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The continuous problem - 3D

Let Q C R? be the (polyhedral) computational domain. Given j € L3(Q)
(with divj = 0), and p € R positive:

find H € H(curl; Q) and B € H(div; Q) such that:
curlH =j and divB = 0 with B = uH in €,
with the boundary conditions H An =0 on 0f2.

We recall that

curlv .=V A v, divw :=V - v

and we set
Ho(curl; Q) = {v € [L3(Q)]? with curlv € [L3(Q)]? and vAn = 0 on OQ}.

Kik
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Variational formulation

Among the various formulations we chose (see Kikuchi 89)
find H € Ho(curl; Q) and p € H3(Q) such that:

/curIH-curIde +/ Vp~ude:/j-curlde Vv € Hy(curl; Q),
Q Q Q

/Vq-,quQ_O Vg € H(Q).

Q

We have a unique solution (H, p) with p =0, curlH = j, divuH = 0.
N.B. To see that p = 0 take v = Vp in the first equation.
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Hodge-Laplacian variant
It is easy to see that the Kikuchi formulation here is equivalent to the
Hodge-Laplacian formulation:
find H € Ho(curl; Q) and p € H3(Q) such that:
/ curlH - curIde+/ Vp- ,ude:/j ~curlvdQ Vv € Hy(curl; Q),
Q Q Q

/Vq~quQ +/Vp~quQ:O Vg € H3 (Q).
Q Q

Indeed, it is now immediate that the above problem has a unique solution
(ellipticity in Ho(curl; Q) x H3(Q)) .

We also see that p = 0 from the first equation, as before.

But knowing that p = 0 the two formulations coincide....
Toy2D
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The (toy) continuous problem in 2D

Let Q C R? be the (polygonal) computational domain. Given
j € L3(Q) (with [5j =0), and p € R positive:

find H € H(rot; Q) and B € H(div; Q) such that:

rotH = j and divB = 0, with B = uH, in Q
with the boundary conditions H-t = 0 on 02

Here

rotv = % - (?)\;1 = div(v!), rotqg = (Oq (?q)T = (Vq)*

Note: Setting H = (V))* we have —div(uVv) = j and Y/ =0.

But we pretend that we don't see it.... Kik 2D
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Variational formulation of the 2D problem

Setting

Ho(rot; Q) = {v € [L?(Q)]? with rotv € L*(R),H -t = 0 on 9Q},
the corresponding Kikuchi formulation reads now

find H € Ho(rot; Q) and p € H}(Q) such that:

/rotHrotde+/Vp-,ude:/jrotde Vv € Hp(rot; Q)
Q Q Q

/Vq-,quQ_O Vg € H(Q)

Q

and again we have a unique solution (H, p) with p = 0, rotH = j,
le/J,H = 0 H-L
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Here too we have a Hodge-Laplacian formulation:

find H € Hy(rot; Q) and p € H}(Q) such that:

/rotH-rotde+/ Vp-ude:/jrotde Vv € Hy(rot; Q)
Q Q Q

—/Vq~,quQ+/Vp~quQ=O Vg € H}(Q).
Q Q

We still have that p = 0 and hence that the two formulations coincide....

Geom El
«O> «F>r «=» «E» Q>



Shape of the elements

We will asssume that there exists a constant p > 0 such that, for every
decomposition T, and for every element E of Tj:

o FE is starshaped with respect to every point of a ball of radius phg
(hg = diameter of E)

@ The number of edges of E is less then 1/p

G

From every point of the disc one can see the whole OE. decol
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e T, = decomposition of 2 into elements E

01 02 03 04 05 06 07 08 09 1

«O» «Fr «

deco2
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e T, = decomposition of Q into elements E

quadrati-distorti—0.5-10x10
S, hmax =0.234445, hm =0.171046

ean

100 polygon:




Discretization with Virtual Elements - Nodal Local VEMs
e 7, = decomposition of €2 into elements E Nodal VEM space

r>1 o V(E) = {q € C°E): q. € P,(e) Ve € OE, Aq e P,,z(E)}.

Easy variant (with rp integer r —2 < rp <r):

r>1 o V(E) = {q € C%E): qp. € P,(e) Ve € IE, Aq e IP,A(E)}.
Degrees of freedom:
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Discretization with Virtual Elements - Nodal Local VEMs
e 7, = decomposition of €2 into elements E Nodal VEM space

r>1 o V(E) = {q € C°E): q. € P,(e) Ve € OE, Aq e P,,Z(E)}.

Easy variant (with rp integer r —2 < rp <r):

r>1 o V(E) = {q € C%E): qp. € P,(e) Ve € IE, Aq e P,A(E)}.
Degrees of freedom:

e the nodal values g(v) at all vertexes v of E,

e for each edge e, the moments /qpr_g ds Vp,_2 € P,_s(e),

e

o /(Vq -Xg) pro,dE - Vp,, € Pr (E),
E

where xg = x — bg, with bg = barycenter of E. These d.o.f. are
unisolvent. Note that a computationally equivalent set of d.o.f. could be
obtained by replacing the red ones with the moments fE q pradE.

Ex-1
Franco Brezzi (IMATI-CNR)
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VI(E) := {q € CUE) : q € P1(e) Ve € OE, Aq = 0}

Example: r =1

Ex-2
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VI(E) = {q € COE) : qp. € Py(e) Ve € O, Aq € IP’O(E)}

Example: r =2

o:/Vq~xEdE
E

Ex-3
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VI(E) = {q € C°E) : qp. € Ps(e) Ve € O, Aq € IP’l(E)}

Example: r =3

Edge
«O>» «Fr «=»>» «E=)» =] Q>




Edge VEM space (N1-like):

VE(E) = {v| divv € P,_1(E), rotv € P,(E), v, - te € P,(e) Ve € aE}.
Degrees of freedom:
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Discretization with Virtual Elements - Edge Local VEMs

Edge VEM space (N1-like):

VE(E) = {v| divv € P,_1(E), rotv € P,(E), v. - to € P,(e) Ve € aE}.

Degrees of freedom:

e on each egde e, /(v te)prds Vpr € Pr(e)

e

e the moments / v-Xg pr—1dE Vp,_1 € P,_1(E)
E

. /E rotv podE Vp,° € PY(E),
where, for s i;1teger,
P .= {q € P, with /Equ =0}
These d.o.f. are unisolvent.

Ex-4
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VE(E) = {v| dive = 0, rotv € Po(E), v, - t. € Po(e) Ve € aE}

Example: r =0

Ex-2
«O>» «Fr «=»>» «E=)» =] Q>




VE(E) = {v| divv € Po(E), rotv € P1(E), v, - te € Py(e) Ve € 85}

Example: r =1

o=/v~xEdE

E

o:/rotvp?dE
E

Glob
«O> «F>r «=» «E» Q>




Vi = {g € H(Q) such that qi¢ € V(E) VE € T, },

Ve = {v € Ho(rot; Q) such that vz € VE(E) VE € T,,}.

«O> «F>r «=» «E» Q>



Vi = {g € H(Q) such that qi¢ € V(E) VE € T, },

Ve = {v € Ho(rot; Q) such that vz € VE(E) VE € Th}.
We would like to take the edge VEMSs one degree lower than the nodal
ones, and write

(find Hy € V¢ and py € V[ ; such that:

Z/rotHhrotvdE+Z/Vph-uvdE:Z/jrotvdE W e V¢
E “E E 'E E “E

Z/Vq~uthE:0 Vg € V.
\ E E

«O> «F>r «=» «E» Q>




The global VEM spaces and a tentative discrete problem

V" = {q € H}(Q) such that gz € V(E) VE ¢ T,,},

VE = {v € Ho(rot; Q) such that vz € V7(E)VE € 77,}.

We would like to take the edge VEMs one degree lower than the nodal
ones, and write

find Hy, € Vi and p, € Vi1 such that:

Z/rotHhrotvdE+Z/ Vph~ﬂvdE:Z/jrotvdE Vv e V¢
= JE = JE = JE

Z/EVq-uthE:O Yge V.
=

Problem: rotHy and rotv are polynomials: O.K. But p, g, and v are not

known inside the elements. GASP!!!l How to compute / Vq - puvdE?
E
Comput
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How to compute / Vq-uvdE?
E

«O>r 4Fr «=Hr <= o



How to compute / Vq-uvdE?
E

Note: the L2-projection M9 : VE(E) — [Px(E)]? is computable from d.o.f.
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How to compute/Vq-,uvdE?
E

Note: the L2-projection M9 : VE(E) — [Px(E)]? is computable from d.o.f

Indeed, any pyx € [P«(E)]? can be split in a unique way as

Pk =rotq, 1 + XEqQK—1,

Gk+1 € Prs1(E),
Hence:

qk—1 € Pr_1(E).

/n‘;v-pkdE:/ v prdE =
E E

/ v - (rotq,,q +xeq_1)dE
E

= /E(rotv)qudE - Z /(v “t) G411 ds +/

(V . XE) qkfldE
ecHE € E

Scal-Pr
Franco Brezzi (IMATI-CNR)
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Scalar product in V¢

Using the projection operator I'I2 we can then construct a local scalar
product in V¢, with the usual VEM approach:

[v,wl, g == (Mv,Mw)o £ + Se((/ — MY)v, (1 — MY)w)
where Sg is such that Stability holds, in the form
ax(v,v)o F < ["v"]e,E < a*(v,v)oE Y e VE(E).
Then Consistency will always hold, in the form:
[v,Pile.e = (V,pk)oe W € VE(E), Vpk € [Pu(E)]*

Loc De Rham
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Exact sequence
It is not difficult to check that, with the above definitions
VVI1(E) ={ve V{(E): rotv =0}.

Moreover
rotV)!, 1 (E) = Px(E).
so that we reproduce the exact sequence of the De Rham complex.

These properties play a fundamental role in the analysis of the
discrete problem and in the study of convergence.

Glob-Sp
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Global VEM Spaces

Given a decomposition T}, of € into polygonal elements E, we recall the
global spaces:

Vil = Vil (Q) = {q € H}(Q) such that g € Vi1 (E)VE € 77,},

Vi = V((Q) = {v € Ho(curl; Q) such that v € VE(E) VE € 777},

with the obvious degrees of freedom. There we can then define the global
discrete scalar products

[v,Wleq = Z [v,w]e,e

EETy

with the consequent stability and consistency properties.

Glob De Rham
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Computable exact sequence

It is important to point out that, for global spaces as well,
VV 1 = {v € V{ such that rotv = 0}.

together with

rot V¢ = H Py (P
PETs

It is also important to note that given the dofs of a g € V!, ; we can
compute the corresponding dofs of Vg in V¢; and given the dofs of a
v € V| we can compute its rot in each element.

Disc Prb
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The discrete problem and its convergence

Given j € [2(Q), with [,jdQ =0,
find H, € Vi and p, € V!, ; such that:
/QrotHh rotvdQ + [Vpp, puv]e o = /erotde Y e V¢,
[Va,uHplea =0 Vge V(.

Theorem
The problem has a unique solution and the following estimate holds:

IH=Hilog < € (IH = Hillog + H ~ MH|og),

[rot(H — Ha)llo.0 = [li — Mz Jllo.0;

Num-res
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Test case : Q = [0, 1]2

exact solution:  H(x,y) := ( msin(7x) cos(my) )

—m cos(mx) sin(my)

Figure: Example of uniform mesh .
«O>» «Fr «Z» « » :EVOFQFQ{(\,



Test case : Q = [0, 1]2

exact solution:  H(x,y) := ( msin(7x) cos(my) )

—m cos(mx) sin(my)

Figure: Example of Voronoi mesh
g p «Or < Fr «=Zr « =) ?iStmG



Test case 1: Q = [0, 1]2

exact solution:  H(x,y) := ( msin(7x) cos(my) )

—m cos(mx) sin(my)

Figure: Example of distorted hexagons
g P <Dg> «(Fr «E>» <ZE>L2'_§°""'*’J‘5{G



L? convergence
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L? convergence
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L? convergence
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Serendipity spaces (general view

The Serendipity procedure is, as in Finite Elements, a way of reducing the
(internal) degrees of freedom by changing the space. (The most famous
example beng the 8-node square)

Aim:

e we want to keep the boundary d.o.f. to preserve conformity: H® for
nodal VEMs, and H(rot) for edge VEMs

e we try to eliminate as many internal d.o.f. as we can, keeping only those
needed for the expected accuracy

NOTE: When dealing with 3D problems, this will be used to
eliminate d.o.f.s internal to the faces: something otherwise
impossible (or extremely hard) to do with static condensation

SC vs SERE
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«O> «F>r «=» «E» .




7 g 5

Static condensation is just a way of
solving the linear system leaving
8 9 e4 the approximation space unchanged.
1 2

«O> «F>r «=» «E» Q>



Elimination of internal d.o.f.s

7 g 5 Static condensation is just a way of
solving the linear system leaving
39 °9 24 the approximation space unchanged.
Serendipity changes the approximation
: s 2 space (here Qo — Q> \ x%y?)
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Elimination of internal d.o.f.s

7 g 5 Static condensation is just a way of
solving the linear system leaving
39 °9 24 the approximation space unchanged.
Serendipity changes the approximation
: s 2 space (here Qo — Q> \ x%y?)

In the above case: let ¢ : R® — R be a function such that
gp(p(l)7p(2), e ,p(8)> = p(9) Vp € Py, and then take

S:={qcQast q(9) = »(q(1),9(2),---,q(8))}
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Elimination of internal d.o.f.s

7 g 5 Static condensation is just a way of
solving the linear system leaving
39 °9 24 the approximation space unchanged.
Serendipity changes the approximation
: s 2 space (here Qo — Q> \ x%y?)

In the above case: let ¢ : R® — R be a function such that
gp(p(l)7p(2), e ,p(8)> = p(9) Vp € Py, and then take

S:={q€Q2s.t. q(9) = ¢(q(1),q(2),---,q(8))}
= PrbCcSCQ

for VEM
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For nodal VEMS, and r > 1, we start from the bigger space

VI(E) = {q e CYE): qie € Pr(e) Ve € OE, Aq € ]P’,(E)}.

«O> «F>r «=» «E» Q>



Which dofs must be kept and which may be eliminated

For nodal VEMS, and r > 1, we start from the bigger space

VA(E) = {q € COE): q. € P,(e) Ve € OE, Aq e IP,(E)}.
with the degrees of freedom:

e the nodal values g(v) at all vertexes v of E,

e for each edge e, the moments /qpr_g ds Vp,_2 € P,_s(e),

e

. /qprdE Vp, € P,(E),
E

Split dofs
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Which dofs must be kept and which may be eliminated

For nodal VEMS, and r > 1, we started from the bigger space

VO(E) = {q € COE): q. € P,(e) Ve € OE, Aq e Pr(E)}.

r

We now split all the above degrees of freedom in two (disjoint) parts
S = {dofs that we want to keep} T = {dofs that we want to throw away}

and we assume that S contains all the boundary degrees of freedom plus,
possibly, some internal moments, so that the following property holds:

() Vpr € P(E): {0(p/)=0forall § €S} = {p, =0}.

Ex-S-Tria
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Remember that we want

()

Vp, € P,(E) :

{6(pr) =0forall § € S} = {p, =0}
This will depend both on r and on the geometry of E.

Can you use only the boundary degrees of freedom? On triangles....

«O> «F>r «=» «E» Q>



Remember that we want
()

Vp, € P.(E):

{6(pr) =0forall § € S} = {p, =0}
This will depend both on r and on the geometry of E.

Can you use only the boundary degrees of freedom? On triangles....

r=1 yes

«O» «F>»r « =>»

« =
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Examples: on triangles

Remember that we want

() Vpr € P (E): {d(ps) =0 forall 6 € S} = {p, = 0}.

This will depend both on r and on the geometry of E.
Can you use only the boundary degrees of freedom? On triangles....

r=1 yes r=2 yes
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Examples: on triangles

Remember that we want

() Vpr € P (E): {d(ps) =0 forall 6 € S} = {p, = 0}.

This will depend both on r and on the geometry of E.
Can you use only the boundary degrees of freedom? On triangles....

r=1 yes r=2 yes r=3 no
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Examples: on triangles

Remember that we want

() Vpr € P (E): {d(ps) =0 forall 6 € S} = {p, = 0}.

This will depend both on r and on the geometry of E.
Can you use only the boundary degrees of freedom? On triangles....

r=1 yes r=2 yes r=3 no

For r < 3, property . holds on triangles just using the boundary d.o.f.
If r > 3 on triangles we will need, in S, some of the internal d.o.f.

For instance, for r = 3 we need just 1 internal d.o.f. (and not 3!!), to
“kill" the bubble of P3.

Ex-S-Qua
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Remember that we want
()

Vp, € P.(E):

{6(pr) =0 forall § € S} = {p, =0}.
This will depend both on r and on the geometry of E.

Can you use only the boundary degrees of freedom? On quadrilaterals....

«O> «F>r «=» «E» Q>



Remember that we want
()

Vp, € P.(E):

{6(pr) =0 forall § € S} = {p, =0}.
This will depend both on r and on the geometry of E.

Can you use only the boundary degrees of freedom? On quadrilaterals....

r=2 yes

«O» «F>»r « =>»

« =

DA




Examples: on quadrilaterals

Remember that we want

() Vpr € P (E): {d(ps) =0 forall 6 € S} = {p, = 0}.

This will depend both on r and on the geometry of E.
Can you use only the boundary degrees of freedom? On quadrilaterals....

r=2 yes r=3 yes

Franco Brezzi (IMATI-CNR) Serendipity VEM LSEC - 2017 36 / 62



Examples: on quadrilaterals

Remember that we want

() Vpr € P (E): {d(ps) =0 forall 6 € S} = {p, = 0}.

This will depend both on r and on the geometry of E.
Can you use only the boundary degrees of freedom? On quadrilaterals....

r=2 yes r=3 yes r=4 no
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Examples: on quadrilaterals

Remember that we want

() Vpr € P (E): {d(ps) =0 forall 6 € S} = {p, = 0}.

This will depend both on r and on the geometry of E.
Can you use only the boundary degrees of freedom? On quadrilaterals....

r=2 yes r=3 yes r=4 no

For r < 4, on quads, property .% holds just using the boundary d.o.f.
If r > 4 on quads we will need S some of the internal d.o.f.

For instance, for r = 4 we need in S just 1 internal d.o.f., (and not 6!!), to
“kill" the bubble of Pj4.

Ex-S-Gen

Franco Brezzi (IMATI-CNR) Serendipity VEM LSEC - 2017 36 / 62



When do we need internal degrees of freedom? And how many of them?
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When do we need internal degrees of freedom? And how many of them?

We need to kill the bubbles of ,: B,(E) = P,(E) 1 Hi(E). Our
additional internal d.o.f. could then be chosen as

/qb, dx, Vb, € B.(E).
E

«O> «F>r «=» «E» Q>



When do we need internal degrees of freedom? And how many of them?

We need to kill the bubbles of ,: B,(E) = P,(E) 1 Hi(E). Our
additional internal d.o.f. could then be chosen as

/qb,dx, Vb, € B,(E).

E

Apparently dim(B,(E)) depends only on r and on the number N of edges.
E.g. for By:=product of the N edges:

«O> «F>r «=» «E» Q>



Examples: General Case
When do we need internal degrees of freedom? And how many of them?

We need to kill the bubbles of P,: B.(E) =P, (E) N Hi(E). Our
additional internal d.o.f. could then be chosen as

/qbrdx, Vb, € B,(E).
E

Apparently dim(B,(E)) depends only on r and on the number N of edges.
E.g. for Bn:=product of the N edges:
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Examples: General Case
When do we need internal degrees of freedom? And how many of them?

We need to kill the bubbles of P,: B.(E) =P, (E) N Hi(E). Our
additional internal d.o.f. could then be chosen as

/qbrdx, Vb, € B,(E).
E

Apparently dim(B,(E)) depends only on r and on the number N of edges.
E.g. for Bn:=product of the N edges:
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Examples: General Case
When do we need internal degrees of freedom? And how many of them?

We need to kill the bubbles of P,: B.(E) =P, (E) N Hi(E). Our
additional internal d.o.f. could then be chosen as

/qbrdx, Vb, € B,(E).
E

Apparently dim(B,(E)) depends only on r and on the number N of edges.
E.g. for Bn:=product of the N edges:
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Examples: General Case
When do we need internal degrees of freedom? And how many of them?

We need to kill the bubbles of P,: B.(E) =P, (E) N Hi(E). Our
additional internal d.o.f. could then be chosen as

/qbrdx, Vb, € B,(E).
E

Apparently dim(B,(E)) depends only on r and on the number N of edges.
E.g. for Bn:=product of the N edges:

Br( T) = ﬁ3pr—3
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Examples: General Case
When do we need internal degrees of freedom? And how many of them?

We need to kill the bubbles of P,: B.(E) =P, (E) N Hi(E). Our
additional internal d.o.f. could then be chosen as

/qbrdx, Vb, € B,(E).
E

Apparently dim(B,(E)) depends only on r and on the number N of edges.
E.g. for Bn:=product of the N edges:

B/(T) = Bspr-3 B/(Q) = Bapr—a
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Examples: General Case
When do we need internal degrees of freedom? And how many of them?

We need to kill the bubbles of ,: B,(E) = P,(E) 1 Hi(E). Our
additional internal d.o.f. could then be chosen as

/qbrdx, Vb, € B,(E).
E

Apparently dim(B,(E)) depends only on r and on the number N of edges.
E.g. for Bn:=product of the N edges:

Br(T) = ﬁ3pr—3 Br(Q) - B4Pr74 Br(P) - ,85pr75 guai
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quad

pentagon

«O> «F>r «=» «E» .



quad

pentagon
B/(Q) = MaAspr—3

B/(P) = MAaA3p,—3

«O> «F>r «=» «E» = Q>



quad

pentagon
B/(Q) = MaAspr—3

B/(P) = MAoA3pr—3

What counts is the number 7 of straight lines necessary to cover the
boundary of E. In both the above cases n = 3.

other etas
«O» «Fr «=)r «E)» Q>



n

= minimum number of straight lines necessary to cover the boundary
N = number of edges

NV

N=6 n=6

N=6 n=3 N=6 n=5

«O» «F>»r « =>»

« =




N=12 1 =6

N=16 n =8
dim(B,(E)) = dim(IP,_,). We need as internal dofs, for instance:
either

fE qpPr—ndx Vpr—p € Pry

or  [zqb,dx Vb, € B,

lazy-stingy
«O» «Fr « =>»

« =

DA



The lazy choice and the stingy choice

Setting 7, := dim(IP;) we must add, to the boundary dofs:
@ on a triangle (n = 3), m,_3 internal dofs;
e on a quad (n = 4), m,_4 internal dofs;

@ on an n-gon, ., internal dofs.
In general, even on very distorted polygons, you must keep in S as many
internal dofs as there are P,-bubbles

In practice, in a code, you may either check every element to compute its
n (stingy choice) or treat every element as if it were a triangle (lazy
choice). Obviously, intermediate choices can be taken as well.

The best strategy depends on the circumstances.

costr proj
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The projector M™ - General case

Assume that the degrees of freedom that we kept in S are
@ The boundary ones
@ For r > 1 the moments against the bubbles of P,,

Then we define I_If’S as

0:(q —N"5q)depds =0 Vp € P,(E),
OE

/ (xe - n)(q — N"5q)ds = 0,
OE

/(V(q —N"°q)-xgb,dE =0 Vb, € B,.
\ JE

N™> is a projection V"(E) — P,

Convex case
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The projector M™> (Convex case)

Assume that the degrees of freedom that we kept in S are
@ The boundary ones

@ For r > 7 the moments against the polynomials of degree up to 3,
where 3 :=r — 1.

Then we define N7° as

; 0t(q —N5q)0rpds =0 Vp € Py(E),
E

/ (xg -n)(g —MNsq)ds =0,
0E

/(V(q —MN35q) - xepsdE =0 Vpg € Pp.
E

Note that the dimension of Ps is equal to the dimension of the space
B.(E) of bubbles in E of degree r (that we used before).

SERE-VEM spaces
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The operator I'If’s has the following properties:

o M7 is computable using only the d.o.f. § € S
o N™qg=q VYqeP,.

«O> «F>r «=» «E» Q>



Serendipity Nodal VEM-spaces

The operator I'If’s has the following properties:

e M7 is computable using only the d.o.f. § € S
e N™g=gq VYqgeP,

At this point we can set:
SVM(E):={qe V"(E):st.5(q) = 6(N™°q) Vs € T}

From the dofs in S we can compute 17°, and then from M™° we
can compute all the other dofs in T.

P.(E) C SV/(E) C V/(E)
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Serendipity Nodal VEM-spaces

The operator I'If’s has the following properties:

e M7 is computable using only the d.o.f. § € S
e N™g=gq VYqgeP,

At this point we can set:
SVM(E):={qe V"(E):st.5(q) = 6(N™°q) Vs € T}
From the dofs in S we can compute 17°, and then from M™° we
can compute all the other dofs in T.
P-(E) € SVP(E) C V/(E)
Simple! Isn’t it?

SERE edge spages
Franco Brezzi (IMATI-CNR) Serendipity VEM LSEC - 2017 44 / 62



Serendipity edge spaces (for simplicity, r <7, (no bubbles) )

Recall that N1, := VP, + xTP,. Define a projection
Me° : VE(E) — N1,(E) as follows:

[(v—N2°v) - t][Vp-tlds =0 Vp € P,(E),
OE

/ (v—TM%) - tds =0,
oE
/ rot(v — M&Sv)pldE =0 vp° e PO(E).
E
Serendipity edge space:
Svre(E) = {V € Vre(E) : /(V - ngv) " XE PrfldE =0 Vp-1€ ]P)rfl}
E

N1,(E) € SVF(E) € VE(E)

Sere Risc Prob
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Serendipity Discretized Problem

Note that even for Serendipity spaces we have the crucial property:
VSV (E)= {v € SVE(E) : rotv = 0}.

We can now pass to the global spaces as before, and write the Serendipity
discretized problem:

find Hy € SV)¢ and p, € SV | such that:
/QrotHh rotvdQ + [Vpp, uv]e g = /erotv dQ Wv e SV,
[Vg,uHplea =0 Vge SV, ;.

Unique solution and same error estimates as before.

Num Res
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(™ error
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Serendipity Local VEM spaces on 0P

Let then kK > 0, and let Ny be the number of vertices, N, the number of
edges, and Ny the number of faces of the polyhedron P.

For each face f we will use the Serendipity spaces SV|! ,(f) and SV¢(f)
as defined above. In order to define the corresponding spaces on P we first
define the nodal Serendipity boundary spaces as

Bi1.5(0P) :={q € C°(OP) such that qir € SV/!,;(f) V face f € OP},
and the edge Serendipity boundary spaces as

Bi s(OP) := {v such that v € SV{(f) V face f € OP,

and v - te continuous at each edge e € JP}.

SERE local on P
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Serendipity Local VEM spaces in P

We then introduce the nodal Serendipity three-dimensional spaces

Vy, 4 (P) = {q € H'(P) N CO(P) : qiop € Bi.1 5(9P), Age IPH(P)},
and the edge Serendipity three-dimensional spaces

VE(P) = {v| Viop € BS.5(0P), divv € Py_1(P), curl(curlv) € (IF’k_l(P))3}.
We will also need a face Virtual Element space, that we define as
Vi (P):= {w| w-ng € P(F) ¥ face f, divw € Py (P), curlwe(Pk_l(P))3}.

dof n

Franco Brezzi (IMATI-CNR) Serendipity VEM LSEC - 2017 50 / 62



Degrees of freedom in SV! ;(P)

In Vi, 1(P) we have the degrees of freedom

e for each vertex v, the nodal value g(v),

e for each edge e and k > 1 the moments /qpkl ds Vpk—1 € Pr_1(e),

e

oV face f with Sf > 0 the moments /(qu -Xf) pg, df  Vpg, € Pg,(f),
f'

o for k > 1 the moments/ q pk—1dP  Vpk_1 € Pr_1(P).
P

dof e
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Degrees of freedom in SV¢(P)

In VZ(P) we have the degrees of freedom:

e on each e: /(v ‘te)prds Vpi € Pi(e),
e

e for each f with 3 > 0: /v -xf pg, df  Vpg, € Pg,(f),
f

e for each face f: /rotfvf pddf Vpl e PY(f) (only for k > 1),
f

o fork>1: /(V : Xp)pk,1 dP Vpx_1 € Pk,l(P),
P
. /P(curlv) (xp Apk—1) AP Vpk_1 € [Px_1(P)]?,

where xp := x — bp, with bp =barycenter of P.

dof f
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Degrees of freedom in V/(P)

Finally, in V}(P) we have the degrees of freedom

e for each f: /(w ‘ne)prdf  Vpx € Pi(f),
f
o for k > 1/w -(grad py)dP  Vpi € Pr(P),
P
J / w - (xp Apk_1)dP  Vpi_1 € [Pr_1(P)]>.
P

Out of the local degrees of freedom (from the three cases above) we then
easily get the degrees of freedom for the global spaces.

We note that, in many applications, the number of internal dofs for the
spaces V2, ;(P), V¢(P), and V{(P) will be (much) more than necessary.
However, we will not make efforts to diminish them, assuming that in
practice we could eliminate them by static condensation (or even construct
suitable Serendipity variants).

Lec Ex,Sq
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Exact sequence

Note that Vg € SV/" ,(P), its tangential gradient, applied face by face,

will belong to SV(f). Consequently, we have v := grad g € SV(P) since
divv € Px_1(P) and curlv = 0. Hence,

VSV 1(P)={ve SV{(P): curlv=0}.

Moreover, Yv € SVE(P) we have that w := curlv € V/(P). Indeed, on
each face f we have that w - ng(= rotsvg) belongs to Px(f), and moreover

divw = 0 (obviously) and curlw € (P,_1(P))3. Hence,
curl SVE(P) := {w € V/(P): divw = 0}.
Finally,
divV/(P) := Py(P)
and we get the discrete local De Rham Exact Sequence.
Glob Sp
Franco Brezzi (IMATI-CNR)
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Given a decomposition Tj of £ into polyhedrons, with the usual regularity
assumptions, we can define the global spaces:

SVE,, = SVR,(Q) = {q € HE(Q) such that gp € SVJ.1(P) VP € Th},

SVE = SVE(Q) == {v € Ho(curl; Q) such that vjp € SV{(P) VP € Th},

Vi = ViQ) = {cp € Ho(div; Q) such that ¢p € VJ(P) WP e T,,},
with the obvious degrees of freedom.

Sc Prod
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Scalar Products

From the degrees of freedom we can compute the (L?(P))3-orthogonal
projections M¢ and MY from VE(P) and V£(P) (respectively) to (Ps(P))3.
Hence, we can define /ocal scalar products [w, v]e p and [w, v]s p in the
usual VEM fashion, with the stability and consistency properties:

avige < v.vlep <a’llvigp v e SVE(P)

avlfe < vvlrp < @*|vl§p Vv e Vi(P)

Vv, Pilep = / voprdE = (v,pi)op v € SVE(P). Vpx € (Pu(P))’.
P

[v,plrp = / vopdE = (v,pi)op WV € V{(P), Vpi € (Pi(P))>.
P
Then, out of them, we can compute the global discrete scalar products

[V, Pile, and v, Pkl

with the consequent stability and consistency properties.

Ex Seq
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Computable exact sequence
It is important to point out that, for global spaces as well,
VSV = {v € SV{ such that curlv = 0}.
together with
curl SV¢ = {p € V| such that dive = 0}.

and finally

divVi = H Py (P
PET,

It is also important to note that given the dofs of a g € SV, ; we can
compute the corresponding dofs of Vg in SV ; and given the dofs of a
v € SV we can compute the corresponding dofs of curl v in V,f; finally
(obviously) from the dofs of a ¢ € V| we can compute its divergence in
each element.

H
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Construction of j,

Given j € Hp(div; Q) with divj = 0, we first construct its interpolant
Ji € V,f that matches all the degrees of freedom

e for each face f: /f((] —J1) - n)pr df =0 Vpy € Py(f),

e for each element P,k > 1: /P(j —j1) - grad p dP = 0 Vpy € P (P),

e for each element P: /P(j —J1) - (xp Api_1)dP = 0 Vp_1 € (Px_1(P))3.
We then have easily that

/PdiV(j — 1) pkdP =0 Vpi € Py(P).

and in particular
diVj/ =0in Q.

Disc/Pe
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Then we can introduce the discretization of the 3D problem

find H, € Vi and py € V| | such that:
[curl Hp, curlv]s + [Vpp, puv]e = [j1, curlv]s Vv € V)
[Vq,uHple =0 Vg e Vi ;.

We point out that for g € V|, ; we can compute the degrees of freedom
of Vg, as an element of V¢, so that the two edge-scalar products are
computable.

Similarly, both curl Hy, and curlv, as well as j;, are face Virtual Elements
in V,f(P) for each polyhedron P, so that the two face-scalar products are
also computable.

We also observe that, taking v = Vpy, in the first equation we easily
obtain ||Vppl|lo =0, and hence p, = 0.

Once we know that p, = 0 we can easily check, as in the 2-D case, that

curl Hh = j|.
and that the usual optimal error estimates hold.

sav dof’
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Savings in interelement dof's

dofs k=2
Mesh | VEMS, | VEM, Q-
g3 2,673 7,857 4,401
163 18,785 | 57,953 | 31,841
323 | 140,481 | 444,609 | 241,857
dofs k=3
Mesh | VEMS; |  VEM; Qs
g3 4617 | 14,985 | 11,529
163 32,657 | 110,993 | 84,881
323 | 245,025 | 853,281 | 650,529

Table: Number of inter-element dofs for a cubic uniform mesh. k =2 and k = 3

Franco Brezzi (IMATI-CNR)

Serendipity VEM

LSEC - 2017

60 / 62



Savings in interelement dof's

dofs k=4
Mesh | VEMS, VEM, Q4
g3 8,289 23,841 22,113
163 59,585 | 177,080 | 164,033
323 | 450,945 | 1,363,329 | 1,261,953
dofs k=5
Mesh | VEMSs VEMs Qs
g3 15,417 34,425 36,153
163 | 112,625 | 256,241 | 269,297
323 | 859,617 | 1,974,753 | 2,076,129

Table: Number of inter-element dofs for a cubic uniform mesh. k =4 and k=5
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EIREN
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