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On the Nonmonotone Line Search'?
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Communicated by G. Di Pillo

Abstract. The technique of nonmonotone line search has received
many successful applications and extensions in nonlinear optimization.
This paper provides some basic analyses of the nonmonotone line
search. Specifically, we analyze the nonmonotone line search methods
for general nonconvex functions along different lines. The analyses are
helpful in establishing the global convergence of a nonmonotone line
search method under weaker conditions on the search direction. We
explore also the relations between nonmonotone line search and R-lin-
ear convergence assuming that the objective function is uniformly con-
vex. In addition, by taking the inexact Newton method as an example,
we observe a numerical drawback of the original nonmonotone line
search and suggest a standard Armijo line search when the nonmono-
tone line search condition is not satisfied by the prior trial steplength.
The numerical results show the usefulness of such suggestion for the
inexact Newton method.

Key Words. Unconstrained optimization, uniform convexity, Armijo
line search, nonmonotone line search, R-linear convergence.

1. Introduction

The technique of nonmonotone line search was proposed first in Ref.
1 and has received many successful applications or extensions in both
unconstrained optimization and constrained optimization; for example, see
Refs. 2—13. Although promising in its current state of development, research
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on the topic of nonmonotone line search is still very much in infancy, as
pointed out in Ref. 12. The purpose of this paper is to provide some basic
analyses of the nonmonotone line search.

We consider the unconstrained optimization problem

min f(x), xOR", (1)

where f'is a smooth function and where its gradient g = [f(x) is available.
Suppose that the current approximation to the solution of (1) is x. If
gr = 0 f(xx)#£0, then a line search method defines a search direction d; in
some way, finds a steplength a, by carrying out some line search along d,
and computes the next approximation x; ., as follows:

Xk+1:Xk+akdk. (2)

In obtaining the steplength a,, traditional line searches require the
function value to decrease monotonically at every iteration, namely,

S 1) <f(xp). (3)

For example, see the Armijo line search (Ref. 14) and the Wolfe line search
(Ref. 15). The nonmonotone line search does not impose the condition (3);
as a result, it is helpful to overcome the case where the sequence of iterates
follows the bottom of a curved narrow valley, a common occurrence in
difficult nonlinear problems. For some optimization methods that are not
one-step Q-linearly convergent in the objective function, but have some kind
of convergence properties, the nonmonotone line search is especially useful
in keeping the good properties of the methods, since they do not ensure a
descent in the objective function at every iteration. For example, see the
sequential quadratic programming method, that is known to be only two-
step superlinearly convergent.

Let 0<A; <A,,00(0, 1), 8000, 1), and let M be a positive integer;
assume that, at the kth iteration, a prior trial steplength a,0(A, A,) is
given. The nonmonotone line search is to choose the first nonnegative
integer /i, such that the steplength

a,= 0,0 4)
satisfies

S + akdk)so max )f(xk )t 5akg[dk: (5

=j=m(k
where
m(0)=0 and O0=m(k)=min[m(k-1)+1, M —1], k=1.

If m(k)=0, the above nonmonotone line search reduces to the Armijo line
search.
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In this paper, results on the nonmonotone line search are obtained
from three aspects. First, we analyze the nonmonotone methods for general
nonconvex functions along different lines; see Section 2. The analyses are
helpful in establishing the global convergence of a nonmonotone line search
method even in the absence of the sufficient descent condition (16) or the
condition (17). Next, we explore the relations between nonmonotone line
search and R-linear convergence assuming that f is uniformly convex (see
Section 3). Then, by taking the inexact Newton method as an example, we
observe a numerical drawback of the nonmonotone line search in Ref. 1
and suggest a standard Armijo line search when the condition (5) is not
satisfied by the prior trial steplength @,; see Section 4. Our numerical results
show the usefulness of such a suggestion for the inexact Newton method.
Finally, discussions and conclusions are given in Section 5.

2. Analyses of Nonmonotone Methods for General Functions

At first, we have the following lemma for the nonmonotone line search,
where f{x) may be a general function.

Lemma 2.1. Suppose that f{x) is bounded below on R” and that its
gradient [f(x) is Lipschitz continuous; namely, there exists L >0 such that
I0f(») —f)||=L||y —z||, for any y,zOR". Consider any iterative method
(2), where d is a descent direction and a, is obtained by the nonmonotone
line search (4)—(5). Then, for any /=1,

max f(x M+ ,')

l=si=M
= max f(xpq-n+)+90 max [aMI+igAT/ll+idM1+i]- (6)
l=i=M 0=i=M-1

Further, we have that

o miﬁ 1{|g1{41+idM1+i|,(g1{41+idM1+i)2/||dM1+i||2}< + 00. @)
I=10=i=M-—

Proof. To prove (6), it suffices to show that the following inequality
holds for j=1,..., M:

SO )= max f(Xpg-1y+)+ 00— lg;/tlﬂ— 1y j—1. (8
l=i=M

Since the line search conditions (4)—(5) imply

S = . ma?(iM[)f(le—i) + O 0ugrndw, ©)

it follows from this and
mMH=M -1
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that (8) holds for j=1. Suppose that (8) holds for any 1=j=M —1. With
the descent property of d, this implies

max f(xM,+,)< max f(xM(, 1+i) (10)

1=i=;

By the line search condmons, the induction hypothesis,
m(MI+j))=M—1,

and (10), we obtain
SQaeje)= max  f(Xanej—) + 00w &an+jdrni+

0=i=m(MI+))

<max{ max f(Xaq-1y+:), max f(xM,+,)]

l=i=M 1=i=j

T
+ OO0+ ;8 j i+

= max f(xuq- 1)+l)+5aM/+ng/+de/+]

l=i=M

Thus, (8) is also true for j+ 1. By induction, (8) holds for 1=;= M. There-
fore, (6) holds.
Since f{x) is bounded below, it follows that

max f(xy;.:)> — 0.
l=i=sM

By summing (6) over /, we can get

min [_aM/+ig;4I+idMl+i]< + 00, (11)
/=1 0=i=M-1

Suppose that (5) is false for the prior trial steplength &,. Then, we have
SO+ (ax/0)dy) > . max(k) Sk —)) + 80/ o)k di
=j=ml

=f(x) + 8(ax/0)gi di. (12)

By the mean-value theorem and the Lipschitz continuity of [If, we can show
that

SO+ ady) —f(xi)

= agy dj J [Of (xxe + tdy) — g1 dy dt

= angdk +f l‘LHdk ||2dt
0

=agldy +(1/2)La’||d|)*
séag[dk, for all a0(0, [2(1 = d)/L] - |g,fdk|/||dk||2]. (13)
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It follows from (12)—(13) that
a/0=[2(1 - 8)/L|gk di /||l (14)

If (5) is true for the prior trial steplength @,, then a,=a,=A,. So, the
following relation holds for some constant ¢ > 0:

ay=min{A,, clge dil/ldi |} (15)
which with (11) implies the truth of (7). O

From relation (6), we see that, for any nonmonotone line search
method, the sequence {max,—;—, f(x3y.;)} 1s strictly monotonically
decreasing and the decrease can be estimated. As a result, this relation plays
an important role in the R-linear convergence analyses in Section 3. Since
the relation (7) concerns only the search directions {d }, it is useful in ana-
lyzing the convergence properties of a nonmonotone line search method, as
will be shown subsequently.

Suppose that there exist constants ¢; and ¢, such that, for all &,

gidi=—cillglP, (16)
|l =2 llgel|- (17)

We can show easily the following convergence result via Lemma 2.1.

Theorem 2.1. Suppose that f{x) is bounded below on R" and that its
gradient Of(x) is Lipschitz continuous. Consider any iterative method (2),
where dj, satisfies (16)—(17) and a; is obtained by the nonmonotone line
search (4)—(5). Then, there exists a constant c¢3 such that

lgrsill=csllgell,  forallk. (18)
Further, we have that

/’lirny llg«|| = 0. 19)

Proof. Noting that a,=A,, by this, (2), and (17) we have that
[+ 1 = el = ailldel[ = e2 A5 lgel; (20)
this and the Lipschitz continuity of Of(x) yield
llgx1 —gell=c2As L||gell. (21
Thus, (18) holds with

C3 = 1 +C2)\2L.
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In addition, it follows by (7), (16), (17) that

llifg llgasi+ el = 0, (22)
where

O=@p()=M-1.
By (18), we have that

g+ 1+ dl =3 \gams ool fori=0,...,M—1. (23)
Therefore, it follows from (22)—(23) that (19) holds. O

In the case where the level set

v = {xOR" f(x)=f(x1)}
is bounded, the relation (19) implies that every cluster point of {x,} is a
stationary point of f{x). It follows from (19)—(20) that x;,,; —x; tends to
zero as k — c0. This shows that, if the number of the stationary points of f
in & is finite, the sequence {x;} converges.

Thus, we prove again the global convergence of nonmonotone line
search methods for general functions under the conditions (16)—(17). Com-
pared with the one in Ref. 1, here the proof is quite different. The Lipschitz
continuity of the gradient is required in our proof. However, with this
additional assumption, the useful relation (7) can be established, and hence
it makes possible to weaken the conditions (16) and/or (17) on the search
direction d,. For example, if ||d||” increases at most linearly with k, namely,
it there exist some positive constants 3 and y such that

ldil’=B+yk,  forallk, (24)
and if the sufficient condition (16) still holds, then one can prove that the
method converges in the sense that

lim inf ||g,|| = 0. (25)
k —» o

Theorem 2.2. Suppose that f{x) is bounded below on R" and that its
gradient Of(x) is Lipschitz continuous. Consider any iterative method (2),
where d; satisfies (16) and (24), and where a, is obtained by the nonmono-
tone line search (4)—(5). Then, the method yields the convergence relation
(25).

Proof. We proceed by contradiction, assuming that the relation (25)
does not hold. Then, there exists some constant T >0 such that

llec||=1,  forallk=1. (26)
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This and (16) imply
gk di|= e T2 (27
Then, it follows from (27) and (24) that

Il’liIl {|g1€11+idMl+i|,(glz\:IHidMl+i)2/||dMl+i||2}
I=10=i=M-1

=5y min {¢0,drY/[B+yMI+i)]}

I=10=i=M-—

=y min{c, 7%, A T/[B+y(MI+M-1)]}

=1
= + 0. (28)

The above relation contradicts (7). The contradiction shows the truth of
(25). O

Reference 16 relaxed further the sufficient descent condition (16). In
Ref. 16, a nonmonotone conjugate gradient algorithm for solving (1) was
proposed, for which only the following relations are shown for all k:

g dy=min{B, y/ vk}, (29)
(g di)’/lde| P =1/, (30)

where B, y, T are some positive constants. It is obvious that the above
relations are weaker than the conditions (16) and (17), respectively. How-
ever, similarly to Theorem 2.2, we can prove without difficulty via the
relations (7), (29), (30) that the algorithm yields the convergence relation
(25).

3. Relations between Nonmonotone Line Search and R-Linear Convergence

In this section, we explore the relations between nonmonotone line
search and R-linear convergence assuming that f is uniformly convex and
d, satisfies (16)—(17). More precisely, we assume that there exist positive
constants n; and 1, such that the following relation holds for any
vy, zOR"™:

My —zIP = -2'10/0) - Of@1=nlly - =" (3D

In this case, let x* be the unique minimizer of f, and let y and y be positive
constants such that

VIDFIP=/(x) =) =yI0f)I°,  forallxOR". (32)
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The following theorem shows that any iterative method using the nonmono-
tone line search is R-linear convergent for uniformly convex functions.

Theorem 3.1. Suppose that f(x) is a smooth and uniformly convex
function. Consider any iterative method (2), where d, satisfies (16)—(17) and
o, is obtained by the nonmonotone line search (4)—(5). Then, there exist
constants ¢, >0 and ¢;0(0, 1) such that

Sa) =f(x*) = a5 [f(x1) = f(x¥)]. (33)
Proof. First, we have by (18) and (32) that
J &) = f(x*)=b[f(x) —f(x¥)],  forallk=1, (34)

where
b=ayy > 1.
For any /=0, let (/) be any index in [MI+ 1, M(/+ 1)] for which

f(xw(l)) = linfiXMf(an ) (35)
By the definition of (/), and by (6) and (15)—(17), we can get that
Sxya) =f(xypa-1) = C%f}g, 1 gamr il (36)

where
ce=0min{Acy, cic/c3}

is a positive constant. Let (/) and {(/) be any indices in [MI]+ 1, M(/+2)]
for which

lecoll= min_ llgur. @
l=i=2M

Sxz)= max  f(Xaso), (38)
l=i=2M

and denote by c¢; the constant
c7=[ce + 7M. (39)

Now, we define an infinite subsequence {k;: i=0}00{1, 2, 3,...} as follows.
Pick ko = ((0). Suppose that k; = ((J) is chosen for some /. If

lgea+ vl = er[f Cepa) —f(x*)], (40)
we define

kiv1=q(I+1);
otherwise, we set
kivi=@(d+3).
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For the subsequence {k,;} defined as above, it is obvious that

iy —k;/=4M. (41)
In addition, there must exist a constant ¢g[(0, 1) such that
SO ) =)= e[ f(x) = f(x*)],  forall i=1. (42)

In fact, if (40) holds, it follows by (32), (18), the definition of k;, ;, and (40)—
(41) that

f(xk,‘+1) _f(X*) = V||g}(1+l||2

=y ||gzo

<¥e3M er [ () —f(x¥). (43)
If
lgga vll*> s LfCep) =), (44)
we have by this and (36)—(37) that
S ) =f(x*)=(1 = coer)[ f(xr) = f(x¥)]. (45)

Therefore by (45), (43), and the choice (39) of ¢;, we know that (42) holds
with
cs=1—cqcq.
For any k=1, assume that
kOlk;, ki), for some i.
Then, we have from (41) that

k—k,=4M. (46)
By (41), we can get also
ki=<ko +4Mi; (47)

Combination of (47) with 1=k,=M and (46) shows that
i=(k; —ko)/4M
=k —4M — ko) /4M
=k/4M -5/4. (48)
Thus, by (34), (42), (46), (48), we obtain
SO = f(x*)=b" M f(x) = f(x)]
=b*"™ ey [ f(x,) —f(x¥)]
=5 S )~ ()]
=5 G )L (49)
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Therefore, (33) holds with
ca=b"Meg, s =M. O
From the above proof, we see that, when a nonmonotone line search

method is applied to minimize a uniformly convex function, there must exist
a Q-linear convergent subsequence {x;,: i=0} satisfying

kiv1 —ki=M,, forall i=0, (50)

where M, is some fixed positive integer.

Generally, a R-linearly or R-superlinearly method is not necessarily
such that the nonmonotone line search conditions are satisfied. For
example, we consider the gradient method d), = —g, for the 1-dimensional
function

f(x)=(1/2)x7, xOR". (51)
If x;#0 and a, is chosen to be
1-27%,  ifk =i for some integer i,
2, otherwise,

it is easy to show that {x;} is R-superlinearly convergent to the point
x* =0, but that condition (5) does not hold for any fixed M. Nevertheless,
if there exists some Q-linearly subsequence {x;,} satisfying

kion—ki=M,, for some M,

it can be shown that condition (5) must hold for the given steplengths.

Theorem 3.2. Suppose that f{x) is a smooth, uniformly convex func-
tion, and that x; is given. Consider some iterative method (2), where d;
satisfies (16)—(17) and a satisfies

/\zzakzmin{/\l,c|gzdk|/||dk||2}. (53)

Assume that there exists an infinite subsequence {k;:i=0} satisfying (42)
and (50), where M, is some integer and c¢g[1(0, 1). Then, for any 80J(0, 1),
there must exist an integer M and a sequence m(k) satisfying

m(0)=0 and mk)=min{m(k—-1)+1, M -1}
such that
S+ ard)= max [f(xi—)]+Ogid,  forallk= M. (54)

0=j=mi(k)

Proof. Assume without loss of generality that
ko=M,; (55)
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otherwise, set
M] = max{ko, M] }

Note that (34) still holds due to (17) and (53). Similarly to the third
inequality in (49), we can prove by (34), (42), (50) that there exist constants
¢o >0 and ¢;,(0, 1) such that

i) =[x =coclo[ fxx) = f(x*)],  foralli=0andj=1. (56)
In addition, it follows from (17) that

g de= = oo lgill’s (57)
which with (16), (53), (32) implies

arglde= —cyy (f(x) — f(x*)), for all &, (58)
where

i =6ALY.

Then, for any 801(0, 1), since ¢,,0(0, 1), there must exist some integer M,
such that

69C‘€0[6‘10 +dci1]=1, forall j= M. (59)
Let
M=M,+M,.

For any k=M, we know by (50) and (55) that there must be some integer
i=0 such that

k:Ok—M+1,k—M,]. (60)
From (60), it follows that
M=k—-k;=M-1. (61)

By (56) and (58)—(60), we obtain
S ) =f(x¥) = ol [fx) —f(x¥)]
=(1—=3cycrieio?) [f (i) —f(x*)]
=f(xx) —f(x*)+ dargl dy. (62)
Therefore, if we further choose
m(k) =min{k, M -1},
the relation (54) must hold due to (61)—(62). This completes our proof. [

Theorem 3.2 tells us for what optimization methods the nonmonotone
line search could be applied, whereas the good properties of the methods
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may be still preserved. For example, see the sequential quadratic program-
ming method, which is known to be two-step superlinearly convergent.
Another example is the Barzilai and Borwein gradient method (Ref. 17),
which is of the form

Xig+1= X — [ka —xk-1||2/(g/< _gk—l)T(xk = Xi-1)] &> (63)
where x;, x, are given initial points. For convex quadratic functions, such
a method is shown to be R-superlinearly convergent if the dimension is
n =2 (see Ref. 17). For convex quadratic functions of any dimension #, the
method is shown to be R-linearly convergent (see Ref. 18); specifically, it is
shown that there must exist some Q-linearly convergent subsequence
{f(xr,)} satisfying

kioi—ki=M,, for some M, .

Thus, if a nonmonotone line search is applied, every point defined by the
Barzilai and Borwein gradient method may be accepted by the line search
as x — x*, where x* satisfies 0f(x*) =0 and [0*f(x*) >0, as is observed in
Ref. 10.

4. Modified Nonmonotone Line Search

As mentioned once in Section 1, the nonmonotone line search is helpful
to overcome the case where the sequence of iterates follows the bottom of
a curved narrow valley. However, in practical computations, it is always the
case that users do not know where there are curved narrow valleys. For
functions whose nonlinearity is not strong, one would prefer a monotone
line search to a nonmonotone one. For example, consider the Brown and
Dennis function. To satisfy the inequality (68), the inexact Newton method
with the nonmonotone line search (4)—(5) requires 22 iterations with 301
function evaluations. In contrast, the method using the standard Armijo
line search needs only 14 iterations and 90 function evaluations; see below
for details.

Suppose that, for some optimization method, the prior trial steplength
at the kth iteration is &,. For example, in the Newton method, @, = 1. Since
this prior trial steplength has some good properties, it is reasonable
to accept it relatively easily; in other words, provided that the prior trial
steplength @, satisfies the condition (5), it seems reasonable for one to
accept it. However, in the case where the prior trial steplength &, does not
satisfy (5), it seems more reasonable to require the second candidate step-
length & to satisfy the standard Armijo condition

SO + Qed) =f(xp) + 08 gi dy, (64)
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since d; does not possess the good properties that the prior steplength &,
has.
The new nonmonotone strategy can be expressed as follows:

set A, = dy, if (5) holds for @,; otherwise, obtain o
by doing a standard Armijo line search along d.

Since the Armijo condition is stronger than (5), the results obtained in
Sections 2-3 still hold for the above modified nonmonotone line search. In
addition, it is obvious that the modified nonmonotone line search can also
to a great extent overcome the case where the sequence of iterates follows
the bottom of some curved narrow valley. Further, for some optimization
methods, the modified nonmonotone line search is superior to the old non-
monotone line search, as will be shown below.

To show the usefulness of the new nonmonotone line search, we tested
the inexact Newton method,

dp. = _lelgk, (65)

where H, is an approximation to the Hessian of f at the current point Xx;.
In our tests, we used a central difference technique to obtain H;, namely,

(Hi)i = [0 Geie + ye) = Of (Gxie = yer)]/2y. (66)

Here (H}); and ¢; mean the ith column of H, and the unit matrix /,, and y
is the difference stepsize given by

y = min{107, max{10~g|, 10}}. (67)

This choice for the difference stepsize is typical, for the numerical results
with smaller y provide the same conclusion. We also used the safeguard in
Ref. 1; namely, we set

d. = —g, if H, is singular, or |g{ d;| < 107||g«|]%, or ||dc|| > 10°||g]|-
In addition,
dk:_dk, lfg{dk>0

The initial guess @ is set to 1, and the constants & and ¢ are 10~ and 0.5,
respectively. The value of M is set to 10 and

m(k) = min[m(k — 1), M].

We tested the above algorithm using the two nonmonotone line
searches with double precision in an SGI Indigo workstation. The codes
were written in the FORTRAN language. Our test problems and the initial
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Table 1. Numerical comparisons.

Method
Armijo Old New

Problem n N, N, N, N, Ny N,

MGHS3 2 8 16 19 27 19 27
MGHI11 3 23 38 32 41 22 35
MGHI14 4 38 55 29 32 34 54
MGH16 4 14 90 22 301 12 85
MGH20 9 12 13 12 13 12 13
MGH21 16 21 29 11 16 16 22
MGH21 100 21 29 11 16 16 22
MGH23 8 34 43 22 23 22 23
MGH23 100 36 106 48 205 31 98
MGH23 200 62 143 >999 >999 55 136
MGH24 3 31 39 11 12 11 12
MGH24 20 50 63 33 34 33 34
MGH25 20 5 76 >999 >999 5 76
MGH?25 50 11 254 >999 >999 11 254
MGH26 20 7 12 9 13 9 13
MGH26 50 13 35 12 23 15 35
MGH26 100 36 80 20 58 20 44
MGH35 8 7 11 8 11 7 11
MGH35 20 17 30 28 46 18 26

points used are drawn from Ref. 19. For each problem, the limiting number
of function evaluations is set to 999, and the stopping condition is

lgil[=107. (68)

We report our numerical results in Table 1, where “Armijo”, “OId”,
and “New” stand for the Armijo line search, the nonmonotone line search
(5), and the modified nonmonotone line search. The symbols n, Ny, N, mean
the dimension of the problem, the number of iterations, and the number of
function evaluations.

The unconstrained optimization problems are numbered in the same way
as in Ref. 19. For example, MGHS5 means Problem 5 in Ref. 19. From Table
1, we can see that, for some problems, both the old nonmonotone line
searchand the modified nonmonotone line search require fewer iterations and
function evaluations than the Armijo line search. However, for some prob-
lems, the old nonmonotone line search performs much worse than the Armijo
line search, whereas the modified nonmonotone line search performs as well
or better than the Armijo line search. Therefore, our numerical results show
that the use of the modified nonmonotone line search in the inexact Newton
method is superior to that of the old nonmonotone line search.
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5. Discussion and Conclusions

In this paper, we have provided some basic analyses of the nonmono-
tone line search in Ref. 1. First, we analyzed the nonmonotone methods for
general nonconvex functions along different lines. The analyses are helpful
in establishing the global convergence of a nonmonotone line search method
even in the absence of the sufficient descent condition (16) or the condition
(17). Next, we have explored the relations between nonmonotone line search
and R-linear convergence in the case where f is uniformly convex. From
Theorem 3.2, we know for what optimization methods the nonmonotone
line search could be applied, while preserving the good properties of the
methods. Then, by taking the inexact Newton method as an example, we
have observed a numerical drawback of the nonmonotone line search in
Ref. 1 and suggested a standard Armijo line search when the condition (5)
is not satisfied by the prior trial steplength &@,. Numerical results have been
reported, which showed that the use of the modified nonmonotone line
search in the inexact Newton method is superior on average to that of the
original nonmonotone line search.

We should say that our numerical experiments for the modified non-
monotone line search are limited. For some optimization methods, if the
nonmonotone line search condition (5) is not satisfied by the prior trial
steplength, it may be better to require the second candidate steplength to
meet (5) with a relatively small M >0. Anyway, we believe that both the
theoretical and numerical analyses will be helpful in future studies on the
technique of nonmonotone line search.
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