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INVERSION OF INITIAL AND BOUNDARY
CONDITIONS AND PARAMETER IN

ONE-DIMENSIONAL SHALLOW WATER MODEL

ABSTRACT

This article highlights theoretical aspects of inversion of shallow water
model by using of variational adjoint technique whose feasibility was tested by
some individual numerical experiments in the later part of the article. Through
integrating by part the variational equality that we formed beforehand, we, once
for all, deduced the variational adjoint formalisms with continuous and discrete
form that would be utilized to inversely estimate the optimal values of initial
value conditions, open boundary value conditions and bottom frictional
coefficient in the dynamical model (or direct problem). One should take more
care when dealing with the discrete form because of the inevitable effects of the
computational scheme for the direct problem. The numerical experiments on the
estimation of the optimal initial value conditions are very successful, especially
when the regularization technique introduced in the case of local observed data.
After doing numerical experiment on estimating both open boundary value
conditions and initial value conditions, we found that the former is pretty well
while the later is just so-so. Although the estimation of the optimal bottom
frictional coefficient is far from pretty, we still can see that as one of weapons
used to conquer inverse problems the variational adjoint technique is suitable and
practicable in dealing with inversion of one-dimensional shallow water model.

Pan Xiaoqiang (Hydrodynamics)
Directed by Professor Huang Sixun

Keywords: shallow water models, variational adjoint methods, regularization

techniques, inversions, optimal control to partial differential equations
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T 5 B T VAR FATAE R Bk IIRICK, AATTAR 25 $R 3 Ab P e )
AR RTIREEBEA K Tikhonov R —H4EIWESY, $20 T IENL T
Wi(regularization technique)? >,k [ i) SRF 9 MIBUE ST RE T — 4%t 57
iERE . AL, — T RS (Bes B mtisdl. BuEv &
THRENUEREE) B NAE XA RIIEAE T o H2r ) B i) BRI G 45 A ) B 5
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) FZH 2, BEEHES T & PR R AR 5. i) Y B4 AR
HiRtfE. E B 80 401, mZFEAEBFF B AEW, TTHRIEAT I )
AT, IS 2 RSN S b I B R o JEE 44 L AR D 4%
NAEHBERD) B L D R0 35 A0 RO 9 B 3

AR AP IR 2, BECTAREAIT R T RS R IR E 2R
fx R Gria AT A I BUE AR I (H XS E B A R AE — 8 B R i R Rt 2
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5B RGAH AR R 22, H R SORYSE — S8 S AR i BEHL IR In % 18
DA S RS P S HANER s 3 Ak, ETOUI T BORORS BE IR PR, B e
SO R I DR =, A3 B TR RS B — EL 2 B B k. FedTTRefg
RER R P i) R R 22 TR AR S PR — S ANITRIE A g K PR PR IS 1 4% 5
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Ko XS VA A0 ) B R A ) R g ), 0 Ui A2 I o A 1 1)
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Mk BME EBUE R H

PR R FEU LR R A B I A B 1 B M B SRR o A SR AR 43
BT 1 (adjoint method )[3~5, 11-17,2223, 28,35, 37381 gk A e AL 73, LT
—ER TR, X B TR T AT A A S HIAT S . X
A ) B SUANMELAE 0] LA A 0 3 B8 RO 7 e D0 7 e 2 2 R 5 LY
/B Er S N S IRV AR SR 1 BT THE NI /&7 | I N 27 3%
BEETT T TREEOR N B AE vt i I i n] SE R SCHF

§$1.2 WIFMOIAMELRE

F2 g AL i J5E ) B TR 7 T o SRR BB L W) % e} LA K 43
T30 SO TR (I IRV s ARARAFAE AR 2R 22 FIAMEAS S B IR b o i S ek
LU AR K I S G SRR S WAL, o A A 4 1 B i i e S
R ARAT IER IR 22, X7 T 5T IOk 2 B AL Y3 b Al H 22
(1999 X ZUE AR 315 22 RIAEAS 5 BEIX P A 7 THI 1 e B 25 B Tid iy ok
(IR A, 0 ) A gl il = AN SRR, R 2 B e 48 . YME AR s E
PRSI . WHEAS 73 AR AR 22 o AT e RHE by S 1) R HH 0% =
i) SRS HEAT T PRV RN S0 T (K8, B a1 45 SR W] 1 H 59k
A5k

R B R L R — AN B R T T L R R E
Lardner(1993)P%, Seiler(1993)*4, JIT25(1997)! 84 3o} T2 5 44 1) S Jsit F
FTREWETY, BT A5 (1999) 8 2R A Bl 7 VA T BBz g6, % TR
ST N FH KA TRk S R T I I T 1 A4 AT T 80, TfE— &
FUSE RPN I0 R I AER B T s A A v, ) A Ol o R e e g ol
HH R £ B 7925 R K R T U 3 1 T 1 4% A1 s K b s 3 R B A 22 45(2001)
ML AR, FEBEIAE . ARV OO I A LA B A P A S B
B 2s, DAk TIPSR AN, i T BUE TR RS .

YU 2538 5 R PR AL ARG T A0 R BEVE Ekman FERL A1),
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HbRpR £ Bh OB 22 e A A IR AP IE AN E A W2 T B

Courtier(1986,1987) fiz 7 H] 1 Bl 77 125 %8 e AK B QR AT 1k 2 $0 S st
Stauffer F1 Bao(1993) X XF — 4 £k 1 ¥k 7K A5 3 11 5K 5t 3 1E &R 20 (nudging
coefficienty AT T ™) Wergen(1992)f 7 —4E £ Ml /KB R WME AT — &
B SEE TSRO0 S T AR, Al e R PR A AR — 2 (F “ I,
B 1) 5 A RAMAR BN IR B 0 FE 52 (R o {E4) B v E I ST A
Bennett 1 McIntosh(1982)LA f Prevost F1 Salmon(1986)# 73 mIA 1 FF Hefl
P IS (1) 2 50U 38 0] BB LIRS TAEYY Panchang A1 O Brien(1989) ]
B 5 36— A I e ) OB B HEAT TR B R P YU
O Brien(199 1) % RN 3 i B 22 RN 304 P 22 3000 A (1) S 8k AT 1 w9
Das F Lardner(1990,1992)F) FH — > = 2 il i 45 =X B v 17 JE B8 88 10 7K I
3200 A T IR e — 20 X 45 A2 1R PR RS A0 LI Rl L0 AT A B 1 B SR A
REAT B BT () SR B A R IR 1 ) BUEAT 190 e 48 S E0R 0 P if
e F4) IR ¥ R A 5 D DAL YR N Richardson F1 Panchang(1992), flifi 1 17—
BIE i Al BE 2R B0 AT A BB T 2 ER i n) PR T S AN R R g ) AR
ME—1k, JFE—20 48 HIX PR Ik B 2500 I 23 DX I 234 IR AS Y8 A9 RN %
LR R 7 T R BIAS BN A A TR X — e, A AT TSN AR H A ek
CTHRRA AT R BO IR X P I ARELE I, SRR 25 S nT Be s Al A e
(YRR AL AN AT 8 2 BB X BT A 2 TR B AR R I “ 270 XA 3
W32 T RATAI MmN . Eel: Lardner R Song(1995)5 X — AR K
BE T R B T AR B A 1 i TAEPY . REE Y, Richardson
Panchang WHCILSLZ “ IENAL” AR —F N, e EE i R
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§2. 1.1 RABREFARR

B, HCA Y SR U] UK FERE s e D O n A R] R)ETE T,
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AN SMEVEIEE e Oy p f#BZ x IR E, AT LU ) 58 R 2
L5 M H#ZEERAEQ (BILF B H1 . M R B EAR T LX)
O MBIk BB T HEA Y BT R R LT A E 41

BOE u~ fIBTHEANFEFREBCERU,, , AW ETH 5N LU YAy 1

EKEXU,, :

1) PR e S AT DO B0 XA A R M e AR & | (Lt
URIER LR

2)  PREITHI AR TC: W DAL 20 A2 e

3)  PREURDETE TR K pR B E SO AT BRI, AEREAS T A AL 0T

4)  PREE G SR R BT S

BBUEES 1~ feUy,, RARQDT, BAAEREMENEER. 5
YT ST E ) U O (R EVF BT LR KK, 2 S € X B
AFFIER Do | SRR E A2 B0 S A 18] W I D e AR s 1 B~ 1 4
fift O MILFEIPER A XEFM Wi E T 0 | Tk Heasnl. X4

SRAGIERERK g R TE IR, o ffp S o AL PRI T B o 80T L TR 11 2 R R 2 14
WFTUIEA,  $ 5 1) gt AT MR AR o

WAMECE LM S 2ok, BICE 1 fH WO RIS, TPl
e o~ f RN AR A, XD I T REAY), XA
AT AHAZ, FATRVFREAE Q A T4 Q, EIHER 2IfF O I ALLLfE
B (EG e R 2R, AR

N, 0)=h(x), xeQ.. 2.2)

N

A, NEREREQM u LI &1, M H N RS A S IXFE,
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ARFNE, T4 B2.1)58 4 T fiE
§2.1.2 JxIa) /B HIANIE & A0 IE 4k v

KA PR ) RSN A SR KN =7 T P R
1) M AT FE— AR, SN T 038 HE i 99 15
2) TR FIANIE E PE(ill-posedness), Mg € X OAFIEH, W
MR T o PRI AR Re M 21 T YRR S s R e 44T
REfE WO B S B IR T 45 B e e o 5 S . X2
e IR X
3) KftEERE K.

5 T8 52 Tk (well-posedness) &S 7, . Hadamard(1923) 21X B 2 X

(K. HERZER U (RAERE p, )P “HIaEEE 7 u RifE R 23 Z (A

JE p )RR 2 = R(u) WITRDERR N AE S TBIX (Z,U) EoRIEE 1, AR AL -

) WMEANueU, M zeZ FREMEFM:
2) fEME—HE (ME—PER;

3) MAEZEEXN(Z,0) LRRER, RIXEED >0, #AF1ES(e) >0, fiif7
MATE W w,u, €U s H p,(u,u,)<6(e) TG H p(z,2,)<e,

z, = R(u,),z, = R(u,) (REMELM.

LU B = rp AR AN (R AR “ANE e 7. BL R
JUASANGE S R B A2 — SRR TR s XA AL 0 1) bR b A T o iz

s 0T H R 1 R S AL C AN Fourier BAEMEKM;  Laplace 77

FEM) Cauchy 178 bR BB AE 4 ) 7 53000 o 1) i 25 55 o

J i FLRIANAE 5 1 AR AR R st T 28 St 1) S JRATTSIE AE 22 LR
SCRSKRMETTRE, AR A R B RIE AN TR, A2 o A, i
PRECRIE U T RE i . IXAEOZ E2 IO n] AR hrsihs b, ARy
FEdl et T BAR R s e AT S xRt Sy B R A £ i R 8 1)
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Bhe DR, S B HT A R BEAE T R AL RSES o 5 M J il AN TE S PR KA
TP S -
1) JE 5 R R SRR e A, AR R A SR K E S0, SRR
e
2) B IE X, AR B A SR AR BAT IS E
IENHE TR A A% w35 A v R R g T Rie s, Rl
IR AN ORI o AE IR, R R SRR T S RS
D2 TR AR R, 0BT IE IE S5 o WARER T 55 e U2 s MRS E V2 1R
LA o LA Tikhonov IENIAL B, H i 1A PN HUE N 240

AR 22 ) C Morozov HEN) FII Arcangeli YN o 5 T FL 43 58 B 1 )
WS EOK AU RSB R, VAN A 1 L R AT S STkt

§2.2 Wi J7 RE SR LI A B HERE T ¥k

AR, AR T R “DUYEBTRIAZ Sy [F 4 ”
(four-dimensional variational data assimilation)™ [ AR, BIAIH — I8 80015
by ZAG T AR PR T T 2 2 RSB 8 AR I3 VAR B )
InEAZE s A, R AR LA AR5 AN [ JOULIN B A B 1) 4 J i k1) ]
T H . S2br b, DYLETORNAR I3[R A A 5t sl O 3 20 R e DL il v 114
AR PR T o

PR3 VAR S it th 30 AR R 3 PR32 PR AR /N I RE R S
TERIOME . P L 7 1A S S BRI Bk TS N ke —Fal {5
MEMBBRR: sl R I BORE, i a0 BRI Al A 2
TR MBS A AR5 ] DUSEAT W IN T- BOC VR IR B S 2845

§2.2.1 fEME LR E RS

ARG AL BE T I S R T DA IR Ry 8 ARk g, F DA AT
TR AR [ WU B30 11 i 2 B 5 o A o A b £ bR 50K B S /ML PR AR A
PR R SR RN, S U 0 250 AL AT R o T Y PR 24 AR ) i) 8
Thompson (1969) 1 Sasaki (1970) 84 giix 7y i 2=t o« Aid i T-2h S8 07 72
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HOEIERARIZ B I R4 T, SRS I 2 FPARES 2% 7 X AT U0 7 1) Bk
b AREAN RTINS 2 KO3 55 i AR sl AN — € WUt 2 EA T LA,
M E X bRz (T SRR 2 0D, 0] U SRAGEZ sl 1464
D] IF S a3 S i AR S (EVSESK S B B U R NN k- 20 B R (E S U RN LS Ve
B, MEHPRZ R IEEI RN AERBAUIRIRE R, 25K H bRz ol 25 i 5
SR WHL AT BEASHD L. b T, RS EAEE R RO
(M HRHE, X8, ISAGRMMTH SRR BRI, A R T A AR S fe
N o Hoffman(1986) 14 REX Rl AN —N ] H 10 8 SR A HEA T Sk, &5
REWHE RGN BT RIE AR 5 N i m A

FEBE A L BAE A5 P it 5 R T A IR 2 s v 55 H bmiz e ox
BES B . BRI — UGS, AL ah B I Tl 5
[ HTAR 2> — K, AR AETIZ Pk RE A AR Bl R ) JR AR 23 BRI AR I Z1, 45
PP AT IR o AR 8 S35 ) SR TH 1 i B I S HORA T8 E ) P 5
SRR, R H bRz RIE 2N (BT RERE RN, A3 IR
AR Pt 1 o i 3s o

BB TR, SR BRI S DU AR, 2 ik 3 50
Mz —2, —EIREEL o1 F b pR SRS A5 5 5 I IR SR PR AR TR A 3
e SCH bRk 20N

1 N oos obs _
=2 2 e = x) x = ) (g = x,) BT =) (28)
i=0

A, x SRR Z o N OB w IR = T 2% (&
AR ZZ NG RR 22 ) FFEIA x, 20— R HT AR IN I 0 BT {E; B oK
RIRZEMNN T2 J2ARASE CWHME x, « AR EABRI R — L2
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J N, B SR OB R s A BT B I, AR AR g
DGR E x, » M0BAT RS AE x, A1 B ISERTAE R, WI2.8) b 58 1K/
FXS RV F, P ATHE I /T BIANINE 18, X eME— A R0a bl kT
BT RIS BT AN RAE RN o RN € RO 5835 10, 35 0 M (1IN BoB I 17 n)
TR Ta], A2 (b ) e S Bn AR 22 . B EE AR B KR 22
YU 53 T AR I BEAN Rt AR S RE A R ALy SR PR IR 1), RIS BOR R AN RE A
TR o e R 73 B I By S KA O .

§2.2.2 HERET IR SE R ERIE

H T RIE T () /N, AR WIS x, (IVIRE S xR IEAR
Je x) B gt AR, B
xo = xg +(pd)", 2.9)

Horp, d Ron NEEDT ), R tn] BUBCA VI (x) 905 1], p IEAEE K n

FIERIRE . W2 e s i e
P Fe,x) (2.10)
dt

A ARRREC Cx, X5 J 54 20D

1 m

J:EZ(xi —x") W (x, —x), (2.11)
i=0
W J A2 Sy
& =Y (W(x,—x"),6x,), (2.12)
i=0

AR ORI BN o, I 72

dox = F'(t,x)ox (2.13)
dt

Pl Rk FY R F R x 1 Frecher S8, & MEMESEE . {8 Buler
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%,
ox, = (I +AtF/))ox,

2.14
== (L + MIF) )L+ M) -1 + ALF))x, 19

T

& = (i(n AF"™ )+ AF"™ 1 2) (I + AtF )W (x, = x™),8%,) » (2.15)
AR SR A o RN VI (x,) « (2.13) PR 5 FE

_ dok
dt
Y IS e 24 52 ) i R 20 A S (1A BIE 22 0 =T 43 21 e 0 v R 58 4 T LA D
BRUNE -

1) Hi GG %A xg g, Bl e, BT I HEK(2.10), il A7 55— I 20 (R il

= F"(t, )5k, (2.16)

x,(i=01---,m);
2) R EEERIR(2.16), M, Blt,s M Sx=W(x, —x2) Tk, fE6—
IR E ¢, b S, RN (x, =x™) s TR, I, SR Ja IR o' 2 B B

VJ(x,) o

s 2 Ui B (12 Fh AR AR SOR T SR B w2 e 21, A
B T B R OB SN BRI HE S IR, (HATI G T S AR
PO, X HES IR AT, X R A BATPRE S A AR )
HARBRAE R 2
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FI3E  RETAERIT

§3.1 MR

A A By FRAL AT SR R B
(Ou  oh

—+ _+K = 9t9

o T8 TRU=S D

%_FH%:O’ (x,t)E(O,L)X(OaT)o
ot ox

A —

wh)|_, =w’h’), 0<x<L,

=0, 0<t<T,

u x=L

& JEh)

=D(t), 0<t<T.
x=0

3.1)
) #(3.1) 5l 2 5 BBt 50 e i) /A GE Y PR 1 )il o 2Qp, g TN Ik B

H ZoR R X B RATAFEFR GO, B H BOVH G D) Agrih
N T TR AR T s w=u(x,t) R8T T 3 KT B A

h=h(x,t) HAKEL: u® h® B HIME; K=K (x) AEEERH, £(x0)

RSN BRI I ¥ = BB 1 P 4 I A AR A R 2 59 I S 121 5t
%8BT (weakly reflecting boundary conditions). EBAKIAR (x=L) kbK
PR S AR N T A s A 5 (x = 0) A AR B2 ARl T 5
FREREOC R, (RS BTIIFARS XN T 2 an gl 5 ok 1) . i
VLG B L AEE L B LRI T A A0, ek A R AR S B 5T
I GO A JEA H S, Pl i H R e | IS R o T IR
253 7 RR R i ), B YRR AR ZE AR 2y, W RAUER . TR 45 e YA
A, BECAR IS A AR ME— ¥, BT IE a0 1 o A I () s v ok 5 D it e i
o AR AT T A BEACRIRR B, A B S 0 I B RN B, AN A
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i oX F B L XK ¥ M+ F £ o L

U365 I OB BBV B AR, I st B ORI 4
o TFLT A PRI RSB A

B IO A, AT R Riemann A5 R 65 a3t “HFAE 25
fir st

n+l n n n
u; C1u1+1+qju +C1u 1 = C3hj +Cshy +1f

Wit =CihYy +Cehlf +C ik —Cou'ly + Cou'ly,
ul™ = Cul +qul' —Cshy +C,D" +1f/",

= C by + Cohl' —Coul +C, D",

”jj =Cuyy+q quyy —Cihy +C3hy_, +4 ],
hﬁ} =Cihy +Cghy_ +Cihj_, +Coul_,,

hit = Cshll = Coul' +C A =CoD" +CyD™ - C, 11,
R = Coh +2Cu" 1+rhj L +2C, f7,

(j=L-,J-1,n=0 -1).
(3.2)
KPR 5 UL . HARiz e Oh
Lnu%h%KyD]zéjj[wmxxu—Ef-ngxxh—nyum
éggyu+J%h—Dan%um
(3.3)

“Riemann RERA 1 = U+ ShFir, =u-/Eh, WE D ORHREN T

R

ot 2
or, 8r2 ntn
——\gH —=f-K——

ot =/- 2

ST AR I 77 ) DL Qq%%m&ﬁ,ﬁﬁﬁﬁkﬁx:0ﬁ%ﬁ%$
i Lo = (0, 0) + [ Sh(0,0) + T~ SRS ASRA 57160 AR e, AT
B, |, = 10(x,0) - [ £(x,0) st 7, | o= 1(0,0) -/ £h(0,0) .
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A, wy (0), w, () IREEREG B2 WIEWESEG @ = u™ (x,0),h = ™" (x,1)

AR S g vt BRI BTk F BRIz s 11X — 2Rk sUM AR IE AL 24
AR bR K 1) A AEASEAUL H AN R PR 7 D0

1) HESINEMA AR p#0;

2) HIEJR AR DL AEREEERS RAL,  FERCE bR i B H A s
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= lim(J[uO + o, h° +aﬁ°,K+a1%,D+a15]—J[u°,h°,K,D])/a

a—0
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(3.6)
H T PR SRR, B
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S ey
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(3.9)
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MR E R K€ SC, OB U H bR ek ek 5 0
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=
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j=1

3
Il
—_

—~VJ(D°).D°
J-1 R
+{=VIDV )+ ot(w), @) =) Y=ot () +:[£hY =D)L DY
j1

=0.

(3.23)

(3.24)

K BB AT B I 455 (3.23)M1(3.24), FAAG3H T XM . I E A

P S B EA T I SO ) B A 0 B R 4
> PR AE:
w" =0,
wrt =AW -M",
(n=N,N-1,]).

<> BREVEE

20

(3.25)



ok E M I K % M+ % & it X

Gl =-A4"W°,

N-1 1

z- n n
VJ(KO):_EE(;_hO)QOa
N-1
VJI(K))=7t) Plu" (j=12,-,J-1),
n=0
VJ(DO) = _(Clplo + Cleo + C7Q8)a

J-1
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