Xo, yo, So) € Fy and Xy € F,. Given
asmalle > Oand constant 0 < n < 1. k = 0.

Step 1. Let Ko = (74 3«/—5—)/2 and p = +/Kon.
Step 2. If Tr(X;S) < € then stop.

Step 3. If )C(V,f) < Kp, compute (AX, AS) from system (3.2)~(3.4); otherwise com-
pute (AX, AS) from system (3.2), (3.3) and (4.2).

Step 4. Compute line search interval [a;, a3].

ay =maxl—§: 2> 0, A= xa(XPAxX7"?) or x,-(s;”%ss;'”)},

ay= min{—%: A <0, A=2(X"20XX"") or A,-(s,;”zass,j”"')}.

Step 5. Compute step-length by line search:
a” = argmin W(X; + ¢ AX, S; + aAS).

aLasay
Step 6. Let (Xi41, Yis1> Skt1) = (X, Yo Sk) + @*(AX, Ay, AS).
Step 7. k :=k + 1, and go to step 2.
Step 3 of the above algorithm computes search direction (AX, Ay, AS). It will

be discussed in the next section. The performance of algorithm 10 can be seen in the
following theorem.

Theorem 11. Algorithm 10 will terminate in O(./n log(1/¢)) iterations.
Proof. From (5.1) we know that
W (X, Sk) — V(Xo, So) < —kE. (5.2)

It follows from the definition of W (X}, S;) and inéquality (1.23) that
plog Tr(X Sk) < W(Xo, Sp) — k&, (5.3)
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which yields that

W (Xo, So) — k
Tr(XS;) < exp[("f'”]. (5.4)
Simple calculations show that Tr(X;S;) < ¢ if
Eoss, [VKDH log(1/ge) + W(Xo, So).‘
: .
Therefore the theorem is true. O

6. Search direction calculation

This section considers the calculation of the search direction in the algorithm given in
the previous section. The search direction, as we can see, is determined by (3.2)—~(3.4)
or by (3.2), (3.2) and (4.2). These equations are relations about the variables dX and dS.
Using the transformation (3.1), these equations can be rewritten as follows:

@(AX) = ) (Ay);Ai — AS =0, (6.1)
i=]

(Ai, AX) =0, i=1,...,m, (6.2)

W' AXW + AS = —By, (6.3)

where By equals SXS/||X S||r if a Dikin-type is used, or —u X~ 4+ §~1 if the Newton
centering step is used, depending on the value of (X S).

Therefore, all we need to do is to solve the linear system (6.1), (6.2) and (6.3).
(6.1) and (6.3) give the following equation:

o(AX) + W AXW' =3 (Ay)iA; = =B (6.4)
=1

(AX, Ay) can be computed from (6.2) and (6.4). Then, AS could be obtained by
(6.3). System (6.2) and (6.4) can be solved by any standard linear system solver (see
Golub and Van Loan [4]). As the system involves a n? by n® matrix, its dimension is
extremely high. We use the conjugate gradient method to solve this system. One of the
good properties of the conjugate gradient method is that it can exploit sparsity.

For simplicity, define the linear operator @ : R"*" — R"*" as follows:

P(AX) = p(AX) + W['AXW,:‘, YAX € R, (6.5)
Thus we can see that (AX, Ay) can be obtained by solving linear system
®(AX) = ) (Ay)iAi =By, (6.6)

=1

(A;, AX)=0. (6.7)
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Assumption 2 and (6.5) imply that the operator ® is positive definite. Furthermore,

(P(AX), AX) > Amin(WT2)AX |7, YAX € RV, (6.8)
One can easily show that system (6.6), (6.7) is equivalent to the following subproblem
1
min (By, AX) + -2-(<l>(AX). AX) (6.9)
Bt (A AX el =10, (6.10)

Ay is the corresponding Lagrange multiplier. (6.9), (6.10) is essentially minimizing
a strict convex function over a subspace in ®"*". By observing this, we can use the
generalized conjugate gradient method to compute AX.

Define a projective operator P : SR™" — SR"*" as follows.

m
P(Z) = M(Z)A;, 6.11)
=1
where coefficients A;(Z) are chosen so that
(A, Z-P(2))=0, i=1,...,m. (6.12)
From the definition, one can easily see that
(P(AX), AX) =0, (6.13)
(U = P)AX), AX)= || - Py(AX)|, (6.14)

where AX is a feasible point for subproblem (6.9), namely (6.10) holds.

At the beginning of computation, find a feasible point AX’, namely AX" is
symmetric and satisfies (6.12). We generate AX! in the following way. Let G° =
By + ®(AX"), and D° = —(I — P)G". Step-length ° is determined by minimizing
the objective function of subproblem (6.9) in the line AX° +a DY, i.e.

B, + ®(AX"), D°
(®(DY), DY)
Let AX' = AX° +a"D? and G' = B; + ®(AX"). Since a’ is an exact line search
step-length, it is obvious that:

(1 -P)G', D% =(G', D% =0. (6.16)

We generate D' as follows:

D'= -~ - P)G'+ 8°D°, (6.17)
where B is chosen so that D” and D! are ®-conjugate, i.e., (®(D°), D') = 0. Simple
calculations show that
(®(D), (I - P)G')

(@ (DY), DY)

g = (6.18)
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We generate AX? as AX? = AX! 4+ o' D!, where ! is defined by

l=_(Bk+¢(AX1)-D1) 6.19)
(®(DY), DY) '
Because AX?, D% and AX" are symmetric, AX' is also symmetric. For any i > 1, if
AX™! D' and o' are known, AX"*2, D'*+! and '*! are generated as follows:

i-1

DH'=—(I-P)G* +p D+ pDI, (6.20)
j=0
ot = — (Br + ®(AXH]), DI 621)
(¢(D"+1). D:‘+I> ’

AxH-Q - Axl'+] & QH-IDH-], (622)
where coefficients A' and ﬂ;” are chosen so that so that D°, D', ..., D**! are mutually
®-conjugate and

G = B+ o(AX™). (6.23)

Note that matrices AX'*!, G'*! and D**! are all symmetric, which guarantees the iterate
AX'*? to be symmetric.

Theorem 12. Sequence {G'} and D' generated by (6.20) have the following property:
(-6, D) =0, j=01,..., i. (6.24)

Proof. We prove the theorem by induction. When i = 0, (6.24) follows from (6.16).
Assume that (6.24) holds fori — 1, i.e.

(I-P)G,D))=0, j=0,1,...,i-1 (6.25)

Since AX™*! = AX' 4 o' D' is defined by exact line search, it can be seen that
(1 - PG, D')=0. (6.26)
For any j < i — 1, if follows from (6.23), (6.13) and the mutually conjugacy of

DY..... D that
(I = PG, D/)=(I = P)G' + &' (I — P)®(D'), DY)
=((I - P)G', D'} +&/((I — P)®(D'), DY)
=ao'{(®(D%). D’) - (®(D'), D'}} = 0. (6.27)
Therefore the theorem is true. O
It follows from (6.20) that (I — P)G' is a combination of D°, ..., D!. Thus,
Theorem 12 tells us that
(1= P)G*,(1-P)G/)=0, 0<j<i, (6.28)
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which implies
(I = PG, (D)) =(( - P)G'™*, (I - P)(G'*' - G')) =0,
0<j<i-1 (6.29)
Thus, from (6.20) and (6.29), it can be easily shown that
B'=0, 0<j<i-1, (6.30)
1 - P)G'!, (D
gi=1 (q))(D‘.‘Df.)( 3, (6.31)

Relation (6.28) implies (I — P)G°, ..., (I — P)G' are orthogonal, and therefore linearly
independent. Consequently, there exists an integer g such that

(I -P)G*"* =0, (6.32)

which is equivalent to
B+ ®(AX7H) Z (6.33)
(qu+1,A,~)=0. i=1,...,m. (6.34)

This is a necessary and sufficient optimality condition for subproblem (6.9), (6.10). Let
AX = AX?! Ay = A and AS = ¢(AX) — Y-, Ay;A;. Thus, the solution for
(6.1)—~(6.3) is obtained, which is the search direction we want to compute.

In our algorithm, we also need to compute the scaling matrix W[’ = S;’ 4
(S./*X,8;"*)~1125,"*, Here we use the technique introduced by Todd, Toh and Tiitiincii
[15]. Let the Cholesky factorizations of the matrices X; and S; be

S=LL,", X=L,L,". (6.35)
We compute the SVD of L] L;

L,"L, =UAVT (6.36)
and define J = L’ §'/2, which is an orthogonal matrix. From the fact that
S¢2Xi 8, = IN(Li"Ly) (L2 "Ly)J = (JTV) AR (VDY) (6.37)
it follows
(5:7x:8%) 712 = (ITV)A (VI). (6.38)

Thus, W' = L,VA~'VTL,T = FFT, where F = L,VA~!/2,
Now we can give an algorithm for solving system (6.1)—(6.3).

Algorithm 13.
Step 1. Compute § = L1L,", X = LyL,", and L,"L; = UAVT.
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Step2. F=L,VA™'2, W, ! = L,VAVTL," = FFT.
Step 3. If K(XiSi) < Ko let By = S; XiSi/|1SiXi|lp otherwise By = —uX~' + S,
where pu = Tr(XS8;)/n.
Step 4. Let AX? = 0. If ||(/ — P)G°|| = O then stop;
D°=—(I-P)G° i=0.
Step 5. Compute the step-length:
ol (B + ®(AX"), D')
o (®(D"), DY)
Step 6. If ||(I — P)G'*!|| = 0 then stop;
g = ‘(Qﬁ:‘lb‘?}“"”. D = (i - PYG* 4+ D,
Step7. i =i+ 1. Gotostep 5.

: AX™H = AX 4 o, D',

From properties of the conjugate gradient method, one can see that the following
theorem holds.

Theorem 14. Algorithm 13 terminates within at most %n(n + 1) steps. Furthermore, for
any1 €i < %n(n+ 1), we have

(1 = P)G', D')=—| - P)YG'|’, (6.39)

(®(D%), D/)=0, (6.40)

(1 - P)G', DI)=0, (6.41)

(1= P)G', (I - P)G')=0, (6.42)

where j =0,1,...,i — 1.
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