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1 Introduction

The obstacle scattering problem is referred to as wave scattering by bounded
impenetrable obstacles. It usually leads to an exterior boundary value problem
imposed in an open domain. Scattering theory in structures of bounded obstacles
has played a fundamental role in diverse scientific areas of applications such as
radar and sonar, non-destructive testing, and geophysical exploration [12]. Due to
its significant industrial, medical, and military applications, the obstacle scattering
problem has received considerable attention in both the engineering and mathe-
matical communities. It has been studied extensively in the past several decades.
A large amount of information is available regarding its solutions. A variety of
numerical methods are proposed to solve the scattering problem such as the finite
element methods [20,21] and the boundary integral equation methods [11].

Since the problem is imposed in an open domain, the unbounded physical do-
main needs to be truncated into a bounded computational domain in order to
apply the finite element method. Therefore, an appropriate boundary condition
is needed on the boundary of the truncated domain so that no artificial wave
reflection occurs. Such boundary conditions are called transparent boundary con-
ditions or non-reflecting boundary conditions. They are still the subject matter of
much ongoing research [2,13,15-17]. The perfectly matched layer (PML) technique
is one of the effective approaches to truncate unbounded domains into bounded
ones [7]. Various constructions of PML absorbing layers have been proposed and
studied for wave propagation problems [10,23,24]. Under the assumption that the
exterior solution is composed of outgoing waves only, the basic idea of the PML
technique is to surround the physical domain by a layer of finite thickness with
specially designed model medium that would either slow down or attenuate all the
waves that propagate from the computational domain. Combined with the PML
technique, effective adaptive finite element methods were proposed to solve the
diffraction grating problems [4,5,8], where the wave is scattered by periodic struc-
tures. Due to their superior numerical performance, the methods were quickly
extended to solve the obstacle scattering problem for both the two-dimensional
Helmholtz equation and the three-dimensional Maxwell equations [6,9].

Recently, an alternative adaptive finite element method was proposed for solv-
ing the same acoustic obstacle scattering problem [19], where the transparent
boundary condition was used to truncated the domain. In this approach, no ex-
tra artificial domain needs to be imposed to surround the physical domain, which
makes it different from the PML technique. The transparent boundary condition
is based on a nonlocal Dirichlet-to-Neumann (DtN) operator, which is defined
by an infinite Fourier series. Since the transparent boundary condition is exact,
the artificial boundary can be put as close as possible to surround the obstacle,
which can reduce the size of the computational domain and the scale of the re-
sulting linear system of algebraic equations. Numerically, the infinite series needs
to be truncated into a sum of finite sequence by choosing some positive integer N.
In [19], we derived an a posteriori error estimate, which accounted for the finite
element discretization error but did not incorporate the truncation error of the
DtN operator. Therefore, it was ad hoc to pick an appropriate truncation number
N and lacked of a rigorous analysis for the choice of this parameter.

The aim of this paper is to give a complete a posteriori error estimate and
present an effective adaptive finite element algorithm. The new a posteriori error
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estimate not only takes into account of the finite element discretization error but
also includes the truncation error of the boundary operator. It was shown in [18]
that the convergence could be arbitrarily slow for the truncated DtN mapping to
the original DtN mapping in its operator norm. The a posteriori error analysis
of the PML method cannot be applied to our DtN case since the DtN mapping
of the truncated PML problem converges exponentially fast to the original DtN
mapping. To overcome this difficulty, we adopt a duality argument and obtain an
a posteriori error estimate between the solution of the scattering problem and the
finite element solution. The estimate is used to design the adaptive finite element
algorithm to choose elements for refinements and to determine the truncation pa-
rameter N. We show that the truncation error decays exponentially with respect
to N. Therefore, the choice of the truncation parameter N is not sensitive to the
given tolerance. The numerical experiments demonstrate a comparable behavior
to the adaptive PML method presented in [9]. They show much more competitive
efficiency by adaptively refining the mesh as compared with uniformly refining the
mesh. Thus, this work provides a viable alternative to the adaptive finite element
method with the PML technique for solving the acoustic scattering problem. The
algorithm is expected to be applicable for solving many other wave propagation
problems in open domains and even more general model problems where trans-
parent boundary conditions are available but the PML may not be applied. We
refer to [25] for a closely related adaptive finite element method with transparent
boundary condition for solving the diffraction grating problem.

The outline of this paper is as follows. In section 2, we introduce the model
problem of the acoustic wave scattering by an obstacle and its weak formulation by
using the transparent boundary condition. The finite element discretization with
truncated DtN operator is presented in section 3. Section 4 is devoted to the a
posteriori error estimate by using a duality argument. In section 5, we discuss the
numerical implementation of our adaptive algorithm and present some numerical
experiments to demonstrate the competitive behavior of the proposed method. The
paper is concluded with some general remarks and directions for future research
in section 6.

2 Model problem

Consider the acoustic scattering by a sound-hard bounded obstacle D with Lips-
chitz continuous boundary 9D, as seen in Figure 1. Let Br = {z € R? : |z| < R}
and Br: = {z € R? : |z| < R’} be the balls with radii R and R’, respectively, where
R > R’ > 0. Denote by 0Bgr and OBg/ the boundaries of Br and Bp/, respec-
tively. Let R’ be large enough such that D C Br/ C Br. Denote by 2 = Br \ D
the bounded domain, in which our boundary value problem will be formulated.
The acoustic wave propagation can be modeled by the two-dimensional Helmholtz

equation

Au+r*u=0 inR*\ D, (1)

where k > 0 is a positive constant and is known as the wavenumber. Since the
obstacle is sound-hard, the scattered wave field u satisfies the inhomogeneous
Neumann boundary condition

Oyu=—g ondD, (2)
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Fig. 1 Geometry of the obstacle scattering problem.

where v is the unit outward normal vector on dD. In this work, we use the sound-
hard boundary condition as an example to present the results. Our method can be
applied to solve other type of obstacles with either the sound-soft or the impedance
boundary condition. In addition, the wave field u is required to satisfy the Som-
merfeld radiation condition

lim /2 (0pu — iku) =0, r=|x|. (3)

™00

Denote by L?(£2) the usual Hilbert space of square integrable functions. The
space is equipped with the following inner product and norm

(u,v):/ﬂu(w)z‘z(m)dx and  [ull 2oy = (u,u)'/2,

where o denotes the complex conjugate of v. Let H'(§2) be the standard Sobolev
space equipped with the norm

) ) 1/2
lallzr oy = (ullZacy + I9ullace) (4)
For any function u € L?(0Bg), it admits the Fourier series expansion

U(R, 9) = Z ﬁn(R)einG, an(R) = i /2‘” U(R, 9)€7in9d9.
0

2
nez

We define an equivalent L?(9Bgr) norm of u by using the Fourier coefficients:
A 1/2
lullzoma = (27 Y an(R)?)

nez
The trace space H*(0BRr) is defined by
H*(0Bgr) = {u € L*(3BR) : |ull#r+(a8,) < 0},
where the H°(0Bg) norm is given by
1/2

lull s aBR) = <27T Z(l + n2)s\ﬂn(R)|2) ) (5)

ne”Z
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It is clear to note that the dual space of H*(0BR) is H™ °(0Bgr) with respect to
the scalar product in L?(9Bgr) defined by

(u,v)oB, = / uvds.
OBpR

In the exterior domain R?\ B, the solution of the Helmholtz equation (1) can
be written as a Fourier series in the polar coordinates:

HY . 1 [ ~
u(r,0) =Y %ane‘"", in=— | wR,0e ™o, r>R, (6)
wor Hy'(kR) 2m Jo
where Hr(bl)(-) is the Hankel function of the first kind with order n.
Given u € H'Y?(dBg), we introduce the DtN operator 7: H'/?(dBgr) —
H™Y2(8Bg):

(7u)(R,0) = }lz S b (6 R)iine™, (7)
nez
where
_ 2Y(2)

It follows from (6) and (7) that we have the transparent boundary condition
Oru = Ju on 0Bg. (8)

Multiplying (1) by the complex conjugate of a test function v € H'(£2), inte-
grating over 2, and using Green’s formula and the boundary conditions (2) and
(8), we arrive at an equivalent variational formulation for the scattering problem
(1)-(3): Find u € H*(£2) such that

a(u,v) = (g,v)sp for all v e H'(£2), (9)
where the sesquilinear form a: H'(£2) x H'(£2) — C is defined by
a(u,v) = (Vu, Vo) — £%(u,v) — (Tu,v)a5, (10)

and the linear functional
@@w:/‘ﬁw
oD

Following [18,19], we may show that the variational problem (9) has a unique
weak solution u € H'(£2) for any wavenumber  and the solution satisfies the
estimate

lullzr 2y < Cllglg-1/2(0p)s (11)

where C' is a positive constant depending on s and R. Since H_l/Q(aD) is not
computable in the a posteriori error estimate, we rewrite the estimate (11) as

lull g2y < CllgllLzop)- (12)
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The general theory in Babuska and Aziz [1] implies that there exists a constant
~v > 0 depending on k and R such that it holds the following inf-sup condition:

sup Aol Mullai) forall ue H'(2).
0#£veEH () ||U||H1(Q)

We collect some results from [26] on the Bessel functions before proceeding to
the discrete approximation. Let Jy, (¢) and Y5 (t) be the Bessel functions with order
n of the first and second kind, respectively. For any positive integer n, we have

Ton(t) = (C1)"Jn(t), You(t) = (~1)"Va(2).
The Hankel functions of the first and second kind with order n are
HD (8) = Jn(t) £iVn(t), j=1,2.

For fixed ¢ > 0, we have the asymptotic expressions

Jo®) e (N v e/ 2 ()T e (1)
Vorn \ 2n ™ \ 2n

which gives that
; 2 fet\T"
HD () ~i(=1)7 ) = ( = — 0. 14
DO~ = (5) o nooo (14)

These asymptotic expressions will be used in subsequent analysis.

3 Finite element approximation

Let M, be a regular triangulation of {2, where h denotes the maximum diameter
of all the elements in Mj. To avoid being distracted from the main focus of
the a posteriori error estimate, we assume for simplicity that 0D and OBpg are
polygonal to keep from using the isoparametric finite element space and deriving
the approximation error of the boundaries I" and dBg. Thus any edge e € My, is
a subset of 9(2 if it has two boundary vertices.

Let Vj, € H'(£2) be a conforming finite element space, i.e.,

Vi, = {vp, € C(2) : vp|kx € P(K) for all K € My},

where m is a positive integer and P, (K) denotes the set of all polynomials of
degree no more than m. The finite element approximation to the problem (9)
reads as follows: Find wuj, € V} such that

a(up,vn) = (g,vn)op for all v, € V. (15)

In the above formulation, the DtN operator 7 defined in (7) is given by an
infinite series. Practically, it is necessary to truncate the nonlocal operator by
taking finitely many terms of the expansions so as to attain a feasible algorithm.
Given a sufficiently large N, we define a truncated DtN operator

(,%Vu)(R,G):% 3 hn(rR)ane™. (16)

In|<N
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Using the truncated DtN operator, we have the truncated finite element approxi-
mation to the problem (9): Find ufy € Vj, such that

an (uy ,vn) = (g, vn)op for all v, € Vi, (17)
where the sesquilinear form ay : Vi, x Vj, — C is defined as follows:
an (u,v) = (Vu, Vo) — £ (u,v) — (Inu, v)o5,- (18)

For sufficiently large N and sufficiently small A, the discrete inf-sup condition of
the sesquilinear form an may be established by a general argument of Schatz [22].
It follows from the general theory in [1] that the truncated variational problem
(17) admits a unique solution. We also refer to [18] for the well-posedness and
error analysis of the problem (18). In this work, our focus is the a posteriori error
estimate and the associated adaptive algorithm. Thus we assume that the discrete
problem (18) has a unique solution uf, € Vj,.

4 The a posteriori error analysis

For any T' € My, denote by hr its diameter. Let 35, denote the set of all the edges
of T. For any e € By, denote by he its length. For any interior edge e which is the
common side of T} and T» € My, we define the jump residual across e as

Je = —(VU{IV|T1 ‘v + VuhN|T2 “v2),

where v; is the unit outward normal vector on the boundary of Tj,5 = 1,2. For
any boundary edge e C dBg, we define the jump residual

Je = 2(Inup — Vup -v),

where v is the unit outward normal on dBpg. For any boundary edge e C I, we
define the jump residual

Je =2(Vul -v+g).
Here v is the unit outward normal on dD pointing toward (2. For any T € My,
denote by nr the local error estimator, which is defined by

1 1/2
nr = hell2u o + (5 3 helelliae) (19)
ecdT

where the residual operator Z = A + k2.

For brevity, we adopt the notation a < b to represent a < Cb, where the positive
constant C' may depend on x, R, R’, but does not depend on the truncation of the
DtN operator N or the mesh size of the triangulation h.

We now state the main result, which plays an important role for the numerical
experiments.

Theorem 1 Let u and ujy be the solutions of (9) and (17), respectively. There
exrists a positive integer No independent of h such that we have the following a
posteriori error estimate for N > Nop:

1/2 N
N 2 R
oo ( 5 nT> +() lallacan,

TeMy,
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We remark that the first term on the right-hand side of the above estimate
comes from the finite element discretization error, while the second term accounts
for the truncation error of the DtN boundary operator. It is clear to note that the
error arising from the second term decays exponentially with respect to N since
R' <R.

In the rest of this section, we shall prove the a posteriori error estimator in
Theorem 1 by adopting a duality argument, which is used in [3,22] for a priori
error estimates of indefinite problems and in [25] for a posteriori error estimate for
the diffractive grating problem.

Denote the error £ := u — u}Y . Introduce a dual problem to the original scat-
tering problem: Find w € H*(£2) such that

a(v,w) = (v,&) for all v € H'(£2). (20)

It can be verified that w is the weak solution to the following boundary value
problem
Aw 4 k2w = —¢ in 2,
dow =0 on I (21)
Orw— T *w=0 on OBRg,
where the adjoint operator 7 is defined as

(7*w)(R, 0) = % S hn (kR ine™

neL

Following the same proof as that for the original scattering problem (9), we may
show that the dual problem (20) has a unique weak solution, which satisfies the
estimate

lwll g2y S N€llz2(o)- (22)

The following lemma gives some energy representations of the error £ = u— uhN
and is the basis for the a posteriori error analysis.

Lemma 1 Let u,u), and w be the solutions to the problems (9), (17), and (20),
respectively. We have

€17 (2) = Re (a(&,€) + (T — In)E E)ony)
+Re(InE ony + (K + DEll72(a), (23)
1€l|72(02) = a(&,w) + (T — Tn)E whon, — (T — Tn)E W)oBs, (24)
a(&, %) + (7 — In)E$) = (g,% — ¥n)ap — an(ub’, ¥ — ¥n)
+{(T — In)u,¥)op, for any yp € Hl(.Q), Yp € V. (25)

Proof It follows from the definition of the sesquilinear form of @ in (10) that

a(€,€) = (V€ VE) — K*(£,€) — (7€ E)oBn,
which gives

||§||%11(()) =a(&, &) + (7€, 8oy + (K + 1)||§H%2(Q)-
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Taking the real parts on both sides of the above equation yields (23). Taking v = &
in (20) gives (24). It remains to prove (25).
It follows from (9) and (17) that
a(é, ) =a(u —up ;¥ — Pn) + alu = up, ¥r)
=(9,% — ¥n)ap — alun , ¥ — ¥n) + alu — i’ ¥r)
=(9,% — ¥n)op — an(up , ¥ — ¥p)
(a6 = ) = alud v = ) + (alu, ) = a(ul ).

Noting that a(u, ) = (g, ¥r)op = aN(uhN,wh), we have

al s =)+ (an (i, 9) - a(ull, )
uhNadj - wh) + <(‘7 - yN)uhN)w>BBR

up % —¥n) — (7 — IN)E D) oB
(T — In)u, Y)oBy,

a(&v"/)) = <gaw - wh)aD —anN
=(9,% —¥n)op —an

=(9,% —Yn)op —an
+

~ ~ ~

which implies (25).

It is necessary to estimate (25) and the last term in (24) in order to prove
Theorem 1. We first show a trace regularity result.

Lemma 2 For any u € H'(£2), we have
lull zrzomr) S lullai2),  Nullaieos,) S lullai o)
Proof Consider the annulus
Br\Br ={(r,0) : R' <r<R,0<0<2r}.

It is clear to note that Br \ Br C £2. A simple calculation yields
/ 2 n 2 forftd 2
(R- R = [ cotars [ [ SicoPaear
R R Jr

R R
2 / /
< [ Ko+ @= 1) [ aAcoiicoar

which implies by Young’s inequality that

R

R
KR)IP <1+ ((R-R)™ / (140" 2[¢(r) dr + /R ()T () ar

’

Hence we have
R R
1 +n*) 2 C(R) < (1+(R—R')_1)/ (1+n2)|C(T)\2dr+/ ¢ (r)Pdr
R/ R/

R
<+ ®=RYT) [ (@) £ 1P
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Given u € H'(£2), it follows from the definitions of the H'/2(dBr) norm (5)
and the H'(£2) norm (4) that we have

[ullFrizomp =27 Y (1 +0)2|in (R))?
neEZ

and

ol =20 Y [ (o i) ol (o))

neL
Combining the above estimates gives

oy < 2004 (B B) )Y [ (4 i) + i) ar

nEZ

<27rZ/ r—i—— \un(r)| +T|A/ T)‘ )

nez
2
= HUHHl(BR\BR/) < ullz (@)

Similarly, the second estimate can be proved by observing that

(R— R)|C(R)? =// (r)] dr—l—/ / (t)|*dtdr,

which completes the proof.

Lemma 3 Let u be the solution to (9). We have

il < () aat).

Proof 1t is known that the solution of the scattering problem (1)—(3) admits the
series expansion

(1) . 2m .
() = S~ ) o peine o omy = L [T R 0)e 00, (26
@

= Hy (kR 27 Jo

for all 7 > R’. Evaluating (26) at r = R yields

(1)
Hn (KR) ~ /N _in6
w(R,0) =Y i, (R)e™,
= HY (kR

which implies

(1)
N H, (kR
in(R) = 2B g ().
Hy /' (kR')
Using the asymptotic expression in (14), we obtain
(1) 7 nl

. H,(kR) |, . R .
) = |25 o () < ()l

Hy "’ (kR')

which completes the proof.
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Lemma 4 For any o € H*(£2), we have

|a(£71/]) + <(9 - yN)ga’l/OBBR}

1/2 N
R/
< (Z n%> () tallson) | 1oy

TeM;,

Proof Define

Ji={(9,% — ¥n)op — an(up , ¥ — n),
Jo = (7 — In)u,¥)oBg,

where ¢y, € V},. It follows from (25) that
a(&, )+ (7 — IN)EV)opy = J1 + Ja.

By the definition of the sesquilinear form (18), Ji can be rewritten as
Ji= Y </ (-Vuiv V(= n) + Koup (P — 1/7h)) dz
Tem, T

+ > /?Nuhw Pr)ds+ > /g(w ¢n)d )

e€OTNIBR ecdTNI

Using the integration by parts, we get

VEDY </T(Au§¥+n RIS wh)dx—Z/Vuh- (& — n)ds

TeMy, ecoT
+ Z /?Nuh ¢ '¢h d8-|— Z /g(qj} wh )
c€cdTNOBR e€cdTNI
(/%uhw dr)dz+ Y /Je(w ¥n)d )
TeEM,), ecdT €

Now we take v, = IIp1) € Vj,. Here ITj, is the Scott—Zhang interpolation operator,
which has the following interpolation estimates:

lv — TpvllLary S hrlVollpagry, o = Mnvllzecey S he/?[Voll 2.

Here T and é are the union of all the elements in M}, which have nonempty
intersection with the element T" and the side e, respectively. It follows from the
Cauchy—Schwarz inequality and the interpolation estimates that

1
EAREDS (hTH%iY 2@ IVl oy + Y 2hi/2||Je||Lz<e>||vw||m<é>>

TeMy ecoT

1/2
< Y | bl L2<T>+<Z heuenp(e)) [0l a1 ()

TeMy, ecdT
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where the trace theorem is used. Using (19), we immediately get

1/2
| /1] S( > n%) 11l e (e2)-

TeMy
It follows from the definitions of (7) and (16) that

el = (7 = T thomel = | 3 ha(kR)iin (R)in (R)

In|>N

< (%) S [ (5B (R)[6n (R)).

|n|>N
Using Lemma 3, we obtain

N\ In| R
5 X 2elhasr)] () i (R0 (R)

In|>N

N N
5(5) S™ 2l (5R) liin (R)][6n (R).

R
In|>N
It is shown in [14] that
hn(5R)] < (1 +0")"? < |nl, (27)

which together with Lemma 3 yields

1/2 1/2

RN 2\1/2) (|2 2\1/2) 7 2
|Jz|s(f) S 2n(1 4 n%) (R S 2n(1 4 13) 2 gu(R)]

R
[n|>N |n|>N

R/ N R/ N
S() Mullrsom Wllnromn 5 () Il collélioncay

Using the stability estimate (12), we get

RN
515 () Ialzzo) ¥l o

Combining the above estimates yields
. 1/2 AN
n+ns ([ 7)) + (§> lgll2op | I8l zrs o,
TeMy,
which completes the proof.

Lemma 5 Let w be the solution of the dual problem (20). We have

(T = Tn)Ew)onr] S N 72|El T (a)-
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Proof Tt follows from (27), the Cauchy—Schwarz inequality, and Lemma 2 that

(T = Tn)Ew)ope| <2m Y |ha(kR)|[€n(R)|[dn(R)] S 27 Y Inllén(R)[[in(R)|
In|>N

In|>N

~1/2

=27 Z (1+n 1/2|n|3) (1+n
In|>N

1/2

< max (e 2nP) 7 (2n 3 (10?2 (m)P

n|>N
In| S
1/2

x| Y Inlflon(R)?

In|>N

Y YEn(R)||nf* P im (R)]

1/2

SNNellmeopn | Y 10l ldn(R)?
In|>N
1/2

SN ellmicay | Do Inlldn(R)

In|>N

Next we consider the dual problem (21) in the annulus Br \ Bg’ in order to
estimate wn (R), i.e.,
Aw + k2w = —¢ in Br \ Br/,
w=w(R',0) on 0Br,
Orw— T w=0 on OBg.
In the Fourier domain, we obtain a two-point boundary value problem for the

coefficient Wy :

d SD:Q(T) %d (;( r) + (/{2 _ %) n(r) = —€a(r), R <r<R,
dibn (R) 1 B -

dr E ( ) (R) - 07 r= R,
i (R') = n(R), R

It follows from the variation of parameters that the solution of the above second

order equation is
n(r) = Sn(r)ion(R)) + / W (r, £)En (£)dt
R/

. R
+IZ7T S (Wi (R, r)én(t)dt
R/

(28)

where
a (kr) a? (m“)]

(2)
M’ W (r,t) = det | "', t2)
Hy '’ (kt) Hp™ (kt)

0 )
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Taking 7 = R in (28), we get
/ im R ’ 2
0u(B) = S, (Ryon(R) + 75 [ 4, (RW, (R, ()t
which yields
N N ’ r (B / £
[0n (R)] < [Sn(B)[[0n (R)] + . tSn(R)[[Wan (R, 1)[[€n (8)]dE
We may easily get from the asymptotic expressions (13) and (14) that
7\ In|
Sn(R) ~ (%) as n — 0o

and

Wa(R',t) = 211, (kR') Yy (kR') (J{Lngg) - 32(:?))

(
2i ([ ¢\ RN\
Thus, we obtain

|sn(R)|<(];/)ln and  |Wo(R, 1) < |n| ™t <;/>|ﬂ|.

Combining the above estimates yields

R [n] . , _ R’ [n| R R t [n|
an(BI S () o+ () 1eOemqumy [ (7)) at
R/ [n] , _ R
S(5) o 40Ol . (29)

For any t € [R’, R], without loss of generality, we assume that ¢ is closer to the
left endpoint R’ than the right endpoint R. Denote § = R — R’. Then we have
R—t>4/2. Thus

|€n (t) :—/ R — 3)|én(s)] )'ds

= ( £l +2(R — s)Re(€h()én(s))) ds

~ R ~ ~
< [ eeras 2 [T IE e

—t

which implies that

. 9 . . .
Hén(t)HQLoo([R/,R]) < SHgn(t)”%?([R',R]) + 2(|én ()| 2 (rr, R 1En O Nl L2((R7, RY)

IN

2 ~ _ ~
(5 100 1Oy + ol B Ol sy 30
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Using (29) and (30) gives

2

N\ |n] .
> nflanRP S Y n|<(};) uvn<R/>|+n—2||an<t>Lx([R/,RD>

[n|>N In|>N
< 5 A . IND) —4yf 2
S Z In| R [ (R)]” 41" " [|§n (D2 (17, R))
[n|>N
=I5 + I,
where
5 R/ 2nl ~ /N2 £ 2
L= ) In bl [ (R[> and o= > [n|lén ()T~ ((r,R))-
[n|>N |n|>N

Noting that the function t*e ™" is bounded on (0, +00), we have

R/ 2|n| A
IS max <|n|4 () ) X mllon®)P S hollinon,) < el

n|>N
Il [n|>N

and
2 S N
B Y (1ol (5 4+ 00) 0ulemm + 16y )
2 S N
< 3 ((Bml+ ) 160 + 1€ Osqemy ) (D
A simple calculation yields

2 _ " Tﬁ 2 2 21 2
€1 (BB =27 Y . (r+ e +r|&n ()] ) dr

neEZ

R 2 . )
> Y [ (@ e R s RGP ) a2

ne”Z

It is easy to note that

Tl2

. (33)

ol +n? SR +
It follows from (31)—(33) that
1
Iy 5 ||§H%{1(BR\BR/) + EHSH%II(BR\BR,) S ||§||%11(BR\BR,) < ||€||%11(9)~

Therefore, we have
> Inflin(R) S lI€17 (@),

[n|>N

which completes the proof.

We now prove the main conclusion.
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Proof 1t is easy to verify from (16) and (27) that
Re(InE, &on, =21 Y Re(hn(sR))[E|* < 0.

[n|<N

It follows from (23) and Lemma 4 that there exist two positive constants Cq and
C> independent of h and N such that

1/2 N
R/
I€l|7r1 () < Ch ( > 77%) + (§> lgllzzopy | I€llm () + Callél 2 (0)-

TeM;

Using (24), Lemma 4, (22), and Lemma 5, we obtain

1/2 N

R _

€172y < Cs <Z 77%) +<§) I9llz2opy | €l L2(2)+CaN2|1€l1H (@),
TeM,

where C's > 0 and C4 > 0 are independent of h and N. Combining the above two
estimates, we have

1/2 N
R/
[€lFrscay < (€1 + CaC) (Z n%> +(F) Nolzon | el o)

TeMy
+ C2CaN " 2|[€]l 7 ()

Choose a sufficiently large integer No such that CoC4 Ny ? < 1/2, which completes
the proof by taking N > No.

5 Implementation and numerical examples

In this section, we discuss the implementation of the adaptive finite element al-
gorithm with the truncated DtN boundary condition and present two numerical
examples to demonstrate the competitive performance of the proposed method.

5.1 Adaptive algorithm

Based on the a posteriori error estimate from Theorem 1, we use the PDE toolbox
of MATLAB to implement the adaptive algorithm of the linear finite element
formulation. It is shown in Theorem 1 that the a posteriori error estimate consists
of two parts: the finite element discretization error € and the truncation error €y
which depends on N, where

1/2
e —( > 77%) = My (34)

TeM,,

R/ N
ex = () lolzzoo. (3)
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1 Given the tolerance € > 0,0 € (0, 1);

2  Fix the computational domain 2 = Br\D by choosing the radius R;

3 Choose R’ and N such that ey < 1078;

4  Construct an initial triangulation M, over {2 and compute error estimators;

5  While €j, > € do

6 choose Mh C My, according to the strategy Nxt, > 0,

7 refine all the elements in M, and obtain a new mesh denoted still by Mp;
8 solve the discrete problem (17) on the new mesh My;

9 compute the corresponding error estimators;

10  End while.
Table 1 The adaptive DtN-FEM algorithm.

In the implementation, we can choose R’, R, and N based on (35) such that the
finite element discretization error is not contaminated by the truncation error, or
more specifically, e is required to be very small compared with €, say, ey < 1078.
For simplicity, in the following numerical experiments, R’ is chosen such that the
scatterer lies exactly in the circle Br/, and N is taken to be the smallest positive
integer satisfying ey < 107%. Table 1 shows the adaptive finite element algorithm
with the DtN boundary condition for solving the scattering problem (9).

5.2 Numerical experiments

We report two numerical examples to demonstrate the effectiveness of the proposed
method. In particular, we compare the method with the adaptive finite element
method with the perfectly matched layer (PML) [9]. In our implementation, we
set the wave number by k = 27, which accounts for the wavelength A = 27 /k = 1,
and take 6 = 0.5 in Table 1. For comparison, the complex coordinate stretching of
the PML method is defined by

f=az(1+4io(r —R)) for allz € R*\Bg,

where r = |z| and o > 0 is a positive constant and is taken as o = 5.
Ezample 1. Let the obstacle D = By be the unit ball and {2 = Bs. In (2), the
boundary condition g is chosen such that the exact solution is

u(z) = H§V (k|z). (36)

We set R = 1 in the algorithm. For the adaptive PML method, the thickness of
the PML is set by p = 2 so that the error of PML approximation is negligible.
Table 2 compares the numerical results by using adaptive mesh refinement and
the uniform mesh refinement. Clearly, it shows the advantage of using adaptive
mesh refinements. Moreover, it is shown that the a posteriori error estimate ¢,
provides a rather good estimate for the priori error e, = ||V (u—up) llz2()- Figure
2 displays the curves of logep and log ey, versus log DoFy, for our adaptive DtN
method and the adaptive PML method, where DoF}, denotes the number of nodal
points of the mesh M, in the domain (2 for our DtN method or in the domain
which is composed of {2 and the PML layer for the PML method. It indicates that
for both of the two methods, the meshes and the associated numerical complexity

are quasi-optimal, i.e., ||V (u — UhN)||L2(_Q) = O(DOF;UQ) holds asymptotically.
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Table 2 Comparison of numerical results using adaptive mesh and uniform mesh refinements
for Example 1. DoF}, is the number of nodal points of mesh Mj,.

Adaptive mesh Uniform mesh
DoF}y, en €n en/en DoF}y, en €n en/en
132 0.5358 | 0.5712 | 1.0661 132 0.5358 | 0.5712 | 1.0661
529 0.3393 | 0.3645 | 1.0743 478 0.3592 | 0.3860 | 1.0745
1490 0.1911 | 0.2232 | 1.1646 1812 0.1698 | 0.2086 | 1.2280
6563 | 0.0870 | 0.1117 | 1.1680 7048 | 0.0826 | 0.1071 | 1.2975
17721 | 0.0428 | 0.0549 | 1.2827 27792 | 0.0414 | 0.0544 | 1.3163

—e—© ——t

h
+£h +£h
—slope —-1/2 —slope —-1/2

h

H1 error
H1 error

2 3 3
10
Number of nodal points Number of nodal points

Fig. 2 Quasi-optimality of the a priori and a posteriori error estimates for Example 1. (left)
the adaptive DtN method; (right) the adaptive PML method.

—o—ah(DtN)
—e—¢, (PML) ~a
- - -slope -1/2

A posteriori error estimates

3
Number of nodal points

Fig. 3 Quasi-optimality of the a posteriori error estimates for Example 2.

Ezample 2. This example concerns the scattering of the plane wave u'"¢ = el#*1

by a U-shaped obstacle D which is contained in the box {(z1,22) : =2.0 < z1 <
2.2,—0.7 < z2 < 0.7}. There is no analytical solution for this example and the
solution contains singularity around the corners of the obstacle. The Neumann
boundary condition is set by g = d,u"® on dD. We take R = 3, R’ = 2.31 for the
adaptive DtN method and set the thickness of the PML by p = 3 for the adaptive
PML method.

Figure 3 shows the curve of log €, versus log DoF,. It implies that the decay of
the a posteriori error estimates are (’)(DOF;UZ) for both of the two algorithms. The
adaptive meshes are plotted in Figure 4 for the two methods. The adaptive DtN
method generates locally refined meshes of (2, while the adaptive PML method
produces automatically coarse mesh size away from the outer boundary of (2.
Figure 5 shows the surface plot of the amplitudes of the associated numerical
solutions restricted in 2.
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Fig. 4 An adaptively refined mesh (left) with 3037 elements using the adaptive DtN method
and (right) with 6644 elements using the adaptive PML method for Example 2.

Fig. 5 The surface plot of the amplitude of the associated numerical solution restricted in {2
on the mesh of Figure 4 for Example 2. (left) the adaptive DtN method; (right) the adaptive
PML method.

Based on the above observation, we conclude that the adaptive DtN method is
comparable in accuracy, efficiency, and robustness to the adaptive PML method.

6 Conclusion

Based on the a posteriori error estimate, we presented an adaptive finite element
method with DtN boundary condition for the acoustic obstacle scattering problem.
Numerical results show that the proposed method is competitive with the adap-
tive PML method. This work provides a viable alternative to the adaptive finite
element method with PML for solving the same problem and enriches the range
of choices available for solving many other wave propagation problems. We hope
that the method can be applied to other scientific areas where the problems are
proposed in unbounded domains, especially in the areas where the PML technique
might not be applicable. Future work is to extend our analysis to the adaptive
DtN finite element method for solving the three-dimensional electromagnetic ob-
stacle scattering problem, where the wave propagation is governed by Maxwell’s
equations.
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