AN EFFICIENT EDDY CURRENT MODEL FOR NONLINEAR
MAXWELL EQUATIONS WITH LAMINATED CONDUCTORS*
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Abstract. In this paper, we propose a new eddy current model for the nonlinear Maxwell
equations with laminated conductors. Direct simulation of three-dimensional (3D) eddy currents in
grain-oriented (GO) silicon steel laminations is very challenging since the coating film over each
lamination is only several microns thick and the magnetic reluctivity is nonlinear and anisotropic.
The system of GO silicon steel laminations has multiple sizes and the ratio of the largest scale to
the smallest scale can amount to 10%. The new model omits coating films and thus reduces the scale
ratio by 2-3 orders of magnitude. It avoids very fine or very anisotropic mesh in coating films and
can save computations greatly in computing 3D eddy currents. We establish the wellposedness of
the new model and prove the convergence of the solution of the original problem to the solution of
the new model as the thickness of coating films tends to zero. The new model is validated by finite
element computations of an engineering benchmark problem — Team Workshop Problem 21¢-M1.
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1. Introduction. We propose to study the following eddy current problem in
magnetic and anisotropic materials

0B
(1.1a) v +curlE=0 in R (Farady’s law)

(1.1b) curlH =J in R?, (Ampere’s law)

where F is the electric field, B is the magnetic flux, H is the magnetic field, and J
is the current density defined by:

(12) 7= ocE in Q, (conducting region)
) | J. in R3\Q.. (nonconducting region)

Here o > 0 is the electric conductivity, J s is the source current density carried by some
coils, and €2, denotes the conducting region. For magnetic and anisotropic materials,
B = (B, By, B3) is a nonlinear vector function of H = (H;, Ha, H3) in the form of
B; = B;(H;),i=1,2,3.

The eddy current problem is a quasi-static approximation of Maxwell’'s equa-
tions at very low frequency by neglecting the displacement currents in Ampere’s law
(see [2]). For linear eddy current problems, there are many interesting works in the
literature on numerical methods (cf. e.g. [5,9,13,15,22]) and on the regularity of
the solution (cf. e.g. [10]). But the mathematical theory and numerical analysis for
nonlinear eddy current problems are still rare in the literature. In [4], Bachinger et
al studied the numerical analysis of nonlinear multi-harmonic eddy current problems

*This work was supported in part by China NSF grants 11031006 and 11171334, by the Funds for
Creative Research Groups of China (Grant No. 11021101), and by the National Magnetic Confinement
Fusion Science Program (Grant No. 2011GB105003).

TLSEC, Institute of Computational Mathematics, Academy of Mathematics and System Sciences,
Chinese Academy of Sciences, Beijing, 100190, China. (jxue@lsec.cc.ac.cn)

TLSEC, Institute of Computational Mathematics, Academy of Mathematics and System Sciences,
Chinese Academy of Sciences, Beijing, 100190, China. (zwy@Isec.cc.ac.cn)

1



2 X. Jiang and W. Zheng

in isotropic materials. In this paper, we shall study the eddy current problem with
nonlinear and anisotropic reluctivity.

GO silicon steel laminations are widely used in iron cores and shielding structures
of large power transformers [7]. The complex structure is made of many laminated steel
sheets and each sheet is only 0.18 —0.35mm thick. Moreover, each steel sheet is coated
with a layer of insulating film whose thickness is only 2 — 5um so that the electric
current can not flow into its neighboring sheets (see Figure 1.1). Usually the lamination
stack has multi-scale sizes and the ratio of the largest scale to the smallest scale can
amount to 10°. Full 3D finite element modeling for (1.1) is extremely difficult because
of extensive unknowns from meshing the laminations and the coating films. There are
very few works on the computation of 3D eddy currents inside the laminations in the
literature.

Magnetic steel plate

Shield

F1a. 1.1. Left: the magnetic shield for protecting the magnetic plate. Right: the magnetic shield
made of laminated steel sheets.

In recent years, there are considerable papers devoted to developing efficient nu-
merical methods for nonlinear eddy current problems in steel laminations in the engi-
neering community. Among them, most works pay attention to effective reluctivities
and conductivities of the lamination stack (cf. e.g. [6,12,14,17,19]). The main idea
is to replace physical parameters with equivalent (or homogenized) parameters for
Maxwell’s equations. Since the effective conductivity is anisotropic and has zero value
in the perpendicular direction to the lamination plane, the numerical eddy current is
thus two-dimensional in the lamination stack. When the leakage magnetic flux is very
strong and enters the lamination plane perpendicularly, for example, in the outer
laminations of a large power transformer core, the eddy current loss induced there
must be taken into account in electromagnetic design. It is preferable to accurately
compute 3D eddy currents at least in a few laminations close to the source, that is,
to use the zoned treatment for practical approaches (see Figure 1.2). In the 3D eddy
current region, one usually has to mesh both the laminations and the coating films [8].

The main objective of this paper is to propose a new eddy current model for the
Maxwell equations with laminated conductors. This model omits coating films from
the lamination system and thus saves computations greatly in numerical solution. For
the original model, the eddy current is confined in each steel sheet by the coating film.
The treatment of this conservation property plays the key role in designing accurate
numerical methods for computing 3D eddy currents. Without the coating film, the
new model still conserves the eddy current inside each steel sheet, that is, the eddy
current can not flow across the interface between neighboring steel sheets. Based on
the magnetic potential A, we established the following theories:

1. the existence and uniqueness of the solution of the new eddy current model,
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F1G. 1.2. Zoned treatment of the lamination stack.

2. the stability of the solution with respect to the source current,
3. and the convergence of the solution of the original problem to the solution of
the new model as the thickness of coating films tends to zero.

The magnetic potential A is not unique and makes no physical sense in the noncon-
ducting region. It is just 0 A and curl A that are important in electrical engineering
and usually used in computing iron loss. We proved the convergence of 0 A and curl A
as the thickness of the coating film tends to zero. To validate the new eddy current
model numerically, we computed an engineering benchmark problem, Team Work-
shop Problem 21°-M1 [7], by the hybrid of edge element method and nodal element
method. The numerical results show good agreements with the experimental values
and demonstrate our theory.

The layout of the paper is organized as follows. In section 2 we present some no-
tation and Sobolev spaces used in this paper and study the A-formulation of (1.1). In
section 3 we propose a new eddy current model for laminated conductors by omitting
coating films. In section 4 we prove the well-posedness of the new model. In section
5, we prove the convergence of the solution of the original problem to the solution of
the new model. In section 6 we present a numerical experiment to validate the new
eddy current model.

2. The A-formulation of the eddy current problem. Let (2 be a truncated
cube which encloses all inhomogeneities, such as coils and conductors. Let L?(£2) be
the usual Hilbert space of square integrable functions equipped with the following
inner product and norm:

(u, ) :=/Qu(:c)v(m)d:c and  [Jull s g = (1, )2

Define H™(Q) := {v € L*(Q) : D*v € L?(Q),|¢| < m} where & represents non-
negative triple index. Let HJ(Q2) be the subspace of H'(Q) whose functions have zero
traces on 0f). Throughout the paper we denote vector-valued quantities by boldface
notation, such as L*(Q) := (L?*(Q))?.

We define the spaces of functions having square integrable curl by

H(curl, Q) := {v € L*(Q) : curlv € L*(Q)},
Hy(curl, ) :={v € H(curl,Q) : n xv=0 ondN}.

which are equipped with the following inner product and norm

(’U, w)H(curl,Q) = ('Ua w) + (Curlvv Curlw)7 ”vHH(curl,Q) = ('U, v)H(curl,Q) .
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Here n denotes the unit outer normal to 9Q2. We shall also use the spaces of functions
having square integrable divergence
H(div,Q) := {v € L*(Q) : divw € L*(Q)},
H(div,Q) :={v € H(div,Q) : n-v =0 on 09Q}.

which are equipped with the following inner product and norm
(v, w) g (aiv,0) = (v, w) + (divy,divw), ||U||H(div,sz) =4/ (v, V) H(giv.Q) -

Throughout the paper, we make the following assumptions on the material pa-

rameters and the source current which are usually satisfied in electrical engineering:

(H1) The electric conductivity o is piecewise constant and there exist two constants
Omin, Omax Such that

0< Omin 0 < 0Omax  In and c=0 in Q,:=Q\Q,

(H2) Let H = (H,, Hs, Hs) and B = (By, Bs, B3) be the magnetic field and the
magnetic flux respectively. Each H; is a Lipschitz continuous function of B;
satisfying H;(0) = 0 and H;(B;) = voB; in Q,.. Moreover, there exist two
constants Vmin, Vmax Such that

0 < Vmin < H{(B;) < Vmax a.e.in Q, 1=1,2,3.
(H3) The source current density satisfies
J, € L*(0,T;L*(Q)) and  divJ,=0 in Q.

In (H2), vg is the magnetic reluctivity in the empty space and the nonlinear functions
H; = H;(B,) are usually obtained by spline interpolations using experimental data.
Figure 2.1 shows the BH-curves in two different directions of the GO silicon steel
laminations in large power transformers [7].
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Fi1G. 2.1. BH-curves in rolling (left) and transverse (right) directions of silicon steel laminations.

Denote the boundary of 2 by I' = 9Q2. We impose the initial and boundary
conditions for (1.1) as follows

(2.1) B(-,0)=0 in Q and Exn=0 onI.

Then (1.1a) indicates that div B = 0 in €. There exists a magnetic potential a such
that B = curla in Q. Thus (1.1a) turns into

curl (g—j +E) =0 in Q.
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Thus there is a scalar electric potential p such that

E—&-g—?:—Vp in Q.

t
Write (-, t) = / p(-, 8)ds and set A = a + V. It follows that
0

E:_%(a+v¢) =—— and B = curla = curl A.

Substituting the identities into (1.1b) and using (2.1), we obtain the following initial
boundary value problem

(2.2a) 0% +curl H(curl A) = J, in Qx[0,7],
(2.2b) Axn=0 on T" x [0,T],
(2.2¢) A(L0) =0  in Q.

where T' > 0 is the final time and H = H(curl A) is nonlinear with respect to
B = curl A and usually defined by the BH-curves [7] (see Figure 2.1). We remark
that (2.2) is understood in a distributional sense.

A weak formulation equivalent to (2.2) reads: Find A € L*(0,T; Ho(curl, Q2))
such that A(-,0) =0 in Q. and

(2.3) /a%-v+/H(cur1A)~curlv:/Js-'v Vv € Hy(curl, Q).
o Ot Q Q

We remark that (2.3) is meant in the sense of distributions in time. It is obvious that
the solution of (2.3) is not unique in the insulating region .. In fact, if A solves
(2.3), then A + £V also solves (2.3) for any ¢ € C1([0,7]) and

¢ € H () :={pe H)Q), p=Const. in Q}.
To study the wellposedness of the weak solution, we define
(2.4) X ={ve Hy(cur,Q): (v,Vp)=0 Vpe H (D}
Then H(curl, ) admits the orthogonal decomposition
(2.5) Hy(curl,Q) = X @ VH}(Q).

The following lemma is well-known (cf. e.g. [4,9]) and will play an important role in
our analysis.
LEMMA 2.1. Let X be endowed with the inner product

(2.6) (v,w)X:/ v'w+/curlv~curl'w Vo,we X.
Q Q

c

Then ||| x = +/(,-)x is an equivalent norm to ||| gr(cur1,0) o1 X
A weak formulation on the subspace X reads: Find w € L?*(0,T; X) such that
u(-,0) =0 in Q. and

(2.7) /Ua—u-v—&—/H(curlu)-curl'v:/JS-U Vv e X.
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From (2.5), it is easy to see that w also satisfies

0
(2.8) / o2y H(curlu)-curlv:/ Js-v Vv € Hy(curl, Q).
o Ot ) )

This means that w is one solution of (2.3). Here (2.7) and (2.8) are also meant in
the sense of distributions in time. Although the solution A of (2.3) is not unique, the
current density and the magnetic flux density are unique, namely,

0 0

E(UA) = —(ou), curl A = curlu in Q.

Therefore, we are only interested in cu and curlw throughout this paper.
THEOREM 2.2. Let (H1)-(H3) be satisfied. Then (2.7) has a unique solution and

there exists a constant C' > 0 only depending on T, ), 0min, Vmin Such that

lullg20,7.x) < Cldsll207,020) -

In the next section, we shall propose an approximate model of (2.7) for laminated
conductors. The proof of Theorem 2.2 uses similar arguments as the proof of Theorem
4.7 for the approximate problem, but is much easier. We omit the proof of Theorem
2.2 for simplicity.

3. A new eddy current model for laminated conductors. In this section,
we shall propose an approximate model which omits coating films. To simplify the
setting, we assume that the conducting domain consists of cuboid steel sheets which

. o . I
are laminated along the z-direction, that is, Q. = (J;_; ©; where

Qi = (XZ',]_, Xz) X (Yl, Yé) X (Z17 ZQ), fOY Odd i,
(3.1) 1<i<lI,
Qi = (Xi—l + d, Xl — d) X (Yl, Y2) X (Zl, ZQ), for even i,

and Q; = (X7-1 +d, X;) x (Y1, Y2) x (Z1, Zs2) if I is even. Here d > 0 stands
for the thickness of the coating film between neighboring steel sheets. For example,
Figure 3.1 shows the geometric sizes of silicon steel laminations in Team Workshop
Problem 21°-M1. We also assume that ¢ = o; > 0 is constant in €2; for all 1 <¢ < [I.
We remark that the assumptions on €2y, --- ;7 and ¢ are not essential for our theory.
In fact, the results can be easily extended to polyhedral conductors and to the case
that o is not piecewise constant.

0.458m

0.3
nim

0.27m

2pm

F1G. 3.1. Geometric size of silicon steel laminations in Team Workshop Problem 21°¢-M1.
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oc=0

Fi1G. 3.2. Left: isolated conductors with the coating film. Right: extended conductors by merging
the coating film into even conductors.

We define the extended conductors by (see Figure 3.2 (right))
Qe = (Xo, X1) x (N, Y2) x (21, Z2),
Qi = (Xio1, Xi) x (V1,Y2) x (21, Z2), i=1,2,-0 1.

Clearly Q; and Qi+1 are adjacent conductors and have an interface I'; = o9, N 8Qi+1
for 1 < ¢ <1—1. Let Q. be the complement of 2. in 2. We define the modified
material parameters as follows:

& o; mQZ, 1<i<I,

(32) ¢ HB)=H(B) i AU,
H(B) is defined by the nonlinear BH-curves satisfying (H2) in Q.\Q. .

We shall propose an eddy current model which does not allow the eddy current flowing
across each I';, or which insures J - n =0 on 8@ forall1 <i¢<1I.

First we consider the isolated conductors y,---,Q (see Figure 3.2 (left)). By
div Js = 0 and taking v = Vi, (2.3) shows that

8

= HNO
T Vo=0 Vype HyQ),

(3.3)

which is equivalent to

8

oo V=0 Vo, e HY(Q), 1<i<I

(3.4)

. . . 0A .
This leads to the conservation of the current density J = —o0—— in each conductor:

ot
(3.5) divd =0 in and J-n=0 on 09;.
, . - - - _0A
Now we consider the extended conducting domain €2.. Let A and J = —6—— be

the modified magnetic vector potential and current density respectively. Similarly the
conservation property should be satisfied

divJ =0 in Q; and J-n=0 on 8@, 1<¢:< 1.
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This comes directly from

DA .
/57'V%‘=0 Veie H'(), 1<i<I,
o, Ot

which for adjacent conductors is equivalent to

0A
(3.6) / G—-Vo=0 Ve H}Q),
6, Ot
A .
(3.7) / 5887 -Vp; =0 Vi, € H'(Q;) and even i.
Q;

We shall also use the notation that

Qodd:Qodd = U Qia chcn = U Qi; chcn = U Qz

odd i even i even i
1<i<I 1<i<I 1<i<I

A comparison of (3.6)—(3.7) with (3.3) inspires us to enlarge the test function
space in (2.3) from Ho(curl, Q) to Hg(curl, Q) + xVHE (), where  is the charac-
teristic function satisfying

B { 1 in Qevena
X= 0 elsewhere.

Accordingly, we define the modified curl operator by

(3.8) curl (v + xVv) := curlw Vv € H(curl,Q), ve H'(Q).
It is clear that curl is just the normal curl operator on H(curl, Q):

(3.9 curlv = curlv Vv € H(curl, Q).

Clearly Ho(curl, Q) + xVH{(Q) is not a direct sum since xV¢ € Ho(curl, Q) for
any ¢ € H}(Q) satisfying supp(¢) C Qeven. To find a direct sum, we define

(3.10) Xoaa = {v € Hy(curl,Q): (v,Vy) =0 Ve Hygq(Q)},
where
H}qa(Q) == {9 € Hj(Q), ¢ = Const. in Qodd}-
It induces a subspace of Ho(curl, Q) + y - VH{ () as follows
(3.11) X = Xoaa + x - VH} ().

LEMMA 3.1. The righthand side of (3.11) is a direct sum in the sense that, for
any © € Xoaa and v € HL (),

(3.12) v+ xVu=0 if and only if =0, xyVuo=0.

Moreover, X is a Hilbert space under the inner product and norm

(3.13) (v,w)x ::/ v-w+/ curlv-curlw, [jv| % :=+/(v,v)x Vo,we X.
Q

c
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Proof. Suppose that © + Vv =01in Q for ¥ € X 44 and v € H3 (). Then

v=-Vv in Qcven and v =0 elsewhere.

From (3.10), we know that v; := v|s~li solves the elliptic problem
(3.14) —Av;=divo=0 in Vo, xn=9xn=0 on o,

for any 1 < ¢ < I and even i. Clearly (3.14) only has constant solutions so that
Vov; = 0 in ;. We have xVv =0 and © =0 in Q. Thus (3.12) is a direct sum.

Next we prove that X is complete. Since x-VHE (L) is isomorphic to VH! (Qeven),
it suffices to prove the completeness of X ,qq. By Lemma 2.1, one equivalent norm on
X o4q is defined by

9 9 1/2
ollx.,, == (/ o] +/ curlv| ) Vo € Xoda.
° Qoda Q

Let {v,}521 C Xoda be a Cauchy sequence under the norm ||-[| x_ . Then it is also
a Cauchy sequence under ||| g (cur1,0)- There exists a v € Ho(curl,(2) such that

nh_{lgo ||'Un - v”H(curl,Q) = 07 (’U, V(P) = nh_{rolo(vnv V(,O) =0 VQO € H(}dd(Q)

Thus v € X 44 and lim,, . ||V, — v||XUdd = 0. Then X oqq is complete, and so is X.

Now let v = 0 4+ xVu satisfy ||v] g = 0 where ® € X,qq and v € H{ (). Then
(3.8) and (3.13) show that

=0 in Qoad, D+Vo=0 in Qeven, curlo =0 in Q.

This indicates |9 x_, = 0. We conclude that ¥ = 0 in Q and thus v = 0 in Q.
Therefore, ||-|| 5 is a norm on X so that X is a Hilbert space. 0

We end this section by the approximate problem to (2.7): Find @ € L?(0,T; X)
such that @(-,0) =0 in Q. and

(3.15) /&a—u-v+/ﬁ(cﬁrlﬁ)~cﬁrlv:/J5~v Vo e X.
o Ot Q Q

The formulation is meant in the sense of distributions in time.

4. Well-posedness of the approximate problem. First we prove the unique-
ness of the solution of (3.15).

THEOREM 4.1. Let (H1)-(H3) be satisfied. Then (3.15) has at most one solution.

Proof. Suppose @, and @5 are two solutions of (3.15). Then

o NI - _ ~
/ &ﬁ(ﬁl — iLg) v +/ {H(curlul) — H(cur1u2)} -curlv =0 VoveX.
Q Q
It means that, for almost every ¢ € (0, 7] and all v € L*(0,t; X),

t t
/ / &g(ﬁl — Ug) -v—l—/ / {ﬁI(cﬁrl'&l) —ﬁ(cﬁrlﬂg)} -curlv = 0.
0 Jo Ot o Ja
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Taking v = u; — w9, the above equality shows that
td G 2 t S - ~
/ &/ 3 |ty — o] —|—/ / {H(curl’&l) — H(curlﬁg)} -curl (u; —u2) =0.
0 Q 0 Jo

From initial conditions @ (+,0) = @2(+,0) = 0 in ., we find that

td o . ~ 12 1 ~ |~ ~ 2
/Oa/Q§|U1—U2| —§/QU|U1(t)—U2(t)| .

And the strict monotonicity of H shows that (see (3.2) and (H2))
/ {I:I(cﬁrlﬁl) — ﬁ(cﬁrl ﬁg)} -curl () — U2) > Vi ||curl (@ — '&2)||2Lz(ﬂ) )
Q

It follows that, for almost every t € (0,71,

1 - - L ~
5/ U|u1(t)—uQ(t)|2+Vmin/ letir] (@ — @2) |72 < 0.
Q 0

This shows [|@1 — @2l 2 7. %) = 0. From Lemma 3.1 we have @y = @. O

We shall use Rothe’s method (cf. e.g. [18]) to prove the existence of the solution
of (3.15). Let N be a positive integer and let

tn,=n71, n=0,1,--- N, T=T/N,

be a uniform partition of [0, 7']. We consider the semi-discrete approximation to (3.15):
Given ug = 0, find u,, € X, 1 <n < N such that

(4.1) (&M,'v> + (H(cﬁrlftn),cﬁrlv) = (Jp,v) Voe X,

T

t'll
where J,, = 7'_1/ J (-, t)dt is the temporal average of Js over (t,—1,ty).
tnfl
LEMMA 4.2. Let (H1)-(H3) be satisfied and assume supp(Js) N Qe = 0. For any
1<n <N, (4.1) has a unique solution &, € X. Then there exists a constant C' only
depending on 1 such that

N
~_ 1~ 2 — 2
+ Vmin Y 7 lletrl |72 o) < Crai 196l 220,72 (0 -
n=1

2
(42) max H&l/%n
1<n<N L2(Q)

Proof. The proof of this lemma is provided in Appendix A. O

LEMMA 4.3. There exists a constant C > 0 only depending on 0 such that, for
any f € L*(Q) satisfying div f =0,

[(f,0)l < C 2 lleurlvl|ps ) Vv € Hy(curl, Q).
Proof. For any v € Hy(curl Q)), we have the orthogonal decomposition v =

V¢ + w, where ¢ € H} () and w € Hy(curl, Q) satisfying divw = 0. By the
embedding theorem in [3], there exists a constant C' only depending on 2 such that

l0ll reunncy < € (leurlwllpz g + divwl] 2o ) = € leurl ] gz g -
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Then by Holder’s inequality and div f = 0, we have

[(f.0)] = [(f,w)] < HfHL2(Q) ||w||L2(Q) <cC Hf”L?(Q) ||Cur1U||L2(Q)-
The proof is completed. O
We define the piecewise constant and piecewise linear interpolations in time by
(4.3) u;(t)=wn, G (,t) =1L, + (1 —1,(t)Up—1 Vit € (tno1, tnl,

where 1 <n < N and I,,(t) := (t — t,—1)/7. Clearly we have u, € L?(0,T; X) and
@, € C(0,T; X). Then the following lemma is a direct consequence of Lemma 4.2.

LEMMA 4.4. Let (H1)-(H3) be satisfied and assume supp(Js) N Q. = 0. There
ezists a constant C' only depending on Q, T, Viin, Omin sSuch that

ltrllz20,7%) + 18rll207.%) < Clsll2 0,122 -

LEMMA 4.5. Let (H1)-(H3) be satisfied and assume supp(Js) N Q. = 0. There
exists a @ € L*(0,T; X) such that

(4.4) lir% U, = liH(l) Ur =1 weakly in L*(0,T; X),
ou ou Ny

4. lim 6—— =6— *in L*(0,T; X ).

(4.5) limo—>= =5 weakly* in L*(0,T; X))

Proof. Clearly (4.1) and (4.3) indicate that

T - T
/ /&auT ~v:/ /{Js~v—I:I(c1~1rlﬁT)'cﬁrlv} Vo e L*(0,T; X).
0o Jo O o Jo

Write v = © + xVv with @ € Xqq and v € H}(Q). Then Lemma 4.3 shows that

[ v [ 15 < Oy leurlol ey = C Tl ol vl s

Together with Lemma 4.4, we deduce that

T -
_ou, 9 .
/0 /QU 9 US ClTsllL20,7:20)) 10l 220,75 Vv e L7(0,T; X).

This implies

_O0u,

~8UTELQ(O,T;X/) and Ha o

(4.6) -

. <
L2(0,T;X")

ClJsllz2 0,220 -
ince s X) is self-re ective, from (4.2), there are two subsequences sti
Since L*(0,T; X 1f-refl f 4.2), th b 1l

denoted by {t@;},>0 and {@,},>0 such that

lima, =u, limua,=u weakly in L?(0,T; X)

T7—0 T7—0

Similarly from (4.6) we have a subsequence such that

=4 weakly* in L2(0,T;X)).



12 X. Jiang and W. Zheng

ou

Then (4.4) requires to show @ = w and (4.5) requires to show @’ = 05

Next we fix the integer N > 0 and define 6 = T//N and t,, = nd forany 0 < n < N.
Let m > 0 be an integer and define 7 = §/m. From (4.2), there exists a constant C > 0
independent of n, 7T such that

VT Hﬁm" - ﬁm(n—l)HX <C HJ5||L2(O,T;L2(Q)) .

Let (,, be the characteristic function satisfying

1 i EE (b tn),
Cnlt) = { 0 elsewhere, L<n<AN

We introduce the space of piecewise constant functions for the time variable
Xy = {v(m,t) =w(@)((t): we X, ¢eSpan{Cy, 1 <n <N} }.
For any (,w € X ~, the weak convergence of w, and u, shows that

T T tn
/O(Qfﬂ,cnw)leii% ; (U — Ur, Guw) x = ;11% tn,l(ﬁTiuww)X

mn—1 (k+1)T — kT
= lim Z / - (Ugt1 — B, w )th

k=m(n—1) k

= lim (@, — 1), ) 5 =0,

The density of Xy in L*(0,T;X) as N — oo implies that fOT('& —a,v) ¢ = 0 for
any v € L*(0,T; X). This proves @ = .
Moreover, using the formula of integration by parts, we find that @’ satisfies

[ s = [ (%) = [ (oo ) = [ (o020,

for any v € C$°(0,T; X). This implies @’ = 5%—1: in a distributional sense. O

LEMMA 4.6. Let (HJ) (H3) be satisfied and assume supp(Js) N Q. =0. Let @ be
the weak limit of @, in L*(0,T; X). Then a(-,0) = 0 in Q. and

lirr%) @, (-, T) =u(-,T) weakly in L*(Q.).

Proof. From (4.2), it is easy to see
(4.7) [tr (- Dl 26,y < C sl 0,102 0) V7 >0.
So {,(-,T)} ., has a subsequence such that lim @, (-, T) = q weakly in L*(Q,). It

is left to show ¢ = (-, T) in Q..
Take any ¢ € C*°([0,T]) satisfying ¢(0) = 0 and ¢(T') = 1. Then Lemma 4.5 and
the formula of integration by parts show that, for any v € Hy(curl, Q),

[ o=t [ 510 —;g%/ | o[ O00) 4 %% (w)]

Qe
/ / ‘?)’:-(m)}:/ﬁcaa(-,T).v.
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We conclude that g = @(-,T) in €. by the density of H(curl,,) in L? (f)c)
Notice that @,(-,0) = 0 for all 7 > 0. The proof for @(-,0) = 0 in €. is similar
and we do not elaborate on the details here. [0

THEOREM 4.7. Let (H1)-(H3) be satisfied and assume supp(Js) N Q. = 0. Then
(3.15) has a unique solution & and there exists a constant C > 0 only depending on
Q, T, Vmin, Omin Such that

1allz20m.5) < Cllsllz20m;220)) -
Proof. Let i, and @, be defined in (4.3). For any v € L*(0,T; X), (4.1) yields

T
(4.8) / H(curla,) - curl (v —a,) = IV — 1),
Q

i —/ / (v—1u,), I3 —/ / auT- —u,).

An application of (4.4) shows that

T
(4.9) lim I(1>—/ /J
T—0 0 Q

Now we are going to study the limit of I From (4.5) we have

T ~ T ~
) _Ou, _ou 9 5
(4.10) Thi%/o /Qa 5 -v—/o /90541 Vv e L°(0,T; X).

Using (A.5) and the initial condition @ = 0, we deduce that

where

N

/ / _ou, @, = Z (5(1171 —ﬁnq),ﬁn) > % Hél/zﬂN‘ 2

L2(Q)
n=0 )

From Lemma 4.6, the righthand side has the weak limit

lim 6 %ay = lim 6%/%a,(,T) = 6Y%a(-,T)  weakly in L*(Q).

T7—0 T—0

It follows that H&lﬁa(-,T)‘

< lim H&l/z'&NH . This implies
L2()  r—0 ()

(4.11) lim// 6“7-- %H&l/Qa(-,T)(

7—0

L2(Q)

Combining (4.10) and (4.11) leads to

(4.12) hm I = hn}){/ / 50U 'v—/ / 50U -uT}
T—0 T— Q

ou 1 1/9- 2 T r _ou N
< — 124 = o —a).
*/0 d a U2 H u( ’T)} L2(9) /0 QJ ot (v—1)




14 X. Jiang and W. Zheng

Inserting (4.9) and (4.12) into (4.8) leads to

(4.13) lim/T/QIEI(cﬁrlﬁT)-cﬁrl(v—'aT)z/OT (Js—ég—?)-(v—ﬁ).

T—0J0

On one hand, taking v = @, (4.13) shows that

T
m/ /ﬁ(cﬁrlﬂT)-cﬁrl(ﬂT—&) <0
T—0 0 Q

On the other hand, the strict monotonicity of H shows that, as 7 — 0,

T T
/ / H(curla,) - curl (@, — @) > / / H(curla) - curl (@, — @) — 0.
0o Ja 0o Jo

Thus we conclude that

T
(4.14) lim / / H(curla,) - curl (@, — @) = 0.
Q

7—0 0

Let w = @t + s(v — @) with s > 0. The strict monotonicity of H yields

/ /H (curlw,) - curl (u / /H (curlw) - curl (u, — w),

which is equivalent to

S/T/ H(ctirla,) - ciirl (@ — v) > S/T/ H(ciirl w) - ciirl (it — v)
/ /chrlw -curl (u, (s—1) / /chrluT -curl (u, — ).

Taking the lower limit of the above inequality as 7 — 0 and using (4.4) and (4.14),
we find that

T
/ / H(curlw) - curl (@ — v) < lim / / H(curla,) - curl (@, — v).
0 Q T7—0

Since H is Lipschitz continuous, letting s — 0 in the above inequality yields

(4.15) /T/ﬁ(cﬁrlﬁ)~cﬁrl(ﬁ—v < hm/ /H curla,) - curl (@, — v).

7—0

Combining (4.13) and (4.15), we have

/ /chrlu -curl (u — v) / / -(ﬁ—v).

Since v is arbitrary, we conclude that

T _ T ou -
(4.16) / / H(ctirla) - clirlv = / / (Js - ;,7) v Ywe L(0,T; X).
0o Ja 0o Ja ot

Thus @ solves (3.15) in a distributional sense.
The initial condition @(-,0) = 0 in €2, has been proved in Lemma 4.6. The stability
comes from the weak convergence of w, and Lemma 4.4:

”ﬁ’”Lz(O,T;X) < liirrg ||’L~LTHL2(0,T;X) <C ||Js||L2(0,T;L2(Q)) :
T—

The proof is completed. O
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5. Convergence of the approximate problem. The purpose of this section
is to study the convergence of the solution of (2.7) to the solution of (3.15) as d — 0,
where d = dist(€2;; Q;41) is the thickness of coating films. For convenience, we append
the solution of (2.7) with a subscript d, namely, uqy € X denotes the solution. In
electrical engineering, it is just cug and curlwug that are important and used in
computing iron loss. Therefore, we shall study the convergence of cuy and curluy as
d— 0.

5.1. Nonlinear and time-dependent problems. First we consider the non-
linear and time-dependent eddy current problems (2.7) and (3.15).

THEOREM 5.1. Let supp(J,) N Qe = 0 and (H1)-(H3) be satisfied. Let ug, @ be
the solutions of (2.7), (3.15) respectively and assume 2% € L*(0,T; L*(Q.)). Then

}}3}){ lo(@ = wa)ll (o 1.2 (0 + €81 (& — wa)ll 20 1.p20)) } = O-
Proof. From (2.8) we know that
/ [ % v+ H(curlug) - curlv} z/QJS-'u Vv € Hy(curl, ).
Since supp(Js) N Qe = 0 and dist(Q;;€;) > d > 0 for any ¢ # j, we have

8ud 8’114(1 8ud 1
Vo) = o—— Vo= c— -Vo=0 Ve Hy(Q).
/ at (X ) / Qeven 8t /Slevexl 8t 0 ( )

Adding up the two equalities leads to

(5.1) /{O’% v+ H(curlug) - cﬁrlv} :/Js-v Voe X,
t Q

where we have used curluy = curluy. And (3.15) reads
(5.2) / [aa—u v+ H(curla) - cﬁrlv] :/JS~’I) Vo e X.
ot Q
Subtracting (5.1) from (5.2), we find that, for any v € X,
(5.3) / Ug(ﬁ —uq) ~v+/ [H(curla) — H(curluy)] - curlv
o Ot )
ou o S ~
= [ (0-6)5 v+ | [H(curla)— H(curla)] - curlw
Q ot Q
_ou S v ~
=— o— v+ [vo curla — H(curla)] - curlw,
Qd Qd

where Qg := Q.\Q. denotes the region of coating films. Taking v = @ — ug, (5.3)
shows that

(5.4) 14

77/ g |'l] - ud|2 + Vmin/ |CﬁI‘1 ('& - ud)|2 S (Vmax + Umax)gd ||'l] - udHX )

where &; is a function of ¢ and defined by

I 1/2
Eq = {H 5 ’ + [[eurlal/z: g, } .

L2(Qy)
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Using Theorem 2.2 and 4.7, we have

@ —wallg20.7.%) < C I dsll207,220) -

Integrating (5.4) from 0 to t € (0,7 and using @(-,0) = u4(-,0) = 0 in ., we have

T
- 2 ~ 1~ 2
lo(a — ud)HLOO(o,T;LZ(Q)) + [[curl (a — Ud)”LZ(o,T;L?(Q)) < C/o Eq(t)dt,
where C only depends on T', 0in, Omaxs Ymin, Ymax, and ||Js||L2(0,T;L2(Q))~ Since

‘96—1: € L*(0,T; L*()), curla € L*(0,T; L*(Q)), || < Cd,

where |24] denotes the measure of Q4, we easily get

hl 1 5d d T / 1][ gd d / —

This completes the proof. [

5.2. Linear time-harmonic problems. The purpose of this subsection is to
derive an explicit error estimate with respect to d for linear eddy current problems.
For simplicity, we assume that H(B) = 1B and J is periodic in time so that (2.7)
and (3.15) can be written into the time-harmonic forms at a single frequency w > 0:

(5.5) Findue X : iw(ou,v) + vo(curlu, curlv) = (Jg, v) VveX,
(5.6) Finda € X : iw(6w,v) + vy(curl @, curlv) = (J,,v) Vo e X.

THEOREM 5.2. Let (H1) be satisfied. Assume J, € L*(Q), divJ, = 0, and
supp(Js) N Q. = 0. Then problem (5.5) has a unique solution u € X, problem (5.6)
has a unique solution u € X, and there exists a constant C only depending on oy,
and omax Such that

(5.7) [ulx <ClJsll2),  llellx < ClIsllp2q) -

Proof. The theorem is a direct consequence of Lemma 2.1 and Lemma 3.1. O

THEOREM 5.3. Assume olo, = a; > 0 for each 1 < i < I and that J, € L2(Q)
satisfies divJs = 0 and supp(Js) N Q. = 0. Let w € X and u € X be the solutions
of (5.5) and (5.6) respectively. Then there exists a constant C > 0 only depending on

Qeven and ||J5||L2(Q) such that

2
1/2/, = ’
HU (u—2) L2(Q)

+ vow ™t ||curl (u — 'l])Hi2(9) < Cp(d) d*/?, cllii% p(d) = 0.

Proof. By similar arguments as for (5.1) and (5.2), we know that u and @ satisfy

(5.8) iw(ou,v) + vy(curlu, curlv) = (J;,v) Voe X,
(5.9) iw(ew, v) + vy(curla, curlv) = (J,,v) Voe X.
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Subtracting (5.8) from (5.9) shows that

/ liwo (@ — u) - v + vocurl (@ — u) - curlv]| = —iw/ G- v.
Q Qq

Taking v = w — u, we find that

2
510) o2 )
610) |-,

— ~ ~ 2 ~
+row™ ! letr] (u — @)||z2 ) < p(d) 8]l g2(q,) -
where p(d) := |[6(@ —u)||z>(q,)- By Theorem 5.2 and Lemma 2.1, we know that
@ — w2 (q) is uniformly bounded with respect to d. Then we have Cllil% p(d) = 0.
Since & = o; in each Q;, taking v = x Vo, then (5.9) shows that
/ &ﬁ’V?):O'i/ u-Vo=0 Vv e H'(;) and even i.
Q; Q;

This indicates that diva = 0 in Q; and @-n = 0 on 9Q;, that is, w € H(curl, Ql) N
H(div, ;) for even i. By [11, Theorem 3.9], we have @ € H"'(£2;). Then an applica-
tion of Holder’s inequality shows that

2]l g2(q,) < |Q4] Lo, < Ccd'/3 el s

< Cdl/S,

< CdY? ||| g

even) T (Qeven)
< Cd'/3 [curl@l| 2 g

even)

where the generic constant C' only depends on Qoven and | T sl L2 @) This completes
the proof. O

6. Numerical experiments. The purpose of this section is to validate the
approximation of the new eddy current model (3.15) to the original eddy current
problem (2.7) numerically.

We let 7, be a tetrahedral triangulation of Q which subdivides each €; into the
union of tetrahedra, and let {¢t, =n7: n=0,1,--- ,N}, 7 = T/N be the partition
of the time interval [0, 7] for integer N > 0. Let P be the space of polynomials of
degree k > 0. First we introduce the third-order Lagrange finite element space

Vi, ={veH)(Q): vlg € P3(K), VK € Tp },
and the second-order Nédélec edge element space in the second family [16]
U, = {v e Hy(curl,Q) : v|x € (P(K))’, VK €T, }.
Similar to (3.10), we define a subspace of U}, by
Uoqa = {v eUp: (v,Vp)=0 Yy eV, ¢=Const. in Qodd}.
Then the discrete test function space is defined by
X}, :=Uqaa + xVVi.

The fully discrete finite element approximation to problem (3.15) reads: Given @ = 0,
find w,, € X such that

(6.1) / [5M -y + fI(cﬁrlﬁn) ~cﬁr1vh} = / J, vy Vo, € X,
Q T Q
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where J,, is the temporal average of J over (t,—1,t,) and defined in (4.1).

Since this paper mainly focuses on the mathematical modeling of GO silicon steel
laminations, we do not elaborate much on the numerical analysis for (6.1). We refer
to [1,5,9,22] for further studies on finite element methods for eddy current problems.
Our implementation is based on the adaptive finite element package PHG [21] and the
computations are carried out on the cluster LSEC-III of Chinese Academy of Sciences.
The numerical experiment is performed for the TEAM Workshop Problem 21°-M1
where the magnetic shield is made of 20 silicon steel laminations. We refer to [7] for
more details of the model.

TABLE 6.1
Iron loss in the laminations and the magnetic plate (W).

Experimental value 3.72 [7]
Total loss 3.73
Calculated value Loss in the laminations 2.789
Loss in the magnetic plate 0.941

—B&— Numerical values
0.02f —e— Experimental values i
//,
0.01r P 1
S
x o’
o 0 oo @} @000 @i
-0.01 % f 1
-0.02

-025 -02 -015 -01 -0.05 0
z (mm)

F1G. 6.1. Numerical and ezperimental values of the magnetic flur density [7]. The couple of
curves between By = 0T and By = 0.01 T show the numerical and experimental values along the
line {(z,y,2) : © = —=5.76 mm, y = Omm}, and the other couple of curves show the numerical and
experimental values along the line {(z,y,z) : © = 11.76 mm, y = Omm}.

Since we are investigating the error between the solution of (2.7) and the solution
of (3.15), to reduce the numerical error sufficiently, we adopt a fine mesh of Q with 9 x
109 tetrahedra and 1.26 x 10® degrees of freedom. Table 6.1 shows that the calculated
iron loss is close to the experimental value. And Figure 6.1 shows that the calculated
values of the magnetic flux agree well with the experimental values [7]. Thus we
conclude that the new eddy current model (3.15) provides an accurate approximation
to the original problem (2.7).
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Appendix A.

The purpose of this appendix is to establish the wellposedness of the semi-discrete
problem (4.1). Now we present the proof of Lemma 4.2.

Proof. First we write (4.1) as: Find @, € X such that

(A1) (6ﬁn,v) + T(ﬁ(cﬁrlﬁn),cﬁrlv) = (6Up_1 +7J5,v) Vo e X.

From Lemma 3.1, for any w € X, there exists a unique solution £, (w) € X of the
variational problem

(A.2) (Ln(w),v) 4 = (6w, v) + 7(H(curlw),curlv) Vv e X.

Let f,, € X be the unique solution of the variational problem

(fr,v)x = (0Un—1 + 7y, v) Vove X.
Clearly (A.1) is equivalent to the operator equation
(A.3) Lo(@,)=f, in X.

From (H2) we infer that the operator L£,: X — X is Lipschitz continuous. Moreover,
the strict monotonicity of £,, comes directly from (H1)-(H2): for any w,v € X,

(Ln(w)—Ly(v), w — U)X

=(0(w—v),w—v) + T(ﬁ(cﬁrlw) — H(curlw), curl (w — v))
> min (amin, Tl/min) |lw — v||§~( .
By [20, Theorem 25.B], we know that (A.3) has a unique solution @, for each n > 1.
Setting v = @, in (A.1) shows that
(A.4) (6(@y — @), @p) + 7(H(cUrl@y,), curla,) = 7(J,, @n,).

Using the initial value wy = 0 and the inequality
2

)

= ~ ~1/2~
Q(U(un unfl)vun) Z HJ ‘ L2(Q)

s

L2(Q)

we have

(A5) 23 (i =) ) =

L2(9)

Inserting (A.5) into (A.4) and using (H2), we find that

m

m
+ 2Vmin Z T ||c1~1r1'&n||2L2(Q) <2 Z T(J s Upy).
n=1

n=1

2
(A.6) H&l/%m‘
@)

Let @, = 4, +xVu, with @, € X,qq and u,, € H}(Q). Since supp(J ) NQ. =0 and
divd, =7t ftt"il divJs = 0, an application of Lemma 4.3 and Young’s inequality
shows that

(A7) (s )] = [T )] < C Tl leurl ] 2
C lell
< g Wallacey + 25 lleurl a2 o)
02 2 me

= [T nll72q) +

curla
o Jefirl [
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where the constant C' > 0 only depends on . Inserting (A.7) into (A.6) yields

2 e -
“51/2&’"“L2<9) Vo Y 7 el @) < C2vin D 7 I TnllZa(e)
el n=1

Then (4.2) comes directly from the definition of J,, and the arbitrariness of m. O
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